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The paper analyzes unobserved-components modeling and 

6E'timation foI' the simplest ARlMA process that accepts a full 

decomposition int.o lrend, seasonal and irregular components. This 

prGtotypical model exemplifies many features of and issues arising 

in model- based seasonal ustme:nt that are lesE: transparent in more 

complf'x s¡:)asonal time serH"S models. In part~icular the analysis 

illuminates t,he or: issues the specification of the 

m_ode1.s andthe identif -Í-eatic!l DÍ a SLructure for 

theF1. In so , th.B r.elationship between :t'l2!duced-- aud stt'l.lctural--

form app'.:'oaches to unoDserved eomponents estimation 18 illustrated 

vIi thin an ItHIHA- mc>del framework the properties of the 

minimu1.H mean- squared--er¡:<or estimalors ní' th,,; unobserved e.omponents 

are examinad and the two ruaín types of estimation error, revisions 

in lhe preliminary estimator and error in lhe final estimator, are 

Tinle sf~ries; ARIl{/L rnodels; Unobserved",· c.ol1tponents rnode.ls; 

Model-based sessaDal adjustment; S extraction; Trend estimation 
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1, IN'I'RODUGTION 

Model--based seasanal adjustment has been increasingly 

developed ove:: the past several years, primarily as an al ternati ve 

Lo the Census X-·ll metnod (Shiskin, Young. and Musgrave 1967) or its 

ARlMA variant (Dagum 1(75), which nave been by far the most common 

far producing published seasonally adjusted series. A 

in\folve.d 8.n observ(?d seasonal 

series as the sum of unobS8rved components generated ARlMA mod~üs, 

ane oí whieh is the seasonat c.omponent; see, e.g , Bell and Hillmer 

1984), Box, Hillmer, and '1'1.>;),0 (978), Burm:m (1980), Hillmer and 

Tiao 

~hen the ectimatLon s 1 extrac.tion) 2.lId remo val of this 
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s the ~pecif~eation Qt tne madel for the sessanal 

In many the use of 

unot: s8r'vec- ARIH!L rnodels], smbod::.ment pf such a 

ean be 

and lhe decJsicns rec;uired 'tlit..hin the e:'H1text of a 

s le model, 

fol' obStr.~",¡a'ble 

1'(1,0 de 1 is 

can thün serve 

seri.e.s in t€llD.S oi: 

a prot.otype for more 

lest possibl 

i tiüfl int.o tr'end j 

t.'h~ model 
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This 

foe semiannua1 d.ata (ir other periodic data cr 
and t he 
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component-model specif ications which embody our usual concepts of 

seasonality and trend. However, there are an infinite number of such 

specifications consistent with the assumed model for x t ' and 

Section 3 characterizes the class of all admissible decompositions. 

section 4 then focuses on one of these, the "canonical" decomposition, 

discusses some of its most relevant próperties and presents a 

structural interpretation of the decomposition. In section 5 the 

decomposition problem is analysed in the frequency domain. 

Having solved the identification/specification problem, 

section 6 considers estimation of the unobserved components, and 

discusses properties of the derived estimators. The last section 

analyzes the two implied types of estimation error: revision error 

contained in the preliminary estimator and error still present in 

the final estimator. 

2. THE MODEL 

Numerous recent applications of signal extraction consist 

of two-component decompositions such as into signal plus noise, or 

into seasonal plus nonseasonal. However, frequently there are 

reasons for desiring a separation of Lhe nonseasonal component into 

trend and irregular components as well. Purposes given for seasonal 

adjustment are typically that seasonality is extraneous to and 

interferes with what we want to observe in a series, so that its 

removal facilitates interpretation of the remainder of the series. 

But then, insofar as the irregular component may also be extraneous, 

its removal should still further aid in these goals, as the remaining 

component (the teend) would then represent the long-term evolution 

of the series, which is presumably of greater interest.The estimation 

of trend has in fact been reconwended for years as an alternative or 

adjunct to seasonal adjustment, a few of the more recent examples 
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being Moore et. al. (1981), Kenny and Durbin (1981), Box, Pierce and 

Newbold (1986), Maravall and Pierce (1986). 

It should be noted that not always is a separation into 

additive components desired or desirable; for sorne applications (an 

obvious example is forecasting) the overall model's relatively 

simple forro and interpretation may suffice. We are addressing 

si tuations where a separation into components is useful (such as, 

for example, whenever seasonal adjustment is desired.) Thus we focus 

our attention on the three-component model 

(2.1) 

where Pt' St' and u t are respectively the unobserved trend, 

seasonal and irregular components of the observable series x t ' at 

time t. 

For x t ' we require a seasonal" ARlMA model which admits a 

decomposition such that the components themselves have ARlMA-model 

specifications and moreover reflect the essential properties 

ordinarily associated with them, namely, "periodicity" for the 

seasonal and low frequency dominance for the trend. We consider the 

simplest model to do so, given by 

(2.2) 

2 
where V2 = 1-B = (l-B)(l+B), and where a t is white noise. 

It is illuminating to examine the frequency~domain behavior 

of this series. The model (2.2) is nonstationary so that the 

spectrum of x t is not defined. However it is customary to define 

the "pseudospectrum" of this series by 
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(2.3) 

2(1-c.os 2w) 

for 
.2 

¡z I zz foI' a complex numeer z with conjugate z. 
This spectrum is graphed in Figure 1 where it is seen to be symme.tric 

about w = ff/2. The 101.\1- frequency behavior can be associated with 

trend, aud the frequencies naar 11 ~'fith seascnal behavior (11' is 

the single seasanal frequency, corresponding to a sessanal cycla of 

period 2.) 

Sine€:: (i) the autoric'gressiv8 polY1Hmlial in lhe model for 

(1+B) (1- B) , and i i) th.e for w = O and w = • are 

associated wilh the I'oots B = 1 snd B = -1 of \J t 2' !:"Bspec 

from thE: addit_ive re1a1:ion (;? .1) it fol1ows thaL acceptablü cce.nd 

and seasonal 

and 

where 

po 

b r. and 

obtained that 

¡3(B) 

y(B) 

l+B 

are noise and !3(B) 

Doth sides of (2.1) 

(l+B) f:S(B)b + (1-E) y(B)c, + 'V 2 u~. . t t ~ 

í 2.4) 

and y(B) 

V il: is 
2' 

(2.6) 

sinee the lag-b'ifo autocot'relation of the r. h. s. of (2.6) has to be 

equal to zero, reasonable models fo!:' the components are of the form 

(2.7) 
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(l+B) St (l-yB)C t (2.8) 

white noise (2.9) 

where, in order to avoid model multiplicity (see Box and Jenkins, 

1970, p. 195-200), we assume 

1f31~1 , 1Y1~1 . (2.10) 

Recapitulating, in this model the seasonality is of period 

2, appropriate for semi--annual data. The trend Pt is an integrated 

process, reduced to stationarity by the ordinary difference operator; 

and the seasonal component St is summed to atta in stationarity. 

These specifications are consistent with those of several recently 

developed model-based seasonal adjustment procedures, including 

Burman (1980), Hillmer and Tiao (1982) and Bell and Hillmer (1984). 

We note that the same component specifications as (2.7) 

through (2.9) (though wi th different parameter values) are 

consistent with a slightly more general IHA (2,2) model for x t ' 

(2.11) 

which reduces to (2.2) by taking el = e2 = o. Another point is that 

the irregular component u t is required to be white noise. This is 

not always imposed, though two of the procedures where u t is 

allowed to be serially correlated (Burman 1980, Hillmer-Tiao 1982) 

do produce a white noise irregular for this example. In general, 

having specified the seasonal component, one can define the trend to 

ha ve certain properties and the irregular as the residual, which 

could then be autocorrelated; or alternatively one could specify the 

irregular as white noise and the trend as the residual, which could 

then exhibit features in addition to the smooth, low--frequency 

behavior ordinarily associated with this component. Our prototypical 
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model is sufficiently well behaved that such a choice is not 

necessary. 

3. AUTOCOVARIANCE EQUATIONS AND ADMISSIBLE DECOMPOSITIONS 

Given the difference/summation specifications for Pt and 

St and the white noise u t ' the models (2.7)-(2.9) are the most 

general first-order component models which imply the overall model 

(2.2) for x t . As we shall see in this section, they are in fact 

too general, as an infinite number of models (2.7)-(2.9) are 

compatible with (2.2) , and the components and are 

thus unidentified. 

Given xt Pt + St + u t ' if we multiply through by 

(l-B) (1+B) and use the model specification (2.7) through (2.9), we 

obtain 

a t (l-B) (l+B)Xt 

The system of equations used to determine relationships 

among the parameters is obtained by equating autocovariances on the 

left and right sides of (3.1). In particular, for k = O, 1, 2 we 

have: 

2 
(1 /2 

a 
(3.2) 

(3.3) 
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o 

Adding the first and third equations, 

2 
CJ /2 

a 
2 

o 
e 

(3.4) 

(3.5) 

suggests expressing and which together wi th the second 

02 as functions of ~ and y. 
e 

Adding and then substracting 

(3.3) and (3.5), it is obtained that 

2 
o 

a 2 
o 

e 

2 
o 

a 
2 

4(1+y) 

and, after substitution into (3.4), that 

(3.6) 

(3.7) 

Equations (3.6) and (3.7) show the dependence of the 

component- model innovation variances on the moving average 

parameters (3 and y, so that the specification of values for ~ 

and y suffices to determine (identify) the system. However, in 

addi tion to (2.10) these parameters must satisfy the restriction 

. 2 2 2 b . . (3 that the var1ances 0b' o , and o e nonnegat1ve. Equat10n .6) 
2 2 e u 2 

ensures that 0b~O, 0c~O; is the nonnegativity of 0u that is at 

issue, which from (3.7) is equivalent to the constraint 

(3.8) 

l<'igure 2 shows the graph of the region (not shaded) where 

the constraints (3.8) and (2.10) are satisfied. All points «(3,y) 

in this region (and only those points) correspond to an admissible 

decomposition of x t in (2.2) into components Pt' 

as given by (2.7) through (2.9). In the next section, 

and 

shall be 
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interested in the decomposition which corresponds to the upper left 

corner of the graph. 

4. lDENTU'ICATlON AND THE CANONICAL DECOMPOSITlON 

The identification of the seasonal, trend and irregular 

components of xt in (2.2) is tantamount to the selection of a 

point in the space of admissible ([j,y) values given in Figure 2. 

Several approaches to the resolution of this problem are possible. 

One often employed is to restrict the order of the MA polynomials, 

which in our cases means setting r:s y o in ( 2 . 7) and (2 . 8) 

(see Maravall, 1985). More generally, specifying in advance the 

model forms for Pt and St and a sufficient number of parameter 

values is what the "structural" approach would entail (see, for 

example, EngIe, 1978, or Harvey and Todd, 1983.) 

The identification problem encountered here is similar to 

the one that appears in standard econometric models. The model for 

the observed series is the reduced form, while the models for the 

components represent the associated structural formo For a 

particular reduced form, there are an infinite number of structures 

from which it can be generated. In order to select one, additional 

information has to be incorporated. The traditional approach in 

econometrics has been to set a priori some parameters in the 

structural model equal to zero (see Fisher, 1966). These zero­

parameter restrictions reflect a priori economic theory infor~mation, 

for example that some variables that affect demand of a commodity do 

not affect supply and vice versa. 

In the case of our unobserved-components model, such a 

priori information is not available. We follow instead an alternative 

approach, originally suggested by Box, Hillmer and Tiao (1978) and 
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Pierce (1978). The additional infonnation will be the requirement 

that separable white noise should not be a part of either the trend 

or the seasonal, and should instead be regarded as irregular; thus 

the irregular-component variance is maximized and the resulting 

decomposition has been tenned "canonical" by Hillmer and Tiao 

(1982). We now show that in the present example maximizing the 

variance of the irregular component u t results in detennining 

unique values for both 13 and y and thus identifies the system 

(2.7) through (2.9). 

By differentiation of (3.7) it is seen that the maximum of 
2 

es occurs 
u 

minimize 

at 13 = -1, Y = +1, values 

es~ and es~, the variances 

which, in view of (3.6), also 

of the trend and seasonal 

innovations.Thus in the canonical decomposition of a series generated 

by (2.2) into Pt+St+Ut' the models (2.7) and (2.8) for the trend and 

seasonal components are given by 

(l-B)Pt (4.1) 

and 

(1+B)St = (1-B)Ct (4.2) 

where moreover from (3.6) and (3.7) the innovation variances are 

seen to satisfy 

2 
es 

c 
2 2 

es /16, es 
a u 

(4.3) 

Let hez) denote a spectrum (or pseudospectrum) g(w) as a 

function of z cos w. An important property of the canonical 

*­
rf St represents any admissible seasonal model is the following. 

component, and s t denotes the canonical one, the spectra of the 

two are given by 

h (z) 
s 

1+l-2YZ] 
1+z ' 



where 

h (z) 
s 

hence 

*-
h (z) 

s 

use has 
*-

= h (z) 
s 

the two 
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2 - \ 

~¡~(, 
16 l+z..l 

been made of (3.6) . l'hen, it i5 easily seen that 
2 2 

+ k , where k = (l-y) 116(l+y) is a constant, and 
o o 

spectra are parallel. Sinee a similar result holds for 

the trend, any admissible trend or seasonal component - of lhe type 

(2.7) or (2.8)- is equal to lhe canonical one plus orthogonal 

whitenoise. 

1'he manner in which maximizing the variance of the 

irregular identifies the component models is easily unde.rstood by 

considering the following. 1"0[' out' simple model (2.1) and (2.2), the 

spectra of the teend and seasonal components are decreasing and 

increasing functions, respeetively, of w. Hence thp. minimum ls 

obtained, in tl1:2; t-r.end case ll at w .![ and, in the se.asonal c.ase, 

at (Á] :;.: O o Sinc<-.:; for the canonical decofilposition t'hese miniutf! are 

zero, it follows 

and g (w) are the 
s 

implies thal B=-l 

that g (w'-"1r) = O and g (w=O) 0, where g (w) 
p s p 

trend and seasonal spectra. The first condition 

is a roaL oE the moving average. polynomial 

(1-13B) in lhs lcend model; and similarly, lhe second c.ondition 

implies lhal the B=l is a coot of lhe moving average PolY11omial 

(l--yB) in the seasonal modelo In te:cms oE (2,4) arad (2.5), lhese 

two restrictions are e.quivalent to !3<-1) y ( 1) ~ O, Oi:, in our 

model, to ths two linear constraints l+P = I-y = O. 

lt follows that identification i8 attained by, instead of 

setting coeff icients equal to zara, imposing 1 inear const.raints on 

them, reflec.ting lhe mínima of zara in ths trend sud seasonal 

component spectra. There ls thus a close relationship between the 

ARlMA-based decomposition aud lile structural approach. The 

requirement of nolse-free components can be easily incorporated into 

the latter, and equations (4.1) to (4.3) represent the structural 

fo~ associated with the reduced fo~ (2.2). 
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Since, as noted before, equations (2.7)-(2.9) are 

consistent with the more general reduced forro (2.11), equations 

(4.1) and (4.2) and a white-noise irregular will also represent the 

canonical components associated with the model (2.11). The three 

innovation variances, however, would not be given by (4.3) but 

would, instead, be functions of the parameters e and e . 
1 2 

5. THE DECOMPOSITION IN THE FREQUENCY DOMAIN 

The preceding sections have illustrated the decomposition 

of a time series into trend, seasonal and irregular components in 

the time domain. It is also of interest to examine this problem in 

the frequency domain, which we do with a development similar to 

Burroan (1980) . Since the components 

orthogonal, an admissible decomposition 

partition of the spectrum of x t into 

spectra, which we write as 

h (z) 
x 

h (z) + h (z) + h (z) 
p s u 

From (2.3), the l.h.s. of (5.1) is 

h (z) 
x 

1 
2 4(1-z ) 

1 

4 (l-z) (l+z) 

Pt' St and u t are 

is characterized by a 

three additive component 

(5.1) 

where, without 10ss 

(l-z) and (l+z) are 

2 
of generality, we set a 1. The factors 

a 
associated with the trend and seasonal roots 

(B=l and B=-l), respectively, of the AR polynomial in (2.2), and 

h (z) is constant. Thus an admissible decomposition can be 
u 

obtained from the identity 



4 (l-z) ( 1+z) 

- 18 ._--

n (z) 
__ .J2. __ + 

1.--2 

n (z) 
s __ .~_T_ 

1+2 
+ k 

where the three terms of 'che r. h, s . repre.sent the trencl, seasonal 

and irregular spectca, which are nonnegative. Fo1:" Izl$.1, 'che 

mínimum of h (2) 15 greater than zero; hence at least one oE the 
x 

thr-ee q1.lantities (k, mino h (z), mino h (z» will be positive. 
p s 

since a positive constant can be interchanged among 'che three 

component spectra without violating the admissibil constraints, 

it follows thatthe decompositlon given by (5.2) will Bot be unique: 

an infinite number of combinations of non-negative np(z), n (z) 
s 

and k mdst which sat (5.2L This 18 the frequency domain 

eqüivalent of che existence oi an infinite number of component 

models satisfying the system of covBriance equations (3.2)- 3.4). It 

implies, as before, that, t<¡ithout additional assumpl1.ons, the 

overall model dOBe not identify models for th",~ components. 

In arder to derive lhe canonical soluticn, the partial 

fraction f;;xpansio!1 of h (z) 
x 

an f~asy LO compute two-stage 

to obtain simply an admlssible decomposH.ion, we 

seek values a and b such thaL 

a 
1+z) 

(5.3) 

which are obb,1.Íned by that, from 5.3), a(l+z)+b(1-z).",l 30 

that B=b=1/2. Consequently, from (5.2) snd (5.3) 

nenee 

(z) 

h (z) 
p 

.. í 

-t-l 

1 
8 (1--2) 

+ _ . .l. __ ] . 
1+2 

Oh (z) 
s 

~"ith analogo1.:¡s component spectt'a 

h (z) 
u 

o ¡ 



2 
(J 

a 
8 (l-cos w) 

Sinee the two minima 

min g (w) 
p 

O<W<1f 

mio g (w) 
s 

g (1l') 
P 

g (O) 
:; 
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2 
(J /16 

a 

2 , 
d /16 

a 

2 
(J 

a 
8 (l+cos r.» 

(l • 

(5.4) 

are both strietly positive, the decomposition obtained in lhe first 

is not a canonical one. Thus in ths second stage lhs constants 

5.4) and (5.5) are substracted from ths trend and seasonal spectra, 

respeetively, and added to the irregular. Consequently, foe the 

ea:non ic.al 

anó 

*-
g (w) 

P 

>< 
g (w) 

s 

*-
g (w) 

u 

ition 

gp (¡,)) 

gs (w) 

2 
(1 

a 

-

--

8 " 

2 2 
(J .'3 

l+cos~ a __ 8_ 

16 
, 

16 l--cos w 
(5.6) 

2 
(J 

1-cos a w 
16 16 l+cos W 

(5. n 

(5.8) 

These spectea imply the same component 'fH'ocesses snd 

variances as previous1y derivad, given by (4.1) through (4,3). 

Notice that the fit'st stage of the procedur"e i8 equivalent to 

decreasing the arder of the moving averages in (2.7)-(2.8), snd 

hance the admissible de-cOffiposition obtained in the first stage 18 

the one that results f,-om identifying che component models by a 

priori setting B=y=O. 
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The graph of g (Ü) ) is 
x 

given in Figure. 1, whieh also 

shows the spectra of the three canonicai components. Figure :3 

illustraLes the t.wo stages ef Lhe decomposition 1"or the canoníaal 

components, the height of íS (0) 18 maximlzed, and the rninima of 
u 

g (w) and of g (w) are both zara. 
~p' s 

6. ES1'IMATION 

Tha foregoing has bef.'n concerned with specification oE the 

model forms assumed to genera te Lhe 

The components are unobservable 

series 

and, 

x and 
t 

having 

it.s components. 

resolved the 

ident iricat ion/specification probh;.m, we pr-oceed to obtain estimatüs 

of P t , St' sod u t given a realization of 

6.1. 

Consider an admissible deeomposiU.on, 

(2.7 to (2.9), sod let 

CB) 

~B) 

* (B) x 

(l-í3B) I (1- B) 

(1- r 13)/(1+13 

l/e 

by ions 

denote the polynomials in B ci the moving average repeesentation oE 

s 
t 

and Using ¡,I'ell-known resultE' (see Clevelar,d and 

Tiao t 1976 J oc Bell, lyB4) '1 t.he minin1um mean square.d error (I~SE) 

estimators oi the three 

\l (B)x 
p t 

are given by 

(6.2) 



u 
t 

v CB) 
s 
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(6 _ 3) 

(6.4) 

,·.'here the v-polynomials represent the two-sided symmetric. filters 

\1 (B) 
P 

whece the convention 

!h(Bl!2 = h(B)h F) 

v (B) 
s 

2 
C1 

c 
2 

(5 
a 

(605) 

,·1 
is en1ployed $ F' = B deriGting the fo't'ward s'hift. ·operator ~ 

eventual 

and, irora 

2 
(Ji 

a 

I (l+B) ( )' 12 
I 

component estímator, given by (6,3), 

(13) 

2 
d 
._~ 

2 
el 

a 

222 
where = ( la )(2+?y+~v' v = ....., . .w .• ;G" .1, S 1: 

d ~ .~ ') °2 2 1 '1 ,2 ano, rrom (..LO , (J /0 /4~ +y) . 
e a 

(:6+1") 

2 2 
~d /0 ){ 
~ b a" 

(6 1) anO. 

. 2 2 es +- F' ) 

similarly, fer the sessoDal 

"\ ~ ... 
L ¿. 

(a /6 )y, 
e él 

As i8 the case whenever the modal for the observed series 

18 a finite autoregression, the two filters are finite, depending in 
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this case on1y on va1ues x t _ 2 through x t +2 . Futherroore, they 

satisfy the conditions \) (1) \) (-1) = 1 and \) (-1) \) (1) = O. 
P s P s 

6.2 The mode1s for the estimators 

F'or the canonica1 decomposition, f3 = -1 and y = 1, so that 

\) = \) = 6/16, 
po so 

compact forro 

\) (B) 
P 

\) = -\) = 4/16, 
p1 s1 

_1_ 

16 

4 
11+BI ,\) (B) 

s 
-1-11_BI4 

16 

and 

(6.6) 

in 

In order to ana1yse the estimators, it will prove he1pfu1 

to obtain the mode1s that express the three components as functions 

of the innovations 

considering that 

atO Using (6.6) 
2 -1 

x t = (l-B) a t , 

in 

the 

(6.2)-(6.4), and then 

estimators of the 

components can be expressed as 

.1'\ 2 
(l-B) V P = (l+B)(l+F) a t /16 

t 
(6.7) 

'" 2 
(1+B) St (l-B)(l-F) a t /16 (6.8) 

A 

(1-F·2 )at /8 u = t 
(6.9) 

Comparing these three expressions with the mode1s for the 

components, given by (4.1)-(4.3), it is seen that the mode1 for the 

MMSE estimator of a component is different from the mode1 for the 

component itse1f (see Grether and Ner10ve (1970». There are some 

simi1arities: First, the same stationari ty-inducing transforroations 
. ~ ~ . 

are required; second, S1nce the mode1s for Pt and St conta1n the 

moving average factor (l+B) and (l-B), respective1y, estimation 

preserves the canonica1 properties of the trend and seasona1 

components. 
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lo'rom (6.7)-(6.9). the spectra of the three estimators are 

found to be 

2 3 
o (l+cosw) 1(64(1-cosw» 

a 

2 3 
o (l-cosw) 1(64(1+cosw» 

a 

2 2 
o (l-cos w)/16 

a 

and comparing them with the true-component spectra, given by (5.6)-

(5.8), it is found that, when O~W~1f, 

g* (w) > g (w); hence, in each of 
u u 

g* (w) > g (w), g* (w) > g (w), 
p - p s - s 

the three cases and for all 

trequencies, the spectrum of the estimator is smaller than that of 

the component. 

F·igure 4 compares the two spectra for the three components. 

The "distorsion" induced by MMSE estimation is seen to affect 

mostly, the spectrum of the irregular component, which shows dips 

for w = O and w = 1f. These dips reflect the fact that, in 

extracting the noise from the xt series, the MMSE ignores the 

frequencies dominated the trend and seasonal components (notice 

that, for w = O and w = 1f, the ratio of the irregular variance 

to that of the trend plus seasonal becomes zero). As a result, the 

spectrum of the irregular estimator displays a peak for w = 1f/2, 

which implies a periodic effect (in semiannual data associated with 

a two-year period.) 

lo'rom equations (6.7 )-(6.9), the autocovariance functions of 

the (stationary transformation of the) component estimators can also 

be computed. As shown in Table 1, MMSE estimation induces additional 

autocorrelation in the models for the three estimators. F·u rthermo re , 

the variances of the theoretical components are larger than those of 

their estimators, particularly concerning the irregular component. 



- 24-

Finally, the correlations between the estimators can be computed. It 

is seen that estimation preserves orthogonality of the trend and 

seasonal component estimators, although the two are correlated with 

the estimator of the irregular (p = -.316 in both cases). By 

comparing the properties of the empirical estimates with those 

implied by the models for the estimators, the model-based approach 

provides a natural way for evaluating the results of a particular 

application. 

7. ESTlMATION ERRORS 

7.1 Revisions 

The preceding has assumed that both future and past data 

are available, whereas this is not the case for the current time 

period, which is in practice often the most important application. 

Consider, for example, the trend estimator associated with an 

admissible decomposition, given by 

VpoXt + L v ,(Xt ' + x t ,) 
p1 -1 +1 

i=1,2 
(7.1) 

v-coefficients were given in Section 6.1. At time t, where the 

" Pt cannot be computed since Xt+1' and Xt+2 are not yet known. 
1"-0 

The MMSE "concurr-ent" estimator of Pt' denoted Pt' is the 

conditional expectation of Pt at time t. Since (for i>l) 

taking expectations in both sides of (7.1) yields 

(7.2) 
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A 
where xtCi)=E t x t +i denotes the origin-t lead-i forecast of x. 

Therefore, the coneurrent estimator is obtained by applying the 

two-sided fiIter 

Cleveland snd Tiao, 

v (B) 
P 

to a forecast augmented series (see 

1976). This eoneurrent estimator "JiU be revised 

in future periods, as foreeasts are either updated or replaced with 

new observations until the historieal or final estimator ean be 

computed. 

Substraeting (7.2) from (7.1) shows that the total revisien 

in lhe concurrent trend estimator is 

denoting the eorresponding forecast 

error,. Since (1) == a and 
. t+1 

(for this model) e (2) '" a , 
t t+2 

we have 

so that rpt is a first arder moving average. Using (3.6), 

whence 

1 

4 

2 
Cf __ a_ 
16 

(7.3) 

~-[1+ 4 
(1--[3 ) 

(7.4) 

. . .. . • Ií o . 
S~m11arly, the revlSlon In a coneurrent sessona1 esttmate s~ lS 

'-

2 
(J 

e 
2 

($ 

1 

4 

a 

l-at +1 + 2 
(1+y) 

y 
(7.5) 



with variance 

2 
o 

a 
16 

[1+ 
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2 
Y 

4 (l+y) 
(7.6) 

lt is of interest to examine the revision variances in 

terms of the chosen decomposition. In section 3 we derived the 

admissible space for the parameters !3 and y. On its boundary, 

where (3.8) holds as an equality, at !3 = -1, we llave 

y = -3+2V'2, and, at y = 1, !3 = 3-U2. Hence rol.' a11 

admissible decompositions (see lo'igure 2): 

-1 < !3 5. 3-2v'2 and -3 + 2V'2 S Y ~ 1 

Figure 5 shows the variances of the trend and seasonal 

revisions as functions of Lhe respective pacameters, !3 and y, 

over lheir admissible range. The f suggests, and equaticms 

(7.4) and ( .6) slww, that lh.!; revision variances are ma:Xlmized al 

the canonical·decompositian values, [3 "" -1, The 

occurrence of largar revisions may indicate a prica paid for 

choosing the canonical decomposilion (Le., a trade-off between siza 

oi lhe revisian and cleanness Df signal). 

For the canonical model tha revisian varianee is: 

2 
(j 

r 

2 
CI 

a 
16 ll+-~6-l (Ll) 

for silher lrend or seasaDal revisions, a value which is slightly 

aboye the innovation varianee of lhe trend or seasanal models (see 

(4,3», and wel.l below lhe one step-ahead forecast error variance 
2 

CI 
a 

Also" froIn ( 7.3) aud (7.5) lhe correlation between r 
pt 

and r 15 seen to be (-15/17) , so that joint canfidenee 
st 

interval.s, based on these revisions, can be built around the 

concurrent eslimales of the trend and seBsanal cm~onents. 
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7.2 Final estimation error 

Revisions may be regarded as measurement errors in the 

concurrent estimate of a component, caused by limitations on the 

availability of data. But even if an infinite length of data is 

assumed (and the models known exactly), the final or historical 

estimate still contains an error. For the historical seasonal 
~ A 

estimate St in (6.3), let the error be ót = St-St. Then: 

where, for the canonical decomposition, 

2 2 
v (B) = (1/16)(1-B) (l-F) . 

s 

Using (4.1), (4.2) and (7.9) in (7.8), it is found that 

(7.8) 

(7.9) 

22· 
(1/16)[-(1-B )(l-F) b t +(l/k)(l+F)(l-B)(l-kB)(l-kF) c t + 

2 2 
+ (l-B) (l-F) u t ) 

with k 3-2\1'2. Thus 

var(ó t ) = (1/256)[10 0 2 + 74 0 2 + 70 0 2 ) 
b c u 

and, using (4.3), we obtain 

2 
a 

= __ a_ 
16 

[1- _1_) 
8 

(7.10) 

(The value (7.10) may alternatively be derived by obtaining the 

stochastic process followed by nt = Pt+Ut and applying results 

or Pierce, 1979.) 
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Therefore, most of the variation in the seasonal' s final 

estímate i8 indueed by the irregular and by the seasonal innovation, 

The var-iance of the error in the historical estimate, given by 

(7.10) , 

larger. 

is sllghtly less than the 

whereas the revision variance 

innovation variance 
2 

a in (7.7) i8 
r 

Roughly, the three standard 

2 
ab in 

sllghtly 

a and 
r 

are of similar magnitudes and a11 

deviations 0b' 

approximately one-fourth 

the standard deviation a of the innovation of the series. 
a 

Having obtained expressions for the errors and their 

associated standard deviations, the model--based procedure permi ts us 

to analyze the precision of the estimates. a major point of eoneern 

(see Moare eL al., 1981). Combining the revision and final-data 

error results. an approxi.mate 95 percent confidence interval for 
"'o P t based 01.1 the eonc.urrent measurement i5 given by p t +.70 aa:when 

the final m8aSu.eement 1s allailable, the interval narrows ta '1\+.46 

confidence in.t.erva15 fer- t'ha true .seasotlal 

component would be of the same 'width. 
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Figure 1 

Pseudospectrwn of Series X t obeying Model 
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Figure 3 

Decomposition of v2 x t = a t : 

First and Second Stages 
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Spectra of Theoretical Components 
and Their Estimators 
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l'able 1 ----

Variances and non--zero autocorrelations of the stat.ionary 

components and their estimators 

Varo PI P2 P3 

------------ --------,,---
Component .125 .50 

l'rend 
Estimato!:' .078 .45 .30 .05 

Component .125 -.50 
Seasonal 

Estimator .078 --.45 .30 -- .05 

Component 12.5 
Irregular 

Estl.mator .031 - . .50 

---------------
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