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Abstract: In this paper, we develop the non-parametric spectral analysis for non-stationary discrete-time stochastic processes. This
development will be investigated by using the multi-tapering and averaging technique. In particular, we obtain an estimator for the
spectral density function of a harmonizable time series. This estimator is constructed by dividing the available time series into a number
of overlapped and non-overlapped segments and then a multi-tapering technique is applied for each segment. Also, we obtain an
estimator for the auto-covariance function and another estimator for the spectral distribution function of these processes, based on the
spectral density estimator. Statistical properties of these estimators are investigated, including the asymptotic behaviour of the bias and
covariance.
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1 Introduction

Harmonizable process constitute an important class of non-stationary stochastic processes, Lii and Rosenblaat [1]
proposed the spectral representation of discrete-and continuous-time harmonizable processes, and discussed the
asymptotic behaviour of the bias and covariance of a number of spectral estimators in the continuous-time case. Fuentes
[2] introduced a non-stationary second-order periodogram to estimate the spectral density function of a non-stationary
continuous-time stochastic process, and then studied its statistical properties.

Many authors, as Brillinger [3], and Brillinger and Rosen-Blatt [4]; Dahlhaus [5]; Ghazal and Farag [6], have studied
the asymptotic expressions of the first and second-order moments of spectral estimates via untapered and tapered data.

Ghazal [7] studied the statistical properties, of the spectral density estimate on non-overlapped intervals.

Ghazal and Farag [8] studied the statistical analysis of the spectral density estimate on over lapped intervals.

Teamah and Bakouch [9] studied the statistical properties of the spectral estimates on non-overlapped interval via
different tapers for the continuous time process.

H. S. Bakouch, Mohie El-Din & et al. [10] introduced the spectral estimates for short discrete-time series on non-
overlapped intervals.

Vasily L. Kazakov, Dmitry O. Moskaletz, Oleg D. Moskaletz, Mikhail A. Vaganov [11] studied transformation of a
harmonized random process by spectral devices that perform instantaneous spectrum analysis.

The aim of this paper, is to develop the non-parametric spectral analysis for harmonizable processes. This development
will be investigated by using the multi-tapering and averaging technique. In particular, we obtain an estimator for the
spectral density function of a harmonizable time series. This estimator is constructed by dividing the available time series
into a number of overlapped and non-overlapped segments and then a multi-tapering technique is applied for each segment.

Also, we get an estimator for the auto-covariance function and another estimator for the spectral distribution function
of these processes, based on the spectral density estimator. Statistical properties of these estimators are investigated,
including the asymptotic behaviour of the bias and covariance.

* Corresponding author e-mail: dr.hasnaafayed2016@ gmail.com
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2 Spectral Density Estimator

Let X (1), —o0 < t < oo, be a real-valued second-order process and absolutely summable process with a zero mean and let
fxx(A,42), Fxx(A1,A2) and Cxx(A1,7A;) are spectral density, spectral distribution and auto-covariance functions
respectively.

Definition 1.1 X (t), has the spectral representation

V3
Xt)=Y ™, t=0,1,2,---, (1)
A=—7

and the stochastic process Yx (.) satisfies:

EdYy(A1)dYx (42)]
= d*Fyx (M, 4) )
= fxx (A1, A2)dMd A, —r< M, <.

Then {X(t)} is called a harmonizable process, Bakouch [2].

Using Definition 1, the auto covariance function is given by

Cxx(t1,12)
=EX(t1)X(12)]

T b3
Z Z patEs +lzlz}]

)Ll:fﬂ:lz:fﬂ

T T
= Z Z 61{11117[212}]()()((}»1,}»2),

A] :771'12:771'

H,p =0,=1,£2,---.

=FE

3)

Provided that:

fxx (A, A2) | < eo.

Y oy

)Ll:fﬂ:lz:fﬂ

Inversely, the spectral density function is given by

1 had hd .
G L L Coxlnom)dtia, )

tj=—ocoty=—00

fxx (A, A) =

such that

£ § o] <o

tj=—ocoty=—00

Cxx(t1,12)

Moreover, fxx (11,4,) and all its partial derivatives are bounded.
Let X (¢) be a realization from the zero mean harmonizable processes X (¢), —eo < # < co. Divide this realization into L

overlapped and non-overlapped segments, where X () (¢) the set of observations in the 7™ segment,

XU(1) = X[(j— g +1],

5
j=12,--.L, 1<t<M, M,q<N. ©)

(N —M)
q

If ¢ # M and N — M is multiples of ¢, then the segments are overlap and L — 1 = . And, if ¢ = M, then the

N
number of non-overlapped segments L = T where
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—M 1is the number of obsevations in each interval,
—q is the number of overlaping interval,

—N is the total number of obsevations,

—L is the number of intervals.

Definition 2.The tapered Fourier transform of the j™ segment, X ) (.), is defined by

ijﬂ’l Zhjktl ) 71‘2’1[17 k:1,2,"',K7 (6)

=1

where K is the number of tapers in each segment and hj i(.), is the k™ tapers corresponding to the j™ segment. Moreover,
h; i (.) is bounded function and equal zero outside the interval [1,M)].

Remark.Using formula (6), we can deduce that
E(JYY () =0.

Definition 3.The multi-segment multi-taper spectral density estimator of fxx(A1,Az) is defined as

er;mt (A1, ) = ZZ 71]/k (jk)(/b),

@)
-7 S )Ll 7)LZ S T,
where,
Yik =KL Z Z k(w1 H  (wa), 3)
WI=—TTwy=—T
and
M .
Hj’k(w) = Zhj,k(t)ef””,

t=1

is a bounded function.

When L = 1, then formula (7) reduces to

Foi (A, 20) = ZY{IJX WM (1),

where
N .
)= th(tl)X(t])eﬂM”, k=1,2,- K,
n=1
and
T T
%=K Y, Y Hdw)H(w),
WI=—TTwy=—T0
where,
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2.1 Statistical properties OffXX (7(,1 1)

We study some statistical properties of the spectral estimator er; ) (A1, 42),

(i)Bias offx';m[ (A1, 22).

m, mt

The expected value of fXX (A1,42) is given by

/\

E

m mt (A,l , ),2)‘|

XD (1)

M
Y Vi ha(t)h(0)E
=

ei(

Using formula (3), then

K L T T M M
LY X X X Y vghishue)

i(A 4oyt l(lz+062)

AH

X fxx (o, 0n)e'

Set A} — a; = wy, Ay — @ = wy, in the above equation, we get

E <f;((';l(’mt) (7%12)> =

Y v < f: i Hj,k(wl)H;,k(W2)>x

1j=1 W|=—TTWwr=—T

Sxx (M —wi, A2 —wy).

Mw

=~
Il

Using Taylor expansion for fxx(A; —wy, Ay —ws) about (41,4,) implies

Fm) ww} -

\\Mw ,L‘

i <i i Hjx(wr) ,sz)>

WI=—TTwy=—T0

[fxx(llﬂz)—(m 8i +W2 J )fxx()m)»z)

1 d d\?
< Ern +W28l) fxx (M, A7) +
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Hence,
E lf;((ﬁ’m[) (Malz)] =
K L T T
fxx (A1,42) —1—22 Z Y H
cm e ©)
[ ( TN +W2 )fxx()mlz)
1 J
< TN +W28)»2) Sxx (A, 22) +
Therefore, the bias of fx'; mt) (A1,A2) is given by
Bias { P (3, ,,12)} _
E|f™ (M Jz)] — fix (M, 22)
| K L T T -1
=X L l D) Hjak(wl)H;,k(WQ)‘|
k=1j=1 |wi=—Twy=—T (10)

0
Z (Wla_M +W28_7L2) fXX(AfI;A'Z)"'

We conclude that

Bias | A% (A1, 42)| — Otextas L — oo.

Hence, the multi-segment multi-taper spectral density estimator, er,"(ml
estimator of the spectral density function fyx (A1,42).

(ii)Consistency of fX';m[ (A1,22).

(A1,A2) is asymptotically an unbiased
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Using formula (7), the covariance of f,((';’mt) (A1,42), can be obtained as follows:

Am,mt)
XX

—

A A2) fxx (Nhuz)}

Cov |
i i ZL: ZL: (Vi) X

K K L L _q

= kZl Z] Zl Zl (VikYmn) ¥ (1)
=1n=1j=1lm=

E[1¢0 00 ()] B 1599 00) 5 ()]

(Yj,k')/m,n) - X

+

M=
M= S
gl
M= 73

~
Il
-

|
~
ke
FS e

I
3
I

*
—

J

—_
~—

") (Nz)} E {J;(j’k) (M) ™ ")(Ml)]

>

From Equation (6), we get:

M M

i Z Z mn Sl) (]2)

—rt1=1ls=

—B
e,,()L, o)ty ,—i(+pr) ﬂfXx((x],ﬁl)

Z Z Hj,k(kl - al)va,n(lll +B1) fxx (o, Br).

Oﬂifﬂﬁl:fn;

Similarly, we can get

13)

Tz (14)

and

a (15)
Z H;k(lz +00),Hypn (11 + Br) fxx (0o, Br).
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Hence, the covariance of er,"(ml (A1, 42), f)((r;’ml) (1, Hp) takes the form
Cov [f;((r;’mt) (A, 22), ™ (i ,Mz)} =

L)zfiiili i Hjx(wi)H ,k(Wz)]l

k=1n=1j=1m=1 |w=—Twy=—T

=

T

)y

WI=—TTwy=

Y Y Y Y Hul-

W=ron=np = xpy=x

Hy (A1 + B1)Hj (A2 + ) H, (A2 — B2) %
[fxx (o, Br) fxx (02, B2) + fxx (ou, B2) fxx (o, B1)] -

Ma

-
mn(wz)] X

Therefore,

Cov [f;((';’mt)(/ll,/lz)f;((r;’mt)(ﬂl,#2) —0 as L—oo.

That is, f)((';’m[) (A1,22) and fx';m[ (t1, o) are asymptotically uncorrelated.

By setting A; = y; and Ay = U, in formula (16), we get the variance of the spectral estimator er,"(ml (A1, 42):

—1
Z Z Hm,n(W] )H::l’" (Wz)] X

—TTwy

i Y Y Y Hulh-

TROQ="Tf=—nfh=-7
Hyn(M + B1)H (A2 + ) H,, (A2 — o) %
[fxx (alaBl)fXX(a27ﬁ2)+fXX(a]7ﬁ2)fXX(a2’Bl)]'

It is obvious that

Var [J5") (. 20)] 0 as Loen

(16)

a7

Using Equations (10) and (17), the mean-squared error (MSE) of the estimator f;((';’mt) (A1,42) can be obtained by the

expression

MSE |75 (,22)] =
[Bias [ 7" (2,22)] \2 o+ Var [f™ (A1, 22)]

We stated previously that Bias [f,((’;"m) (A1, lz)} — 0 and Var [f,((’;’mt) (A1, lz)} —0as L — oo.
This implies that MSE | /(%™ (A1, 42)| 0 as L — o

This means that, the spectral estimator £2™ (41, 4,) is consistent.

Notice that, we can select K which balanced the bias and variance of £{n"™

the spectral density fxx (A1,42).

(18)

(A1,22) for obtaining a best estimator of

© 2023 NSP
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3 Autocovariance Estimator

Based on the multi-segment multi-taper spectral density estimator f)({;’m’)

(A1,A2), we can estimate the autocovariance
function Cxx (t1,72) = E[X (¢1)X (t2)] of the harmonizable process X () by

T

T
Cxx(nn)="Y, Y Fem) (d, Ap)efan=ate), L<ti,n<N. (19)

)Ll:fﬂ:lz:fﬂ

From Equations (13), (18) and (2), the expected value of the estimator Cxx (t1,n) is

E [éXX (tl ,tz)} =

T T A |
Z Z E |:f}((,;1(,m[) (Arl s A,z)i| el(lll] —tr)

11:77752,2:777:

=Cxx(t1,0)+

i i {Zi%k‘ f i Hji(w1)

k=1 j=1 WI=—TwWr=—T

d d
X Hj (w2) [— (Wl ETN + Wza—b) fxx (M, A2)+

}x

P 9 \? .
1 Wla—ll+w28lz fxx (A, A2) +---

% el(Mi1i=Aan)]

Hence, the bias of Cyy (t1,1p) takes the form

Bias [éxx(l‘] ,l‘z)] =

1 b b K L b T .
KL Y Y (LY Y Y Hualw)
M=—nl=—7 k=1 j=1w=—Twr=—T
V] T
XH;/((WQ) Z Z ijk(W])H;k(Wz)‘| X
WI=—TTwy=—T0

5 5 (20)
[ <W1 EYN +Wza—h> fxx (A, A2)+

1 P J\* .
31 Wla—ll+w28—kg fxx (A, A2) + -

eliti—Aat)]

}x

This implies

Bias[éxx(tl,tz)}ﬁo as L—o

Using Equation (16) the covariance of the estimator Cyx (t1,1;) and Cxx (s1,52) is obtained as following

© 2023 NSP
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Cov [é (tl, ),CA‘XX(SY;SQ)} =

Y ¥ Y ¥

M=—rnl=—nlI=-Th="T

Cov [fx’;,mf (3,17)’2), )((’;,mt) (“1,u2)1| ei[(lltl*lzlz)]
ei[(ﬂlSl*HQSz)]

Hy (1 + B1)H; (A2 + 02)H,, , (U2 — B2) %
[fxx (o, Br) fxx (0o, B2) + fxx (o, B2) fxx (02, Br)] }X
0t —o00)] i1 ~252)]
Hence,

COV[éxx(ll,lz),éxx(ss,.?z)]%0 as L — oo,

That is, Cxx (t1,1;) and Cxx (s1,52) are asymptotically uncorrelated.
Setting t; = 51 and t, = s, in the previous expression implies.

Var [éxx (ll,lz)} =

—

-1
Z Z Hmn Wl mn(W2)] X
H kW) Hw2)] ™" [Hon (w1 H (w2)] ™' %

Y Y Y Y Hui-a

=T O="Np=—nfr=—7

Hm,n( l+ﬁl) jk(AQ‘i’aZ) ;;,n(l'LQ*BQ)X

21

[fxx (oa, Br) fxx (0a, B2) + fxx (a1, B2) fxx (o2, Br)] }X
il ,—il(Aa+12)0]

It is clear that,

© 2023 NSP
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Val‘[éxx(tl,lz)}—)o as L — oo,

Making use of Equations (20) and (21), the mean-squared error of Cxx (t1,1) tends to 0 as L tends to infinity. That is
the estimator Cxx (t1,12) is consistent.

Moreover, we can choose K, as we steed in the previous section, that makes Cxx (t1,12) a best estimator of the auto-
covariance Cxy (1,%2).

Moreover, careful choice of K implies Cxx (t1,12) to be a best estimator of Cyx (¢1,1).

4 Spectral Distribution Estimator

If the harmonizable process X (¢), r = 0,41,£2,---, has the spectral density function fxx(A;,42), then its spectral
distribution function Fyxx (A1, A,), is defined by

Mo A
Fxx(Ad) =), Y fx(an,00),—w <A, 20 < pi. (22)

O =—TOo=—T

Therefore, we can estimate the spectral distribution function by

1
Fyx(Md) = Y Z o™ (e, ), (23)

o|=—TOo=—T

where fx'; mt) (ay, o) are multi-segment multi-taper spectral density estimator given by formula (7).

Using equations (9), (22) and (23), the expected value of the spectral distribution estimator Fyx (A1, 1) is given by
E [FXX(M,M)} =

M X K L
Fx(Ma)+ Y Y {ZZM]

o =—nop=—"7 | k=1 j=1

Z Z H]k W| jk(WQ)] X

WI=—TTwy=—T

0 0
[— (Wlaa +W28a )fxx(ahaz)-i-

1 J 2\’
2 Wla—alerza—az fxx(ou,00)+ -

Thus, the bias of the spectral estimator Fxx (A1,42) takes the form
Bias [fX'; mt) (A, )| =

}
XL il: iz: {ii Eﬂ: 2”: Hjy(wy)™!

A=—nm=—7 \ k=1 j=

=
\
N
|
Q

X H;,k(W2)7]

i i Hj,k(W1)H}‘,k(Wz)] X (24)

WI=—TTwy=—T

d d
[— (Wla—al +W28—ocz) fxx(ou,00)+

1 J 2\’
ol Wla—alerza—az fxx (o, 00)+ -

Hence,
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Bias [f}';’mt) (A ,QLZ)] —0 as L—oo.

That is, the estimator FXX mi) (A1,42) is asymptotically unbiased.
By using formula (16), the covariance of estimator F,ﬁ,’}”"’ (A1,A2) is

Cov [ﬁxx (A1, 22), Fxx (1 )] =

Y Hjx(w)Hj(w2)

=
\‘ 3
3
=
[}
\‘ 3
3
[ —"
|

Hmn("l"’ﬁl) ]k(u2+a2) mrz(vz BZ)X
[fxx (o, Br) fxx (0, B2) + fxx (o, B2) fxx (02, B1)] -

Fxx(A1,A2) and Fxy (uy, iz are asymptotically uncorrelated, since

COV[Fxx(l],kz),ﬁxx([l[,ﬂz)]%0 as L — oo,

From the previous expression, we get the variance of Fyx (11,1,

Var [ AXX (A] ,12)} =

u1 —MTU=—TV|=—TNV=—T
K L b T —1
YYY Y| X X Hulw)Hj(w)
k=1n=1j=1m=1 |w=—Twy=—T
T T -1
Y Y Hualw)Hy,(w2)| X (25)
WI=—TTwy=—T0

; Z, Z Z (g — o)
Hmn(Vl +ﬁl) 7, k(“Q + (Xz) ( Bz)
[fxx (a1, Br) fxx (02, B2) + fxx (ou, B2) fxx (02, B )] }

From the two previous equations we get

MSE [Fxx (A, 42)] =
‘Bias [FXX (A] ,12)} |2 + Var [ﬁXX (A] ,)Lzﬂ —0

as L —» oo,

Since, Var [Fxx(ll,lz)] — 0. This proves the consistency of the spectral distribution F"xx()q ,A2). Careful choice of
K implies that Fix (1,2, ) is a best estimator of the spectral distribution Fxx (A1, 4).

© 2023 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

540 NS B H. Faied, R. EL-Sagheer: A spectral Estimation of Discrete Harmonizable Process

5 Conclusion

We obtain the estimator for the spectral density of this process by using tapered Fourier transform. Also, we obtain the
estimator of the autocovariance and the spectral distribution functions, based on the spectral density estimator. Statistical
properties of these estimators are investigated, including the asymptotic behaviour of bias and covariance.
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