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Abstract. We apply an Artificial Parameter Lindstedt-Poiredviethod (APL-PM) to find
improved approximate solutions for strongly nondin®uffing oscillators with cubic—quintic
nonlinear restoring force. This approach yieldspdéamlinear algebraic equations instead of
nonlinear algebraic equations without analyticalison which makes it a unique solution. It is
demonstrated that this method works very well ffigr whole range of parameters in the case of
the cubic-quintic oscillator, and excellent agreatmef the approximate frequencies with the
exact one has been observed and discussed. Morépigenot limited to the small parameter
such as in the classical perturbation method. éstergly, This study revealed that the relative
error percentage in the second-order approximaaéytécal period is less than 0.042% for the
whole parameter values. In addition, we comparésl dhalytical solution with the Newton—
Harmonic Balancing Approach. Results indicate ttias technique is very effective and
convenient for solving conservative truly nonlineacillatory systems. Utter simplicity of the
solution procedure confirms that this method camdmly extended to other kinds of nonlinear
evolution equations.

Keywords: Artificial ParameterLindstedt-Poincaré Method (APL-PM); Nonlinear Cubic
Quintic Oscillation, Duffing equation.

1. Introduction

Since most phenomena in our world are essentialhfimear and are described by nonlinear
equations, the study of nonlinear vibrations andllasions is of crucial importance in all areas
of engineering sciences. Therefore, the investigatf approximate solutions of nonlinear
equations can play an important role in the stutdgamlinear physical phenomena. Recently,
many analytical and numerical methods have emeifgedsolving complicated nonlinear
systems. Some of these problems which are relatetie cubic—quintic Duffing equation
include: the nonlinear dynamics of a beam on arstielasubstrate [1], the generalized
Pochhammer—Chree (PC) equations [2], and the contbKorteweg—de Vries (KdV) equation
[3] in nonlinear wave systems and the propagatibra short electromagnetic pulse in a
nonlinear medium [4]. More recently, many effectivethods [5-55] have been presented to
solve these complicated nonlinear oscillation systéncluding: Homotopy Perturbation [6—
10], Parameter-Expanding (Expansion) [11], Multifleale [12-14], Harmonic Balance and
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Duffing Harmonic Balance [15-18], Incremental Hamiw Balance [19, 20], Variational
Iteration [21-22], Variational Approach [23-26], din [27, 28], Amplitude-Frequency
Formulation [29], Linearized Perturbation [30], Ege Balance [25, 31-32], Power Series [33],
homotopy analysis [34], Finite Element [35], ItévatProcedures [36, 37], Newton—Harmonic
Balancing [38], Lindstedt— Poincaré [39, 40], Imyped Lindstedt— Poincaré [41, 42], as well as
other powerful methods which are available in thexature [43-52].

Ramos [53-55] proposed an Atrtificial Parameter kiedt—Poincaré Method (APL-PM), to
obtain periodic solutions. Applications of this imed can be found in [53-55] for solving
nonlinear evolution equations arising in mathenzdfields.

The main motivation of the present work is to egtéhe APL-PM to a generalized cubic—
quintic Duffing with variable coefficients.

2. Artificial Parameter Lindstedt— Poincaré Method

Because of this fact that many important equatiaiged in practical engineering systems [1,
4] are in the form of Duffing equation, it seemsb® more fundamental to consider equations
presented in the following general form:

d?u
-~ = 1
=0 @)

With initial conditions
du
u@)=A, —(0)=0 )
dt
Where f (U)is an odd function, andl andt are generalized dimensionless displacement

and time variables. By defining a new independeatiable replacing the time variable,
t = 0/ @, Eq. (1) can be can be written as [53]:

w’u”"+u= plu-f(u], u0)= A u0)=0 ()
Eq. (3) coincides with Eq. (2) fop =1. Applying Artificial Parameter Lindstedt—Poincaré

procedure, the displacement and angular frequency e expressed as Egs. (5) and (6),
respectively:

U=uU,+ pu+ pFFu+.., ()

a):\/a)g+pa)12+ p’wli+.... (5)

Substituting Eqgs. (4) and (5) into Eq. (3) resirits

(a§+gpi@2j(%z+2 p’qz}{ L§+g bﬁj
_ p[(ugéwj— f[@ﬁ Wﬂ

Expanding Egs. (6), gives:

(6)
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p°: W+wliu,=0, )
p': u'+wiu— K(u, U, W0 ,o0 )=0, ®)
p?: uj+wu,-G(y, |, d,w)=0, =01, j=0,12 9)

‘Where K (uo,u{),ug,a)j) and G(u ,u', q",a)j ) are linear differential term. These
equations can be solved stage by stage. For th@pyristage, the solution of Eq. (7) is:

u,=Acos@) (10)
By substituting Eq. (10) into Eq. (8):

p': u'+w’u— K(Acos@)~Asing - Acos Yo, @, ¥ ( (11)
Using Fourier expansion series, we can rewriteritjet hand of Eq. (11) in the following
form:

K(Acos@ )~Asing )~ A co{ Yo, @, )

:zbZnJrlCO{( h+ :Da)t]: z l:anrl COE( 2+ )]Q)t] ~ tl Coat
n=0 n=0

By settingb1 =0 and solving it, we can achiew . The solution of Eq. (7) using), gives

U,. Then, solving Eq. (8) withw, and U, yieldsw, . These stages can continue for better
results.

12)

3. Implementation of APLPM to cubic—quintic Duffing model

We governed the cubic—quintic Duffing model by allimear differential equation with all
real and positive coefficients. In this regard, theneral form of cubic—quintic Duffing
equation, Eq. (13), is considered.

Loraus s -0, u-A FO-0 @

In order to use the APLPM, by applying new varialtle= H/a), we have:
ou"+u=p([l-a]u-pr-y)=0, u0)= A U0 C (14)

Whereu"” = du/ d@ . Substituting Egs. (5) and (6) into Eq. (14) agdating the terms with
the identical powers db, yields:

p°: ug+u,=0, (15)
2 2
1. " 601 ” a)1 /4 ﬂ a
Ut U = U5 U5 - h—— W+ U,
P S 0 w; ® o5 ¢ wl wl b (16)
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2.
7 L+
_ 5wy a’12u0+ Py oy +wfuo o3l oiu au A7)
- 2 2 - 2 2 2 2 2 2

Wy 25 2 Wq @q Wyq Wy, W@,

3.1. First-order analytical approximation

At this step, we solve Eg. (15) with the initiallwes U(0)= A andu’(0)= 0, which is
leads tou, = A COSE . Substitutingl, into Eq. (16) and simplifying the result, we obtain

u/+u, = ACOSt—iz(aA cog+pB A cod+y A c&:ﬁ) (18)
a,

0

It is possible to apply the following Fourier sarigxpansion:
uy+u, =(A+b)cosd+Y b, , co$( a )] (19)
n=1

whereD, is as follow:

4 72
Q=—2.j0 (CO&p[aA co®+ B AR cop+y A cf)s»]) dp
76y
20
A18K B+ 24+ 15Ky ) o
- 24af
Substituting Eq. (20) into Eq. (19) gives:
24mfA— A(18K B+ 241 + 15K )
W+ = 5 cosd
24w;
(21)
+Y b,,,co8 ( 2+ 36|
n=1
No secular term i, requires that:
240A — A(18A°S + 24 + 1A*
() ( ﬂz 7) _0 22)
24w
Solving Eq. (22), we obtain the first order apprmate solution of Eq. (1) as follow:
2 4
Oy :a)oz\/a+3'BTA+%, (23)

Where angular frequency, is the first-order analytical approximation. E§3] gives the
same frequency resulted in by the applicationshef harmonic balance and the first order
approximation of Newton—harmonic balancing approf@8i. Therefore, the corresponding
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approximate analytical periodic solutidfy can then be achieved by substituting Eq. (23) into
Eq. (16) as:
A®sin?0 cod) ( A% codd+ B+ jA?)

6(8r + BBA” - HA*) @9

u,=-

3.1. Second-order analytical approximation

To determine the second-order approximate solutibnjs necessary to substitute

U, = Acosf and Egs. (23) and (24) into Eq. (17). So, we dznin:
U= Ay cosd

© 6(6A%+ &+ BAY)
w =-80°A® cof- 209°A® co¥— 2883A° ci8+ 200A° CBs (25)
132 BA° cod O+ 384w°A* co¥- 14FA° cB8+ RA° dos
228/ BA° codO+ 18B°A" co¥+ 3P °A® clB- BAL JRA%
—36A" 4%+ Bla o
Similar to the first step, using the Fourier sertde right hand of Eq. (25) will become as:

Ay cosd =n§0:b2n+1 coﬁ( 2t )15] :( % K/Z(W 0630) dpj Co:

+ZbZn+1 cog (n+ 16|

4

u;

2

26
65A% + 36A 3%+ 1536y (6)

{O.Z%{ H cosf )
+96A° By + 9608y + 1158 A3
+ib2n+l cog ( D+ 16|

From Egs. (25) and (26) we can obtain the secatan ts:

65A°y% + 36A'B%+ 1536w,
0.25A 27)
+96A° By + 960A Y@ + 11527 A’B

No secular term ind, requires that:

A% -(188%5- 240+ 15 A%)( 65°A%+ 9B+ 367)

(28)
24 BA25 + B+ AY)

W,
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From Egs. (23 and 28) into Eq. (5), we can obth@ angular frequency ,, as a more
accurate and higher-order approximation comparemto

W :\/“g"‘wlz (29)

4. lllustrative examples of cubic—quintic Duffing oscilators

In order to verify the effectiveness of the propmbdegher-order analytical approximate
method, the exact solutions and another approxirsatation, namely, Newton—harmonic
balancing approach is used to compute the angidguéncies of the cubic—quintic oscillator
for different parameters. The various approximatet®ns are presented in Figs. 1-4. Tables
1-4 list the corresponding numerical results ofudagfrequencies. These figures and tables
correspond to small and large amplitudes of osiiltafor different parameters o, £ and
y. For reference, the exact frequenay, is obtained by direct integration of governing
nonlinear differential Eq. (1) of the dynamical &m. Imposing the initial conditions, the
solution is [38]:

A) = 7k ,
@ 21k, sirf ek, sirf t) " ot

2 4
kl — \/0( + ﬂ_A + ﬂ '
2 3 (30)
_ 3BA+ A
2 Ba+3BN + AT
_ 2y A
° Ba+3BA + 2 A"
The approach presented herein is suitable for sasalell as large amplitudes of oscillation.

The various limiting approximations foh — oo can be derived based on Egs. (23) and (29) as
follows:

.oy (A) L Ty (A)
M ay =M () =1:098%¢ 3
.oy (A) L Ty (A

= =0.9995¢ 32
M= M7 42

From Egs. (31) and (32), it is obvious that thatieé errors of the first-order and second-
order approximations of APL-PM as compared to tkecesolution are less than 5.86 % and
0.042 %, respectively. It is noted that the maximenmors of the third-order approximation of
Newton—harmonic balancing approach to the exacttisol is 0.23. As it can be seen through
Tables 1-4, the first-order solutions of two appneate methods are equal and relatively
inaccurate. Although the third-order solution of Bl is good, the second-order solution of
APL-PM is excellent.
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The frequency ratio and amplitude relationship leé ttubic—quintic Duffing oscillator
governed byu”+u+u3+ u>=0 is shown in Fig. 1. As observed, the second-order
approximation of the proposed method has satisfacégreement with the exact solution
forA e [0.1,100 . Figs. (2-4) are also related tou”"+2u+u’+u’=0,
u”+5u+ 30+ U’ =0 andu” +u+10u° +1000° = ( respectively.

1.01114 prw o00— — o >

1.01 /(

1.0094 f

1.0084 /

1.0074 /

1.0064 ! —@— Second-Second--order of NHB
8 | - -A- - Third-order of NHBM
§ 10059 ] —&— Second--order of APLPM

1.0044 |

1.0034 ]

1.0024 ] ‘_‘-“--A--AAAI---A-AAA

1.001- $ .

14 o4 00— -6 —-¢
0.999+ T T

0.1 1 10 100 1000
Amplitude A

Fig. 1. Comparison of approximate frequencies with the ekaquency for cubic—quintic Duffing
oscillator forac = f =y =1

p— o —0- 00— — 0-0-0-0

—@— Second-Second--order of NHB.
- -A- - Third--order of NHBM
—&— Second--order of APLPM

Ratio

A-A--AAA---A-AAA

*
*
*
*
4
*

10 100 1000
Amplitude A

Fig. 2. Comparison of approximate frequencies with exaaydency for the cubic—quintic Duffing
oscillator for =2and f =y =1
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1.0114 o —0 00— — 0-00-0

1.011 ""
1.0091
1.008- f
1.0071
1.006- 4
1.005 /
1.004- /
1.0031 /
1.002 ! -Ad
1.0014 I a

—@— Second-Second--order of NHB
- -A- - Third--order of NHBM
—&— Second--order of APLPM

Ratio

A-A--"AAR---A-AAA

0.999
0.1 1 10 100 1000

Amplitude A

Fig. 3. Comparison of approximate frequencies with the ekagquency for cubic—quintic Duffing
oscillator fora =5, f=3andy =1

1.0114 o-0-09— - —0-0-0— — 0—0-0-0
~

1.0064 1 —@— Second-Second-order of NHB.
- -A- - Third-order of NHBM
—&— Second--order of APLPM

Ratio
I
o
o
(6]

d
o

1.0021 e A Ak A A Ak

1 = 4 ———O 00— 0— 00 0— 9000
0.999

0.1 1 10 100 1000
Amplitude A

Fig. 4. Comparison of approximate frequencies with the efaquency for cubic—quintic Duffing

oscillator forx =1, # = 10and y =100

The proposed APL-PM for the second-order analytiapbroximation demonstrates
noticeable improvement as compared with the lowdeoanalytical approximation. It is also
observed that the method is effective for solviighly nonlinear oscillators with cubic and/or
quintic nonlinearity and it has clear advantagerdkie classical perturbation method, which is
restricted by the presence of a small parametireigoverning differential equation.
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Newton—Harmonic Balancing Approach Artificial Parmmeter Lindstedt— Poincare
A &, Py Fag, Py, Py Fam
01 1.00377 1.00377 (0.00% 1.00377 () 1.00377 (1) 100377 (0.00% 1.00377 (0.00)
03 1.03554 1.03565 (0.01) 1.03554 (@) 1.03554 (@) 1.03565 (0.01) 1.03554 (0.00)
05 1.10654 1.10750 (0.09) 1.10858 (0) 1.10655 (D) 1.10750 (0.09) 1.10654 (0.00)
1 1.52359 1.54110 (1.15) 1.52507 (0. 107 152375 (0. 01 1.54110 (1.15) 152348 (0 007y
3 7.26863 7.64035 (5.11) 7.33114 (0. 86) 728115 (0. 17) 7.64035 (5.11) 7.26675 (0. 026)
= 191815 202577 (5.61) 19.3735 (1.00) 192215 0.21) 202577 (5.61) 202577 (0. 034)
8 482946 510784 (5.76) 488010 (1.05) 484011 (0.223 510784 (5.76) 510784 (0 035
10 751774 79.5352 (5.80) 759733 (1.06) 75.3454 (0.22) 79,5362 (5.80) 75,1474 (0.040)
20 299.223 318703 (5.84) 302435 (1.07) 299.903 (0.23) 316703 (5.84) 299.099 (©.041)
S0 1867.57 1576.90 (5.85) 1887 .69 (1.08) 1871.84 (0.23) 1976 .90 (5.85) 186679 (0.042)
70 3659.98 3874.26 (5.86) 3699.42 (1.08) 3658.33 (0.23) 3874.26 (5.86) 365844 (0.042)
100 7468.83 7906.17 (5.86) 7549.34 (1.08) 7485.89 (0.23) T906.17 (5.86) T465.69 (0.042)
300 6721557 | 7115172 (586) | 6754022 (1.08) 5736%.12 (0.23) T115172 (5.86) 67187 26 (0.042)
S00 | 136709.04 | 197542.83 (5.86) | 188721.99(1.08) 187135.59(0.23) 197642.83 (586) 18563042 (0.042)
700 | 355949.25 | 38737949 (5.8¢) | 36989464 (1.08) | 38678529(0.23) 38737249 (5.86) 36579514 (0.042)
1000 | 746834 69 | 79056989 (5.86) | 754886520108 | 74854091 (023 TI569.89 (5.86) 74552019 (0.042)

Table

a=2andB=y=1

2. Percentage of errors for comparison of approxinfegquencies with exact frequency for

Newton—Harmonic Balancing Approach

Artificial Parameter Lindstedt—Poincaré

A @, By Wy Oy, By, Wy
01 | 141688 | 1416330000 | 141688 (0.00) 141658 (0.00) 141698 (0.00) 141688 (0.00)
03 | 143060 | 143964 (0.003) | 143980 (0.00) 1.43960 (0.00) 143964 (0.003) 143260 (0.00)
05 | 149177 | 149217 (0.03) | 149178 (0.00) | 1.49178 (0.00) 149217 (0.03) 149177 (0.00)
1 | 182682 | 183712(056) | 182763 (0 04) | 162689 (0 004) 183712 (0.56) 182674 (0004
3| 734386 | 770552(492) | 740403 (0 82) | 735578 (0. 16 770552 (4.92) 734163 (0.030
5| 102104 | 202824 (558 | 194014 (0.99) 192501 (0.21) 202824 (5.58) 192037 (0.039)
& | 483081 | 510882 (576) | 488120 (1.05) | 484125 (0.22) 510882 (5.76) 480873 (0.040)
10 | 751848 | 795424 (580) | 759809 (106) | 753527 (0.22) 795424 (5 80) 75 1548 (D 040)
20 | 309225 | 316705 (5841 | 302437 (1.07) | 299905 (0.23) 316705 (5.94) 299101 (0.041)
50 | 186757 | 19769005 &) | 1887.70 (1.08) 187184 (0.23) 1976.90 (5.85) 1866.79 (0.042)
0 | 3650.98 | 387406 (5.85) | 3609.47 (1.08) | 366833 (0.03) 3674.96 (5.55) 365844 (0.042)
100 | 7468.83 | 790617 (5.86) | 7549.34 (1.08) | 7485.89 (0.23) 7906.17 (5.96) 746569 (0.042)
300 | 6721557 | 7115172 (5.86) | 6794022 (1.08) | 6736012 (0.23) | 7115172(.86) | 6718726 (0.042)
500 | 18670004 | 19764233 (5.85) | 18872100 (108) | 18713550 (023) | 19764283 (586) 18663042 (0.042)
00 | 36584005 | 35737940 (5.86) | 36089464 (108) | 36678500(003) | 36737949 (586) 36579514 (0.042)
1000 | 746834 59 | 790569 89 (586) | 754885 52 (1.08) 74854091 (0.23) T90569 89 (5 86) 74652019 (0.042)

5. Conclusion

The Artificial Parameter Lindstedt—Poincaré methw$ been applied to obtain periodic
solution for truly cubic-quintic nonlinear osciltat The major conclusion is that this approach
provides excellent approximation to the solutiorttefse nonlinear systems with high accuracy
for the whole solution domain. The analytical resgrtations obtained using the Artificial
Parameter Lindstedt—Poincaré technique give exte#lpproximations to the exact solutions
for the whole range of amplitude values.

These approximate solutions are better than theoappate solutions obtained using the
Newton—harmonic balancing approach. For the seamdé@r approximation, the maximum
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relative error of the analytical approximate fregeye obtained using the APL-PM for the
cubic-quintic oscillator is 0.04%, while the relati error is 1.08% when the second order
approximation is considered for the Newton—harmadnétancing approach. An interesting
feature considered in this paper is to show thatsécond order approximation result of APL—
PM is better than the third order approximation Ndwton—harmonic balancing approach,

which constitutes 0.23%.

Table 3. Percentage of errors for comparison of approxinfegquencies with exact frequency for

a=5 f=3andy =1

Artificial Parameter Lindstedt—Poincaré

Newton—Harmonic Balancing Approach

A &, Hy, F Fhy, Py, gy
01 | 224111 | 2241110000 | 224111 (0009 224111 (0.00) 324111 (0.00) 324111 (0.00)
03 | 208193 | 208001 (0.004) 228183 (0.00) | 2.98193 (0.00) 298201 (0.004) 3 58193 (0.00)
05 | 236615 | 236676 (0.03) | 2.36616(000) | 236615 (0.00) 236676 (0.03) 3.36615 (0.00)
1| 279627 | 280624 (038 | 279670(0.02) | 279630 (.00 3 80624 (0.36) 379625 (0.00)
3 | 837877 | 871063 (3.96) | 240601 (0. 56)  £38730 (0. 10) £.71063 (3.96) 837789 (0. 01)
5 | 202164 | 212574(515) | 203911 (0.86) 202514 (0 17) 212574 (5 15) 202118 (0.023)
8 | 400055 | 520481(558) | 497844 (0099 493060 (0.21) 52,0481 (5.58) 492794 (0.033)
10 | 761608 | 204984 (5.68) | 768487 (1L.02) | 763326 (0.21) 504954 (5 68) TE1475 (0.036)
20 | 300204 | 317655(581) | 303399 (1.06) 300879 (0 22) 317655 (5 81) 300,083 (0.040)
S0 | 186855 | 197785 (5.65 | 188865 (1.08) 1872.81 (0.23) 1077.85 (5 85) 186777 (0.042)
0| 3660.95 | 387501585 | 3T0038(1L.08) | 366931 (0.23) 357521 (5.65) 3650.47 (0.042)
100 | 746581 | 790712 (5850 | 755030 (1 08y | 748686 (0 23) T907 12 (5 &5) T466.66 (0.042)
300 | 6721654 | 7115267 (5860 6794118 (1.08) 6737000 (0231 | 7115267 (5.96) 67159.24 (0.042)
S00 | 18671001 | 19764378 (586) 18872295 (1.08) 18713656 (023) | 19764378 (5.86) | 18663140 (0042
00 | 36595007 | 3ET38044 (5 86) 369895 60 (108) 36678626027 | 38738044 (586) | 36579612 (0047
1000 | 74683566 | 79057084 (5.86) | 75488748(1.08) T48541.88(023) T90570.84 (5.86) T46521.17 (0.042)

Table 4. Percentage of errors for comparison of approxinfeéquencies with exact frequency for

a =1, f=10and ¥y =100

Newton-Harmonic Balancing Approach

Artificial Parameter Lindstedt— Poincare

A a, Dy Do Ty Dy T
01 | 103970 1.03983 (0.01) 103970 (0.009 1.03970 (0.009 1.03983 (0.01) 1.03970 (0.00)
03 | 146259 1.47691 (0.98) 148373 (0.0%) 1.46271 (0.01) 147691 (0.98) 1.46251 (0.006)
05 | 252469 2 60408 (3.14) 253505 (0.41) 252642 (0.07) 2 60408 (3.14) 252426 (0.017)
1 201005 842615 (5.19) .08069 (0. 38) 8.02425 (0.18) 842615 (5.19) 8.00790 (0.027)
3 677097 716310 (5.79) 684255 (1.06) 7 8606 (0. 22) 716310 (5.79) 76828 (0. 040)
s 187.199 198.119 (5.83) 189.203 (1.07) 187.623 (0. 23) 198.119 (5.83) 187.122 (0. 0413
8 478463 506440 (5.85) 483,608 (1.03) 475552 (0. 23) 506440 (5.85) 478263 (0. 42)
10 | 747323 791 044 (5.85) 755 366 (1.08) 745077 (0. 23) 791,044 (5.85) 747.010 (0. 042)
0 | 298783 3162.75 (5.85) 3020.02 (1.08) 2094 €5 (0. 23) 316275 (5.85) 208657 (0. 042)
S0 | 1867134 | 1978471 (5 86) | 18872.63 (1.08) 1871400 (0.23) | 1976471 (5. 86) 18663 48 (0.042)
70 | 3659536 | 3873838 (5. 86) | 36089.00(1.0%) | 3667897 (0.23) | 3873838 (5. 86) 36579 95 (0.042)
100 | 7488391 | 7905742 (5. 86y | 75489.08 (1.08) | 7485453 (0.23) | TO05742(5 86y | 7465248 (0.042)
300 &72151.27 711512.95 (5.86) 679397 92 (1.08) 67368686 (023) 71151295 (5.86) 67186822 (0.042)
S00 188708599 | 1976424 01 (5.86) 188721559 (1.08) | 1871351.54 (0.23) 15976424 .01 (5.86) 186629975 (0.042)
T00 | 3659488 07 | 387379061 (5.86) | 3698942 10 (1.08) | 366784854 (0 23) | 387379061 (5.86) 3657547 03 (0.042)
1000 | 7468342 49 | 7905694 62 (5.8¢6) | 754886093 (1.08) | 7485404.62 (0.23) | 7905694 62 (5.86) | 7465197 52 (0.042)

In general, the first-order periodic solution of IAHPM is generally acceptable as compared
to the exact solution while the second-order pécicgblution is in good and excellent
agreement with the exact solution. In summary, psep method is simple in its principle, and
can be used to solve other conservative truly neali oscillators with complex nonlinearities.
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