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Abstract

Quantum materials have a promising future for energy and security applications
which will lay the bedrock for material science research for decades to follow. Partic-
ularly, ‘one-dimensional’ Mott-insulating cuprates such as SrCuO, and (Ca)SroCuOs
have been deemed to fall under a ‘fractionalization’ paradigm in which the electrons
disintegrate into bosonic collective excitations of their fundamental constituents—
spin, charge, and ‘orbital’ degrees of freedom— due to the anisotropic crystalline
structure, deeming them outside the band theory of solids.

Here, I provide ab initio theory for the ‘one-dimensional’ cuprates SrCuQO, and
(Ca)SryCuOj3 using no adjustable parameters with excellent agreement in absolute
units with optical conductivity, dielectric function, and loss function measurements.
In addition, we i) notice an overlooked ‘discontinuity’ in the loss dispersion at the
antiferromagnetic zone boundary and provide theory to fill this void; ii) predict a
novel Mott-gapped longitudinal spin excitation that can be verified via inelastic
neutron scattering measurements; and iii) predict a re-emergence of the charge
density excitations in higher Brillouin zones which can be validated with non-resonant
inelastic X-ray scattering measurements.

To understand the microscopic physics, it was necessary to downfold ezact time-
dependent density functional theory to a low energy space of Wannier orbitals. This
required developing a rigorous disentanglement procedure to partition the Wannier
basis from the rest of the Hilbert space, a necessity for the cuprates due to the

strong entanglement between the oxygen p and copper d derived content of the band

vi



structure. By doing so, I attest that the Mott-gapped collective excitations require
a proper treatment of the solid state chemistry inherit to the electronic structure,
and they are triggered by the long-ranged dynamically screened Coulomb interaction.
In addition, the calculations strongly suggest the ‘fractionalization’ paradigm is not
compatible with these materials due to the indiscrimination of the orbital and spin
degree of freedom of the Coulomb interaction, in which the collective modes do not

simply separate into charge-only, spin-only, and ‘orbital’-only degrees of freedom.
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Chapter 1

Introduction

Quantum materials have enormous potential for paving the road for material
science in the twenty-first century. Quantum materials are loosely defined [4] as
materials which require a rigorous treatment in a quantum mechanical framework to
describe their properties. Materials that fit this nomenclature are the consolidation
of many classes of materials, such as correlated-electron and topological materials.
It is usually the case that these materials possess properties outside that of seminal
solid state physics textbooks [5, 6].

By understanding the properties of these materials, future generations will benefit
greatly from the development we make in our understanding and the progress we make
today. For example, one could have transmission of dissipationless electrical energy
from the discovery of an ambient temperature superconductor [7]. Additionally, one’s
digital information could completely be encrypted forbidding undesired intruders from
obtaining it with the development of materials to be used in quantum computation
and quantum information applications [8-10].

The principal method for studying these materials quantum mechanically is by
diagonalizing a many-body Hamiltonian. Often, an effective low energy Hamiltonian,
e.g. Hubbard’s narrow band Hamiltonian [11], expanded in a Hilbert space of so-

called Wannier orbitals is introduced since the Hilbert space size of the material



grows exponentially with the number of degrees of freedom. Alternatively, one
can circumvent this issue by using Kohn-Sham density functional theory [12, 13]
and its time-dependent extension [14] which gives the ability to calculate physical
quantities of interest without knowledge of the many-body eigenvectors from the
exact Hamiltonian via a functional of the density of particles.

The ‘claim to fame’ of this thesis is to gain insight into the microscopic physics in a
low energy Hilbert space of Wannier orbitals and how it propagates to the physics from
the entire Hilbert space. To achieve this, I downfold the linear response formalism of
time-dependent density functional theory to a low energy space of exactly-disentangled
Wannier orbitals from the Kohn-Sham band structure using methods introduced
within our research group. From there, I ‘carve out’ a density response function
computed via the Wannier orbitals, which is referred to as the target space, to
understand the microscopic physics which otherwise would be masked behind a black
box calculation. Once the response of the Wannier orbitals is well-understood, it can
be put in its place in the exact physical response function from the entire Hilbert space
to compare with experiments in absolute units, and determine how well the calculation
from the Wannier orbitals captures the features from the exact calculation apart from
intensity differences and small changes in line shapes of computed spectra.

I used this formalism to study the ‘one-dimensional’” Mott-insulating cuprates
(Ca)SraCuO3 and SrCuO,. These materials have attracted much attention since the
discovery of high temperature superconductivity found in the electron- and hole-
doped two-dimensional cuprates in 1987 [15] in which Phil Anderson argued that the
properties of the one-dimensional cuprates could underlie a lot of the rich physics
behind understanding the two-dimensional compounds [16]. These materials also
possess strong non-linear optical properties which could be useful in opto-electronic
devices [17-20]. To this day, the ‘one-dimensional’ cuprates are a class of quantum
materials which are proposed as being a realization of a system in which the electrons
‘fractionalize’, meaning the fundamental quantities such as spin and charge separate

into collective excitations [21, 22]. These collective (bosonic) excitations are primarily



used in explaining the features and properties of spectroscopic experiments such
as angle-resolved photoemission spectroscopy [2, 23-27], inelastic neutron scattering
[1, 28-30], reflectivity [31, 32], electron energy-loss spectroscopy [33], and resonant
inelastic X-ray scattering [3, 34, 35].

In addition to studying the one-dimensional cuprates, I also constructed an
effective low energy Hamiltonian within the random phase approximation of time-
dependent density functional theory for to, Wannier orbitals for the potential quantum
spin liquid candidate a-RuCls. In collaboration with Dr. Tom Berlijn, Dr. Satoshi
Okamoto, Dr. Pontus Laurell, Dr. Yi Zhang, and my advisor Dr. Adolfo Eguiluz;
we used second order perturbation theory in the strong-coupling limit to construct
a low-energy Kitaev-Heisenberg-I" spin Hamiltonian to give the first fully ab initio
based Hamiltonian for this material.

Before I delve into the details of the research I performed, I deem it beneficial to
introduce a few of the concepts and tools I use and compare with. First, I give a brief
introduction to the notion of an ab initio and an effective Hamiltonian. Second, I
introduce spectroscopy and linear response theory for its use in determining material
properties. Third, I introduce the current interpretation to several experiments for
the one-dimensional cuprates where the underlying theme of ‘fractionalization’ of the
electron appears to be the consensus in its interpretations. Finally, I give an overview
of high-performance computation and give a broad picture on how it has been an

essential tool to the research I have performed.

1.1 Ab initzo and an Effective Hamiltonian

The theory of the solid state of matter has evolved into an extremely rich subject
over the last twelve decades. Generally speaking, the solid state of matter is a state
in which the atoms break the continuous translational symmetry that is present in
both the gas and liquid states. Solids can be further classified in whether there is

an underlying repeating structure. If it does not have a repeating structure, then we



use the term amorphous solid such as glass and plastics. If the material does have
a repeating structure, then we call these crystalline solids such as silicon!, quartz,
diamond, and iron. The focus of this thesis is studying properties of crystalline solids
in the bulk where the role of surfaces is irrelevant.

To describe material properties from a theoretical standpoint without invoking
any bias, one must have a wuniversal method for calculating quantities from the
interacting many-atom problem. To obtain such high fidelity in the calculation
quantum mechanically, one must have the ability to handle all the constituents of the
material. To achieve this, one must have the ability to diagonalize the Hamiltonian

of the solid If[solid, i.e. solve the eigenvalue equation

HSOlid |wn>solid = En ‘wn>solid . (11)

By knowing all the eigenvalues {£,} and eigenvectors {|¢y), s} » any ground state

soli
observable O can be computed by taking the average value of the ground state O =
<O>o for 7" = 0K or by taking a thermal average in the grand canonical ensemble
O =TrjpO using the density matrix p = e~ AHsoua=uN) for finite temperatures. In
addition to ground state properties, excited state properties are of great interest due
to their application in many technological devices such as solar cells [36], transistors
[37], atomic clocks, and automatic garage door openers.

As previously mentioned, ﬁsolid involves all of the atoms interacting in a solid,
however, it is more convenient to divide the atoms into their ionic and electronic

contribution due to the drastically different energy scales they often acquire in the

solid state. Hence, lflsolid takes the general form?

A

Hsolid = Tel + V;lfel + 7Aﬂion + ‘A/ionfion + ‘A/elfion- (12)

Tt should be mentioned that silicon can be amorphous.
2Neglecting effects from special relativity. These effects for solids can often be treated
perturbatively and are relevant for the chapter 4.



where Tel(ion) is the operator associated with the kinetic energy of the electrons (ions),
and the terms with V are the operators representing the Coulombic interaction among
the electrons and ions. For the solid state, the ions are primarily located in a fixed
equilibrium location and slightly deviate about these positions® making it convenient
to expand the contributions from the ions about these fixed locations. Utilizing this

fact, operators involving the ions can be recast as

j—’ion — 5j—’ion7 (13)
‘A/ionfion — EM + 5‘A/;'onfiona (14)

and
V;lfion — ‘A/emt + 5‘A/elfion> (15)

where I have used a ¢ in front of operators that will be associated with very
low energy scales. FE,; is referred to as the Madelung energy which is the classical
electrostatic interaction of the ionic crystal in its equilibrium configuration, Vm
represents the interactions of the electrons with an effective classical external potential
from the fixed ionic crystal, (5Twn + (5‘71-0”,1-071 represent the Hamiltonian for the
vibrating lattice, and finally 5‘2314071 gives the coupling between the electrons and
the fluctuations of the ions about their equilibrium point.

By setting the reference energy such that E,; = 0, the Hamiltonian 1.2 has the

equivalent form*
ﬁSolid = Tel + ‘A/elfel + ‘7emt + 5ﬂon + 6f/ionfion + 5‘7el7ion- (16)

Any attempt to calculate observables from any or all the terms in equation 1.6 are
considered to be ab initio, or from first principles. Without knowing the solution a

priori, which we do not, it impossible to do so by direct and exact methods such as

3Except when the material is approaching its melting point.
4The first five operators in this expression are known as the Born-Oppenheimer Hamiltonian [38].



exact diagonalization (ED) or quantum Monte Carlo. While the last three terms in
equation 1.6 are important for describing material properties such as conventional,
and potentially unconventional, superconductivity, it is the focus of this thesis is to
strictly consider the electronic structure aspect of the problem corresponding to the
first three terms in equation 1.6.

We therefore can introduce the electronic Hamiltonian Ffel as
Hel = Tel + ‘/elfel + Vvemt- (17)

Using second quantization in terms of electron field operators @U(f), the terms in this

Hamiltonian are explicitly given as

and

Vi = / BV (7)), (1.10)

where the operator for the electron density n(¥) is
(@) =Y @) (7). (1.11)

Even at the level of ﬁez, without an analytic solution to the problem, this task
is impossible with current and most likely future computational capabilities even
for extremely small systems. To understand how difficult this problem is, let us
consider the case for just one neon atom which has 10 electrons. To numerically
approach the amplitude ¥y (Z1, To, T3, T4, T5, Lo, T7, Ts, Tg, T10) on a discrete grid of

size 10 x 10 x 10, the disk space required® to store this would be, using the IEEE

50f course I am making the argument for a classical computer. Quantum computers may be able
to get this problem size down substantially, but this may be a long time from now to realize this.



standard of 16 bytes for a double-precision complex number, (16 x 10 x 10 x 10)10 =
160001 ~ 10%° Terabytes, far exceeding all of the storage we have on our entire
planet! Furthermore, there are ~ 10 atoms per cubic centimeter in a typical solid,
so simulating a small piece of a material would make the unobtainable problem of
a neon atom seem like a ‘walk in the park’. There is a caveat to circumvent this
unfeasible task through density functional theory (DFT) [12] which is introduced in
chapter 2 and is the primary tool used for my research. While DFT is exact, it is often
implemented using the Kohn-Sham formalism [13] which relies on approximating the
exchange-correlation potential for its accuracy.

Besides DFT, to mitigate this computational problem, the notion of an effective
low energy Hamiltonian for a solid is often invoked making the problem tractable.

These effective Hamiltonians are expanded in a basis {|i)} and take the general form®,

g = o . E § O’O’ T
Heff - Z Z hl] CioCjo +3 Z]lcl ClUCjO" CkoClo
o 1iJ

oo’ ijkl

p—p— T -I-
g g TR wcjo,ckg,,claucma/cm + ..., (1.12)

: oo’a! ijklmn
but most modelling uses only the first two terms in this series. One advantage of
using an effective Hamiltonian is the ability to exactly treat difficult aspects of the
Hamiltonian, such as correlation effects, using current computational capabilities.
Another advantage is that it can give microscopic insight into the active ingredients
of a material which can help physicists search for materials with particular properties,
assuming the microscopics are well understood and valid. A disadvantage to these
effective Hamiltonians is their lack of universality in describing a wide variety of
materials. This can lead to using an effective Hamiltonian to describe properties of

materials outside their realm of validity.

5In general, the low energy Hamiltonian will be dependent on the entire energy spectrum, but
this obviously defeats the purpose since it involves knowing the full spectrum of the full Hamiltonian.



The effective Hamiltonians have a rigorous origin in the renormalization group’
[41-44] by ‘integrating’ out the higher energy states greatly reducing the size of the
Hilbert space, but this problem is very difficult, if not impossible, for real materials.
One potential issue that accompanies this is the low energy Hamiltonian can inherit
retardation effects manifesting itself through time dependence in the Hamiltonian,
causing the Hamiltonian to no longer represent conservation of energy.

For practicality, the material dependent quantities in the models are often fit
to or from experiments to obtain the best agreement with experimental results. In
conjunction to greatly reducing the Hilbert space size, these Hamiltonians are further
simplified by diagonalizing on a discrete grid of lattice sites, as opposed to a numerical
grid, greatly reducing the computational cost of the calculation. If the electrons
primarily reside on a site of the discrete lattice, this may be a valid approximation,
however if it does not, the modeling lacks unpixelated real space resolution which is

required for accurately describing material properties.

1.2 Spectroscopy and Linear Response Theory

To genuinely understand material properties, the spectrum of the material, both
the ground state and excited states, must be known. The spectrum can be inferred
through both theoretical calculations and experimental measurements by the means
of thermodynamic and spectroscopic quantities. Thermodynamic quantities, such as
specific heat, bulk moduli, and thermal conductivity; are quantities that come from
derivatives of the total free energy with respect to thermodynamic variables such
as temperature, number of particles, and pressure. Spectroscopy, on the other hand,
offers much more microscopic information about the excitation spectrum of a material.

Spectroscopy involves having a source that can produce a beam of particles whose

"There are methods to construct these Hamiltonians via first-principles calculations on current
high-performance supercomputers by using the random-phase approximation [39], and I will discuss
the theory behind this in chapter 2 and provide an example for a-RuCls in chapter 4 which was
published in Physical Review B [40].



properties are well understood; which could be light, electrons, or neutrons; that are
prepared in an initial state. This beam interacts with the material through scattering
and absorption processes, and the outgoing particles® interact with a detector which
can discern their properties within a given resolution.

When an external probe, such as the beam of particles in a spectroscopic
experiment, interact with the material, the material will respond in a particular
manner. In the case of a weak coupling between the probe and material, then the
response can be well-described within linear response theory. Linear response theory
is centered around the linear response function which gives a linear relation between
the external potential produced by the probe and an induced observable of a system.
Linear response functions are very useful because they are entirely determined by
material properties in the absence of the external probe. Spectroscopic experiments

often have a differential cross section which measures correlation functions defined as
Sap(t) = (A(t)B(0)), - (1.13)

Through the powerful nature of the fluctuation-dissipation theorem [45] can be

directly related to the imaginary part of the linear response functions.

Spectroscopy

Spectroscopy entails the coupling of the beam of particles to the material via an
external electric E°(Z,t) or magnetic field Be*(Z,t), which may or may not have
explicit time dependence. These fields are related to the scalar potential ¢***(Z,t)

and vector potential A°*!(Z, ¢) through the relations

. 1 A’ezt . .
E“N T t) = =V o™ (T, t) — 19 5 (Z,t)  B(Z,t) =V x A“(Z,1). (1.14)
C

8The outgoing particles do not need to be the same as the incoming beam of particles used to
probe the material.



Here, due to the non-uniqueness of the potentials, I choose to work in the Coulomb
gauge v /Tea’t(f, t) = 0. In the presence of these potentials, the time-dependent
Hamiltonian? leads to a modication!® for the operator associated with the kinetic
energy of the electrons to
To(t) = iz / Pt (Z) | Gpor - v € Jeot (1) 2;20,(5). (1.15)
2m —~ 7 i c
In addition, there is a coupling between the electron density and the scalar potential.

It follows that the original electronic Hamiltonian is modified as

~

Hy— Hayt) = Ho+ VYO + V20 + V8 @) + VW (@), (1.16)

where the four additional terms are given as

V) = e [ dai(@o@.o), (1.17)
> eh Tt =\ Aext /= = 7 =
Vil =5, / AP (#) A (1) - Vo (2), (1.18)
2
VS0 = 5oy [ dan@ (a0 A(z.0) (1.19)
and
VW) = - / P (7) - (6 x A°(z, t)) : (1.20)

where I have introduced the magnetization density from the spin of an electron!!
m(7) as

Ih('f) = UB Z &l(f)&\og’{ﬁo"(f) (121)

9The notion of a Hamiltonian representing the conservation of energy is lost here due to the
breaking of time translational symmetry.

0Here, T am only considering modifications up to 1/c? since it will cover all the interactions
between the material and probe pertaining to this thesis.

UThere is also a contribution from the orbital magnetic moment defined as mp(¥) =

1 Y, BH(@) (7% V) b0 (@)
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and the Bohr magneton pp = eh/2me.

It is often the case that the external probe will interact weakly with the material.
We can then invoke results from perturbation theory where the transition probability
for a system'? from an initial state |¢;) to a final state |¢p) is given through Fermi’s

Golden rule [46]

Wisp = <¢F’ Viwt |¢I> §(Ep — Ey). (1.22)

Experiments prepare the initial state of the probe, so a more relevant quantity is
the differential cross section do/dS2, which is the transition probability subtended
by a detector with solid angle df2 divided by the incoming current flux density of
particles'® denoted by j(k) [47]

do
a0

2T
= - FVext I Er — Ep 1.23
. hj()w\ 0| 6 — En). (1.23)

The physical transition rate is given by multiplying the differential cross section
with the density of states of the outgoing beam and summing over final states of the
outgoing beam [48] which depend on the dispersion relation of said particles. When
the energy difference between the incoming and outgoing beam of particles is hw, the

double differential cross section (DDCS) is given by [47, 48]

i~ 2 e Vel a8 - B )
which can be thought of as [4§]
d*c_ current of scattered particles in range [, d€)] into energy range[fw, d(hw)]
dQd(hw) current density of incoming particles x dQ x d(hw)

12Here the system is the combination of the material and the external probe

13The current flux density depends on the dispersion of the scattering probe. For non-relativistic
electrons and neutrons (in a volume L3), j(k) = hk/(mL?3) where m is the mass of the particle. For
light sources, j(k) = hw/(cL3).
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For finite temperatures, one must average over initial states weighted by a Boltzmann
factor. For the case of weakly interacting probes such as non-resonant X-rays, thermal
neutrons, and fast electrons, the DDCS will directly measure dynamical structure
factors which are the Fourier transform of correlation functions over space and time.
For the case of fast electrons and non-resonant X-rays, the quantity of interest is the

dynamical charge structure factor and is given by [48]
Son(@yw) = /de/de’ei‘?(ff/)/ dt'et (a(&,t")n(Z,0)) (1.25)

which involves a density-density probe-system coupling. A measurement obtained

from thermal neutrons gives the dynamical spin structure factor'* [49]

S () = / pom / Pl e / dt et (S (7. 1)84(F,0)) (1.26)

[e.9]

which involves spin-spin probe-system coupling.
It can be shown rigorously through the fluctuation-dissipation theorem [45] these
correlation functions can be related to the imaginary part of linear response functions.

For the dynamical charge structure factor we have

. 2h .
Snn (@, w) = _ann(QJw) (1.27)

and for the dynamical spin structure factor we have

. 2h .
Sap(@,w) = =T 5 Xas, (€, w)- (1.28)

1.2.1 ‘The’ Dielectric Function

One of the most important properties, along with the one-particle Green function,

of a material [50] is the dynamical screening in a material, which can be obtained via

141t should be noted that neutrons can also couple to the electron and lattice motion, but here I
am isolating just the coupling to the spin degree of freedom.
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the dielectric function. For ‘linear’ dielectric materials'®, the effective potential that
determines an electron’s motion inside the material from an external scalar potential

are related through the inverse dielectric function

Vron (T, 1) = / ' / Bre (7, Tt — oo (T 1), (1.29)

The inverse dielectric function is given through the density-density response function

Xnn through the relation
5_1(fyfl;t—t,) — 6<f—f/>5(t—t/)+/d3xl/ dtlv<f_fl)Xnn<flyf/;tl_t/>, (130)

where v(Z — #1) = €?/|Z — 71| is the bare Coulomb interaction.

It would be very insightful to examine e (Z, #';t — t') as a function of space and
time arguments (7, t), however, we often examine their Fourier transform in terms of
momentum and frequency space (¢,w). The double Fourier transform of the inverse

dielectric function is given by

e (kK w) :/ d(t—t’)ei“’(t_t/)/dgx/d%'e‘ig"?e_l(f,f’;t—t’)eiEl'f,. (1.31)

o0

For a homogeneous system, the inverse dielectric function is equivalent when
translated by any displacement 7, i.e. e 17+ ¢, @ + ¢;t — ') = e YT, 7t — '),
therefore, the inverse dielectric function is a function of only the difference of ¥ — 7.

This allows the double Fourier transfrom to only depend on one wave vector k

e (ki w) = / d(t —t')et=t) /d3(x - x')e_ig'(f_f’)g_l(f —Z5t—t).  (1.32)

For a system with that has a discrete translational symmetry such as a periodic

crystal, the inverse dielectric function has the symmetry e~ 1(7 + R 7+ Rit—t ) =

15By linear, I mean the repsonse of the ‘internal’ fields that the electrons respond to is proportional
to the external potential which is probing the material.
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e (&, 2';t — t'), the double Fourier transform is given by a wave vector in the first
Brillouin zone ¢ and two reciprocal lattice vectors G and G’ , which is shown in

appendix E,

G+ >:/°°d<— M”/Cﬁ /dwl@%‘x1<“ftt>l<q+é'>-f’,

) (1.33)
which can be cast in a convenient matrix form as
e (G w) =77+ G+ G w), (1.34)
This allows equation 1.30 to be cast as
eat (T w) =g +v(T+ Oxaa (T w) (1.35)
where v(q+ é) is the Fourier transform of the Coulomb interaction
o= Ame?
7+ G

—

To obtain the inverse dielectric function 6*1(12,@) for an arbitrary wave vector k,
one must take the diagonal matrix element for a reciprocal lattice vector G which
translates k to the first Brillouin zone
N,
e (k,w) = géﬁq(q,w) (1.37)
where k = ¢+ G. The effective dielectric function °/f (l;:, w) is obtained from the

arithmetic inverse of the inverse dielectric function

e (k,w) = = . (1.38)
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1.3 ‘Fractionalization’ Paradigm for ‘One Dimen-
sional’ Cuprates

One dimensional cuprates have been used as a prototype to search for the exotic
physics which results from the highly anisotropic crystalline structure. This exotica
entails the concept of electron fractionalization, where the fundamental quantities
of an electron separate into collective density waves, one carries charge e and one
carries spin S = h/2, when the system is excited [21, 22]. For example, the particle-
hole excitations of the material replace elementary collective excitations such as the
magnon from linear spin wave theory [5] of the Heisenberg model or the plasmon from
the random phase approximation [51] of the electron gas model with a continuum of
pairs of these fractionalized bosons [52].

Despite being one of the prime candidates that should encompass fractionalization,
it is still ambiguous if the one-dimensional cuprates are hosts to this phenomenon
beyond the INS measurements. This murkiness is partially due to the wide variety
of modeling that is used to describe experimental data and a lack of a universal
model that can describe all the data. For example, some experiments utilize a simple
one band Hubbard model in one dimension to justify the experimental data such as
ARPES [2, 23-27] and INS [1, 28-30]. Others find it a requirement to add a nearest
neighbor interaction to describe exitonic effects which is the case for EELS [33] and
reflectivity [32] measurements. In contrast to my previous statement, some argue that
the inclusion of the oxygen degrees of freedom in a multi-orbital description of EELS
[53, 54] and reflectivity [31] is needed. For RIXS experiments using the copper Ls
edge [3], a multi-orbital Hilbert space is introduced which inhibits examination of the
gapped dipole-forbidden d—d transitions which culminated in further fractionalization
of the electron in terms of ‘spin-orbital” separation to reconcile the spectrum.

Here, I summarize the primary literature that supports the claim of electron
fractionalization to give an overview of the current modeling that is used. In chapter

3, I propose an ab initio perspective on explaining some of the experiments previously
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mentioned, that is not compatible with some of the interpretation of the modeling

that I introduce here.

1.3.1 Inelastic Neutron Scattering (INS)

Magnetic inelastic neutron scattering (INS) is the most direct way for measuring
the magnetic excitations of a material. The external magnetic field ée”(f, t) couples
to both the orbital magnetization from the motion of the electrons and the spin
magnetization from the intrinsic angular momentum. If we just consider the spin
magnetization, the interaction between the magnetic field from the beam of neutrons

and the magnetization of the material is
VW) = - / Bria(7) - (6 x Aevt(z, t)) . (1.39)

If we assume that the neutron cannot flip an electron’s spin orientation, then the

DDCS s [55]
i daqp .
10dFw = (yro)’|F (@) Z af = " )Sas(q,w), (1.40)

where v = 1.913 is the gyromagnetic ratio of the neutron, 7o = €?/mc? = 2.818 x 10713
cm is the classical electron radius, F(q) = [ d®xe~ %7 (Z) is the magnetic form factor
which is the Fourier transform of the ground state magnetization, and S,s(q,w) is

the dynamical spin structure factor [49]

/ P / Bl i) / dte (8. (7, 4)35(F, 0)) (1.41)

For the one dimensional cuprates, the low energy gapless magnetic excitations
offer the best justification where the theory of a one-dimensional material matches
that observed in experiment. Since the cuprates are considered strongly correlated
materials, the low energy modeling is often assumed to be well-described via spin

models where the itineracy of the electrons in the material can be integrated out or
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treated perturbatively. For materials that have an anisotropic chain of atoms such as
the cuprates, the dimensionality of the materials is often inferred from the ratio of
the interchain to the intrachain ‘exchange integrals’ denoted J, and Jj respectively.
For any finite value of this ratio, calculations performed in reference [56] suggest the
material to have Néel order whose ordering temperature Ty is determined by this
ratio. One of the first and most studied realization of a S = 1/2 spin chain is KCuF},
whose ratio J| /Jj ~ 1072 [57]. Later measurements of the magnetic excitations were
performed in reference [58], and better measurements followed in reference [59, 60].
The one dimensional cuprates were a game changer as far as idealized one-
dimensional magnetic systems. There are some ambiguities on the estimated values
for Jj. Early magnetic susceptibility measurements [28] and muon spin rotation SR
measurements [61, 62 estimated Jj ~ 0.11eV for Sr,CuO3 and CayCuOs3, while later
susceptibility measurements [29] estimated Jj ~ 0.18eV and Jj ~ 0.19¢V for Sr,CuOs
and SrCuQO, respectively, while midinfrared absorption measurements [63] estimate
a higher Jj ~ 0.26eV. Reference [62] estimates a Néel temperature of Ty = 5K
and Ty = 11K for SroCuO3z and CayCuOsz with an estimated ordered magnetic
moment of 0.06 up and 0.15 pp respectively, and reference [64] estimated Ty = 5K
for SrCuOs. The ratio is estimated to be Jl/Jn ~ 1075 for these compounds making
them ‘superstar’ [65] materials to examine S = 1/2 Heisenberg antiferromagnets.
Due to the low estimate of J, , the magnetic ground state and excitations for these

cuprates are often modeled by the one dimensional Heisenberg model [65]
-E[Heisenberg = _J|| Z Sz : Sj- (].42)

As a consequence of the low dimensionality and the sufficiently short range interac-
tions, a magnetically ordered ground state above Ty is strongly suppressed [66] due
to ‘strong quantum fluctuations’ which are claimed to be the origin of the low ordered
magnetic moment for these materials [62]. This lack of ordering also has consequences

in the inelastic magnetic neutron scattering cross section. Without a magnetically
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ordered ground state, the spin dynamical structure factor S,3(¢,w) = 0 if a # 8
and Sy, (¢iw) = Syy(¢,w) = S..(¢,w). This behavior dictates that the transverse
and longitudinal dynamical spin structure factors of the one dimensional Heisenberg
model are equivalent. Therefore, for wave vectors along the chain, the DDCS for the
one dimensional cuprates has the form

d*o

s = (o IF(@25..(2. ). (1.43)

The one dimensional Heisenberg model was realized as a low energy effective
model of Hubbard’s model by P.W. Anderson [67] using second order perturbation
theory for the strong-coupling limit U > ¢. The ‘exchange integral’ is given by
4t)?/U of the Hubbard model at half-filling, in which the exact solution was proposed
by Hans Bethe [68] called the Bethe-ansatz. Similar to the case of the Lieb-Wu
solution for the one dimensional Hubbard model [69], it is extremely difficult to
calculate magnetic correlation functions from the Bethe-ansatz solution [70]. The
current interpretation of the gapless excitation spectrum has its roots in the so-
called Miller ansatz [71] which gives the dynamical magnetic form factor, for the
longitudinal dynamical structure factor S.,(¢,w), in terms of the lower [72] EL(q)

and upper bounds [73] Ey(q) of the ‘two-spinon continuum’ given by

. AB(hw — E1(9))O(Eu(q) — hw)

SMu'ller(qv (.U) = 2 (144)
oy (hw)? — E.2()
where the lower and upper bounds for the spinon continuum are given by
wJ, . . q
EL(q) = 7| sin(q)| Ey(q) =nJ| 8111(5)]. (1.45)

In the Miiller ansatz A is an adjustable parameter that should be between 1 and 1.5
[71, 74] to satisfy f-sum rules.
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Due to the solvability of the model, theorists sought to compute the INS cross
section as accurate as possible and in exact units. Since the magnetic excitations
are made up of even integer multiples of spinon continua'®, the contribution from
each of these are possible to calculate quantitatively. Jean-Sébastien Caux et al.
had computed [75] the four-spinon contribution to the dynamical structure factor
and together with the two-spinon continuum can determine 98% of the total spectral
weight seen in experiments for S = 1/2 Heisenberg antiferromagnets. This has been
verified experimentally in reference [76] for CuSO,-5D50.

However, there was a problem with the missing intensity even with four-spinon
contribution for SroCuQOj3. The values that best fit the data, A € (0.4,0.6) were not in
agreement with what they should be [71, 74]. Alternative fits which included itineracy
through the extended Hubbard model [77] were not sufficient to explain this missing
intensity [74]. This issue also existed in the INS measurements of SrCuO, [30] and
also was an issue in the two dimensional cuprates [78]. The issue with the missing
intensity was not in the calculations for the dynamical structure factor, but rather in
the magnetic form factor F(¢). F(q) is often fit from an ionic perspective, but the
nature of the covalency in the cuprates was the culprit for the missing intensity [1]
which can be seen in figure 1.1. In panel b) of figure 1.1, the strong hybridization
tails can be seen in the Wannier function which shows the covalent departure from
the ionic picture which is seen in panel c¢) of figure 1.1. By including the form
factor with covalency, Walters et al. [1] were able to resolve ~ 80% of the INS
intensity and attributed the remaining ~ 20% to the Debye-Waller factor W (q) from
the attenuation of coherent neutrons that modified the DDCS from equation 1.40
through an exponential e=?"W(@ [55]. In reference [$1], the sum rule was satisfied
by integrating to several eV and through the explicit inclusion of oxygen degrees of

freedom in the model Hamiltonian.

16The spinons have to be created in pairs since the neutron scattering processes involve AS = 1
excitations.
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Figure 1.1: Magnetic form factors from reference [1]. a) Crystal structure of
SroCuQO3. b) The Wannier orbital from the density functional theory calculation.
c¢) The atomic x*-y? orbital that was used in calculating the form factor. d) Contour
plot of the form factor from the Wannier orbital. e) Contour plot of the form factor
from the atomic orbital. f)-h) |F(g)|* along all three axes.
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1.3.2 Angle-Resolved Photoemission Spectroscopy (ARPES)

The intensity of the ARPES experiment using the sudden approximation in the
long wavelength measures the spectral function modulated by the matrix element of

the dipole operator'” between the initial and final state of the photoelectron

27T6A0 Z ‘ E —»

_ _ 2 _
\(np;v N 0(hw — Exp — (B~ — Ep)). (1.46)

To obtain this result, the ground state of the electronic degrees of freedom is

approximated as a direct product of an N — 1 electon state with the photoelectron
™) = ki) @ [V, (1.47)

The important quantity that ARPES measures is the spectral function A(¢,w) which

is proportional to the imaginary part of the retarded one-particle Green function.
- 1 ret( -

of the N-electron system where frp(—hw) is the Fermi-Dirac distribution function.
The INS measurements seem to strongly support that the low-energy'® magnetic
excitations can be well-described in a one-dimensional framework, and since the
charge excitations are above the Mott gap for these materials, this gives a very trivial
interpretation of spin-charge separation in terms of energy scales. However, this is not
a direct probe to observe this spin-charge separation paradigm. The best proposed
method for observing spin-charge separation is through ARPES measurements. The
justification for this originates when an electron is ejected from the system, the hole
left behind will disintegrate into its two collective excitations, one which carry charge

—e called holons and one which carry spin i/2 called spinons—spin-charge separation

1"The dipole operator being used is due to the wavelength of light extending over several unit cells
of the material
8By low energy I mean the meV scale
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This was claimed to be the case in photoemission measurements for SrCuQO, in
1996 by C. Kim et al. [23]. In this experiment, using a synchrotron radiation light
source, photons of energy hw = 22.4 eV were used with energy resolution of 75
meV and angular resolution of +1°. Here, the experimental evidence for spin-charge
separation was justified by the difference in the spectra from the two-dimensional
compound SroCuO5Cl, where the total dispersion of SrCuO, was ~ 1 eV while the
dispersion for SroCuO,Cl was ~ 0.3 eV. Since a tight-binding parameterization of a
one-dimensional lattice should be half that of a two-dimensional lattice, the argument
of the opposite occuring was a strong suggestion that this was indicitive of spin-charge
separation.

The notion for spin-charge separation was based on modeling using the one band
Hubbard model in the strong-coupling limit U > ¢ which results in an effective!”
t — J Hamiltonian. Using exact diagonalization, the calculated spectral function had
two dispersing features, one scaled by t and one by .J, which were compared with the
charge and spin dynamical structure factors, S,,(¢,w) and S.,(q,w) respectively, for
the N-1 electron systems which was the justification for the association of each branch
to a charge and spin excitation. The justification for comparing to the particle-hole
spectrum was rationalized in reference [79] with no references why these two-particle
structure factors for be used?’. In addition, the theoretical calculation had a large
spectral weight in the higher energy region at the zone boundary which was absent
in the experiment. The claim for the discrepracy between theory and experiment
was blamed on the experiment due to the experimental cross section was masked by
elastic and inelastic scattering.

In a follow up paper [24] from the same group, it was further argued that

this phenomena was outside the band theory by comparing their results to density

9At half filling (the initial state before the photoelectron is ejected), this gives the
antiferromagnetic Heisenberg model. Once the photoelectron is ejected, the electrons are not
completely frozen and can ‘hop’ to a neighboring site.

20Tt also should be noted in reference [79] that the two peak structure in the spectral function also
exists for the two-dimensional modeling of the ¢ — J modeling bringing into question if this observed
spin-charge separation is just an artifact of the modeling used to compute the spectral function.
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functional theory calculations [80] using the local density approximation. However,
this comparison should not have been made due to the lack of physical interpretation
of the Kohn-Sham DFT band structure, and a Green function calculation should
have been performed to compute the spectral function. They also mentioned of a
step-like structure at the zone boundary which was attributed to isotropic elastic
and inelastic scattering and was subtracted from the data as background. Later in
ARPES measurements of SroCuO3 by H. Fujisawa et al. [26], this was claimed to be
an effect of surface degradation.

It was argued in reference [25] H. Fujisawa et al. argued the measurements in
[23] might have matrix element effects in the cross section due to the polarized light
produced from the synchrotron source. Additionally [23] had a charging-up effect
that was removed with an electron flood gun. To test the reliability of previous
measurements, H. Fujisawa et al. used an unpolarized light source from the He I
resonance line (21.2 eV) with energy resolution of 100 meV and angular resolution of
+1°. They also used a low photon flux to minimize the charging-up effect. They also
noticed discrepancies between theory and experiment having to do with the spinon
dispersion, namely the experimental ‘spinon’ has finite weight in the second half of
1BZ and much less spectral weight than predicted in the first half of the 1BZ.

In 2004, S. Suga et al. performed ARPES measurements [27] using high energy
photons ~ 700 eV photons with with energy resolution of ~ 100 meV and angular
resolution of +3° to study the spectral function of SrCuQO,. They claim that using such
high incident energy photons were to penetrate deeper within the material measuring
bulk properties as opposed to seeing effects from the surface for the low energy
ARPES. In addition, these measurements were claimed to be less sensitive to the
matrix element effects. The two branches seen in reference [23] were absent in the
valence band for these measurements. They also used more reasonable modeling with
quantum Monte Carlo simulation of the Hubbard model, and claim that the t — J

model interpretation is inconsistent with the high energy ARPES measurements.
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In 2006, B.J. Kim et al. performed another measurement on SrCuQOs [2]. In this
seminal paper, with new developments in the ARPES technology and using photons
with energy hw = 85 eV, they were able to distinctly see the two branches proposed
in the 1996 paper which is shown in figure 1.2. The two peak structure was deemed
more consistent with the Bethe-Ansatz solution as opposed to two separate peaks
due to the large spectral weight seen between the two peaks. There still was the
issue of the lack of spectral weight at the zone boundary which now was attributed
to the oxygen 2p character which appears consistent with DDMRG calculations in
reference [81]. In addition, they could not rectify the wide broadening of the square
root singularities from the Bethe-ansatz solution and attributed this to large effects
from phonons.

I would like to make a few comments here before proceeding. There has been
no realistic comparison to conventional band theory to these experiments. The
comparisons made were from the band structure from density functional theory
which should not be used for analysis. A realistic comparison would involve a
Green function calculation using a conserving®! approximation [32] where the spectral
function can sincerely be computed for direct comparison. Not only would this
calculation be ‘comparing apples to apples’, but it would also include many body
effects such as satellites [83—-85] from the plasmon in the two-particle Green function
that feed back into the one-particle Green function. While plasmons for simple metals
usually occur at several eV, the Cuprates have plasmonic excitations that occur
slightly above the Mott gap, which will be seen in section 1.3.3, which could cause a
very noticeable change between the computed spectral function and the DFT band
structure. Additionally, the plasmonic behavior is different in the one dimensional
cuprates than the two dimensional cuprates which could explain why the ARPES
measurements are different in these two compounds. I hope this thesis motivates

work to be done in the future on this front.

21By conserving, I am referring to the conservation laws that are obeyed by the system. This is
achieved by the self-energy being a functional derivative of the generating functional with respect
to the self-consistent one-particle Green function.
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Figure 1.2: Evidence for spin-charge separation for SrCuO, from reference [2]. a)
Energy distribution curves for wave vector parallel to Cu-O chain showing the low
energy valence bands measured by the ARPES experiemnt At the zone center T,
there are two peaks which are interpretted as the spinon and holon band. b) Peak
positions of for various out of plane wave vectors k; (circle, square, and triangle)
and dispersion from ¢ — J model (solid lines).
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1.3.3 Electron Energy Loss Spectroscopy (EELS)

Fast electrons (~100 keV) are an excellent probe for the long wavelength particle-
hole charge excitations of the material i.e. the plasmons [86]. The beam of fast
electrons couple to the electrons in the material through the Coulomb interaction

giving rise to a Hamiltonian
AN A\NH =
2 A—— / &z / d?’a:’w (1.49)

where n(Z) corresponds to the electron density from the beam of electrons and 7(7)
corresponds to the electron density in the material. The initial state and final states
are a direct product of the the initial and final state of the electrons in the material
and the incoming and outgoing momentum of the electron beam i.e. |I) = |i) ® |k;)
and |F) = |f) ® ]/%c} To single scattering events, the DDCS is determined strictly
by the momentum transfer ¢ = Ef — k; and the DDCS is given by [87]

d*o m2 k'

i~ 2t kY D5m(@w) (1.50)

4me?

lg1*
is the dynamical charge structure factor

where v(q) =

is the Fourier transform of the Coulomb interaction and S, (7, w)

Son (G, w) = /d?’x/dgm'e_i‘j'(f_f/)/ dte™ (%, 1)’ 0)) (1.51)

[e.o]

which is the Fourier transform of the Van Hove formula [49]. Another form of the

DDCS can be cast using the loss function Im(-1/¢) [87]

d*o m2 k'

dQdhw R k

v(Q)Im(—=1/e(q,w)). (1.52)

The first EELS measurement for a one-dimensional cuprate was performed by
Jorg Fink et al. [33] to examine the manifestation of spin-charge separation in the

loss function for wave vector transfer in the first Brillouin zone. The modeling used
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was the extended one band Hubbard model with a nearest-neighbor interaction. The
density response function was not directly computed using the Hubbard model, but
rather a ‘Lindhard’ function (¢, w) was computed in the strong coupling limit using
an effective spinless t — J model consisting of a single occupied site (holon) and a
doubly occupied site (doublon). From there, the density response function y,,(q,w)
was computed within the ‘random-phase approximation’ using the bare Coulomb

interaction??

5 Xo(q,w

T 1 4me? = ’
1 WXO((L W)

(1.53)

It was argued that similar spectra could be reproduced without the long-range
screening by using a ‘screened’ value of the nearest-neighbor interaction V.

The results of this calculation and experiment are shown in figure 1.3a. The
justification for seeing spin-charge separation in this data was rationalized from the
lack of a spin-dependent background in the effective spinless ¢ — J model of holons
and doublons interacting with an attractive nearest neighbor interaction V' which
produce a continuum of ‘interband plasmons’. The explanation of the line shape of
the experiment was argued in the optical limit, the continuum of excitations induced
a broad excitation from the interband transitions from the ‘band’ dispersion of the
holon and doublon while at the zone boundary a sharp bound exciton formed since
it is outside the continuum. For small wave vectors, the bound exciton is inside the
continuum, so its features were not seen in this regime.

This exciton seen as a narrowing of the line shape in the theory for increasing
wave vector that gives a sharp peak at the zone boundary is not consistent with
experiment since after halfway to the zone boundary the line shape starts to broaden
which can be seen in the left panel of 1.3a. This broadening was attributed to total

enhanced background from multiple scattering, as opposed to being inconsistent with

22Tt will be shown in section 2.2.3 that working in a low energy Hilbert space, the bare interaction
should be dynamically screened.
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theory. It was also pointed out that changing the parameters by ~ 10% caused a very
noticeable disagreement with experiment.

In 2000, J. Richter et al. in reference [53] argued that the role of the oxygen
orbitals was necessary to accurately describe the dispersion seen in the loss function.
The model Hamiltonian involved only oxygen<+oxygen and oxygen<+copper hoppings
with an onsite interaction between the copper orbitals. They concluded that the loss
dispersion was composed of two separate excitations which were due to the formation
of a Zhang-Rice singlet [88] which were then convolved to get the final loss function.
In the optical limit, the Zhang-Rice singlet was argued to be rather delocalized and
for larger wave vector, the Zhang-Rice singlet was to be rather local, i.e. within the
CuOy plaquette. It was argued that the nearest-neighbor interaction was not needed
and its role in the single band model was to adjust the energy positions.

One year later, it was argued by A. Hiibsch et al. in reference [54] that the
interaction between copper and oxygen degrees of freedom is needed to obtain a
realistic description of the EELS spectrum. As in reference [33], they used the RPA,
however, they realized that the bare Coulomb interaction needed to be screened in the
density response function ‘RPA’ equation. To do so, they used the value estimated
from reference [33] which used Kramers-Kronig analysis to obtain ¢(¢,w = 0) = 8.
The spectrum they calculated is shown in figure 1.3b.

A.S. Moskvin et al. in reference [89] were the first to try and explain the shoulder
at ~ 2 eV that appears for larger wave vector appearing in the loss dispersion seen
in figure 1.3. Here they argued that there were two types of excitonic transitions, a
one- and two-center exciton. The one-center exciton had a m bonding configuration
while the two-center exciton had a ¢ bonding configuration of orbitals. In this paper,
the one-center exciton was claimed to be responsible for the shoulder that appeared
at ~ 2 eV for larger wave vector seen in the second panel of figure 1.3a since this
excitation was also seen in wave vector transfer perpenduclar to the chain, and the
two-center exciton was responsible for the dispersive excitation which dispersed from

~2.6 eV to ~ 3.2 eV.
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Figure 1.3: Loss function from experiment and Hubbard models. a) Theory from
one band extended Hubbard model (left) and loss function obtained from EELS
measurement reproduced from reference [33]. b) Theory from three band extended
Hubbard model (left) and loss function obtained from EELS measurement reproduced
from reference [54].
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1.3.4 Optical Conductivity

The optical properties of one dimensional cuprates have struck great interest in
the condensed matter community due to their nonlinear optical properties [17-20]
that can be used in opto-electronic devices for ultra-fast switching. Measurements for
optical conductivity can be obtained from several method. It can be obtained from
using the Kramers-Kronig relations from the long wavelength limit of the EELS cross
section to obtain the dielectric function. Then the real part of the optical conductivity

can be obtained from the relation

o1(w) = %ez(w). (1.54)

for complex dielectric function and optical conductivity

£(w) = e1(w) + igz(w) d(w) = o1(w) + ios(w) (1.55)

Alternatively, the dielectric function can directly be obtained from ellipsometry
measurements in which elliptically polarized light is shined upon a sample and the
phase shift of the reflected light is used to obtain the dielectric function. Another
method is using reflected light from a synchrotron source which can be used in
conjunction with Kramers-Kronig relation to obtain the optical conductivity.

In 2008, reflectivity measurements were performed [32] for one dimensional cuprate
SroCuOg. In their letter, they indicated that their exists a bound exciton at the edge
of the optical gap which was inferred through sharp peaks where they had to look
at the first derivative to show this feature. They used the one-dimensional extended
Hubbard model which has a bound exciton of holons and doublons in the strong
coupling limit for V' > 2t [90], however, this was not in the parameter range used in
reference [33]. Additionally, the line shape for the bound exciton in this measurement
was not the same as the one that occurs in the extended Hubbard model [91]. This

led them to conclude the ‘missing ingredient’ was the inclusion of the long range
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Coulomb interaction which is key to our interpretation given in chapter 3. It was also
mentioned that the line shape was very dependent on the nearest neighbor interaction
V.

In 2009, a different interpretation of these measurements were proposed in
reference [31] with the inclusion of the oxygen degrees of freedom. In this paper, they
tried to attribute features in the loss function from features in optical conductivity.
The interpretation involved using the notion that peaks A and B in figure 1.4 were
due to Zhang-Rice excitations from the hole in the electron-hole process introduced
by the charge-neutral excitation. One problem that they had was they were not able
to attribute the excitations seen in the loss A’ and B’ could not be attributed to the
fits from peaks A and B from optical conductivity, nor could they be fit by the sum of
the fits. This message is also consistent with our interpretation of the optical data in
chapter 3 where we agree in both peak position and intensity with experiment. In the
calculations I performed, the higher energy spectrum feeds back to the lower energy
spectrum through the Kramers-Kronig relation, so peaks in the optical conductivity
cannot be attributed to peaks seen in the loss function.

There is also modeling of the optical conductivity based on the dynamical density
matrix renoralization group (DDMRG) [92]. Here, the model Hamiltonian is the
extended Hubbard model. In reference [90], they use the relation of the optical
conductivity to the density-density response obtained from lattice models, and in
reference [92] they relate optical conductivity to the current-current response function

which yields

01(w) = wlim Xon(G: ) = wyj;(w). (1.56)

-0 |3
Due to the different locations of the measured peaks in optical conductivity and
density response, this could not yield a consistent framework to give an accurate
description of both. In addition, reference [35] gives agreement in absolute units with

the optical conductivity for SrCuO, which should not be the case for working in a

low energy Hilbert space as seen in section 2.2.3 and with reference [5].
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Figure 1.4: Optical conductivity from reference 1.4. Top-left: Optical conductivity
where four features were isolated and fit with Gaussians. Bottom-left: Loss function
where four peaks were identified. Top right: Gaussian fits for features A and B from
top left panel. Bottom-right: Loss function with additional curves showing the loss
function obtained from Gaussian fits from A, B, and A+B. It can be seen that using
these fits cannot produce the loss spectrum.
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1.3.5 Resonant Inelastic X-ray Scattering (RIXS)

Resonant inelastic X-ray scattering (RIXS) has acquired great popularity as
a probe for examining excitations of materials. With the increase of brilliance in
the synchrotron sources, RIXS has recently become extremely popular for studying
correlated electron materials since they can probe charge, spin, and orbital degrees
of freedom [93]. For a RIXS experiment, the X-ray is tuned to a resonant energy
between a core electron deep inside an atom with a valence electron state. The
tuning of different resonances can unveil different cross sections which can shed light
on different excitations within the material. These resonances are categorized in
terms of absorption edges and have different atomic transition character. For the
transition metals in correlated electron materials, The K edge refers to a 1s — 3d/4p
atomic transition, the L edge refers to 2p — 3d atomic transitions, and the M edge
corresponds to 3p — 3d atomic transitions.
Unlike non-resonant X-rays which interact with the material to first order in
V() = e2/2mc? [ d3zi(T) A (Z,t) - A"!(T,1), the resonant X-rays are dominated

by the interaction where the light couples to the current of electrons to second order
in VO (t) = eh/2micy, [ d3xil(2) A= (T, 1) - Vi (Z).

In principle, a resonant probe should have a cross section that should be expanded
to infinite order in the interaction, but due to the core-hole lifetime I',, and a low

photon flux, the transition probability is evaluated to second order

S(Er — Ey), (1.57)

wiop = 25| 5 Lorl Vsl Ind (nl Vi 9]
h E;—FE, +i[,
which is the Kramers-Heisenberg formula [94]. The RIXS amplitudes that contribute
to the cross section are divided into two individual processes which are referred to as
direct and indirect RIXS. In direct RIXS, the core-hole does not play a main role in
the scattering process while for indirect RIXS, the core-hole does play a prominent

role. Since the RIXS cross section is expanded to second order, it does not directly
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probe the elementary excitations of a material, but there has been work to relate the
cross section to that of probes which do [95, 96].

Since RIXS can be tuned to shed light on certain excitations it has played a
crucial role in the fractionalization paradigm for quantum materials. In 2002, M. Z.
Hasan et al. performed a RIXS measurement [35] tuned to the copper K edge with
incident energy E; = 8996 eV on SrCuO,. The interpretation was the excitations seen
originated from the holons due to the comparison from the one dimensional Hubbard
model [97-99] where the measurement used the onset of the spectrum as opposed to
the ‘center of gravity’. Further justification of fractionalization, similar to the case of
the ARPES, was the dispersion of the onset for SrCuO, was about twice as large as
for the two dimensional compound Cay;CuO,Cly; measured in reference [100].

In 2004, Young-June Kim et al. also performed measurements on the copper K
edge of SrCuOs [34]. Since RIXS measures charge neutral processes, it was argued
the electron is moved to a neighboring site creating a hole and a doubly occupied site.
Subsequently, the hole decays into a holon and a spinon while the doubly occupied site
decays into an antiholon and spinon. They then argued that since the X-ray couples
much stronger to the charge than the spin degree of freedom, the broad sinusoidal
dispersive feature ~ 1.1 eV, was a continuum comprised of holon and antiholons. They
also made comments that there were two additional features in the measurement, the
onset of the holon-antiholon continuum with dispersion ~ 0.4 eV which is indicative
of the spinon dispersion relation E(q) = (7/2)J|sin(qa)| ‘shifted’ by a constant value
of 1.9 eV. The second feature was a broader more dispersive remnant of a strong-
coupling exciton which was in contradiction to the EELS measurement [33].

The main tour de force of realizing fractionalization in the RIXS experiments
was that performed by J. Schlappa et. al. [3]. Here, they performed measurements
on the copper Lz edge (F; ~ 931 eV) of SryCuO3 where both gapped and gapless
excitations were both observed. The gapless features were consistent with the two-
spinon continuum and they were able to estimate the exchange integral J = 0.249

meV, consistent with other measurements. Since the magnetic sector was well
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established to be made of even integer spinon continua, the gapped excitations must
be remnants of the other fragmentations of the electron.

The gapped spectrum’s interpretation utilized the fact that within the strong
coupling limit of these materials, the electrons in the crystal are bound to the ions
giving them an inherit orbital degree of freedom. Therefore, the electron can be
thought of as a bound state, similar to the quarks in a nucleus, of three fundamental
quantities spin, charge and orbital constituents referred to as the spinon, holon, and
orbiton respectively. The numerical work behind this was based on a multi-orbital
(all copper d and oxygen p) calculation modelled using the complete-active-space self-
consistent field (CASSCF) and supplemented with configuration interaction (CI), i.e.
a multiple Slater determinant basis, to get the correct multiplet structure. From
here, using strong-coupling perturbation theory with respect to the charge transfer
energy A, they were able to obtain a Kugel-Khomskii-like Hamiltonian [101] where
the details of the synthesis of the Hamiltonian are given in reference [102]. This
Hamiltonian resembles in its form the ¢ — J model where the hopping parameter ¢ is
replaced with the orbital super-exchange integral .J,. Here spin-orbital separation is
said to occur in the so-called Jy — J model.

The spectrum obtained in the measurement involved a gapless dispersive feature
which were a continuum of spinons, a Mott-gapped intensity at ~ 1.8 eV which was
attributed to an xy ‘orbiton’, a strong, broad dispersive feature with its center of
gravity at ~ 2.3 eV which was attributed to zz and yz ‘orbitons’, and a weaker
feature at ~ 3 eV which was attributed to the 322 — r? ‘orbiton’ as seen in figure 1.5.
I would like to point out that I introduce a Mott gapped longitudinal spin excitation
in section 3 that overlaps in the energy region of the zy ‘orbiton’ and a plasmonic
loss seen at slightly above the energy of the xz and yz ‘orbitons’ which disperses into
the region of the 322 — r? ‘orbiton’ in chapter 3. While a direct comparison of my
calculations to that of RIXS cannot be directly made since I am unable to compute a
cross-section, it is conspicuous that the spectrum in my calculation has a drastically

different origin.
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Figure 1.5: Evidence for spin-orbital separation for SroCuQOj from reference [3].
a) Cartoon for spin-orbital separation. b) Cartoon for spin-charge separation. c)
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Hydrogenic orbitals.
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High-Performance Computation

The main tool that we use in our research group are state-of-the-art high-
performance supercomputers to compute material properties. Previous generations
of physicists did not have the luxury of being to exploit such excellent machinery,
leaving them to a more ‘pencil and paper’ approach to calculations and often relied
on the solvability, whether exact or approximate, of simple toy models with aspiration
that these calculations could be realized in real materials.

The current state of high-performance supercomputers are the implementation of
many central processing units (CPUs) located on what are referred to as compute
nodes performing calculations in parallel over several nodes. Additionally, the CPUs
are often equipped with accelerators which often are graphic processing units (GPUs)
that can perform computations much quicker than the CPUs. However, there is a
drawback to using the GPUs. Since they are not stand-alone computational resources,
they require the transfer of data from the CPUs, but the current transfer rate is
quite slow. This latency can be become less of an issue if the calculations are quite
demanding, and the GPUs can be kept busy with computations.

In our research group, we require the use of high-performance computers to
compute density response functions and interaction parameters to enter effective
models from ab initio electronic structure. To do so requires the computation
of charge fluctuation matrix elements within the linearized augmented plane wave
basis. The code we use within our research group is based on the elk (ver
1.0.17) [103] ground state density functional theory code. A former postdoctoral
researcher in our research group, Anton Kozhevnikov who is currently at the ETH in
Zurich, Switzerland, extended the capabilities to compute density response functions
on massively parallel CPU environments over a two-dimensional message-passing
interface (MPI) grid which won a Gordon-Bell prize for scalability in 2009 [104].
Further developments were done in Wileam Phan’s thesis [105] to port the charge

fluctuation matrix elements using the full-potential linearized augmented plane
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wave basis to the CPU-GPU environment which gave ~12x speedup from Dr.
Kozhevnikov’s implementation. Without these optimizations for high-performance
computation, the research I performed would not have been possible. The calculations
performed during my thesis were run on the Cray XC-30 (Darter) supercomputer
under project UT-TENNO0105, the Cray XK7 (Titan) supercomputer under a
director’s discretionary allocation granted by Dr. Bobby Sumpter, and the IBM
AC922 (Summit) supercomputer under projects MAT168 and MAT201.

Overview

My thesis is organized in the following manner. In chapter 2, I introduce the
theoretical tools that I use for my research. I introduce density functional theory
for systems in a static external scalar potential and magnetic field. Then I discuss
the Wannier orbital basis and the disentanglement technique implemented within our
research group. Next, I introduce time-dependent density functional theory (TDDFT)
in its linear response formalism and the technique developed within our research group
to downfold it to a low energy Hilbert space. Then I discuss a method to construct
a low energy effective Hamiltonian that can be used in many-body methods such as
exact diagonalization, quantum Monte Carlo, dynamical mean field theory (DMFT),
and the dynamical cluster approximation (DCA) to examine ground and excited state
properties of materials.

In chapter 3, I present the main research I performed during my time as a Ph.D.
student. This involves performing calculations for spectroscopic quantities to examine
the charge and longitudinal spin particle-hole excitations for the Mott-insulating
one-dimensional cuprates using our downfolding procedure introduced in chapter 2.
Here, I show excellent agreement with dielectric spectroscopy in the optical and finite
momentum transfer regimes. From here, I get inside the black box calculations using
our downfolding implementation of TDDF'T to unveil the microscopic ingredients that

give rise to our spectra.
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In chapter 4, I summarize work that was done with collaborators at Oak Ridge
National Lab to construct a fully ab initio- based Hamiltonian to study potential
quantum spin liquid candidate a-RuCls. To do this, I synthesized a multi-orbital
extended Hubbard model where my collaborators performed calculations using strong-
coupling perturbation theory upon exact diagonalization calculations to construct an
effective Kitaev-Heisenberg-I" spin Hamiltonian [40]. This Hamiltonian was used in
reference [106] to compute the INS cross section and the specific heat associated
with magnetic excitations. By changing one of the parameters from our model,
it was shown that our Hamiltonian could describe both the INS and specific heat

measurements which was shown in reference [106].
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Chapter 2

Theory

In this chapter, I present the theory I use throughout my thesis which is based on
Peter Hohenberg and Walter Kohn’s ground state density functional theory (DFT)
[12] in section 2.1. I then discuss the localized Wannier basis [107] in section 2.1.4
and the success of a new disentanglement procedure in section 2.1.4 that my advisor
and myself have proposed and successfully implemented. This procedure is currently
more successful than other state-of-the-art methods [108, 109] as far as enforcing what
I will refer to as wunitarity which means it can faithfully reproduce the underlying
eigenvalues from the band structure. By strictly enforcing a unitary transformation,
this will allow the band structure to exactly be partitioned into two subspace, the
target space corresponding to the Wannier orbital basis and the rest space which
are the orbitals not included in the Wannier projection. To extend the ground
state methods to compute excited states, I introduce Erich Runge and Eberhard
K. U. Gross’s seminal time-dependent extension [14] to DFT and its application
to linear response [110]. Finally, I describe our rigorous method for downfolding
procedure for the density response function which systematically becomes exact. To
do so, the band structure must ezxactly partition the Hilbert space into two subspaces
which requires our disentanglement procedure for the Wannier orbital basis. This

downfolding procedure will be insightful for constructing ab initio Hamiltonians [39]
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introduced in section 2.2.4 because it introduces a reducible polarization function in
the random phase approximation (RPA) for the rest space which dynamically screens

the Coulomb interaction between the Wannier orbitals in the target space.

2.1 Density Functional Theory (DFT)

As mentioned in section 1.1, the ability to diagonalize the electronic Hamiltonian
H,. for a material is by far too computationally expensive due to the storage
required for the eigenvectors |1),,),,. DFT relies on the eigenvalues E, inherently
being functionals of the eigenvectors through E,[¢,] = (1, H, ¥n);- The energy

functional E,[¢),] can be separated into two contributions

Enhﬂﬂ] = F[wn] + Vext[wn] (2'1)

in which F[¢,] = <Tel> + (Ver—al),; i @ universal functional of an interacting system

el

of N electrons and Veu[¢,] = (Vear),; is a functional that depends on the ionic degrees
of freedom in the problem. This allows one to see V_[t),] will entirely determine the
properties of a particular system.

Hohenberg and Kohn proved in their seminal paper [12] that the energy, and
more generally any ground state observable, is a functional of the electron density
which is quite remarkable!. Specifically, they showed the external potential V¢*(Z) is
completely determined by the electron density, hence the total energy is a unique
functional of the electron density n(Z) = (n(Z)),. This allowed for a rigorous
mathematical framework to compute the total energy via a functional of a function
of three variables, as opposed to 3V, paving the way for an ab initio way of handling
the exact interacting electron system. Furthermore, using the Rayleigh-Ritz variation

principle, the ground state energy, and hence the exact ground state electron density,

can exactly be determined by a global minimum of the energy functional.

!The theory proposed by Hohenberg and Kohn was proposed for T' = 0K, but it was extended
to finite temperatures by [111].
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2.1.1 Hohenberg-Kohn Theorems

While it is obvious that for a system of N electrons, there is a map from the
external potential V***(Z) to the ground state density nq(Z) containing by solving the

Schrodinger equation
VEH(T) — o(Z, o ... Tn) — no(T) (2.2)
where the ground state electron density is
no(&) = /d3x2 . /d3xN|z/)0(f, Ty .. ZN)|% (2.3)

it is by no means obvious the map is invertible; however, it is the case that this is
indeed true. The proof of this claim relies on two theorems proposed by Hohenberg

and Kohn put forth in 1964 known as the Hohenberg-Kohn theorems [12].

Hohenberg-Kohn Theorem 1: Given a Hamiltonian of the form of ﬁel; there

exists a one-to-one map between the external potential V*(Z) and the electron
density n(Z) = (n(%)),,. In other words, the external potential is entirely determined

by the electron density.

The proof of the theorem is done in Appendix C. To ensure that the electron density
entering this functional gives the exact electron density of N electrons, we must
introduce a constraint to the total energy functional through a Lagrange multiplier?

14, so the functional that needs to be considered is

E[n] — E[n] — u/d?’xn(f). (2.4)

2This Lagrange multiplier should not be interpreted as a chemical potential. It will be shown in
the section on the Kohn-Sham equations the Lagrange multiplier will be replaced by the Kohn-Sham
eigenvalues which also have no physical interpretation.
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Hohenberg-Kohn Theorem 2: As a consequence of theorem 1, a wuniversal

functional of the electron density can be defined F[n] = (erz>el. The global minimum
of this functional yields the ezact ground state energy FEj and is determined by the
exact interacting ground state density no(Z). The global minimum occurs at the first

functional derivative of this functional through

oE

o

= . (2.5)

no

The proof of the theorem is shown in Appendix C.

Spin-density Functional Theory (sDFT)

The Hohenberg-Kohn theorems are of great importance because it gives a first-
principles method of determining all ground state properties of a system of interacting
electrons in the presence of an external scalar potential®, however, it does not address
the problem of magnetism in the ground state or if the system is in the presence of an
external static magnetic field ém(f). Since the ground state density is a sum over

the spin degree of freedom of the electrons
no() =Y ng (&), (2.6)

there would be no way of determining if the ground state is magnetic using DFT a
la Hohenberg and Kohn.
It was therefore determined that the Hohenberg-Kohn formalism of DFT needed

to be extended to handle the material in the presence of a static external magnetic

3This external potential usually refers to the static potential of the ionic lattice, however it can
consider the case where there is an external potential applied to the material, for example a voltage
applied across the material.
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field Eezt(f). Since magnetic fields can couple to both the orbital and spin degree
of freedom, DFT needed to be extended to both of these cases. The former was
proposed and proved by Giovanni Vignale and Mark Rosalt [112] referred to as
current-density functional theory (¢cDFT), and the latter was introduced by Ulf Von
Barth and Lars Hedin [113] called spin-density functional theory (sDFT). Here, I will
introduce sDFT since magnetic fields couple stronger to the spin magnetization over
the orbital magnetization?, and this is the implementation I will need to discuss the
antiferromagnetic ground state I use for the one-dimensional Mott insulating cuprates.
We are now considering an electronic Hamiltonian of the same form as equation

1.7
Hy=Tu+ Ve + Veur (2.7)

where now the external potential adds a coupling of the external magnetic field to

the magnetization from the spin degree of freedom i.e.
Vi = / P [V (@)a(@) - (@) - @) (2.8)

The theorems associated with the presence of an external magnetic field are slightly

more restrictive than the original Hohenberg-Kohn theorems and are given below.

‘Magnetic’ Hohenberg-Kohn Theorem 1: Two different non-degenerate ground

states |Wo) and |W() from the set of all ground states resulting from Hamiltonians
having the form of equation 2.7 using equation 2.8 always lead to two different
sets of ground state densities (ng,mg) and (ng,ni,) where at least one of the four
density components differs. As a consequence, |¥y) is a functional of ny and g so

[Wo) = [Wo[ng, 1))

The proof of the theorem is done in Appendix C. The second theorem for the magnetic

case is similar to the second Hohenberg-Kohn theorem.

4This statement is made for the cuprates and the materials discused in this dissertation.
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‘Magnetic’ Hohenberg-Kohn Theorem 2: As a consequence of ‘magnetic’ the-

orem 1, a wuniwversal functional of the electron density and magnetization density
can be defined E[n,m] = (H.),,. The global minimum of this functional yields the
exact ground state energy Ej and is determined by the exact interacting ground state
density no(Z) and magnetization mg(Z). The global minimum occurs at the first

functional derivative of four functionals through

oE OFE

5” TLZHQ,T?L:T?LQ n:no’m:mo

The proof of the theorem is done in Appendix C.

2.1.2 Kohn-Sham Equations

Hohenberg and Kohn provided the foundation to tackle the interacting electron
system, but it did replace one problem with another. As previously mentionted, prior
to Hohenberg-Kohn’s DF'T the problem stemmed from a computational dilemma of
computing the eigenstates, however Hohenberg-Kohn’s DFT relies on the knowledge
of a functional form of the total energy E[n]. Very few functionals exist, such as in
the Thomas-Fermi theory of screening [114], and their accuracy of application in DFT
were often very poor. In 1965, Walter Kohn and Liu Sham proposed a method [13] to
better construct the total energy functional. Kohn and Sham made the ansatz that
the electron density could be computed via an independent electron orbital framework.
Here, the electron density could be computed via the square of the modulus of these

orbitals

(@) =)o), (2.10)

K
where the summation is performed over all the occupied states to ensure the number

of electrons are equal to the number of electrons of the system of interest. Here, the
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dummy index ¢ is a super index that represents the orbital type since DFT applies
to a wide variety of interacting electronic systems; such as atoms, molecules, and
condensed matter.

It is first convenient to recast the total energy functional given in equation 2.1 in
the form

Eln] = T[n] + Ba_uln] + Eeln]. (2.11)

The kinetic energy functional T'[n], can be equivalently rewritten as T'[n] = Ts[n] +

(T'[n] — Ti[n]), where T[n] is the kinetic energy functional of the Kohn-Sham orbitals®

=5 2 / d*xg; (&) V(2. (212)

Additionally, the functional for the interaction among the electrons V;_[n| can
also be manipulated in a similar manner. Here the manipulation is to treat
the direct interaction between electrons, also known as the Hartree interaction,
exactly. It follows that the functional for the interaction electrons can be rewritten
as Fe_aln] = Enartreeln] + (Fe—e[n] — Frartree[n]), where the nonlocal Hartree
functional Epgriree[n] takes the form

EHaTtree - /d3 /d3 ' |(x :)—;L‘) (213)

T

Using the above manipulations, the exact energy functional® E[n] now has the form

E[n] = Ty[n] + Exartree[n] + Eextn] + (T[] — Ts[n] + Ee—a[n] — Exarree[n]) - (2.14)

°Tt should be noted here that the form of Ty[n] is an implicit functional of the density through
the orbitals since the electron density n(Z) is not explicitly in this functional.

5Up to this point, the only assumption that has been made is the electron density can be computed
via an independent electron framework.
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Here, it is convenient to introduce the definition of the ‘exchange-correlation’
functional

Ey[n] = Tn] — Tsn] + Ea—aln] — Exartree|n)] (2.15)

which allows the total energy functional that needs to be minimized to take the more

applicable form
Eln] = Ts[n] + Exartree[n] + Eext[n] + Ereln)]. (2.16)

By using this construction, the constraint from the Lagrange multiplier p to fix the

electron density is replaced by N Lagrange multipliers

occ

u/d?’am ) — Zsl/d?’xkbz . (2.17)

The variational condition in equation 2.5 is now replaced a functional derivative

of Kohn-Sham orbitals given by

Z/dg <5¢* 067 (%) + ;5@([7;])5@( )) =0. (2.18)

Using the chain rule of functional differentiation, we can use the equivalent expression

OB o) - / g SEBLONE) 5w (2.19)

697 (T) on (") 697 (7)
After computing this functional derivative to equation 2.16, we obtain the variational

equations

Z/d%(w [__V2+Us[ |(Z) —&i| ¢:(F) =0, (2.20)

and a similar equation holds by interchanging ¢;(Z) and ¢;(Z). In equation 2.16, the
Kohn-Sham potential vg[n](Z) is a sum of the external potential, Hartree potential,

and exchange correlation potential v,[n](Z) = Ve [n] (%) + V2 [n|(Z) +V*¢[n)(Z) where



the Hartree and exchange-correlation potential are given by

V) (7) :ez/d3x/|§(_f’;/| (2.21)
and
VE<[n)(T) = / d%'—(s%;[&ff)] (2.22)

respectively. Since the variations of the Kohn-Sham orbitals §¢;(Z) in equation 2.20
are arbitrary, the variational principle is satisfied by solving the self-consistent Kohn-

Sham equations

[—162 o, [nm} 6:() = cien(@). (2.23)

2m

For the case of a spin-polarized system, equation 2.23 takes the form

R -
Z {_%VQ(SW/ + v?%[ng, ny] (:Z”)} Gio' (T) = €igPio(T). (2.24)

0—/

The Exchange Correlation Functional E,.[n]

All the approximations that enter Kohn-Sham DFT are through the exchange-
correlation functional FE,.[n]. It is possible to compute the electron-electron
interaction functional E_o[n| = Egarree|n] + (Fe—a[n] — Erartree|n]) exactly [115]
using coupling constant integration, however, it is not useful because a solution of the
many-electron system must be known. Therefore, one needs to approximate E.,.[n]
to obtain a decent description of the true electron density. In general, E,.[n] is a
non-local functional of the electron density, as in the Hartree functional, which takes

the form
Eo[n] = / P / &2 n(F) Vel (7, 7). (2.25)

However, the most popular ones are taken to be local functionals, i.e.

Vaeln)(7,7) = (7 — ) Vo2 [n] (7). (2.26)
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The exchange-correlation potential V,/0°[n](F) are often parameterized by quan-
tum Monte Carlo simulations of the homogeneous electron gas [116] where the electron
density is uniform, i.e. n(Z) — 7, such as the local density approximation [117] (LDA)
or including the spin polarization in the LSDA [118]. Since the electron density for
real systems are not uniform, parameterizations based on the gradient of the density
Vn are invoked such as the generalized gradient approximation [119] (GGA).

For systems with d or f-like valence states, the LDA and GGA often ‘fail’ to treat
this orbital content properly to produce an accurate electron density. To rectify this,
the DFT+4U [120] method is used which is an orbital dependent functional as opposed
to a density functional, so it falls outside Kohn-Sham DFT. This is implemented by
adding an orbitally dependent functional” in terms of a onsite interaction U and

Hund’s coupling Jy to equation 2.16 as

1
Eifitme] = 5 \U D oottt + (U = Ji1) D, Munr | (2.27)
mm'’o m#m/
where n,,, = (Nne) is the average value for a particular orbital content evaluated
from the Kohn-Sham reference system. Upon taking the functional derivative, this

adds a term to the Kohn-Sham equations

Vi o] = Uan o+ (U=Tu) Y N (2.28)

m/#m
However, this will double count contributions that are already in the Kohn-Sham
potential. Therefore, one must attempt to subtract this contribution. One method is

the ‘around mean-field’ [121] (AMF'), which replaced the energy functional in equation

"Since the DFT+U functional is orbitally dependent functional, it falls outside the usual
framework of Kohn-Sham DFT
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2.27 with

Elj}lMF [nma] =

U Z (nmo - ﬁ)(nm’—a - ﬁ) + (U - JH) Z (nma - ﬁ)(nm’o - ﬁ)

mm'oc m#£m/

N —

(2.29)
However, it may be better to subtract the atomic contribution from the energy
functional 2.27, and this is referred to as the ‘fully localized limit’ [122] (FLL). If

we define the atomic contribution to the orbitals in terms of

N=>"N, N,=) npo (2.30)

the double counting functional from the atomic limit is

1

EDC [No] 5

[UN(N —1) — JgNt(Ny — 1) — Jg N (N, — 1)], (2.31)
so the DFT+U functional in the AMF double counting method is

EF o] = Ey[nme] — EPC[N,]. (2.32)

2.1.3 Crystal Lattices, Bloch’s Theorem, and the Bloch Basis

This section is a summary of that which can be found in most solid state physics
textbooks such as [5, 6, 123]. Until this point, I have introduced DFT for an arbitrary
system of interacting electrons. The focus of this dissertation is to simulate crystalline
solids, so it will be beneficial to introduce a good basis for the Kohn-Sham orbitals. A
perfect crystalline solid is modelled as a periodic repetition of a fundamental unit cell
which may be comprised of one atom, such as aluminum or nickel, or a collection of
atoms, such as SroCuOs3 or a—RuClz where the latter is referred to as a lattice with a
basis. To simulate the crystal, the unit cell generates a Bravais lattice by translation
of an infinite number of lattice vectors {ﬁ} that tile the space indefinitely. Moreover,

the lattice will appear the same irregardless from any unit cell. The lattice vectors
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are expanded in linear independent primitive vectors® @; in which any lattice vector
can be expanded as integer multiples of, i.e. R = nidy, + nads + nzds where each n;
takes an integer value.

Like the case of the non-interacting electron gas with continuous space trans-
lational symmetry in a box of volume V with periodic boundary conditions whose
eigenfunctions are planewaves 9;(7) = (Z|k) = ﬁe‘i’g'f, the eigenfunctions of a
system with discrete space translational symmetry have a similar form. For simplicity,
consider one electron in a periodic potential v(Z) which satisfies v(Z + R) = v(Z). In
the position basis, the time dependent Schrodinger equation has the usual form

(—h—2V2 + v(f)) 0i(Z) = €:pi(Z). (2.33)

2m

Bloch’s theorem states that the eigenfunctions of this system’s quantum numbers
are given by wave vectors k in the first Brillouin zone (1BZ) and spin index o, i.e.
¢i(Z) — g, (Z) and e; — ez . The wave vectors k in 1BZ, can be expanded in

reciprocal lattice basis vectors b; as
E = 1‘161 + l‘ggg + l‘ggg (234)

which satisfy the orthogonality condition with the primitive lattice vectors b; - a; =
27m0;5.

Ideally, wave vectors k in the first Brillouin zone should be continuous variables,
but this only holds in the limit where there are an infinite number of unit cells in
the macrocrystal which is referred to as the thermodynamic limit. However, this
is not feasible in practice due to finite computational resources. To mitigate this,
one invokes periodic boundary conditions referred to as Born Van Karmen boundary
conditions that satisfy

Y (X + Nyd;) =y, (7). (2.35)

8The primitive vectors need to span the three dimensional space, however, they need not be
orthonormal to each other.
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Therefore, the expansion coefficients x; of the reciprocal lattice basis vector I;Z take
the values

(2.36)

my;
T = —
N;
for integer value of m;.

Like the Bravais lattice in real space, there exists a Bravais lattice in reciprocal

space that is spanned by reciprocal lattice vectors @ that satisfy the condition
6iG~(f+§) — Gié.f, (237)

which is equivalent to the condition G - R = 2mn where n is an integer. Formally,
Bloch’s theorem states the eigenfunctions transform under discrete translation by a
lattice vector R as

Y (T + R) = ey (7), (2.38)

which is equivalent to the eigenfunctions having the form ¢ (%) = eiE'quU(f) such
that the periodic part u satisfies up_(Z+ R) = ug, (Z). If there are several independent
electrons, a band index j for each electron in the primitive unit cell must be added

to the quantum numbers, i.e. ¥y (¥) — wﬁja(f) and ez, — €5,

The Full-Potential Linearized Augmented Plane Wave (FP-LAPW) Basis

The eigenfunctions of an independent electron in a periodic potential are Bloch
states as mentioned in the previous section. We therefore must choose a method to
calculate them. This can either be done through a numerical grid or expanding
in a complete basis set’. One of the most obvious choices would be to use a
plane wave basis. This however requires an extremely large number of plane waves
for convergence to describe the Bloch states near the ions in the crystal. The

pseudopotential method [124-129] was introduced where the core and semi-core

9Sometimes the Bloch states are computed through fitting with several Gaussians, however this
is not a complete basis set.

52



electronic states generate an effective potential that the valence electrons are solved
with. This allows the 1/|R| Coulombic potential felt by the electrons to feel a
rather smoothly varying potential allowing convergence in a reasonable size of a plane
wave basis. Other bases that are used are the linearized muffin-tin orbital (LMTO)
[130, 131] and the linear combination of atomic orbital (LCAO) [132] basis.

While the psedupotential method allows the treatment in a plane wave basis in
which integrals can be computed analytically, it has a few downfalls which makes
it not an ideal choice to use. First, it requires the necessity to generate these
pseudopotentials which one needs to be an expert in. Second, it does not allow a
treatment of the semicore states which turn out to play an important role when
calculating the self-energy for Green function methods [133]. To mitigate this, the
full-potential linearized augmented plane wave basis was introduced to compute the
Bloch functions. This involves dividing real space into two regions; an atomic sphere
(AS) centered around each of the atoms in the unit cell, and an interstitial (IS) region
which is the area of space outside these atomic spheres. Inside the atomic spheres,
atomic-like basis functions are used and in the interstitial region, a plane wave basis

is used. The form of the LAPW basis functions are of the form

Z Zlm ZV lAlamizj( )ulo;/(x)yim@z)? lf.ilf € AS

%ZJE]J(Q_:') = JN B NN
\/#7 Z@ Céj(/{?>e(k+G)'x, if €T € IS

where o represents the atomic sphere inside the unit cell, v represents the type of
APW basis function which corresponds to the usual APW basis function, local orbital
(lo), Local orbital (LO), etc., uf,(x) is the radial function, and Y},,(X) represent real
spherical harmonics. For a detailed description of the method, reference [134] is
very informative. It is worthwhile mentioning that the contribution from the atomic

spheres to the charge fluctuation matrix elements is the most expensive part of the
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calculation of response functions which require high-performance supercomputing

resources to compute for complex materials with several atoms in the unit cell.

2.1.4 Wannier Basis

While the Bloch basis is the ideal choice for a single-particle basis for a periodic
system since they are the eigenfunctions of a single-particle perfectly periodic
Hamiltonian, it is not always the best basis for expanding the Hamiltonian. This
is indeed the case for a correlated-electron materials, where the local interactions
between electrons must be treated as accurately as possible. It is convenient to
introduce the Wannier basis, first introduced by Gregory Wannier in 1937 [107],
which act as localized orbitals centered about a particular unit cell. For a unit cell
located at position é, the Wannier orbital is obtained from the Bloch functions via

the transformation

1

Wno (T — B) = (F|Wyo(R)) = —— Z e~ ikR Z njo (R)1g, (2), (2.40)

V NB’L)K

where n is a label that distinguishes the type of Wannier orbital.

The Bloch states are defined up to a phase since they are eigenstates of a
Hermitian operator. This means there is no impact on the physics under the ‘gauge’
transformation |kjo) — e©® |Ejo). Therefore, the Wannier functions are not
uniquely defined, and this ambiguity is absorbed into the expansion matrix anjg(E).
Sixty years after Wannier functions were first introduced, physics and solid state
chemists started getting serious about computing these quantities for real materials.
Nicola Marzari and David Vanderbilt proposed choosing a gauge by the criterion
of localizing the Wannier functions as much as possible [135]. This was done by

minimizing the variance, or spread of the orbital {2 defined as

Q= (<Wm<é>|>z|wm<é>>)2—<Wm<é>|>22|wm<é>> (2.41)



which was deemed to be the best ‘gauge’ due to being tailored for discrete lattice
models.
Since the Wannier functions need to span a subspace of the entire Hilbert space,

they should satisfy the orthonormality condition
(W (R)| Wi (R')) = / Prw’ (T — R o' (T — B) = 0pgr0pmOpp.  (2.42)

The Wannier functions should also satisfy the closure relation within the subspace,

which is stated mathematically as

Z |WnJ(R)> <WnU(R)| - Isubspace (243)
no R
To accomplish this, the transformation from the Bloch basis to the Wannier basis
must be unitary. This translates mathematically to the transformation in equation

2.40 to be invertible meaning

1 o ) 3
Ui (T) = 5 — > RN o (k) Wio (7 — R) (2.44)
R n

where the transformation matrices are unitary transformations of one another

Cino(k) = ai (k). (2.45)

njo

If this condition holds, the Wannier functions will ezactly reproduce the low energy

band structure from the Bloch states that were used in the projection.

Hies = 3030 3 Wan Wikl W () (2.46)

o nm BR
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1BZ

e Y A S 0 R (F) (Rl ) d

g nm RR' Kk 3y’

1BZ

NB K ZZZZelk R R/) Za]no Clm]g >€kJUdTaédeﬁL/'

e nm RR’

Using the relations

1BZ

(1T

and
1BZ

Sk ks

7 Z Z (1)

I
dnUR Z iky- R Za’me k’g k2]20,
V NBUK

then equation 2.48 becomes

1BZ

2 Z Z ZZ i(k—k1) .ﬁze_i(ﬁ_ﬁz).ﬁ'
B

O kkiky ™M R

x ggjaanWU(EZ)a:nja(E)d

We can now use the identity
Z pilh—k1) R _ NBvK5kk1

to obtain the result

1BZ

HKS - Z Z Z Z Z a]nU an]lo' E) jgma(E)amjo'(lg)gk]gdkhadkﬁg

nm j1]2

We can use the relations

]na(E)anhU(E)

Jirjz

k‘ljlo'dk'QjZU"

Ze_i(k bR NBUK‘skk:g

R

5]1 jno(E>anJ0(E)

Z jna(lg)a”]lg(kl)

Rdmaﬁ’

(2.47)

(2.48)

(2.49)

(2.50)

(2.51)

(2.52)

(2.53)

(2.54)



and

a]zma(l;)amjo'(lg) 0jj,0 ij(E)am]U(E) (2.55)

to simplify equation 2.53 to

1BZ

Hys = ZZZ% L e Y [ * (B (F) W(/aamja(/;‘)]. (2.56)

nm

If the Wannier orbitals are related to the Bloch states through a unitary transforma-
tion, the quantitiy

S [0 )00 () (Rt () (2.57)

nm
will be unity for the bands used in the projection for each wave vector in the first
Brillouin zone, but if they are not related via a unitary projection, then this quantity
will give a number which differs from one which will create fake eigenvalues. This can

be seen in the right panel of figure 2.1.

Constructing the Wannier Functions

To construct Wannier functions, one must define: a) an energy window'? to
project the Wannier orbitals and b) the ‘orbital’ character that is desired for said
projection. The method used here is using the local orbitals defined strictly in the
atomic spheres of the FL-LAPW basis functions first introduced by W. Ku et al.
[136].

First, I will discuss the single-site projection. This involves projecting a local
orbital with a particular symmetry corresponding to a particular (real) spherical

harmonic which is labelled by |¢,,). Then a non-orthogonal Wannier orbital |W,,(R))

10The energy window we use is defined by including a desired number of bands to be included
in the projection. One of the goals my advisor Professor Adolfo Eguiluz and myself desired was to
eliminate the energy window dependence of the Wannier orbital projection. This will be discussed
when introducing our new method for constructing Wannier functions.
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is computed through the relation

- . 1 . oo

Woo(R)) = e RN G (k) |kjo). 2.58

[Wao(R)) NBvK%: Zf”l ) (2.58)
<kjo'|¢n>

To require orthonormality 2.42, we take the inner product of the Wannier orbitals,

1BZ
oL . 1 s . Y
Wio (R)|Wie (R)) = R B RN Gt (K)amjio (K (kjo|K' 5o’
W B Wi () = 57— > D s (R () (il
kk! 73 828508, 00
kk'739" Voo
(2.59)
| Bz
— 50 eF RN G (R )mo (K). 2.60
D DU WL L (2:60)
Since Z,%BZ ik (R=R) Npykdjzp, we would require that the overlap matrix

- -

Opn (k) = > @ino(K)amjo (k) to be unity. To do so, we use the Lowdin orthonor-
malization procedure [137]. This entails redefining the matrix of the transformation
using the inverse ‘square root’! of the overlap matrix S(k) = O*%(E). We therefore

use a new definition

S 1 - -
Woho(R)) = e BN G S () [kjo) 2.61
(Whe(R)) Jm%: jZ joSun (k) [kjo) (2.61)

By taking the inner product between two Wannier orbitals using the new definition

in equation 2.61,

(Wao (B) [ Wi () (2.62)
1BZ
e S R S S (R (R (F) S () (Rl
PO 3g' 810,510, 07
(2.63)

Tn general, it would be very difficult to take the square root of the matrix. To do so, we make
a change of basis to diagonal form and take the inverse square root of each matrix element
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Jamsior () S () = (02 RYOR)O 3 (R)) = b, (2.65)

7 n'm/

so we obtain the orthonormality condition
<WnU(R)|WmU’(R,)> = 500’5nm5R‘R’/- (266)

We can therefore equate the expansion matrix aU(E) in equation 2.40 with the result

in equation 2.61 to obtain the result
njo (k) =Y s jo S (k) (2.67)

It is not necessarily the case that Wannier functions need to be projected on just
one site and for one particular orbital. In chapter 3 and in figure 2.2 it is required that
a molecular orbital picture is used to produce the orbitals in the low energy Hilbert
space. For this type of projection, the local orbital |¢,) is replaced by a unitary

matrix that sums over multilple orbitals and lattice sites, i.e.

which is put into equation 2.59 to obtain an orthonormal basis.

Wannier Functions for Entangled Band Structure

For certain materials, it is not trivial to satisfy the condition of unitarity as in

equation 2.44. This is a consequence of having undesired bands crossing within the
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desired energy window which will be used to project the Wannier functions and is
referred to as an entangled band structure. This causes the transformation matrix
anjg(/;) to be rectangular for some are all of the wave vectors in the first Brillouin
zone. Since rectangular matrices are not invertible, this causes the eigenvalues in
equation 2.44 to produce eigenvalues which do not correspond to the eigenvectors
used in the projection. This was an issue that was realized in the Wannier orbital
community. To mitigate this, Marzari et al. proposed a ‘disentanglement’ procedure
[138] to develop a method to fix this issue that relied on two energy windows, a frozen
larger energy window and a smaller wave vector dependent energy window. While
this was able to reproduce the band structure better than before, it still was not 100%
successful as seen for the case of LapCuQ, in the right panel of figure 2.1.

In the left panel of figure 2.1, I showed the result which an anti-bonding Wannier!?
orbital was exactly disentangled from the rest of the Hilbert space using the method
we proposed discussed in the next paragraph. To do so involved developing a new
procedure of disentanglement developed by my advisor and myself. At the heart of
the method, we had to enforce the matrices anjg(E) were exactly square matrices for
each wave vector in the first Brillouin zone and each spin projection. This translates
to choosing the same number of bands j as orbitals we want to project n. In
addition to the matrices dnjg(lg) being square, we also want to not rely on energy
dependent windows for the Wannier projections since we did not want to sacrifice
poorly projected Wannier orbitals for the sake of obtaining a unitary transofrmation.
We desire this because a Wannier orbital can faithfully reproduce the band structure
it was derived from, but it may be a bit too ‘man-made’ in the sense that it will pick
up band indices that are not a good depiction of the orbital that is being produced.

To satisfy the unitarity of transformation, we adopt the following procedure.

First, we compute and tabulate all the overlaps a,, (k) before the orthonormalization

procedure for all the orbitals we desire to project, all the band indices, and all the

12T have glossed over the details describing this orbital. Since the focus of this thesis is the one
dimensional cuprates as opposed to the two dimensional cuprates, extensive details will be introduced
in section 3.1.3 that shed light on what I had done here.
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Figure 2.1: Disentanglement for La;CuQO,. Left: Disentanglement procedure using
our implementation for an antibonding orbital. Right: Disentanglement produced
using procedure in reference [138]. Figure reproduced from reference [139]
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Figure 2.2: Wannier orbitals for La,CuQy. Top left: antibonding Wannier orbital in
a Hilbert space of one orbital. Top middle: antibonding Wannier orbital in a Hilbert
space of two e, orbitals. Top right: antibonding Wannier orbital in a Hilbert space of
seventeen orbitals including all the copper d and oxygen p orbitals. Bottom: Different
view of antibonding Wannier orbital in a Hilbert space of one orbital.
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wave vectors in the first Brillouin zone. Next, for each orbital we choose the band
index, which we refer to as the locus for jmax(lg), that maximizes the overlap |dnjg(/2)|.
This allows us to define a band associated with a given orbital. From there, we include

-,

all of the loci of j,4.(k) to be included in the projection. If there is a degeneracy

-

associated with two or more orbitals having the same j,,..(k), then we choose the
second largest jmax(E) to define the loci. Once all the loci of jmm(/;) are chosen, then
we put them into the Lowdin orthonormalization procedure to produce our exactly
entangled Wannier orbitals. As a success case, | have shown the corresponding band
associated with the locus of jmax(g) for an antibonding Wannier orbital for LayCuQOy,
in the left panel of figure 2.1. I showed the corresponding contour plots for this orbital
in figure 2.2. I also showed contour plots in figure 2.2 of how this orbital is modified
when it is part of a larger Hilbert space.

It is important to note that this development can cause difficulties with a tight-
binding parameterization of the band structure due to a discontinuity in energy space
from choosing the locus of jmax(E) as seen going from the I' to X path in the left
panel of figure 2.1. This results in spurious oscillations in the band dispersion for
wave vectors that were not in the E—grid used in the definition of the Wannier orbitals
from equation 2.40. However, this oscillation effect is reduced when the number of
unit cells in the calculation are increased which increases the density of the grid in the
first Brillouin zone. Therefore, we can conclude that our method is not one intended
for interpolating band structure, however that is not the purpose of our method.
Our method is built out of the necessity to exactly partition the Hilbert space into
two disjoint subspaces to be used in downfolding time-dependent density functional
theory which is introduced in section 2.2.3. This method could further adapted to
fix this problem by using a measure to choose jmam(l;) to also consider smoothness
in energy space as one of the criteria while strictly enforcing unitarity. Using this
criteria may also give insight into which orbitals need to be added to the Hilbert

space if the low-energy Hilbert space is not large enough to capture all the desired

spectra.
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2.2 Time-Dependent Density Functional Theory
(TDDFT)

The hallmark theory for the ground state, density functional theory, is one of
the most widely used theories in condensed matter physics to this date. However,
there is an experimental dilemma that it is impossible to measure the ground state
of a quantum mechanical system. The ground state of the material is often inferred
through measuring energy differences from the excited states, and then compare with
its agreement with a theoretical calculation. Therefore, an extension to DFT where
a time-dependent potential is needed so the excited state spectrum can be inferred
through the linear response function by using the Lehmann representation, which has
resonances at the excited energies measured from the ground state. Time-dependent
density functional theory (TDDFT) has its origin in the work by E.K.U gross and
Erich Runge [14] twenty years after the original ground state theorems were proposed.
The theory relies on the use of the Runge-Gross theorem and requires a more elegant
theorem since the notion of a Hamiltonian giving a ground state energy is no longer

valid with time-dependence and one must work in the Lagrangian formalism.

2.2.1 Runge-Gross Theorem

Runge-Gross Theorem: There is a one-to-one correspondence between the time-

dependent potential'® Ve (# t) with the time-dependent electron density n(Z,t),

given that the system was initially in a state |¢).

The proof of this theorem is given in appendix D. It should be pointed out that the
theorem requires the knowledge of the initial state |1)y) since there are cases where

two different time dependent potentials V¢! (Z t) and Ve*2(Z t) yield the same

13t is important to note that the uniqueness of the external potentials must differ by more than
just a time dependent factor.
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time-dependent density n(z,t) given two different initial ground states. Throughout

my thesis, I restrict the work within the linear response formalism of TDDFT.

2.2.2 Linear Response theory of TDDFT

In the presence of a time-dependent external potential V(7 t), the ezact time-

dependent charge density can be expanded in a Taylor series in powers of the potential
n(Z,t) = no(7) +/ dt//dsac/xm(f, it — V(T )

+ /OO dt, /OO dts / B /d%gx@ (Z, 21, Tos t, ty, to) VT, 1)V (To 1) + . .
T (2.69)
in which the linear response function x,, is given through a functional differentiation
of the external potential
. on(x,t

Xon (T, @5t — 1) = W%(f’,)t’) . (2.70)

It is important to note that the linear response function is entirely a quantity that has

properties acquired only from the material properties and does not involve changes
due to the external potential.

This formalism is especially convenient when the external potential weakly couples

to the electron density which allows for linear response to be a good approximation of

the induced electron density on(Z,t) = n(Z,t) — no(Z). This gives us the usual linear

response equation'*

Sn(i, 1) = / dt / B (&, Tt — )5V 0] (7, 1), (2.71)

—00

1T use sV (7, t') instead of V2 (#,#') to indicate that the potential is weakly coupled to the
system.
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Invoking the Runge-Gross theorem, I can equivalently write equation 2.71 in terms
of the so-called Kohn-Sham density response function!® denoted as yo, and the time-

dependent Kohn-Sham potential §VE5[n)(Z,t') as

Sn(Z, ) = / dt' / B (7, 75t — 1)V ES ] (7 1), (2.72)

The response Yo is not a true response function and will not have poles at the true
excitation energies of the system, but rather it will have excitations determined
by the Kohn-Sham band structure—which has no physical meaning. Similarly,
SVES[n)(Z,t) is not the external potential that the electrons respond to, but is
the total potential that the Kohn-Sham electrons will respond to. The time-
dependent Kohn Sham potential will thus be a sum of contributions from the time-
dependent external potential, Hartree potential, and exchange-correlation potential,
SVESIn](Z,t) = sVertn|(Z,t) + SVH[n|(Z,t) + §V*¢(Z,t). It is important to note
here that since the Hartree and exchange-correlation potentials are functionals of the
electron density, they obtain a time-dependence because the electron density acquires
time-dependence, which is similar to the case for mean field response'®. By invoking
the Runge-Gross theorem again, we can differentiate with respect to the electron

density, so

5vKS[ ]( )_ 5ve:pt / dt’ /d3 /5‘/ _’, t,) )6 (f/,t/)

> svEen|(Z,t) .
/ 3./ ’ A
+ /_ dt /d x —5n(f’, ) (@, t). (2.73)

15Tt is very important that xo to not be confused with the irreducible polarization function from
many-body theory.

16Tt is important to make a distinguish something here. Despite the TDDFT equation taking
the form of a mean field response, this analogy is completely wrong. Mean field response is an
approximation of the true response, while the treatment in TDDFT is an ezact method for calculating
the true density response of the system
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Upon performing the functional differentiation, the induced Kohn-Sham potential

becomes

KS o ext 3 —'n.f"
SVES[n)(2,t) = 6V /dt/d 4,‘ 5(t — t)on (1)

+ / dt’ / da f7(F, 75t —t)on(d,t). (2.74)

Here, I have introduced here the exchange-correlation kernel, f*(Z,2";t —t') =
SV*en|(Z,t)/dn(z’,t"), which includes information about the ‘memory’ of the system
that will arise due to the time-dependence of this potential'”. Using equation 2.71,

this can be expanded in terms of the density response function

OV [n)(7,t) = 6V [n](Z, 1)

/ dt /d3 //d3 "
/ dt/ dt”/dS //d3$//f:cc T, )Xnn<—»/’ —»//, //)5Vext[ ](—w’t//)'

(2.75)

Xnn(_’la =, t— t )(n/eart[ ]( ,t/)

Now we have expressed the induced time-dependent Kohn Sham potential in terms
of the external potential, so we can put this result into equation 2.72 to obtain the

result from reference [110]

Xon (T, @5t — 1) :XO(f,f’;t—t')+/ dtl/ dtg/d3x1/d3x2

62

X Xo(f, f17t — tl) - 5(t1 - tg) + fxc(fl,fg; tg — t/):| X(fg,f,,tg - t/), (276)

|1 — 2
To compare with spectroscopy, it is convenient to work by taking the double
Fourier transform over the spatial degrees of freedom and a Fourier transform over

the time difference ¢t — t’. Then equation 2.75, which is derived in appendix E, takes

I"This is a many-body effect and is absent in time-dependent Hartree or Hartree-Fock equation
of motion techniques for the density-density response function.
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the form of a matrix equation
Xaar (@ w) = (xo)ger (T w)

+ > (o)aa, (@)@ + (@ w)]6,6,Xa,0 (@ w), (2.77)

152

Q

or by summing the geometric series to infinite order,

Xea(Tw) =Y (X0)aa, (@ w)[1 = (@) + ()] xo(T, )]G, a1 (2.78)

vee () = ——=5066- (2.79)
7+ G]

The Kohn-Sham density response function has the explicit form

1BZ

(xo0)aa ( ZZZ (kjo| e T |k + gj'o)

fE+tj’j’a B ijU

X .
€irgio — ERjo T h(w +int)

(k + @j'o| T Ejo) (2.80)

which is derived in appendix appendix E. Here, the charge fluctuation matrix elements

(Eja! —i(7+G) % |k: + ¢j'o) are given by integrals over the macrocrystal

PT‘l

(ol T E o) = [ @iy, (@05, g, @ TOT (281)

Spin-resolved Density Response function

We know that the functionals depend on the electron density per spin projection
n?(Z) as opposed to the total electron density from the spin-polarized extension to

DFT. It is therefore more meaningful to formulate TDDFT in this manner. By doing
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so equation 2.71 has a more fundamental building block [22, 140] which is
on”(F,w) =Y / o' 77 (2, T w)oV et (T w). (2.82)

In this context the Hartree and exchange-correlation kernels that enter the TDDFT

linear response equation needs to be modified as

6VH [n] (57 t) 5VH’U[TLT, ’I’L\L] (f, t) 62 ,
@) (@) IE 4,|5(t—t) (2.83)

and

SVreTn)(Z,t)

zc - =, / xc,o0’ - = A
f [n]<xlv‘r27t—t> = f [nTani](th?vt_t) = 5nal(fl,t/)

(2.84)

respectively. There are a few novelties that arise from this formalism. First, the
Coulomb interaction e?/|Z — #’| can explicitely be seen that it couples the Kohn-
Sham band structure of opposite spin projections. The second, and more subtle, is the
ability to define both the density-density response function y,, and the longitudinal

spin-density response xg,s. respectively as

Xon(T, Tt — 1) = Z X0 (&, &t — ) (2.85)

and
X (B, 25t — ) = oo'x77 (&35t — 1), (2.86)
where ¢ = +1 for ¢ =7 and ¢ = —1 for ¢ =] in the summation in equation 2.86.

The consequences of both of these novelties will be relevant in chapter 3.

2.2.3 Downfolding TDDFT

Time-dependent density functional theory, in its form introduced in previous

sections, has been used for computing several spectroscopic quantities since its
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inception. However, in its presented form, it is a black box that does not offer insight
into the microscopic origins of the spectra that it produces. This is because the entire
Kohn-Sham band structure enters the calculation, both occupied and unoccupied
states, to obtain the spectra, and the insight is at best done by ‘drawing arrows’ in
the band structure to guess at the origins of the excitations. The main work I have
done in my thesis is to get inside this black box to obtain the microscopic physics
behind these response functions. This work is based on a formalism introduced in
the 1970’s by Werner Hanke, Liu Sham, and Giancarlo Strinati [141-147]. They
however did not correctly downfold the full density response ., but rather the non-
interacting response Yo. In particular, my advisor and myself aspired to develop a
form of TDDFT for the Wannier orbitals that are related to the Bloch states via a
unitary transformation that was introduced in section 2.1.4.

However, the Wannier basis does not form a complete basis which is a requirement
for a rigorous treatment of TDDFT to compare with physical spectra. We therefore
had to recast the linear response functions for a basis of Wannier functions to rectify
this problem.

In what follows, I will use a symbolic form of the matrix equation 2.78, x =
Xoll — VXO]_l, where V' = v + f,.. Since yq is a sum over intraband and interband
‘transitions’ we can separate xo = x§ + x§ where the t is referred to as the target
space associated with the Wannier orbitals and r is what is referred to as the ‘rest’

space. Then equation 2.78 is equivalent to
' ‘s -1
X = (xo +x0)[1 = V(xo + x0)] (2.87)

— (xb+ X {1 = Vgl = V) Vsl (2.88)

Here, it is convenient to introduce the dynamically screened interaction

V=(1-Vxy) 'V (2.89)
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Then
=0+ v -7}

| B
= O+ 1= Vx| - v
t r1—1 r 7ot -t r1—1
=xX[1-Vxol +xo [1 - VX0:| [1—Vxol
where I have introduced the definition of the response in the target space
t ¢ 5 ]!
X EXo[l_VXO} -
Using the equality of
~ -1 ~
-V =1
it follows that

X=X = Vg + xpVX L= Vxg) ™+ xpll — Vg™

= [1 + XSV} XL =Vl ™+ xpll = Vixg

The prefactor on the first term in equation 2.96 can be manipulated as
[V = [+ x50 = Vo) V] = [ = V]
which allows us to rewrite the exact TDDFT linear response equation as

X == xpVI XL = V) + xpll— Vg

(2.90)
(2.91)

(2.92)

(2.93)

(2.94)

(2.95)

(2.96)

(2.97)

(2.98)

At this point, I have made no approximation to the linear response formula but rather

recasting it in an equivalent form. I have also not mentioned any implementation of
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fze and its impact on the spectra. The easiest approximation to f,. is setting it to
zero which is referred to as the random phase approximation (RPA) of TDDFT.
The exchange-correlation kernel f,. is often computed within the adiabatic LDA or
GGA [110] based on functional differentiation of the exchange-correlation potentials
evaluated from the ground state DFT calculation. Additionally, there are other
proposed kernels such as the bootstrap kernel [148] or the Bethe-Salpeter based kernel
referred to as the nanoquanta [149]. However, our formalism allows us to develop
models for the kernel that act only in the target space. This can be understood if
we partition our two disjoint subspaces in matrix form. Then the product Vyo will

become

VA4 foe © t0 U+ foo)Xh UXP
Vxo = I Xo _ (A e b ) (2.99)
v v)] \0 xjp VX6 vXo

Upon iterating this to infinite order, it allows equation 2.98 to become

X = [1—xpo] XL — o]+ gl —oxp) (2.100)

where it is convenient to define the response in the ‘rest’ space within the random-

phase approximation as

X" = X[ —oxgl (2.101)

It should be stressed that we have introduced an approximation in equation 2.99
to the TDDF'T linear response function. However, as the target space size is increased
to include more Wannier orbitals, this expression is expected to reproduce the exact
result making our method a rigorous method to downfold TDDFT. It is important to
mention here that the main purpose of this downfolding procedure is to understand

the microscopic physics inside x*. In the Wannier basis, x'55 (7, w) takes the form of

18]t is important to note that this is not the same RPA that David Pines introduced for the
plasmon of the electron gas [51]
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a (four-point) particle-hole ‘propagator’ in which the external lines have been closed

to obtain a response (two-point) function which is shown in appendix F.

We also want to understand dynamical screening within the target space to gain

insight into the physics. This can be done through the inverse dielectric function.

We put the result obtained in equation 2.100 into the result for the inverse dielectric

function e~ = 1 + vy. It follows that

et =14wvy

=1+ ([1 = xpo] X1 —oxg] ™+ xolt —oxg) )

=14+v (1 —xpv] "X +xg) [1—vxp)

I then rewrite the identity matrix 1 as
1= [1—oxgl[l —oxg)
Then equation 2.102 becomes
el = [1—uxj+ [l — xpu] X" + o] [T — ox] ™

= [1+ox"][1—vxpl ™"
= [1+ox"] 1+ vx].
We then can define the inverse dielectric function for the target space as
()" =1+ o]
and the inverse dielectric function of the rest space as

()" =L+ vx]

(2.102)
(2.103)

(2.104)

(2.105)

(2.106)
(2.107)

(2.108)

(2.109)

(2.110)



which allows a rewriting of the exact inverse dielectric function that will be measured

in spectroscopy as

el = ()7 (e (2.111)

This result takes a similar for as in chapter 25 of [5] where in that case the target
space corresponds to the ions in the material and the rest space corresponds to the
electrons. Since I have an inverse dielectric function, I can define a dielectric function

for the target as

1 1
t
et = - — 2.112
()™t [+ o] (2112)
and through this relation we can define a conductivity for the target space
ot = et (2.113)
47

2.2.4 Constucting Ab initio Hamiltonians using the Down-

folded Random-Phase Approximation

To understand the entire energy spectrum by diagonalizing the electronic
Hamiltonian is computationally impossible. ~ As mentioned in 1, an effective
Hamiltonian can be introduced. I will give a brief introduction in how this can
be understood. We are trying to calculate the spectrum of the exact Hamiltonian

given through the equation

]:Iel |¢>el =F |¢>el . (2-114)

We can define projection operators that act on the target and rest space given by P,
and P, respectively which satisfy P,+ P, = I. We can therefore recast equation 2.114

in the form

P.H.P, P,H.P,
At ! ! At At ! ! ) |1b1) B |9e) ’ (2.115)
PrHelPt PrHelPr |¢r> |¢r>

where I have defined |¢;) = P; [¢)),, and [¢,) = P, [¢),,. It is important to note here
that when taking the inner product of <<¢t| <1/;T|> with equation 2.115 reduces to
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the usual eigenvalue equation for the entire Hilbert space. Now, I have redefined the

eigenvalue equation in terms of two coupled equations. If we take the equation
Prﬁelpt ’wt> + prf{elpr ‘wr> =F |wr> (2116)
and solve for [¢,), we obtain the relation
~ PP e SN
) = (EI - PTHelPT> BHLP, ). (2.117)
Putting this result into the other equation
pt[:[elpt ’wt> + IAth{elpr ‘¢r> =FK |wt> y (2118)

we obtain the result

A A A A A A A A A A 1A oA oA
BH.P, + P,H,P.(E] — P.H.,P,) PrHeth] ) = E i), (2.119)
which gives the result
Hep(E) [¢n) = E |thy) , (2.120)

where I have defined the effective Hamiltonian that acts on the target space
Ho i (E) = |PHLE + BHLP(EI — Prﬁelﬁr)‘lﬁrﬁelﬁt] . (2.121)

This is just manipulating the eigenvalue problem to a problem projected on
the target Hilbert space. However, its spectrum is not independent since the
effective Hamiltonian depend on it through the energy dependence of the effective
Hamiltonian. To solve this equation would involve making approximations on the
effective Hamiltonian which is the spirit of P.W. Anderson’s theory of the low energy
super-exchange spin Hamiltonian of the half-filled Hubbard model or the ¢t — J model

away from half-filling. It can also be seen that by solving this Hamiltonian synthesis
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approach will yield terms that pair higher number of particles than two due to the
projection technique as shown in equation 1.12.

In our research group, we have a different procedure for computing f[ef ¢ using
the random-phase approximation of TDDFT. This method follows that in reference
[150]. To do so, we split the Hamiltonian into a single particle part Hy and an
interaction piece H;,,. The single particle aspect of the Hamiltonian is obtained via

a tight-binding parameterization of the Kohn-Sham band structure

=2 > > (R R)d L d,g,. (2.122)

g RRI nm

where the matrix element hZ, (R — R') is given by

B (B = ) = (Wo B s (Wi () = [ 007, (5~ Bhics (@7~ ),
(2.123)
and it should be noted that this quantity is just a function of the difference of lattice
vectors I — R due to the translational symmetry of the underlying crystal structure.

The interacting part of the Hamiltonian H;py is given by

E E E oo + i
mt = Vnmnm Rl,Rg,Rg,R4,w =0 )anladnga’dm/R3‘7 dn’R4o7
oo’ R1R2R3R4 nmn/m/

(2.124)

where the interaction matrices are given by

oo’ (Rl,RQ,R3,R4,W - O+)

nmn’/m/

= <Wna(é1)| <Wma’(ﬁ2)| Wr(w = 0+) |Wn’a(ﬁ3)> |Wm’0’(é4)>

= /dsx/dgx'wfw(f—R’l)wfno,(f'—ﬁg)wT(f, 7w = 0o (2 — R3) o (E— Ry).
(2.125)
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Here, the quantity used to compute the matrix elements for the effective interaction is
screened by the degrees of freedom that are in the rest space which gives the equation

for the screened interaction as

w' (T, 7w =0") =@ -7 /d3:z:1 /d3xgv T1)X"(Z1, To;w = 01 )v(Zy — 7)
(2.126)

where v(Z— ') = €?/|Z— 7| is the bare Coulomb interaction and x" (¥, Zo;w = 07) is
the static limit of equation 2.101. Using this formalism, we have constructed a static
Hamiltonian where we have ignored the frequency dependence of the interaction in
the downfolded target space. In principle, this should be included in the interaction
and has been shown to play an important role for La;CuQy in reference [139].

We have used this RPA downfolding procedure to construct a multi-orbital
extended Hubbard model in chapter 4 for a-RuCls which was published in an article
in Physical review B [40].
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Chapter 3

Collective Excitations in
‘One-Dimensional’ Mott Insulating

Cuprates

One-dimensional cuprates are materials with a crystalline anisotropy along one
direction formed by copper-oxygen chains. The chemistry of these chains plays a
crucial role in the material properties witnessed via spectroscopy [2, 3, 17, 23, 26,
27, 31, 33]. One-dimensional cuprates are distinguished between the corner-sharing
compounds such as (Ca)SroCuO3 and SrCuOs seen figure 3.1, where the copper atoms
are bridged with an oxygen atom, from the edge-sharing compounds CuGeOj3 and
LiCuOs. In this dissertation, I focus solely on the corner-sharing compounds which
are the epitome of being ideal realization of one dimensional Heisenberg chains.

In section 1.3, I had summarized the ‘fractionalization’ paradigm of these materials
which has been used to interpret several experiments [3, 30, 33, 151-156]. In
this chapter, I introduce and propose a brand new ab initio course of action for
understanding the Mott-gapped charge-neutral particle-hole excitations in these
materials through a rigorously downfolded implementation of time-dependent density

functional theory (TDDFT) introduced in section 2.2.3.
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Figure 3.1: The crystal structure of (Ca)SroCuO3 and SrCuQO,. Sr(Ca);CuOj; has
a crystal structure is made up of separated corner-sharing CuQOgs chains. SrCuQOj’s
crystal structure consists of two magnetically decoupled chains that form a zig-zag
structure. Despite differences in the crystal structure, experiments find several
similarities between these materials. Here, I have shown the two equivalent CuOsz
chains for (Ca)SroCuOj that comprise the unit cell which I will use as a visual aid
throughout this chapter. The dashed lines in the figure distinguish between unit
cells. This figure was adapted from reference [157].
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3.1 Ab initio Theory for ‘One Dimensional’ Cuprates

The main focus of my research has been to construct an ab initio description
of the experimentally observed spectra. By doing so, I introduce a parameter-
free explanation for the Mott-gapped particle-hole charge and (longitudinal) spin
excitations in these materials by downfolding TDDFT to a low-energy space of exactly
disentangled Wannier orbitals for the ‘one-dimensional’ cuprates. It follows that
the active ingredients needed to describe these excitations are dynamical long-ranged
screening and the chemistry inherit to the solid state. Before introducing these
innermost constituents of the spectra I produced, I show the results for the physical
spectra which are compared with experimental measurements and some predictions I

make for potential future experiments to be performed.

3.1.1 Ab initio Spectra for (Ca)Sr,CuO3; and SrCuO,

In the optical limit, my ab initio calculations agree extremely well quantitatively
in the ‘peak position’ and intensity! with the current published data for SrCuQO, and
SroCuOs3 as seen in figure 3.2. This figure is very pertinent to our proposed theory
because it introduces the notion of a pole, seen as a crossing of the real part of the
dielectric function in the optical limit, as the main arbiter for the charge excitations
seen in these materials as opposed to a continuum of pairs of collective charged
bosons [33, 34]. There have been no measurements that show the real part of the
dielectric function for SroCuO3 or CayCuQOs, so in its stead I have shown the optical
conductivity for SroCuOs [31] which is proportional to the imaginary part of the
dielectric function. It is also noteworthy that although we agree extremely well with
the dielectric function for SrCuO,, small differences in the crossing of the dielectric

function can manifest itself in noticeable differences in its inverse.

!The data published for EELS was done in arbitrary units, so an absolute comparison was not
able to be done. My intention is for this work to motivate future experiments to be performed to
produce the results with the correct intensities.
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Figure 3.2: Dielectric response for one-dimensional cuprates. Top left: Ellipsometry
measurements from [158] (open circles) and TDDFT calculations (solid lines) for real
and imaginary parts of the dielectric function for SrCuQO,. Top right: Loss function
from ellipsometry (open circles), EELS [87] (crosses), and TDDFT (solid line) for
SrCuOs. Bottom left: Optical conductivity from reflectivity [32] (open circles), from
EELS (crosses), and TDDFT (solid line) for SroCuOjs. Bottom right: Loss function
from reflectivity (open circles), EELS [33] (crosses), and TDDFT (solid line) for

SYQCUO;g.
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In addition to the optical limit, we agree very well with finite momentum transfer
parallel to the one dimensional chain from EELS measurements [33] which can be
seen in figures 3.3 and 3.4. In figure 3.3, I have also plotted the dispersion with open
shapes on the scale of reference [33] to show why this discontiunity was overlooked. I
would like to draw attention to the behavior of the dispersion relation in the vicinity
of the antiferromagnetic zone boundary at ¢ = 0.4 A='. It can be seen in the left
panel of figures 3.3 and 3.4 there is a ‘discontinuity’ which was overlooked in the
published work from references [33, 87]. In the right panel of figures 3.3 and 3.4, I
use theory to fill in the dispersion relation which introduces a sharp change in the
slope of the dispersion which would appear as a discontinuity with resolutions below
Ag = 0.025 A1,

I attribute this discontinuity to the sudden change in the line shape for the
calculated dielectric function shown in figure 3.6. It can be seen that as the wave
vector is increased, the imaginary part of £(¢,w) becomes much less sharp which
through the Kramers-Kronig relation will not allow the real part of (g, w) to dip
down as much as it did in the optical limit. As mentioned in section 1.3.3, there
was a narrowing of the line shape for the loss function for wave vectors approaching
7 = 0.4 A=! and then the line shape starts to broaden until the zone boundary at
7=0.8A"L

This property is captured in the theoretical calculation which is shown in figure
3.5 which shows the width of the line shape fit with Gaussians for both the theoretical
calculations and experimental measurements. The trend was consistent if I used one,
two, or three Gaussians. The broadening of the line shape after the antiferromagnetic
zone boundary is caused by the microscopic physics, i.e. electron-hole propogation.
Beyond ¢ = 0.4 A~!, electron-hole propogation is equivalent to that less than ¢ = 0.4
A" since they are related via a reciprocal lattice vector, hence the narrowing is
a result of the microscopic physics. However, the propagation to spectroscopy is
different due to the differences in the behavior of charge fluctuation matrix elements

for different momentum transfer.
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Figure 3.3: Dispersion relation for SroCuOj3. Left: EELS dispersion obtained from
reference [33] (filled black triangles) and RIXS dispersion obtained from reference [35]
(black crosses). Theory (open red circles) and EELS (open black circles) correspond
to the y-axis on the right side of this graph. The dashed black lines are guides to the
eye to show the discontinuity in the dispersion relation. Right: TDDFT dispersion
(filled red circles) to show our explanation our interpretation of the dispersion relation
for wave vectors not measured and EELS measurements.
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Figure 3.4: Dispersion relation for SrCuQO,. Left: EELS dispersion obtained from
reference from Gaussian fits to the data [87] (filled black triangles). Dashed black lines
are guides to the eye to emphasize the discontinuity in the dispersion relation. Right:
TDDFT dispersion (filled red circles) to show our interpretation of the dispersion
relation for wave vectors not measured and EELS measurements. Theory dispersion
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Figure 3.5: Linewidth for peak in SroCuOs. EELS linewidth (open black circles)
obtained from full width at half maximum (FWHM) obtained from Gaussian fit of
EELS measurements compared with FWHM of Gaussian fits for TDDFT calculations.
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Figure 3.6: Dielectric function £(¢,w) for SroCuO3 for wave vectors from |q] =
0.1 — 0.6 A='. It can be seen in the bottom left panel that the imaginary part of
the dielectric function suddenly has a sudden change in the line shape which causes a
drastic change in the behavior of the real part of the dielectric function through the
Kramers-Kronig relation. This can be attributed to the discontinuity in the dispersion
relation of the pole seen at §= 0.4 A~
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Although EELS data seems to suggest the collective mode is damped out at ¢ ~ 0.8
A~1 seen in figure 1.3, this is an artifact from the 1/|q]* prefactor that is present in the
loss function, and the signal will appear even weaker for larger momentum transfer
measurements due to the additional 1/|G]* prefactor of the DDCS. However, this peak
still exists in the imaginary part of the density-density response function x,,(q,w),
or equivalently the dynamical charge structure factor Sy, (q,w).

As seen in figure 3.7, the peak in S, (¢,w), re-emerges in higher Brillouin zones
which is similar to the case of MgBy [159]. Furthermore, this re-emergence is
ubiquitous across all corner-sharing ‘one dimensional’” Mott-insulating cuprates, and
can be validated by non-resonant inelastic X-ray (NIXS) measurements® since the
cross section is directly proportional to S,,(,w) in contrast to the ¢=%S,,(7,w)
dependence on the EELS cross section. [ would advocate for a measurement of
CasCuO3 as opposed to SroCuQOj since the proton number for calcium is Z = 20
while the proton number for strontium is Z = 38. This would give ~ 13x the count
rate due to the photoabsorption of the NIXS measurement. Specifically, the DDCS
for NIXS [48] is

2
d“o 9

S o w -
dh r2(e, - &) (—1) Snn (@5 w). (3.1)

As seen in figure 3.7, an ideal area in phase space to see the re-emergence would
be in the vicinity ¢ ~ 2 A~'. A measurement of this nature would further validate
our theory and more generally would advocate for NIXS measurements as a more
direct probe for excitations for quantum materials. It also would be quite interesting
to perform a measurement taking the Fourier transform of S,,(q,w) over all wave
vectors to examine the real space dynamics of the collective mode. Work has already
been made on this front in reference [160] where they were able to directly measure

the shape of the symmetry of the associated orbitals pertaining to the dynamics.

2For previous generation X-ray sources, the presence of strontium in some of these compounds
made measurements difficult because of the Z* behavior for the absorption of X-rays and would
require long allocations of beam time to get a discernable signal. However, with the introduction of
the fourth generation of synchrotron sources, these measurements may be more feasible.
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The more striking aspect of the ab initio theory is the prediction of a collective
Mott-gapped longitudinal spin excitation seen in figure 3.8 that has the same
‘periodicity’ as the upper bound of the two-spinon continuum., and the peak position
for all three cuprates are shown in figure 3.9. These excitations result from treating the
charge and spin dynamics on the same footing by calculating the spin-resolved density
response function and could be verified experimentally with INS measurements. This
excitation is above the energy scale usually measured but within capabilities of state-
of-the art facilities such as the spallation neutron source (SNS) at Oak Ridge National
Lab. It is also noteworthy the energy region of this magnetic excitation overlaps in
energy space with the zy ‘orbiton’ seen in the copper L3 edge of the RIXS experiment
[3], however, RIXS measurements do not directly measure correlation functions so this
assignment cannot be definitively made. Furthermore, this excitation was seen in the
energy region of the copper K edge of the RIXS experiment for SrCuO, [161] and
was attributed to a shift in the single-spinon dispersion relation by 1.9 eV.

The reason this excitation is inherently gapped is because the longitudinal
magnetic response, for a system which includes the effects of electron dynamics, is
mediated via the direct Coulomb interaction in time-dependent density functional
theory while the transverse magnetic response have their origin solely in the exchange
and correlation aspect of the Coulomb interaction®. It is usually the case that the spin
excitations are modeled using low energy spin models such as the Heisenberg model at
half-filling or the ¢t — J model when away from half-filling, so these excitations are well
beyond the energy scales these models were intended for. Furthermore, if you consider
these spin models to be a fundamental Hamiltonian for the material, the ground
state is a macroscopic SU(2) spin singlet [68] with no long range magnetic order, so
the longitudidal and transverse magnetic excitations are equivalent [74]. Therefore,
the only magnetic excitations shown in the literature are the gapless excitations of

continua comprised of even integer multiples of spinons.

3The longitudinal response also has a contribution from exchange and correlation, but I worked
solely within the RPA, so these effects were absent in my calculation. Also, the direct interaction
has much stronger of an effect.
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Figure 3.8: 5..(¢,w) calculated for SroCuQOj3 for wave vectors of the first six Brillouin
zones for the antiferromagnetic unit cells. The excitation has an energy of ~ 1.8 eV
and has a rather large dispersion ~ 0.8 eV which is consistent with the dispersion of
the upper bound of the two-spinon continuum. Here, there is no gapless excitation
seen in this spectrum, so for our theory to agree with experiment, there should be a
gapless excitation seen in the transverse dynamical spin structure factor S, _(q,w)
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Figure 3.9: Peak position for the longitudinal spin dynamical structure factor
S..(q,w) for a) SryCu0s, b) CayCuOs, and ¢) SrCuO,. I propose INS measurements
on the energy scale shown in these figures to validate our proposed theory. It should
be noted that the discontinuity and line shape at the antiferromagnetic zone boundary
is not present in this calculation.
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3.1.2 The Ground State

Now that I have introduced the calculated spectra, it is necessary for me to cover
the details of the calculations that gave rise to these results and provide microscopic
insight into the physics underlying them. For the ground state density functional
theory calculation, I used the orthorhombic unit cell and the (Immm) space group
for Sr,CuO; and CayCuOs. The lattice constants I used as inputs are a = 3.906 A,
b=3.496 A, and ¢ = 12.684 A for SroCuOj3 [162] and a = 3.7870 A, b = 3.2781 A, and
c=12.277 A for Ca,CuO; [163]. For SrCuOs,, I used the orthorhombic unit cell and
(Cmem) space group with lattice constants a = 3.577 A, b=23.9182 A and ¢ = 16.342
A from reference [164]. The crystal structure used includes two equivalent corner-
sharing CuOj3 chains which can be visualized in figure 3.1. To capture the insulating
nature of these materials, I have doubled the unit cell along the chain axis generating
two sublattices which yields four formula units in each unit cell. Additionally, I
imposed these sublattices to be antiferromagnetically ordered.

The calculations were performed using a 16x16x4 unit cell macrocrystal in which
the Born van Karmen boundary conditions were imposed. To check convergence, I
doubled the macrocrystal and the electronic structure and spectroscopic calculations
were unchanged. Omne hundred and fifty empty states were included above the
condition of charge neutrality which corresponds to a Hilbert space that extends
to ~ 25 eV to be used in the TDDFT linear response equation for polarization
processes. For the exchange-correlation functional, I used the generalized gradient
approximation (GGA) parameterized by John Perdew, Kieron Burke, and Matthias
Ernzerhof [119] and an additional Hubbard U and the Hunds coupling Jg [165] on the
[ = 2 orbital content which further opened the band gap, and the fully-localized limit
(FLL) [122] to account for double counting in the exchange-correlation potential.

While the Hubbard U in the ground state DFT calculation is often used as an
adjustable parameter to fit an experimental measured quantity, such as optical band

gap or magnetic moment, [ estimated the value of the Hubbard U and Hund’s Jy
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using the random phase approximation of TDDFT. Since the Hubbard U and Hund’s
Jy act on a particular orbital character of the LAPW basis functions, here I projected
five d orbitals on the copper sites for the RPA estimate. For CayCuO3 and SroCuOs,
this corresponded to a value of U=4.7 eV and Jyp=0.9 eV and U=4.8 eV and Jy=0.9
eV?* for SrCuQ,. Due to the expensive nature to calculating the Hubbard U due to
the large number of reciprocal lattice vectors needed; the largest number used in the
calculation used was ~ 3200. From there, a fit of the data was extrapolated to obtain
the values that were used in the calculation. The convergence of the Hubbard U and
ground state electronic structure for the antiferromagnetic ground state for all three
materials are shown in figure 3.10.

Figure 3.11 shows the band structure along high symmetry points in the first
Brillouin zone and the density of states for SroCuO3 where the content derived from
the oxygen p and copper d overlap in energy space which generates a manifold of
entangled valence states from ~ —7 to 2 eV. This degeneracy of content must do
with the strong covalency in this material. Figure 3.12 and 3.13 show the orbitally
decomposed density of states from the copper d and oxygen p content for the [-
decomposed content in figure 3.11.

This hybridization makes it very difficult to construct Wannier orbitals. I show
the construction and disentanglement of these Wannier orbitals in section 3.1.3 using
the method that was introduced in section 2.1.4 of this thesis and showed the
paramagnetic phase of LagCuQy4 as an example. Here, I can to disentangle a Hilbert
space spanned by two Wannier orbitals for each spin projection and for each chain
in the unit cell. These two orbitals will be shown to describe well the microscopic
origin of the spectra seen in figure 3.2, however, I need to add an additional four
oxygen-centered Wannier orbitals to the Hilbert space to capture the dispersion seen

in figure 3.3 and 3.4 which will be introduced in section 3.1.5.

4Tt is noteworthy that for the cuprates Jz does not really affect the electronic structure, but for
iron-based materials it has much more prominent role in determining the ground state density
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Figure 3.10: Band structure and convergence of RPA estimate for Hubbard U for
ground state calculation. a) Band structure along high symmetry points for SroCuQOj
and showing convergence of Hubbard U for a Hilbert space consisting of all five d
Wannier orbitals. b) Band structure along high symmetry points for CayCuO3 and
showing convergence of Hubbard U for a Hilbert space consisting of all five d Wannier
orbitals. ¢) Band structure along high symmetry points for SrCuOs and showing
convergence of Hubbard U for a Hilbert space consisting of all five d Wannier orbitals
which is what orbitals the Hubbard U acts upon.
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Figure 3.11: Band structre and (I-decomposed) partial density of states (pDOS) for
the coppper d and oxygen p content for SroCuQOs. using the GGA+U functional. In
this calculation U = 4.7 eV and Jg = 0.9 eV. It can be seen that the [ content for
both the copper d and oxygen p are degenerate in energy space which corresponds to
a strong hybridization in real space.
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Figure 3.12: Partial density of states for the copper d content decomposed into
their orbital content. Top: pDOS for copper 1. Bottom: pDOS for coppper 2. The
other two copper atoms give identical density of states.
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Figure 3.13: Partial density of states for the oxygen p content decomposed into
their orbital content. All other oxygen atoms in the unit cell will give the pDOS of
either of these two oxygen atoms.
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3.1.3 Low-Energy Hilbert Space

To gain insight into the microscopic physics of the spectroscopy shown in the
spectra shown at the beginning of this section, I needed to construct an exactly
disentangled basis of Wannier orbitals. Without loss of generality, I will show the
details for SroCuOgs for the rest of this chapter to avoid redundancies. To do so,
I needed to enforce unitarity and I desired for my projection to be energy window
independent. The one-dimensional cuprates have a very entangled band structure,
as seen by the overlapping copper d and oxygen p [-decomposed density of states in
figure 3.11, so I needed to invoke our disentanglement procedure introduced in section
2.1.4 to accomplish this.

Since I am computing dynamics, the minimal size Hilbert space required is one
occupied and one unoccupied Wannier function per formula unit and spin projection.
Looking at the density of states (DOS) plot in figure 3.12, it appears that the

unoccupied flat band ~ 1 eV has strong copper d,2_,2 on the copper 1 site. Upon

~y
projecting a local orbital of this character over the entire Hilbert space, this indeed
is the case. Figure 3.14 shows the corresponding locus for jmax(lg) of this Wannier
orbital and the corresponding contour plot. These unoccupied bands are quite isolated
from the rest, so the disentanglement procedure is not as difficult as it will be for the
occupied band structure.

For the occupied states, the hybridization between the copper d and oxygen p
states is very strong as seen in figure 3.11. I ultimately desire a Wannier orbital that
will be near the top of the occupied states to capture the low energy charge dynamics
seen in figure 3.2. Since the one dimensional cuprates are considered to be Mott
insulators, as a first attempt, [ will try and project a copper d orbital. Looking at the

DOS in figure 3.12, it appears that a copper d,2_,2 on the copper 2 site seems most

-y
appropriate and is consistent with most modeling based on the one-band Hubbard
model and the crystal field splitting of square planar geometry inherit to the corner-

sharing one-dimensional cuprates.
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Figure 3.14: Unoccupied orbital contour plot and locus for jn..(k) from d2_,»
Wannier orbital centered on the copper 1 site.. It is noteworthy that this orbital
has strong hybridization tails on the oxygen atoms within the plaquette and on the
netghboring copper 2 sites.
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Two-Orbital Hilbert Space: d—d Picture

Using an energy independent window for projecting the local orbital of copper
dy2_,» symmetry on the copper 2 site, the orbital surprisingly has its locus for
jmax(E) at the bottom of the valence bands at ~-7 eV which can be seen in the
left panel of figure 3.15. The orbital associated with this projection shows a bonding
configuration with the copper d,2_,» orbital and the neighboring oxygen p content of
its hybridization tails. This plot shows several different contours where areas with
stronger opacity correspond to a larger contour value.

Considering I need an orbital that is located higher in energy to describe the
low energy dynamics, I relax the imposition to have an energy independent window.
Therefore, I impose an energy dependent window that cuts off to only include bands
above ~-5 eV. By doing so, the locus for jmax(l;) now resides at the top of the occupied
states seen in the right panel of figure 3.15 as desired. It can be seen through the
contour plot that this orbital has an anti-bonding configuration with its hybridization
tails on the surrounding oxygen atoms within the plaquette.

It is also worth mentioning that this orbital has strong hybridization tails on
the neighboring copper atoms which form a bonding configuration seen in the right
panel of figure 3.15 while the unoccupied state has an anti-bonding configuration with
its neighboring copper atoms seen in figure 3.14. This will play a crucial role in the
dynamics. One striking result is the main energy separation in the electronic structure
between these orbitals and more generally the cuprates due to the chemistry.

By doing this projection, I have chosen a bias in which I assume a Mott-insulating
ground state meaning the excitations across the gap are controlled by d — d
processes. However, it could be argued that these materials fall under a charge-
transfer insulating ground state. Therefore, I will now try to see if the charge transfer
picture can be realized through the projection of a Wannier orbital that has oxygen
p character. In addition, the success of this projection could be measured through its

reliance on the energy window.
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Figure 3.15: Occupied orbital contour plot and locus for jme(k) from d,2_,
Wannier orbital centered on the copper 2 site. The left panel corresponds to
projecting the Wannier orbital using no energy window constraints and the
corresponding plot of contours associated with this orbital. It can be seen through
the contour plot that this orbital has a bonding configuration with its surrounding
oxygen atoms within the plaquette. The right panel corresponds to projecting the
Wannier orbital using an energy window that extends down to about ~ -5 eV and
the corresponding plot of contours associated with this orbital. It can be seen
through the contour plot that this orbital has a anti-bonding configuration with its
surrounding oxygen atoms within the plaquette.
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Two-Orbital Hilbert Space: p—d Picture

Since I want these orbitals to be energy window independent, I cannot declare
complete success with the previous projection of the d,2_,» Wannier orbital projected
on the copper 2 site. Re-examimining the [-decomposed density of states in figure
3.13, it is seen that there is strong oxygen p content near the top of the occupied bands.
Additionally, the oxygen p content manifests itself through strong hybridization tails
around the copper d,2_,» Wannier orbital seen in the right panel of 3.15.

Therefore, I chose to try to project an oxygen p orbital which is more consistent
with a ‘charge-transfer’ [166] insulator, where the neutral charge excitations across
the band gap are determined by transitions from p — d as opposed to transitions
from d — d excitations from the Mott-insulating paradigm by using the copper
dg2_,2 Wannier orbitals. Examining the copper d,2_,2» derived Wannier orbital in the
right panel of figure 3.15, I chose a linear combination of local orbitals respecting this
configuration. Therefore, I use a linear combination of p orbitals specifically given by

|p> = (’0(2)7py> - |O(4),py> + |O(5>’p:c> - |O(6)7p:v>>7 (32)

| —

where the enumeration of atoms is given in figure 3.1.

By using this projection, the energy window independence is almost satisfied
except a few points corresponding to a much smaller measure in the first Brillouin
zone than the copper d,2_,» Wannier orbital as seen in figure 3.16. Here, the outlying
points are shown by magenta circles. By imposing an energy window down to ~ -6eV,
which is about ~ 1 eV lower in energy space than the copper d,2_,» Wannier orbital
for energy window independence, the orbital is entirely at the top of the valence band
seen in figure 3.16 by the blue circles and is very similar in energy space and visually
to the copper d;2_,2 derived Wannier orbital. In figure 3.16, for clarity, I have shown
both an energy dependent and energy independent window in the same plot. The

-

blue circles track j,q. (k) with an energy dependent window down to ~ -6 eV and the

-

magenta circles show j,,q..(k) for an energy independent window.
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Figure 3.16: Occupied orbital contour plot and locus for jmax(E) for the
linear combination of p orbitals. The linear combination used is |p) =
2(10(2),py) — |0(4), py) +10(5), pz) — |0(6),ps)).  The blue circles track the
associated band when an energy window that extends down to ~ -6 eV and the
magenta circles show the outlying points when no energy window is used.
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Two-Orbital Hilbert Space: ‘Antibonding’—d Picture

While the d — d and p — d Hilbert spaces could be considered satisfactory as
far as unitarity and almost energy window independence is concerned, I still felt that
these projections could be improved for a few reasons. The first being the ability to
develop a completely energy independent window so this method could be extended
to any material where a Wannier orbital projection is desirable. The second is I do
not want to impose personal preference on which type of orbital should be used.

This caused me to reconsider what figure 3.15 was trying to tell me. When I did
not impose an energy window on the projection, the Wannier orbital seems to be in a
bonding configuration between the copper d,2_,» and oxygen p and inside the copper
2 plaquette. However, when I chose an energy dependent window, the Wannier orbital
appears as an anti-bonding orbital inside the plaquette. I then thought it would be
best to think about the band structure in terms of the chemistry between both the
oxygen p and copper d derived content. It followed that I chose a molecular orbital
picture defined via a local orbital of character
L

|MO : +) =
)

(10(2),py) = [0(4), p,) + |O(5), pa) = |O(6), px) + |Cu(2), 2 — y?))
(3.3)

S

where the +(-) refers to the bonding(antibonding) orbital. It can be seen in figure
3.17, that this picture is completely energy window independent and gives much
more insight than my previous two projections. It is often the case in the literature
[31, 167] that in the schematic view of the DOS, the orbital that I refer to as the
bonding orbital is referred to, in the hole language, as the upper Hubbard band,
and the antibonding orbital is referred to as the Zhang-Rice singlet for these one
dimensional corner-sharing cuprates. When comparing the occupied orbital, either
the d, p or the anti-bonding molecular orbital interpretation, the locus for jmam(lg)
are almost identical which justifies that this orbital appears quite robust and truly

wants to be in its location in energy space, which can be seen in figure 3.18.
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Figure 3.17: Occupied orbital contour plot and locus for jmax(lg) for the
bonding and anti-bonding molecular orbital. The left panel shows the
molecular bonding orbital given by the configuration for the local orbitals as
MO : +) = =(10(2),py) — |0(4),py) +10(5),ps) — [0(6), p) + [Cu(2), 2% — y?)).
The right panel shows the molecular anti-bonding orbital  given
by the configuration for the local orbitals as |MO:—) =
5 (102), ) — 10(4), p,) + 105), p2) — [0(6), p2) — |Cu(2), 2% — 32). Both
projections are completely energy window independent satisfying our desired
criterium for Wannier orbital projection.
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Figure 3.18: Comparing the contour plots and locus for j,,..(k) for d, p, and anti-
bonding molecular orbital. It can be seen that the orbitals are almost identical in
energy space and the contour plots look visually very similar.
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3.1.4 Dynamics from Low-Energy Space

Now that I have defined a low energy Hilbert space of exactly disentangled
Wannier orbitals which is both unitary and energy window independent, I can now
examine their ability to capture the relevant physics for the dynamics. This entails
calculating (y*) GiGa from the Wannier basis to compare with various spectroscopic
quantities. From the Wannier basis, as derived in appendix F, the target space

response is given

(g @w) =D Y A+ G) () (@w)AF @+ ), (34)

oo’ 1234
where each of the numbers in the subscript represent the type of character and the
unit cell location for an electron or hole from a Wannier orbital, i.e. 1= {n; R}, and
the bars over the numbers correspond that they are summed over. (Xt)g:; 4 (¢, w) has

the structure of an electron-hole propagator® taking the form

/ /

(Xt)(lj;34 (qw) = (X6)§34 (7,w)
2 (0 1 (@) (0@ 0) + (@ )5 (V)G (@) (35)
The charge fluctuation matrix elements Ag3(q+ é) are integrals over the macrocrystal

nio

A%+ G) = / Brw? (7 — ﬁl)e’i(‘ﬂé)'fwnw(f — Ry) (3.6)

For this project, I work within the random-phase approximation (RPA) of
TDDEFT, so I set ff;éial = 0. Since I am using a two orbital Hilbert space for the
optical limit, the four orbital configurations that enter (Xt)g:; 4 (¢, w) can be visualized
in figure 3.19 where I have shown an example of one of these configuration. Each of

the opaque atoms represent the plaquette in which the Wannier orbital resides.

5Tt is important to note that this is not an actual electron-hole propagator that arises from Green
function theory.
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Figure 3.19: A general four orbital configuration for (x§),ys, and x%,s, for the two
orbital Hilbert space of Wannier orbitals. The red and blue colors for the atoms are
to distinguish between each of the sublattices in the antiferromagnetic unit cell for
the ground state configuration. The dashed lines are put there to show the boundary
of the unit cells. There are two chains in each unit cell, so they are depicted slightly
offset from each other. For a full rendering of how these chains are in the unit cell,
refer to figure 3.1.

108



The Optical Limit

First, I want to compare the result of the response in the target space X%q éq(cf, w)
with the full physical density response X@@éq(qﬂ w). If the target space is chosen
wisely, then the spectra produced from the target space should look very similar to
the spectra in the entire Hilbert space other than the intensity of both calculations
being different. Here, I will show that the collective mode is comprised of primarily
nearest neighbor charge fluctuations that span the entire macrocrystal. Additionally,
I will show the role of the spin degree of freedom and the three dimensional nature
of the ‘one-dimensional’ cuprates. This is key because it strongly suggests that the
fractionalization paradigm fails to be compatible with the ab initio interpretation for
the Mott-gapped particle-hole excitations.

Next, I will unveil the microscopic physics by getting inside the black box
calculation by showing the physics behind the electron-hole ‘propagator’ (Xt)g:; 4 (w).
Here, I will show extensive details in the optical limit, i.e. §— 0 and éq = 0, where
the collective mode is well-defined. Due to the divergence in the Coulomb interaction
in momentum space for § — 0, I show the calculation performed for the smallest wave
vector in my k-grid which is 0.05 A~

I present the spectra that is produced in the target space and compare with the
calculations which include the rest of the Hilbert space computed through equation
2.98 to the get the true response functions in figure 3.20. In the left panel, I show
the quantity [x'(w)][1 — vx5(w)] ">, which is equivalent to y(w) — x"(w), compared
with x(w) where the agreement is quite well for energies up to ~ 3 eV. In the right
panel, I scale x! down by a factor of twenty-five and the agreement is very good
between the calculations! This agreement can further be rationalized through the pole
existing in both the calculations which can be seen through the dielectric function
calculations plotted in figure 3.21. It is crucial the pole still exists since it is key
to the interpretation of the loss which is outside the bosonized interpretation of the

collective excitations being comprised of pairs of collective bosons.
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Figure 3.20: \'(w) for the two orbital Hilbert space. Left: [x!(w)]1 — ox}(w) >
(red) and x(w) (black) plotted in absolute units. Right: x*(w) (red) and y(w) (black)
where the target response has been scaled down by a factor of 25. It can be seen
in both figures that the response from these two orbitals captures the physics of the

collective mode seen at w ~ 2.6 V.
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Figure 3.21: ¢(w) and €'(w). Left: The dielectric function obtained using the inverse
of the relation e+ = (¢/) "' (¢") ™" from equation 2.111. Right: &’(w) calculated from
the two orbital Hilbert space using equation 2.112. It can be seen that the line shapes
are very similar and both capture the pole, but the target space dielectric function
is about 5x smaller than the calculation which includes the degrees of freedom from
the rest space.
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Now that I have shown that we can reproduce the collective mode within the
target Hilbert space of two orbitals, I will unveil some of the physics that gives rise
to the spectra. First, I want to understand the ‘size’ of the collective mode. In the
electron gas paradigm for simple metals, the plasmon can be interpreted as a collective
oscillation of the entire gas of electrons. Within the random-phase approximation
[168-170], the plasma frequency is given by a L’Hospital interplay between the long
wave length limit of the Lindhard function, which is proportional to ¢, with that from
the divergent 1/¢? behavior of the Coulomb interaction and is entirely controlled
by the homogeneous electron density n, ie. w, = \/m. However, the one
dimensional cuprates’ physics are quite different since they are not metals nor is the
electron density homogeneous, so this interpretation cannot be assumed to be the
case for this excitation.

To gain insight into the ‘size’, I have restricted the sum over lattice vectors by the
number of unit cells included in the target space response calculation. In figure 3.22,
I show that this collective mode is indeed an excitation which consists of electron-
hole pairs which span the entire macrocrystal by plotting x4, (w), x4, (w), Xb,(w), and
X%, 5. (w) in terms of unit cells included in the calculation. For a small portion of the
macrocrystal, the agreement with the entire macrocrystal is quite poor.

In a similar spirit, I also examine the role of size and the effective interaction on the
calculation for the optical conductivity. It can be seen in the top right panel of figure
3.23, that if the calculation includes the effective interaction, the optical conductivity
appears to be just a scale factor between the calculations of different size. However,
if the interaction is ignored, the calculation is degraded which is shown in the top
left panel of figure 3.23. For a calculation of about ~ three unit cells (bottom left
panel of figure 3.23), these calculations are almost identical which is a consequence
of the Coulomb interaction not having enough space to act. I also show that the
optical conductivity of the target space does not agree in intensity with that of the

true physical conductivity, seen in the bottom right panel of figure 3.23.
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Figure 3.22: Size of collective mode for SryCuO3. Top left: x4 (w). Top right:
X4 (w). Bottom left: xj,,(w). Bottom right: x%§ g (w). All calculations shown are
for one, five, nine, thirteen unit cells (thin grey curves) and the entire macrocrystal

(thick black curve).
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Since electron-hole propagation occuring over the entire macrocrystal has been
established, I will now discuss the role of the spin and orbital degree of freedom.
This calculation is very pertinent to the relevance of spin-charge separation since
the interpretation of these Mott-gapped excitations have been in terms of a spin-
independent background consisting of holon-doublon particle hole pairs for EELS
[33] and a continuum of holon-antiholon pairs for the RIXS measurements [161].

Here, I performed three different calculations where I impose errors by suppressing
terms in 07, (w) to compare with the correct calculation within the target space.
In the first calculation, I suppress spin-reversal terms in the effective interaction
9%, (w) meaning I set 9]3,,(w) = 0 and @t (w) = 0. The resulting dielectric
and loss function are in the second column of figure 3.24. This is to be compared
with the first column which shows the correct calculation in the absence of errors
imposed within the target space. In the second calculation, I suppressed the coupling
between charge fluctuations, triggered by 7%, (w), across the two chains throughout
the macroscrystal and the resulting spectra are shown in the third column of figure
3.24. In the third calculation I ignored the charge fluctuations that involved spin-
reversal and across both chains which is shown the fourth column of figure 3.24.

Fach of these approximations ruins the integrity of the pole, hence destroys the
collective mode. Furthermore, it can be seen in appendix A that a requirement to
bosonize the Hamiltonian, one must neglect the backscattering spin-reversal terms
in the Hamiltonian. Therefore, our calculation shows that the spin-reversal terms
are necessary and cannot simply be ignored to describe the dynamics properly.
This calculation strongly suggests that the fractionalization paradigm appears to
break down for the Mott-gapped particle-hole excitations. Furthermore, when we
restrict the electron-hole fluctuations to one CuOj chain, the pole is also compromised
suggesting that the excitation is three dimensional in nature. It is also noteworthy
that in one dimension, the Coulomb interaction cannot behave like 1/|7]* due to
dimensional analysis. Also, the calculation where both approximations result in an

even worse degradation of the pole.
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Figure 3.24: Impact on ¢'(w) and Im(—1/¢'(¢,w)) when spin-reversal and three
dimensional coupling in the effective interaction are suppressed. First column: No
approximations in target space. Second column: calculation where spin-reversal terms
in 9%, (w) are suppressed. Third column: calculation where 9%, (w) between both
chains in unit cell are suppressed. Fourth column: calculation where ©7g,(w) that
involve spin reversal and interchain terms are suppressed.
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Zeroth Order Dynamics: Definition of Classes

Although I have given a hint of some of the ingredients that comprise the
collective mode, what I have shown is still very much a black box. To get inside
the black box, I must show the microscopic physics behind (y )1234 (w). As a first
approximation, I am going to completely ignore the role that the effective interaction
995, (w) between pairs of the Kohn-Sham electron-hole pairs. This amounts to
understanding (Xé)‘f§§4 (w) and its propagation to the spectra it produces (xg)g, 56, o

As derived in appendix F, (x{),534(¢,w) in the Wannier basis takes the form

( t)a"ngﬁg,a’n4ﬁ4(_. )

(x0) 1231 (@ w) = (Xo ’

oni1Ri,0n2Ra

—

1BZ
1 1 i (B i
= Oy a( Z ik-(Ra—Ry) —ik-(Ra— R3>Z ool c] mgo (K + Q)

(NBUK) VBvK

kaqu fk] -
X - z k + in3o k ) 37
€E+¢Tj’o Ekjcr + h(w + “7+) “ n4g( Q_>C] ? ( ) ( )

where the ¢’s correspond to the expansion coefficients from the Bloch to the Wannier
basis, the f’s are the occupancies with respect to the Kohn-Sham band structure
and the ¢’s are the Kohn-Sham eigenvalues. For an insulating band structure in the

optical limit (¢ — 6), this expression simplifies to

! 1 1 T 5 53 D — -
£\ _ ik-[(Ro—FR1)—(R4—Rs) ¥ A
(X0)1234 (w) = do0" (NB’UK)2 Viuk Z € [ o e ] Z Cjn10<k)cj’nza(k>

fk]o fk]o

€tio ~ ERjo T h(w +in*

) Cimse (F)Cinga (K). (3.8)

As evident in equation 3.8, the Kohn-Sham ‘propagators’ are controlled by the
distance R — R’ where R = ]% — ]%1 and R’ = §4 — ]§3. This allows for the definition
of classes defined by pairs of Kohn-Sham electron-hole pairs which have the same

value of B — R'. This greatly simplifies the amount of topologically distinct charge
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fluctuations that need to be considered in the calculation®. It will turn out there are
only two classes needed to describe the dynamics which are shown in figure 3.25. 1
will refer to these classes as class a and class b. Class a is where E — R’ = 0@ where
a is the lattice vector along the chain direction. This class involves an electron in the
copper one plaquette fills the hole in the copper two plaquette creating an electron-
hole pair with a distance’ R. Then the electron-hole pair will propagate to another
electron-hole pair which are separated by the same distance as the original created
electron-hole pair. Class b is defined where R— R = +1a.

Most of the spectrum comes from the top left and top right panels of figure 3.25
which are subsets from classes a and b. In the left panel of figure 3.26, summing
over these two subsets gives the red curve, and longer range class b configurations,
such as that shown in the bottom left panel of 3.25, gives the remaining ~ 20% of
the spectrum. The black curve shows the contribution from all classes. In panel b of
figure 3.26, I separated the contribution from the top left and top right panels from
classes a and b of figure 3.25. It can be seen that each of these classes have a two peak
structure, however they cancel in a manner in which the total spectrum has only one
peak.

To my knowledge, a figure of this nature has not been produced in any literature
published and gives valuable insight into the nature of an excitation. Usually, in an
experiment, we see several peaks with different intensities, and we attribute them
to separate excitations. Here, by getting inside the black box of the calculation,
the origin of several peaks seen in experiments most likely have their origin in the
interference of several complicated line shapes and probably should not be interpreted
as separate excitations. This message will be important in describing features seen for

larger wave vectors where a shoulder appears in the spectrum from the interference.

6To avoid redundancies, I only show the result for one spin projection which I choose to be o =1.
Since I am using an antiferromagnetic ground state, the o =] projection is exactly identical but
interchanging copper 1 and copper 2.

I would like to mention that E does not give the distance between orbitals, but the difference
in unit cells in which they are located at. To find the distance, one must additionally have to know
which orbital in the unit cell the electron and hole are referring to.
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chain. Top right: Class b fluctuations where R—FR =
Kohn-Sham electron-hole pairs in one chain. Bottom left: Class b (long) fluctuations
where one of the Kohn-Sham electron-hole pairs are the third nearest neighbor apart.
Bottom right: Class a fluctuations where R—FR =0a involving both pairs of Kohn-
Sham electron-hole pairs residing in two chains.
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First Order Dynamics: Effects of the Effective Interaction

Since the response is well understood in the absence of the effective interaction
between Kohn-Sham electron hole pairs as shown in the previous section, we want to
understand the role of the interaction and its propagation to spectroscopy. As derived
in appendix F, the effective interaction between pairs of electron-hole pairs is given

by the equation

o5 (d.w) = Y AT+ C)iga (@) A7+ G, (39)

aa
where Ugs(¢,w) is the dynamically screened Coulomb interaction in which the
screening is due to electron-hole polarization processes which are outside the target

Hilbert space®, i.e.

4mre?

= . — 2
|7+ G]

—

ger (4 w) (€")ge (T, w)- (3.10)

In figure 3.27, I have shown the real and imaginary® part of the effective interaction
for configurations of class a. One novelty that emerges is the coupling of electron-hole
pairs of one spin projection with that of the opposite spin projection!'®. Additionally,
there is a coupling of electron-hole pairs in one of the chains in the unit cell with that
of the other which will inhibit electron-hole processes from one chain to propagate
into the other. This process is negligible in the absence of the effective interaction
seen in the bottom right panel of figure 3.25. It is also noteworthy that some of these
interactions are attractive in nature shown second and third panels of figure 3.27.

In the optical limit, the interaction in equation 3.9 can be conveniently cast as

UF(02) = lim AT (@)(7,0) A5, (@) +im. D7 AT (4G () A5,(@+C), (3.11)
q q .
GG £0

8There are processes in which an electron(hole) within the target space can fill a hole(electron)
outside the target space. These polarization processes also screen the interaction.

9The imaginary part comes from processes that are not included in the target space but are
within the energy range of interest.

10Fach of the electron-hole pairs has the same spin projection.
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Figure 3.27: 01234(w) for all class a configurations. Top left: all four Wannier orbitals
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where we have isolated the G = G' = 0 term in the summation. In the optical limit,

we expand the charge fluctuation matrix element AJ;(q) as

AGD = [ )@ R0 (7 B

—

— / Baw?, (T~ Ro)wn, o (T— Ry)+ig- / Baw?, (T Ro)Twp, o (T—Ri)+... (3.12)

The first term in this is zero since the Wannier orbitals are orthonormal. Therefore,
by keeping the first non-zero contribution, the charge fluctuation matrix element can

be approximated as
M@ AT [ A @~ )T~ ) (313)

For G =G’ = 0, the dynamically screened interaction is

4mre?

af?

(c")55 (), (3.14)

Using the above approximations, equation 3.11 can be approximated by the first

term as

: o* ~ o o’ r\— : 1 = - D\ 2, % - D
lim A3 (q) 055(q. w) A34() ~ 4me?(e )661 (w) lim —5 [q ' /d3$wnza(l’ — Ry)wy, (T — Ry)

70 -0 |1’
Xq - / Br'w’, (T — Ra)T Wy (T — ﬁg)} . (3.15)
At this point, it is convenient to define the electric dipole moment between Wannier
orbitals
I, = Vine? / P 1w, (T — Ry)Tw), (T — Ry), (3.16)
and its projection along the direction of ¢
o 4 7
122(0) = = - daa. (3.17)



Using the above manipulations, the effective interaction in the Wannier basis can

be approximated in a form which has a physical interpretation
oo’ ok [ A\ JO [ A\ [ r\—1
Vigsq(w) ~ d75(q)d34(q) (e )5()‘ (w) (3.18)

in terms of solid state chemistry and dynamical screening. I will refer to the terms
that are not included in this approximation as crystal local field effects (CLFE). In
the optical limit, equation 3.18 is a very good approximation which can be seen in
figure 3.28 where the dashed lines show the interaction within this approximation,
and the solid lines are the calculation of the effective interaction by summing over all
reciprocal lattice vectors.

Now we have a physically motivated approximation to the Coulomb interaction,
and we can understand the mediators of electron-hole propagation in terms the
product of electric dipole moments and dynamical screening triggering the collective
mode. We can now inspect the impact this has on the first order term in the geometric

series for (Xt)‘lj;;l (w), so we are considering the quantity

SN () oty @)% () () g, (). (3.19)

o102 1234

I have shown the contributions from the most important subset of class a configura-
tions in figure 3.29.

In the absence of the effective interaction, the top right and bottom left panels
of figure 3.29 were identically zero due to (XS)‘;;:;4 (w) being diagonal with respect
to the spin index. Also, the bottom right panel in figure 3.25 was extremely small
and played no role in the spectra produced but now must be considered due to the
coupling of the chains by the effective interaction. By looking at the first order term
in the series, we can now start to see the role of the effective interaction. In figure
3.30, I have shown the sum of the zeroth and first order terms for the terms that had

a finite contribution in (x§) G 0G5 (w).
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Figure 3.30: (x{ + x{0x})7954(w). Left: An example of the largest contribution
from class a. Right: An example of the largest contribution from class b.
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It can be seen in figure 3.31, that the quantity
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which is the density response function calulated up to first order in the effective
interaction does not yield anything closely resembling the spectrum shown in figure
3.20. Moreover, summing up to the first order term does not even yield a physical
response since the response has to be positive definite within the framework of linear
response.

Additionally, by adding the second order term in @, third order term, etc. (not
shown) does not converge or resemble anything close to the response shown in 3.20.
Hence the pole exists through a summation to all orders in the effective interation in
the geometric series to obtain (Xt)(fg;4 (w). This is indicative of the existence of the
pole by definition. This physics should manifest itself in the electron-hole propagators
computed to infinite order in the effective interaction.

In the next section, I will introduce the physics obtained from considering the
entire geometric series of the four point functions that generate (xt)g?: 4 (w). There, I
will introduce the notion of a diagnostic tool which will act as somewhat of a dielectric
function for the Kohn-Sham electron-hole propagators. It will turn out that this
diagnostic tool will look almost identical to the effective dielectric function for the
target space from equation 2.112 thereby showing the pole in the thermodynamic
limit is a consequence of the microscopic physics that can be realized entirely within
the target space. It will also be shown, similar to the case in the absence of the
effective interaction for (XB)C{;;A; (w), the target response will be a superposition of
two-peak electron-hole propagators interfering to give one peak at the frequency of
the zero of the dielectric function. It will be shown in the following section that this
rich physics in the optical limit resulting from the two orbital Hilbert space is not

enough to capture the dynamics for finite wave vectors outside the ‘dipolar’ regime.
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Figure 3.31: Spectroscopy calculated up to first order in ﬂ%%;(w). Evaluating the

expression limg53,/ Y rag1 A55(@) [(x0) (@) + (x0)" (@) 8(w) (x0)" ()] 135 A" (D)- It
can be seen that the spectrum does not resemble that shown in figure 3.20.
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Emergence of Pole in the Target Space

As mentioned in the previous section, the origin of the pole involves summing
over all the terms in the geometric series for x'. It was also shown in section 3.1.4,
in the absence of interactions the spectrum produced was due to an interference of
complicated line shapes. Therefore, we cannot isolate only one contribution to show
the emergence of the pole in Wannier space. Moreover, (Xt);’§;4 (w) is a four-point
function as opposed to the two point function that are used in dielectric spectroscopy
for examining the pole.

Therefore, it is worthwhile to introduce a quantity as a diagnostic tool for
understanding the existence of the pole in the density response function. Symbolically,
the interacting electron-hole ‘propagator’ is x* = (x4)[1 — 9(x4)] ", and the quantity
[1—9(x})] looks similar to a dielectric function. Since the inverse of a matrix
is proportional to the inverse of the determinant of the matrix, I will take the
determinant to be the diagnostic tool I will use. Using the approximation in equation
3.18, the quantity [1 — 9(x})]7%, is given by
130 (W) 2 012300500 — AT (@) A35(0) (X6 ) 1230 (W) (€55 (),

(3.21)

- /
012,34005" — U‘fQUIlQ (W)(XSW )

where indices with a bar over them are summed over. It can be seen in figure 3.32
where I have plotted the determinant and the imaginary part of the negative of
the inverse, which act as an ‘effective’ dielectric and loss function respectively. It
can be seen that the determinant acts as an excellent diagnostic tool by its striking
resemblance with the right panel of figure 3.21 which shows the dielectric function
defined in the target space.

This figure is of the utmost importance because it shows the most direct
microscopic description of the origin of the pole in terms of physical quantities. The
dipole moment can be visualized in figure 3.33 where I have shown both the occupied

and unoccupied orbital along with their product. The dipole is across neighboring
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plaquettes due to the ‘hybridization tails’ of the Wannier orbitals, and the dipole
moment is obtained by multiplying the product by z and performing an integral.
Since this formula involves the sum over these dipoles over the macrocrystal, the
dipole moment triggers the collective mode. Dynamically screening also enters this

-1

57 (w). Tt can be seen in figure 3.34, if screening is neglected, the

equation through (")
pole is shifted to higher energies and the loss function becomes completely spurious.
Not only is the dielectric function on the wrong scale in absolute units for the target
space, but the pole has been shifted to ~ 4 eV which is beyond the scale in which
the dynamics of the target space are meant to capture.

This pole manifests itself in x}7 (w). This can be seen in figure 3.5 where 1
have shown four examples of class a ‘propogators’. Here, the line shape of these
propagators is vastly different from the zeroth and first order terms. Up to a negative
sign, the ‘propogators’ involving charge fluctuations across the two chains and the ones
involving spin-reversals look identical. This similarity manifests their propagation to
spectroscopy as equivalent contributions which can be seen in the top four panels of
figure 3.36. Similar to the case in the absence of interactions, the resulting line
shape that appears in the target response will be an interference of line shapes
with two natural frequencies, one at ~ 1.8 eV and one at ~ 2.6 eV. In the case
without interactions, class a contributions resulted in a two peak structure, but with
interactions all the contributions interfere in a manner where there appears to be one
peak at ~ 2.6 eV—the location of the pole. This can be seen in the red curve of the
left panel of figure 3.37.

The case for the larger contributions that come from class b have a different effect
than they did in the absence of interactions. In the case without interactions, there
was a two peak anti-nodal structure which interfered with the class a contributions
to give one frequency at ~ 1.8 eV. Here, the dominant terms in this class primarily
cancel each other which can be seen as the sum of the four green curves in figure 3.36

that sum together to give the green curve in figure 3.37.
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Figure 3.32: Pole realized through Determinant. Left:  determinant of
012,30 — U1213(w)(X0)1a34(w).  Right: Imaginary part of -1/determinant. The
determinant acts as an effective dielectric function in the target space to determine
the energy of the pole while the imaginary part of -1/determinant shows an effective
loss realized in the Wannier space.
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Figure 3.33: Dipole moment between Wannier orbitals. The top panel shows the
dy2_,» Wannier orbital centered on the copper 1 site. The middle panel shows the anti-
bonding molecular Wannier orbital projected in the copper 2 plaquette. The bottom
panel shows the product of the two above orbitals. If you multiply this product by x
and integrate, this will yield a finite dipole moment.
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Figure 3.34: Target dielectric function and target loss function without screening.
It can be seen that the figure does not agree in an absolute scale with the target
dielectric function seen in figure 3.21. The pole has also been shifted to an energy
scale in which the target space is not able to capture, so the pole is completely
spurious.
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Figure 3.35: vaggi[ (w) for class a configurations. Top two panels correspond to the

main class a configurations where all four orbitals are in one chain. Bottom two
panels correspond to the main class a configurations where all four orbitals are across
both chains.
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Figure 3.36: Xtézg ézﬁ(w) from class a and b configurations. The top row shows the
four subsets of class a that contribute to spectroscopy. Like the case of (x{)a_ga_g(w),
these are two frequencies that interfere to give spectroscopy. The second row shows
the four subsets of class a that contribute to spectroscopy. It can be seen that class
a will constructively interfere to give one peak while class b will deconstructively
interfere.
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Figure 3.37: Xézﬁ éza(w) from class a and b configurations. Left panel: the sum
over the four panels shown in 3.36 where the red shows the constructive interference
of the two peak line shapes of class a while the green shows the deconstructive
interference of the two peak line shapes of class b. Right panel: the purple curve
shows the sum of the red and the green curves from the dominant contributions from

class a and b and the black curve shows the sum over all classes.
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3.1.5 Finite Wave Vectors

While two Wannier orbitals were enough to capture the collective mode in the
optical limit, it does not possess the physics needed to describe the dispersion of the
pole for arbitrary wave vector. This can be seen where I have plotted the dispersion
of the pole from the two Wannier orbital Hilbert space in the blue circles in figure 3.39
which do not capture the position of the pole away from the optical limit. To obtain
the correct dispersion, I needed to augment the Hilbert space by adding an additional
four Wannier orbitals per spin projection for each chain. These orbitals are of atomic
p. content and are centered on the atoms above and below the copper atoms which
correspond to the oxygen 1,2,3 and 4 atoms shown in figure 3.1. The contour plots for
the six orbitals in the Hilbert space are shown in figure 3.38. These orbitals are in a
m-bonding configuration with the d,, hybridization tails on the copper atoms. These
orbitals are also similar to those introduced for the one-center exciton configurations
mentioned in reference [171].

The reason that these orbitals play an active role for the dynamics for larger wave
vector is due to the product between the occupied copper d,2_,2 orbital and them yield
a quadrupole moment within one plaquette and a very small overall dipole moment.
The quadrupole moment is due to the d,, hybridization tails from the p, Wannier
orbitals and the d,2_,2 content from the occupied Wannier orbital. The consequence
of this chemistry can be seen in figure 3.40 where in the optical limit (top left panel),
the loss function from the two and six orbital Hilbert spaces are almost identical due
to the small dipole moment contribution from the p, Wannier orbitals in the dipolar
excitation. However, for larger wave vectors this quadrupole moment yields larger
spectral weight and captures the correct dispersion due to the leading ¢? behavior of
the charge fluctuation matrix elements which become more pronounced and result in
noticeable differences to spectroscopy.

The dispersion of the six Wannier orbitals is given by the red circles and can be

compared to the dispersion from two Wannier orbitals in figure 3.39. It can be seen
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Figure 3.38: Contour plots of six orbital Hilbert Space. In addition to the two
orbitals that were adequate to describe dynamics in the optical limit, an additional
four p, Wannier orbitals are shown that are needed to properly describe dynamics
for arbitrary wave vector.
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Figure 3.39: Dispersion of charge collective mode in the target space. The black
crosses show the dispersion obtained from the exact calculation which should be used
to compare with spectroscopy. The red circles represent the dispersion obtained from
the six orbitals within the target space. The green circles show the dispersion obtained
from the six orbital Hilbert space, but neglect spin-reversal terms in the interaction
o™ (w). The blue circles show the dispersion obtained from the two orbital Hilbert
space. 140



that by using only two orbitals, the dispersion is bad, and moreover does not capture
the ‘discontinuity’ at |q] = 0.4 A~! while the Hilbert space with six orbitals does
capture this. Also, when the spin-reversal terms are neglected for the six Wannier
orbital Hilbert space, the dispersion is also destroyed. This is another example, along
with the optical limit, that the fractionalization paradigm is incompatible with the
physics of the Mott-gapped particle-hole excitations shown in my calculations for the
one-dimensional cuprates.

The corresponding loss and dielectric functions for the target space are shown in
figures 3.40 and 3.41 respectively. It can be seen in both of these figures that as we
depart away from the optical limit, the loss and dielectric function between both the
Hilbert spaces disagree with each other. These figures are also extremely important
because it shows, as was the case in the optical limit, that I am tracking a pole within
the target space to describe the loss which is realized as a local minimum in the
dielectric function for finite wave vectors.

I would also like to draw attention to the shoulder that appears in the loss function
for larger wave vectors in 3.40. As mentioned previously, this is due to the interference
of line shapes from the superposition of quantities from (x*) , 00" 53, which are shown
in figure 3.42 for momentum transfer ¢ = 0.4 A~'. In the left panel of this figure, I
showed a class a configuration from both the six Wannier orbital Hilbert space (solid
curves) along with the same element of the class from the two Wannier orbital Hilbert
space (dashed curves). It can be seen that the propagators in the left panel of 3.42
have slightly different line shapes which is due to the augmented Hilbert space they
span and the modification of the orbital and the electronic structure that ensues. In
the right panel I show an electron-hole propagator which consists of an electron-hole
pair p, — 22 — y? going to another p, — 22 — y? in the same chain. Therefore, to
accurately describe the dispersion for arbitrary wave vector, the interpretation is due
to a superposition of electron-hole fluctuations involving intertwined charge, spin, and

orbital degrees of freedom.
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Figure 3.40: Target loss function Im(e")™'(7,w) for two and six orbital Hilbert
spaces. The black curves and red curves are for the six and two orbital Hilbert space
respectively. It can be seen in the optical limit (top-left panel), the loss functions of
both Hilbert spaces capture the pole, while for finite wave vector (other five panels),
there is disagreement.
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Figure 3.41: Target dielectric function (¢, w) for two and six orbital Hilbert spaces.
The solid lines are for the six orbital Hilbert space and the dashed lines are for the two
orbital Hilbert space. It can be seen in the optical limit (top-left panel), the dielectric
functions of both Hilbert spaces capture the pole, while for finite wave vector (other
five panels), there is disagreement.
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In the left panel, I show the dominant

contribution to spectroscopy from the class a configuration where all four orbitals
are in one chain and are of the same spin projection. I ploted the same configuration
for the six orbital Hilbert space (solid line) and the two orbital Hilbert space (dashed
line). In the right panel I show the new contribution which arises from the newly
added p, Wannier orbtal. The configuration I am showing is p, — * — y* where all
four orbitals are in one chain and of the same spin projection.
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3.2 Concluding Remarks

In summary, I have rigorously downfolded time-dependent density functional
theory to a low energy space of exactly-disentangled Wannier orbitals. In the
optical limit, I was able to understand the Mott-gapped spectrum for the particle-
hole probes of optical conductivity, dielectric function, and loss function with a
Hilbert space size of two Wannier orbitals where the Mott gap was determined by
Wannier orbitals projected in neighboring plaquettes. Through this Hilbert space,
I was able to realize the dielectric function and loss function through a collective
superposition of electron-hole fluctuations spanning the entire macrocrystal consisting
of dipolar nearest-neighbor charge fluctuations. The line shapes observed are due
to an interference of two-peak line shapes seen in the electron-hole propagators of
TDDFT. The interpretation introduces a pole from a zero in the real part of the
dielectric function manifesting itself as a pole in the loss function. In addition, if spin-
reversal terms in the dynamically screened Coulomb interaction in the TDDF'T linear
response equation are ignored, this severely degrades the pole. This suggests that the
fractionalization paradigm is not compatible with the underlying physics behind the
pole due to the necessity of removing spin-reversal back-scattering interaction for the
bosonization procedure for the one-dimensional Hubbard model or electron gas.

To capture the physics of the dispersion of the pole, I had to augment the Hilbert
space size by adding an additional four out-of-chain oxygen p, orbitals. By using this
Hilbert space, I captured the narrowing of the line shape at ¢ = 0.4 A~! and observed
an overlooked discontinuity about this wave vector also seen in experiment. Moreover,
by ignoring spin-reversal terms in the TDDF'T linear response equation, the dispersion
was compromised further suggesting the fractionalization paradigm appears absent in
my calculation. Additionally, the calculations have a prediction of a Mott-gapped
longitudinal spin excitation that can be validated with an INS measurement and a
re-emergence of the pole in higher Brillouin zones which can be verified through NIXS

measurements which would further validate this ab initio interpretation.
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It is also noteworthy that I imposed an antiferromagnetic insulating ground state
for the calculations. It has been accepted experimentally [28, 29] that this material has
no long range order above their Neél temperature and is interpretted via a macroscopic
SU(2) singlet ground state [68]. However, I would make the argument that the
calculations I put forth cannot be deemed incompatible with realistic simulations of
the one dimensional Mott-insulating cuprates since no spectroscopic experiments have
been performed below the Neél temperature, to show that the spectra is drastically
different from the three dimensional ordered phase.

Another comment worthwhile making is that I am specifically arguing that
the particle-hole Mott-gapped excitations seen in experiment appear incompatible
with the fractionalization paradigm with the interpretation through my calculations.
This claim is a consequence of a) the existence of a pole witnessed through the
loss function from the experiment of reference [33] and b) the importance of spin-
reversal interactions’ impact on the pole for arbitrary wave vector along the chain
direction. While DFT nor TDDFT are not ‘bosonizable’, the numerical fact that
these interactions play a prominent role in the dynamics strongly suggests a new
interpretation of these materials deserve reinvestigation.

I cannot make arguements about the ARPES and INS experiments and their
current interpetation. I can attest that the claim that the former are ‘outside’ that of
band theory of solid is dubious since the claims from the LDA band structure [25] are
without a doubt ill-founded. A realistic method to compute the spectral function in a
realistic manner would either prove or disprove my claim that the ARPES data could
be described within the band theory of solid. Furthermore, it would be beneficial
for an experimental measurements for the one-dimensional cuprates below the Neél
temperature as compulsory to verify if the observed measurements are drastically
different than above T. The INS spectrum urges further calculations based upon a
formalism similar to that used in my dissertation to compute the transverse magnetic

response to see if the gapless excitations could be obtained via other methods.
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Chapter 4

Ab mmitio Approach to Quantum
Spin Liquid Candidate a-RuCljg

In this chapter, I summarize the work that was published in physical review B
[40] on constructing a multi-orbital extended Hubbard model for ¢, Wannier orbitals.
This project involved a collaboration with Dr. Tom Berlijn, Dr. Pontus Laurell, Dr.
Satoshi Okamoto, Dr. Yi Zhang, and my advisor Dr. Adolfo Eguiluz. The work I did
in this project was to synthesize the Hubbard model used in this calculation. Using
exact diagonalization and strong coupling perturbation theory, Dr. Tom Berlijn, Dr.
Pontus Laurell, Dr. Satoshi Okamoto and Dr. Yi Zhang were able to generate an
effective two-dimensional Kitaev-Heisenberg spin model for a—RuCls in using the
C2/m space group. I will also discuss some of the work that was done using the
spin model produced in this paper which was published in npj [106] by Dr. Satoshi
Okamoto and Dr. Pontus Laurell examining thermal and spectroscopic properties
from the magnetic excitations of this material.
This project motivated a follow up project where the out-of-plane interactions in
which we use both the C2/m and R3 space groups to understand the role of how
the three dimensional interactions and the stacking of the hexagonal planes effect the

properties of the material. In addition, we have examined other potential quantum
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spin liquid candidates such as Na3CoySbOg to syntehsize effective Hamiltonians to

gain a fully ab initio-based understanding of these classes of materials.

4.1 Introduction

In Alexei Kitaev’s paper [172], he presented an exact solution of the Kitaev
model and found it to host a quantum spin-liquid ground state with fractionalized
Majorana fermion and gauge flux excitations. This exotic state of matter is not only
interesting from a fundamental scientific point of view but also has been proposed
to have potential applications in topological quantum computing [9, 10]. Further
progress was made by the idea that the Kitaev quantum spin liquid ground state can
possibly be realized in the honeycomb iridates AsIrOs with A=Na,Li [173].

Assuming that in AslrO3 the electrons are in the strong coupling limit in which
the interactions dominate over the kinetic energy and taking into account the spin-
orbit coupling, oxidation state and crystal field splitting in the iridium atoms, it was
concluded that this compound contains strong Kitaev interactions in addition to the
usual Heisenberg exchange couplings. Depending on the material parameters, it was
found that the system can be pushed from an antiferromagnetic (AFM) stripy state
into the desired quantum spin liquid state. However, based on combined theoretical
and experimental findings, it was deduced that A,IrOs displays AFM zigzag order
instead of the AFM stripy order or the quantum spin liquid ground state [174].

This was later confirmed by multiple experiments [175, 176]. To account for the
experimentally observed zigzag state it was clear that an accurate description of
AsIrO3 needed to involve extension beyond the Heisenberg-Kitaev model. To that
end it was proposed that second and third nearest neighbor Heisenberg exchange
couplings can stabilize the experimentally observed AFM zigzag configuration [177].
Alternatively, first principles simulations have shown that AsIrOs contains strong
nearest neighbor magnetic anisotropic interactions that favor the AFM zigzag state

[178]. In a third interpretation, it is proposed that A,IrOj is not in the strong
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coupling limit, but the strong oxygen assisted hopping between the Ir atoms causes
the electrons to delocalize into molecular orbitals [179]. This is similar to the case for
the one dimensional Mott-insulating cuprates covered in detail in chapter 3 of this
thesis.

Another closely related Kitaev spin-liquid candidate material is a-RuCls. In this
compound, the chemically active ruthenium transition metal atoms form a honeycomb
lattice and have a valence of four d electrons with strong spin-orbit coupling and
electron-electron interactions. Additionally, there is a strong octahedral crystal field
induced by the the chlorine anions splitting the ¢5; and e, ruthenium derived content.
Therefore, just like in AslrOgs, the materials specifications of a-RuCls appear to
fulfill the conditions required laid out in reference [173] for the emergence of Kitaev
interactions [180, 181].

Inelastic neutron scattering experiments [182] on a-RuCl; displayed, in addition to
AFM zig-zag order [182-185], a broad continuum in the magnetic excitation spectrum
that is interpreted within the framework of fractionalized excitations. This led to the
conclusion that a-RuCl; is proximate to being in the desired quantum spin-liquid
phase [182]. More recent neutron scattering experiments have shown that the AFM
zig-zag order can be suppressed by applying an 8 7" magnetic field yielding a magnetic
excitation spectrum consistent with a quantum spin liquid phase [186]. Further
evidence for the quantum spin liquid phase has been provided by the observation
of the thermal quantum Hall effect in a-RuCl; at similar magnetic field strengths
[187].

To understand the properties of a-RuCls and to investigate how this material can
be manipulated towards potential applications in topological quantum computing, a
microscopic understanding is instrumental. For that purpose, there has been a large
effort to map out the magnetic exchange couplings of a-RuCl; both via experimental
and theoretical techniques [188-195].

On the experimental side, models have been derived by fitting a generalized spin

model to various experiments such as inelastic neutron scattering [188, 196], THz
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spectroscopy [189], and anisotropic susceptibility measurements [190]. The derived
magnetic interaction via these fits however display a large variations depending on
the experiments. In some of the theoretical approaches the magnetic interactions
are derived by computing the hopping parameters of the ruthenium t,, electrons
from ab initio electronic structure while their interaction parameters are taken to fit
experimental data [181, 191, 195-197]. In another approach the first neighboring
magnetic interactions are derived from first principles via quantum chemistry
techniques, while the second and third neighboring magnetic exchange couplings are
modeled phenomenologically [192]. However, there was not an attempt to derive the
low energy effective spin model of a-RuClj fully from first principles.

For this project, we derived the spin model of a-RuCl; entirely from ab initio
based methods using the random phase approximation method introduced in chapter
2.2.4. First, I calculated all the parameters that enter the multi-orbital extended
Hubbard model for the Ru-t,, Wannier orbitals. In the second stage, Dr. Satoshi
Okamoto applied second order perturbation theory in the strong coupling limit to
obtain a model where the charge fluctuations are ‘frozen’; and we are left with an
effective Hamiltonian with only spin degrees of freedom.

We found that in the Hubbard model the inter-atomic Coulomb repulsions and
spin-orbit coupling effects are non-negligible when compared to their intra-atomic
counterparts. The effect of the inter-atomic interactions is found to strongly enhance
the nearest neighboring magnetic couplings by a factor 3 — 7x. The effects of the
inter-atomic ‘spin-orbit’ effects is mainly to enhance the Kitaev coupling by 15%. The
magnetic interactions in our first-principles spin model deviate significantly from the
values obtained by fitting experiments. Our findings allow for a better understanding
of the mangetic properties of a-RuCls and quantum spin liquid materials in general

from first principles.
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4.2 Methods

To derive the spin-model for RuCl; from first principles, I will briefly review the
methodology used. The first step is to perform density functional theory calculations
of a-RuCl; to obtain the Kohn-Sham eigenvalues and eigenfunctions. The DFT
calculations were performed within the generalized gradient approximation [119]
for the exchange-correlation potential. The space group C2/m and the structural
parameters of a-RuCly are taken from X-ray diffraction measurements [184]. Two
ground state DF'T calculation were performed, one with and one without spin-orbit
coupling. All calculations are performed on a 6 X 6 x 4 unit cell macrocrystal in which
the Born Van Karmen periodic boundary conditions are imposed. To compute the
interaction matrices which are given in equation 4.9 and 4.10 we use 701 LAPW basis
functions and 60 empty Kohn-Sham eigenfunctions for the onsite, and 545 LAPW
basis functions and 100 empty Kohn-Sham eigenfunctions for the offsite interactions.

The second step is to derive the effective electron-electron interactions using the
random-phase approximation discussed in section 2.2.4. To that end the Hilbert space
is divided into two subspaces, the target space ¢ consisting of the bands close to the
Fermi level bands and the “rest” space r consisting of all the other bands.

The third step is to apply a transformation of the Kohn Sham eigenfunctions
to obtain the multi-orbital Hubbard model in the basis of Wannier functions. [198]
Specifically a projected Wannier function transformation using the the Lowdin
orthonormalization procedure [137] which ensures the Wannier functions are or-
thonormal. In our study the projected local orbitals |¢,) which are taken to be
the ruthenium t,, orbitals yz, xz, xy expressed in the local basis defined in figure 4.1
such that the local coordinates (x,y, z) are approximately along the Ru-Cl bonds
and the Ru-ty, satisfy the symmetry properties in reference [195]. In the calculations
with spin-orbit coupling the spins are rotated into the local coordinate system with
the quantization axis along the local z axes. From here we derive the multi-orbital

Hubbard model. First, we define the on-site energy and hopping parameters obtained
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Figure 4.1: Crystal structure of a-RuCl;. (color online) Definition of the first
(X1,Y1,7Z1), second (Xog, Xop, You, You, Zoa, Zop) and third (X3,Y3, Z3) nearest
neighboring Ru-Ru bonds (cyan lines) and the local coordinates x,y, z (red arrows)
relative to the primitive lattice vectors ay, ag, ag (black arrows) of the C'2/m unit cell
of RuCls.
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from the calculation in the absence of spin-orbit coupling using the Kohn-Sham band

structure

€7 ma(0) = (Wiyo(0)] His [Wayo(0)) (4.1)
t7 p(B1— R2) = (Wayo(R1)| His [Wiyo(R2)) (4.2)

where R, # R,. Similarly we compute the on-site energy and hopping parameters
from the DFT calculations in which the spin-orbit coupling is included in the second

variational treatment [134]

Emns "7 (0) = Wiy (0)] HEZST [Winso,(0)) (4.3)
taon 7 (By = Ba) = (Wi, (R1)| HZSE [Woion (Ra)) - (4.4)

nin2

From here we define the ‘crystal-field’” Hamiltonian

H. = Z Z Z€n1n2621ﬁ00n2ﬁ0 + h.c., (4.5)

R’ niy,n2 o

the hopping Hamiltonian

Hip= D 3> tum(Br = Bo)e! o ¢, p,+he +he, (4.6)

RiARymn2 o

the local spin-orbit coupling Hamiltonian

Hige = 303 (59577 (0) - 02, (000500, )

B ni1,n201,02

(CL o Cna R th. C) (4.7)
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and the non-local spin-orbit coupling Hamiltonian

e = 33T ST (05 (B — By) — t50,, (Fy — Fo)ise, )

R1#Ry M1:M2 01,02

T
<cmﬁ101 Cpo oy T 1-C. > (4.8)

We restrict the interactions to the local (B; = R,) and non-local (B, # R,)' Hubbard

matrices

U(By — By ny,ma) = /d3x/d3x’|ww(f— RO (2,270 = 09w (@ — B[
(4.9)

and the local exchange matrix

J(ny,my) = / Rl / B W, (F—R)wpyo (T—R)W (2,2, w0 = 05wl (T—R)wp,,(7—R).
(4.10)

From here we obtain the local interacting Hamiltonian

loc __ /
HZ:L;? =U Z nn}?’rnnﬁi +U Z nnﬁTnn/ﬁi
Rn ﬁ,n;én/

T i . A | A .
+Jy Z (cnmcnmcn,mcn,m CnRTCnRicn/mcn’RT)
E,n;ﬁn’

Z Ny Ro"n Ro (411)

L
Rn<n!,o

Tt should be mentioned that there are two ruthenium atoms in the unit cell, so there is a
further implicit assumption that the onsite refers to where all the Wannier orbitals are on the same
ruthenium atom. Here, the Bravais lattice vectors ﬁ, can be thought to have a basis dependent
label 7 for the two ruthenium atoms in the unit cell so R — E;.
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with U and U’ the intra- and inter-orbital Coulomb repulsion and Jy the Hund’s

coupling. The non-local interacting Hamiltonian is given by

Hrlee — Z Z ZZV’" N, s N (4.12)

(RR”””” 0,0’

with (]%, R )™ denoting R and R being m-th nearest in-plane neighbors and V'™
the in-plane m-th nearest neighboring Coulomb repulsion. The U, U’, Jy and V™
parameters are obtained from orbital averaging the Hubbard and exchange matrices
in equations 4.9 and 4.10. After this, the multi-orbital Hubbard model is assembled

Hpuy = Hep + Hpop + Hlge + HUO + HioG + HJe (4.13)

soc soc int

In the last step perturbation theory in the strong coupling limit is performed. To
this end the multi-orbital Hubbard model is split in two pieces: the unperturbed part
Hy = H.; + H“ + H!% + H'o¢ and the perturbation V = Hy,, + H%¢. Then H, is

diagonalized exactly and V' is treated with second order perturbation theory in the

strong coupling limit:

(| Hapin)l') = Z\VZEM hglvu’ (4.14)
where |l) and E; are the degenerate low-energy eigenstates and energies of Hj that
contain 1 hole in each ruthenium atom and |h) and Ej} are all the high-energy
eigenstates and energies of Hy that contain different distributions of the holes. To
simplify the analysis the states |l) are restricted to the lowest energy Kramers doublet
states that for zero crystal field reduce to the so-called jog = 1/2 doublet. [195] To
fix the gauge of these doublet states we define up and down in the Kramers doublet

as being the states that diagonalize L, — S,. As a final step the spin Hamiltonian is
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compactly rewritten in terms of spin-operators
3
Hym=>_ Y Sg-Jzm-Sg (4.15)
RR)

with <é, R )™ denoting Eand R being m-th nearest in-plane neighbors. To compare

with the available experimental studies, we consider the following reduced model

Hid = 3 (5Sg-Sq o+ KiSESy, + T155S7, )
(RE/)
+J5 > (Sz-Sg) (4.16)
(R

in which {«, 8,7} is equal to {y,z,z}, {z,z,y} and {z,y, 2} for the X;, ¥} and
71 bonds defined in figure 4.1 and in which the first neighbor Kitaev, Heisenberg
and anisotropy terms K, J; and I' are obtained from bond averaging the results in

equation 4.15 and the rest of the parameters are set to zero.

4.3 Results

In figure 4.2 and table 4.1 we present results corresponding to the non-interacting
part of the Hubbard Hamiltonian without spin-orbit coupling, i.e. H.s and Hy,p,
defined in equation 4.5 and 4.6 respectively. Figure 4.2(a) shows a comparison of
the band structure obtained from scalar relativistic DF'T calculation against the one
obtained from the non-interacting scalar-relativistic part of the Hubbard Hamiltonian
H s+ Hp,p. Fig 4.2(b) shows one of the corresponding Wannier functions that displays
a tyy character at the center of the Ru atom and strong Cl-p hybridization tails in
the nearest neighboring Cl atoms. In table 4.1 the on-site matrix corresponds to
H_ s obtained from one of the two identical ruthenium atoms. The hopping matrices

corresponding to hopping along the Z; and Z3 bonds defined in figure 4.1. The
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Table 4.1: Parameters calculated from multi-orbital Hubbard model. Top row: On-
site energy and hopping parameters in meV from the non-interacting scalar-relativistic
part of the Ru-t, Wannier orbital based Hubbard model: H.; + Hjop. Second row:
Elements of the local and non-local Hubbard U matrices and local exchange matrix
in meV. Bottom two rows: Spin-orbit coupling parameters in meV. Local (third row
right) and non-local (third row left) parameters derived via first principles Wannier
functions compared to (fourth row) atomic-orbital form of the spin-orbit coupling
%L - S with spin-orbit coupling constant A fitted to the local part of the spin-orbit
coupling derived from first principles.

local 71 bond Z3 bond
yz Tz xy yz  xz xy yz xz xy
yz -362 -7 -10 52 159 -21 -9 -7 12
Tz -7 -362 -10 159 52 -21 79 12
rxy -10  -10 -375 -21  -21 -150 12 12 -40
U local U Z; bond J local
Yz Tz xy yz xz oy yz  xz oy
yz 2578 1896 1901 833 898 928 286 288
zz 1896 2578 1901 898 832 928 286 288
ry 1901 1901 2589 929 928 1020 288 288
atomic-orbital fit %L .S local
yz1  zzt zyl yzl =mzl zyl yz 1t  zz?t zy T yzy mzl zyl
yz 1 59i 0 0 0 59 581 i 0 1% 59+
zz 1 -59i 0 0 0 59 -58i v} 14i 0 1459
zyt 0 0 59  -59i 0 -i i 59-i  1-59i O
yzl 0 0 59 59 0 0 1-i 59-+i 58 -
zz] 0 0 59i 59 0 1+i 0 14+59;  58i i
zyl 59 59 O 0 0 59-i 1459 0 i -
Z1 bond
yz1T xz?  wmyt  yzl wzl  wyl
yzt 0 1+2¢ 0 0 144 24121
xzT 1-2¢ 0 0 -1-1 0 -1242
xyT 0 0 2 -2-12¢ 12+2: 0
yzl 0 -1-7 24127 0 1-2¢ 0
rz ) 21 0 12-24 1+2: 0 0
rxyd 2-12¢ -12-2¢ 0 0 0 2
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Figure 4.2: Density functional theory band structure and contour plot of Wannier
orbital for a-RuCls. (color online) Left: comparison of the band structure from
scalar-relativistic Density Functional Theory (stDFT) and the non-interacting
scalar-relativistic part of the Wannier function based Hubbard model: H.; + Hjgp.
Right: one of the corresponding Ru-t;, Wannier functions.
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crystal field and hopping parameters shown in table 4.1 obey the symmetry properties
detailed in Ref. [195] and their numerical values agree within 1 meV.

Table 4.1 shows part of the Hubbard and exchange matrices defined in equation
4.9 and 4.10. The orbital dependence is relatively weak. Variations are on the order
of 10 meV. The orbitally averaged values of the interaction parameters defined in
equation 4.11 are given by the intra- and inter-orbital Coulomb repulsions U = 2.6
eV and U’ = 1.9 eV and the Hund’s coupling Jy = 0.288 eV. The first, second and
third nearest neighbor repulsions defined in equation 4.12 are given by V; = 0.9 eV,
Vo =0.54 eV and V3 = 0.44 eV respectively. Our interaction parameters derived for
RuCl; closely resemble the values U = 2.7 eV Jg = 0.28 eV and V; = 1.1 eV obtained
from cRPA calculations for another Ru based compound SrRusOg [199]. It should
be noted that in general large non-local Coulomb repulsions are expected in realistic
models of materials because of the slow decay of the bare Coulomb potential. For
example Hubbard models derived from the RPA for Fe pnictides and chalcogenides
[200], SrRusOg [199] and NaoIrOs [178] all display significant non-local Coulomb
repulsions relative to their intra-atomic Coulomb repulsions. While the non-local
Coulomb repulsions have been ignored in some of the previous derivations of the
spin-models for a-RuClz [191, 195] they have a significant effect on the magnetic
interactions as discussed below.

Table 4.1 presents the spin-orbit coupling parameters. Specifically, the on-site
spin-orbit coupling matrix corresponds to H¢ defined in equation 4.7. The Z; spin-

orbit coupling matrix is part of H™%¢ defined in equation 4.8. Tt should be noted that
in previous derivations of the spin Hamiltonian for a-RuCls [191, 195], a form of the
spin-orbit coupling based on atomic orbitals is assumed.

Here we investigate how well that assumption compares with the spin-orbit
coupling derived with first principles Wannier functions. The form of the spin-orbit

coupling based on atomic ¢y, orbitals is worked out for example in reference [201]

and is denoted %L - S in table 4.1. By fitting this form to H™°¢ derived from first

soc
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principles we find the value of the spin-orbit coupling strength A = 118 meV which
agrees well with for example the value used in reference [195].

By comparing the on-site spin-orbit coupling matrix and the atomic orbital fit
in table 4.1 we see that the atomic orbital approximation is nearly perfect for the
local part of the spin-orbit coupling. However, it should also be noted that there are
significant values of the non-local spin-orbit coupling that are absent in the atomic
orbital approximation for the spin-orbit coupling. Specifically, there are large non-
local spin-orbit couplings between Rul-zz/yz and Ru2-zy orbitals on the order of 12
meV with Rul and Ru2 along the nearest neighboring Z; bond. Similar sized values
of the spin-orbit coupling are found along the X; and Y; bonds. Along the second
and third nearest neighboring bonds the non-local spin-orbit coupling parameters are
negligible. The values of the first neighboring non-local spin-orbit coupling parameters
of 12 meV are sizable relative % = 59 meV given that for each local spin-orbit coupling
there are three nearest neighboring non-local spin-orbit couplings on the honeycomb
Ru lattice.

We note that also in reference [178] for the closely related compound NaglrOg a
similar structure of the non-local spin-orbit coupling is reported where the elements
between Irl-zz/yz and Ir2-zy orbitals with Irl and Ir2 along the Z; bond are
significant relative to % in that system. The origin of the non-local spin-orbit
couplings in a-RuCl; and NayIrO3 and in general any transition metal halide, pnictide
or chalcogenide is the strong hybridization between the transition metal d orbitals
and the anion p orbitals exemplified by the Wannier function in figure 4.2(b).
An interesting question is what the influence of such non-local spin-orbit coupling
parameters will be on the magnetic exchanges in a-RuCls.

Having obtained the first principles multi-orbital Hubbard model, Dr. Satoshi
Okamoto performed strong coupling perturbation theory detailed in equation 4.14
and 4.15 to derive the magnetic interactions. Just as in reference [195] we found

that the parameters display sizable variations on the order of 50% depending on the

bond directions which illustrates the complex dependence of the magnetic interactions
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Table 4.2: Bond averaged magnetic interaction parameters in meV derived for three
different cases compared to experimental reports [188-190, 196] with C' = 3.J; + K;

Ji Kk It J3 C
This study case 1 full -2.7  -153 126 1.0 -234
This study case 2 w/o He¢ -06 -48 38 07 -6.6
This study case 3 w/o HMee 2.8 -128 115 1.0 -21.2
Inelastic Neutron Scattering [188] -0.5 -5 25 05 -6.5
Inelastic Neutron Scattering [196] n.a. -6.8 9.5 n.a. na.
THz Spectroscopy [189] -0.35 -2.8 24 034 -39
Anisotropic Susceptibility [190] n.a. n.a. 292 na. 143
Mag. specific heat [193, 202, 203] -1.5 -244 53 0 -29.0
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Figure 4.3: (color online) Comparison of low and high energy state in simplified
model with 1 orbital per site. Arrows indicate spin-up and spin-down holes and cyan
lines indicate nearest neighboring holes.
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on the details of the crystal structure and the need for their derivation from first
principles. Nonetheless, we proceed by deriving the parameters of the simplified
bond-averaged model defined in equation 4.16 to be able to compare to the available
experimental studies. The results are listed in table 4.2. Specifically, we consider
three cases.

Case 1 corresponds to the full first principles model. Case 2 and 3 correspond to
the first principles model in which the non local interactions and spin-orbit coupling
are omitted respectively. When we compare case 1 with case 2 we note that the effect
of the non-local interactions is to significantly increase the magnetic interactions
roughly by a factor 3. To understand this, we consider in figure 4.3 a low and a high
energy state in a simple model consisting of 6 sites with 1 orbital per site, nearest
neighbor hopping ¢ and local and non-local Coulomb repulsions U and V' respectively.
By counting nearest neighboring holes in both cases (indicated with cyan lines in
figure 4.3 we see that the corresponding energies are F; = 5V for the low energy
state and Fj, = U + 4V for the high energy state. When we plugged those values
into equation 4.14 we see that the magnetic interactions go as t?/(U — V) instead
of the usual ¢?/U. In other words, the effect of the non-local repulsions will be to
enhance the magnetic interactions. These enhancements are quite strong given that
for example the nearest neighbor non-local interactions V; = 0.9 eV are quite strong
compared to the intra-atomic repulsions U = 2.6 eV. From comparing case 1 and 3
we note that the effect of the non-local spin-orbit coupling is not as dramatic as that
of the non-local interactions. Still the influence of these coupling is non-negligible,

especially for the Kitaev interactions.

4.4 Conclusion

We have derived the magnetic exchange couplings of a-RuCl; via first principles
techniques. To this end we utilized the Random Phase Approximation (RPA) to

derive the ruthenium ¢y, Wannier orbital based Hubbard Hamiltonian to which we
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applied second order perturbation theory in the limit of the hopping parameters being
small compared to the interactions. We have found that the first, second and third
nearest neighboring Coulomb repulsions are significant compared to on-site ones.
Furthermore, we found sizable elements in the spin-orbit coupling between orbitals
on nearest neighboring Ru atoms that are usually ignored in model treatments of
the spin-orbit coupling based on atomic orbitals instead of realistic first principles
Wannier functions. We have investigated the effect of both the non-local interactions
and the non-local spin-orbit coupling on the magnetic exchange couplings. The non-
local spin-orbit couplings overall have a less dramatic effect although it still has a
sizable influence on the Kitaev interaction strength. Our full model that includes the
influence of both local and non-local interactions and spin-orbit coupling has too large
magnetic exchanges couplings compared to the available experiments. Highlighting
the importance of non-local electron-electron interaction and spin-orbit coupling
effects and laying out the problem of the combined RPA and perturbation theory
approach in our study contributes to the understanding and virtual engineering of

quantum spin liquid candidate materials via first principles calculations.

4.5 Magnetic Specific Heat and INS cross section

The work in this chapter that I contributed to myself, I have completely shown.
For completeness, I would like to briefly discuss some of the results from reference [106]
performed by Dr. Satoshi Okamoto and Dr. Pontus Laurell where the used Lanczos
exact diagonalization [204] on 24 site clusters to compute the INS cross section and
thermal pure quantum state methods [205] to compute the magnetic specific heat
from various spin model Hamiltonians including our own from reference [40]. In this
work, they came to the numerical-based conclusion that models estimated using ab
initio methods fail to get the INS spectrum at the Brillouin zone center. On the other
hand, models based on the fitting from the INS data fail to reproduce the features seen

in the magnetic specific heat. To mitigate this problem, they proposed a ‘modified’
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ab initio model in which they tweaked some of our parameters [40] that can describe
both experimental measurenebts. Although there are a plethora of proposed models
out there, they only considered six of the models with ferromagnetic Kitaev couplings
K; < 0 [40, 188, 189, 191, 192, 195].

In figure 4.4, they show the INS spectrum from the six models that were used.
In figure 4.5, the specific heat from experiment and the six models were shown along
with the specific heat from each of the terms in the J— K —1I" spin model Hamiltonian.
In this study, in addition to the Hamiltonian given in equation 4.16, an off-diagonal

[} interaction was used which adds a term to the the Hamiltonian 4.16
2 I a4 o a
oy =173 % [Sj%iséj + Séisgij] . (4.17)
<4,J> aFy

This term originates in the trigonal distortion [206, 207]. In figure 4.6 a modified
Hamiltonian from our derived spin model [40] was taken in which they reduced the

[} factor by 20x to compute the INS spectrum and magnetic specific heat.
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Figure 4.4: INS spectrum computed using Lanczos exact diagonalization for six
different spin model Hamiltonians. The first column comes from [195]. The second
column comes from [189]. The third column comes from [188]. The fourth column
comes from [191]. The fifth column comes from [192]. The sixth column comes from
[40]. The first row corresponds to the calculated static spin structure factor. The
second-fourth rows are various energy ranges which were integrated over. Figure
reproduced from reference [106].
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Figure 4.5: Experimental and computed specific heat using the thermal pure
quantum state method. Top panel: The calculated specific heat contribution
from each of the terms in the J — K — I' spin model Hamiltonian. Middle panel:
Experimental and calculated specific heat contribution from references [188, 189, 192].
Bottom panel: Experimental and calculated specific heat contribution from references
[40, 191, 195]. Figure reproduced from reference [106].
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Conclusion

In conclusion, I have used ab initio techniques to examine the charge and
spin dynamics for particle-hole charge neutral excitations for quantum materials.
Specifically, T have shown as an example of the methods developed within our
research group that we can describe qualitatively and quantitatively the measured
loss function, dielectric function, and optical conductivity for the ‘one dimensional’
cuprates. Additionally, I was able to perform calculations for a longitudinal dynamical
spin structure factor in which I predict there should be a Mott-gapped spin excitation
which can be measured with magnetic inelastic neutron scattering, and I have
calculated the dynamical charge structure factor for several Brillouin zones in which
I make a prediction that the collective mode seen in the EELS spectrum re-emerges
in higher Brillouin zones which can be measured with non-resonant inelastic X-ray
scattering.

The main focus of my research was to get inside the black box of the time-
dependent density functional theory calculations to understand the microscopic origin
of the physical spectra which was unveiled in chapter 3. To do so required developing
a method to exactly disentangle Wannier orbitals which is a requirement to rigorously
downfold time-dependent density functional theory to a low energy space of Wannier
orbitals. It was required to use this technique for the one-dimensional Mott-insulating
cuprates due to the strong degeneracy in energy space of the copper d and oxygen p
derived content in the band structure. By doing so, I was able to get inside the

black box of the spectra of the cuprates I studied and show that to accurately
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describe the spectra, the key ingredients were dynamical long-range screening and
the solid state chemistry which manifests itself as hybridization tails of the Wannier
orbitals. Moreover, the neglection of spin-reversal terms in the Coulomb interaction
for the response from the Wannier orbitals severely affected the calculated dielectric
function, loss function, and optical conductivity which strongly suggests that the
‘fractionalization’ paradigm is not compatible with our proposed interpretation of the
experimental data that we compared with our calculations. Hopefully this work will
motivate further investigation of spectra that I did not consider in this thesis such as
calculations of the transverse dynamical structure factor and a realistic calculation
of the spectral function inspired by the techniques I introduced to compare with
angle-resolved photoemission data.

In chapter 4, I synthesized an effective multi-orbital extended Hubbard model for
the to, Wannier orbitals using the random phase approximation method for time-
dependent density functional theory for quantum material a-RuCls, a potential host
for a quantum spin liquid ground state. Through collaboration with researchers at
Oak Ridge National Lab, they were able to use this effective Hamiltonian to construct
an effective Kitaev-Heisenberg-Gamma spin model using strong coupling perturbation
theory which was the first fully ab initio derived model to examine the magnetic
properties of these materials. This project motivated study of further calculations
of the Hubbard model parameters for different stacking structures of these materials

and to investigate other potential quantum spin liquid ground state candidates.
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Appendix A

Luttinger Liquids

A Brief History: Electron Modeling in Three Di-
mensions

Modeling materials is an extremely difficult task due to the numerical complexity
and the countless number of materials that have been synthesized with widely
different properties. After James Clerk Maxwell solidified the equations that govern
electromagnetism in the 19th century, it motivated industry and government to
electrify our world. Since our electrical grid is dependent on transmission of electrical
energy using materials that conduct electricity very well, it was of the utmost
importance to understand how the material properties come to be. I will briefly
highlight some of the most influential ideas that have led us to where we are today
in our understanding of conducting materials which are used to this very day.

In 1900, shortly after the discovery of the electron, Paul Drude proposed a theory
[208], based on the kinetic theory of gases, that was able to describe many properties,
such as AC and DC electrical conductivity and the Hall effect, of Alkali metals
surprisingly well with very few and simple assumptions. In 1928, Arnold Sommerfeld
[209] expanded Drude’s model by treating the electrons correctly as quantum particles

with Fermionic statistics where the ground state is understood through the notion
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of the filled ‘Fermi sea’. Shortly thereafter, the modelling improved to include the
interactions between electrons which is referred to as the interacting electron gas or
Jellium model. In this model, the periodic nature of the underlying crystal lattice is
replaced by a positive background which is chosen to neutralize the gas of electrons.
The Jellium model Hamiltonian in second quantization in a box of volume V with

periodic boundary conditions is!

A 4
HJellium ZZ ko‘ ko‘ VZ Z/ |;62 k’+qo‘ p qa"cpo' Cry- (Al)

oo’ k5.q

In 1956, Lev Landau rigorously justified the success of Sommerfeld’s model by
introducing the Fermi-liquid theory [210] which maps the interacting electron gas
model to a ‘renormalized’ Fermi sea.

The Jellium model is often invoked when the material is comprised of atoms
with one valence electron that will usually come from an atomic-like s or p derived
character. This allowed the treatment of the relevant electrons as being ‘free’” works
very well. In addition, this model accounts for the long-range Coulomb interaction
which gives rise to the collective charge-neutral elementary excitations, the plasmons,
in an accurate manner. To this date, the electron liquid paradigm and the physics it
entails describes materials which are in a ‘normal metallic’ state.

This paradigm fails miserably in the case where the relevant electrons cannot
ignore the effects of the underlying crystal lattice or treat it as a small perturbation.
It was a great triumph in 1963 where John Hubbard introduced the ‘narrow-band’
Hamiltonian [11] to describe the Mott metal-to-insulator transition and spin wave

properties of itinerant electron magnets; such as iron, nickel, and cobalt. The

!The prime on the summations means that we omit the summation for the long wavelength limit
¢ = 0. This is an exact cancellation of three terms; the electron-ion, ion-ion, and long wavelength
limit of the electron-electron interaction
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Hamiltonian is the simplest form of electrons on a lattice and has the form

ﬁHubbard = —t Z (Cl‘Lacj + hC) + UZ ﬁiT'fli@ (AQ)
(i,5)0 )
where t is the matrix element of an electron in a single particle Hamiltonian on

neighboring sites

t= [ @0z - Bho(@)ol@ - F), (A.3)
and U is the onsite statically screened interaction between electrons

U2 [ @ [ o - Ryl wE e - ) (A1)

Unlike the Jellium model, Hubbard’s model incorporates the effect of the static
external potential of the periodic lattice of ions.

These models are still used to this day as (or at the very least motivates) model
Hamiltonians to study many material properties, albeit with exponentially more
computational resources. By no means did I list all model Hamiltonians that are used
to describe various phenomena, so for a more detailed discussion refer to [211, 212]

for a more extensive list and their applications in describing material properties.

Electrons in One Dimension

The interest in electrons in one dimensional has been a widely studied area
for quite some time. Its inception could probably be attributed to Felix Bloch
[213] in 1934 where he was researching a non-interacting gas of electrons similar
to Sommerfeld. The low energy electronic specific heat of this model for ‘spinless’
electrons is given, courtesy of Wolfgang Pauli, by

2T = Ty (ﬂ) | (A5)

hUF
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This was striking because this had the exact same form that Debye calculated for a

one dimensional Harmonic chain

T kT
Clfue) = (20 ). (A6

where the only difference is the replacement of the speed of sound ¢, with the
Fermi velocity vgp. He therefore inferred that the low energy excitations of a one
dimensional electron gas were collective ‘sound waves’, which are bosonic in nature,
that propagated through the electron gas. Since this time, it has been a high goal
of condensed matter physics to study and find real material/systems that can be
perceived as electrons in one dimension.

Here, 1 give a brief overview on the theory behind interacting electron systems
in one dimension. Unlike the case in two and three dimensions that fall under
the Landau-Fermi liquid theory, electrons in one dimension behave entirely different
due to the very strong correlations between electrons which are independent of the
strength of interaction [22]. This extremely correlated state of matter is expected
to occur for all one-dimensional and systems [214] falls under the paradigm of the
Luttinger liquid which was served as a replacement to Landau’s Fermi liquid in higher

dimensions.

The Luttinger Liquid

Sin-itiro Tomonaga first studied the interacting electron gas in one dimension
in 1950 [215]. His model imposed linearizing the free electron dispersion about the
Fermi level and terminated at wave vector £ = (0. The model was only a model to
describe the low-lying excited states because there was no well-defined ground state.
To fix this, J. M. Luttinger [216] extended the linearized dispersion to encompass
the filled Dirac sea of electrons, introducing a ground state to the spectrum. With
a few approximations, his model, similar to Tomonaga’s, was exactly solvable by

‘Bosonizing’” the Hamiltonian. This technique relied on the fact that the elementary
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excitations were approximately bosonic in nature, so his triumph was to cast the
excitations exactly as bosons [211]. Although Luttinger proposed an exact solution
to the model, it obtained an inconsistency in the commutation relations imposed by
the canonical transformation he proposed. To rectify this, Daniel Mattis and Elliot
Lieb in 1965 [217] published the correct exact solution to Luttinger’s model. In 1981,
Nobel Laureate Duncan Haldane introduced the notion of the Luttinger liquid [214]
to be taken as the one dimensional analogue of the Fermi liquid theory proposed by
Landau, which stands to this day as the paradigm for interacting electrons confined
to one dimension.

Here, I will briefly? introduce Luttinger’s model and some of the basic steps needed
to ‘bosonize’ the Hamiltonian. Luttinger’s model was introduced by ignoring the
spin degree of freedom, but we know that electrons are spin 1/2 particles. Upon
making further approximations to the Hamiltonian, the spin degree of freedom can
be introduced to create a decoupled Hamiltonian described by two sound wave-like
Hamiltonians corresponding to the ‘spin’ and ‘charge’ degree of freedom. The velocity
of these sound waves are theoretically different which introduces the notion of ‘spin-
charge separation’. For the one dimensional cuprates, the behavior of the relevant
electrons appear to be classified as being correlated, so a more realistic picture is
realized by Hubbard’s model in one dimension. Hubbard’s model in one dimension
also is one of the few models that has an exact solution [69] via an integral equation
based on the Bethe-ansatz, however it is very difficult to compute correlation functions
from this solution are a very difficult task [219]. Similar to the Luttinger model, the
one dimensional Hubbard model can also be reformulated in a bosonized Hamiltonian
[21, 220]. This bosonized Hamiltonian can be mapped onto the electron gas analog
with renormalized parameters [21]. The main difference between the Luttinger liquid
obtained from the Hubbard model and the electron gas in one dimension is the
collective modes for the charge sector are gapped while the collective modes that

carry S = 1/2 collective modes remains gapless.

2For more details on this procedure, please refer to [22, 211, 218]
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Luttinger Model

For this section, I will go over the bosonization procedure for Luttinger’s model.
This procedure will follow closely that derived in reference [221], while other references
such as [21, 22, 211] are also very nice references. Luttinger’s model is very similar to
Tomonaga’s model except for the technique used linearization of the dispersion of the
non-interacting dispersion of free electrons. In Tomonaga’s model, he linearized the
free electron dispersion about the Fermi wave vector kg, but truncated the dispersion
at k = 0. In Luttinger’s model, he linearized the free electron dispersion indefinitely.
Due to the similarities, this model is sometimes referred to as the Tomonaga-Luttinger
model. While both Tomonaga and Luttinger ignored the role of the spin degree of
freedom, I will include it since I desire to make connection with the concept of spin-
charge separation.

The Hamiltonian for an electron gas in one dimension is given by
- h2k?
Hip= Z —c,Twc,m + Z Z v(q)chac;_qg,cpozckg. (A.7)

2m
o k oo’ pkq

The heavy work actually is built into bosonizing the non-interacting part of the
Hamiltonian, so that is what I present in greater detail. The work of Luttinger relied
on linearizing the free electron dispersion around kr and —kpg, so we can rewrite the

quadratic dispersion of the free electrons as

5(@ _ hvp(k — kF) k>0

—hwp(k +kp) k<0
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which allows us to write the non-interacting part of the Hamiltonian H, in terms of

‘right moving’ particles £ > 0 and ‘left moving’ particles k£ < 0

Hy =Y > hvp(k —kp)cf,cho — > Y hop(k + kp)d], dyo, (A.9)
o k>0 o k<O

where I have associated the right(left) moving particles with the operator ¢y (dge)-
The linearized dispersion can be seen in figureA.1 However, by introducing the
linearization of the dispersion indefinitely, Luttinger introduced a problem due to the
infinite filled Dirac sea of electronic states, which will cause commutators between
density operators that should be zero, using first quantization, to no longer be zero
in a field theoretical framework. This problem was realized by Mattis and Lieb [217].
To rectify this issue, similar to that in the Dirac equation, the operators should be

normal ordered, meaning

c,Twc;w — czgcka = c,igc;w — <c£ocka)0 (A.10)
and
dl dio —: db dyy = dl dyy — (d}, do), (A.11)

where the average value is computed with the filled Dirac sea
(chcro)y = O0(kp — k) (d], dio)y = O(k + kr). (A.12)
Equivalently, the normal ordering becomes

i C};UC]W k> kr
! ChyCho 1=
—ckUcLU k< kp

206



for the right movers and

y di dny k< —kp
C 0y Ok -=

—diodl k> —kp

for the left movers.

As a way of circumventing the issue of the normal ordering, we can restrict
ourselves to a region around the Fermi wave vector kx?, where we impose a cutoff k,.
Upon measuring the dispersion with respect to the Fermi wave vector, we can rewrite

equation A.10 as

Hy=Y Y hupk (CLF+IWC’€F+1€U - dikFJrkad—kF'HW) (A.15)
o k,|k|<ka

where vg is the Fermi velocity defined by

m

While this part of deriving the non-interacting part of the one-dimensional electron
gas Hamiltonian was quite straight forward, what follows is the more difficult part.
It is difficult because we must now cast the non-interacting part of the Hamiltonian
involving pairs of creation and annihilation operators in terms of pairs of bosonic
operators which themselves consisting of pairs of creation and annihilation operators.
This seems counter-intuitivite because the interaction terms usually give the difficult
aspect of the problem, however, if one knows which terms to neglect, the interaction

terms just involve straight forward algebra to obtain the bosonized Hamiltonian.

3This is important to the Hubbard model where there is a finite band width.
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g(k)

Figure A.1: Linear dispersion for the Luttinger model. The red curve represents
the curve corresponding to the right moving electrons. The blue curve corresponds to
the left moving electrons. The filled region represents the region in which Luttinger
added to Tomonaga’s model to give a ground state to the spectrum.
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Now we can introduce the Fourier transform of the density operator for a given

spin projection for the right and left moving electrons as

nR,U(q) - Z CLF_Fkgckp—i-k—‘rqa (Al?)
K, |k|<ka
and
nLo(q) = Z dT_kp—&-kad—kF-i-k‘—I—qa (A.18)
k, k| <ka

respectively. It is important to note that for without a cutoff k,, the ¢ = 0 would

not be well defined due to the infinite filled Dirac sea. Now we want to consider the

commutator?
mo (@) 1o () = Y [l onaCrpibans o paChn i) (A.19)
!
= O (CLF-i-kJCkF—i-k—i-q-i-q'cr - ClTﬂFJrk*q/aCkF'f'k‘f‘qU) <A20>

which can be realized through the commutator identity
[A, BC] ~-B [A, é] + [A, 3} e (A.21)
and the commutator to anticommutator identity

[Af;, é] A [B, é} + [A, é] B. (A.22)
- + +
It can be shown that the commutator in equation A.19 vanishes for g, by shifting the

dummy summation in the second term in equation A.20 by k — k + ¢/, however this

4Here, I am neglecting the explicit notation that we are only summing over wave vectors less
than the cutoff.

209



is not the case when ¢’ = —¢. In this case, we have

o (@)1 ()] = o D (el cigChrsio = ChyspanCrpinar) - (A.23)
k

Since the second term can only contribute for right movers if k£ kp for ¢ > 0, so we
are restricted to the summation over the region —kr < k < —kp + ¢ , so we obtain

the commutation relation

70 (@) nro ()] =000r Y ChyikeChitho  for g > 0. (A.24)
—kp<k<—kp+q
Similarly, for ¢ < 0 we are restricted to the range —kr < k < —krp — q have the

commutation relation

MRo(q), NRo (—q)] - = =050 Z CLFJrkUckFMU for ¢ < 0. (A.25)
—k‘p<l€<—l€F—q

Our summation extends in a region where all these terms in the summation are well

below the Fermi energy, so the number of states within a given width of ¢, assuming

we impose periodic boundary conditions on a line of length L, is ¢L /27, so

qL
Ogo Z CLF%UckFJrkU = 50(,/% for ¢ > 0 (A.26)
—kp<k<—-kp+q
and
qL
— O Z CLF+kUCkF+kU = 500/% for ¢ < 0. (A.27)

—kp<k<—kp—q
We can therefore write the commutation relation for the density fluctuations for the
right movers as

, L
10 (4): o (6] = D163 (A.28)
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It can also be shown for the left movers that we obtain the commutation relation

and obviously

[nRro(q), nLe(¢)]_ = 0.

Since ny,(¢) = nl_(—q), we can write the generalized commutation relation

where A = +1 when A = R and A = —1 when A\ = L.

Now we can introduce the boson operators by,

- Zk \/qLCkF+kaCkF+k+q0

qo
27 gt
Zk |q|Ld—kF+kad—kF+k+qcr

and the Hermitian conjugate is

b.l_ . Zk \/ qLckF+k}+qO'CkF+kU

qo
k |q|l kp+k+qoY—krtko

which obey the canonical commutation relation

[

211

qL

[nLU(Q)7 Nre (q/)]— - _600/6(1—‘1/ %

/ qL
|:n)\a (q)v n;/g, (Q )] - /\500’5qq’5)\>\’ o

q>0

qg<0

qg>0

qg<0

(A.29)

(A.30)

(A.31)

(A.34)



Introducing these bosonic operators, allows the rewriting of the non-interacting

Hamiltonian® in A.15 as

Hy =Y hoplq|b,bys. (A.35)
q#00

This is by no means obvious, but it can be realized by taking the commutation relation
with the boson operator b,, and the non-interacting Hamiltonian in equation A.15

that has in it the electron operators, i.e. calculating the equation of motion

| Ho,byo| = —horlalbs (A.36)
and its Hermitian conjugate
[ﬁo, bj;o_] = hurlglb,. (A.37)

Additionally, the boson operators annihilate the Dirac sea
beo [V} ps = 0. (A.38)

These bosonic operators represent collective excitations of particle-hole pairs.
Since the interest is to understand the phenomenon of spin-charge separation, we

introduce both the collective charge boson b,. and the collective spin boson bys as

bge = NG (bgt + bgy) bys = NG (bgt — bgy) (A.39)

and the Hermitian conjugate
b= — (bl 4+ b= (5, — A.40
qc:ﬁ(qT+ qi) qs:%(tﬁ_ qi)' (A.40)

SHere, I am assuming that there are the same number of left movers as right movers. If
this assumption is lifted, then there will be additional terms in the Hamiltonian associated with
‘topological’ charges and currents. Please see reference [221] for details on these terms. These
‘topological’ charges and currents are related to the fact that I have omitted the ¢ = 0 in the
summation over wave vectors.
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This allows us to rewrite the non-interacting Hamiltonian from equation A.41

separated into two terms as

Hy = Z hwrldl (bgcch + b;squ) . (A.41)
q#00

Now we must handle the interacting piece of the Hamiltonian. For now, I will
assume a momentum independent Hamiltonian which will be replaced by coupling
constant g;,.-. Then the interaction in the Hamiltonian A.7 has the general form in

terms of right and left moving electrons as

: 1 D t t
Hiny = ﬁ Jico’ [CkFJrkJrqod—kF—Fk’—qU’ckF-i-k’U’d—kF-i-kJ

oo’ kk'q

t t
T A kg0 Chptk/—qor dkp k0" Chptho

1
1 i
+ﬁ Z Z Y200 |:CkF+k+qadko+k’fqo/d—kF—l-k’U’CkF-l-kcr

oo’ kk'q

T
+ dko+k+q0Ckp—l—k’—qa’ck’F‘f'k'U/d_k’F‘FkU

1
+ﬁ Z Z Y300’ [CLF+k+qGCLF+k/—q0/ d—kF-i-k’J’d—kF-Hw

oo’ kk'q

T T
+ d—kp +k+qo d—k:F +k —qo' Ckp+k' o' Ckp+ko

1 i T
+i Z Yoo’ [CkF+k+qackF+k’—qa’CkFJrk’a’Ckarkcr
oo’ kk'q
T T
+ d—kF+k+qu*kF+k’fqa’d—kF-‘rk’U’dkp—i—ka] . <A42)

In the bosonization procedure, the terms gi,,» and gs,,» which for o # o’ are the

back-scattering terms which scatter left moving particles into right moving particles
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and vice-versa. Therefore, we write (omitting the ¢ = 0 scattering processes)

~

Foe = 57 G oo (~0)11(0) + o (—0) 1 (0)

q#000’
1
+ oL Z 920" [NRe(— Q)N R (q) + Lo (—@)NLor ()] - (A.43)
q#000’

In terms of the boson operators, the interaction can be written as

: [
Hint = Z EQQUUI (b(.go'b’i;qo-/ + b—qabqa’)

q#000’

+ Y g Gioor (Phoboor +b-aobl 101 ) (A.44)

q#000’
Using the collective charge and spin boson definitions in equation A.39 and A, we can

rewrite the Hamiltonian as

; lq| lg|
Hint - Z EQQC <b;cbiqc + b—qcch) + EQQS (bgsbiqs + b—qsbqs>
q#0

4] 4]
30 g (Blebge bl ye) + 2 gas (Bhebis +b-sblys) (A.45)
q#0

where I have defined the charge and the spin couplings as

92¢ = G| + g21 925 = J2| — G2 (A.46)
and
Gac = G| + gaL 9as = G2 — 941 (A.A47)
where
9i| = girt = Gill il = Gity = Gilr- (A.48)
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So combining this with equation A.41, we can write the Hamiltonian for the

Tomonoga-Luttinger model as

Hyp, = Z hvrlq| (1 + £> bgcch + lal (bgcbiqc + b_qcch>

92c
prs 2rhup 41
+ fwplgl (14 522 ) b by + Mgzs (bT bl + b_gsb ) . (A.49)
2rhvp qs~4 A7 qs~—qs qs¥q
Defining dimensionless couplings

~ Gis,cd
is,c = : 5 A50
Jis, 27ThUF ( )

we can write equation A as

I:—,TL - Z hUF|Q| (1 + gzlc) b:r]cch + L;|§20 (b;cbtqc + b—qcch>
q7#0

+ th|Q’ (1 + §4s) b;sbqs + |;i|§25 (bgst—qs + b—qsbqs> . <A51)

Then we can define a Hamiltonian for the collective charge and spin bosons as

Hrpe =Y hoplgl (14 gic) b.bee + %920 (bgcbiqc + b,qcch) (A.52)
q#0
and
Hrpo =Y hoplgl (14 gas) blbys + %ggs (bgsbi o+ b,qsbqs) (A.53)
970

respectively. Each of these Hamiltonians can be diagonalized with a Bogoliubov

transformation by defining new operators for the collective charge and spin bosons as
Bacticgbge + chbiqc B;rcucqb:;c + Vegb—ge (A.54)

and

Bystsqbys + ’UquT_qS ﬁ;susqu]s + Vsgb_gs- (A.55)
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The real expansion coefficients u. s, and v, s, satisfy the equations
U2 gy = Vesg = 1 (A.56)
which required the definition of hyperbolic angles 0, 5,
Ue,sqg = COSh O, 4 Vesq = sinh 0, 4, (A.57)
and gives the inverse transformations of equations A.54 and A.55,
Dles = BlescOSh O sq — Bges sinh b g (A.58)

bge,s = B—qeus CoSh O sq — B, sinh b 5. (A.59)

By putting these results into the Hamiltonian, the terms with 537 or 53 become

zero if the following equation is satisfied

ch,s

o ( 7 q) 1 + Gac,s ( )
We can therefore define the charge and spin velocities as
Ve = UF\/(l + Gae)’ + (G2c)’ (A.61)
and
_ SN2 s N2
Vs = UF\/<1 + Gas)” + (Gos) (A.62)
respectively.

This gives us the ability to represent the Hamiltonian for the Tomonoga-Luttinger

model as a separate Hamiltonian of collective charge and spin bosons as

Hpp = H,+ H, (A.63)
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where

f{c == Z hvc‘Q'ﬁgcﬁqc (A64)
q#0
and
H, = hv,lq|B]B, (A.65)
q7#0

where these collective charge and spin bosons travel at different speeds v. and v,
respectively. The collective charge bosons are referred to as holons and the collective

spin bosons are referred to as spinons.
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Appendix B

Linear Response Theory

The following closely follows notes that my advisor Dr. Adolfo Eguiluz gave
to me that were necessary for me to perform research for my graduate studies. We
want to consider the case where we are perturbing the system with a time dependent

interaction th(t). By doing so, the total Hamiltonian of the system is

A ~ ~

H = Hy+ Vi (t), (B.1)

Here, H, represents the exact Hamiltonian of the system in the absence of the
external perturbation and is not meant to represent some non-interacting aspect of a

Hamiltonian. The external potential has the form

A~ ~

Vear(t) = By (1), (B.2)

where the time dependence will be assumed to take the form g(t) = f(t)e"t. The
reason for this is we want the potential to be turned on adiabatically in the distant
past by take the limit 7 — 0" at the end of the calculation. In the presence of the

external probe, we want to quantify the induced average value of an operator 121, which
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corresponds to finding the quantity

6 (A) (t) = (A) (1) — lim _(A) (to). (B.3)

to——o0

To first order in the interaction, 0 (A) (¢) is given through the linear response equation

5 (A) (1) = / " i xan(t — ) (1), (B.4)

o0

where the linear response function is given by the commutators evaluated with respect

to the ground state of H,.

Xas(t = #) = =-0(t — 1) {[A(6), BE)] ). (5.5

Here, the time-dependence of the operators are given in the interaction picture

A

A(t) = enflot fe=nHot, (B.6)
We can insert a complete set of states between A(t) and B(t), so

~o(t-1) > (Wl A)n) (n|B()[wo) — (ol B(')n) (n At) o) (B.T)

t—t) = —
XAB( ) i

n

1

= GO =) 2R B ol Al {nl Blvo) — (ol Bin) (nlAlgo) (B

Since the response function is a function of the difference t — t', it is often more

convenient to recast equation B.5 in frequency space as

8 (A) () = xap(W) f(w), (B.9)

through the Fourier transform

Xag(w) = /OO d(t — t')ew(t_t/)XAB(t —t). (B.10)

—00
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We can write the Fourier transform through the Lehmann representation as

(ol A |n) (n| B [)
ZE — Ey+ h(w +int) (B-11)

If the operators satisfy B = At then equation B.11 has the form

[ (ol AJn) |
E B.12
Xam(w E, — Ey + h(w +int)’ ( )

so if we take the imaginary part of x 44t(w) we obtain
Imy gat (w 25 E, — Ey + h(w +in™)) (B.13)

which has resonances at the ezact excitation spectrum of the system. The 7™ in the

denominator comes from the Fourier transform of the step function.

Fluctuation Dissipation Theorem

It is usually the case that spectroscopy measures correlation functions Sy 4t (w)! which

are given through

Saat(w) = / Tt — ) (A AT (B.14)

—00

Through the fluctuation-dissipation theorem [45] which relies on the cyclic property
of a trace of a matrix, we can write the correlation function in terms of the imaginary

part of a response function via

2h

Saar(w) = 5

Imx gat (w). (B.15)

'The operators do not necessarily need to be Hermitian conjugates of each other.
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This is a very powerful equation because it allows us to directly measure the excitation

spectrum of a system through scattering experiments.
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Appendix C

Proof of Hohenberg and Kohn

Theorems

Here I give to the proof of the Hohenberg-Kohn theorems in the cases where there
is an static external potential V% (#) and an static external magnetic field B (%),
First I consider the case where there is only a static external potential V¢**(Z). Recall

Hohenberg and Kohn'’s first theorem:

Hohenberg-Kohn Theorem 1: Given a Hamiltonian of the form of ﬁez, there

exists a one-to-one map between the external potential V*(Z) and the electron
density n(z) = (n(z)),,. In other words, the external potential is entirely determined

by the electron density.

proof:

Recall that lflel has the form lflel = Tel + ‘A/elfel + Vem- It is obvious that the external
potential maps to the electron density n(Z). The proof relies in showing the converse.
The proof is by contradiction. Suppose that there are two external potentials V¢! (%)
and V¢*2(F) corresponding to two electronic Hamiltonians H, and H !, that produce

the same ground state electron density n(Z). From the Rayleigh-Ritz variational
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statement, the ground state energy of the unprimed Hamiltonian satisfies
Ey = (V| Ho |Vo) < (Wy| Ho |Tp) . (C.1)

such that
(Wo| HY, |Wo) = Ej. (C.2)

We can add and subtract \A/exmg to equation C.1, then we obtain the relation
Ey < Ey+ (V| Veatn — Vearo2 |¥y) =

_ B+ / Pno(®) [V (@) - Vo)) (C3)

~ ~

We can also make the same but switching Vi1 <+ Vip2. Then we obtain the
inequality

Ef < By + (V)| Viprs = Vewr1 [ ¥5)
— By + / dBzng(T) [vem(f) - vw‘t»l(af)] . (C.4)
If we add equations C.3 and C, we obtain the inequality

Eo + Ey < Ey + Ey, (C.5)

which is a contradiction. Therefore, the claim that two different external potentials
can produce the same electron density must be false.
The proof of the case in an external magnetic field is exactly the same except by

replacing equation C.3 with

Byt [ dbon(@) [Verti(@) - ver (@) 4 mala) - (B @) - B@)] (o)
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and equation C with
By + / dng(T) [vwv?(f) - ve”vl(;)] 1o () - [éewt@(f) ~ Bety(p)] . (o)
By adding equations C.6 and C.7, we arrive with the same contradiction
Ey+ Ey < Ej + Ej. (C.8)

Now I will prove the second Hohenberg-Kohn theorem. Recall

Hohenberg-Kohn Theorem 2: As a consequence of theorem 1, a wuniversal

functional of the electron density can be defined E[n] = (H,),,. The global minimum
of this functional yields the exact ground state energy Ejy and is determined by the
exact interacting ground state density no(Z). The global minimum occurs at the first

functional derivative of this functional through

oE

on |, _

= L. (C.9)

no

proof
Recall that we can define a functional of the universal interacting electron system
Fln(&)] = (Y| To + Varear V) . (C.10)
Then the the total energy functional is defines as
En(z)] = Fin(Z)] + /d%n(f)vm(f). (C.11)
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From theorem one, we know two different external potentials cannot yield the same
ground state density. So we know that if ny(Z) is the ground state electron density,

any other electron density n(Z) will satisfy
Elno(7)] < Eln()], (C.12)

Hence the ground state energy can be obtained by

Wy

= U. (C.13)

no

The same holds for the case where there is an external magnetic field except the

inequality in equation C.12 becomes
Blno(®), o) < Eln(&), ()] (C.14)

and the variational principle is satisfied with

Wy OFE

- —
5” n=n0,ﬁ’i=ﬁl0 5m leno,ﬂ_’i:’r_ﬁo

= 0. (C.15)
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Appendix D

Proof of the Runge-(Gross Theorem

Recall the Runge-Gross theorem

Runge-Gross Theorem: There is a one-to-one correspondence between the time-

dependent potential'! V¢ (¥, t) with the time-dependent electron density n(¥,t), given

that the system was initially in a state |ty).

In proof of the Runge-Gross theorem presented comes from that motivated in
references [22, 222, 223]. The proof begins similar to the Hohenberg and Kohn
theorems [12] that were proved in appendix C by assuming there are two different
time-dependent potentials V*(Z t) and V*"2?(Z ¢) that produce the same time
dependent electron density n(Z,t).

The proof will rely on Poisson’s equation that will relate the charge density to the

external potential

V2Vert(Z,t) = dmen (T, t). (D.1)

By integrating this solution, the density at a particular time can be determined by

the potential at all previous times. The proof that will be shown for a small time after

Tt is important to note that the uniqueness of the external potentials must differ by more than
just a time dependent factor.
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the external potential is turned on at time ¢ = ¢y [222] in which a Taylor expansion
is well-defined since it could diverge for arbitrary times. Since the system involves

conservation of charge, I can invoke the continuity equation

%n(f, £+ V- j(it) = 0. (D.2)

Now applying the Heisenberg equation of motion for the current density j(:?, t)

i@ 0 = W) [j@), B0)] 100). D3

The commutator without the external potential Tel + Vel,el does not need to be

considered in detail, so I will define the quantity
Q(7) = [j(f)u T+ ‘A/el—el} - (D.4)

, so I can focus on the term which does. I therefore want to focus on the commutator

32, Veat)] (D.5)

>
E

(@) = o [V@9I@ — (V@@ o

and the time-dependent external potential is given by
Viwt(t) = / P2V, (), (D.7)
then equation D.5 becomes

o [ V@) [@ V@) - (V@@ ©08)

2msi
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using the commutator to anticommutator identity

A

AB.C| =-A|B.C| +[AC] B (D.9)
and the property of the gradient of a delta function
VD), $@)) =~V - ), (D.10)
I can integrate by parts to obtain the simplified expression for equation D.8
—j(7) = —%V (Ver(Z, 0)n(@)) + Q(T). (D.11)

Now I will take this result and put it into the continuity equation from equation D.2

by taking the average value at time ¢ to obtain the result

d -

E(ﬁﬂ:_%VOﬁWﬁQMiﬂ)+Q@ﬁ. (D.12)

I obtain a similar result for the second time-dependent external potential V¢*%2(7, t)
1
— (T, 1) = ==V (V=2(Z,t)n (T, 1) + QP (T,1). (D.13)

Now subtracting equation D.12 from D.13, then

% (j@)(f, t) - 7(, t)> - —%v (VEt2(z, t) — Vel (2, )) @, 1)+ GO (3, 1) — Q(&, 1).

(D.14)

Now if I take the divergence of both sides in equation D.14 and use the assumption
that

V@@ ) =V O, t) = —a”(af’ b (D.15)
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then I obtain the result
. /L . 12
V- (@91 - Q@) = —V AV (V@) — VI E ) n(# )} (D.16)

I can define
[0 =V (@9@n - Q@) (D.17)

which can be expanded about ¢y to obtain the Taylor expansion

oo ak N
= Z t)]= =to (t—to)". (D.18)

k
2 (o !

I will introduce the shorthand notation

4 o
fr(@ to) = @0 F@ )=y, s (D.19)
so I can rewrite equation D.19 as
= fel@ to)(t — to)". (D.20)
k=0

I can also expand the right-hand side of equation D.16

oY 3 (T (@) — V@ ) o)} (- )7 (D21)

m:

Now letting [ + m = k in the dummy summation in equation D.21, then we can

rewrite this expression as

Z ViR (&, to) — Vi (T, t0)) ma—i(F, to) } (t — to)F. (D.22)

1
m
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Since a Taylor series is equivalent if and only if each of its coefficients in the expansions

are the same, then we obtain the relation

%ﬁ D AV (V& t) — ViU (E ko)) maa(T ko) } (= t0)* = ful @, to) (t — to)".

1=0
(D.23)
I can isolate the [ = k term on the left-hand side of equation D.23
J - exr — ext (= hod
—V > AV (V2 (@ to) — VI (F b)) it (&, 10) } (E — to)"
1=0
ls ex = ext (= —
— EV . {V (Vk tz(l’,to) — Vi t($,t0)) Tlo(ﬂ?,to)} (t - to)k
1 k—1
+—V- D AV (V2@ o) — V(& o)) mu—r(F, to) } ( — to)". (D.24)
1=0
I then obtain the relation
= ex - ext [ = =
EV . {V (Vk tg(l',to) — Vi t(l’,to)) n0<$,t0)}
1 k—1
= fu(Z,t0) — —V- {V (V2(Z, 1) — ViE (&, to)) mie—i(T,t0) } - (D.25)
1=0

To prove my claim, I must show that equation D.25 is a contradiction for all integers
k. This is done by contradiction. First, the base case & = 0 is obvious. This is a
contradiction unless V¢2(Z, ty) — Ve (Z ty) = constant in which the statement is
true which is equivalent to stating that the ground state from each external potential
was the same as stated in the theorem.

Now if we assume that the time-dependent potentials differ by more than just
a time-dependent constant Ve*2(F tq) — V(T ty) # c(t), then there exists some

value of k in which equation D.25 will yield a contradiction due to the uniqueness of
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a Taylor series. Hence, my original statement of the claim that two different time-
dependent potentials can give the same time-dependent density, therefore proving my

claim.
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Appendix E

Double Fourier Transform of

Density Response Function

The purpose of this appendix is to derive the matrix equation for xsa (¢, w)

shown in equation 2.78 which is

G

Starting with the integral form

Xnn(fu f/, t— t/) = Xo(f, .f/,t - t/) +/ dtl/ dtg/dgl'l /dgl'z

62

X Xo(Z, Z1;t — 1) (t1 — ta) + fac(@r, Zosto — t,)] X(Zo, &5 te — 1),

— —9
|71 — 2o

we can do the Fourier transform over time
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o [e.e]
/ d(t — ") ey (&, &5t —t') = / d(t — t) e yo(Z, 7t — 1)

o0 —0o0

+/ d(t —t) W”/ dt1/ dtz/dgxl/dxgx():i’f t—t1)

62 RN -
X {_,—_,5@1 — tz) + fxc(xla To;lo — t/):| X(l‘g, xl; to — t/)a (EB)
|7 — ]

where we obtain the density-density response function for a given frequency w
Xnn(fa f/a w) = XO(fa f/; CU)

. e? .o .,
+/d3x1/d3x2X0(x,x1;w) Lq—q —{—fxc(:vl,xg;w)] X(To, 75 w). (E.4)
Now we want to take the double Fourier transform over space, so for xo(Z, Z';w), we
have
Xo(k, k'3 w /d3 /d3 e RN (7, 7 w) e T (E.5)

— —

Since we have a periodic system, we have xo (7, ¥;w) = xo(Z + R, 7' + R;w), then we
have the relation

Yok, By w) = e E =By (F Fw). (E.6)

so the condition is satisfied if

e iFF)R — (E.7)

which is the case when k' — k = H , Or K =k+ H for a reciprocal lattice vector H.
For any arbitrary wave vector E, we can relate it to a wave vector in the first Brillouin

zone via a reciprocal lattice vector é, so k = q-+ G. Therefore
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We can let G’ = G + H, then
Xo(§+ G, 7+ G w) /d3 /d3 Iemi@+G)E Xo(Z, f’;w)ei(‘ﬂ@,)'fl, (E.9)

where we can conveniently define this as a matrix

—

(x0)aer (T, w) = xo(T+ G, 7+ G w). (E.10)

This transformation is invertible, so

X(Z, 75w ZZe"’” e (@ w)e T+ e (E.12)

where I have omitted the nn subscript from this point further. Now I will plug in

equation E.10 and E.12 into equation E, and I obtain

1BZ 1BZ
—i(§+G)-& G i(G+G)-& _ —i(g+G)-& i(G+G")-z
VBvKZZe ' Xgg (T.w)e™ _VBszze ' a (@w)e™
7 GG’ q GG

1BZ

—i(q+G)-@ L a3 a3 i(G+G1) 1 -
VB K Z Ze GG q7 / 1'1/ 1'26 (|—' _z | f (x17x27w)>
1BZ B
—i(§+Ga)- 3:2 . i(q+G)-x
B g e, -
q GgG'

Looking at the terms in the integral,

1BZ

Z/dle/d3x2e (7+G1)-71 (| |+fxc(3€1,332, )) e~ UT +G2)-T2 (E.14)
7 —

VBvK
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Since €2/|Z) — To| + fuolT1, Tasw) = €2/|8) + R — & — R| + f*(%, + R, & + R; w),

then equation E.14 becomes

4me?
————0a.a, + [5 A (qw). (E.15)
|q+G1|2 162 G1G2

Therefore, equation E.16 becomes

1BZ 1BZ

]_ = AN = o A\ = ]_ o A = o AN =
—i(q+G)-T — i(g+G')-T _ —i(§+G)-T — i(§+G")-T
e =~ (g,w)e = € Sar\q,w)e
VBuk Z Z Xga (@) VBuk Z: Z; (olge (@)
q9 GG’ 9 GG’
1 1BZ A 47762
+V Z Z i@+ )m(XO)éél(q,w ——0a,4, g{éz(q’ )
bk T oddia i+
7 GG.1G.G’ 1
(@ +G-z
X X@'Q@, ((j’, w)e’(q +&)E . (E16)

Therefore we obtain the matriz equation for the matrix element xza (7, w)

+ > (0)aa, (@w) | ——=306.6, T [0, [0 w) | Xg,6(@w). (B.17)
GrCo 7+ G

where we can define the effective interaction

eff 1- N _ 4re? e o
VEle ([Gw) = ———0g,6, + fF 6, (T w), (E.18)
|7+ G

and upon summing the geometric series, we obtain

. . eff /o Lol
Xaa(@w) =Y (xo)ge, (T w)[1 = V(G w)xo(d,w)] g, g, -

2

(E.19)
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Now I will explicitly compute (xo)aa (¢ w). In position space

fE/j’U o fkfa'
(E.20)

Xo(Z, &5w) =) Wr (B)p (@05, (), (T)
Now

(XO)@@/(@ UJ) _ /d3$/d3x/6_i(§+é)'fxo(f, f/;w)ei(ti—i—@).f/’ (E.Ql)

SO

(X())é’é/(q;w) :/d3xe—i(§+G’).iw* (f)w}}‘/]‘/g(f)/d?’x/wz‘/j/ (j»/)wlgja(iﬂ)ei(tﬂ-G’)'x

Eja

ffc"j’a - fkfa

— (E.22)
€krjte ~ €kjo T Mw +in™T)
since x0(Z, #;w) = x0(Z + R, @ + R;w), then the two integrands gives
TN ERYE (& + R (T + R)WE,, (' + Rty (@) TH TR
= e O TY (@ (@, (T ), (&) THD T (E-23)
so, by using Bloch’s theorem, we have
i@ Remi(kR)R _ (E.24)

(XO)éé/(q_; w) — /d3$e—i(§+G)~f¢;§jg(f)¢g+§jla(i:)/d3$/w2+(ﬁlg(f/)nga(f/)ei((ﬂ-G )&

flg+q’j’0' - fkfa'

X —. (E.25)
Ehtraio — Ehje T MW ™)
We can use first quantization notation to symbolize
7| oG +G) % 7 = 3., —i(q+G)T,x (= -
(kjo|e " THO* |k 4 o) = /d ze{T0) ngo(:v)z/)m(jj,a(x). (E.26)
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Then we can write the Kohn sham density response matrix element as

—

(X0)ag (d@,w) = (kjo| e " TD* |k + gf'a) (k + 30| TD> |kjo)

fE+(j’j’0’ - fkfa'
€itgiio ~ Chjo T h(w +in™)

X (E.27)
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Appendix F

t
X—»—»

. G,((j’, w) in the Wannier basis

In this appendix, I will derive the target response Xté é,((f, w) in the Wannier basis.

Using the matrix for the target response

(X" Ga (T, w) = 650 (X0) G (T, w) + Z Z X0)Ga, ( VG“ (@, @) (X G (T w)
o1 G1Gs
(F.1)
where
Véléz( ’w> - 641162 (q’w) + (f C)(;1@2 <q’w) (F 2)
and
4re? .
7L (fw) = ——— (€M) 5 4 (¢, w). (F.3)
G1Go |q_,+ G1|2 G1Go

The first step in the derivation is to expand (x§)&a (¢, w) in the Wannier basis. In
the Bloch basis,

—

(X0) e (@ w)
1BZ

. Fivane = fo: Y
= (kjo| e TTO* |k 1 gj'o) oM (k4 §jo| e TTEE | Bjo)
Z Z €irdic ~ Rjo + h(w +inT)
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Using the transformation from the Bloch to the Wannier basis

we can express the charge fluctuation matrix elements (k; jo|e T HEOX |k + ¢j'o) as

(k]0| i(q+G) % |k‘+qy o) = Z etk Fa gi(k+4) R Z nl]g(k)cj'nw(k‘FQ_)

R1 Ry niny
X (Wiyo(By)| e 1 TO% W, (Ry)) (F.6)

where I will introduce the notation

A (G4 G) = (W o(By)| e TOX W, (Ry)) . (F.7)

n1Ri,naRe

Then we can rewrite equation F.4 as

1BZ
o - 1 id-(RBo—R o o= ) (B F
(Xg)éé/ (q;W) == (N )2 Z Z e q (R2 R4)An1ﬁ1,n2ﬁ2 (q+G) Z e ik [(R R ) (Rd R4)]
BuK él E2R3R4 nin2n3ng E
¢ o k F)A% 2 G (P8
2 e Rernan b ) gy oo FE s VAT g (TC)- (9
qj'o jo

Here, I will define the quantity

1BZ
3 3 1 = o= s = L
O s @) = (7 5z ™ S e L) =)
BuvK

k

fk o fk o
X Z Cryjo( C] nza(k +9) a7 :

’n,"a' E+ ‘no'l;- F9
Sitgite ~ ekja+h<w+ln+> 4J ( (DC] : ( ) ( )

Then equation F.4 becomes

t\D, (= _ _, ~ t an3ﬁ3,0n4é4 — o* - A
(x0)Ga (g w) = E E anl 1o R (q G)(Xo)mlgl,gm@(%W)An3§37n4ﬁ4(Q+G )-
R1R2R3R4 nina2ngng

(F.10)
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We can introduce shorthand notation in terms of a super index 1 = (nlﬁl)
(6)Ga (@.w) = Y AB(T+ C)(X0) T3 (T ) A5 (T+ &), (F.11)

where we can use the convention that terms with a bar over them are summed over,

SO
(X0) G (@ w) = ATo(T+ G (x6) T3 (7, w) A5 (7 + C). (F.12)
Now looking at the first order term in the geometric series in equation F.1

D (6)&a, (@.9)VEG, (@0) (0.0 (7 ) (F.13)

X (xb) 231 (@ w) AL (T + G, (F.15)

where we can define the effective interaction in the Wannier basis

1234 Z AL (T+ Gl Ve (q. )A§4(q + G2) (F.16)

G1G2
G1Gs

which allows us to write the first order term as

A7+ G (x0) Tas5 (T, w) Vs (7 w0) ()31 (7. ) ATy (T + G). (F.17)
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Now looking at the second order term in the geometric series in equation F.1

X (X0) o (€ w) A3y (7 + G) (F.19)

= AG(T+ G)(x0)T255(@ W) VI (T, ) (Xb) Fs510 (4 @) Ve 107, w)

X (XB)%DQ&(@ w) A3 (7 + é/) (F.20)

This manipulation is continued to infinite order, so the target response is now cast in

the form

+ Z (X0) 7256 (7. W)Vg%%(cﬁ w) (X0)7s010(" w)Vsionia(7, W) (X0) Tiroaa (@ w) + - -

x AL 7+ G). (F.21)
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If we sum over the geometric series, we obtain the result

/

()@ 0) = () Tsal(@ ) [{(0 = Vi@ wxb(@w)} | (F.23)

(e (@ w) = AR (T + G) (X5 (@ ) A3 (@ + §). (F.24)
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