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ABSTRACT

The distribution of the prime numbers has intrigued number theorists for
centuries. As our understanding of this distribution has evolved, so too have our
methods of analyzing the related arithmetic functions. If we let w(n) denote the
number of distinct prime divisors of a natural number n, then the celebrated Erdés—
Kac Theorem states that the values of w(n) are normally distributed (satisfying
a central limit theorem as n varies). This result is considered the beginning of
Probabilistic Number Theory. We present a modern proof of the Erdés—Kac Theorem
using a moment based argument due to Granville and Soundararajan, which we
explain in full detail. We also use similar techniques to study the second moment of

w(n), refining a classical result of Turan.
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1 INTRODUCTION

A classical problem in number theory is to understand the distribution of the

number of prime divisors of an integer. For n € N, define

w(n) = Zl

pln

where the sum counts the distinct prime divisors p of n. For example, w(6) = 2,

w(9) = 1, and w(1000) = w(235%) = 2. Note that w(p) = 1 for any prime p. It is also

logn
win) =0 (log log n)

for any n € N; see |7, Thm. 2.10].

well-known that

In this thesis, we study the distribution of w(n) when picked uniformly at
random from the set {1,..., 2} for large x. In Chapter 4, we show that the mean of
w(n) satisfies

é Zw(n) = loglogx + O(1)

n<a

for large x. Thus, we can expect the typical integer n < x to have about loglogx
distinct prime divisors with an error only up to some constant. It would be impossible
to proceed any further into this field without mention of a foundational theorem of
probabilistic number theory by Godfrey Hardy and Srinivasa Ramanujan, which they

proved in [6].



Theorem 1.0.1 (Hardy-Ramanujan Theorem). For almost all integers n < z, the function

w(n) has normal order loglogn. That is to say
lw(n) — loglogn| < eloglogn

for any € > 0 and all but o.(x) integers up to x.

Roughly speaking, they showed that there tends to be little difference between w(n)
and loglogn, that difference typically only being about /loglogn. This proves to be im-
portant as we can now begin consider what the distribution of w(n) might be. Before we
move to this question we must mention Paul Turan’s contribution. Turdn gave an incredibly
elementary proof of the Hardy-Ramanujan Theorem [§] by adding a probabilistic twist and

studying the second moment of w(n). His proof relies on the estimate

Zw(n)2 = z(loglog z)?> + O(z loglog z).

n<x

In Chapter 3, we refine this calculation by finding explicit constants A and B such that

L log1
- Zw(n)Q = (loglogz)? + Aloglogz + B + O(w)
v log

n<x

See Theorem for a precise statement of this result. Although this may be known to
experts, we were unable to find this result in the literature.

Because the curiosity of mathematicians knows no bounds these results, which give us
both a mean and second moment respectively, only spark more intrigue into the mysteries of
w(n). Thus, we now find ourselves staring straight at the aforementioned question regarding
the distribution of w(n) armed with intuition borrowed from the field of probability. Knowing
that w(n) and loglog n are only ever about y/loglogn apart, would this have an identifiable
distribution? Paul Erdés and Mark Kac were the first to answer this question in their

influential paper [3|, where they proved the following result.



Theorem 1.0.2 (Erdés-Kac Theorem). For each a € R we have,

1 1 —12
- 1 — — [ evTat
z Z: V2T ‘

w(n)—loglog z<a+/loglog x -0

as r — OQ.

This incredible finding did many things. Namely it proved Kac’s suspicions that w(n) was

distributed similarly to that of a normal distribution, implying that

w(n) —loglogx

Vvloglog x

is approximately normally distributed with mean 0 and variance 1 when n is chosen uniformly
at random, and it birthed the field of probabilistic number theory as we know it.

In Chapter 4, we present a modern proof of the Erdés-Kac Theorem due to a paper
by Andrew Granville and Kannan Soundararajan [5], which illustrates a way to compute
all moments of w(n). As well as giving an exposition of their work, we will provide the full
details, which were not given in [5]. We hope that this chapter will be a useful addition to
the literature for mathematicians interested in and attempting to understand this approach

to the famous Erdds-Kac Theorem.



2 PRELIMINARY RESULTS

Though by no means intuitive, all of our findings can remarkably be derived
from just a few fundamental number theory-based estimates and some observations

based in analysis. Below we provide the needed results.

2.1 Number theory lemmas

Starting with the prerequisite number theory knowledge needed, we introduce

Chebyshev’s upper bound to the prime counting function m(z) defined as

m(x) = Z 1

p<z
for a prime p.

Lemma 2.1.1 (Chebyshev’s upper bound for (z)). For x > 2, we have

() :22120(10;6).

p<w

Proof. This is Corollary 2.6 [7]. O
Another lemma that will prove to be crucial to us is Mertens’ estimates.

Lemma 2.1.2 (Mertens’ estimates). For x > 2, we have

1 1
E - = loglog$+b+0(—)
P log x

p<w



and

1
Z in =logz + O(1),

p<z

where b can be expressed using Fuler’s constant vy as below

oo

b:’Yo—ZZkka-

p k=2
Proof. See [7].

Lastly, we will need an observation regarding the Mobius function, which is defined as

(
0 if n has one or more repeated prime factors

n(n) =141 ifn=1

\(—l)k if n is a product of k distinct primes.

Lemma 2.1.3. For the Mébius function pu(n),

1 if n=1,

> uld) =

dn 0 if n>1

Proof. Forn =1,



Now assume n > 1. We may rewrite n = [[/_, p. It follows d | n if and only if d = []}_, "

for 5; <a«; and i€ {l,...,r}. However, u(d) = 0 if 8, > 1. Therefore,

Suid) =y u(Hp>

d|n B1yeens Br

() ),

Here we use the binomial expansion theorem, and our right-hand side is simply,
(1-1)"=0.
So our lemma holds for either case. O

2.2 Analysis lemmas

In this section we state and prove analytical results that will be utilized later in this

thesis.

Lemma 2.2.1. For u € C with |u| < 1, we have

3
los(45)] < JJul

Proof. We begin with the well-known Taylor series,

2 3

log (k) =u+ 5+ =+



which is valid for |u| < 1. Therefore, for |u| < 3, we have

[l

ul? | uf’
log (+5)| < lul + 5~ + -

1
< Jul + (el + fuf* + )

2
u
g e )

The last step comes from rewriting the geometric series. Thus, by strategically using substi-

tutions for u < % we have

jul (1
‘k)g(ﬁ” < [u| + g \1-T

2
3ul
2

as claimed. n

Now we move to an intricate integral that will prove invaluable to our refined estimate

of the second moment of w(n).

Lemma 2.2.2. For x > 4, we have

Jz

log log u

1 , T2 1
du = (logQ)loglogx—E(logQ) -—40 :

ulog £ 12 log x

Proof. Since

€

log log u du 1 log log u| du 1
g log < /gg <

ulog T log u logx’
2 2



we first rewrite the integral as

N

loglogudu

ulog £

ulog =

ulog =

m\§ m\§

log log u du

log log u du

log log u du
ulog £

0< : )
log x

We note that the integrand in this new integral is nonnegative over the range of integration

from e to y/x. This proves helpful since logloge = 0. Next, we estimate this new integral by

1

expanding the term ——= as a geometric series, interchanging the resulting sum and integral,

T
log £

and then integrating term-by-term. Since 0 < }gﬁ < 1 we have
g T 2

Nz

log1
oglogu du

u (logz — logu)

NG
1 log log u
log = u (1 _ bﬂ)

logz

du

e

Nz

1 log log u - log u F
d
log u Z <log x) N

k=0

e

Nz
1 log log u |
Z (log x)F+1 u (log

k=0

w)Fdu.




The integrands and summands are nonnegative so we can use Tonelli’s Theorem to justify

the interchange of summation and integration. A standard calculus exercise shows that

d{mymﬂ

d (logu)** _ loglogu
du E+1 B

(k+1)2 u (log )",

log log u —

so the Fundamental Theorem of Calculus gives

Nz

log1
/—og Ogu(logu)kdu
u

_ (log(\/f))k+1loglog(\/g) (10g(Vﬂf))k+l .

k1 Tt )? e
_ (loglogz —log2) (log z)"*! (log z)**! 1
B 2k (k + 1) SRk +1)2 T (k1)

Hence, we have

ve Ve

log log u du 1 log log u K
o777 E 1 d
ulog £ (log z)k+1 / u (log u)"du

e

— 1 — 1
— (loglogz —1og2)y -~y -
(loglogz —log )22’“+1(k+1) ng+1(k+1)2
k=0 k=0

— 1
* Z(k n 1)2(1ogx)k+1

= (loglogz — log 2) Zn o n22" <10g x) .

From Equations 1 and 2 of §0.241 of Gradshteyn and Ryzhik [4], we know that

=log2 and Zn22n = — - —(log 2)2,
n= 1



Therefore,

NG

2

1 s 1
— (log 2) loglog 7 — ~(log 2)% — 0( )
(log2)loglog x 2(0g ) 5t gz

log log u du

ulog £

Combining our estimates, the lemma follows.
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3 THE VARIANCE OF w(n)

In this chapter we will discuss and prove increasingly more refined approxi-
mations of the second moment of w(n), concluding with our own new result, which

is the most precise. First it easily checked that

yem=2 ;)

n<x p<x
With this in mind we begin with a simple lemma that will prove useful throughout.

Lemma 3.0.1. Let p,q denote primes. For x > 2, we have

ser-Xli)- k)

n<z pg<z p<z
p#q

Proof. By expressing w(n) as a sum and then interchanging the order of summation,
we have

dwmP=> (D 1D => > 1

n<x n<x p|n gln p,q<x nlzx
pn
qln

There are two cases: either p and ¢ are distinct primes or p = ¢. Therefore,

2 el ZZHZZl_Z{MJjLZEJ’

n<x pg<x n<z p<zx n<lz pg< p<z
p#q pgln pln p;ﬁq ;

as claimed. O]

11



3.1 Turan’s proof

Though Turén’s estimate for the second moment of w(n) only required elementary
knowledge, the importance of his result, which gave a simple proof of the Hardy and Ra-

manujan theorem, cannot be overstated.

Theorem 3.1.1 (Turén’s Theorem). For x > 2, we have

1
- Z w(n)? = (loglog x)? + O(loglog 7).
x
n<x
Proof. Let p, q denote primes and x > 2. Starting with Lemma we have that

sl k)

n<z pq<z p<z
P#q

The second sum on the right is simply the first moment of w(n), which gives

< <
:xz——FO(Zl)
p<z p=z

Here we apply Lemma to get
x
Z {—J = xloglogz + O(x).
p<z P

Now looking at the first sum on the right-hand side, we have the clever relation,

2 2

2] 22

p<\x pg<z p<z
P#q

12



Then by Lemma [2.1.2] we conclude that

1 2
loglogz +O0(1)> < ) — < (loglogz + O(1))>.
(loglogz + O(1)) E o (loglogz 4+ O(1))

pq<z

P#q
Hence,
T 1
— | == — 40 1
FEDI-ETIDY
pqsz Pq<T pg<®
pF#q PF£q PF#q
= z(loglog z)? + O(z loglog z),
where

i) 1<

pg<® p<z
p#£q

Putting the sums together we have

Zw(n)2 = z(loglog )* + O(x loglog ),

n<x

the desired result.

3.2 Montgomery and Vaughan’s proof

In pursuit of an even tighter bound of the second moment of the function w(n), we

will now state a theorem inspired by Montgomery and Vaughan [7]. This approach was even

suggested by Turén at the end of his paper [§].

Theorem 3.2.1. For x > 2, we have

1 Zw(n)2 = (loglog x)? + (2b + 1) loglog = + O(1).
T

n<x

Before we prove this theorem, we will first state and prove a simple lemma.

13



Lemma 3.2.2. For x > 2, we have

1 x 1
EZ LEJ - loglog:c—l—b—l—O(lng),

p<z

where b is the constant in Lemma[2.1L2.
Proof. Since 0 <y — |y] < 1, then by using Lemma and Lemma [2.1.2] we see that

2= Grom)

p<z p<z

= xZé + O(m(z))

:mloglog:v+bx—|—0< * )
log

as claimed. 0

Proof of Theorem |3.2.1]. Once again, we start from Lemma [3.0.1}

sl k)

n<x pg<z
p#q

By adding and subtracting the terms where p = ¢ to the first sum on the right-hand side,

we see that

Therefore,

sor-SE Sl SR @

p<w pg<z p<Vx

14



From this and Lemma [3.2.2 we see that

D w(n)® = xloglogx+b:c+ZL?£qJ - Z L%J +O(lo‘;x).

nsw pg<z p<\x

To estimate the second sum on right hand-side, we find that

2[5 =2 G rom)

p<Vz p<Vz
1
= [L’Z ]? -+ O <\/E> y
p<Vz
since 7(y/z) < y/x. Moreover,
1 1 7
xzﬁgx ﬁ:—x:O(x)

p<VzT n=1

Therefore,

because the set of products of two primes that are less than or equal to = is a subset of all
positive integers that are less than or equal to x. Noticing that if pg < x then it follows that

at least one of p or ¢ must be less than or equal to v/z. Hence, by the so-called hyperbola

15



method (summing above the hyperbola), we see further that

>i(T) T

pq<z p<z p<z ;Iqéﬂgc
2 2
() -z iz
p<w p<Vr f<q<z VI<p<z <Vz  T<p<z
2 2
3] Y ) (32)
p<z p<Vz $<q<z VI<p<z

By Lemma [2.1.2] for 2 < y < \/x, we have

1 1
E —:loglogx—loglog§+0( )
D )

log
%<p§z

log x 1
—log | ——2~
©8 (logm — logy) * O(logx)
1 1
=1
o8 (1 — }25;2) +O(logx)

lo
< gy.
log

Here we used Lemma to deduce the bound in the final step. Going back to (3.2)) and

using this estimate, the second sum is

1 1 1 /logp 1 log p 1
E _E z E Z = g 1 1
p ¢ < p(log:v) log x < (logz) <1,

P log x
p<VE $<q<z p<Vz p<Vz

16



where we have used Lemma to estimate the sum over primes. The third sum in (3.2

18

2
1 1
E - | = | loglogx —loglogv/z + O
P log
Vr<p<wz
2
1
=|log2+0| —
log

< 1.

Therefore,

Zpiqz Z% +0(1)

pg<z p<z

2
1
= <loglog:c+b+0( )) +O(1)
log x

= (loglog x)* + 2bloglog z + O(1).

Combining our estimates, we see that

Zw(n)Q = zloglogz + x (loglog x)* + 2bx loglog z + O(x)

n<x

=z (loglog x)* + (2b + 1)z loglog x 4+ O(x).
This completes the proof. O

3.3 A refined estimate for the second moment of w(n)

Lastly, we look at our own original calculation of the second moment of w(n) and the
tightest bound of the error yet. Though all that is needed to arrive at our error is trivial,

the result requires the careful manipulation of several moving pieces. We have written and

17



proved each of these manipulations as their own lemmas to make all steps as clear to the
reader as possible. We will conclude by combining all of our results together to achieve our

goal of finding as minimal of an error as possible.

Theorem 3.3.1. For x > 4, we have

log1
Zw(n)z =z (loglogz)* + (2b + 1) xloglog x + Cx + O(%),
0g T

n<z

where b is the constant in Lemma and

2
ey N1
C=0+b- % ZpQ'
p

As we did with Theorem [3.2.1 we will first state and prove simple lemmas. Our first
result is an adaptation of Lemma [3.0.1] incorporating both (3.1)) and the hyperbola method

in a different manner than used in proving the previous theorem. The main idea of this new

>[5

pq<z

method is to estimate the sum

in a more precise way. Similar to what we did in the proof of Lemma [3.2.1 we note that
since pq < x, at least one of p or ¢ has to be less than or equal to y/z. So, without loss of
generality we can assume that one of the primes p or ¢ is less than or equal to y/z. This

simple observation allows us to refine our previous calculation in numerous places.

Lemma 3.3.2. Let p,q denote primes. For x > 4, we have

RO 30 i{ (TS (TR

nse p<VT g<{ P<VT gV p<z p<Vz

Proof. From (3.1)), we have

sz S-Sl

n<z pq<x p<z

18



for x > 4. Applying the hyperbola method (or the inclusion-exclusion principle) to the first

sum on the right-hand side, we see that

M IPNI RO IP D DP I

<Vz q<% VE q<VT
x x
DIIFENISIF!
p<Vr q<7 p<Vz q<Vx
After combining these estimates, the lemma follows. O

We now estimate each of the terms on the right-hand side of (3.3). In Lemma [3.2.2]

for x > 2, we estimated the third sum on the right-hand side of (3.3) and proved that

Z{zJ :xloglogx+bx+0( ? )
P log x

p<z

In the next lemma, we estimate the fourth sum on the right-hand side of (3.3).
Lemma 3.3.3. For x > 4, we have
1 T 1 1
]2 eo()
p<Vz p

Proof. We see that

VY p<VT
=u I?+O(7T(\/E))
p<\z
1 1 NI
= — — —+0
0l
D p>\T

19



where we have added and subtracted the terms with p > /= and applied Lemma to

the error term. Note that

1 1 du
P>V n>\z Uz
so we have
x 1
> L?J - xzﬁ +0(Va).
p<Vz P
Thus, proving the lemma. O

Next, we estimate the second sum on the right-hand side of ({3.3)).

Lemma 3.3.4. For x > 4, we have

1
EZ Z L%J = (loglog x)* + 2 (b — log 2) log log x
p<VT ¢V

+(b—1og2)2+0<loglﬂ).

log x

Proof. Notice that by Lemma [2.1.2] we have

>3- S eow)

<z ¢<Vx <z ¢<\x
1 1
=z — -+ 0 1
>, )
p<Vz ¢<Vz SVERSYE
2 2
1
=x -1 +0 1
>,
p<V= p<VE

20



Here we are able to apply both Lemma [2.1.2| and [2.1.1] respectively to the above terms to

get
1 ’ vz \°
x
log1 b+O| —— o | ——=
$<Og Vbt (108;\/5)) i ((108;\/5))
2
1 T
=uz| loglogx —log2+b+ O ) +O( 5 )
log x log” x
=2 (loglog x)* + 2 (b — log 2) v log log x
log1
+ (0= log2)a + O THEET)
log x
as claimed. 0

Before we can estimate the first term on the right-hand side of (3.3)), we first prove
a preliminary estimate. This result is where the proof of our theorem differs the most from

previous investigations as we will now estimate the first term on the right-hand side of ({3.3])

using Lemma [2.2.2]

Lemma 3.3.5. For x > 4, we have

l Z Z L J (loglog )* + (2b — log 2) log log =

p<\f 9<%

1 72 log log x
— log 2 —(log2)? — — —— .
+b(b—log )—|—2(og ) 12+O( log 2 )

Proof. We have

23|

x z
P<VT <7 PV q<y

|
VRS
2=
+
©
—
N

21



Using Lemmas [2.1.1} and [2.1.2] we estimate the error term by

N x x 1 xloglogx
Z Zl<<zﬂ<5)<<zplog%<<logxzi<< logz

p<Vz g<% <V p<VT <V

3

Using Lemma [2.1.2 again, we find that

Z% Zé: Z%(loglog%—l—b—l—O(

p<VT <y P<VT
= Z log log + bz +0 Z oz
p<\f p<\f S\f &

The error term above is handled easily as:

1 1 1 log log x
Z plog <<logxzp<< logx

p<Vx p<Vx

Therefore,

Z ZL%J Z log log £ +xbz (xl(l)fgloxgx>, (3.4)

P<VT q<y p<\f P<\f

To estimate the second term on the right-hand side, we see that

xbz —xb(loglog\/_—l—b—l—O( ﬁ))

p<\f
1
:xb(loglogx—logZ—l—b—i-O( )) (3:5)
log x
1
:bxloglogx+b(b—log2)x+0( )
log =

22



To estimate the first term on the right-hand side, we use the method of partial summation.

Since
d —1
—dloclog(& } . 3.6
du{ oglog(;) ulog ' (3.6)
we see that
Nz
1 1
—loglog £ = loglog(%)d -
3 it = [ ntn(c)a( 32
p<Vz o0 p<u
Nz
u=yz
1 1 du
= — | loglog £ - .
(Zp oglogs| +/ 2y | wios
p<u u=2 p<u
2
Now, the first term above is
1 v
Z— log log £
p _
p<u u=2
1
= Z— log log /7
péﬁp
1
= | loglogvz +b+ O (log ﬁ)) (loglog x — log 2) (3.7)
1
= | loglogz —log2 + b+ O(—)) (loglog x — log 2)
log =

= (loglog z)* + (b — 21og 2) loglog x

log1
—log2(b — log 2) +O(M),

log x

23



while the integral is

v VT
1 d
log logu+b+ 0O ¢
p ulog— logu/ | ulog 2
p<lu
2
VI e
log logu ) du
ulog = ulog %
2 2
vz
+0 / ulogulog z
The error term here is
JT
1 d log1
< “ < 0808 (3.8)
log ulogu log x
2
In Lemma [2.2.2] we showed that
JT
loglog ™\ — (10g2) log1 L 10g2)? ™ ol 2 (3.9)
u = (lo oglogz — —(lo - — .
ulog £ & 6708 908 12 logz )’
2
and by (3.6) we have
vz vz
d d 1
b LR - 4+0
ulog £ ulog £ log x
2 1
— poglogz| T 1o
N 08206 4 u=1 log (3.10)

1
:b(loglogav—loglog\/f)%—O(1 )

ogx
1
—b10g2+0( )
log ©
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Therefore, combining (3.7)), (3.8), (3.9)), and (3.10)), we deduce that

1
Z —loglog & = (loglog x)* + (b — log 2) log log =

p<Vz
1 2 log log =
—(log2)? — — .
+5(log2) 12+O( logz )

In light of the expression in (3.4), adding this result to the estimate in (3.5) and then

simplifying, the lemma now follows. O

We are now in position to prove Theorem [3.3.1]

Proof of Theorem |3.53.1. By Lemmas |3.2.2} [3.3.2] [3.3.3] [3.3.4], and [3.3.5] we have

zeor =23 3| -3 SR 2] - 2[5

= p<vT g<% P<VET q<VT p<a P<VE

=2 {x (loglog z)* + (2b — log 2) = loglog x

1 , T2 xloglog

- {x (loglog x)* 4+ 2 (b — log 2) x log log =

+<b_1og2>zx+o(w)}
log x

+ {xlog10g$+bm+0(lozx)}
_ {IZP:Z% +O(\/5)}

log 1
=z (loglogx)* + (2b + 1) vloglogz + Cx + O (%)
log x
where the constant
2
ey T N
C=0+b- sz.
p
This completes the proof of the theorem. O
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3.4 A refined estimate for the variance of w(n)

With this in mind, we have now calculated estimates of everything needed to find the

variance of w(n). Recalling the formula for the variance of a random variable is simply
Var (X) = B[(X — )7,

we now have all of the needed estimates.

Theorem 3.4.1. For x > 4,

Var (w(n)) = loglogz + b — Z Z (b{g(,i:ix)

Proof. First let us find a stronger estimate for the average of w(n) then we have previously

stated.

D0

X
Z +O<Zl>

Now using Lemmas [2.1.2| and [2.1.1| respectively on the terms above we have

x
ogx )

Zw(n) :xloglogx—l—xb—i-()(l

n<x
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The importance of this step is to ensure that we have an error term for our average of w(n)

that will not interfere with the error we found for the second moment. Thus,

n<x
2

1 1
=— (w(n)—loglogx—b+0< ))

x log =

n<x
_1 ()21211 toprof > w(n)
—xmmwn —| 2loglogz logz mmwn

2
1
+ | loglogx +b+ O
log
2
1 , 1
=—>» wn)*— | loglogz +b+ 0| ——
x log x

==Y w(n)?— (loglogz)* — 2bloglogx — b* + O(

n<zx

log log x
logz )’

1
Replacing — Z w(n)? with our result from Theorem [3.3.1{and combining terms we see that
x

n<zx

log log x)

2 1
Var (w(n)) = loglogx + b — o ZP:E +O( og 2

2
1

where T E —, proving the theorem. O
6 n?

n

This final approximation of the variance of w(n) aligns with what we would have expected
from the variance based on Turan’s Theorem. Ours is just a more precise statement of his

result.
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4 GRANVILLE AND SOUNDARARAJAN’S PROOF OF THE ERDOS-KAC
THEOREM

In this section we give a proof of the classical Erdés-Kac Theorem based on a
modern treatment by Granville and Soundararajan [5]. The proof of Granville and

Soundararajan proceeds by computing the moments of

w(n) — loglog x

Vvloglog x

for n < x. They showed that these moments match the moments of a random variable
with standard normal distribution. From this, the Erdos-Kac theorem follows since it
is known that the normal distribution is completely characterized by its moments |1}
Thm. 30.1]. The moments approach to proving the Erdés-Kac theorem was actually
first accomplished by Delange [2], but the proof of Granville and Soundararajan is
much simpler. It is also more powerful as it yields the k-th moment uniformly for
k < (loglog z)%. However in this thesis, we are content to establish the k-th moment
for any fized natural number k, which is strong enough to conlcude the Erdds-Kac
Theorem still. Although the paper by Granville and Soundararajan is beautiful, it
is rather terse. Our exposition provides more details to the arguments given in that
paper. We hope that this will be useful for those trying to learn the field. Below is

the main theorem of [5].
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Theorem 4.0.1 (Granville and Soundararajan). Let © > 3. For any fized natural number
I(k+1)

kolet Cp = — ")
TN

. For even k we have

(a) Z(w(n) —loglog z)* = Cyz(loglog 90)g (1 +0 (—W)) ;

n<x
and for odd k we have

1
Vioglogz'

INIES

(b) Z(w(n) — loglog #)* < z(log log x)

n<zx

Recall that for k£ even, the k-th moment of a standard normal variable is precisely Cy.
For k odd, the k-th moment of a standard normal variable is 0. Asymptotically speaking, our
results agree with this since (b) implies that the k-th moment of % decays similar
to (loglog )~ 2, as & — oo, when k is odd.
Define
1— % if pln
- if pin,
where the reasoning for this definition will be explained in Section Now we extend

this definition totally multiplicatively in the subscript. If » > 1 has prime factorization

r = ][,(g)* for distinct primes ¢; and «; > 1, then define

fT(n) = qi‘l q32q§3 (n)

= H (fqz' (n>)al

(4.1)

Theorem will arise from the following result. It will become apparent in the next section

why the moments given in Proposition can serve as a substitute for the moments of

Theorem [4.0.1]
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Proposition 4.0.2. Let x,z > 3. For fixed even natural numbers k,

(&) <Z fp(”)> = Cha(loglog 2)2 (1 + O(@)) +O(n(2)")

n<zx \p<z

while, for fixed odd numbers k, we have

™)) (Z fp(n)> < z(loglog z)gm +m(2)".

n<lz \p<z

Here w(z) denotes the number of primes less than or equal to z.

4.1 Main idea of Granville and Soundararajan’s result

A natural question to ask is, why do we want to work with the moments of Proposition
in the first place? Let us address this first before moving on. If we think of a prime
p dividing n with probability % independently of other primes, then we have E(f,) = 0.
Thus Zp <. Jp(n) is a sum of independent random variables of mean 0. By the central limit
theorem we would then expect this sum to tend towards a normal distribution, which is
what we want. Of course, this is only a model, for f,(n) is not really a random variable.
But the independence idea described above can actually be realized on average over n, up
to an “error term”. If one has faith in this model and goes ahead with all the number
theoretic calculations, then one would hope that everything will work out “in the wash” and

the normal distribution will arise asymptotically. This is exactly what happens.

4.2 Deducing Theorem |4.0.1| from Proposition [4.0.2

In this section, we assume Proposition [£.0.2 and deduce Theorem from it. We
now begin building up to this. The following lemma motivates why the moments given in

Proposition [4.0.2] can serve as a substitute for the moments of Theorem [4.0.1

Lemma 4.2.1. For z = % and n < x, we have
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w(n) —loglogz = Z fp(n) +O(1).

p<z

Proof. We have

w(n) —loglogx = Z 1 —loglogx

pln
—Zl—FZl—loglogx

pln

p>z p<z

by separating the primes, p, p > z where and p < z. Furthermore, we can rewrite this as

Zl+Zl—loglogx-Zl+Zl+ Z——Z — loglogx

pln pln pln pln p|n
p>z p<z p>z p<z p<z p<z
1
= E 1+ 1—— — —loglog x.
p
pln pln pln
p>z p<z p<z

Now the sum Z — can be extended to all p < z as long as we subtract away the sum Z -
p
pln pfn

p<z p<z
Thus, the above expression is as follows

21+Z(1——) Z(—%) +Z(})) — loglog z.

pln pin p<z
P>z p<z p<z

Looking at our second and third summation above, we see this is exactly > _. f,(n). This

gives us

w(n)—loglogx:pr —1—21—1— Z(p) log log

p<z pln p<z
p>z
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Hence, by Lemma we have on the right-hand side

> )+ 14+ 0(1).

p<z pln
p>z

The second sum is bounded (in terms of k, which is fixed) since an integer n < x cannot

have more than £k prime divisors larger than z = z%. Thus

Z1<< 1.

pln
p>z

So we have

w(n) —loglogz = Z fp(n) +0O(1),

p<z

proving the lemma. ]
We now state and prove an extension of the prior lemma.

Lemma 4.2.2. We have

L

Jdnax > fn)
p<z

(w(n) —loglogz)* = (Z fp(n)> +0

p<z

Proof. From Lemma we have

(w(n) —loglogz)* = (Z fp(n) + O(l)) .

p<z

Here we can apply the Binomial Expansion Theorem to get

£[6) (S 0) our ]

_ () (Z fp(n)>g0(1)”] ,

-(}) (Z fp(n)) k+ Z >

p<z 4=
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where the last line simply comes from writing out the ¢ = k term of the summation. Thus,

we have

oJnax fp(n)
p<z

(w(n) —loglogz)* = (Z fp(n)) +0

p<z

as stated. O

The previous lemma suggests where the main term and error term of our moments

of ), <.(w(n) —loglogz) will arise from. So let us first treat the error term we found in

Lemma 4.2.2

Lemma 4.2.3. We have

l

O oi??;ilp;fpm)

=0 (x(log log z)k21) .

Proof. Let ¢ <k — 1.
Case 1 (Assume { is even):

Clearly

pr(n)

p<z

)-o(S(zmn))

—0 (:U(log log ) + W(ZV)

g: (Z fp(n)>€-

p<z

Therefore, it follows directly that

o2

n<x

pr(n)

p<z

by applying part (a) of Proposition 4.0.2 We now make a quick note that

n(2)! = (Zl)gg (Zl)k: S| <o) =e

p<z n<z
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Hence,

pr(n>

O(Z

n<x

) _ O(x(loglog z)§> = O(m(loglog 2)%)

since ¥ < k — 1.
Case 2 (Assume / is odd):
Now when / is odd,

14

pr(n)

p<z

pr(n)

p<z

pr(n)

p<z

; (;zfp(m)f1)%(<p;fp<n>)“l)é

since { — 1, £/ + 1 are even. For the sake of being concise, let’s define

o= ((Z fp<n>>“)é
B = ((Z ﬁ;(n))M) ;-

Therefore, for an odd natural number ¢, we’ve shown

and

¢
:Zaﬂ.

n<x

D

n<x

pr(n)

p<z

This allows us to use the Cauchy-Schwarz lemma. We have

>

n<x

< Zoﬂ 262

n<x n<x

(£(E0) ) (s(zm0) )
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where the last line simply comes from using our definitions of o and 3. This rewrite of our

¢
> p<s fp(n)‘ proves crucial as both £ —1, ¢+ 1 are clearly even, allowing

original sum ) __

us to apply part (a) of Proposition to both of these sums. Hence, it is now easy to see

)
((z(z) ) (s(ze) )

:O((\/ (loglog 2)5* + 7(2)t- ><\/ (loglog z) = + (2 )“1)),

using part (a) of Proposition [4.0.2] Simplifying the last expression, we are left with

that

pr(n)

p<z

oz

<

O (x(log log z)g) =0 (x(log log Z)kgl) ,

since ¥ < k — 1. O]
We now have all the tools necessary to prove Theorem [4.0.1| using Proposition 4.0.2]

Proof of Theorem[{.0.1], assuming Proposition[{.0.2 Similar to the prior lemma, we will

prove this theorem in two cases.

Case 1 (Assume k is even): By lemmas 4.2.2{ and [4.2.3|

(w(n) — loglog z)* Z(pr ) +O(x(loglogz)%>.

n<x \p<z
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Since we are assuming that & is even, then we can apply part (a) of Proposition to the

right-hand side giving us

Crx(loglog z)g <1 + O( )) +O(n(2)F) + O(:c(log log z)%)

log log =z

1
- ckxaoglogzﬁ(lw(m))'

Recall that z = x%. After making this substitution for z we quickly see that

k
1\ 2 1
(w(n) —loglogz)* = C; (log log xﬁ> 140 ——
\/loglogm%
1
= Cy(logloga —logk)? |1+ O .
loglogz ~ log ){ i <\/loglogfc—logk)}

Keeping in mind that k is fixed, we have

1 z 1
Cy.(loglog )% |1 + O 140 ———
(loglog 7) [ - (loglogx)] { " (x/loglogw)}

1 1
— Cy(loglogz): |1+ 0 —— )| 1+ O ——n
k(loglog 7) { " (10g10g:v)H - (\/loglogxﬂ

k 1
= Ck(logl 214+ 0 ——=) |-
(log log ) ( * (\/loglogas))

Hence, the theorem holds in Case 1.

Case 2 (Assume k is odd): Once again from lemmas [4.2.2| and |4.2.3) we start with

(w(n) — loglog z)* = Z (Z fp(n)> + O(x(log log z)%)

nlz \p<z
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Because we are assuming that k is odd, this time we apply part (b) of Proposition to
the right-hand side to get

n<lz \p<lz

1

(5 ol

< x(loglog ) +7(2)* + z(loglog 2) "= .

We again make the same substitution for z as we did in the previous case. Therefore, the
expression above is

1
Vioglogx — log k

ISIES

< z(loglogx — log k)

N

< z(loglog x)

1 2 1
1
( +loglogﬂn) (Vlogloga:)
(4 i) (s
log log loglog x
1
(\/loglog:v)'

[STES

< z(loglog x)

[STES

< z(loglog x)

Hence, we have proved that Proposition |4.0.2| implies Theorem [4.0.1} O

4.3 Proof of Proposition |4.0.2

By definition after expanding out the left-hand side,

Z(prm))k: 3 (prl el ) (4.2)

n<z \p<z D1y PE<z \N<Z

For r > 1 with a prime factorization of r := [[}_, ¢;" for distinct primes ¢; and «o; > 1, let us

denote the square-free part of r by R. Thus R :=[[;_, ¢;. This leads us to our next lemma.
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Lemma 4.3.1. We have

Y hm)=>"fld) > 1.

n<x d|R n<x
d=(n,R)

Proof. Since R is a square-free product of unique primes then if d = (n, R), then d is also
product of square-free, unique primes. These primes are shared by R and n; hence, they are

shared by r and n as well. Furthermore, for n = [, pfj and r = []_, ¢i", we have
fr(n) = 1] fa(n)
- Hf% (pr) :
i J
Note ¢; | p® if and only if ¢; | p. So our right-hand side can be rewritten as
H fqi (H pj) :

i J

Furthermore, ¢; | [] D if and only if ¢; = p; for some j, which leads us to

.mm=U@<Hin
=Hm@amfi
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Thus,

n<x n<r d|R
d=(n,R)
= 2 25
n<z d|R
d=(n,R)
S Y
dIR n<z
d=(n,R)
as stated. O

Here Lemma proves to be important as it can be used to build a “delta” function
to pick out the integer n = 1. Let ¢(n) denote the Euler totient function (which counts the
number of integers in the closed interval [1,n| which are coprime to n) and let 7(n) denote

the divisor function (which counts the number of positive divisors of n). We want to work

towards
Lemma 4.3.2.
> fr(n) = 2G(r) + O(1)
for
G =+ 3 Fde(%)
d|R

First let us start with a simpler version of Lemma [4.3.2]

Lemma 4.3.3.

Zfr(n) =zG(r)+ O Zfr(d>7-(%)

n<z d|R

Proof. From Lemma [4.3.1] we have

Y hm)=>"fld) > 1.

n<x d|R n<x
d=(n,R)
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We begin by analyzing the inner sum on the right-hand side. For d|R, we have

1= > L

n<lx n<lx
d=(n,R) dln

(5.8)=1

Now we use the Mobius function to express the condition (%, %) = 1. We have that the sum

above equals

which after exchanging the order of summation is

Soue) Y 1= ule)| = +00)]

e\ﬁ n<zr R
d ed|n elq
u(e)R x
= HORT L 6§
e\% €|%

Now recall a basic identity for the Euler totient function (which follows immediately by

multiplicativity and the value of ¢ at the prime powers):

o) =n] | (1 - %) =Y uld)=.

pln din

Using this identity, we finally get

S =Y IR o5

n<x

R R
d=(n,R) elq el
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where our error term comes from using Lemma [2.1.3] and our right-hand side is

)

Inserting back this expression for the inner sum, we get

al

— ()L 1 0((

Yofn)=> £ > 1

n<z d|R n<lz
d=(n,R)

= =2 L@e(5) + 0| Y f@r(5)

d|R d|R

&I:u

dR
as claimed.

To get Lemma [4.3.2] we look at the error from Lemma [4.3.3

Lemma 4.3.4. We have

O D_fd)r

dR

&I:o

— O(1).

Proof. First we will show that

> fld)r(E)

dR

is multiplicative in R. Precisely, we will show that

S () = [] | futar(2)

d|R i=1 [dilai

by working in reverse and using that 7(n) is multiplicative in n and f,.(n) is multiplicative

as well by definition. Multiplying together the values of 7 using multiplicativity, we get that
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the right-hand side above equals

LI samtar ()] =7 | { X fum ) | - [ D fune (@)

=1 d'L|qz d1|Q1 ds|Qs

R

E E :(quﬂz )
dilq1
dS"qs

f E

- H% d
dR

proving that we have multiplicativity. Furthermore, for ¢ prime, we have d | ¢ if and only if

d=1ord=gq, and 7(q) = 2. Thus, we see that

Y fed)r(%)

dlg;

Using this we have,

which proves our lemma.

We are now able to prove Lemma [4.3.2]
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Proof of Lemmal[{.3.9. By lemmas [£.3.1] [4.3.3] and [£.3.4] we have that

S hm)=> fd) > 1

n<z d|R n<lz
d=(n,R)

=2G(r) + O ) f(d)7(%)

dR

— 2G(r) + O(1)

as stated. O
Let’s now make an observation about G(r).

Lemma 4.3.5. We have

-T2+ (-]

q“|lr

Proof. We begin this proof similarly to Lemma by first showing that G(r) is multi-
plicative. Define d := dyds - - - d,. Then

S

H (G(anz)) = G(Q?I)G(qg‘Q) - G(Q;:vs)

i=1

= |23 f ()

1
q dilq1

= > fa (ds)so(fi—j)

qs dSle
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Noting that ¢(n) is multiplicative then we have

S s | [ S sgeto) | - [ 3 st
dilq1 da|q2 ds|gs
—Zh@ F@
d1|q1 =1
dsz|q\s

Using the multiplicativity of f.(n), we get that the above expression is

_Zfl_[q E

dR

:G(ﬁqgi).

Thus G(r) is multiplicative. Furthermore, at prime powers we have

Now evaluating ¢(¢;) = ¢; — 1, the above expression is

1 1\ 1 1\
) e
qi q; qi qi
1 1\ 1 1\
—1-— +{1—— - — .
qi q; qi q;
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With this we see that

- (-]

giving us the wanted result. O]

Keeping this lemma in mind, we see a crucial property of G(r) given in the next
lemma. We say that r is square-full if every prime divisor of r occurs with exponent at least

two. That is, q|r = ¢?|r for all primes gq.
Lemma 4.3.6. If r is not square-full, then G(r) = 0.
Proof. We have seen that
1 1\ 1 1\
ary=TT[1(1-2 +(1__)(__> |
oI D)

If r is not square-full, then it has a prime factor ¢ with corresponding exponent a = 1. Now

it remains to observe that

Now we are ready to use our tools. We return to (4.2]), where we saw

) (Z fp(n)) -~ > <Z oo (n)) .

n<e \p<z P1ye-PkSZ \NST
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To this we can apply Lemma and Lemma to get that the above k-th moment

equals

> (2G(pr---pe) +0(1))

D1y Pk <2

= > IG@y~pQ+O< > 1)

D1y P <% D1, PE<Z
Pp1---pi square-full

= Y 2O+ Om(9"). (4.3

p17“‘)kaZ
p1---PE square-full

From here forward, we will begin referencing the first term above as the “main term.” Let
q1 < - -+ < gs be the distinct primes of the square-full number p; - - - pg in the argument of the
main term. Note that the exponents of each prime ¢; must satisfy a; > 2, by the square-full

assumption. This implies that s < g So we may rewrite our main term as follows

> > > ;;ﬁi§;;;5<?(Q?l---q?S) (4.4)

SS% 1 <-<qs<z ap-os>2

2=k

where al,k—'a, comes from the number of ways to divide k different objects into s groups of
sizes aq, ..., Q.
We now want to find those values in our summation that make the largest contribution

to the overall value. Our strategy for this is to first calculate the value of the term when

s = g (which occurs only when k is even) and then approximate the value for those terms
where s < g We denote the former by M & and the total of the rest of the terms by M_ ke

Thus (4.4) equals Mg + M<§
Lemma 4.3.7. When k is even, we have

23 (5)1

[ME

M = (loglog z 4+ O(1)) 2.
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Proof. Recall that M 5 is the term of (4.4) with s = % In this term we have a; = 2 for all

7. Thus .
kl 1 1
> | (-5)

(3)!
277 g1, G j2<2
q; distinct

many «,s, which can be ordered %! times. Let us first work towards finding

since there are %
an upper bound. By ignoring the distinctness condition of the ¢/s we see that our sum is

bounded from above by

k
2

k! 1 1 k! 1

25 (L)) ZE( ) 2k (k) Z:E_ P
p<z = =

The first sum on the right-hand side is loglog z + O(1) by Lemma [2.1.2] Also

Z(;)Q < i% <1.
p<z n=1

Hence, we have an upper bound for M k of

k
2

i (loglogz+ O(1))®.

ME

k
22 (%)
Now onto finding a lower bound. Clearly,
g
1 1 1 1 1 1
S) YRR SEYCEN IS SEY (RN BT
-4 4q; q1 q1 qr gk
q1se-5qp /252 | i=1 <z qr<z 2 2
q; distinct
,q1. From here we want to find a lower bound for the last sum

for qx distinct from Qs 1,
of (4.5) and then recursively apply that bound for each sum in the product. The term

gk
2
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is the smallest it can possibly be when ¢ is the largest prime possible. Now ¢x can take on
2 2
any prime value ezcept the ones already taken up by ¢i,...,qr_; since the sum over gz is
2 2

1

innermost and there is a distinctness requirement. Thus the smallest values of i (1 — E)
2 2

will arise when qq, ... Y have taken up the smallest prime values available, leaving only

larger prime values for qx to take on. Let m, be the nth smallest prime. By this logic, we

have

Applying Lemma to the first term gives
loglog z + O(1) — (loglog T + O(1)) = loglog z + O(1),

since T < k and k is fixed. Furthermore,

2 00
3 (qi) 3Lt
2 n=1

T <qr <z
3739

as already observed. Thus, when combined we see that

1 1
E —(1——) > loglog z 4+ O(1).
gk gk

Tp<qp<z 2
573

Repeating this process for all of the sums given in the product (4.5)) gives the lower bound

k!

21 (5)

NES

(loglog z + O(1))

[NIES

48



Thus, our lower and upper bounds are equal (asymptotically) so, when k is even, M s is

o D Hq( ——.)

qi
qi,--dk/2 =1
q; distinct

k!
= o (%)' (log log z + O(l))

Ek
22

N

as stated. O

Now we move to the last step needed to prove Granville and Soundararajan’s beautiful

theorem: that is to approximateM_ k. For this last part of the proof we will be utilizing

some elementary combinatorics.

Lemma 4.3.8. We have

M_x <<max<log10gz) .

<2 s<k

Proof. Let us begin with the simple observation that

0<G(gy"---¢5°) <

Qs

2

Z Z P Glar" - ¢c*)

Therefore, from 1) we have that M_x is bounded above by

s<7 Q<<qs<z Q1as>2
jai=k
= k! G(g® - q™) 1
- : ql qs —‘ |
041' P 048'
k >
<3 q1<-<qs<z o>
e Zl o=k
k! (T 3 .
= J— G qOL .
s! Oél! ce Oés!
£ < > aq s >2
< q=z q-||r 1 sZ
s<g [ L o

A word of explanation for the last line: since we are no longer forcing the primes ¢; in

ascending order we have to divide by s!. Now by noting our prior observation and the fact
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that we have a product of s terms we see that

SZGHQQ Zﬁ

s<k q<z q®|lr a1~~~asZkZ
i =
S

k! 1 1
< E — E - E _ (4.6)

s! q ol ... ay!

s<§ q<z Q1,5 >2
i =

The number of ways that k can be written as oy + - -+ + a, for a; > 2 is the same as the

number of partitions of £ — s into s positive natural numbers. This is because
k=a1+-4as <= k—s=(—1)+-+ (as — 1).

Now by the famous combinatorics “stars and bars” problem, which tells us that the number

k—s—1

1 ) It is also simple to see that

of such partitions of £ — s into s natural numbers is (
1
<

1
ap o 287

as «; > 2 by the square-full condition. Hence, by using Lemma we have that (4.6 is

kKl (k—s—1 y
< log1 1
< gksms( .1 )<0g0g2+0( )),
S<§

which gives the bound we wanted, since k£ is fixed. O

bounded above by

We are now able to prove Proposition [4.0.2]
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Proof of Proposition[{.0.9. Recall that from (4.3) and (4.4]) we have

z(zfpm)) LS aGlnen) 4 O

n<x \p<z D1y--sPE <%
p1---prsquare-full

=D > Y G+ 0())

s<k <-<qs<z Qros>2
D=k

where we have been referring to the summation on the right-hand side as the main term.
From Lemma we see that when k is even the largest part of the main term is when

s = g, which contributes a value of

k!

IVES

T3
2

= 2C(loglog z) % +0
log log z

= 2C(loglog ,z)% ( +0

: (loglog z + O(1))

INIES
~—

Now let us define

T
[\

if k is even

M|

T
L

iof kis odd

l°|

where ¢ is the greatest integer strictly less than % Then by Lemma m the remaining

parts of the main term, that is M_x, only contribute a value
2

O(z(loglog 2)").
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It is crucial for us to note that

1
xC(loglog z)g (1 +0 (log logz)>

> z(loglog 2)".

Thus, all of the terms where s < g are “inconsequential” with respect to magnitude when
compared to the largest term, M k arising from s = g, which once again only happens when
k is even.

Putting everything together, we get for £ is even:

Z (Z fp(n)> — 2C(loglog 2)2 (1 + O(log 11ng)>

n<z \p<z

+O(z(loglog 2)°) + O(m(2)")

= 2C}(log log z)g 1+0 !
log log 2

k=2

+ O(x(log log Z)T> +0(n(2)")

:xC’k(loglogz)§<1+O( ! )>+O(W(Z)’“),

log log 2z

and when k is odd

Z (Z fp(n>> < <10g log z)% + 7T(Z)k

nlz \p<lz

MES

< z(loglog 2) (),

1
Vloglog z *

proving Proposition [4.0.2
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