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A splitting theorem for homotopy

equivalent smooth 4-manifolds

A. CAVICCHIOLI - F. HEGENBARTH - F. SPAGGIARI

R1ASSUNTO: Si prova un teorema di decomposizione per 4-varieta chiuse, con-
nesse, lisce ed omotopicamente equivalenti che rappresenta una estensione parziale di
un recente risultato ottenuto in [2] al caso non semplicemente connesso. Si studia
poi il problema di approssimare (modulo omotopie) una equivalenza di omotopia tra
4-varietd lisce e chiuse mediante un omeomorfismo topologico (Problema di Borel in di-
mensione 4). In particolare, si ottiene una nuova dimostrazione del teorema di unicita
(modulo omeomorfismi topologici) delle 4-varieta lisce, chiuse ed asferiche con gruppo
fondamentale buono.

ABSTRACT: We prove a decomposition theorem for closed connected homotopy
equivalent smooth four-manifolds, which partially extends a recent result of [2] to the
non-simply connected case. Then we study the question of when a homotopy equivalence
between closed smooth 4-manifolds is homotopic to a topological homeomorphism. In
particular, we obtain a mew proof of the well-known uniqueness of closed aspherical
smooth 4-manifolds with good fundamental groups.

1 — Introduction

Recently, CURTIS, FREEDMAN, HSIANG, and STONG [2] have proved
the following decomposition theorem for h-cobordant smooth simply-
connected 4-manifolds.
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THEOREM 1.1.  Let M* and N* be h-cobordant simply-connected
closed smooth 4-manifolds. There exist decompositions M = My Us M,
and N = Ny Us Ny, where My and Ny are compact contractible smooth
4-manifolds with boundary ¥ so that (My,¥) and (Ny,%) are diffeomor-
phic simply-connected bordered 4-manifolds.

The proof of this theorem may be extended to show that if My, ...,
M, are h-cobordant simply-connected closed smooth 4-manifolds, then
there are splittings M; = M, Ux Y;, where Y; is compact and contractible
and M, is simply-connected. Other related results about decompositions
of 4-manifolds with special fundamental groups can be found in two fur-
ther papers of STONG (see [23] and[24]).

The goal of the present note is to prove a partial extension of theo-
rem 1.1 for homotopy equivalent smooth 4-manifolds without any restric-
tion on the fundamental group.

Our main result is the following

THEOREM 1.2. Let M* and N* be closed connected smooth oriented
4-manifolds and let h: M — N be an orientation preserving homotopy
equivalence. Then there are a map f: M — N, and bordered manifold
decompositions M = WUy W' (where W' is connected) and N = U' Uy, U
such that
(1) f is homotopic to h;

(2) U is a regular (connected) neighborhood of f(D*), where D* is a small
4-disc in M ;

3) fI: W,V =0W) — (U',0U) is a diffeomorphism;

4) fl: W',V =0W'") — (U,0U) is a degree one map.

The proof is based on the SMALE-HIRSCH immersion theory [16], [20]
or equivalently on the PHILLIPS submersion theorems [19]. The classifi-
cation of vector bundles over 4-complexes by DOLD and WHITNEY |[3]
implies that the homotopy equivalence h is tangential, i.e. there is a bun-
dle map b: TM — TN, covering h, such that b,: T, M — Th)N is an
isomorphism on each fiber. Therefore we obtain an immersion (submer-
sion) of the open manifold M\B* into N, where B* is a (closed) small

4-disc in M. Then we modify M\B* to a compact submanifold with
boundary such that we can apply EHRESHMANN’s theorem [4] to get a
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covering map. Finally we study the structure of the induced decomposi-
tion to change, up to homotopy, the named covering to amap f: M — N
satisfying the properties of the theorem. We also study the problem of
f being homotopic to a topological homeomorphism. This is related to
the Borel conjecture in dimension 4. In particular, we obtain an alter-
native proof (without the use of WALL’s surgery sequence [25]) of the
validity of the conjecture for smooth aspherical closed 4-manifolds with
good fundamental groups (compare also [11] and [12]). More precisely,
any orientation preserving homotopy equivalence between such manifolds
is homotopic to a topological homeomorphism.

As general references for 3- and 4-manifold topology see [15] and [11],
respectively. Concepts and notations from piecewise-linear and algebraic
topology are standard, and can be found for example in [21] and [22].

2 — Homotopy equivalences in dimension 4

Let M* and N* be closed connected smooth 4-manifolds, and denote
by T'M and T'N their tangent bundles. For simplicity we will assume
that M and N are oriented. The first lemma is an observation which
follows from the DOLD-WHITNEY classification of SO(n)-bundles over
4-dimensional complexes (see [3]). It states that any homotopy equiva-
lence in dimension 4 is tangential.

LEMMA 2.1. Let h: M — N be an orientation preserving homotopy
equivalence. Then there is a fiberwise isomorphism b: TM — TN such
that the following diagram

™ —> & TN

l !

M —— N
h

commutes, i.e. h is tangential. In other words, TM and h*(TN) are
isomorphic as SO(4)-bundles.
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PROOF. According to [3] one has to show that the second Stiefel-
Whitney classes, the Euler classes, and the first Pontrjagin classes of
TM and h*(TN) coincide, i.e. TM = h*(TN) as SO(4)-bundles if and
only if

wa(TM) = wy(h*(TN))

e(TM) = e(h*(TN))
pi(TM) = pi(h*(TN)).

Now wjy is an invariant of the homotopy type. Identifying
Ho(M;Z) = Z = Ho(N; Z)

we have the formulae for the Euler characteristics

X(M) =< e(TM), [M] >
(V) =< e(TN), [N] >,

where [M] and [N] denote the fundamental classes of M and N, respec-
tively.
Since x(M) and x(N) are equal, we obtain

<e(TM),[M] >=<e(TN),[N] >
=< e(TN),h.[M] >
=< h*(e(T'N)), [M] >
—< e(h*(TN)), [M] >,
and hence e(TM) = e(h*(T'N)) € H*(M;Z) =2 Z. Regarding the first
Pontrjagin class p; we proceed as above using the Hirzebruch signature
formula

Sig(M) = % < pi1(M), [M] >

and the fact that Sig(M) = Sig(N). 0

The second observation we make follows from the SMALE-HIRSCH
immersion theory (see for example [16] and [20]). Roughly it states that
if X™ and Y™ are smooth connected manifolds of dimension n and m
respectively satisfying the conditions:

(1) n <m;
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(2) X ={ closed n — disc } U{ handles of index < m},
then the differential map

d: Imm(X,Y) - Max(TX,TY)

is a weak homotopy equivalence. Here Imm(X,Y’) denotes the space of
immersions of X in Y with the C*-topology, and Max(T X, TY") the space
of tangent bundle monomorphisms between them with the compact-open
topology, i.e. Max(TX,TY") is the set of bundle maps

TX > TY

| !

X — Y
b

such that b,: T, X — Ty,)Y is injective for any x € X. This result
implies that any bundle map (b,b) is homotopic to an immersion. We
apply this fact to our smooth closed 4-manifolds M and N. Since the
dimensions are both 4, hence any immersion is also a submersion, we can
equally well apply the PHILLIPS theorem (see [19], theorem A) to obtain
the following result.

LEMMA 2.2. Let M and N be closed connected smooth oriented
4-manifolds and h: M — N an orientation preserving homotopy equiva-
lence. Then there exists a map f: M — N such that
(1) f is homotopic to h;

(2) fl % M\D*— N is an immersion, where D* is a small 4-disc in M.
M\D

PrROOF. From lemma 2.1 we obtain a bundle map b: TM — TN
such that the diagram
h*(TN) —— TN

! H

™ —> 3 TN

l l

M s N
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commutes, where ¢ denotes the canonical map. By [16] (or [19]) we obtain
an immersion f: M\B* — N such that f is homotopic to hly;ps. Let
B! C M denote a closed 4-disc containing B* in its interior, but only
an “e-little” bigger. Then the restriction f| o is homotopic to h| o .

M\ B4 M\B?
This implies that f can be extended to M. Obviously, the resulting map,
also denoted by f: M — N, is homotopic to h as required. O

3 — Decomposition properties
Let us assume that we have a homotopy equivalence f: M™ — N"
of closed connected smooth oriented n-manifolds such that
. M"™\D" — N™
oo s \

is an immersion. Let U C N be a (connected compact) regular neigh-
borhood of f(D") C N. Since f|M o is an immersion, the map f is

transverse regular on OU. For simplicity we shall assume that U is
connected. The proof of our result can be verified with minor changes
also for the case in which OU has more than one component. In this
case of course, the complement U’ = N\U has also several components
(precisely, one more than the number of components of 9U).

Let us denote

d
[ ) =v=_J V.
k=1

Obviously, V is a submanifold of M of dimension n — 1 and Vi, ..., Vj
are its connected components.

LEMMA 3.1. The complement M\V decomposes into d+1 connected
components.

PROOF. Since V' C M is a nice submanifold, we have, by the Alexan-
der duality (see [22], p. 296), Ho(M\V) = H™(M,V). For convenience,
we shall supress the integral homology coeflicients. The exact sequence
of the pair (M, V) gives

H" Y (M) — H" (V) — H"(M,V) — H"(M) — 0.
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Since H" (V) &2 @&4Z and H"(M) = Z, it suffices to prove that
H" ' (M) — H" (V)

is the zero map. Because H" ' (V) is Z-free, it follows from the Universal
coefficient theorem that we must show H,, (V) — H,,_1(M) is zero. But
this follows from the diagram

H, (V) —— H, (M)

(fm*l %if*

Hn—l(aU) E— Hn—l(N)

as H, 1(0U) — H,_1(N) is null. In fact, [0U] goes to zero because OU
bounds in N. 0

Let us denote Wy, ..., W,, W], ..., W! the closures of the connected
components of M\V, i.e. r +s=d+ 1, such that

FW) C N\U, i=1,....r
fW)) cU, j=1,...,s.

We observe that N\U is connected. In fact, Hy(N\0U) = H"(N,0U) and
H, 1(0U) — H,_1(N) is zero, hence H*'(N) — H"'(9U) is zero too.
Now the exact sequence

0— H" ' (0U) — H"(N,0U) — H"(N) = 0

yields Hyo(N\OU) = Z ®Z as requested. We observe that f|w,, f|v,, and
flow, are immersions, hence they are covering maps by the EHRESMANN
theorem (see [4] and its relative version as stated in [13], pp. 16-17). The
same is true for f \W](, except for the component which contains D™. This

component is unique because otherwise D" NV # (). Let D™ C W] C M.
Now we are going to show that f(W;) = N\U and f(Wj) = U. Since

f ’M\DO" is a submersion (immersion), the restrictions f|w, and f|y- are
J

open maps, hence f(W;) C N \(O] and f(W;) C U are open-closed subsets
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as requested. Finally, we observe that W;, W}, and Vj, are all compact
sets, hence the maps (induced by f)

W, 5 N\U  i=1,...,r
Vi = 0U k=1,...,d
W, —=U j=2,...,8

are all finite coverings. In particular, we have homology isomorphisms
H.(N\U; Q)
H.(0U; Q)
H.(U;Q).

H,.(Vi; Q)
H.(W;Q)

Ry ] ]

The following lemma says that a finite covering W — U, j =2, ..., s

does not exist.

LEMMA 3.2.  With the above notation, s = 1 (hence r = d), i.e.
there is only one component, W/ say, such that f(W]) =U.

PROOF. Assume s > 1, i.e. for example W3 — U is a covering map.
There is a subset W; such that OW; NOW,, # (. Suppose V;, C OW,NOW,
and consider W := W; UV, UW,. Then f induces a map of triples (also
denoted by f)

f: (W, W,,W,) — (N, N\U,U).

A A A A
We set W, = W; UV, and Wy = Wy U V;, hence W = W, UW,. Let
us consider the Mayer-Vietoris sequences with homology Q-coefficients
which are associated to the above triples

= H(Vy) — H,(Wy) @ Hy(W) — H,(W) — H, (Vi) — ...

S T
oo = H,(OU) — H,(N\U) ® H,(U) — H,(N) — H, ,(dU) — ...

where the vertical homomorphisms are induced by f. Now the five lemma
implies that H,(W;Q) — Hy(N; Q). Since H,(W;Q) = 0 (because W
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is a bordered manifold) we have a contradiction. Therefore it must be
s =1 (hence r = d), i.e. there can be only a map W — U. 0

LemMMA 3.3. The induced homomorphism
feor Ii(WY) = 1L (U)
18 surjective.

PrOOF. We have to show that the map
fl (Wi, 0W7) — (U,00)

has degree one. Then the result follows from [1], proposition 1.2. Now
we have an orientation preserving homotopy equivalence f: M — N. Let
up € U be a regular value of f, and suppose f~*(ug) = {x;: i =1,...,m}.
Then we have

1 =deg(f) = Zdeg(f; ;) = deg(flwr),

where deg(f;z;) is the local degree of f at ;. O
Notation: In the sequel, we will denote W by W'.

THEOREM 3.4. Let f: M™ — N™ be as above and let P C N
be a closed connected oriented submanifold with P N f(D™) = (. Then

Q = f~1(P) is a submanifold of M such that any connected component
of Q is diffeomorphic to P.

PROOF. Since PN f(D") =, the map f is transverse regular to P,
and hence the preimage @Q = f~!(P) is a submanifold of M. Let v(P) and
v(Q) denote the normal fibrations, so we have a fiberwise isomorphism

dflvo): v(Q) — v(P).

Since
dflg: TM|g =TQ ®v(Q) - TN|p =TP & v(P)
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is a fiberwise isomorphism, it follows that df: TQQ — TP is a fiberwise
isomorphism too, i.e. f: @ — P is a submersion. By EHRESMANN’s
theorem [4], it must be a covering map. Let C C @ be a connected
component, so the restriction f|c: C'— P is also a covering map. Let us
denote by N(C), N(Q), and N(P) the regular neighborhoods of C, @,
and P, respectively. Then the Thom spaces Tv(C), Tv(Q), and Tv(P)
can be identified with N(C)/ON(C), N(Q)/ON(Q), and N(P)/ON(P),
respectively. Let us consider the following diagram of inclusions and maps

M —— (M,M\N(C)) +—— (N(C),dN(C)) +—— C
H U N N
M —— (M, M\N(Q)) +—— (N(Q),IN(Q)) +—— @

7| |7 ] |

N —— (N,N\N(P)) «+—— (N(P),dN(P)) +—— P.

Here we assume that f~'(N(P)) = N(Q), so f maps M\N(Q) into
N\N(P) as M\f~Y(N(P)) = f~*(N\N(P)). This can be arranged by
using the regular neighborhood theorem (see for example [21]). The
above diagram induces the following diagram involving integral coho-
mology groups

0 H"(M)=Z « H"(M,M\N(C)) — H"(N(C)

H ! I

0 H"(M)=Z « H"(M,M\N(Q) = H"(N(Q,IN(Q) « H'(Q) = 6.Z

epi

A

0 H"(N)=Z « H"(N,N\N(P)) — H"(N(P),0N(P)) = H'(P)=Z.

Hzl
IS
E
LN
T
3
14
N

<
—
=
3

Here g := dlmQ dim P, H"(M, M\N( )) = H"(N(C),0N(C)) is the
excision isomorphism, H¢(C) - H"(N(C),0N(C)) is the Thom isomor-

phism, and « is the number of connected components of (). The lower
right square commutes because v(Q) is induced by v(P) via df. Note
also that

£ H*(N,N\N(P)) 2 Z — H"(M, M\N(Q)) = ®.Z
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maps a generator into (e, ...,€,), where ¢, = +1. The diagram shows
that the composition C — ) — P is of degree one. This implies that
I1,(C) — II,(P) is surjective (see [1]), so it must be an isomorphism
because C' — P is a covering map. Therefore, C' is diffeomorphic to P as
claimed. U

COROLLARY 3.5. Fach Vi is diffeomorphic to OU, for k=1,...,d.

Let us consider the finite covering map flw,: W; — N \(o],
i =1, ..., r. Note that OW; is a union of components V}, each dif-
feomorphic to OU via f|y, : Vi — OU as explained by corollary 3.5. So
the number of components of W, corresponds to the order of the covering

map flw,: W; —>N\lo].

PROPOSITION 3.6. For eachi=1, ..., r, the covering map f|w, is
a diffeomorphism.

PRrROOF. We consider the following diagram of maps and inclusions

M — (M, M\W;) — (W, 0W))

H [ |

M —— (M, M\ (N\U)) = (M, f71(U)) «—— ([T (N\U),V)

1| dl i
N — (N,U) «——  (N\U,aU)

J

which induces the following diagram in homology with Z-coefficients

Ho(M) — H,(M,M\W;) «— H, (Wi, OW;)

| I !

Hyp (M) — Hp(M, f7H(U)) < Hn(f7H(N\U),V) = @i Ho (Wi, 0W:) = &,Z

w| w| ~|

Ho(N) —  Ho(N,U) H,(N\U,dU).
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Obviously, the above isomorphisms are given by excision. The homomor-
phism j, is bijective. In fact, the diagram

H,(N,U) —*= H,,(U)

| w

H,(N\U,0U) —2— H,_,(dU)

IR

implies that 0.: H,(N,U) = Z — H,_1(U) is the zero map. Now the
exact homology sequence of the pair (N, U)

0=H,U)— H,(N)— H,(N,U)=ZZ — 0

yields the isomorphism j.: H,(N) — H,(N,U). Of course, the same
holds for H, (M) — H,(M, M\W;), but we can do without it. Further-

more, note that
H,(M)~Z — H,(M, f'(U)) 2®,Z

sends the fundamental class [M] into (eq,...,¢€,.), where ¢, = +1, and
H,(M, f~Y(U)) = H,(M, M\W,) is the projection to the i-factor of the
direct sum. By going down and then to the right of the diagram, the
class [M] goes to a generator of H,(N\U,0U). Hence a generator of
H,(W;,0W;) must map to a generator of H,(N\U,9U), i.e. the restric-

tion f|: (W;,0W;) — (N\IO], 0U) is of degree 1. Since flw,: W; — N\(o]
is a finite covering map, it must be a diffeomorphism as claimed. 0

REMARK. The proof of proposition 3.6 shows again that
fl: (Wi, 0W)) — (U, 0U)

is of degree 1.

COROLLARY 3.7. d =1, i.e. there are a diffeomorphism W, — N\[OJ
and a degree one map W{ — U. In particular, II, (W]) — I1,(U) is onto.

Summarizing we have proved our decomposition theorem.
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4 — Towards a classification

Let us assume M, N, and f: M — N as in theorem 1.2. In this sec-
tion we study the problem of f being homotopic to a topological home-
omorphism from M to N. Since the set f(D*) C U C N could be very
bad, we have to add some hypothesis to control its singularities. Under
the hypothesis we show that W’ (and also U) is a topological 4-disc. For
this of course we have to use the FREEDMAN theorem (see [9] and [11]).

PROPOSITION 4.1.  Suppose OU (= V') is a 3-sphere. Then f is
homotopic to a topological homeomorphism M — N.

PROOF. Let us consider the closed 4-manifold M = W U B, i.e. we
cup off the boundary OW = V = S with a 4-disc B* instead of W'.
Then f|y extends to a degree one map f: M — N. It follows that
f.: I (M) — I, (N) is surjective by [1]. To the triple (W, W’, V) we can
apply the Van Kampen theorem, and obtain the following commutative
diagram

I, (W) « I, (W) —— II,(M)

o

monoT [~ l f

*

I (W) % 1 1L, (N)
| H
11, (M) — 4 TL(N).
.

Since f, is surjective, we conclude from the diagram that f, is an isomor-
phism on II;, and hence IT; (W) « II;(W’) =2 II; (W) * 1, i.e. II;(W’) van-
ishes. Furthermore, the degree one property of f implies that the induced
homology homomorphism f,: Hy(M) — H,(N) is surjective (see [1]).

Now Hy(W') = Hy(M), so from the commutativity of the diagram

Hy(W) —2 H,y(N)

Ho(M) —Z Hy(N),

~
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it follows that Hy(W) — Hy(M) is surjective. The Mayer-Vietoris se-
quence of the triple (W, W',V = §?) gives then

0= Hy(V) = Hy(W) @ Hy(W') — Hy(M) — 0,

hence Hy(W') = 0 and Hy(W) — Hy(M). Thus FREEDMAN’s theorem
(9] and [11]) applies to give a homeomorphism W/ U B* 2 §* ie. W' &

Top
B*. The isomorphisms

Hy(U') = Hy(W) = Hy(M) = Hy(N) = Hy(U') & Ha(U)

also yield Hy(U) = 0, and hence U = B*. This makes it now possible

Top
to extend the diffeomorphism fly: W — U’ = N \[} to a topological
homeomorphism M — N which is homotopic to f (and h). 0

REMARK. Suppose V is a homology 3-sphere which is II;-null in W
(resp. W'), i.e. loops in the image are contractible in W (resp. W').
Then we can repeat the proof above substituting the 4-disc B* with a
contractible compact 4-manifold having V as its boundary.

For aspherical closed 4-manifolds with good fundamental groups we
can apply the controlled embedding theorem (see [9] and [10]) for engulf-
ing f(D?) into a topological 4-disc. So theorem 1.2 and proposition 4.1
give an alternative proof (without the use of WALL’s surgery exact se-
quence [25]) of the following well-known result (see for example [11], p.
205).

THEOREM 4.2.  Any closed connected oriented aspherical smooth
4-manifold with good fundamental group is determined, up to topological
homeomorphism, by its fundamental group.

Recall that the term good is used to refer to fundamental groups for
which the embedding theorem ([9] and [10]) is known. Examples are given
by the amenable groups, i.e. the smallest class of groups containing finite
and cyclic groups, which is closed under direct limits, subgroups, quo-
tients, and group extensions. Recently, FREEDMAN and TEICHNER [12]
have expanded the class of known good groups to contain all groups of
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subexponential growth and still closed under extensions and direct limits.
This is really an effective expansion because it is known that amenable
groups grow either polynomially or exponentially. However, there are (un-
countably many) groups of intermediate growth, i.e. groups that grow
faster than any polynomial but slower than any exponential function
(see [14]).

The analogue of theorem 4.2 was proved for higher dimensions by
FARRELL and JONES ([5] and [7]). They have also proved the uniqueness
result for hyperbolic manifolds, another aspherical class, in dimensions
greater than 4 ([6] and [8]). However, hyperbolic groups are not known
to be good, so it remains an open problem the uniqueness of hyperbolic
manifolds in dimension 4.

PROPOSITION 4.3.  Let M* and N* be aspherical, and suppose
that OU is Ily-null in N. Then M is stably homeomorphic to N, i.e.
M#k(S? x S?) is topologically homeomorphic to N#L(S* x S?) for some
integers k, £ > 0.

PROOF. Since f is transverse regular to U, the preimage V = f~1(9U)
is a (connected) submanifold of M with a product neighborhood V' x
[—€,€e]. Let j7: V. — M and j/: U — N be the inclusions. From the
diagram

M(M) —— TL(N)

8 =

m(v) 2% 1 ov),

it follows that j, = 0, so j*w;,(M) = 0. Because V is orientable, there is
a framed link L C V such that surgery on L in V gives S* ([15] and [18]).
The framings of the components of L in V extend to framings in M. Let
us consider

X =M x [0,1]U (uD? x D* x [—¢,€]),

where p is the number of components of L, and the union is taken along
the boundary subset L x D? x [—¢, €] x {1}. Note that if wy(M) = 0, then
we may choose the framed link L so that ws(X) = 0 (see [17]). Then
0X = M UM’ where M’ is the result of surgery on L in M. The map
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f extends to a map F': X — N such that (F|yy).: II;(M’') — I, (N) is
an isomorphism, and (F|y)~*(0U) = S*. Since the components of L are
null-homotopic in M, they may be isotoped into disjoint discs, and so M
is homeomorphic to the connected sum M’'#u(S* x §?). The asphericity
of M" and N implies that F'|;; is a homotopy equivalence. Moreover, we
can adjust the construction of the extension of f in order to maintain the

properties of theorem 1.2 for F'|;;. Thus we obtain M’ T%“ N, and hence
op

M is stably homeomorphic to N. 0
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