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Abstract

The sum of independent, but not necessary identically distributed,
exponential random variables follows hypoexponential distribution. We
study a situation when the rate parameters of the exponential vari-
ables are not all different from each other. We obtain a represen-
tation for the Laplace transform of the hypoexponential distribution
in the case of two repeated parameter values. Applying this decom-
position, we prove a characterization of the exponential distribution.

arXiv:2204.00867v1 [math.PR] 2 Apr 2022

Keywords: characterizations, exponential distribution, hypoexponential
distribution

MSC Classification: 62G30 , 62E10.

1 Introduction and main results

Sums of exponentially distributed random variables play a central role in many
stochastic models of real-world phenomena. The hypoezponential distribution
arises as a convolution of n independent exponential distributions each with
their own rate );, the rate of the i*" exponential distribution. Many processes
can be divided into sequential phases. If the time periods spent in different
phases are independent but not necessary identically distributed exponential
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variables, then the overall time is hypoexponential. For example, the absorp-
tion time for a finite-state Markov chain follows this distribution. We will write
X; ~ Exp(\;), A; > 0, if X; has density

fi(x) = \ie™™% x>0 (exponential distribution).

The distribution of the sum Y,, = X7+ Xo+...+X,,, where A\; fori =1, ..., n
are not all identical, is called (general) hypoexponential distribution (e.g., [1]
and [2]). Assume that all \;’s are distinct, i.e., A; # A; when i # j. It is well-
known that under this condition, the density of Y,, ~ HypoE(A1, Aa,..., \,)
is given by (see [3], p.309 and [4], p.40, Problem 12)

fru(@) =" tifilx), z>0.
j=1

Here the weight ¢; is defined as ¢; = H?:l,i#j Ai(A; = A;) L. Thus, the density
of the sum of independent exponential variables with distinct parameters is

linear combination of the individual densities. For example, the density of Y5 is

A2

Fra@) = 22 i) + 2

A1 — A2

fa(z).

It is called hypoexponential distribution because its coefficient of variation is
less than one, in contrast to the hyperexponential distribution which has coef-
ficient of variation greater than one and the ezponential distribution which
has coeflicient of variation equals one. An interesting connection with the
Hirschman-Widder densities is discussed in [5].

Let X7 and X5 be two independent copies of a non-negative random variable
X and E[X] < oo. If X ~ Exp(A), then X; + X2/2 ~ HypoE (), 2)). It was
proved in [6] that this property of the exponential distribution is not shared
by any other continuous distribution, i.e., for A > 0

1
Xi+ X ~ HypoE (A, 2))  iff X ~ Exp(\).

The key argument in the proof is that the exponential distribution’s LT

A

*W) =37 t=0

is the unique LT solution of the equation

B(1)d (%) — 2B(t) — <%> . t>o.
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Motivated by this result, in [7] we extended it in two directions: (i) for any
number n > 2 of independent copies X1, Xo,...,X,, of X, and (ii) for the
linear combination g1 X7 4+ poXs + ... + pup X, with arbitrary positive and
distinct coefficients p1, 2, ..., fn. Namely, it was proved in [7], under some
additional assumptions, that for A > 0

A A
X1+ ...+ pp Xy ~ HypoE (u—,,u—> iff X ~Exp(A). (2)
1 n

This characterization was obtained by showing that (1) is the unique solution
of the LT equation

B(urt)D(piat) - - Dpint) = sz@(ujt), >0, 3)

where £; = H?:Li#j (i — pi)~t. Thus, the case of rate parameters \;’s
being all different from each other was settled down. The other extreme case
of equal \;’s, which leads to Erlang distribution of the sum, is trivial. Recently
the case of both positive and negative p;’s was considered in [8].

Does a similar characterization hold when the rate parameters X\;’s of
HypoE(A1, Aa, ..., Ay) are not all different? It is our goal in this paper to show
that, at least in one particular case, the answer to this question is positive.

Without the condition that all parameters \;’s are different, the hypoexpo-
nential density has a quite complex form (see [9]). This makes the analysis
of this case difficult. Here, we turn to one intermediate situation, allowing
two repeated values (ties) among A;’s. More precisely, let X1, Xo, ..., X4+, be
independent copies of X with LT ®. Consider the sum

r r+n
Yo=Y wXp+ Y Xpy w>0 and w#1.
k=1 k=r+1

Due to the independence assumption, the LT of Y, ,, equals ®"(wt)®"(t). If
® is given by (1), then ®"(wt)®"(t) is a product of certain linear fractions.
Therefore, we can decompose it into two sums involving the LT’s of wX and
X ~ Exp(A). To formulate the theorem below, we need to introduce the
following sums for any integers n > 1 and m > 0

n
Sn,erl = § Sk,ma Sn,O =1
k=1

In particular, S, 1 =n and S, 2 =n(n+1)/2.
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Theorem 1 If X ~ Exp()), then for any positive integers r and n, and positive real
w # 1, the random variable Yrn has a hypoexponential distribution with LT ®r n(t),
t > 0, which satisfies
-1 r+n -1 n
W= D o (t) = (w0 — 1)7 0" (wt) (“’T) " (t) (4)

w n

~ w—1

r , o J o
=3 i) T w = D' (wh) + (<)Y St (T) @ (1).
i=1 j=1

Theorem 1 shows that a necessary condition for X ~ Exp(A) is that its LT
® is a solution of equation (4). In particular, setting » = 1 in (4), we have

(w—_l) ®i(t). (5)

w

w — 1 n n
- 1)®(wt) | —— ) ") = (w—1)P(wt) —
(w1000 (F72) ) = 1w -
The next theorem shows, under some additional assumptions, that (5) is both

a necessary and sufficient condition for X ~ Exp(\).

Theorem 2 Suppose that X1, X2, ..., Xp41, n > 1, are independent copies of a
non-negative and absolutely continuous random variable X. Assume further that X
satisfies Cramér’s condition: there is a number to > 0 such that E[e'X] < oo for all
t € (—to,to). For fized positive integer n, fized positive real w # 1, and X\ > 0
n+1
A .
wX1+ Y Xj ~ HypoE (E,)\,...,A> iff X ~Exp()). (6)
k=2

In Section 2 and Section 3 we present the proofs of Theorem 1 and Theorem 2,
respectively. The last section includes some concluding remarks.

2 Proof of Theorem 1

For simplicity and without loss of generality assume that X ~ Exp(1). First,
recalling that ®(¢) = (1 +t)~!, we will show that the following linear fraction
decomposition holds for n > 1 and w # 1

B (wt)d" (1) = m (7)

_ w \" 1 _ w" zn: w—1)’ 1
C\w—-1/) 14wt (w—l)"“j:l w (1+1¢)d

If n =1, then
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1 w 1

I+wt)14+t) (w—1D1+wt) (w—1)1+1)

B <w—1>w1+wt>‘<wi01>2 (szl)lit'

Assuming that (7) holds for n, we obtain for the (n + 1) term

1 1 1
(1 +wt)(1+t)n+tt [(1+wt)(1+t)”] 1+1¢
_ w | w" " w—1Y’ 1 1
| \w—-1) 14wt (w—l)”“j:l w (14+t)7 | 1+t

(wqﬁ 1>" (1 +wt1)(1 1) (w _w:)nﬂ Jzi; (w; 1)1‘ ; +1t)j+1

(wlﬁ 1)” {(wn— e +wt)+1_ (w - 1;(1 +t)}
k() T

=1
w \" 1 w ! ’il w-1\" 1
w—1 1+wt (w—1)+2 =\ ow (1+41t)7’

which completes the proof of (7). Multiplying both sides of (7) by
(w—1)"*! /w", we obtain (5), i.e., (4) is true for r = 1 and any integer n > 1.

Next, we will prove (4) for any integer r > 1. Assuming (4) holds for r, we will
prove it for r + 1. Indeed,

w1 (U1) e ®)

w

w—1

= (w—1)"®" (wt) <T> D" (t)(w — 1)P(wt)

- (Z Spr_i(—=1)" " (w — 1)'®% (wt) + (—1)TZSn—j+1,r—1 (wT_1> i’j(t))

j=1

X (w — 1)®(wt).
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Applying (5) with » = 1 and n = j, for the second term in the right-hand side,
after multiplying it by (w — 1)®(wt), we have

> ucginror () @0 - Do) o)
j=1

- an,jﬂ,r,l <(w —1)P(wt) = > (WT‘l) q)i(t)>

i=1

o n J —1\¢
= Sn,r(w - 1)1(1)7’(wt) - E SnfjJrl,rfl Z (WT) (I)z(t)
j=1 i=1

w—1

= n.r — ]_ 1@7 t — n—i r —_— @7 t .
Suslw @) =30 (M) @0
Now, (8) and (9) imply (4) and thus the proof is complete.

3 Proof of Theorem 2

3.1 Auxiliary results

We will use the standard notation for the binomial coefficient: (’;) when k > j
and 0 when j > k, and (2), :=xz(x —1)...(x — r + 1) for the falling factorial.

Lemma 1 For any integers n > 1 and 1 < j < n, and positive real w # 1

() -EG) (L) -5 ) ()

(10)

Proof. The identity (10) is equivalent to

(65 () s ) e
L (%)J %:Z:l (%)M(lm
n j i-1 [l
SOGE) G) e (8)
o (5) i (5

z=w/w—1

r=w/w—1
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Applying Leibniz formula for the m*”* derivative of a product of functions (e.g.,

[11]) we obtain
n—1
™ d™ k ™ d™ 2" —x
m! dzm <Zx>zmdxm<x—l> (12)

k=1
oS (e -a ()"

Setting m = j and x = w/(w — 1), for the last term in (11) we have

1 w V1 d (&= %
—w_1<—w_1> itz (Zx>

k=1

(13)

z=w/w—1

T

z=w/w—1

I
7N
g
RS
—
N———
3
.
2M~
T
AR
N~—

-
VRS
o

| 3
.
N———

3

-(55) () () e ()

T

Similarly, for the other term in (11), one can obtain

w \' 1 -1 i A nJd ,
<w—1) (j— 1) dai—? (%x I:w/wfl_ (w—l) — <]—r>w '

(14)
Substituting (13) and (14) into (11), we obtain (10) and complete the proof.

Lemma 2 For any integers n > 2 and j > 1, and positive real w # 1

_ w n 1 n—1 w k ; ) -0 ]:1, 15
e =n(557) & (75) e {Z0 J5E @
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Proof. We have

Q) = (25) Sw_1k+1—§(wf‘i;+l

k=0 k=1
n—1 k-1

_ L w i w kw

" (w _ 1) w Z DT (w—1)2 P (w— 1)F1
() e (o) -t ()

w—1 (w—1)" (w—1)2d =2 ) |ocw—1)
(v " wItn nw" N wntt
N w—1 (w—1)" (w=—1)"»  (w-=-1"
and after some algebra, we obtain
w(wj_l - 1) n n
Qjn(w) (w—=1)"—w"),

which implies (15).

3.2 Proof of the theorem

If X ~ Exp(\), then Y1, ~ HypoE (w™'A\,...,A) by the definition of
hypoexponential distribution. We will proceed with the proof of the opposite
direction in (6). The case n =1 is a particular case of (2) included in [7]. Let
n > 2. Consider the function ¥ with the following series expansion

1 oo
W(t ::(b— Z; t>0. (16)

Note that, as a consequence of Cramér’s condition, the above series is uniformly
convergent in a proper neighborhood of ¢ = 0 (see [10], p.240). To prove the
theorem, it is sufficient to show that for some A > 0

U(t)=1+A1""¢, (17)
i.e., the coefficients of the series in (16) are
a=1, ag=X"1>0, a;=0, j>2. (18)
Clearly,

1

50) = 1. (19)

ag =
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Dividing both sides of (5) by (w — 1)"Ttw="®(wt)®"(¢) and changing the
summation index, we obtain
n—1

a0 = (52) w0 -5 e ((1) w1 @

w—1 w —
k=0

To calculate the coefficients a;, we differentiate both sides of (20) with respect
to t at t = 0. It follows from (20) that

e = [ (525) - (7)o

=: ¢i(n)a; = 0.

ai

It follows from (15) that ¢1(n) = 0 and thus there exists A > 0 such that
a; = )\_1. (21)
Differentiating (20) twice with respect to ¢ at t = 0, we have

1 42
E@Hl,n(t)lt:o

0) ) s 6 () 0)

(wlﬁl)n—wilﬁ(%)kwm

+

a2

=:c12(n)a? + cz2(n)ag = 0.

Lemma 1 and Lemma 2 with j = 2 yield ¢12(n) = 0 and c2(n) # 0,
respectively. Therefore,

az = 0. (22)
It remains to prove that a; = 0 for all j > 3. We will need the general Leibniz
rule for differentiating a product of functions. Denote by v (z) the j** deriva-
tive of v(z); v(®(z) := v(x). Define a multi-index set a@ = (a1, g, ..., ay,)
as a n-tuple of non-negative integers. Denote ||| = a1 + a2 + ... + an
and A; := {a : ||la|| = j}. The j'* derivative (when exists) of the product
v1(t)va(t) -+ - vy (t) is given by (e.g. [11])

% v =2 (W'a' 11 v§“""<t>> : (23)

i=1 A i=1
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Let us write A; as union of three disjoint subsets as follows:

! " n
Aj=A;UAUAY,

where
A = {|lal| = j : only one of {a1,az,...,an} equals j (others are zeros)}
A} = {lla]l = j : exactly j of {a1,az,...,a,} equal 1 (others are zeros)}

A" = {|la|]| = j : there is an index a; with 2 < a; < j}.
Notice that by definition, A7 is not empty only if j < n.
We will proceed by induction with respect to the index j > 2 of a;. For

j = 2 we have already proved that as = 0. Assuming a; =0 for 2 <i <j—1,
we will show that a; = 0. Since ag = 1, applying (23), we obtain

S (im0 = 3 (H ) =20+ 0+>0

j '
A; A A A

n 1 N\ j n—j
= (1)ajag + <j>aj1ag J
na; + j ay.

Notice that )",/ () = 0 by the induction assumption. Also,
J

i k
%%\I/(wt)\l/k(t”t:o = Z (wak+laak+1 Haou) = Z() + Z() + Z()

Aj A A A

(wjalgaj * <lf> ajalg_lao) - <<J f 1) a{_lalg_j"’lwal * <§) a{alg_ja())
k k , ,
_ w4+ () ) el + (v +k)a;.

((7—1> <J>) s o

Therefore, grouping the coefficients in front of a{ and a;, we write

1 dJ

ﬁ@ﬂm(t)lt:o
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It follows from Lemma 1 that ¢1 j(n) = 0 and hence
c15(n)al + ¢j(n)a; = ¢;(n)a; = 0.
Finally, according to Lemma 2, ¢;(n) # 0 when j > 2, which implies
aj =0, j=>2 (24)
Now, (19), (21), (22), and (24) lead to (18), which completes the proof.

4 Concluding remarks

In this paper we continue the study of the relation between the exponential
and hypoexponential distributions, initiated in [6] and extended in [7]. The
obtained characterization complements those in the above papers. Here we deal
with a situation where the rate parameters \;’s in a convolution of exponential
variables are not all different from each other. First, we obtain a representation
for the LT of the hypoexponential distribution in the case of two coinciding
parameters’ values. Applying this decomposition, we prove a characterization
of the exponential distribution. The obtained result is of interest itself, how-
ever it can also serve as a basis for further investigations of more complex
compositions of the rate parameters. In particular, the question whether or
not equation (4) with r > 1 is a sufficient condition for ® to be a LT of the
exponential distribution is still open.
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