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Chapter

Anomalous Charge Transport
Properties and Band Flattening in
Graphene: A Quasi-Relativistic
Tight-Binding Study of
Pseudo-Majorana States
Halina V. Grushevskaya and George Krylov

Abstract

Anomalous charge carrier transport in graphene is studied within a topologically
nontrivial quasi-relativistic graphene model. The model predicts additional topologi-
cal contributions, such as the Majorana-like mass-term correction to the ordinary
ohmic component of the current, the spin-orbital-coupling, “Zitterbewegung”-effect
corrections to conductivity in space, and time dispersion regime. The corrections
appear due to non-Abelian quantum statistics for the charge carriers in graphene. The
chiral anomaly of electrophysical and optical properties may emerge due to a
deconfinement of the pseudo-Majorana quasiparticles. It has been shown that phe-
nomena of negative differential conductivity, loss of universal far-infrared optical
conductivity, and nonzero “minimal” direct-current conductivity in graphene occur
due to flattening and vorticity of the pseudo-Majorana model graphene energy bands.

Keywords: graphene, anomalous charge transport, conductivity, chiral anomaly,
quasi-relativistic model, Dirac-Hartree-Fock self-consistent field approximation,
pseudo-Majorana fermion graphene model

1. Introduction

Graphene discovery is the driving force for progress in the current developments
of quantum devices due to fascinating electrical and optical graphene properties.
Graphene is an atomically thin carbon layer, in which valent and conduction bands
touch each other in six points of hexagonal Brillouin zone, called Dirac points
or valleys K,K0 [1]. Graphene belongs to strongly correlated systems, in which
many-body interactions occur. Thanks to the strong electron-hole correlations, the
electrophysical and optical properties of the graphene are very unusual. According to
the linear response theory, the temperature dependence of the Hall conductivity for
Fermi liquid, to which most metals belong, does not depend upon temperature [2].
But, the strongly correlated systems exhibit an anomalous charge magnetotransport
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[3]. A similar situation prevails for universal nonzero direct-current (DC) graphene

minimum conductivity (scale range of 4e2

h [4] – 6e2

h [5, 6] depending on support type)

when the linear response theory predicts vanishing electrical conductivity for direct

current (DC) or 4e2

πh for the low-frequency conductivity in pure graphene [7, 8]. Here,

h is the Planck constant, and e is the electron charge.
The situation with optical conductivity in the far-infrared spectral range of 0:05�

0:5 eV (25 μm–350 μm) turned out to be even more unpredictable. Theoretical calcula-
tions of the far-infrared optical conductivity within a pseudo-Dirac massless fermion

model for graphene predict its universal value, e2

4h, [9], which contradicts entirely

experimental data on the existence of extrema in this spectral range, namely, an asym-
metric peak at 0.15 eV (� 150� 200 cm�1) [10] and a shallow minimum in the spectral
range of � 0:2� 0:3 eV [11, 12] (see Figure 1a and b). Here, ℏ is the Planck constant
divided by 2π. Slowly increasing the optical conductivity approaches the universal value
in the mid-to-near-infrared spectral range of 0:5� 1:2 eV [13] where optical transitions
occur far enough from the valleys K,K0 of the graphene Brillouin zone. Thus, the
applicability of the pseudo-Dirac graphene model is doubtful in both spectral ranges.

The electron is a complex fermion; thus, if one decomposes its wavefunction into
its real and imaginary parts, which would be Majorana fermions, they are rapidly
remixed by electromagnetic interactions. However, such a decomposition could be
reasonable for graphene because of the effective electrostatic screening. Experimental
signatures of graphene Majorana states in graphene-superconductor junctions without
the need for spin-orbital coupling (SOC) have been established in [14]. An analysis of
Majorana-like graphene models also become relevant in connection with the discovery
of unconventional superconductivity for twisted bilayer graphene at θ≈ 1:05 angle of
rotation of one monoatomic layer (monolayer) relative to another one [15]. A quan-
tum statistics of graphene model with Majorana-like states should be a non-Abelian
one, and the absence of that is the main obstacle to shed light on topologically
nontrivial mechanisms of graphene conductivity. The non-Abelian pseudo-Majorana
statistics of graphene charge carriers, which could clarify the anomalous effects, are
behind several major theoretical approaches to graphene. The approaches are based on
the massless pseudo-Dirac fermion model. The pseudo-Dirac graphene model
Hamiltonian gives predictions that are very different from experimental data for a wide
range of transport phenomena in graphene physics, such as the existence of topological
currents in graphene superlattices [16], a sharp rise of Fermi velocity value vF in
touching valent and conduction bands [17], and a lack of excitonic instability [18].

So, up to now, there is no consistent theory of topologically nontrivial graphene
conductivity.

In this chapter, we show that charge transport coefficients in linear response to
electromagnetic fields contain anomalous contributions arising from strong correla-
tions between graphene charge carriers. The strong temperature dependencies that
are observed in Hall, and optical and electrical conductivities are explained by non-
Abelian statistics of topologically nontrivial graphene charge carriers of pseudo-
Majorana nature within an earlier developed quasi-relativistic self-consistent
Dirac-Hartree-Fock approach in a tight-binding approximation [19–25]. This quasi-
relativistic approach allowed to achieve success in calculations of electronic properties
for quasi-circular graphene p� n n� pð Þ junctions also [26].

Our goal is to study quantum transport of charge carriers with vortex dynamics

within a quasi-relativistic graphene model using a high-energy k
!
� p
!
-Hamiltonian and

2
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Figure 1.
Graphene conductivity and transmission spectra [10, 12] in the far-infrared (a) and mid-to-near-infrared (b)
spectral ranges. Graphene conductivity is obtained from transmittance contrast. The normalized change ΔT=TCNP

in transmittance TCNP of the non-dopped graphene is induced by the presence of the graphene sample; TCNP is the
transmittance at the applied voltage for charge-neutral Dirac point. The gate-induced change of transmission in
graphene is obtained for different values of gate voltage. The Drude conductivity fitting is shown. (c) Electron (left)
and hole bands (right) of a quasi-relativistic NF ¼ 3-flavors model graphene that were calculated with a pseudo-
Majorana mass term. (d) The vortex texture in contour plots of electron (left) and hole (right) bands was

calculated with the Majorana-like mass term on momentum scales q=KA ¼ 0:002; q
!
¼ k

!
� K

!
.
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to perform simulations of the complex conductivity of the system in a number of
experimentally interesting cases. The Wilson non-closed loop method will be used to
prove dichroism of the band structure, which leads to valley Hall conductivity.

2. Fundamentals

Quasi-relativistic graphene model has been derived in [19] as a consequent account
of the effect of relativistic exchange interactions, while being grounded on truly
secondary quantized relativistic consideration of the problem within the known
Dirac-Hartree-Fock self-consistent field approximation. In subsequent publications
[23, 27, 28], it has been established that the model admits a form as a Majorana-like
system of equations as well as a two-dimensional Dirac-like equation with an addi-
tional “Majorana-force correction” term [23]. It reads

vF σ
!AB

2D � p
!
BA � c�1MBA

h i
ψ ∗
BA

�� �
¼ E ψ ∗

BA

�� �
(1)

and the same equation with labels AB,BAð Þ exchanged for another sublattice. Here,
AB,BAð Þ are related to sublattices and refer to the quantities that are obtained by
similar transformations with a relativistic exchange matrix Σ

x
rel; for example, for the

momentum operator p
!
one gets p

!
BA ¼ ΣBA p

!
Σ
�1
BA; vF is the Fermi velocity. The vector

of two-dimensional (2D) Pauli matrixes comprises two matrixes σ2D ¼ σx, σy
� �

. The

termMBA ¼ � 1
cvF

ΣBAΣAB is a Majorana-like mass term, where c is the speed of light. It

turns out to be zero in the Dirac point K K0ð Þ and gives a very small momentum-
dependent correction outside of K K0ð Þ. The relativistic exchange operator for tight-
binding approximation and accounting of nearest lattice neighbors is given by its action
on secondary quantized wave functions on sublattices A Bð Þ of the system [19, 27, 28]

Σ
x
rel

χ̂�σA†
r
!
� �

χ̂†σB r
!
� �

0
BB@

1
CCA∣0, � σi∣0, σi

¼
0 ΣAB

ΣBA 0

0
@

1
A

χ̂†�σA
r
!
� �

χ̂†σB r
!
� �

0
BB@

1
CCA∣0, � σi∣0, σi,

(2)

ΣABχ̂
†
σB

r
!
� �

∣0, σi ¼
XNvN

i¼1

ð
d r
!
iχ̂

†

σiB
r
!
� �

∣0, σiΔAB

0,�σi χ̂
†

�σA
i

r
!
i

� �
V r

!
i � r

!
� �

χ̂�σB
r
!
i

� ����
���0,�σi0

D E
,

(3)

ΣBAχ̂�σA†
r
!
� �

∣0, � σi ¼
XNvN

i0¼1

ð
d r
!
i0 χ̂�σA

i0 †
r
!
� �

∣0, � σiΔBA

0, σi0 χ̂
†

σB
i0

r
!
i0

� �
V r

!
i0 � r

!
� �

χ̂σA r
!
i0

� �����
����0, σi

� 	
:

(4)
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Here, interaction (2� 2)-matrices ΔAB and ΔBA are gauge fields (or components of
a gauge field). Vector-potentials for these gauge fields are introduced by the phases α0

and α�,k, k ¼ 1, 2, 3 of π pz
� �

-electron wave functions ψ pz
r
!
� �

and ψ
pz,�δ

!

k
r
!
� �

attributed to a given lattice site and its three nearest neighbors (see details in [28]),

V r
!
� �

is the three-dimensional (3D) Coulomb potential, and the summation is

performed on all lattice sites and number of electrons. The introduction of these three
non-Abelian gauge fields was stipulated by a requirement of the reality of eigenvalues
of the Hamiltonian operator as gauge conditions. In this case, the operator of relativ-

istic exchange gains an additional implicit k
!
-dependence upon momentum in the case

of nonzero values of gauge fields.

3. Electronic structure

The band structure of graphene within the quasi-relativistic NF ¼ 3-flavors model
has been calculated (see [25] and references therein) with the Majorana-like mass
term and is presented in Figure 1c. The graphene bands are conical near the Dirac

point at q q0ð Þ ! 0, q ¼ p
!
� K

!
���

��� (q0 ¼ p
!0

� K
!0

����
����) where p

!
p
!0
� �

is a momentum of

electron (hole). But, they flatten at large q q0ð Þ. The band structure of graphene within
the quasi-relativistic model with pseudo-Majorana charge carriers hosts vortex and

antivortex whose cores are in the graphene valleys K
!
and K

!0

of the Brillouin zone,
respectively (Figure 1c and d). Touching the Dirac point K K 0ð Þ, the cone-shaped
valence and conduction bands of graphene are flattened at large momenta p of the
graphene charge carriers [23]. It signifies that the Fermi velocity vF diminishes
drastically to very small values at large momenta p. Since eight sub-replicas of the

Figure 2.
Non-Abelian phases Φ1, … ,Φ4 of the Wilson loop eigenvalues in the units of π at nonzero gauge fields; q

!
¼ k

!
� K

!
.
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graphene band near the Dirac point degenerate into the eightfold conic band
(Figure 1c and d) the pseudo-Majorana fermions forming the eightfold degenerate
vortex are confined by the hexagonal symmetry. In the state of confinement, the
pseudo-Majorana fermions are linked with the formation of electron-hole pairs under
the action of the hexagonal symmetry.

A global characterization of all Dirac touching with non-Abelian Zak phases
Φ1,Φ2,Φ3,Φ4 as arguments of the Wilson loop operator for our model is presented in
Figure 2 [23]. Accordingly, in the case of the nonzero gauge fields, the simulations
predict the homotopy group Z12 with the generator �π=6 in the Dirac points K K 0ð Þ
[23]. Figure 1d shows that the proposed model has the nontrivial topological
properties revealing in the dichroism of its band structure. The vorticity of the
band is originated from Majorana-like excitations. It is natural to assume that such
peculiarities would lead also to observable consequences in charge transport in such a
system.

4. Non-Abelian currents in quasi-relativistic graphene model

Conductivity can be considered as a coefficient linking the current density with an
applied electric field in a linear regime of response. To reach the goal, several steps
should be performed. First, one has to subject the system to an electromagnetic
field, and this can be implemented by a standard change to canonical momentum

p
!
! p

!
� e

cA
!
in the Hamiltonian in the following way:

cσ
!BA

2D � p
!
AB �

e

c
A
!� �

� gΣABΣBA p
!
AB � eA

!
=c

� �h ideχ†þσB
r
!
� �

0�σi ¼ cEqu pð Þdeχ†þσB
r
!
� ����

���0, � σi,

gΣABΣBA p
!
AB � eA

!
=c

� �
¼ gΣABΣBA 0ð Þ þ

X

i

d gΣABΣBA

dp0i
j
p0
i
¼0

pABi �
e

c
Ai

� �

(5)

þ
1

2

X

i, j

d2 gΣABΣBA

dp0idp
0
j

�����
p0
i
, p0

j
¼0

pABi �
e

c
Ai

� �
pABj �

e

c
Aj

� �
þ … : (6)

Here, A
!
is a vector potential of the field. In what follows, we omit the cumbersome

designation “AB” if this does not lead to a lack of sense.
Second, to find the quasi-particle current we use the perturbation theory [29, 30].

Taking into account the expression (6), a potential energy operator V for interaction
between the secondary quantized fermionic field χþσB

xð Þ with the electromagnetic
field reads

V ¼ χ
†
þσB

� cσ
!
BA �

e

c
A
!
�MBA 0ð Þ �

X

i

dMBA

dp0i
j
p0
i
¼0

� pABi �
e

c
Ai

� �
2
4

� 12
X

i, j

d2MBA

dp0idp
0
j

j
p0
i
, p0

j
¼0

� pABi �
e

c
Ai

� �
pABj �

e

c
Aj

� �
þ …

3
5χþσB

:

(7)
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Then, one can find a quasi-relativistic current [31] of charge carriers in graphene as:

jSMi ¼ c�1ji � jOi þ jZbi þ jsoi ,

ji ¼ eχ†þσB
xþð Þvixþx�χþσB

x�ð Þ

�
e2Ai

cMAB
χ
†
þσB

xþð ÞχþσB
x�ð Þ

þ
eℏ

2MAB
∇
!
� χ

†
þσB

xþð Þσ
!
χþσB

x�ð Þ
h i

i
, i ¼ 1, 2:

(8)

Here,

x� ¼ x� ε, x ¼ r
!
, t0

n o
, r

!
¼ x, yf g, t0 ¼ 0, ε ! 0; (9)

vixþx� is the velocity operator determined by a derivative of the Hamiltonian (1),

χþσB
xþð Þ is the secondary quantized fermion field, the terms jOi , jZbi , jsoi , i ¼ x, y

describe an ohmic contribution that satisfies the Ohm’s law and contributions of the
polarization and magneto-electric effects, respectively.

To perform quantum-statistical averaging for the case of nonzero temperature, we
use a quantum-field method developed in references [32, 33]. After tedious but simple
algebra one can find the conductivity in our model:

σOii ω, kð Þ

¼
ie2β

2

2πcð Þ2
Tr

ð
1�MBA p

!
� �

∂
2MBA

∂p2i


 �

� Mv
!i

pð Þ,Nv
!i

pð Þ
� �

dp
!
,

(10)

σZbll ω, kð Þ ¼
ie2

β
2
2πcð Þ2

�Tr

ðMBA p
!
� �

2

X2

i¼1

∂
2MBA

∂p2i
Mv

!i
pð Þ,Nv

!i
pð Þ

� �
dp
!
,

(11)

σso12 21ð Þ ω, kð Þ ¼ �1ð Þ1 2ð Þ i

2

ie2β
2

2πcð Þ2

�Tr

ð
MBA p

!
� �

∂
2MBA

∂p1∂p2
Mv

!1 2ð Þ
pð Þ,Nv

!1 2ð Þ
pð Þ

� �
σzdp

!

(12)

for the current jOi , jZbi , jsoi , respectively. Here, matrices M, N are given by the
following expressions:

M ¼
f β H pþð Þ � μð Þ=ℏð Þ
� 

� f β H† �p�ð Þ � μ=ℏ
� �� 

βz� β H pþð Þ=ℏð Þ þ β H† �p�ð Þ=ℏ
� � ,

N ¼
δ ℏωþ μð Þ

ℏzþH pþð Þ �H† �p�ð Þ
� �

β
:
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Here, f is the Fermi–Dirac distribution, z ¼ ωþ iε, p
!�

¼ p
!
� k

!
, ω is a frequency,

μ is a chemical potential, and β is an inverse temperature divided by c.

5. Method of conductivity calculation

5.1 Diagonalized representation of the Hamiltonian

We perform the conductivity calculation in a representation where the
Hamiltonian of the graphene model is diagonalized to find the velocity determined in
the following way:

v
!
AB ≈

∂HAB

∂p
! : (13)

The velocity operator v
!
AB BAð Þ should be transformed by the transformation of the

form S�1 v
!
ABS with a matrix S constructed on the eigenvectors χ of the Hamiltonian.

The corresponding matrix S should be constructed on the eigenvectors of the operator
adjoined to the Hamiltonian. In every p-point the particle (hole) Hamiltonian is
represented by 2� 2 matrix, we denote matrix elements of the exchange operator

iΣx
rel

� �
AB BAð Þ

formally as Σ
AB BAð Þ
ij . Then, the eigenvectors χi, i ¼ 1, 2 of the

Hamiltonian (1) being the rows of the appropriate matrix S can be expressed in an
explicit way:

χ1 ¼
ip sin ϕð Þ Σ

AB
11 Σ

AB
21 þ Σ

AB
12 Σ

AB
22

� �
þ p cos ϕð Þ Σ

AB
12 Σ

AB
22 � Σ

AB
11 Σ

AB
21

� �
� p Σ

AB
12 Σ

AB
21 � Σ

AB
11 Σ

AB
22

� �

p Σ
AB
11

� �2
� Σ

AB
12

� �2� �
cos ϕð Þ � i Σ

AB
11

� �2
þ Σ

AB
12

� �2� �
sin ϕð Þ

� � ,

8
<
: 1

9
=
;

(14)

χ2 ¼
ip sin ϕð Þ Σ

AB
11 Σ

AB
21 þ Σ

AB
12 Σ

AB
22

� �
þ p cos ϕð Þ Σ

AB
12 Σ

AB
22 � Σ

AB
11 Σ

AB
21

� �
þ p Σ

AB
12 Σ

AB
21 � Σ

AB
11 Σ

AB
22

� �

p Σ
AB
11

� �2
� Σ

AB
12

� �2� �
cos ϕð Þ � i Σ

AB
11

� �2
þ Σ

AB
12

� �2� �
sin ϕð Þ

� � ,

8
<
: 1

9
=
;

(15)

In this way, we can calculate numerically the velocity operator in every p-point
with subsequent its substitution to the conductivity integral.

5.2 Integral calculations

Contributions to conductivity include 2D integrals over the Brillouin zone (BZ).
For example, the integrals in the ohmic contribution given by formulae (10) have the
following form:

σintraij ω, k
!� �

¼
X

a¼1, 2

ie2v20
π2

ð

BZ

d2p
!

viaa p
!
� �

v
j
aa p

!
� �h i

f ε1 p
!
� k

!
=2

� �h i
� f ε1 p

!
þ k

!
=2

� �h i� �

ε1 p
!
þ k

!
=2

� �
� ε1 p

!
� k

!
=2

� �� �
ω� ε1 p

!
þ k

!
=2

� �
þ ε1 p

!
� k

!
=2

� �� � ,

(16)
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σinterij ω, k
!� �

¼
2iωe2v20

π2

ð

BZ

d2p
!

vi12 p
!
� �

vi21 p
!
� �

f ε1 p
!
� k

!
=2

� �h i
� f ε2 p

!
þ k

!
=2

� �h i� �

ε2 p
!
þ k

!
=2

� �
� ε1 p

!
� k

!
=2

� �� �
ω2 � ε2 p

!
þ k

!
=2

� �
� ε1 p

!
� k

!
=2

� �� �2
 � :

(17)

Here, the first integral is for the intraband transitions, and the second one is
for the interband ones. Now, we highlight the pole structure for the integrands for

small but finite k
!
, accounting for that ε1 p

!
� �

¼ �ε2 p
!
� �

. The first integral can be

rewritten as:

σintraij ω, k
!� �

¼
X

a¼1, 2

ie2v20
π2

ð

BZ

d2p
!

viaa p
!
� �

vjaa p
!
� �h i df εð Þ

dε

����
ε¼ε1 p

!ð Þ

1

ω� k
!
� ∇ε1 p

!
� �� � ,

(18)

where we have performed the Taylor series expansion on ∣k
!
∣ up to linear terms. In

the second integral, only the second term in the denominator can produce poles, so we

expand it into a power series on ∣k
!
∣, making a change to polar coordinates px, py

� �
!

p,ϕð Þ that results:

σinterij ω, k
!� �

¼
2iωe2v20

π2

ð

BZ

pdpdϕ
vi12 p

!
� �

vi21 p
!
� �

f ε1 p
!
� k

!
=2

� �h i
� f ε2 p

!
þ k

!
=2

� �h i� �

ε2 p
!
þ k

!
=2

� �
� ε1 p

!
� k

!
=2

� �� �
ω2 � 4p2 � k2 sin 2ϕ
� � :

(19)

Pole structure of (18) and (19) is presented in Figure 3. In accordance with Eq. (18)

and Figure 3 at k
!
¼ 0 this integral is a regular one, whereas at finite k there is a line of

poles (dashed lines in the Figure 3). At a finite k the pole structure of σinterij ω, k
!� �

(19) is

an elliptic one that results in the necessity to account for an infinite sum of poles as a

contribution to conductivity: σinterij ω, k
!� �

∝
Ð
dϕ Re s ϕð Þ, where Re s ϕð Þ is a residue in

the pole located at angle ϕ on the poles line. The integral (19) in the case k ¼ 0 holds
poles laying at a circumference that can be effectively reduced to a single one as

σinterij ω, k
!� �

∝2π Re s1, where Re s1 is a residue in arbitrary point of the circumference.

For every oblate ellipse at large wave numbers, k, the main contribution to the integral

(19) gives the only points touching the circumference σinterij ω, k
!� �

� 2 Re s1. Thus, the

value of the optical conductivity decreases with the growth of k.
We define the upper integration limit for the model with linear dispersion in a way

based on reasoning from the energy limit of tight-binding-approximation applicability

(ωmax < 1 eV≈ 104 K). Then, the upper integration limit qmax on momentum is
qmax � ωmax =vF, ωmax < 1 eV, and correspondingly for the massless Dirac fermions

model, the integration should use the range from 0 to ∣q
!
∣<0:14 ∣K

!

A∣. As the simula-
tion results presented in Figure 4 show the integration within this limit leads to the
conductivity fall in the range ωmax � 4000 K (0.3 eV) at the temperature of 3 K.
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Thus, the range of momenta to predict conductivity in near-infrared and visible
spectral ranges is outside the limits of applicability of the massless pseudo-Dirac
fermion model.

Figure 3.
Sketch of the poles structure of integrands for intra-(dashed lines) and inter-(solid lines) bands contribution to

conductivity. Solid lines parameters at ω ¼ 1 (in units of vF ∣K
!

A∣) are k=∣K
!

A∣ ¼ 0:1 (red), 0:7 (green), 0:9 (blue).

Dashed line parameters at ω ¼ 0:2 (in units of vF ∣K
!

A∣) are k=∣K
!

A∣ ¼ 0:21 (red), 0:4 (green), 0:9 (blue).

Figure 4.
Frequency dependencies of the real and imaginary parts of the massless ohmic term of conductivity at very small
wave number q ¼ 10�8∣K

!

A∣ in relative units of e2=ℏ; a cutting parameter qmax ¼ 0:14 ∣K
!

A∣. The model [9, 32] is
simulated at T = 3 K, chemical potential μ ¼ 135K (red-dashed lines in figures (a–b)) and at T = 200 K, μ ¼ 33

K (red-dashed line in figure (c)). Numerical results for our model are green-solid and black-dashed lines for the
approximation with zero gauge phases at T = 3 K, μ ¼ 135K and T = 200 K, μ ¼ 33K, respectively, and blue line
for the approximation with nonzero gauge phases at T = 3 K, μ ¼ 135K in figures (a–b). (c) Dependence of the
real and imaginary parts of the massless ohmic term of conductivity on the damping γ for the approximation of the
nonzero gauge fields with γ ¼ 0:1 (green curve) and γ ¼ 1 (blue curve) at T = 200 K, μ ¼ 33K.
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According to our calculation presented in Figure 1c, the energy bandstructure is
flattened for the pseudo-Majorana fermion graphene model. It signifies that the Fermi
velocity vM for our model pseudo-Majorana states tends to zero for high wave num-
bers q. Since vM ! 0 for large q the applicability condition vMq<ωmax holds always.

We choose ∣q
!
∣ ≤0:38∣K

!

A∣ as the limit of integration over momentum ∣q
!
∣ because it is

in the range of ∣q
!
∣ from 0:28∣K

!

A∣ to 0:56∣K
!

A∣ appropriate for our model. Such choice
corresponds to ωmax > 7000 K.

In the approximation with zero-phases of the gauge fields, the analytical formulas
for the integrands in the conductivity contribution terms have been used. The inte-
grals have been calculated with adaptive integration steps in both directions (∣k∣,ϕ)
providing high calculation accuracy (not less than 0.01%).

In the approximation with nonzero gauge fields, we have to calculate numerically
by introducing into consideration the small-positive damping constant γ for the states
as a small imaginary contribution to the energies. The values of γ define the extent of
smoothness of the singular behavior of the integrand and does not influence the
general form of the dependency curve in accordance with Figure 4c.

All quantities necessary for the calculation of the complex conductivity have been
calculated on a grid in the space of wave vectors with 200-point discretization in the
angle ϕ for every given wave number q and variable step (a denser grid at small wave

numbers and larger at large ones) to the maximum wave number qmax ¼ 0:38∣K
!

A∣.
The 2D interpolation on this grid has been used for integrands evaluation in the
intermediate points that are necessary for conductivity simulations. An error stipu-
lated by the interpolation from the grid in wave vectors space has been roughly
estimated by interpolation of the conic spectrum of the Dirac pseudo-fermion model
on the same lattice with subsequent usage of the interpolation data for evaluation of

the conductivity. Its value turns out to be less than 10�3%.
Total estimation of the conductivity error has been performed by variation of the

number of points used for interpolation of the energy band spectrum (by diminishing
this number at factor two and subsequent comparison of the simulation results in both
cases). It turns out to be not exceeding 10% in the considered frequency region. It
should be noted that the error bars for values of the Fermi velocity that were mea-
sured by different techniques, including transport experiments (Shubnikov–de Haas
oscillations) [34], infrared measurements of the Pauli blocking in graphene [35],
magneto-optics [36], were also of the order of 10%.

6. Far-infrared optical spectroscopy of graphene

In this section, we study optical transitions in the Majorana-like fermion graphene
model and compare the theoretical predictions with experimental data for the far-
infrared spectral range. The frequency dependencies of the real and imaginary part of

the ohmic optical conductivity ( k
!���
��� ¼ 0) for temperatures T ¼ 3, 200 K are shown in

Figure 5. Chemical potentials, μ, are used to be 135 and 33 K for T ¼ 3 and 200 K,
respectively. For comparison, far-infrared conductivity is shown in the pseudo-Dirac
fermion graphene model [9].

The conductivity in the far-infrared spectral range calculated within the massless
pseudo-Dirac fermion graphene model gains a constant value that contradicts the
experimental data.
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The real part of the ohmic contribution in the optical conductivity for the pseudo-
Majorana fermion graphene model undergoes a steep increase finalizing a much
slower fall in the spectral range of 1000� 2000 K (see Figure 5, left). The maximum
conductivity is at the frequency of� 2000 K (0.13 eV). The predicted presence of the
asymmetric spectral band in the optical conductivity for graphene is confirmed
experimentally that the asymmetric peak is really observed on a frequency of
� 0.15 eV (� 150� 200 cm�1)[10].

The slow decrease of the peak intensity compared to the rise finalizes with steep
achieving the plateau, which in turn ends with a shallow minimum in the remaining
higher-frequency part of the far-infrared spectrum shown in Figure 5, left. Verifying
the prediction of low (antipeak) being on the frequency of � 0:27 eV (3000 K) the
experiment [12] confirms that the experimental antipeak is really indicated in the
spectral range of � 0:2� 0:3 eV.

Figure 5.
Frequency dependencies of real (green and blue solid lines) and imaginary (yellow and magenta solid lines) parts
of ohmic contribution σOxx yyð Þ to the far-infrared conductivity in relative units of e2=ℏ for our model (1) (green and

magenta lines) and for the Dirac massless fermion model [9, 32] (blue and yellow lines). The calculations were
carried out at temperatures T ¼ 3 (a), 200(b) K and chemical potentials μ ¼ 135 (a), 33(b) K for two case:
Taking into account (left) and neglecting (right) the pseudo-Majorana mass term.
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The appearance of the peak is accompanied by the tendency of the imaginary part
of the ohmic contribution in the optical conductivity toward negative values. It tes-
tifies that the position of the peak in the real part correlates with the emergence of
plasmon oscillations. The exclusion of the pseudo-Majorana mass term results in the
loss of the asymmetry of the far-infrared conductivity peak and a shift to the high-
frequency region (see Figure 5, right). It testifies that chiral symmetry is restored, and
correspondingly the anomalous transport disappears. According to results presented
in Figure 5, the far-infrared peak and antipeak exist at both low and high tempera-
tures. The influence of temperature consists in their smoothing, which impedes their
experimental detection.

7. Electronic transport and field effect

In this section, we study essential features of the electric charge transport by
Majorana-like carriers in graphene and compare theoretical predictions with
experimental data.

Total current J
!
in graphene is determined by electron and hole currents of valleys

K,K0 as J
!
¼ J

!

K � J
!

K0 . The two currents flow on non-coinciding paths in the topolog-
ically nontrivial pseudo-Magorana graphene model because the jump of an electron
(hole) from a site of sublattice A (B) to the nearest site of sublattice B (A) is
equivalent to bypassing the lattice site with the acquisition of the carrier wave func-
tion of the phase, being a multiple of the group generator π6 of the homotopy group
Z12 (Figure 2) in addition to 60-degree rotation by virtue of the homotopy group of
graphene Brillouin zone and the hexagonal symmetry. It signifies that at transition
from one trigonal sublattice to another one, the direction of motion of the charge

carrier is rotated at an angle of π
2. As a result, the J

!

K , J
!

K0 are orthogonal.

Let us denote the first and the second terms in the conductivity σOii (see Eq. 10)

through σoii and σaddii , respectively: σOii ¼ σoii þ σaddii . σaddii and σoii depend and do not depend
on the Majorana-like mass termMAB, respectively. Then, taking into account of the

polarization effects (Eq. 11) one can determine the pseudo-Majorana corrections, σ
tp
ii ,

i ¼ x, y to the conductivity in the following way: σ
tp
ii ¼ σaddii þ σZbii , σ

tp
xx ¼ �σ

tp
yy.

Then, in the absence of theMajorana conductivity corrections, we get theOhm’s law

because of the direction of the sum, J
!o

¼ J
!o

K � J
!o

K0 of the currents, J
!o

K, J
!o

K0 , equal to

ℜe σoiiE
!

i, i ¼ x, y coincides with the direction of an applied electric field E
!
, E
!
¼ E

!

x þ E
!

y

asFigure6 shows.Meanwhile, the directionwhich is orthogonal to E
!
the current is absent.

Taking into account the pseudo-Majorana conductivity corrections, the total current

changes in the followingway: J
!

skew � J
!

K � J
!

K0 ¼ J
!o

þ σ
tp
xxE

!

x � σ
tp
yyE
!

y �
P2

i¼1 �1ð Þi�1
σOii þ σZbii
� �

E
!

i. As Figure 6 shows the J
!

skew is rotated in respect to E
!
, and

correspondingly a nonzero component of the current appears in the direction orthogonal

to E
!
. It proves that a topological current can exist in the pseudo-Majorana graphenemodel

and the abnormal transport appears due to the presence of theMajoranamass term.
Figure 7 demonstrates negative differential conductivity for the topological cur-

rent Jtp ¼ ℜeσ
tp
ii ωð ÞU assuming the increase of the system energy in a form ℏω � U2,

where U is a bias voltage.
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A total spin-orbital valley current J
!

VHE ¼ σsoxyB
!

y � σsoyxB
!

x is produced under an

action of a magnetic field B
!

∥ parallel to E
!
. One can note that J

!

VHE is always directed

tangentially to the bias E
!
and added to the current J

!tp

. Then, the total current in the

Figure 6.
Sketch of currents in the topologically nontrivial semimetal: Jox yð Þ is a massless ohmic current along the axis X Yð Þ, Jtp is

a sum,
P2

i¼1 σaddii þ σZbii
� �

E
!

i of the polarization and dynamical-mass corrections to Jox yð Þ. E
!
is an applied electric field.

Figure 7.
Dependencies of topological current J on bias voltage U: Simulation results (red solid curve) and their fitting (blue
solid curve) for negative differential conductivity (NDC) in our quasi-relativistic graphene model at temperature
T = 3 K, chemical potential μ ¼ 135 K; black solid and green dashed curves present experimental data and
theoretical calculation for NDC in two graphene flakes twisted approximately at 90° to each other at 1.8°
misalignment angle [37]. The bias voltage U is given in volts “V.”
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direction of the vector E
!
increases. It signifies that a negative magnetoresistance

(NMR) appears at weak magnetic fields parallel to electric ones. NMR is a specific
feature of topological materials and presents a phenomenon of chiral anomaly
[38, 39].

Let us investigate longitudinal conductivity for low frequencies ω ! 0 and non-

vanishing wave vectors k
!
¼ p

!
=ℏ� K

!

A Bð Þ. The longitudinal conductivity σL ω, k
!� �

is

determined through the conductivity tensor splitting into longitudinal and transversal
terms as [40]

σij ω, k
!� �

¼ δij �
kikj

k
!2

 !
σT ω, k

!� �
þ
kikj

k
!2 σL ω, k

!� �
; i, j ¼ x, y: (20)

when choosing k
!
¼ kx, 0ð Þ, k

!
¼ 0, ky
� �

, or kx ¼ ky ¼ k one always has:

σxx ω, k
!� �

¼ σL ω, kð Þ, orσyy ω, k
!� �

¼ σL ω, kð Þ:

Now, let us calculate the low-frequency conductivity σ ω, r
!

� �
. To do it, one has to

perform the inverse Fourier transformation.

σ ω, r
!

� �
¼

1

2πð Þ2

ð
σoL ω, kð Þeik

!
� r
!

d2k: (21)

Here, ω is a cyclic frequency. We consider the effects of spatial dispersion on the

real part ℜe σOL ω, kð Þ of the longitudinal complex conductivity at the low frequencies:

ω ¼ 10�10, 0:004, 13.3 K (kelvin) for the massless pseudo-Dirac graphene fermion
model with the number of flavors NF ¼ 2 (pseudospin and spirality) and our
graphene model with the NF ¼ 3 flavors. Conductivity for frequencies in the Hertz

range, for example, 2.08 Hz (ω ¼ 10�10 K), can be considered as a minimum conduc-
tance for direct current. The numerical results are presented in Figure 8.

The function ℜe σoL ω, kð Þ for the massless pseudo-Dirac fermion graphene model

is a positive constant function. The ℜeσoL kð Þ
��
k!∞

� ℜe σk∞ is the positive constant

(ℜe σk
∞

>0) for the all frequencies (it is equal to � 0:004 for ω ¼ 0:004, 10�10 K and
� 0:017 for ω ¼ 13:3 K. The real part of the longitudinal complex conductivity in the

NF ¼ 2-model becomes the very large positive constant, ℜe σoL kð Þ
��
k!0

� ℜe σk0 �

44:443, at small values of k, k≪ 1 for the frequencies ω ¼ 10�10, 0.004 K. As Figure 8
shows the function ℜe σoL ω, kð Þ in the NF ¼ 2-model sharply increases in a very
narrow range of k=KA. Since ℜe σoL ω, kð Þ is constant almost everywhere for the NF ¼

2-model of graphene does not oscillate and eik
!
� r
!

enters the integrand of the expression

(21), theℜe σ ω, r
!

� �
is equal to zero, and correspondingly the minimum conductivity

is equal to zero in this graphene model. But this prediction for the DC case contradicts
the experimental facts that the value of the low-frequency conductivity is in the range

4 e2

h–6
e2

h .

The function ℜe σoL ω, kð Þ for the pseudo-Majorana graphene NF ¼ 3-models both
with and without the pseudo-Majorana mass term is a sign-alternating one at k ! ∞.
It signifies that the plasmon oscillations can emerge in the graphene NF ¼ 3-models.
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Neglecting the pseudo-Majorana mass term the function ℜe σoL ω, kð Þ for the
pseudo-Majorana fermion graphene NF ¼ 3-model is weakly oscillating for all fre-
quencies (see Figure 8). Since ℜe σoL ω, kð Þ for this case is practically constant except

for a very narrow interval, then as well as for the NF ¼ 2 model, the ℜe σ ω, r
!

� �
is

equal to zero, and correspondingly the graphene model with the chiral pseudo-
Majorana charge carriers is not semimetal.

Now let us examine the NF ¼ 3 model with the nonzero pseudo-Majorana mass
term. In this case, the ℜe σoL ω, kð Þ strongly oscillates for all frequencies (Figure 8). In

this case for ω ¼ 0:004, 10�10 K, since the ℜe σoL ω, kð Þ has the large maximum

(� 44:55 e2

h), and oscillating tends to zero it behaves like the function

ℜe σkmax

sin k�kmaxð Þ
k�kmaxð Þ . Such sort of functions can be considered as a finite approximation

of the Dirac δ�function in the form of the sinc function lim ε!0þ
sin x
εx , and the

coefficient ℜe σkmax
is called the intensity or spectral power of the δ�function. In the

DC limit (ω ¼ 10�10 K), the ℜe σoL ω, kð Þ possesses one maximum at k ! 0. Corre-

spondingly, the DC minimum conductivity σdc r
!
� �

for the NF ¼ 3 model with the

chiral anomaly may be approximated by the integral with only one Dirac δ-function
entering the integrand:

σdc ω, r
!

� �
¼

1

2πð Þ2

ð
ℜeσoL ω, kð Þeik

!
� r
!

d2k≈
1

2π

ð
ℜeσoL ω, 0ð Þδ kð Þeik

!
� r
!

dk ¼
7e2

h
, ω ¼ 10�10 K:

(22)

The minimum DC-conductivity of graphene in devices with a large area of a
graphene monolayer on SiO2 turns out to be of 4e2=h [4] at low temperatures (� 1:5
K). The minimum DC-conductivity of suspended graphene [5, 6] and of graphene on
boron nitride substrate [41] is of � 6e2=h at T � 300 K. Since for ω ¼ 0:004 K one
obtains the same value of the conductivity the low-frequency conductivity behaves in

Figure 8.
Real part σoL ω, kð Þ of the longitudinal ohmic contribution to conductivity vs. wave number k, k

!
¼ p

!
� K

!

A Bð Þ for
our pseudo-Majorana fermion NF ¼ 3-model (1) (solid curves) and for the massless Dirac fermion model [32]
(dashed curves), at the frequencies ω: 13:3 K (0:27 THz, blue color), 0:004 K (83 MHz, green color), 10�10 K
(2:08 Hz, red color). The calculations were carried out at temperatures T ¼ 100 K and chemical potentials μ ¼ 1

K for two case: Taking into account (left) and neglecting (right) the pseudo-Majorana mass term. σoL ω, kð Þ is
measured in the relative units of e2=h and labeled as ℜe σ13:3,ℜe σ0:004 and ℜe σdc for the frequencies 13.3,
0:004, and 10�10 K, respectively.
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a universal manner. Thus, our estimate (22) is in perfect agreement with the
experimental data.

8. Conclusion

To finalize our finding, within the earlier developed quasi-relativistic model of
graphene, the frequency-dependent conductivity of graphene has been investigated
theoretically in a number of experimentally interesting cases. It has been demon-
strated that accounting of exchange interactions in the model which leads to its
topological nontriviality both in electron structure and quasi-particle excitations not
only modifies Ohmic conductivity dependencies both on frequency and temperature
but also adds few contributions to conductivity stipulated by Majorana-like mass term
corrections. Account of these corrections allows one to obtain a fine description of
experimentally observable effects in graphene conductivity dependencies as in
frequency domain as for knows unsolved problem of minimum DC-conductivity.
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