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Abstract

In this paper, we focus on the multiple periodic vibration behaviors of an auxetic
honeycomb sandwich plate subjected to in-plane and transverse excitations. Nonlin-
ear equation of motion for the plate is derived based on the third-order shear defor-
mation theory and von Kérmén type nonlinear geometric assumptions. The Mel-
nikov method is extended to detect the bifurcation and multiple periodic vibrations
of the plate under 1:2 internal resonance. The effects of transverse excitation on
nonlinear vibration behaviors are discussed in detail. Evolution laws and waveforms
of multiple periodic vibrations are obtained to analyze the energy transfer process
between the first two order modes. Even quite small transverse excitation can cause
periodic vibration in the system, and there can be at most three periodic orbits in
certain bifurcation regions. The periodic orbits are classified into two families by
tracing their sources. The study provides the possibility for the classification study
on generation mechanism of system complexity and energy transfers between differ-
ent modes.
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1 Introduction

Honeycomb sandwich structure is widely used in virtually every branch of mod-
ern industry due to its superior properties of light weight, high specific stiffness,
high specific strength, good fatigue resistance and energy absorption [1]. A typ-
ical honeycomb sandwich structure consists of two (top and bottom) thin face
sheets and a (middle) light-weight core layer, and usually the core is a polygonal
lattice made of metal, paper or other materials. Honeycomb sandwich structure
can be artificially designed to exhibit a unique range of physical and mechanical
properties by selecting various materials or structures of core.

Auxetic materials, named by Evans [2], refer to materials with negative Pois-
son’s ratio (NPR). As one of novel excellent promising metamaterials, auxetic
materials have gradually captured the attention of numerous material engineers
and scientists. An amount of work had done to achieve NPR, see [3—7] and ref-
erences therein. A review on what Poisson’s ratio means in the contemporary
understanding of the mechanical characteristics of modern materials was assessed
by Greaves et al. [8]. Lim [9] investigated the suitability of auxetic materials for
load-bearing circular plates and showed that the optimal Poisson’s ratio for mini-
mizing the bending stresses was strongly dependent on the final deformed shape,
load distribution, and the type of edge supports. Thereafter, three models for the
shear correction factor of plates as a function of Poisson’s ratio were proposed: an
analytical model, a cubic fit model and a modified model [10], and the effect of
auxeticity on shear deformation in thick plates was concerned. The effects of cell-
wall thickness on the deformation mode of metallic auxetic reentrant honeycomb,
and the effects of NPR on the crushing stress were clarified by Dong et al. [11].

In recent decades, the auxetic materials are increasingly used as the core in
structural designs of honeycomb sandwich plates because of their engineering
advantages over traditional materials, including increased indentation resistance
[12, 13], plane strain fracture toughness [14, 15], crashworthiness [16] and high
energy absorption [17-19]. Yang et al. [20] presented a comparative study of bal-
listic resistance of sandwich panels with aluminum foam and auxetic honeycomb
cores. They found that the sandwich panel with auxetic core is far superior to
the panel with aluminum foam core in ballistic resistance because of the mate-
rial concentration at the impacted area due to the NPR effect. Imbalzano et al.
[21] analyzed the equivalent sandwich panels composed of auxetic and conven-
tional honeycomb cores with metal facets, and compared their resistance perfor-
mances against impulsive loadings. Zhang et al. [22] studied nonlinear transient
responses of an auxetic honeycomb sandwich plate under impact dynamic loads,
and found that the honeycomb sandwich plate with NPR would be a better choice
compared with the positive one.

As common structural elements, sandwich plates with auxetic honeycombs
are widely used in aerospace, defense and other industries. The mechanical and
dynamical properties of the plates have attracted attention of many researchers.
For instance, Strek et al. [23] studied the dynamic response of a sandwich panel
made of two face sheets and auxetic core, and considered the influence of filler
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material on the effective properties of the sandwich panel. Zhu et al. [24] inves-
tigated the frequencies and energies of free vibrations and vibrations with the
damping and in-plane force of a honeycomb sandwich plate with NPR. Quyen
et al. [25] investigated the nonlinear free and forced vibration of auxetic sand-
wich cylindrical plate on visco-Pasternak foundations in thermal environment
subjected to blast load. And the effects of geometrical parameters, visco founda-
tions, initial imperfection, temperature increment, nanotube volume fraction and
blast load on the nonlinear vibration characteristics of the plate were numerical
studied.

Considerable progress has been made in the study of theory and application of
nonlinear dynamic response and vibrations for various plates [22-26]. In the future
studies, more attentions should be drawn on the multiple periodic vibrations of sand-
wich plates with auxetic honeycombs, and the following aspects should be empha-
sized: (1) For the theory of auxetic sandwich plate, Lim [10] suggested that the use
of classical plate theory is permitted only when the material is highly auxetic for that
the auxeticity reduces shear deformation in thick plates. Ma et al. [26] believed that
the accuracy of third-order shear deformation theory (TSDT) was higher than the
first-order shear deformation theory (FSDT) for a moderately thick plate; (2) Inter-
nal resonance usually causes coupling of different modes, which will lead to energy
transfer between different modes [27]. Due to the presence of in-plane excitation,
the internal resonance can occur between two modes even though the excitation fre-
quency is not close to any linear natural frequencies [28]; (3) A nonlinear system
may have multiple solutions, the coexistence and evolution mechanism of multiple
periodic solutions should be concerned, which is closely related to the second part
of the well-known Hilbert’s 16th problem.

In the present work, we focus our attention on a simply supported concave hex-
agonal composite metamaterial sandwich plate with auxetic honeycombs subjected
to in-plane and transverse excitation. The method of TSDT is used to derive the
two degrees of freedom nonlinear equation of motion which can be recast into a
four dimensional non-autonomous system. Melnikov method is improved by com-
bination of curvilinear coordinates and Poincaré map to detect the bifurcation and
coexistence of multiple periodic vibrations as well as the parameter conditions for
the plate under 1:2 internal resonance. The occurrence and disappearance of peri-
odic orbits are analyzed in detail. Phase portraits of nonlinear vibration characteris-
tics and waveforms of different modes for the plate in different bifurcation regions
induced by transverse excitation are also obtained.

2 Nonlinear Equation of Motion

In this paper, a simply supported concave hexagonal composite metamaterial sand-
wich plate with length a, width b and thickness 4 is taken into account. The top
and bottom face sheets of the plate are made of isotropic aluminum materials and
the auxetic core layer has honeycomb structure using the same aluminum material.
The thicknesses of the top, core and bottom layers are A, h, and hs, respectively.
Thus h = h; + h, + h;. A Cartesian coordinate system Oxyz with its origin located
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in the middle surface of the plate is established in which the x (y) direction is along
the length (width) of the plate, and the out-of-plane z direction points to the bottom
face sheet. The mid-surface displacements of triangular plates in the x, y and z direc-
tions are respectively represented by the symbols u, v and w. The plate is subjected
to transverse excitation of the form F(x, y) cos(Q,f) and in-plane excitations of the
form p, — p, cos(€,¢). The method of TSDT [29] is applied to express the displace-
ment components

u(x 0 =uyx, y, ) +z9,.(x, y, 1) — 2 o+ Mo 1
,)77 Z’ — " ays wx 5y’ 3h2 @x ax ( a)
v(x 1 =vyx, y, ) +z¢,x ;)_iz3 +% b
ay’ Z7 — Y0 7)’» §0y 9y5 3]’[2 (py ay ( )
W()C, Ys 2 t) = WO(.X, Vs t) (IC)

where 1, v, and w,, respectively represent the displacements of a point in the middle
surface of the plate in x, y and z directions. ¢, and ¢, are rotations of normals to the
mid-surface with respect to the x and y axes.

The von Karman large geometric deformation theory is taken into account to
obtain the strain-displacement relations

e=e'4zel +76, y=y"+2p> )
where ¢ = (e, €, 7,7, € = (el £l VDT ¥ = Gy 1T ¥ = (0 1T (=0, 1,37 =10,2).

Eyyps €,y ArE normal strains; Yy is the in-plane shear strain; Yyor Yy AT€ the transverse
shear strain deformations, and

0 _ on; 1 (9w, 2 - 0p; 3 0p;, 0*w,
i T2\Tai )0 ST e fiT o T o
ou ovy  owy ow dp, 09,
J’Sy=_0+_0+_0_0’ Y):y= P 77 3)
ay ox ox ady : ay ox
dp o0p, o*w ow, 4
3 x y 0 0 0 2 0
= —+2——, V) =@+ —, yi=——7;
Tw= %y Tax T oxay TeT 0T i YT Tl

where i = x, y; n;|;-, = ug, n;|,—, = v,. The expressions for stress components of the
k-th (k =1, 2, 3) layer of the auxetic honeycomb sandwich plate are obtained by
constitutive relations.

® ® 40 o) = o
0., = <0'MC 20,5 Oy ) = Q1 €
T . “)
o = <0<k), 6(/«)) =¥y

vz Xz

where
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o = 3 (027 (0))) +53()

&)
(k) _ (k) (k)
0 = diag(0Y). 0%))
with
(k) (k)
oY = E w__ B
11 (k) k)’ 22 (k) (k)
1 =vpvy, L=vpvy,
(k) (k)
o = o = Vo B (6)
A ER WK
1221

Q(k) Gg;) , Q(k) G(lk3) , Q(k) G(k)

In above equations, the symbol 6’” "(M) denotes a partitioned matrix with m row
blocks and n column blocks, and the (i, j)-th block is M, a smaller matrix, all other
blocks are zero matrices, and the symbol diag(4,, ..., 4,,) denotes an m X m diago-
nal matrix with the (i, i)-th element 4, i.e. dlag(ﬁl, s Ay =20 - 0" (4;), where
i<m; j<n (i,j, m n€NY) (see more details in Ref [30D). Qt called the plane
stress-reduced stiffness. E(k) E(k) G(lkz), G(1k3), G(k) and v(lkz), (21(1) are the Young’s mod-
ulus, shear elastic modulus and Poisson’s ratlos of the skins and the core, respec-
tively. The superscript k = 1, 2, 3 represent the top outer skin, core material and bot-
tom outer skin, respectively. The material property of the core layer are calculated

by the following formulas.

3 32
L, @ . 7 l1 cos @

’E -
*(@3h + LPLy)coso O L,Ls

2 _
E1 =

3 7(2L2 + L,L,)
G2 = [j——, 6% = G, I==2 0 G =G—2—2 (D
LLL cos®™ 13 L, 3 41,L,L, cos 0
b = L W2 = llLe cos? 0 52 = (I, +21,)
2T L+ 2 L,Ls 921,L, cos 6

in which

L =142, L,=1L—1sin6, Ly =1,+2l sin*@

Ly =7*sin® 0 + 2 cos? 0, Ly = I*sin® 6 + 72 cos® 0, Ly = (P — 1) sin 6

where E,, G, and p, are Young’s modulus, shear modulus and mass density of the
origin material. /; and /, represent the length of the inclined and horizontal cell rib
of the unit cell of concave hexagonal honeycomb core. 7 is the uniform thickness of
cell rib, 0 is the inclined angle. Here 0 < < Z for that the unit cell possesses con-
cave shape (auxetic) as shown in Fig. 1 [31].

The nonlinear equation of motion for the auxetic plate can be derived by Hamil-
ton’s principle, as shown in Appendix A. For the simply supported sandwich plate
with NPR, the boundary conditions are expressed as follows.
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Fig. 1 Unit cell of the core
structure with inclined rib
length /;, horizontal rib length
l,, inclined angle 0, and rib /

thickness 7 [,

1

w=0, (py:O, M, ,=N,=0, atx=0,a

Xy

w=0,¢,=0,M =N,=0, aty=0,b

b b
/ Nxx|x:(),ady = / (pO — D COS(ta)) d

0 0

®)

Consider the first two order modes of the plate, the displacements and transverse
excitation can be written in the following forms.

Uy = Uy COS % sin % + u, cos Zsm? (9a)
Vo = V; sin % cos 7)} + v, sin 7 cos ? (9b)
Wy = w,; sin % sin % + w, sin 7)6 sin 3—Zy (9¢c)
F=F, sm%sm?y +F251n—sm? (9d)

where u;, v;, w; (i = 1, 2) represent the amplitudes of the first two order modes,
respectively; F,, F, represent the amplitudes of the transverse excitation corre-
sponding to the first two order modes.

Considering the transverse motion of the auxetic honeycomb sandwich plate, a two
degrees of freedom dimensionless nonlinear equation of motion for the plate in the first
two order modes is obtained based on the Galerkin method.

W4+ ow+ paw+cos(,1) a,w + Ww) = cos(Q,0)f (10)

where
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w=w,w), o= diag(w%, w%)
a, =diag(a;, a,,), @, =diag(a;,, ay)

f:(ff)T W=(W15W2)T

W, = Za,(,+3)w W, (i=1,2)

w; are linear natural frequencies, yu is the damping coefficient, f'is the transverse exci-
tations, €, and Q, are the frequencies of transverse and in-plane excitation respec-

tively, a;;(# 0) are non-dimensional coefficients,i =1, 2;j =1, ..., 6.
Let x;; = w;w;, xp =w; (i =1, 2), and introducing the scale transformations
a; = gal_-]-,f —ef(i=1,2;j=1,...,6). The two degrees of freedom nonlinear

equation can be recast into the following four dimensional non-autonomous equation.

XxX=Ax+¢eF(, x) an

T
where x = (x,,, x5, x5, x,)T €R% A = Z” 105 (,z—,<( D+l )) = (0, F,, 0, F22)
is a vector-valued function in variables of (x|, x5, X5, X5, ), and

a,
Fi = fcos(Q1) — a; px;, — w—lxi1 cos(Q,1)

12
‘Z ) X i=1,2 -

oco_]w’ (3-il
Jj=

The following analysis should be focused on the bifurcation and coexistence of the
multiple periodic vibrations and the effects of transverse excitation on the nonlinear
vibration behaviors.

3 Multiple Periodic Vibration Analysis

In this section, Melnikov method is improved to analyze the bifurcation and coexist-
ence of multiple periodic vibrations of system (11). When € = 0, system (11) degener-
ates to two uncoupled Hamiltonian systems with Hamilton functions

1 .
Hi(x) = S, (2 +x,) i=1,2 (13)

where x; = (x;;, Xx,)T € R%. Then there exists an open interval K C R® and
h = (h;, h,)" € K such that each system has a family of periodic orbits in x; plane,

which can be expressed as I'; = { K |H;(x;) = } and the corresponding period is

T;(h;). Assuming that there ex1sts hy = (hyg, hy)' € K and a pair of coprime inte-
gers r;, k; such that Lk ’°) _, then system (11),_, has a family of periodic orbits

with period ryT in the 1nvariant torus I';) X 'y, 7y is the least common multiple of r;
and r,.
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When ¢ # 0, by defining the functiony : R — Sast — ¢ (mod 7T), we can rewrite
system (11) in the form of a five dimensional autonomous system, i.e. adding = 1 in
system (11). Introducing the curvilinear coordinates (s,, 7, ,, n,, t) in the sufficiently
small neighborhood of the invariant torus T';yXT,, XS =T3 where
5; = /0; | J DH(x;(7)) | dz represent the arc length of T',, J = 01,2”32_1,((—1)“1), i=1,2.
Define a global cross section X = {sl, ny, §y, Ny, L]t = O} in the phase space RZ x T3,
and construct the mgth iteration of Poincaré map P™ !X —> X as
(slo, ny0s Sa0 nzo) - (sl(moT), ny(myT), s,(myT), nz(mOT)), where
s;0 = 5;(0), njy = n;(0) (i = 1, 2) are initial values. A fixed point of P" corresponds to
a periodic solution of system (11). (s, 719, Sa9- Mpg) 18 @ fixed point if and only if

myT
P; = s5;(mgT) — 50 = / §;dt=0
° (14)

l

myT
Py = ni(myT) —nyy = / Dn;-5;dr=0
0
where D, = %, i=1,2. .
Then the Melnikov function M = (M”, MlZ’ M21’ M22) will be obtained as fol-
lows [32].

2

moT a)i
M; 2/0 2_hixilFi2 dz )

2

moT
M2:/ C()l.xlelzdt i:1,2
0

Thus, a fixed point of P™ is equivalent to a zero solution of the Melnikov function.
Suppose that the family of periodic obits I';(i = 1, 2) for system (11),_, can be

expressed as
2h; 2h; .
Xy =4[ — cos (it +1)), xp= —sin (@it +1,)) (16)

The corresponding periods of the orbits are T(h,) = 2 and T,(h,y) = = respec-
@y @

tively. In this paper, we focus on the case of 1:2 internal resonance, the resonance
relations satisfy

W iwy Q1 =1:2:2:2 (17)

Assuming that Q; = Q, = 2, thus T, (h,;) = 2T,(h,) = 2x. Taking Eqgs. (12) and (16)
into Eq. (15), and let M be zero, yields

My, = % (12a15h, +ayshy + 4ayy cos(2r) ) =0 (18a)
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-1
My = (160:25/11 + 3y, — 32f cos(21,) b, ? ) =0 (18b)
M,, = h, (2,4% +ap, sin(2t1)> =0 (18¢)
My =273/, ( ey Vs = £ 5in(2) ) = 0 (18d)

For convenience, we denote m; = cos(2t;), n; = sin(2t;), i =1, 2.

(1) If f =0 (that is without transverse excitation), from Eqs. (18b) and (18d),
we have h; = h, = 0, there is no periodic solution for system (11).

2) If f # 0, we can solve

m; = ! (12a,3h + ayshy), ny = 21 (19a)

- - = ’ - = a

1 4a12 13711 1572 1 a,

my = ﬂ(160:25h1 +3ayhy), ny= 2/, (19b)
32f 7

From m} + nj = 1, we can solve

1 def
hi = ——( —aish, iLL\/m = hy(hy) (20)
12(113

Taking Egs. (19b) and (20) into m2 + n2 = 1, yields
8.(hy) = A’h} £ 2ABIS + (B> + C*)h, — D* =0 1)

where
A =9a;0y; —4a 5055, B = 160(25\/0:%2 - 4/42(1?1, C = uaya, D =af, a =96a,,

Obviously, CD # 0. If A =0, then we can solve

D2

hy=——
2 B2 + C2 (22)

There can be at most one set of positive real solution for (4, h,). Else, if A # 0,
according to the relations between roots and coefficients of cubic equations, we have
D? 2B
hyyhyy hys = —, hyy + hyy + hy3 = F— (23)
A A
By analyzing the sign of Eq. (23), we can only get a rough estimation on the number
of periodic solutions. Once the coefficients of the system (11) are given, the exist-
ence and precise number of periodic solutions can be obtained.
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In this paper, we choose the coefficients as follows.

PC ={ H, A1, Uyp, A3, Aps, App, Apsz, Uos }

={0.2, 10, =5, 0.5, =3, 10, 0.5, =12} 24)

The transverse excitation f is left as a control parameter. Under this condition, we
can calculate A = —141.75, B = =576, C = 96, D = 48f.

By analyzing the sign of solutions (h, h,) in equations 2, (Eq. (20)) and g,
(Eq. (21)), we obtain four critical values of the parameter f = +f|, +f,, where

V1033 (25)

The graph of the solution (%, h,) changing with parameter f (f # 0) is plotted
in Fig. 2 which provides a visualization of the existence and number of periodic
solutions.

Note that there is a one-to-one correspondence between the solutions /4, and
h,, and all the solutions of &, for equation g, are positive. So we can analyze the
solution of &, for equation /4, only. For equation /., as can be seen in Fig. 2, there
is always one positive solution of &;. For equation /4_, there is no positive solu-
tion of &, when 0 < |f| < f;, one positive solution when |f| = f;, two positive solu-
tions when f; < |f| < f,, one positive and one zero solution when |f| = f,, and one
positive solution when [f| > f,.

For convenience, we classify the periodic solutions obtained from %, and g, as
family T't, and classify the periodic solutions obtained from 4_ and g_ as family
I'~. Thus, there will be always one periodic solution in family I't. For family I'",
there is no periodic solution when O < |f| < f}, one periodic solution when |f| = f},
two periodic solutions when f; < |f| < f, and one periodic solution when |f| > f,.
In summary, there can be at most three periodic solutions for the system in a certain
bifurcation region.

fi=224/1890 - 231v/33, f, =

1
189 8

Fig.2 Variation of the solutions
h, and h, with funder condition
PC: +f,, +f, are critical values
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4 Numerical Simulations

There will be interactions between the first two order modes of the system, and the
energy will be transferred between them. In this section, the patterns of multiple
periodic vibrations and waveforms of the first two order modes are presented graph-
ically to reveal the vibration law and energy transfer styles for the system as the
parameter varies from one region to another.

(Hf=0

Recall that, when f =0, i.e. without transverse excitation, there is no periodic
orbit under condition PC. The phase portraits are shown in Fig. 3, where Fig. 3a, b
represent the two and three dimensional projections, respectively. As shown in these
figures, the solution curves are densely distributed, and no closed orbit can be found
in the portraits.

@0<f]<f

There is one periodic orbit when 0 < |f| < f; under condition PC, denote as I'
(e T'Y). The phase portraits are shown in Fig. 4, where Fig. 4a, b represent the two
dimensional projections, Fig. 4c, d represent the three dimensional projections. One
closed orbit can be found in each portrait, and the spiral form of the orbit is clearly
visible. Figure 5 shows the waveforms of w; mode and w, mode of the periodic orbit
I', when 0 < |f| < f, under condition PC. In the first half of the period, w, and w,
increase simultaneously in a certain time range, whereafter w, keeps increasing and
w, will decrease and then increase again. w, nearly equals to zero when w, reaches
its peak. After the peak, in the second half of the period, w, decreases gradually,
w, changes in the same way as before and nearly equals to zero when w/ reaches its
valley.

G =4

When [f| increases gradually and reaches |f| = f, bifurcation occurs and a new
periodic orbit I, (€ I'") generated. Then there exist two periodic orbits when
|f| = f, under condition PC. The phase portraits of periodic vibrations are shown
in Fig. 6, where Fig. 6a, b represent the two dimensional projections, Fig. 6c,
d represent the three dimensional projections. Figure 7 shows the waveforms of

0.06

0.04

0.02

x22
o

-0.021

-0.04 1

-0.06
-0.5 0 0.5
x11 x12

(a) (b)

Fig.3 Phase portraits of f = 0: (a) (x;;, x,,)-plane; (b) (x;, x;,, X,,)-space

-05 -05
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0.2
2
I It
7 0.1
S0 § 0
- -0.1
-2
-0.2
2 -1 0 1 2 -0.2 -0.1 0 0.1 0.2
x11 x21
(a) (b)
0.2 0.2
-~ N
80 g °
-0.2 -0.2
2 0.2
2
0 0 0 0
x12 2 2 x11 x21 02 2 x11
(© (d)

Fig. 4 Phase portraits of one periodic orbit when 0 < |f| < f;: (a) (x;;, x,)-plane; (b) (x,,, X5,)-plane; (c)

(X115 X12, X1 )-space; (d) (x;, X, Xy,)-space

Fig.5 Waveforms of w; and w,
modes of I'; when 0 < |[f]| < f;

w; mode and w, mode of periodic vibration I'; (Fig. 7a) and I', (Fig. 7b). Com-
pared with Fig. 5, the energy transfer style between w, and w, mode of I'; (€ T'*)
when |f| = f] is similar to that of I'; when 0 < |f| < f;. However, the energy trans-
fer style between w; and w, mode of I'; (€ I'") is quite different from that of I'
(e T'*). As shown in Fig. 7b, when w, reaches its peak, w, will reach the peak or
valley at the same time; when w, reaches its valley, w, nearly equals to zero.

@) fi <l <h
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Fig.6 Phase portraits of periodic orbits when |f| =f;: (a) (x;;, x;5)-plane; (b) (x,;, x,,)-plane; (c)
(X115 X125 X1)-space; (d) (x;y, Xy, X,p)-space

Fig.7 Waveforms of w, and w, modes of (a) I'; and (b) I', when |f| = f;

When |f| passes the critical value f}, the periodic orbit I', will split into two
periodic orbits immediately, denote as I',; and I',,. Thus, there are total three peri-
odic orbits when f; < |[f| < f, under condition PC. The phase portraits are shown
in Fig. 8, where Fig. 8a, b represent the two dimensional projections, Fig. 8c, d
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Fig. 8 Phase portraits of periodic orbits when f; < |f| < f,: (a) (x;, x;5)-plane; (b) (x,,, x,,)-plane; (c)
(115 X125 Xyp)-space; (d) (xyy, Xy, Xp)-space

represent the three dimensional projections. With the increase of transverse excita-
tion, the amplitude of I',; increases whereas the amplitude of I',, decreases gradu-
ally. Figure 9 shows the waveforms of w; mode and w, mode of periodic vibration I,
(Fig. 9a), I',, (Fig. 9b) and I, (Fig. 9¢). Compared with Fig. 7, the energy transfer
style between w, and w, mode of I'; (€ I't) when f; < |f| <f, is similar to that of
I', when |f| = f;. The energy transfer styles between w; and w, mode of I",; and I',,
(e I'") are similar to that of I', (€ I'") when |f| = f;, but quite different from that of
I, (er.

Gl =f>

When [f| increases continuously and reaches |f| =f,, the Hamiltonian
h = (hy, hy) of T',, satisfies h;y =0, h, > 0. Thus, there are still three periodic
orbits for the system when |f| =f, under condition PC. The phase portraits are
shown in Fig. 10, where Fig. 10a, b represent the two dimensional projections,
Fig. 10c, d represent the three dimensional projections. As shown in Fig. 10a, the
projection of orbit I'y, on (x;;, x;,)-plane degenerates to a point because i, = 0.
Figure 11 shows the waveforms of w; mode and w, mode of periodic vibration I';
(Fig. 11a), I'y; (Fig. 11b) and I',, (Fig. 11c). Compared with Fig. 9, the energy
transfer style between w,; and w, mode of I'; (€ I'*) when |f| = f, is similar to that
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Fig.9 Waveforms of w, and w, modes of (a) I';, (b) I',; and (¢) I'y, when f; < |f| < f,

of I'; when f; < |f| <f,. The energy transfer styles between w, and w, mode of
I'y, and I'y, (€ I'") are similar to that of I'y; and I',, (€ I'") when f; < |f| < f,, but
different from that of I', (€ T).

©)If1 > f

When |f| passes the critical value f,, the periodic orbit I",, vanishes imme-
diately. So, there are only two periodic orbits remain (I'; and I',;) when [f| > f,
under condition PC. The phase portraits are shown in Fig. 12, where Fig. 12a, b
represent the two dimensional projections, Fig. 12c¢, d represent the three dimen-
sional projections. Figure 13 shows the waveforms of w;, mode and w, mode
of periodic vibration I'; (Fig. 13a) and I',; (Fig. 13b). The energy transfer style
between w, and w, mode of I'; (€ T'") when |f| > f, is similar to that of I'; when
|f| =f,. The energy transfer style between w, and w, mode of I';; (€ I'") when
|f| > £, is similar to that of I',; when |f| = f,, but quite different to that of I';.

From the above analysis, there exists one periodic orbit (I';) when 0 < |f| < f;
for the system under 1:2 internal resonance. With the increase of excitation |f], the
amplitude of I'; increases gradually. Another periodic orbit (I',) occurs at the crit-
ical parameter value |f| = f;, and then immediately splits into two periodic orbits
(I'y; and I'y,) once the excitation |f| passes f;. The amplitude of I',; increases
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Fig. 10 Phase portraits of periodic orbits when |f| = f,: (a) (x;;, xj)-plane; (b) (x,;, xp,)-plane; (c)
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whereas the amplitude of I',, decreases as the parameter value |f| continues to
increase, and the periodic orbit I'), will disappear immediately when |f| passes f,.
From then on, there remain only two periodic orbits I'; and I';;, and their ampli-
tudes will increase gradually with the increase of excitation |f|. The detailed evo-
lution law of periodic orbits (including number and amplitude) changing with
parameter f can be seen intuitively in the phase-parameter space (see Fig. 14). The
number of periodic orbits changes as: 253 -52-1-0-1-52-53 -2,
They are classified into two families: I't and I'". The energy transfer style
between w, mode and w, mode is similar for the orbits in the same family but
quite different for the orbits in different families.

5 Conclusions

Sandwich plates in auxetic honeycombs with special properties can meet the need
of modern science and technology development and have been widely used in
aerospace, defense and other industries. When they are used as the horizontal
retaining or vertical bearing structures, the plates have to carry complex loads
in the service process which would lead to performance degradation or produce
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(c)

Fig. 11 Waveforms of w, and w, modes of (a) I, (b) I';; and (¢) I'y, when |f| = f,

structural damages. A major concern in the design and construction stages is to
predict the force and vibration behaviors.

In this paper, multiple periodic vibrations of auxetic honeycomb sandwich
plates subjected to in-plane and transverse excitation are investigated. The two
degrees of freedom nonlinear equation of motion for the plate is derived based
on TSDT and von Karman type nonlinear geometric assumptions. The 1:2 inter-
nal resonance is taken into account to analyze the bifurcation and coexistence of
multiple periodic orbits with the extended Melnikov method. Phase portraits of
geometric structures and waveforms of multiple periodic vibrations in different
bifurcation regions induced by transverse excitation are obtained with numerical
method. The changes of number and amplitude of the multiple periodic orbits
are intuitive described in the phase-parameter bifurcation portrait. Through this
investigation, some remarks can be listed as follows:

e Without transverse excitation, there will be no periodic vibrations. Even quite
small transverse excitation can cause small amplitude periodic vibration.
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Fig. 13 Waveforms of w, and w, modes of (a) I'; and (b) I',; when |f| > f,
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Fig. 14 Bifurcation of multiple periodic orbits in the (f, x,;,x,,) phase-parameter space under condition
PC: NP represents the number of the periodic orbit, BA represents the bifurcation areas, PO represents
the periodic orbits and BP represents the bifurcation parameter values

The amplitudes of some certain vibrations will increase gradually with the
increase of excitation.

e Effects of transverse excitation on nonlinear vibration behaviors are discussed in
detail. Five bifurcation values of the parameter f can be found under condition PC
for the system: f = 0, +f;, +/,.

e Numerical results show that the system displays different vibration properties as the
parameter varies from one bifurcation region to another, and there can be at most
three periodic orbits coexisting under certain conditions.

e The periodic vibrations are classified into two families. By comparing the wave-
form portraits with each other, the energy transfer style between w; mode and w,
mode is similar for the orbits in the same family but quite different for the orbits in
different families.

e The current method can trace the source of periodic solutions, which provides the
possibility for the classification study on generation mechanism of system complex-
ity and energy transfers.

Appendix A

The nonlinear equation of motion for the auxetic plate derived by Hamilton’s principle
is as follows.

aNxx_l_aNx)’_I.. +<I 4 I> 4 I aWO Al
ax oy T\ T30 5y (Ala)
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where u is damping coefficient, and

3 Lt
1i=2/ pVZidz,  i=0,1,2,....6
k=1 %
h2

3

Zl=—h1— 2

D =T, 3= T, =
272 27T g

The internal-strain relations are expressed as

N,,=A €, Q,,=4A,y". M, =D ¢ +F ¢
P =F e +H ¢, R, =Dy’ +F,y°

in which
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Xy (X Xyys Xy ) . Y= (Yy’ Yx)T

Z1_522<022( l])) a22(266) Z2—622(Z44) 022<Zss)
X=N,M,P; Y=0Q,R; Z=AD,F

The stiffness coefficients are defined as

(A By, Dy, Ey, Fyy Hy) = / Q(k)lz,zzzz>dz (A4)

y» Ty Ty Ty Ty
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