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Abstract. One of the concepts in mathematics that developing rapidly today is Graph Theory. The development of
Graph Theory has been combined with Group Theory, that is by representing a group in a graph. The intersection
graph from group D, noted by I}, is a graph whose vertices are all non-trivial subgroups of group D, and two distinct
vertices H, K € D are adjacent in I, if and only if H n K # {e}. In this research the intersection graph of a Dihedral
D, group, we looking for the shapes and numerical invariants. The results obtained are if n = p* for k > 2, then
Ip has a subgraphs K, 1,2, p3,...4pk-1 @nd n subgraphs Ky, the girth of the graph I, is 3, radius and diameter

of the graph I,, in a row is 2 and 3, and the chromatic number of the graph I, is +p* + p? + p + -+ p*~!
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1. INTRODUCTION

A graph is a diagram that contains certain information if interpreted logically and appropriately. The
graph can also be used to describe various types of structures that exist, the goal is to visualize objects to
make them easier to understand. Visual representation of a graph is to express objects as vertices, while the
relationship between objects is represented by lines.

In recent years, many researchers have studied the visualization of a group using a graph, some of the
visualizations are the commuting graph, the coprime graph, the non-coprime graph, and the power graph.
The visualization is given some properties like girth, diameter, chromatic number, clique number, and the
shape of several groups like the dihedral group, the integer modulo group, or the generalized quaternion
group. See [1]1[2] [3] [4]1 [5] [6] [7]1 [8] [9] [10] for more detail.

In 2015, Akbari et al, define the intersection graph of group G, denoted by I7;, as a graph whose vertices
are all a non-trivial subgroup of group G. In their paper, they examine the intersection graph of a group Z,
[11]. Later in 2021, Nurhabibah et al studied the intersection graph of the dihedral groups with prime square
order, and give some properties on its shape, degree of vertices, radius, diameter, girth, and domination
number [12]. In this article, we give a more general result of the intersection graph of the dihedral group with
prime power order.

2. RESEARCH METHODS

This study conducts a literature review to achieve new knowledge from a recent terminology in the
graph representation of the algebraic structure. First, we divide the problem into several cases and choose
some examples to get a pattern and construct a conjecture from it. And by deductive proof, we prove the
conjecture.

3. RESULTS AND DISCUSSION

3.1. Basic Terminology

A dihedral group is a special group with the definition as follows.

Definition 1 [13] The group G called a Dihedral group D,,, n = 3 andn € N, is a group constructed by two
elements a, b € G with property
G = (a,bla™ = e,b?> = e,bab™! = a™ 1)
Dihedral group D,,, and can be written as the set
D,, ={e,a,a? a3, ..,a" 1, b,ab,a?b,a3b, ...,a" 1b}.

And now we give you the definition of the intersection graph of a group.

Definition 2 [11] Let G be a group. The intersection graph of G, denoted by I, is the graph whose vertex
set is the set of all non-trivial proper subgroups of G. Furthermore, vertices H and K are adjacent if and only
if HNK +# {e}.

The following are some basic terminology that we will use throughout this article.

Definition 3 [14] Some basic terminology

a. A complete graph G is a simple graph in which every vertex is adjacent to all other vertexes. A
complete graph with n vertices is denoted by K,,. Every vertex in K,, degree n — 1.
The girth of a graph D, denoted by g(D), is the length of the shortest cycle of graph D.

c. The radius of a graph D, denoted by rad (D), is the minimum eccentricity of all vertices in graph D.
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d. The diameter of a graph D, denoted by diam(D), is the maximum eccentricity of all vertices in graph
D.

e. The graph coloring is giving color to the vertices in the graph such that every two vertices adjacent
have a different color.

f.  The chromatic number is the minimum number of colors that can be used for coloring vertices in
graph D, denoted by y(D).

The following theorems are some basic properties that are important for our proof throughout this article.

Theorem 1 [15] Let D,,, be a dihedral group with n > 3. Then the subset R = {e, a,a?,d3,...,a" 1} € D,,
is a nontrivial subgroup of D,,,.

Theorem 2 [15] Let D,,, be adihedral group withn > 3. Then the subset S; = {e, a'b} S D,, is a nontrivial
subgroup of D,,, fori =0,1,2,...,n — 1.

Theorem 3 [15] Let D,,, be a dihedral group with n > 3 and n = p;p,ps3 ... pr, With p; are a distinct prime
number. Then the subset R; = {e, aPi, a?Pi, a3Pi, ..., a"Pi} € D,, is a nontrivial subgroup of D,,,.

Theorem 4 [15] Let D,,, be a dihedral group with n > 3 and n = p;p,ps3 ... pr, With p; are a distinct prime
number. Then for i€{1,2,..,k} and j€{0,1,2,..,p; — 1}, the subset Gij =

{e,aPi,a??i, .., a" Pi,alb,al*Pib, ...,al*""Pi} C D,, is a nontrivial subgroup of D,,.

Theorem 5 [15] Let D,,, be a dihedral group. If n is composite with n = p,p,ps ... pr, then the subset S; =
{e’ a“?:ﬂ)}’a2H§=1P}'a3“§:1p§‘, ___’an—nﬁzlpf'} € Dyn, Dj € {P1P2P3 - Pm}, 1<t <m is a nontrivial
subgroup of D,,,.

3.2.  Numerical invariants of the Intersection Graph of a Dihedral Group

In this section, we discuss the intersection graph representation and numerical invariants of a graph
Ip,, forn = p"* with k > 2. Here are some examples of graphs Ip,, forn = p*.

Graph Ip, forn = 22

Tabel 2. Subgroup of the Dihedral group Dg

Subroup Member of Subgroup
a; = {e,a,a? a%}
Rotation subgroups (a) a, = {e,a?}
BO = {e' b}
ﬁl = {6, ab}
Reflexion subgroups (B) B, = {e,a?b}
Bs = {e,a’b}

Y10 = {e,a?,b,a?b}

Mixed subgroups (y) Y11 = {e,a? ab,a’b}

Figure 1 Graph I'p,
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Based on Figure 1, it is known that the shape of the graph I, is in the form of a subgraph K, and 4
subgraph K.
Graph Ip, forn =23

Tabel 2. Subgroup of the Dihedral group Dg

Subroup Member of Subgroup

_ 2 .3 4 .5 6 7
a, ={e,a,a%a*a* a,a’a’}

Rotation subgroups («) a, = {e,a? a* a®}
(Z3 = {e, a4}
ﬁO = {e! b}
B, = {e, ab}
ﬁZ = {e, azb}
. B3 = {e,a3b}
Reflexion subgroups (B) B, = {e, a*b}
Bs = {e,a’b}
Bs = {e,a®b}
B; = {e,a’b}

Mixed subgroups (y) Y10 = {e,a? a* a® b,a*b,a*b,a’b}

y11 = {e,a? a* a® ab,a3b,a’b,a’ b}

Figure 2 Graph I'p_

Based on Figure 2, it is known that the shape of the graph Ip,  is in the form of a subgraph Ko and 8
subgraph K.

Based on the graph forms of the graph I, that have been obtained above, when n = p¥, then the
shape of the intersection graph is in the form of two complete subgraphs which is a subgraph
Ky iprap2ip3siph-1 and n subgraph K. The following theorem is given that graph I, is formed from a
complete subgraph K | )1,5,24,34...pk-1-

Theorem 5 If D,, is a Dihedral group with n = p* for k > 2, then Ip,, have a complete subgraph

Kk+p1+p2+p3+---+pk_1'
Proof. Let D,, is a Dihedral group. Take n = p* with p is any prime number.
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Based on Theorems 1, 3, and 4 its is obtained that szk has k rotation subgroups, that is a; =
{e,a,a?,a3, ...,a" 1}, a, = {e,a®"),a2®)), 3@, . a0} , =

{e,a®,a2®®) q3®%),  an-®M}), . a) = {e,a(pk_l),az(”k_l),a3(pk_1), ...,a”‘(pk_l)} and p!+p?%+
p3+ -+ pkt mix subgroups, that is Vi =
{e, a®), q2®h g30hH | qn-0h qip, qit@®@Yp qit2@Dp, qi+3@hp . gitn-@h b}

forj=0,1,2, ...,pl —1land1=1,2,3,..,k— 1. Suppose A, B are subgroups from D,,,, where A, B are
different rotation subgroups or mixed subgroups. Subgroup A and B are adjacent because it always loads
a™=®"™_ S0 we get a complete subgraph

Z= {alr a2,A3, -, Ak, Y10, V20, V300 ++» Yk—l(pl_l)}

where Z consists of k + p! + p? + p® + - + p*~1 members and each Z member must contain a®~®*™.

So we get a complete subgraph K, 1,2, 3., k-1 With the largest order.

In addition to a complete subgraph K, ., 2,3, %1, the I, ~graph with n = p¥ also has n
complete subgraphs K. The following is a theorem that guarantees that the graph I, is formed from n
complete subgraph K.

Theorem 6 If D,,, is a Dihedral group with n = p* for k > 2, then Ip,,, have n complete subgraph K
Proof. Let D,, is a Dihedral group with n = p* where p is any prime number.
Based on Theorems 2 and 4 it is obtained that Dy has n reflection subgroups, that is §; = {e, aib} fori =
0,1,2,3,..,n—1and p* + p? + p3 + - + p*~1 mix, that is

i = {e, a®h q2®H g30hH =Y gip @J*®Op qir2@hp @it3@Hp | gitn-@h b}
fort =1,2,3,..,k — 1andj = i mod (p'). Asaresult, acomplete subgraph with a set of vertices is obtained
as follows :

EO = {BO' Y1(0 mod p)’ YZ(O mod p?) }/3(0 mod p3)r > Vi-1 (0 mod pk—l)}
where E, consists of k members and each member of E, contains b, then

Ey = {ﬁl:yl(l mod p)» ¥2(1 mod p?)' V3(1 mod p3) »¥k—1 (1 mod pk‘l)}
where E; consists of k members and each member of E; contains ab, then

E;, = {)82' Y1(2 mod p): V2(2 mod p?)' V3(2 mod p3) 1 Vik-1 (2 mod pk—l)}
where E, consists of k members and each member of E, contains a?b, the process can continue until
obtaining

En_1= {Bn—lf V1 (n-1mod p)' V2 n(n-1mod p?) Y3 (n-1mod p3) =+ V-1 (n—1mod p*—1) }
where E,,_; consists of k members and each member of E,,_; contains (n — 1)b.

So we get a complete graph of K, as many as n pieces.
|

The next discussion is about girth, radius, and diameter, as well as chromatic number graph I'p,  with
n = pk. The following theorem describes the girth of a graph Ip,,-

Theorem 7 If D,,, is a Dihedral group with n = p*, for k > 2, then the girth of a graph Ip,, 1s 3.
Proof. Let D,, is a Dihedral group with n = p* where p is any prime number.
In proofing Theorem 1, we get non-trivial subgroups of D,,. It is known that the vertex a, for r €
{1,2,3, ..., k}, is adjacent to the vertex y;;. It is also known as the vertex y;; is adjacent to the vertex a and
the vertex a; is adjacent to the vertex a,. for s € {1,2,3, ..., k} and s # r. To get the shortest cycle then

ar —Vij — A — Ay

So the girth of the graph I, is equal to 3.



1018 Ramdani, et. al. The Intersection Graph Representation Of A Dihedral Group With........
Next, the following theorem describes the radius and diameter of Ip,,.-

Theorem 8 If D,,, is a Dihedral group with n = p*, for k > 2, then the radius and diameter of the intersection
graph I, , respectively is
rad(F DZn) =2

and

diam(FDZn) =3.
Proof. Let D,, isa Dihedral group with n = p* where p is any prime number.
From Theorems 1 and 2 it is easy to see which vertices are adjacent, so we get the distance of any to different
vertices in the graph Ip, contains there possibilities, that is a distance 1, 2, or 3. Two distinct vertices will
be 1 if adjacent, 2 if not adjacent and passed two edges, and 3 if not adjacent and passed three edges. Thus
obtained

d(ay, as) = 1:d(arrylj) =1,d(a,B;) = 2.
As a result, we get e(a) = 2. Next
d(ﬁizlﬁi4) = zld(lgiltﬂi3) = Zrd(ﬁil'ﬁiz) =3,
d(Bi, Bi,) = 3,d(Bi, v1j,) = 1.d(Bivij,) = 1,
d(Bi,vij,) = 2,d(Bi,viy,) = 2,d(Bray) = 2,
where i,, i, even value and i, # i, i;, i3 odd value and i; # i3, j; odd value, and j, even value. As a result,
we get e(B) = 3. Then
d(vij,vij) = Ld(vij ) = L,d(vij, B,) = 1,
d(vij,,Bi,) = 1,d(vij, Bi,) = 2.d(vij,, Bi,) = 2.
As a result, we get e(y) = 2, so that it is obtained
rad(FDZH) =2
and
diam(Ip,, ) = 3.

Next, the following is given the chromatic number theorem of the graph I, .

Theorem 9 Jika D,, grup Dihedral dengan n = p* untuk k > 2, maka bilangan kromatik dari graf Ip,,
adalah k + p* + p% + p3 + - + P71,

Proof. Let D,,, is a Dihedral group with n = p* where p is any prime number. From Theorems 1 and 2 it is
easy to see that all vertices a, and vertices y;; are adjacent, then based on Definition 7, all vertices a; for
r=1,2,3,..., k and vertices Yij forl =1,2,3,...,k—laswellasj = 0,1, 2, ...,pl — 1 must have a different
color. Furthermore, it is easy to see that all vertices a, and f; are not adjacent, then based on Definition
2.2.19 it can be concluded that the color used in the vertex a,. can be reused on vertex g;. Thus obtained
x(Ip,,) =k+p*+p*+p3+-+pkL

4. CONCLUSIONS

For a dihedral group with prime power order (p*), we always have its complete subgraph consisting of
the biggest one, which is Krprap2ep3soip-1s and it has exactly p* twins complete subgraph. We also find

that these intersections graph had girth, radius, and chromatic numbers as three, two and k + p* + p? + p3 +
ees + pk_ll
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