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Chapter

Amplitude-Dependent Acoustic
Absorber
Jiangyi Zhang

Abstract

In this chapter, we consider the design of 1D amplitude-dependent acoustic
absorber, i.e., acoustic metamaterial composed of an air-filled waveguide periodically
side-loaded by holes. Firstly we present experimental results about high-amplitude
sound wave propagation in the structure. We find that there is not only the linear
viscothermal and radiation losses, but also the nonlinear losses. High-amplitude sound
waves at the locations of the side holes could introduce nonlinear losses, which is due
to the geometrical discontinuity. This phenomenon could be found in experiments
about amplitude-dependent reflection, transmission, and absorption coefficients. The
experimental results show the possibility to use the system as a nonlinear absorber,
that is, nonlinear losses change the nature of the device from a reflective to an
absorbing one. Our results reveal the role of nonlinear losses in the proposed device
and also provide a quite accurate analytical model to capture the effect of such losses.
In the end, we analytically tune the parameters of the device and design 1D
amplitude-dependent acoustic absorber.

Keywords: nonlinear losses, nonlinear acoustic absorber, acoustic metamaterial,
transfer matrix method, acoustic waveguide

1. Introduction

In the nature, the properties of conventional materials depend on the composing
atoms/molecules and the chemical bonds, while their physical properties such as mass
density and bulk modulus are always positive. Metamaterials, namely periodic or
random man-made structures composed of meta-atoms, for example, sub-wavelength
resonators the size of which is bigger than the atomic scale but much smaller than the
relevant radiated wavelength, are designed to exhibit exotic properties not commonly
found in nature. The physical properties of metamaterials are described by effective
parameters which could be positive, negative, near-zero or approaching-infinity [1].
The concept of metamaterials was firstly theorized by the Russian physicist Veselago
[2] for electromagnetic waves in 1968. He considered the possible existence of
metamaterials with simultaneously negative permittivity and permeability, i.e., left-
handed materials or double negative metamaterials. In 2000, Liu et al. firstly intro-
duced the concept of acoustic metamaterials [3]. Later, acoustic metamaterials have
been widely developed to deeply control and manipulate waves due to their exotic
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properties not found in nature. As a result, a plethora of applications has been devel-
oped, including acoustic diodes [4, 5], acoustic lenses for sub-diffraction imaging [6],
acoustic sound focusing based on gradient index lenses [7–9], acoustic topological
systems [10–12] and acoustic cloaking [13–15].

Wave propagation in acoustic metamaterials is subject to losses such as
visothermal losses at the solid-fluid interface [16], which can have deleterious conse-
quences. For example, Heríquez et al. [17] found that viscothermal losses could
destroy the predicted behavior of double negative acoustic metamaterials designed by
Gracía-Salgado et al. [18], and they even speculated that rigid-based metamaterials
could become absorbers in particular situations. Previously, Guild et al. [19] and
Romero-Garcá et al. [20] proposed specific acoustic metamaterials absorbers based on
dissipative effect. Losses could also change the dispersion relation of the system. For
example, Theocharis et al. [21] show that near-zero group velocity dispersion band
disappears in the presence of the viscothermal losses. Thus, losses are non-negligible
in such kind of materials and should be not ignored. Perfect and broadband absorber
is an important branch of acoustic metamaterials [20, 22].

In the field of metamaterials, only few studies exist regarding nonlinear effects. In
2003, Lapine et al. proposed the concept of nonlinear metamaterials in the field of
electromagnetism [23]. During the last years, the study of nonlinear acoustic
metamaterials received increased attention [24–26]. In the case of acoustic
metamaterials, the presence of nonlinearity is easily introduced at high acoustic levels.
Accompanying with wave propagation, the localized pressure changes. High pressure
increases the local temperature, and the local speed of sound in the compressible
material is proportional to the temperature [27]. As a result, the wave with high
pressure phase travels faster compared to a wave of low pressure phase. During the
nonlinear wave propagation, higher harmonics are generated. Dispersion effect intro-
duced by the resonators and periodicity of the acoustic metamaterials could tailor the
source and generated harmonics. Thus, one can observe the beating of higher generated
harmonics [28–30]. Acoustic diodes have been also designed based on the combination
of nonlinearity and dispersion. Liang et al. realized the nonreciprocal acoustic trans-
mission by breaking the linearity, which violates some assumptions of Onsager-Casimir
principle [4]. In granular crystals, Boechler et al. envisaged the bifurcation-based
acoustic switching and rectification [31]. Devaux et al. achieved asymmetric acoustic
propagation by a nonlinear self-demodulation effect [32]. There are many other
nonlinear processes, for example, the nonlinear dispersion relation [33], nonlinear
acoustic lenses [34], waves coupling in nonlinear metamaterials [35], discrete breathers
[36], the self-demodulation effect [37, 38], and the formation of acoustic solitons of
various types-pulse-like [39, 40] and envelope ones [40, 41], namely robust localized
waves propagating undistorted due to a balance between dispersion and nonlinearity.

Despite this extensive body of nonlinear acoustic metamaterials and acoustic
absorbers, only few works consider nonlinear losses. However, in acoustics, nonlinear
losses may easily appear, e.g., due to the geometrical discontinuity [42, 43]. In this
article, we design 1D amplitude-dependent acoustic absorber made by an air-filled
waveguide periodically side-loaded by holes with sharp edges. These sharp edges can
be considered as geometrical discontinuities, which could introduce nonlinear losses.
Based on the accurate analytical model which could predict the experimental results,
we tune the parameters of the device in order to design a nonlinear perfect absorber.
Particularly the industry is concerned about the perfect absorber in low frequencies.
However, nonlinear losses could change the nature of the device from reflective one to
an absorber, especially in low frequencies.
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This chapter is structured as follows. In Section 2, we introduce the setup and the
method of processing the experimental data. In Section 3, we derive the analytical model
based on transfer matrix method. In Section 4, we discuss the experimental phenomenon
and analytical model. Based on results obtained, we tune the parameters of the device in
order to design an 1D amplitude-dependent acoustic perfect absorber in low frequencies.
Finally Section 5 summarizes the findings and discusses future research directions.

2. Experiments

2.1 Experimental set-up

Figure 1 shows the experimental set-up in order to characterize the amplitude-
dependent reflection, transmission and absorption coefficient. This system is an air-filled
acoustic cylindrical waveguide periodically loaded by side-holes. The length of the
waveguide is 3 m; the internal radius is r ¼ 0:025 m; there is 40 side-holes; the distance
between two side holes is d ¼ 0:05 m; the radius of the side holes is rH ¼ 0:0035 m and
the length is lH ¼ 0:005 m. We use white noise with frequencies from 200 Hz to
1000 Hz as source. In order to avoid back reflections in the waveguide, we use a properly
designed anechoic termination [21, 45], and do the experiments in an anechoic room.

We perform four experiments with different source amplitudes. Here we use a
four microphone method [46] to obtain the transmission, reflection and absorption
coefficient. We put two microphones (1/2 inch B&K) at the one end of the wave-
guide; and another two microphones on other side of the structure, shown in Figure 1.
This method allows the measurement of both the forward and backward waves for the
fundamental frequency.

Figure 1.
(color online) picture of the experimental setting for the measurement of the amplitude-dependent reflection,
transmission and absorption coefficients, adapted from ref. [44].
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2.2 Experimental data processing

Here are the details of four microphone method. p1, p2, p3 and p4 present the
complex sound pressure measured by the microphones at x1, x2, x3 and x4 in Figure 2,
with x1 ¼ 0:2 m, x2 ¼ 0:1 m, x3 ¼ 2:1 m and x4 ¼ 2:2 m respectively. Acoustic
pressures measured by the microphone comprise various superpositions of positive-
and negative-going plane waves in the waveguide,

p1 ¼ Ae�jkx1 þ Bejkx1
� �

eiωt,

p2 ¼ Ae�jkx2 þ Bejkx2
� �

eiωt,

p3 ¼ Ce�jkx3 þDejkx3
� �

eiωt,

p4 ¼ Ce�jkx4 þDejkx4
� �

eiωt,

(1)

where A and B (C and D) are the amplitudes of the positive- and negative going
plane wave at the beginning (ending) of the waveguide respectively, which could be
derived from Eq.(1),

A ¼ j p1e
jkx2 � p2e

jkx1
� �

2 sin k x1 � x2ð Þ ,

B ¼ j p2e
�jkx1 � p1e

�jkx2
� �

2 sin k x1 � x2ð Þ ,

C ¼ j p3e
jkx4 � p4e

jkx3
� �

2 sin k x3 � x4ð Þ ,

D ¼ j p4e
�jkx3 � p3e

�jkx4
� �

2 sin k x3 � x4ð Þ ,

(2)

and provide the input data for subsequent transfer matrix calculations.

Figure 2.
Schematic diagram of the standing wave tube, adapted from ref. [46].
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To relate the sound pressures and velocities on the two faces of 40 side holes,
transfer matrix is used, extending from x ¼ 0 to x ¼ 40 ∗ d, as shown in Figure 2, i.e.,

p

v

� �

x¼0

¼
T11 T12

T21 T22

� �

p

v

� �

x¼40d

, (3)

where pjx¼0, vjx¼0, pjx¼40d and vjx¼40d may easily be expressed in terms of the
positive- and negative-going plane wave component amplitude, i.e.,

p x¼0 ¼ Aþ B, v x¼0 ¼ A� B

ρ0c
p x¼40d ¼ Ce�jk40d þDejk40d, v x¼40d ¼

Ce�jk40d �Dejk40d

ρ0c
:

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

(4)

Eq. (3) presents two equations with four unknowns, T11, T12, T21 and T22. In order
to solve the transfer matrix elements, we need two additional equations, which could
be generated by reciprocity and symmetry nature of the material. Pierce noted that
reciprocity requires that the determinant of the transfer matrix be unity [46, 47],

T11T22 � T12T21 ¼ 1,

and for symmetrical system,

T11 ¼ T22:

Then the transfer matrix elements are solved,

T11 ¼
p x¼40dvj jx¼40d þ p x¼0vj jx¼0

p x¼0vj jx¼40d þ p x¼40dvj jx¼0

,

T12 ¼
p 2

x¼0 � p
�

�

�

�

2

x¼40d

p x¼0vj jx¼40d þ p x¼40dvj jx¼0

,

T21 ¼
v 2

x¼0 � v
�

�

�

�

2

x¼40d

p x¼0vj jx¼40d þ p x¼40dvj jx¼0

,

T22 ¼
p x¼40dvj jx¼40d þ p x¼0vj jx¼0

p x¼0vj jx¼40d þ p x¼40dvj jx¼0

,

(5)

which provide the input data for subsequent reflection and transmission coeffi-
cients calculations.

In order to calculate reflection and transmission coefficients, we assume that the
incidental plane wave has unit amplitude, and the termination is anechoic, so that we
could consider the parameter D is negligible compared to parameter C. Thus we could
write,

p x¼0 ¼ 1þ R, v x¼0 ¼ 1� R

ρ0c
p x¼40d ¼ Te�jk40d, v x¼40d ¼

Te�jk40d

ρ0c
,

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

(6)

where R ¼ B=A and T ¼ C=A are the reflection and transmission coefficients
respectively. When we substituted Eq.(6) into Eq.(3), the transmission T and reflection
coefficient R for the case of an anechoic termination, can be respectively expressed as,
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T ¼ 2ejkd

T11 þ T12=ρ0cð Þ þ ρ0cT21 þ T22
, (7)

R ¼ T11 þ T12=ρ0cð Þ � ρ0cT21 � T22

T11 þ T12=ρ0cð Þ þ ρ0cT21 þ T22
, (8)

and the absorption coefficient is

α ¼ 1� T2 � R2: (9)

Through the above data processing, we obtain the experimental amplitude-
dependent reflection, transmission and absorption coefficients. The corresponding
results are shown in Section 4.

3. Transfer matrix method

In this section, we analytically use transfer matrix method to capture the
amplitude-dependent reflection, transmission and absorption coefficients. The trans-
fer matrix T used to relate the sound pressures and velocities on the two faces of the
acoustic waveguide with the N side holes, can be written as

T ¼
Y

N

n¼1

Tn (10)

where

Tn ¼
cos

kphd

2

� �

iZc sin
kphd

2

� �

i

Zc
sin

kphd

2

� �

cos
kphd

2

� �

2

6

6

6

4

3

7

7

7

5

1 0

1

ZH nð Þ
1

2

4

3

5

�
cos

kphd

2

� �

iZc sin
kphd

2

� �

i

Zc
sin

kphd

2

� �

cos
kphd

2

� �

2

6

6

6

4

3

7

7

7

5

,

(11)

with kph and Zc being the wavenumber and acoustic characteristic impedance in

the waveguide respectively, which are given by:

kph ¼
ωph

c0
1þ 1� i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ωphρ0r
2=η

q 1þ γ � 1
ffiffiffiffiffi

Pr
p

� �

2

6

4

3

7

5
, (12)

Zc ¼
ρ0c0
πr2

1þ 1� i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ωphρ0r
2=η

q 1þ γ � 1
ffiffiffiffiffi

Pr
p

� �

2

6

4

3

7

5
: (13)
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Here, γ is the specific heat ratio, Pr is the Prandtl number, η is the shear viscosity,
while ZH nð Þ is the impedance of n-th side hole. Based on the experimental results,

we conclude that the nonlinear losses, appearing at high level sound pressures due to
jet and vortices formation at the locations of side holes, must be taken into account,
i.e., here, ZH nð Þ is the sum of a linear impedance, ZL, and a nonlinear one, ZNL nð Þ,
namely:

ZH nð Þ ¼ ZL þ ZNL nð Þ: (14)

On the one hand, the linear impedance of the hole can be expressed as a combina-
tion of the impedance of the hole plus the radiation impedance [48],

ZL ¼ iZcH tan k
ph
H lH þ ΔlHi þ ΔlHoð Þ

h i

� 1

2
ZcH k

ph
H rH


 �2
, (15)

where ΔlHi and ΔlHo are length corrections due to the radiation inside the side holes

and the radiation to the outer environment, while k
ph
H and ZcH are the wavenumber

and acoustic characteristic impedance in the side holes, obtained from Eq. (12) and
Eq. (13) by using rH instead of r. On the other hand, the nonlinear part of the
impedance of n-th hole, ZNL nð Þ, can be written as [42, 43],

ZNL nð Þ ¼ βHZcHM nð ÞSt
1=3
nð Þ : (16)

where βH is a fitting parameter, which can be directly obtained by experiments. In
addition, M nð Þ is the acoustic Mach number for n-th side hole, given by:

M nð Þ ¼
vn
c0

¼ un=SH
c0

, (17)

with un ¼ vnSH being the volume velocity in the n-th side hole, while St nð Þ is the
acoustic Strouhal number [42, 43, 49].

St nð Þ ¼
ωphrH

vn
¼ ωphrH

un=SH
: (18)

Therefore, through M nð Þ and St nð Þ, the nonlinear part ZNL nð Þ of the n-th side hole

impedance depends explicitly on the local volume velocity un in n-th hole. However,
the volume velocity is related to the impedance through

un ¼
p nð Þ

ZL þ ZNL nð Þ
: (19)

Thus, we have to make some approximations, and apply an iterative method to
calculate un. At the N-th hole, i.e., the last hole away from the source, the local volume
velocity is the smallest compared to others, hence we can assume at first that the
nonlinear part is zero at this position, ZNL n¼Nð Þ ¼ 0. From this hypothesis, we obtain

the local volume velocity, u n¼Nð Þ ¼ p n¼Nð Þ=ZL at this location. Here, it is noted that

p n¼Nð Þ can be calculated by the following matrix,
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p n¼Nð Þ
uw n¼Nð Þ

" #

¼
cos kphD

� �

iZc sin kphD
� �

i

Zc
sin kphD

� �

cos kphD
� �

2

4

3

5

pþ

pþ=Zc

� �

, (20)

where pþ is positive-going wave at the end of waveguide (there is no negative-
going wave due to the presence of the anechoic termination). Therefore,

pþ ¼ i pM�1e
�ikphxM � pMe

�ikphxM�1
� �

2 sin kph xM�1 � xMð Þ
�  e�ikph

xM�1þxM
2 , (21)

where pM�1 and pM are acoustic pressures measured at xM�1, xM by the micro-
phone near the anechoic termination, pþ is located at the center of pM�1 and pM [i.e.,
at xM�1 þ xMð Þ=2], D is the distance between p n¼Nð Þ and pþ, and uw n¼Nð Þ is volume

velocity in the waveguide.
This way, we obtain the local volume velocity, u n¼Nð Þ, and substitute it into

Eqs. (16)-(18). Then, the nonlinear impedance of the last hole, as well as the transfer
matrix Tn¼N of last cell, can easily be derived. A similar iterative calculation can be
applied considering that, in each iteration, first we approximate ZNL nð Þ ¼ ZNL nþ1ð Þ.
This procedure allows us to calculate the local volume velocity in the hole, and then
the nonlinear impedance of the hole.

Up to now, we have the space-dependent nonlinear impedance of holes with differ-
ent amplitudes of wave excitations. Then we can derive the transfer matrix of each cell,
Tn, as well as the total transfer matrix, T, see Eqs. (10) and (11). Analytical reflection,
transmission and absorption coefficients can be found by the total transfer matrix T.

4. Results and discussion

In this section, we start by discussing the experimental results. Firstly, we perform
the experiment with a small-amplitude source. Here we choose 100 dB (linear limit),
see black circles in Figure 3. Then, we change the amplitude of the source, for
example, 120 dB (green squares), 130 dB (blue stars) and 140 dB (red triangles). The
bigger the amplitude of the source is, the stronger the nonlinear effect, as well as
nonlinear losses are. As a results, when the amplitude of the source is increased,
maximum value of the absorption coefficient increases, and its bandwidth broadens.
Here we have to highlight that in the low frequency, for example 200 Hz, the absorp-
tion coefficient in the case of 140 dB is 8 times larger than that in the case of 100 dB.
These preliminary results pave the way to design the nonlinear acoustic absorber.

These experimental phenomenon could be analytically explained by the transfer
matrix method, as shown in Section 3, using a nonlinear impedance model for the
side-holes (see solid lines in Figure 3). Here we have to mention that βH is a fitting
parameter [Eq. (16)], because the nonlinear impedance of hole also depends on the
amplitude of the wave excitation: the larger the amplitude, the larger the nonlinear
impedance of holes, i.e., the larger βH. In the linear limit (small source amplitude),
there are no nonlinear losses for holes, i.e., βH ¼ 0. We use these rules to find the
value of this fitting parameter, βH, by comparing directly with the experimental
results. In Refs. [50, 51], βH is determined by means of numerical simulations:
Disselhorst and Wijngaarden [50] found values of βH between 0:6 and 1:0, while
Peters and Hirschberg [51] evaluate βH to 0:2. In our case, by direct comparison with
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experiments, we found that βH depends on the amplitude as βH 140 dBð Þ ¼ 0:6,

βH 130 dBð Þ ¼ 0:4, βH 120 dBð Þ ¼ 0:3, while βH 100 dBð Þ ¼ 0 (linear case), i.e., the side holes

feature no nonlinear losses when the amplitude of the source is small (≲100 dB). In
the experiments, we have also observed the creation of flow through the holes, which
led us to correct the length lH by adding 0:0005 m. This value is independent of the
amplitude. Comparing to other works [51–53], we have: lH ¼ 0:005 m, ΔlHi ¼ 0:0027
m and ΔlHo ¼ 0:0026m, i.e., lH þ ΔlHi þ ΔlHo ¼ 0:0103m; hence, the value of 0:0005
m is small, but cannot be ignored (Figures 3 and 4).

Figure 3.
(color online) amplitude of the (a) reflection coefficients, (b) transmission coefficients and (c) absorption
coefficients adapted from ref. [44]. Black circles (lines), green squares (lines), blue stars (lines) and red triangles
(lines) present the experimental (analytical) results with a source level around 100 dB, 120 dB, 130 dB, and
140 dB, respectively.

Figure 4.
(color online) amplitude of the (a) reflection coefficients, (b) transmission coefficients and (c) absorption
coefficients. Black lines (r ¼ 0:025m), blue dashed lines (r ¼ 0:02m), red dotted lines (r ¼ 0:015m) present the
analytical results with a source level around 100 dB (linear case).
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Now we tune the parameters of the device in order to design an 1D amplitude-
dependent acoustic perfect absorber. Here, we choose a source level around 140 dB.
Firstly, when we decrease the radius of the waveguide, see Figure 5, the amplitude
and the width of the absorption coefficient increase. Especially in the range of 400 –

600 Hz, the absorption coefficient is close to 1. We also found that decreasing the
length of the side holes (see Figure 6) or increasing the radius of the side holes (see
Figure 7) could improve the sound absorption of the meta-material. Finally, by

Figure 5.
(color online) amplitude of the (a) reflection coefficients, (b) transmission coefficients and (c) absorption
coefficients. Black lines (r ¼ 0:025m), blue dashed lines (r ¼ 0:02m), red dotted lines (r ¼ 0:015m) present the
analytical results with a source level around 140 dB (nonlinear case).

Figure 6.
(color online) amplitude of the (a) reflection coefficients, (b) transmission coefficients and (c) absorption
coefficients. Black lines (lH ¼ 0:005 m), blue dashed lines (lH ¼ 0:003 m), red dotted lines (lH ¼ 0:001 m)
present the analytical results with a source level around 140 dB (nonlinear case).
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optimizing the parameters of the device, we choose r ¼ 0:015 m, lH ¼ 0:001 m, rH ¼
0:0045 m, see Figure 8. Now, in a wide frequency range, i.e., 300–900 Hz, the
absorption coefficient equal to 1. Even in the range of 200–300 Hz or 900–1000 Hz,
the absorption coefficient is not equal to one, however it is greater than 0.9.

Figure 7.
(color online) amplitude of the (a) reflection coefficients, (b) transmission coefficients and (c) absorption
coefficients. Black lines (rH ¼ 0:0035 m), blue dashed lines (rH ¼ 0:004 m), red dotted lines (rH ¼ 0:0045 m)
present the analytical results with a source level around 140 dB (nonlinear case).

Figure 8.
(color online) amplitude of the absorption coefficients. Black dashed lines (r ¼ 0:025 m, lH ¼ 0:005 m, rH ¼
0:0035 m) and yellow dashed lines (r ¼ 0:015 m, lH ¼ 0:001 m, rH ¼ 0:0045 m) present the analytical results
with a source level around 100 dB (linear case). Black solid lines (r ¼ 0:025 m, lH ¼ 0:005 m, rH ¼ 0:0035 m)
and yellow solid lines (r ¼ 0:015 m, lH ¼ 0:001 m, rH ¼ 0:0045 m) present the analytical results with a source
level around 140 dB (nonlinear case).
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5. Conclusions

In conclusion, we have analytically designed a large band amplitude-dependent
acoustic absorber. We have studied nonlinear wave propagation in an 1D air-filled
waveguide periodically side loaded by holes. We have performed the experiments to
highlight the nonlinear losses effect. Transfer matrix theory could analytically capture
the experimental phenomenon. Additionally, we analytically tune the parameter of
the device and design a large band amplitude-dependent acoustic absorber. Our
results concerning nonlinear losses, especially regarding the observed large value of
the absorption coefficient in a relatively large bandwidth.
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