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Abstract

In this paper, we introduce a hierarchy of integrable higher order equations of
Camassa-Holm (CH) type, that is, we present infinitely many nonlinear equations
depending on inertia operators which generalize the standard momentum operator
Ay = 0Oy — 1 appearing in the Camassa-Holm equation m; = —mg,u — 2mu,,
m = As(u). Our higher order CH-type equations are integrable in the sense
that they possess an infinite number of local conservation laws, quadratic pseudo-
potentials, and zero curvature formulations. We focus mainly on the fifth order
CH-type equation and we show that it admits pseudo-peakons, this is, bounded
solutions with differentiable first derivative and continuous and bounded second
derivative, but whose higher order derivatives blow up. Furthermore, we investi-
gate the Cauchy problem of our fifth order equation on the real line and prove local
well-posedness for initial conditions uy € H*(R), s > 7/2. In addition, we discuss
conditions for global well-posedness in H*(R) as well as conditions causing local
solutions to blow up in a finite time. We finish our paper with some comments on
the geometric content of our equations of CH-type.
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1 Introduction

In this paper we explain how to construct a family of integrable equations which generalize
the celebrated Camassa-Holm (CH) equation (see [5])

My = —Myp U — 2M Uy , m = Uy, — U .

Our main motivation for undertaking this project is the observation that the Camassa-
Holm equation can be understood as an Euler equation for the inertia operator A; =
Oz — 1 on the Lie algebra Vect(S') of the (Fréchet) Lie group Dif f(S'), and that, in
turn, the latter equation can be interpreted geometrically as determining geodesics for
a Riemannian metric on Dif f(S*) defined via Ay, see for instance [T, 20], the treatise
[18] and also [15]. A similar observation is valid for a group of diffeomorphisms of the
line that is slightly more difficult to describe, see [10]. A natural question which arises is
whether taking different inertia operators A, would yield new “Euler equations” which
may be of interest for the theory of fluids and which may determine interesting geometry
on diffeomorphism groups. In the paper [12] Constantin and Kolev answer this question
as follows in the case of Vect(S') and the (Fréchet) Lie group Dif f(S'): the only bi-
Hamiltonian equations (for some natural Poisson structures) arising from inertia operators
A, = S (=1)*9* are the inviscid Burgers equation (kK = 0) and the Camassa-Holm
equation (kK = 1). However, since inertia operators are quite interesting, as they equip
infinite-dimensional Lie groups with non-trivial (pseudo-)Riemannian geometry (see for
instance [20, [10], the classical paper [1] by Arnold, and also [15]), we cannot help but
wondering if we could go around the Constantin-Kolev result.

Further motivation for our work comes from the fact that the standard Camassa-
Holm hierarchy, see for instance [14, Equation (2.49)] and |21, Theorem 2], is a hierarchy
of nonlocal equations. It is natural to wonder if there exists a local family of equations to
which the CH equation belongs. Rasin and Schiff have explicitly computed a sequence of
generalized symmetries of the CH, see [22, Section 7], and this work can be considered
as providing an answer to the above question, but then we could insist that the members
of our hypothetical family ought to be defined via inertia operators, precisely as the CH
equation.

We observe in this paper that we can generalize the zero curvature formulation of
the Camassa-Holm equation (see [27, 24} 14, 21]) by using some appropriate higher order
operators A, that can be interpreted as higher order inertia operators, thereby obtaining
partial differential equations which indeed generalize CH in the sense we seek. In turn,
these zero curvature representations allow us to check integrability of the corresponding
“higher order CH-type equations”, not in the sense of being bi-Hamiltonian, but in the
sense of possessing an infinite number of non-trivial local conservation laws. We note
that by proceeding in this way we lose the interpretation of our higher order Ch-type
equations as standard Euler equations but, as we show in the last section of this work,
they do possess interesting geometric content.

Our paper is organized as follows. In Section 2 we introduce the following fifth order



CH-type equation

My = —MeU — 2Muy,
V=1U— Upy = (1 — 0%)u = Az(u), (1)

m=1uv— v, = (1—0%?2u=—A4(u),

which we derive using the operators As(u) = u — Uy, and Ay(u) = —Upzze + 22Uy — U.
The expansion of (1) reads

Uy — 2uxatt + Uggzat — _3uux + 4uua:xaz — Ulgzzas + 5“1}“1’90 - 2uxu:ca:xz

We show that (|1)) admits a Lax pair and an infinite number of non-trivial local conservation
laws as well as its Lie algebra of symmetries. Then in Section 3 Equation is shown
to possess pseudo-peakons, this is, bounded solutions with smooth first derivative and
continuous second derivative, but whose higher order derivatives blow up. Pseudo-peakons
have been observed before in a “fifth order Camassa-Holm equation”, see [19] 30], but
we believe that this is the first time a fifth order integrable equation possessing this kind
of solutions is reported. In Section 4 we discuss local well-posedness of for initial
conditions ug € H*(R), s > 7/2, which is to be contrasted with the corresponding result
for standard CH equation (for instance, in [26, Theorem 3.1] local well-posedness of the
Camassa-Holm equation is proven for initial data in H*(R), s > 3/2). In this section we
also prove a theorem on global well-posedness of in H*(R), and we present conditions
causing local solutions to blow up in a finite time. Finally, in Section 5 we make some
remarks on the geometric meaning of Equation (1)) —in particular, we observe that the
operators A,, can indeed be considered as inertia operators— and we introduce our whole
family of higher order Camassa-Holm type equations.

2 Equations of Camassa—Holm type

Let us begin by recalling the following observation about the important Camassa—Holm
equation introduced in [5].

Theorem 1. The compatibility condition of the linear problem
dy = (Xdx + Tdt)y

where w = (¢17¢2)t7 and

L0 A+2m 1 —Uy —2um + Au — \?
X_§[A_1 0 :|7 T_§|:_1_u)\—1 ’ (3)

Ug:
is the Camassa-Holm (CH) equation

my = —mzu —2Mmu, , M= Upy — U . (4)



This theorem appears in [27] and [24]. It is well-known how to obtain quadratic
pseudo-potentials and conservation laws from associated sl(2, R)-valued linear problems,
see [9], Refs. [23| 24] for full details, and Proposition 1 below. We obtain:

Theorem 2. The CH equation admits a quadratic pseudo-potential v determined by
the compatible equations
1 5, 1 72 1 1 1.,
=Y+ =7"— =\, == |14+ —u| —uyy— —uX — =", 5
ME TN T T 2[+A“] ta “m+{2“ 2 (5)

where X # 0 is a parameter. Moreover, Equation possesses the parameter-dependent
conservation law

1
fyt:)\(ux—”y—xwy) . (6)

We can interpret Equations and @ as determining a “Miura-like” transformation
and a “modified Camassa-Holm” (MOCH) model. This observation is further developed
in [16].

We use and (6) to construct conservation laws for the CH equation. Setting

o
7= 3" 7.A"? and substituting it into we find the conserved densities

n=1
1 1 m2
=2 =——1 T = —|1— = 1 TT | > 7
v =V2m, V2 5 n(m) V3 2\/5\/5{ Tzt n(m) (7)
1 1 —
n =~ 'Inx — 5 i In+2—7 71237 8
Yn+1 71'7, 271]2:;%7—1—2] (8)

while the expansion v = A + > v, A™™ implies

n=0

n—1
YortN=m,  YnetIn=—1/2D Vw1, n>1. (9)
=0

It is shown in [24] that the local conserved densities , determined by and corre-
spond to the ones found by Fisher and Schiff in [I3] by using an “associated Camassa—
Holm equation”, while @ generates the local conserved densities u, u2 +u?, and vu? +u3,
and a sequence of nonlocal conservation laws.

Let us now introduce our higher order equations of Camassa-Holm type. Our basic
idea is to use m = A, (u) for higher order operators A4, in the matrices (3), instead of
using simply m = (1 — J,;)u: we keep the A-pole structure of the matrices X and T
appearing in ([3)) — so that, in particular, we expect our equations to be amenable of
analysis via scattering/inverse scattering, see [2] — but we write m = A, (u) in X and
we modify T so that the zero curvature equation X; — T, + [X,T] = 0 is equivalent to



a scalar partial differential equation. Here we work out the case in which A,, is a fourth
order operator, and we present a general construction in the final section of this paper.

We choose Ay(u) = —Upppe + 2 Uz — u and we select

X, = e . (10)
and
1 —Up + Ugzze  (—2U+ 2Use) (—Ugzzr + 2Uzp — U) + A (U — Uyy) — N2
Ty = 5 ) U n Uy

(11)

A straightforward computation shows that the equation
Xyy —Tao + [ Xy, Ty} =0

is equivalent to equation ({2).

Equation ([2)) is integrable in the sense of admitting the parameter-depending Lax pair
Wy = Xy, = Typ and (as we will see momentarily) of possessing an infinite number
of non-trivial local conservation laws; we call either or the integrable fifth-order
CH-type equation.

We now present conservation laws and symmetries of Equation in an explicit form.

Conservation laws

After the classical work [28] (and the geometric reinterpretation of [28] appearing in
[9, 23]), we compute conservation laws using quadratic pseudo-potentials via the following
general proposition:

Proposition 1. Let us assume that a given equation Z(x,t,u,...) = 0 is the integrability
condition of an sl(2,R)-valued linear problem ¥, = XV and ¥, = TV, in which the
matrices X = (X;;) and T = (1;;) depend on x,t,u, finite numbers of derivatives of u,
and (possibly) a parameter X. Then, the following pair of Riccati equations determines a
quadratic pseudo-potential for = =

2T, = (=Xpp+ Xo1 +2X11) — 2T (X190 + Xo1) + T?(= X150 + Xo1 — 2 X13)
2Ty = (=T +To +2T1) — 20 (Tio + Toy) +T2(=Tyg + Toy — 2T1) .

Moreover, the equation = = 0 admits a conservation law with conserved density
X+ Xo1 = I(=X12 + X0y —2X1)

and flux
Tio+ T — D(=Tho + 1o —2T71) .



In the case of the linear problem determined by and , it is convenient to apply
a gauge transformation to the connection Xydx + Tydt with gauge matrix

R_“ _” (12)

We perform this transformation and then we use Proposition 1. We obtain that Equation
admits the quadratic pseudo-potential

or 1 2
— = - A- TTTT 2 zx — W T 1
e g A7 Mamee F Slas — U o (13)
or 1 1 1
5 5(—2u—|—2um)(—umm—i—Zum—u)—i—§/\(1,L—um)—§)\2
1 U U
T (=g + Ugge ——r2<—1—— ﬁ) 14
+ T (—ug + Ugsz) 5 >\+ 5 (14)

and the parameter dependent conservation law

_ G)t - (—uw+uxm -T (—1 - % +%)>$ . (15)

Expansion in powers of A as in f@ yields a sequence of non-trivial local conservation
laws. In full detail, we proceed as follows. We adopt the concise form of the CH-type
equation , this is,

my + 2v,m+vm, =0,
where v = u — Uz, and m = v — Vg = U — 2Ugy + Uzere. Lhen, setting I' = zzozl %)\"/2
and replacing into ([13]) we obtain

71 = \/iﬁ (16)

Yz 1
= = = —In(| = m|), 17
% = = Sin( - m) (17)
1 1m?
-1 1
n nax n+2—k n 2 3. 19
Y " Tn, " E Y Vn+2—k (19)

On the other hand, setting now I' = A + > >° /4,A™" and substituting into we
find

YootV = —m (20)
1 n—1
Tn,x + W = _§ kz_o Ve Vn—1-k - (21)

Equation yields the conserved density 79 = —Ugzzp + Ugze + Uy — u. In order to find
further densities we note that Equation ((15) means not only that the functions 7, are
conserved densities, but also that so are the functions 4, + 7, . From (21]) we obtain

1 1
/ G + e = — / o= / (2 + 32+ 32 +dde,  (22)



in which we have eliminated total derivatives and also all boundary terms that appear
after using integration by parts. Thus,

u?, +3u?, + 3u +u? (23)

is a local conserved density for . This density will be important for our analysis of the
global well-posedness of , see Theorems 6, 7, and 8 below. Further conserved densities
arising from (21]) are non-local expressions. For example, taking n = 2 in we find

/(72 + Yo )dr = — /%%dm ;

this is, after integration by parts,

/(’yg + Yo )dr = — /(um — Uy ) Y1 pdx + /u(’yl,gC + A )dx

1
— /(umx — Uy )y1dT — 5/“(—Uxm + Uy + Uy — u)2dsc . (24)

We can check that all conserved densities 74, k odd, which are included in f
are non-trivial. Indeed, it is clear that v, and 73 determine non-trivial conservation laws.
Now, if we expand 75 we obtain the summand —~2/v;. This function contains a term
depending only on —m, and not on derivatives of m. Thus, it is impossible for v5 to
be a total derivative. In general, we argue thus: we consider the density —v,1 so that
we do not worry about signs. This density will be equal to 7, /71 plus a sum of terms
of the form viv,40 k. If n + 1 is odd, this sum decomposes into two pieces: the first
summand is of the form +7eyen indezVeven indez, and the second summand is of the form
+Yodd indexYodd indez- Lhis second sum always contains a term depending only on —m and
not on derivatives of m, and therefore —v,,; must be a non-trivial conserved density.

Remark 1. The foregoing computations suggest that Equation has different ana-
lytic properties than the standard Camassa-Holm equation, even though it arises as the
compatibility condition of a linear problem having the same pole structure as the linear
problem associated with the CH equation. In fact, while expansion in powers of A™/?
of the density I' of yields conservation laws which are similar to the ones appearing
in 7, we lose one local density if we expand in powers of A™": In the case of the fifth
order CH-type equation we obtain instead of a density similar to the conserved
density u(u? + u?) arising in the Camassa-Holm case, see (9)) and [24].

Symmetries
Now we compute symmetries for . Interestingly, the Lie algebra of point symmetries of

this equation is much richer than the CH Lie algebra of point symmetries. We obtain the
following result with the help of GeM, see [§], and the MAPLE built-in package PDEtools:

Proposition 2.



e The Lie algebra of point symmetries of Equation is generated by the vector fields

0 0 o,
Vi, V= Vir = F(t)e" -
and 5 9 P
_ -t Y v _ Y
Vig = G(t)e 50 Vs tat g

in which F(t) and G(t) are arbitrary smooth functions.

e The Lie algebra structure of point symmetries of Equation is determined by the
commutator table

[ Va[Va|Var | Vi | V5 |
V1|l 0| 0 | Var | —Vug 0
V2 0 | Vap | Vag, Vo
V3 0 0 | —Va3_ir+r)
V4 0 —Vigc.+a)
V5 0

The existence of symmetries Vi and V5 prompts us to look for solutions of the form
u(z,t) = f(x+ct). We easily find u(z,t) = Ae“ T+ Be "% —¢, which is not a travelling
wave. We consider “weak forms” of travelling waves in the next section.

Remark 2. It is proven in [24] that the Camassa-Holm equation admits the nonlocal
symmetry V' = yexp(d/A)0/0u, in which v satisfies and 0 is a potential of the
conservation law (6]). Also, it is observed in [25] that a nonlocal symmetry of the same
form as V allows one to classify all integrable equations belonging to a one-parameter
family of equations admitting quadratic pseudopotentials and conservation laws (see [25],
Theorem 6.6]). Thus, we wonder if Equation (2) — being integrable and generalizing
the Camassa-Holm equation — admits a symmetry similar to V. In fact, this is not so:
computations carried out with the help of the MAPLE packages Differential Geometry and
JetCalculus tell us that it is not possible to choose L € R so that V = yexp(Ld)d/0u
— in which v solves , and 0 is a potential of the conservation law (L5) — be a
symmetry of . More generally we can prove:

Proposition 3. The fifth order CH-type equation does not admit a non-trivial
nonlocal symmetry of the form V = f(v,0) d/0u, in which v is a solution to
and , and ¢ is a potential of the conservation law .

Proof. The method of proof is standard, and so we only sketch its main points. We
use the MAPLE packages Differential Geometry and JetCalculus in order to carry
out our computations.



Let A be the left hand side of Equation . We consider a vector V' as in the
enunciate of the proposition and we compute the Lie derivative

ij“(V)A )

in which pr(V) is the fifth prolongation of V. This derivative depends on higher
derivatives of v and 0. We get rid of these derivatives using the four compatible
equations , , de =, 0y = MUp — Ugyy) — Ay — (U—1zy )7y, and their differential
consequences. We obtain a long expression which depends only of z-derivatives of u;
in fact, the highest xz-derivative that appears in this expression is Uzzrzzez. We Will
call this expression (and the ones obtained from it as explained below) E, simply.
Differentiating E with respect t0 Ugizz00r and then differentiating the resulting
expression with respect to u, we obtain the necessary condition

fwzo

for V to be a symmetry, this is, f(v,9) = fi1(d)y+ f2(9). Replacing into F, differenti-
ating with respect to Uzzzezez, and then differentiating the resulting expression with
respect to u,, yield the new necessary condition f;(d) = C'1 exp(35/)). Replacing
this constraint into £ and differentiating with respect to Ugzpzeze ONCe again, we
find that our next necessary condition is C'l = 0. We replace this new constraint
into F and differentiate the resulting expression with respect to tgzppre and to u,.
We obtain the new necessary condition f5(6) = C3 + C4exp(26/)). Replacing one
last time into E and differentiating with respect to #;zz02., We obtain the conditions
C3 = C4 = 0, so that if a vector field V = f(v,8) 9/0u were a symmetry of (2)),
then the function f had to vanish identically. O

3 Pseudo-peakons

In this section we study solutions to the fifth order CH-type equation . As pointed out
after Proposition 2, we can find explicit solutions rather easily. Besides the elementary
solution already reported therein, we can check, for instance, that

u(z,t) = (01 e 4 ege 2 r ezt oy x) e

in which ¢y, ..., ¢4 are constant numbers and d(t) is an arbitrary function of ¢, solves ([I)).
This function u(x,t) is not a solution to the standard Camassa-Holm equation. The main
goal of this section is to show that, much more interestingly, the integrable Equation (|1
admits pseudo-peakon and multi-pseudo-peakon solutions, as anticipated in Section 1.
Casting the regular travelling wave setting £ = x — ¢t in the CH-type equation ,
through a lengthy computation we obtain the following single pseudo-peakon solution:

u=Se M1t le), e=z—a, (25)
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3

Figure 1: The single pseudo-peakon solution  Figure 2: The peaked second derivative

(25)

which looks like a peakon since there are absolute-value functions involved. But, this
function in spirit has continuous derivatives up to the second order,

w=—Zefle, = SeFie —1) (26)

which show us that the solution w is differentiable, with continuous and bounded second
order derivative, but whose third order derivative blows up (see Figures [I{ and .

We can also compute multi-pseudo-peakon solutions. They are of the form

Zpﬂ e Ol 4 |z — g;(1)]) | (27)

where p;(t), g;(t) satisfy the following canonical Hamiltonian dynamical system

oH
G = —, 28
J ap] ( )
oH
p; = ——, 29
J aqj ( )
with Hamiltonian function:
LN
_ §Zpipj€_‘qi_qﬂ~ (30)
ij=1

Now we make the crucial observation that — coincides exactly with the finite-
dimensional peakon dynamical system of the CH equation, see [5]. This fact allows us to
have a full picture of multi-pseudo-peakon solutions, as we show momentarily.

First, let us calculate explicitly 2-pseudo-peakons. When N = 2, we have the 2—pseudo-
peakon equations below:

P1t = p1p2sgu(q1 — ¢2) e~ln—al

P2t = p1p2sgn(gs — ¢1) e~ln—ael -
Q1p =1+ ppelaal

Qo = po +pelnal
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Twao Pseudo-peakons for FOCH (-3 5<t<3.5)

0.8

0.6

044

0.24

-0.2

Figure 3: The two pseudo-peakon interaction Figure 4: The two pseudo-peakon interaction
plotted in 3D for negative time t. plotted in 3D for all times.

which can be solved with the following explicit solutions:

1(t) = —pa(t) = Acoth(At),
{ ];1 (t)= —52(15) = In cosh(At), (32)

where A is an arbitrary constant. Thus, the 2-pseudo-peakon solution of the fifth order
CH-type equation is given by

ue.t) = P eemnl g o g (i) + P eon 011 4 o - go(0))
= gcoth(At) [e*w*lnCOSh(At)'(l + |z — Incosh(At)]) — e~ letneosh(ADl () 4 |5 4 1 cosh(At)\)] ,

(33)

where cosh(At) = 6At+2—efAt, and coth(At) = Z;‘Zfi:ﬁi If we fix time ¢t = %fle and we

select A = m, the above 2-pseudo-peakon solution reads as the following simplest

form
u(z,t) = e A 4|z — 1)) — e A 4 |z 4 1)),
which we may plot in a 2D picture for the two pseudo-peakon interaction (see Figure |3)).

Remark 3. The plots below show 2-pseudo-peakons in 3D. Figure [4 shows a 3D interac-
tional dynamics of the 2-pseudo-peakon solution for all times. Figure[§land Figure [6]show
a 3D interactional dynamics of the two-pseudo-peakon solution for the negative times and
the positive times, respectively. During the interaction of two-pseudo-peakons, it follows
from the explicit solution that the solution u suddenly crashes to zero when the time
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Two Pseudo-peakons for FOCH (t<-0.5) Two Pseudo-peakons for FOCH (t>0.5)

Figure 5: The two pseudo-peakon interaction Figure 6: The two pseudo-peakon interaction
plotted in 3D for negative time t. plotted in 3D for positive time t.

t passes from negative to positive via t = 0. After the time ¢ = 0, the two-pseudo-peakon
solution continues travelling from left to right, but the amplitudes already flipped along
with the time (see Figure [f] and Figure [6] for details).

Now we consider multi-pseudo-peakons in full generality. It is known that the Hamil-
tonian system f —that in our context will be called the multi-pseudo-peakon
system— is completely integrable in the Liouville sense. This fact is discussed in [5] and
fully studied by Calogero and Frangoise in [4]. Since the Hamiltonian is not con-
tinuously differentiable, we cannot conclude that the trajectories of the system are given
by quadratures via the Arnold-Liouville theorem. Howewver, in the papers [2, 3] Beals,
Sattinger and Szmigielski are able to solve the Hamiltonian system — via inverse
spectral methods and continued fractions. More precisely we have, after the summary
appearing in [0, Theorem 2.1]:

Theorem 3. The solutions of the Hamiltonian system

dx]- OH dmj oOH 1 N ol
_— = — _— H e . — — . |xj mk'
dr om; ’ dr oz; ; (@1, y TN, T, ,MN) 4];1 m;imge
(34)
are given by
1 I+y;
Ty = §10g <—1 _ yj> ; m; = g;(1-y3), (35)
in which , . )
. = g = BNin)”
’ A?V—j-lrl ’ ! A}V—j-i-l AJI\T—j
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The functions AL (1) are given by
N
! k—1 k 1
Ay =det(Aiyu(T)i2 . A =D (=X) ai(T) . ao(r) = 50 =0,

with La;(1) = —2‘1;'—@ and \; # 0 for j > 1.

In this theorem we assume that the numbers A; are all distinct and have the same sign,
and that the initial conditions a;(0) are positive, see [6, p. 158].

Now, in order to obtain solutions to the system f, we apply the symplectic
transformation z; — (1/2)¢;, m; — 2p;. Then, the Hamiltonian appearing in (34)
becomes , and trajectories of map onto trajectories of f. We adjust the
time evolution by setting ¢ = 27 and we are ready: replacing ¢;(t) and p;(t) into our
formula we obtain explicit expressions for N-pseudo-peakons.

4 The Cauchy problem for the CH-type equation

In this section we consider the Cauchy problem for the fifth order CH-type equation ().
We rewrite as

(36)

My + 2 (U — Upg) e M+ (U — Ugy) My = 0,
m=—Ay(u) = (1 —0%)%u = u — 2y + Ugzzs -

The operator (1 — 9%)72 can be expressed by

(1032 f =G f= /R Gz — y)f(y)dy

for any f € L*(R) with G = (1 + |z[)e~1*l. It follows
wat) = Grm=g [+ fo =€ Cmie. e
x —+o00
- %e‘x /00(1 + 2z — &)edm(€, t)dE + éllem/m (1 — 2+ &e S m(¢, t)dE.
(37)
Then,
x —+o00
ug(x,t) = —ie‘x/ (142 — &)etm(E, t)dE + ;le”“/ (1—z+&e m(& t)de
x +00
+}lew /_OO em(&,t)dE — iex/x e Sm(&,t)d¢
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x —+o00
Unelet) = / (12— E)eSm(E, t)de + e / (1= 2 + )¢ Sm(E, t)de

—%e‘”” /ff efm(€,t)dE — %egﬁ /+OO e tm(&,t)dE. (38)
(37) minus , we have
T +o0o
(0= )ont) = g [ emeds+ ger [ e emic e (39)

Differentiating v — u,, with respect to x, we have

(ty — ) (1) = —%e—w / " etmi(e, t)de + %e” / ™ (e tyde. (40)

—00

4.1 Local well-posedness and blow-up scenario
Firstly, we present the local well-posedness theorem for the CH type equation (36)).

Theorem 4. Let ug € H*(R) with s > L. Then there exist a T > 0 depending on |Juo|
such that the CH type equation has a unique solution

Hs,

u € C([0,T); H'(R)) N C([0, T); H*(R).
Morever, the map ug € H® — uw € C([0,T); H¥(R)) N CY([0,T); H*"*(R)) s continuous.

The proof (via Kato’s theory) is similar to the ones appearing in [I1] and [26], Section
3]. To make the paper concise, we would like to omit the details.

The maximum value of T"in Theorem {4|is called the lifespan of the solution. If T" < oo,
that is,

lim |jul|gs = o0,
t—T~

we say the solution blows up in finite time. Let us present the precise blow-up scenario.

Theorem 5. Assume that ug € H*(R) and let T be the mazimal existence time of the
solution u(z,t) to the CH type equation (36|) with the initial data uo(x), then the corre-
sponding solution of the CH type equation blows up in finite time if and only if

Proof. By direct calculation, we have ||ul|3. < ||m|3. < 3||lul|%. Multiplying by m,
direct calculation we have

i/m2dx = —2/2(—um+u)xm2—l—(—um+u) m, mdzx

IN

=3 inf{u, — Ugse dx.
;IEIR{U u }/Rm x
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If
inf {uy — Ugge } > —M,

zeR

i/deaj < 3M/m2da:

By using the Gronwall inequality,

then

Iml[Z> < e [lmolZ-

Therefore the H*-norm of the solution is bounded on [0,7). On the other hand, by the
Sobolev’s embedding ||, — Uzss| L < ||ul|4. This inequality tells us that if H*-norm of
the solution is bounded, then the L*°-norm of u, — .., is bounded. We have completed
the proof of Theorem O

4.2 Global existence and blow up phenomena

In this subsection, firstly, we establish a sufficient condition that guarantees the global
existence of the solution to CH type equation . We give the particle trajectory as

{ qi(z,t) = (u — uze) (g2, 1), 1), 0<t<T,zeR,

q(z,0) =z, r €R, (41)

where T is the lifespan of the solution. Taking derivative (41)) with respect to x, we obtain

dg(z,t)

de == (e = Uaza)q2)(q(2, 1), 1), te (0,7).

Therefore

Gz = exp{fg(ux — Uy )(q,8)ds}, 0<t<T, x€R,
q:(x,0) =1, x € R,

which is always positive before the blow-up time. Therefore, the function ¢(x,t) is an
increasing diffeomorphism of the line before blow-up. In fact, direct calculation yields

d
E(m(Q(%t)J)CJZ) = [me(q) + (Uz — Uaaa) (@, )M (q) + 2(Uz — Usaa) (9, t)m(q)]qi = 0.
Hence, the following identity can be proved:
m(q(z,t),t)q% = mo(x), O0<t<T,zeR. (42)

From ([42)), we know that if the initial data mg(z,¢) > 0, then m(q(zo,t),t) > 0. Before
going to our main results, we recall the useful conservation law which was found in Section
2

/(u + 3u? + 3ul, + ul,,)dr = /(ug + 3ud, + Uy, + Uy, )dT = Ef. (43)
R R
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Theorem 6. Suppose that ug € H*(R), and mg = (1—092)?uqy does not change sign. Then
the corresponding solution to the CH-type equation exists globally.

Proof. From , we known that m(x,t) also does not change sign. By Theorem , we
only need to bounded (u; — Uz )(x,t). For mg > 0, by and (40), we obtain

“+oo
(U — Ugge ) (2, 1) + (U — Uz ) (2, t) = ea’/ e~ *m(&,t)dé > 0.
It follows
(Ue = Ugaa) (@, 1) 2 — (U — Uga) (2, 1)

> — / u? + 3u + 3ul, +ul,dr = —Ej.
R

Similarly, for my < 0, we have
The proof of Theorem [f] is completed. O

Theorem 7. Suppose that ug € H*(R), and there exists zy € R such that mo(x) < 0

on (—o0, o] and mo(x) > 0 on [xg,00). Then the corresponding solution to the CH-type
equation exists globally.

Proof. From (42)), we known that m(z,t) < 0 on (—o0,q(xo,t)] and m(z,t) > 0 on
[q(zo,1),00). For the points = € (—o0, ¢(xo,t)], we have

xT

(Uy — Ugge) (2, 1) = (U — Uy ) (2, T) — e"”/ eSm(E,1)dE > (u — uge) (2, t).

—00

For the points = € [g(zo,t), 00), we have

+oo
(U — Uz ) (2, 1) = —(U — Uy ) (x, ) + ex/ e’gm(g,t)dé > —(u — Uyy) (2, 1).
It means for any = € R, we have
(Ug — Uaae) (T, 1) = — ||t — Uga|| Lo > _E(2)>

where we have used the conservation law (43]). Then, we complete the proof of Theorem

! O
Theorem 8. Assume that ug € H*(R) and there exists xog € R such that
Eq
Uz — Upzzz ) (To) < ——F—=, 44
(uo 0zzz ) (T0) 7 (44)

where Ey is defined in , then the corresponding solution u(x,t) to CH type equation
blows up at a finite time T bounded by

1

T<

E2
—%(U()z — UOxzz)(IO) + m
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Remark 4. Due to wug, being bounded by the conservation law Ey with ||uge| = <

% < 5—%, the condition holds true only if ugzee(20) > V2Eo.

Proof. Let

1 q(zo,t)
I(t) = 5o / ez, £)da

o0

and
—+o0

1
I1(t) = —e‘I(””O’t)/ e “m(x,t)dz.
2 q(xo,t)
From and , we have
(v — uga)(q(@0, ), ) = I(t) + 11(1)
and
Differential (u, — tzes)(q(x0,t),t) with respect to t,

d d d
—(Uyp — Ugay J1),t) = ——1(t TI(t 45
9 (e s a0 0).1) = — 1) + T 11(0) (45)
Then, we estimate $1(t).
d 1 1 a(zo,t)
dt[( ) = E(u - Uxx)m(Q(il?o’ t), t) - 5(“ - u:m:)eiq(xo’t) / €xm($, t)dﬂ?

1 q(zo,t)
+§B_Q(‘”°’t) / e“my(x, t)dz.

The third term in the right hand side can been estimated as

1 q(z0,t)
56_‘1(“0’“ / e“my(x,t)dx

—0o0

1 q(zo,t)
= —§e’q(x°’t) / e”((u — Ugg )My + 2(U — Ugy)om)(x, t)dx

—00

1 q(zo,t)
= —Ee_q(xo’t) / e (((u — Ugz)M)z + (U — Ugy)em) (2, t)dx

q(wo, t)

1

= —§(U — Uz )(q(0, 1), 1) — Uy )M) — (U — Uyy),m)(x, t)dx

1 1 xot/”“t)

- —§(u — Uz ) (q(0, ), ) + 5¢

u— um)i

_ —%(u — up)mlg(zo, 1), 1) — %(u ) (1 — ) + %(

1 q(zo,t) 1
+§e_‘J(””°’t) / e’ ((u — Uy ) + E(u - umﬁ) dz.
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It follows that

d 1 a(@o.f) 1 1
%I(t) = —E(u — um)e_q(x”’t) / e“m(x,t)dr — §(u — Uz ) (U — Ugy)z + Z(u — um)i
1 a(zo.t) 1
pyeret [ (w4 G- ) do
_ 1 5 1 2, b iwen alro.) z 5 1 2
— —Q(u—um) —|—4(u—um)x—|—2e . e | (U — Uyy) +2(u—um)$ dx.
Note that

‘I(mOut)
/ e” ((u — um)2 + (u— um)i) dx

—00

q(zo,t)
> 2/ " (U — Ugy ) (U — Ugy ) pdx

[oe)
q(z0,t)

> eq(a}o,t) (U/ - uxz)Z(Q(:EOa t)a t) o / ew(u - u$x)2d‘r’

—00

which yields that

q(zo,t) 1 1
/ e’ ((u — Upy)? + §(u - um)i) dx > §eq(x°’t) (U — e )*(q(w0, 1), 1).

Therefore,
d 1 , 1 ,
Ej(t) > _Z(u — Ugy) (q(20, 1), 1) + Z(u — Uz )7 (q(20, 1), 1). (46)
Similarity,
d 1 1 (zo,t) oo —x
—1I(t) = —=(u—uz)m(q(xo,t),t) + =(u — Uyy)e?™™ e *m(x,t)dx
dt 2 2 q(zo,t)
1 oo
4 —etl@0:d) / e “my(z,t)dz.
2 q(xo,t)
The third term in the right hand side can been estimated as
1 Hoo
—ed(@o:t) / e "my(x, t)dz
2 q(wo,t)
1 1 )
= 5(“ - “xx)m(q@Ou t)7 t) - 5(“ - um)(u - um)r - Z(u - Um)x

1 o 1
——ed@od) / e ” ((u — Upe)® + = (u— um)i) dx.
2 - 2

(zo,t
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It follows that

d 1 (zo,t) e —z
—II(t) = —(uU— Uy,)e!™™ e *m(x,t)dx
1 1

_E(U - Umx)(u - um‘)x - Z(u B u”)i

1 > 1
e (RN
9 . 2

(IO’t)

By same argument, we have

/ e ((u — ) + 5 - u)Q) dr > Se 00 (u — ) (g(w0, 1), 1),
q

(x07t)

Therefore
d 1 9 1 9
—TI(t) < —(u — ug)*(q(20, 1), 1) — — (U = Usz )z (q(20, 1), ). (47)
dt 4 4
Inserting and into , we have
i )(a(z0,£),)
Uz — Ugay X, )
dt q(Zo

1
= (=) (g(w0,1), ) = 5 (= waa)z(g(w0, 1), 1)
1 a(zo,t) 1
—56_Q($O’t) / e’ ((u — ) + é(u - um)i) dx

1 > 1
——ed(@0) / e ((u — Uy )+ = (u — um)i) dx. (48)
2 (w0 t) 2
Combining the above estimates into , we obtain
d 1 , 1 ,
%(ux — Uz ) (q(20, 1), ) < 5(“ — Ugy) " (q(20, 1), 1) — §(uum)x<q(x07t)a t). (49)

By the fact || f||7e < 3| f]I3:, we have
1 1
[T S 5”“ — Uy || 7 = §Eg
Let o(t) = (uy — Ugzs)(q(20,1), 1), we can rewrite (49) as

1

1
") < —=Q2(t) + ~E2.
©'(t) < 290()+4 0

We complete the proof of Theorem [§] by using the hypothesis of the theorem and a
standard argument on the Riccati type equations. O
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Theorem 9. Assume that ug € H*(R) and there exists zo € R such that mgy(zy) =
(1 = 97)*uo(o) =0,

o) oo
/ e“mo(x,t)de >0 and / e “mo(z,t)dr <0, (50)

—00 ts)
then the corresponding solution u(x,t) to CH type equation blows up in finite time.

Proof. Thanks to (42]), we obtain m(q(zg,t),t) = 0 for all ¢ in its lifespan. The inequality
is also correct in this proof. The initial condition (50 means that (ug—ozs )z (0, t) <
0 and (up — Uoes) (w0, t) > (U — Ugee)? (70, t). We claim that (ug — Uoee)e(q(z0,t),t) is
decreasing, (u — Uqe)2(q(20,1),t) > (U — uqe)?(q(20, ), t) for all ¢ > 0. Suppose not, i.e.
there exists a to such that (u — wg.)2(q(z0,t),t) > (v — uze)?(q(x0,1),t) on [0,t) and
(4 — Uz )2 (q(o, t0), to) < (u — uge)?(q(wo, o), to). Recall and ([47), we get on [0, )

S(0) 2~ (0= e al, 0).0) + (0~ w200, 6).6) 2 0
and
CLI(0) < 7~ (a0, 1),1) — (0= )2 a0,1),1) <0,

It follows from the continuity property of ODEs that
(U — Use)2(q(0, 1), 1) — (U — Ugs)2(q(w0, 1), t) = 4I(t)I1(t) < 41(0)II(0) < 0,

for all ¢ > 0, this implies that ¢tg can be extended to the infinity. This is a contradiction.
So the claim is true. By using and again, we get

(= 2 — (0 )0, 0),1)

d q(zo,t) +o0
= —— / e”m(a:,t)dxx/ e 'm(z,t)dx
dt | J-oo oyt

d
A1)

4%1@) X 11(t) +4— II(t) x I(t)

d
—[(u = ugp); — (u— Ux:c)Q](CI(l"o, £), 0 T1(1) + [(u = )5 — (u = uge) | (q(2o, 1), ) I(t)
—(U = Ugz)2(q(w0, 1), )[(u — uwz)i —(u— um)2](q(5€0a t),t), (51)

where we have used (u — Uy, )4 (q(o,t),t) = —I(t) + I1(t). Recall ([49), it follows

v

(ux - uwxaz) (q(an t)? t)

< / éuu_umy(q(mo,s),s)—<u—um>§<q<xo,> $)]ds — (e = tzaz) (20, 0).
(52)
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Substituting into (51)), it yields

d

T = 0)] = (1 — ua2)*) (g0, 1), £) >

{10 = 0= 550+ 2000 = e 00}

[(u— uxz)?c — (u— uxw)ZKq(an t),t)

DO | —

(53)
Before completing the proof, we need the following technical lemma.
Lemma 1. [29] Suppose that V(t) is twice continuously differentiable satisfying
\Iﬂ,(t) > Coqjl<t)\1}(t) t>0, Cy>0, (54)
W) >0, W(t)>0.

Then W (t) blows up in finite time. Moreover, the blow up time can be estimated in terms
of the initial datum as

2
T < max {—‘P(O)} )
OO‘I)(O),@—(O)

Let U(t) = fot[(u — Upy)? — (U — Upe)?](q(z0, 8), 8)ds + 2(Up — Upez ) (T0, 0), then is
an equation of type with Cy = % The proof is completed by applying Lemma n

5 Final Remarks

In this final section we collect three different remarks: first, we introduce the (2n + 1)th
order CH-type equations, n > 1; second, we discuss the relation of these equations with the
geometry of the diffeomorphism group Dif f(S); third, we connect our class of equations
with the geometry of pseudo-spherical surfaces.

5.1 Higher order Camassa-Holm type equations

In this subsection we consider differential operators A,, of order 2n and define m =
Asp(u). Specifically, we choose the operators

n—1
A2n _ (_1)n+1a§n +2 Z(_l)n—i-l—k ag(n—k:) 1 : (55)
k=1

(_ 1)n—k 8§(n—k’)—1

M1

BZn =

Y

0271 _ Z(_l)n—kgg(n—k—l)‘
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We consider the matrices

0 l)\"—AQn(U/)
X, = 2 56
2 Ly 0 (56)

and

LBou(u)  Con(u) Agu(u) — $ A Con(u) — 1 N2

Ty, = 1 (57)

1
—5 + ﬁ an(u) —% Bgn(u)

A straightforward computation allows us to check that the equation
Xont — Tong + [Xon, Ton) =0
is equivalent to the (2n + 1)-order equation of Camassa-Holm type
Agpi(u) —2Ch, (1), Agp(u) — Cop(u) Agp(u), = 0. (58)

Proposition 1 allows us to compute quadratic pseudo-potentials and conservation laws.
Indeed, after applying a gauge transformation to Xo,dx + Ty, dt with gauge matrix (12))
and using Prop. 1, we obtain the Riccati equation

ar 1 r?
oo = A An(u) = 55

or 2 (59)

a corresponding equation for I';, and the conserved density —I'/\. It follows by expanding
I as in (7)) that Equation is integrable. We will consider its pseudo-peakon
solutions and Cauchy problem elsewhere.

5.2 Camassa-Holm type equations and Diff (S?!)

In this subsection we connect the (periodic case of the) Camassa-Holm type equations
with the geometry of Dif f(S'), the Fréchet Lie group of diffeomorphisms of the circle.
We recall some basic facts on the geometry of this group (some of them already mentioned
in Section 1) following the exposition appearing in [15]:

We set G = Dif f(S') and we write its Lie algebra as g = Vect(S'), see [18]. We also
denote by g’ the dual of g, and by ( , ) : gx g — R the pairing that induces such a duality.
Given a linear map A : g — g’ we define the R-bilinear mapping (- |- )a: g x g — R as
(X |Y )a= (X, AY ) whenever X and Y are in g. If such a bilinear map is symmetric
and non-degenerate, we say that A is an inertia operator. In this case, we define an
adjoint representation with respect to A by

(ad(X)Y [ Z )a=—(Y [ada(X)Z )a (60)

for all XY, Z in g.
Let us fix an inertia operator A : g — ¢’. This operator induces a (pseudo-)Riemannian
metric on G: we let r, be the right translation by v € G, and we denote by r.. : T,G —
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T,)G the induced map on the tangent bundle. We define the (pseudo-)Riemannian
metric induced by A as

(E17)a(v) = (71l | 7917 )a (61)

for all 7,6 € T,G. Now let us consider a smooth curve { y(t) | t € T } in G, where
T is an open interval in R, and let §(t) € T,y»G, t € T, be its velocity vector. Then,
ryw-1+Y(t) = X(t) is in g, and we get a curve { X(t) |t € T } in g. The Euler equation
for X (t) is

d

X (1) = —ada(X(£)X (1) (62)

Euler’s equation determines geodesics on G with respect to the (pseudo-)Riemannian
metric (61]), see [I] and also [10} 20]: if X (¢) solves (62), then the curve v(¢) determined
by ry)-1.Y(t) = X () is a geodesic on G.

Let z in [0, 27 be the standard coordinate in S*. Every smooth vector field on S can
be written as X (z)d,, where X : S — R is a smooth function. The Lie bracket between
X = X(2)0, and Y =Y (2)0, is given by [X,Y] = (XY, — X, Y)(z) 0,. We complexify
g = Vect(S!), that is we set

Vect(SY)e = g @ ig = Vect(S?) @i Vect(S) ,

where i = \/—1. Thus if z = ¢'®, then { [, = 2"0, | n € Z } is a basis for Vect(S')c, i.e.
for every complex vector field of the form X (z)0, we have a Fourier decomposition

X(x) :Zan” , X, €C.

neL

We note that if we set L, = il,, the collection { L, | n € Z } is also a basis for
Vect(S!)c and that if we extend the Lie bracket linearly to Vect(S')c we have the relations
[Lin, Ly) = (m —n)Lpin, m,n € Z.

There is a non-degenerate, positive-definite, Lo— inner product on g: if X = X (x)0,
and Y =Y (x)0,, then

(X, Y)=| X@)Y(x)dz.
Sl

We use this product to single-out a convenient dual space g’ as in the beginning of this
subsection. Extending such a product complex-linearly to Vect(S!)c we have

(o 1) = 2700w = —(Lon, L), (m,n) € Z? .

We fix a finite sequence of real numbers ¢ = {¢;}4_, for some N € N and we set

Ao =Y (=D 0% (63)

N
k=0
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We observe that

(XY )a = (X, AY) =D a (0hX,08Y) = (AX,Y)

k=0

for every X and Y, and therefore in terms of the basis for Vect(S*)c we have

N
(I | ln) :Z Ve mPnk(l, n) = 20, ankm

k=0

for m,n # 0, while (ly | I, ) a. = co(0x, 2"0x) = 27coon 0. It follows easily that a symmetric
operator A, is an inertia operator if and only if ( Iy, | l_m )a. is different from zero for
every m in 2.

We are ready to study the geometric interpretation of our equations . First of all,
we note that our operators Ay, introduced in ([55)), are indeed inertia operators. We write
As, as

Agy = (=1)"(=1)22" + Z 2)0% —
so that, using the notation introduced in (63) we have ¢g = —1,¢; = —2forj =1,--- ,n—

1, ¢, =—1. Then, (ly | lo )a, #0, (le1 | lx1 )a, #0, and for m # 0, +1,

n 2n 2n
2% on m™ —1 on m™" —1
=—-1- -2 -1 =1- -2
> am m (W_l ) min 2"

which is clearly not zero as well. Now we compute adga,, using ; we use “’ 7 to
indicate derivative with respect to x:

(X, Y], Apn(Z)) = /S (XY~ XV ) Ay (2 = ~ /S Y (XA (2)) + X' Ao (2) da
= (Y, (XA (2)) + X' A2,(2)) = —(V, An A5, {(X A2n(2)) + X' A20(2)})
so that yields
ada,, (X)Z = Ay {(X Agn(2)) + X' Agn(Z)} = A5y {2X" A0 (Z) + X Ag(Z)'} . (64)

This formula implies that Equation in the case n = 1 is precisely the Camassa-Holm
equation, while the case n = 2 gives the equation

(=0 4+ 202 — D)X} — 2X, X oo + 4Xo Xow — 3X Xy — X Xanaws + 2X Xaae = 0,

which is not our fifth order CH-type equation ({2). In order to find in the present
framework we write it as in , this is,

2(— X+ X)om+my+ (—Xpw + X)m, =0, m = Ay(X) . (65)
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Comparing and , we see that our fifth order CH-type equation can be written,

in geometrical terms, as

%X = —ada,(A(X)) - X .

This equation is a Hamiltonian equation with respect to the standard Poisson bracket on
g’ with Hamiltonian function

H(X) = —% /Sl(XQ + X2)dz .

More generally, Equation implies that our (2n + 1)th order CH-type equation
can be written as

d
EX = ada,, (Con(X)) - X .
This equation is also Hamiltonian; the corresponding Hamiltonian function is
1
HX) =5 [ (04 @0X 4o (027 X))da
Sl

5.3 Camassa-Holm type equations and classical theory of sur-
faces

The very construction of Equation (65)) —and more generally of — as the integrability
condition of an sl(2,R)-valued over-determined linear problem implies that (resp.
(58)) describes surfaces of constant Gaussian curvature K = —1 in the following sense,
see Chern and Tenenblat’s [9] or the later review [25]:

If w' = (Xono1 + Xon12)dz + (Tan o1 + Ton12)dt, w? = 2Xo, 11dx + 2T, 11dt, and w3 =
(Xgn 21 — Xgn 12)d$ + (Tgn 21 — Tgn 12)dt, in which Xgn and TQn are giVGIl by and
and Xo, ;j, Ton 4; denote the (7, 5) entry of Xy, and 75, respectively, then

do' =W Aw?,  do? =w'Aw?,  and  dw® = w' AwW? (66)

whenever u(z,t) solves (58). If w!(u(z,t)) Aw?(u(x,t)) # 0, these structure equations say
that the domain of u(x,t) has the structure of a surface of constant Gaussian curvature
equal to —1, with metric (w')? 4+ (w?)? and connection one—form wyy = w?.

The importance of this observation is that the methods used in Section 2 for obtaining
conservation laws and pseudo-potentials originate within the geometry of pseudo-spherical
surfaces, as noted by Chern and Tenenblat in [9]. Later papers on these topics are [23], 25],
and [24] for the particular case of the Camassa-Holm equation.

A recent endeavour within the theory of equations describing pseudo-spherical sur-
faces is to investigate local isometric immersions into E? of the pseudo-spherical surfaces

described intrinsically by solutions of equations such as . It is a classical result that
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every pseudo-spherical surface can be locally immersed in £, and that the existence of
such immersion is due to the fact that one can find further one-forms

wlgzawl—i—bwg, wggzbwl—l—cwg,
satisfying the equations
dw13 = wig N\ Wa3 d(.(.)gg = —wi2 A w13 , ac— b2 =-—1. (67)

Generally speaking, the functions a, b, ¢ are determined by solving differential equations,
and therefore it is quite surprising that (for one-forms associated to differential equations
describing pseudo-spherical surfaces) in some cases they can be expressed in closed form
as functions of the independent variables and of a finite number of derivatives of the
dependent variable u, see for instance [7, p. 1650021-4]. Even more, it has been noticed
that in some important instances (e.g. the Degasperis-Procesi equation), the functions
a,b,c depend only on the independent variables x,t, see [7, Theorem 1.1], while (up to a
technical condition) it is not possible to find functions a, b, ¢ depending on z, ¢t and at most
a finite number of derivatives of u in the case of the Camassa-Holm equation. Thus, it is
very natural to ask whether or not we can find functions a, b, ¢ depending on finite order
jets for our equations . Our first result concerns the fifth order CH-type equation .

Proposition 4. 1. The fifth order CH-type equation describes pseudo-spherical

surfaces with associated one-forms

A 1 v A 1w
1— —_ JR— U 2:_
w —( m + )dx+(vm+ 5 7 3 2/\)dt, w v dt ,  (68)

A 1 Ao N1 w
3_(_A L ey, A LU
w —( 2+m+2)\>d:1:+( vm 2—1—2 5 2)\)dt (69)

in which
V=U— Uy m="10— Vg .

2. There are no functions a, b, c depending only on independent variables x,t such that

the one forms w',w? wis = w® given by (68), and
wlgzawl—}-bwg, wggzbwl—f‘ng

satisfy the structure equations and .

Proof. Ttem 1 is a straightforward computation: we simply note that Equation can
be written as in , that is, as the system

—2mvw_m1~v:mt, V=U—Uygy , m=9— Vg , (70)

and we check that the one-forms appearing in and satisfy the structure equations
(66). Item 2 is proven by a strategy similar in spirit to the one used in the proof of
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Proposition 3: let us assume that there exist functions a, b, ¢ depending only on x, ¢ such
that Equations hold. We write down (67)) and we obtain two equations that have
to be satisfied identically whenever u(z,t) solves , the first one corresponding to
dwy3 = w12 A weg and the second one corresponding to dwss = —wis A wisz. We will simply
call them Equations M and N respectively. The sketch that follows has been checked
using MAPLE 2021:

Taking derivatives of M with respect to v, and then with respect to m we get a(x,t) =
c(x,t). Replacing into M and taking derivative with respect to v, we find b, = 0, while
replacing a(x,t) = c¢(x,t) into N and then differentiating with respect to v, and m yields
b = 0. Replacing into N once again gives us ¢, = 0, and then replacing into M we find
¢ = 0. Now we use the Gauss equation ac — b> = —1 and we conclude that a, b, ¢ cannot
exist. O

Now we consider Equations in full generality. In order to study the local immer-
sion problem we proceed differently than in the interesting paper [7]. Instead of trying to
find one-forms wy3 and wsg satisfying directly, we simply construct a rather explicit
local immersion, taking advantage of the following observation appearing in [17]:

Lemma 2. There exists a local diffeomorphism W : V C R? — W, where W is a subset
of the Poincaré upper half plane, and a smooth function p such that

U*0t = cospw! + sin pw?
U*0* = —sinpw' + cospw?
U9 = W +du

where

o' =

H~|| %l‘
S

’ T

The one-forms 6!, 6% give the standard metric on the Poincaré upper half plane (here-
after denoted by H) ds? = 0! ® ' + 62 ® 6%, and 62 is the corresponding connection one-
form. The proof of this lemma is in [I7, pp. 90-91]. Now we note that H can be immersed

into E3 explicitly. A well known immersion is given by the function F': U C H — E3,
U={(z,t) e H:t> 1}, with

F(Z,t) = (f(t)cosT, f(t)sinT, g(t)),

=)
_ 1 - _ - t"—1
[ =< 9= (x/ﬁ— 1+t) -—
Thus, a local isometric immersion from the pseudo-spherical structure on V induced by
our Ch-type equation into B3 is given by the composition ® = F o ¥. Certainly,
this immersion is in principle highly “nonlocal”, since it depends on the diffeomorphism

U that is found by means of the Frobenius theorem, see [17, p. 91]. However, we believe
that this nonlocality is interesting in its own right:

where
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The first and third equations appearing in Lemma [2] imply that we can obtain the
function p via the Pfaffian system

cos pw' +sinpw?® = w4+ du .
The change of variables I' = tan(u/2) transforms this equation into the Riccati system
24T = (w' — w?) + 2Tw? — M (w! + w?) |

and using the explicit expressions for the one-forms w’, i = 1,2,3, appearing at the
beginning of this subsection we obtain that this system is equivalent to

2T, = A + 249, (u) — %W
and an equation for I'; which we will not write down. This equation for I'; is precisely the
quadratic pseudo-potential equation determining local conservation laws for the CH-
type equation (58)! Also, we can check that if we write U(z,t) = (¢(z,t),(z, 1)), then
In(%)) is a potential for the local conservation laws of , while ¢ is a further potential
depending on .

Thus, local isometric immersions of our CH-type equations are, essentially, constructed
via their local conservation laws.
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