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Chapter 1

Introduction

In this chapter, we set ¢ = i = kg = 1. In 1972, Bekenstein proposed that a black hole has thermal
entropy proportional to its horizon A [1]. After that, Hawking showed by semi-classical approximation
that a black hole emits thermal radiation, which is referred to as the Hawking radiation today, the
temperature of which is

1
= 8rGM

for a Schwarzschild black hole with mass M [2]. Thus a black hole is not perfectly “black”. Since the
“energy” of a Schwarzschild black hole equals to M [3], when we regard Eq. (1.0.1) as the black hole’s
temperature, its thermal entropy Spy is calculated as

(1.0.1)

A
Spr = 15 (1.0.2)

where A = 47(2GM)?, via the thermodynamic relation

8SBH _ 1
i =T (1.0.3)

Spu is called Bekenstein-Hawking (BH) entropy. In addition, Gibbons and Hawking used the Euclidean
action for gravity, evaluated the partition function by semi-classical approximation and derived the BH
entropy as a thermodynamic potential for a stationary black hole [4]. In statistical mechanics, the entropy
of a micro canonical ensemble is defined as S = In W, where W is the number of microstates with a given
energy. Therefore the fact a black hole has the BH entropy implies that it has a lot of microstates.

However, the uniqueness theorem [5—7] states that every 4-dimensional stationary black hole solution
to the Einstein-Maxwell equation in general relativity is just the Kerr-Newman metric which is completely
characterized by just three parameters, mass, angular momentum and electric charge. Thus, it does not
seem that there exist such a lot of degrees of freedom. What is the origin of microstates contributing to
the BH entropy?

So far, a great deal of effort has been devoted to explaining the origin of the BH entropy. In field
theory, the BH entropy is suggested to be derived from quantum entanglement [8, 9]. It is also pointed
out that entanglement may be the origin of the BH entropy in quantum gravity [10-13]. Besides, in
string theory, special D-branes correspond to extremal black holes in the classical regime. The value
of logarithm of the number of BPS states of the branes approaches the value of its corresponding BH
entropy [14].

Another possible origin is microstates generated by asymptotic symmetry on a horizon. General
relativity is invariant under diffeomorphisms. Sometimes, it is argued that diffeomorphisms are gauge
transformations in general relativity, which do not change the state of the system physically. If so, the
metrics connected by diffeomorphisms cannot be distinguished from each other and hence diffeomorphisms
may seem to have nothing to do with the origin of microstates. However, in fact, not all diffeomorphisms
generate gauge transformations. A way to judge whether a diffeomorphism is not a gauge transformation is
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to check the value of the charge generating the transformation. If the value of a charge is not constant, then
it is not a gauge transformation since the original metric and the transformed one can be discriminated.
Such a physical transformation generates microstates that may contribute to the BH entropy. Note that
the fact there exists such a diffeomorphism does not contradict to the uniqueness theorem because the
theorem determines the metric up to diffeomorphisms. As we will see in Chapter 3 in detail, the value of
a charge generating an infinitesimal diffeomorphism is given by an integral over the boundary of Cauchy
surface of a spacetime in general relativity. Thus, the asymptotic behavior of a diffeomorphism and
the metric play a crucial role to identify transformations which cannot be gauged away. An asymptotic
symmetry is a symmetry whose charge given by a boundary integral cannot be gauge away. In the case
of asymptotically flat black hole, there are two boundaries of Cauchy surface. In fact, the energy of such
a black hole is given by an integral over one of the boundaries, i.e. spatial infinity of the Cauchy surface,
as the charge of the asymptotic symmetry associated with the time translation, which is the so-called
ADM energy. Therefore, asymptotic symmetries on the other boundary, i.e. black hole horizon, have
the potential to generate microstates that contribute to the BH entropy. That is, we anticipate that
for a given ADM energy, the logarithm of the number of microstates on a horizon is BH entropy. The
schematic pictures of the situation are shown in Figs. 1.1 and 1.2. To this end, we must identify all the
possible asymptotic symmetries on a horizon.

Such asymptotic symmetries on a horizon of spacetimes have been investigated as a possible origin of

the BH entropy, e.g. in Refs. [15-31]. In 2001, supertranslation and superrotation with non-gauge charges
were discovered as horizon asymptotic symmetries of a Schwarzschild black hole in (1 4 3)-dimensional
general relativity [16, 17]. Supertranslation is time translation depending on the position at the horizon,

while superrotation is a 2-dimensional general diffeomorphisms on the horizon. In 2016, Hawking, Perry

and Strominger rediscovered the symmetries and named the micro states generated by the transformations

as soft hair [18]. Their work has stimulated interest in the quest for other symmetries at the horizon |
.

Despite such an importance, studies on asymptotic symmetries often take enormous efforts. In the
conventional approach, we first specify the asymptotic behavior of the metrics near the boundary and
solve the asymptotic Killing equation. The set of all asymptotic Killing vectors forms an algebra which
generates a diffeomorphism. Next, we check whether the so-called integrability condition is satisfied. It
ensures that the charges associated with diffeomorphisms are well-defined. If it is not, we have to go
back to the beginning to get a well-defined charge. Even when the integrability condition is satisfied,
there remains a possibility that all the charges are constant for any metric in question. In this case,
since the metric cannot be discriminated by the value of the charge, the diffeomorphism can be gauged
away. Thus, to find a non-trivial charge, we also have to restart the above protocol from the beginning.
In this sense, it is important but sometimes difficult to find an appropriate asymptotic behavior of the
metrics in the first step which result in non-trivial and integrable charges by trials and errors. Although
there are several ways to construct a charge in general relativity, such as the Regge-Teitelboim method
[32] and the covariant phase formalism developed in Refs. [33-10] which is also adopted in our approach
introduced later, all of them require such efforts in trials and errors.

)

Instead of the conventional approach, the author and collaborators propose an approach without
imposing asymptotic behaviors of metrics by hand in Ref. [11]. We call it “A Lie algebra-based approach”.
In contrast to the conventional approach, in our approach, we first pick a pair of two vector fields such
that the Poisson bracket of the charges that generate infinitesimal diffeomorphisms along them does not
vanish at a fixed but arbitrary metric g,,, which we call the background metric. We then fix a Lie algebra
A, which contains those vector fields. Instead of the metrics with an asymptotic behavior introduced
by hand, we adopted the set of metrics S which are connected to g,, by diffecomorphisms generated by
A. The algebra of the charges is non-trivial by construction as long as the integrability condition is
satisfied since there is a set of elements whose Poisson bracket does not vanish. This implies that the
obtained charges cannot be gauge away. In Ref. [11], we applied this approach to the Rindler horizon and
found a new symmetry which we refer to as superdilatation. This superdilatation includes two classes of
diffeomorphisms. One of them is an extension of dilatation in the direction perpendicular to the horizon.
The other is an extension of dilatation in the time direction. We explicitly calculate the expression of
charges for an example of the superdilatation algebra.

Although our approach proposed in Ref. [11] may be powerful in finding asymptotic symmetries,



singularity

Figure 1.1: The Penrose diagram of a back hole formed by collapsed matters. ¥ is a Cauchy surface
which has two boundaries, spatial infinity i° and the intersection with horizon .

microstates on horizon

Figure 1.2: The ADM energy Eapys is the charge of the asymptotic symmetry associated with the time
translation around i°. Asymptotic symmetries on horizon generate microstates for a given E4pas.
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there remains a hard task, namely to check the integrability of the charges directly. We need to solve
differential equations to obtain all the diffeomorphisms generated by A and identify S. Although such
differential equations can be solved for the example in Ref. [11], in general, it is quite difficult to solve
the differential equations for a given A. Therefore, the author and collaborator proposed a modified
approach to over come this issue in Ref. [42]. A key ingredient is a sufficient condition for charges to be
integrable, which can be checked at the background metric g,,. It enables us to check the integrability
condition without solving any differential equation. Since the algebra of integrable charges can be fully
characterized by calculating the value of the Poisson bracket at the background metric g, , there is
no need to identify diffeomorphisms generated by A or S directly. We call this modified approach “A
modified Lie algebra approach”. As an explicit example, we investigated the asymptotic symmetries
on the Killing horizon with our approach. We found a new asymptotic symmetry composed of a class
of supertranslations, superrotations and superdilatations in D-dimensional spacetimes with the Killing
horizon. In particular, the algebra of the charges in 4-dimensional spacetimes with a spherical Killing
horizon was calculated explicitly, which was shown to be a central extension of A. In Chapter 4, we will
explain the Lie algebra-based approach and modified Lie algebra-based approach in detail.

This Ph.D thesis is organized as follows: In Chapter 2, we review the covariant phase space formal-
ism, which is adopted in this thesis to construct the charges generating infinitesimal diffeomorphisms.
In Chapter 3, we introduce the concept of asymptotic symmetry and the conventional approach to find
asymptotic symmetries with examples. Chapter 4 is the main part of the thesis. Instead of the conven-
tional approach, we propose a Lie algebra-based approach first developed in Ref. [41] and a modified Lie
algebra-based approach in Ref. [42], and exhibit two examples as applications of it. In Sec. 5, we present
the conclusion and outlook of this thesis. In this thesis, we set the speed of light to unity: ¢ = h = kg = 1.



Chapter 2

Covariant phase space formalism

In this thesis, we will use the covariant phase space formalism developed in Refs. [33—40]. An advantage
of the method of investigating the asymptotic symmetries in general relativity is that we can carry out
a covariant treatment unlike the Hamiltonian method, e.g. the Arnowitt-Deser-Misner (ADM) decom-
position [13]. In this chapter, let us review the covariant phase space formalism to calculate the charge
corresponding to a diffeomorphism. In Sec. 2.1, we will introduce our notations and terminologies adopted
in the thesis. In Sec. 2.2, Hamiltonian mechanics with constraint system will be reviewed from the point
of view of symplectic manifold. In Sec. 2.3, we will give a review of the covariant phase space formalism.

2.1 Notations and terminologies
In this thesis, we use the terminology of differential geometry. Here, we summarize the notations and

terminology adopted in this thesis.
Let us consider the D-dimensional manifold M. The X(M) denotes a set of vector fields on manifold

M and QP(M) denotes a set of p-form on M. The bracket [ ] for indices is the antisymmetrization
defined as
1 (e
A[Hl'-'ud] = d Z (1) Aﬂa(l)”'ﬂa(d)’ (2.1.1)
o€Sy

where Sy is a permutation group. In a coordinate chart (U, ¢) such that ¢(p) = (z'(p),--- ,2P(p)) for
pe U C M, ap-form w € QP(M) is written in a coordinate basis as
1 L L
w= me...updx“ Ao ANdatr, (2.1.2)

where wy,, ..., = Wy,...u,)- The exterior derivative is defined to be the linear map d : QF (M) — QFFL(M)
which has the following properties:

1. df is the total differential for a 0-form f.

2. d®> =0.

3. d(aAp)=da A B+ (—1)P(a AdB) where « is p-form.
In the coordinate basis,

1
dw = —'8H0wm...#pdx“° AdzHt Ao Adatr. (2.1.3)
p!

The interior product is defined to be the contraction of a differential form with a vector field. If X € X(M),
then iy : QF(M) — QF~1(M) is the map which has the property that

(in)(X1,~- 7Xp71) :w(X,X1,~- 7Xp71) (214)
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for any vector fields X1, -+, X,_1. The Lie derivative of p-form is calculated by the Cartan magic formula
£xw =ix(dw) + d(ixw). (2.1.5)
We use the integral measure defined as

S Bt LS G LA A, (2.1.6)

D—p —
(d x)ﬂl-nl"l) : p!(D _p)!

In Eq. (2.1.6), €;...uy is the D-dimensional Levi-Civita symbol defined as

6”1"'HD = G[Nl"'HD]

—
e
= e
o0
S— —

€1...q = 1.

When w is the (D — 1)-form on M, the (generalized) Stokes’ theorem states that

/M dw = /aMw, (2.1.9)

where M is the boundary of M. We say that a p-form w is closed if dw = 0 holds, and is exact if
there exists a (p — 1)-form f such that w = df. An exact form is also a closed form because d? = 0.
The Poincaré lemma states that the converse is also true under the assumption that M is contractible.
Through the thesis, it is assumed that M is contractible at least for the region of manifold in question.
For a vector field V#* and anti-symmetric tensor field WH¥, we have

/deHVuV“:/ (AP~ a) /—gVH, (2.1.10)
1%

ov

/X:(dD_lx)#\/ngVW“” :/ (AP 22) /= gW ', (2.1.11)

)

where V' is the D-dimensional submanifold of M and ¥ is the (D — 1)-dimensional submanifold of M.

2.2 Hamiltonian mechanics

In this section, we give a review of Hamiltonian mechanics from the point of view of symplectic geometry.
In particular, a gauge reduction is introduced for a constrain system, which is a common concept in the
covariant phase space formalism discussed in the next section.

2.2.1 Symplectic manifold and Poisson bracket

Let us consider the classical Lagrangian L(q%, %) of non-relativistic N particles, which does not depend
on t explicitly. For the time being, we assume that L is not singular (i.e. det (%) # 0). The

Hamiltonian is defined by the Legendre transformation of L(q%,q") as H(q",p;) :== pi¢* — L.

The phase space of N particles is parameterized by (q‘, Pi)(i=1,...,n)- Once the value of (q*,p;) is given
at the time ¢t = 0, we can uniquely determine the trajectories of the particles (q*(t),p;(t)) by using the
following equation of motion:

. OH | OH
¢ ==, pi=-——>r. (2.2.1)

We can treat this system more abstractly and geometrically in a symplectic geometry as follows.
Given a two form w € Q?(M) on a manifold M, which is called symplectic if

1. w is non-degenerate:

VY € X(M) iyiyw=w(X,Y)=0 = X =0, (2.2.2)
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2. w is closed:

dw =0, (2.2.3)

are satisfied. Equation. (2.2.2) means that given an arbitrary vector field X € X(M) the map
w(X,): X(M) — C®(M)

Y ~ w(X,Y) (2.2.4)
is an isomorphism, or equivalently, Ker w(X,-) = {0}. In some coordinate (QI)(I:L_” 2N), We can write
w= %OJ[]dQI AdQ” and the matrix w;; has its inverse w!” due to its non-degeneracy, where w;; = —ws
and w!’/ = —w’1.

For a smooth function f € C*°(M), there exists the vector field X satisfying

df =ix,w. (2.2.5)
In a coordinate (QF), it can be written as
Osf =wrsXj. (2.2.6)
Such a Xy is uniquely determined by
Xi=-w"o,f (2.2.7)

since w is non-degenerate. In addition, X; preserves w, that is,
£Xfw = in (dw) + d(ixfw) = d(df) =0. (228)

We call the vector field X; the Hamiltonian vector field associated with f.
Conversely, let us consider a vector field X satisfying £ xw = 0. Since

0= .,EX(U = ix(dw) + d(ixw) = d(ixw), (229)
we have
f e C*(M) df =ixw (2.2.10)

due to the Poincaré lemma. Thus the necessary and sufficient condition that there exists f € C*(M)
satisfying df = ixw for a given X is

d(ixw) =0 (or equivalently, £xw = 0), (2.2.11)

which we call the integrability condition. A vector field which satisfies Eq. (2.2.11) is referred to as a
symplectic vector field. In a coordinate (Q!), it can be written as

VI, J 8[((UKJXK) — 8J(WKIXK) =0. (2.2.12)

When the integrability condition is satisfied, we obtain the function f by

f(Q; Qo) :/ixw (2.2.13)
:/MJXIdQJ, (2.2.14)
v

where 7y is an arbitrary path from a reference point Qg to a point ¢ on M. The integrability condition
ensures that f obtained by Eq. (2.2.14) does not depend on the choice of « because for two different

curves v and v/,
/ in—/inZ% inZ/ d(ixw) =0 (2.2.15)
v % OB B
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holds, where B is the region such that its boundary 9B = U+, where we have used the Stokes theorem
at the second equality. Note that if we shift f — f + const., it is also a solution of Eq. (2.2.5). Thus we
often redefine f so that it takes the value zero at the reference point @)y by shifting a constant. Such a
function f is referred to as the generating function associated with X, and evaluated at some point @) we
call it the charge associated with X. In the following, we often denote by Hx the generating function
associated with X.

On the phase space M, the transformation induced by X is described through the integral curve Q(t)
of X, which is the curve on M satisfying

dQ’ I
= = x'Q)). (2.2.16)

where we take a chart (U, ) on M, Q(t) denoting the I-th component of ¢(Q(t)), and X = X! agf'

If we take o(t,Qp) as the integral curve of X and which passes the point Qo at ¢ = 0, that is, o (¢, Qo)
satisfies

%ol(t,Qo) = X1(o(t,Q0)) (2.2.17)
and
a’(0,Q0) = Q. (2.2.18)
it defines the map o : R x M — M called the flow generated by X. A flow o : R x M — M satisfies
1. 0(0,Q) = Q,

2. t— o(t,Q) is the solution of Eqs.(2.2.17) and (2.2.18),

3. o(t,o(s,Q)) =0(t+s,Q).

For a fixed t, 0¢(Q) : M — M is a diffeomorphism on M.
As an example, we consider the Hamiltonian vector field X g associated with the Hamiltonian H,
which satisfies

dH = ix,w. (2.2.19)
Taking the coordinate (Q7) = (¢%,p;) such that w = dg* A dp; *, we get
OH 0 O0H 0

" Op 0q' ~ 0q Op; (2.2.20)
and the equations of its integral curve (Q(t)) = (¢*(t), pi(t)) are
(ilq; — ‘;Z, Clﬁl - _‘357 (2.2.21)
which is just the equation of motion Eq. (2.2.1).
In addition, we can define the Poisson bracket {-, -} : C*°(M) x C*°(M) — C*>°(M) on M as
{f,9} = —ix;ix,w =w(Xy, Xy) (2.2.22)

The Poisson bracket has the following properties:
1. Anti-commutativity: {f,g} = —{g, f},
2. Bilinearity: {af + bg,h} = a{fh} +b{g,h}, {h,af +bg} = {ah, f} +b{h,g} a,beR,
3. Leibniz’s rule: {fg,h} = f{g,h} +{f, h}g,

*We can always take such a coordinate due to Darboux’s theorem and it is called Darboux coordinate [44].
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4. Jacobi identity: {f,{g,h}}+{g,{h, f}} +{h,{f,9}} =0.

The Poisson bracket defines the Lie algebra of C°°(M) often called the Poisson algebra. By using the
Poisson bracket, the time evolution of an arbitrary function f(q’,p;) on M can be written as

df _d¢' af  dpi Of
dt — dt 9t dt Jp;

— Xu(f) = df (Xu) = {f, H}. (2.2.23)

The equation of motion is the special case where we take ¢; and p’ as f. In general, {f,g} = X,(f)

equals to the variation of f along the flow generated by g. By using the inverse matrix w!,

{f,9} = —w" 01 fs9. (2.2.24)

2.2.2 Symmetries and conserved charges

As clearly seen from Eq. (2.2.23), a function f which commutes with the Hamiltonian under the Poisson
bracket, {f, H} = 0, does not depend on time and defines a conserved charge. This is Noether’s thorem
for the Hamiltonian mechanics. We can also see that for any two functions f and g commuting with the
Hamiltonian H, their Poisson bracket also commutes with H since

holds from the Jacobi identity. Therefore, conserved charges form an closed algebra.

Independently of whether or not the functions are conserved charges, there is the correspondence
between the Poisson algebra of C°°(M) and the Lie algebra of symplectic vector fields on X(M). For the
vector fields X and Y which satisfy the integrability condition, there exist the corresponding generating
functions Hx and Hy respectively, and

ix,yw = £xiyw — iy £Lxw = Lxiyw
=d(ixiyw) +ixd(iyw)
= d(w(Y, X))
=d(—{Hx, Hy}) (2.2.26)

holds. Thus the generating function of [X,Y] is —{Hx, Hy } and then we have
{Hx,Hy} = —Hxy, +C, (2.2.27)

where we have used Eq. (2.2.14) and C' is a constant. Conversely, for given the two functions f and g,
there exist the corresponding vector fields X, and X, and

(X1, Xl = =X (1.4} (2.2.28)

holds. Thus the Lie bracket of two Hamiltonian vector fields is also Hamiltonian vector fields. Note that
the map ¢ : C°(M) — X(M) is the Lie algebra homomorphism, not the isomorphism in general since
kert = {C : constant function on M} which means that two functions whose difference is a constant
correspond the same Hamiltonian vector fields. Since we can redefine a generating function by adding
an arbitrary constant, there is a possibility that C' in Eq. (2.2.27) is set to be zero. If it is, the Poisson
algebra of C*°(M) is isomorphic to the Lie algebra of X(M). If not, it is a central extension of that of

2.2.3 Constraint system

Although we have assumed so far that Lagrangian is not singular, as is well known in gauge theories this
is not the case in general. If the Lagrangian is singular, det (BL / 8qi8(jj) = 0, there exist m independent
primary constraints xa(q,p) =0 (e = 1,--- ,m) where m = N — rank (8L/8q'i8qi). The treatment of
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such a constraint system was developed in Refs. [415—18]. In the primary constraint, the time evolution
of an arbitrary quantity f is
df
= _ H' 2.2.29
= (1) (2:2.20)
H' = H+ My, (2.2.30)

In addition, the consistency condition that the constraints should hold at any time {x?, H'} = 0 results
in the determination of some coefficient A4, or additional k secondary constrains (4/(q,p) = 0 (A’ =
m+1,--- ,m+k). When we obtain the secondary constraints, we should impose a consistency condition
such that no additional constraints are generated. In this way, we finally get K independent constraints
Xe =0 (a=1,---,K) and the dynamics is now confined to a constraint submanifold N C M which is
the co-dimension K hypersurface characterized by x, =0 (a=1,--- ,K) in M.

By the inclusion map i : N — M, the induced symplectic form w on N is defined as @ = i*w. More
concretely, introducing the coordinates (Q?) (I =1,---,D) and (¢*(Q)) (i=1,---,D — K) on N,

1 , ,
w= icbijdql A dg’ (2.2.31)
where
- 0Q Q"
Wis = WIS g (2.2.32)

@ is closed but may be degenerate. In the degenerate case where at each point on N w;;X'Y” =0 for
all vectors Y tangent to N implies that X/ is also a non-vanishing tangent vector to N.
About the rank of @;;, we have the following theorem: [419]

Theorem 1. D — 2K <rank w;; <D - K
Proof. Since @;; is a (D — K) x (D — K) matrix, the upper bound is trivial. Let us take the basis

vectors { X!, Y1} at each point on N where X! (a =1,---, A) is a basis of degeneracy vectors of @;; and

Yl (@a=A+1,---,D— K) are additional vectors such that {X/, Y/} is a basis of N. We add K vectors
ZY (a=D—K+1,---,D) for {X!, Y] Z!} to obtain a basis of M.

a
First, since { X/} are degeneracy vectors of w;j, we have on N

wigXIX7 =wi X'y =0 (2.2.33)

where X1 = A°X! and Y! = B%Y/ are arbitrary linear combinations in each basis.
Second, consider the following K homogeneous equations for A unknown coefficients C*

C'Xlwr ;7! =o. (2.2.34)
If A > K, these have non-trivial solutions whatever wUXngZ is. In that case,
wrg X127 =0 (2.2.35)

where X! = C2X! and Z! = D*Z!. However Egs. (2.2.33) and (2.2.35) imply that w;; X = 0 at each
point on N since {X/, Y}, ZL} is a basis of M, which contradicts the fact that wy; is non-degenerate.
Therefore, we have A < K and D — 2K < rank @;;. O

In general, constrains are classified into two classes [415]:
1 {Xa, X0} = fupxc  first class

2. {Xas X6} # fup°Xe second class

where fo_ is an arbitrary function on M. Defining Cyp == {4, X3}, det Cap, = 0 for the first class, and
det Cyp % 0 for the second class, where & (%) represents being equal (not equal) on N. For each x®, the
corresponding Hamiltonian vector fields V, are

VI=—wld;:x,. (2.2.36)

The constraint submanifold (N, @;;) has different properties depending on which class of constrains are
given.
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2.2 Hamiltonian mechanics

2.2.3.1 First class case

When all the constraints are first class, we have the following theorem:

Theorem 2. If x* are first class,
rank @;; = D — 2K (2.2.37)
and its degeneracy vector fields are V.

Proof. First note that a vector Y7! is tangent to N if and only if YZd;x, ~ 0. Since VI0rx, =
—w!'37xa0rx6 = {Xa>Xxs} = 0, V, are tangent to N. Second, w;;V,/Y7 = 0 holds on N for an ar-
bitrary tangent vector Y/ to N since wr VLY’ = Y70;x,. Therefore, V, are K degeneracy vectors of
w;j and rank w;; =D - K — K =D —2K. ]

Conversely, the following theorem also holds.
Theorem 3. If detw;; = D — 2K, the submanifold N is described by the first constrains xq = 0.

Proof. An arbitrary vector Y/ tangent to N is subject to the condition Y1drx, = wr;YIV,) ~ 0 only
and no others. Then the vector field X' satisfying w;;Y ' X! ~ 0 for an arbitrary vector Y7 is the linear
combination VaI = —w!’dsxq. Since rank @ij = D — 2K, there exist K degeneracy vector fields of @;;
which we can choose to be V.I. Thus we get 0 ~ w;; VIV, = {xa, xs}, which implies y, are first class. [

In this case, (N,@;;) is in fact not a symplectic manifold since @;; is degenerate. The equation of
motion dH = ix, @ has non unique solutions X and X* + Ker &. Physically, the orbit of X* and
that of X + Ker @ represent the same state. Thus the transformations generated by Ker & correspond
to gauge transformations. We can construct a symplectic manifold by identifying a point on N with all
other points connected to it by a gauge transformation.

First for two arbitrary degeneracy vector fields X? and Y?, we have

ixy|@ = [£x,iv]0 = —iy £x& = —iyd(ix@) =0 (2.2.38)

where we have used ixw = iyw = 0. Thus the commutators between degeneracy vector fields are also
degeneracy vector fields, that is, they form a Lie algebra. We can construct the submanifold V C N
such that its tangent vector space is spanned by degeneracy vector fields due to the Frobenius theorem
(Appendix. A). In a physical context, V is called a gauge orbit. Introducing the equivalent class [z] =
{r € N | x ~ y} where z ~ y if and only if z,y € V, meaning that = and y are connected by a gauge
transformation and physically indistinguishable. We can define the quotient space = := N/ ~ and let 7
be a projection map as

mn: N — =
w \
x = [z (2.2.39)

A two form wppys on = is defined by the condition that its pullback is equal to & under the projection
map 7:

W = T Wphys (2.2.40)
or equivalently,
W(A, B) = wpnys(meA, m.B) VYA,B € X(N), (2.2.41)

where 7, A, 7. B are the pushforwards of A, B to =. All degeneracy vector fields of & are mapped to zero
vector fields on =. By construction, wppys is no longer degenerate and thus a symplectic form on = and
(2, Wphys) is a symplectic manifold. (Z,wphys) is the so-called reduced phase space and this procedure is
called a gauge reduction.

11



Chapter 2 : Covariant phase space formalism

M

N | A
N——

~ *
W = T Wphys

Figure 2.1: A schematic picture of a gauge reduction.

Note that since £x® = d(ix®) = 0 for a gauge direction X = Ker @, we get the generating function
of X as

Hx = /iX&J = Cy (const.). (2.2.42)
v

Thus the charge of a gauge transformation is constant on N. Physically, it means that we cannot
distinguish the points on N connected by the transformation generated by X from each other by their
charge.

2.2.3.2 Second class case
When all the constrains are second class, the following theorem holds.

Theorem 4. x“ is second class if and only if rank w;; = D — K,
det t:]ij 7’5 0 (2.2.43)

Proof. An arbitrary vector Y tangent to N is subject to the condition YZ0;x, = wr YIV.) ~ 0 only
and no others. Thus the vector field A satisfying w;;YTA! ~ 0 for an arbitrary vector Y7 is the linear
combination A = a2V I, If w;; is degenerate, there exists AT = 0 such that wUAIVbJ = a“wUVaIV};] =
a®{Xa,Xv} = a®Cqp ~ 0. However since det Cy, % 0, we have a® ~ 0. Thus @;; is non-degenerate,
det @w;; # 0. Conversely, if det @;; # 0, a®Cyp, =~ 0 has the only solution a® ~ 0. Thus det Cop % 0, that
is, second class. O

In this case, we can determine the dynamics uniquely since (N, @) is a symplectic submanifold. Any
Hamiltonian vector field V,, of the constraints x, is not tangent to IV and does not generate the allowed
transformation since the transformed states are off the constraint submanifold.

We can define the Poisson bracket on N by w as

{f.g}" =w(Xs,Xy) Yf,geCO(N). (2.2.44)

In fact, Eq. (2.2.44) can be rewritten as an operation on C°°(M). Let us take the coordinates (q%, xa)
on M such that {q¢%, xa} ~ 0, where (¢°) is a coordinate on N. Such a coordinate can always be chosen
because if (¢'*) is an arbitrary coordinate on N, then ¢* = ¢/* + A%y, where A\"*C,;, = —{q’’, x3} satisfies
{¢*, Xa} = 0. In this coordinate, we get on N,

i ad
wl’ ( lg 6q } Cfib ) (2.2.45)

so that det{q’, ¢’} % 0. Since Cy; is invertible,

S
. < v > (2.2.46)
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2.3 Covariant phase space formalism

where @;1{q", ¢’} = (5ij and C,.C = §,b. For a function F' on M such that F|y = f, we have
{F, Xa}In = 0" 01FOsXa|N = 0" OpFOcxXaln = 0" 0 F|N = CpaOpF. (2.2.47)
Therefore,

{F,G}|n = 0" 0;F0;G = 07 0;F0,;G|n + 0"0, FO,G|n

= Jijaifajg + CabaaFabG|N
= Jmalfajg + Cab{Fv XC}CCQ{Gv Xd}Cdb‘N
— {£.9}" + {F, xa}CM{x0, G} - (2.2.48)
Finally we get
{f,9}" ={F.G}pln (2.2.49)
where
{F,G}p = {F,G} - {F,xa}C""{xs, G}. (2.2.50)

is known as the Dirac bracket defined on M. Eq. (2.2.49) implies that the Poisson bracket on N defined
by @;; is equal to the Dirac bracket defined on M evaluated on N.

2.2.3.3 Mixed case

In general, the constraints contain both first class and second class constraints. In the case that k (< K)
first class constrains and K — k second class constraints exist, we find

rank @;; =D — K — k. (2.2.51)

for the induced symplectic form @ on the co-dimension K constraint submanifold N. © has k degeneracy
vector fields and we can obtain the reduced phase space (Z,wpnys) by quotienting N by the gauge orbits
generated by the degeneracy vector fields. Now that (Z,wpnys) has only second class constraints, all the
dynamics can be determined by the use of the Dirac bracket defined by wppys-

2.3 Covariant phase space formalism

In a field theory, an action is defined as the integral on the spacetime M
St = [ aPaclo.0,6%.0,0,0% ).

where ¢% denotes all the fields considered, e.g. metric and matter, and the Lagrangian density £ is the
scalar density (including 1/—g) and can contain finite order derivatives of the field ¢*. When we move
to the Hamiltonian mechanics, we need the split of the spacetime into “time” and “space” because we
have to introduce the canonical momentum 7* = 9L/0¢. This is clearly not a covariant treatment.
In particular, general relativity was established based on the principle of general covariance, where a
particular “time” direction and “’space’ directions do not exist. Although the Arnowitt-Deser-Misner

(ADM) formalism [43] is a Hamiltonian treatment of general relativity and has been used for a long time,
it breaks general covariance. Thus, in the study of general relativity, some covariant treatments have
been introduced, e.g. [50]. The covariant phase space formalism, introduced by Crynkovic and Witten

[33], is such a covariant treatment. In this formalism, we view as the “phase space” all the solutions of
the equation of motion. In the following, we make a review of this formalism. The recent mathematically
rigorous treatment of it can be seen in Ref. [51].
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Chapter 2 : Covariant phase space formalism

2.3.1 Pre-symplectic form on covariant phase space

In the covariant phase space formalism, first we define the space of field configurations C as a set of fields
¢® on the spacetime M with some boundary conditions, on which the action

Sle] = / dPzL[p%, 0,6%, 80,0,¢%, - - -] (2.3.1)
M
is defined. For example, C is a set of all field configuration ¢* that decay “quickly” enough close to the

spatial infinity, which are not necessarily solutions to the equation of motion.
Second, we consider a one parameter family ¢$ with ¢§_, = ¢®. The first variation of the action is

68 = / APz L[] (2.3.2)
M
where
scias) = OB g sy 0,007,00), (2.3.3)

and we have used integration by parts and defined

_ dex

00" =% o (2.3.4)

oL oL
ga — + —1)"o L ... 0 N () R 2.3.5
g+ 200 (5,80 (2:3:5)

which is the equation of motion, and
oL

0116, 56| = 8% + -+, 2.3.6
6,60) = g ay9 (2:3.6)

which is the so-called pre-symplectic potential density. It enables us define the real-valued functional of
¢ and d¢ denoted by O[¢, ¢] as

0[6,50] = [ (47"12),6"(6.59) (2.3.7)
b
where ¥ is an arbitrary Cauchy surface of M. Note that ©[¢, d¢] depends on the choice of the Cauchy
surface 2.
Third, consider a two parameters family ¢$ ,, such that

0 0
a — B 51 = 0000 = — % . 2.3.8
Oixe A1=A2=0 o5 g O\ ZIEE Ar=Xo=0 26 0o ZIEE A1 =Xa=0 ( )
Since
oL “
62L]02¢] = W = E£a020" + 0,0" (¢, 029, (2.3.9)
2 A2=0
the second variation of L is
0102L = (01€4)020 + E4(01020%) + 0,016 (@, 026, (2.3.10)
where 01&, is the linearized equation of motion around ¢®. From above, we get
0= (6102L — 0201 L)
= (51€a)52¢a - (§2€G)51¢a + Bﬁw“[qb, 51¢, 52(}5] (2311)
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2.3 Covariant phase space formalism

where we have used the relation d102¢ = d201¢ and w* is so-called the pre-symplectic current density
defined by

w9, 010, 628] := 616"[¢, 629] — 020" (66, 1). (2.3.12)
For example, in the case where £ contains up to the first order derivative 9,¢%, we have
16,616, 620] = 20 (5197800 — 8206107 + T [(0,8107)820" — (0,626")616"
1019, 029] = 0670(0,0") 19702 20701 9(0,67)0(0,8") \ 1 2 02 197

(2.3.13)

When ¢ 5, is a two parameter family of solutions of the equation of motion &, = 0, 019" and d2¢" are
solutions to the linearized equation of motions §;&, = 0 and d2&, = 0 respectively, and we get

aﬂw“ [¢7 61¢7 62¢] ~0 (2314)

from Eq. (2.3.11), where the symbol ~ represents the equality holding on-shell’”. The pre-symplectic
current density enables us define the real-valued functional of ¢, §1¢ and d2¢ denoted by Q[¢, 810, d2¢] as

016,516, 620] = /E (AP ), (6,616, 62, (2.3.15)

Q[¢, 610, 62¢] depends on the choice of the Cauchy surface ¥ in general. For two arbitrary Cauchy surfaces
> and Y, we have

/(dD_lx)uwu_/ (dD_lf)/th:?{ (dD_lﬁ)uwu_/(dD_lx)uwu
b ! oB c
:/(dDw)auw“—/(dD_lx)#w“
B c
~ —/(dD_lx)Hw“ (2.3.16)
c
where we have used Stokes’ theorem and Eq. (2.3.14). C' is the co-dimension one surface whose boundary
is 0¥ U 9%’ and B is the region whose boundary is ¥ U X' U C (see Fig. 2.2). Therefore, when the

most right hand side of Eq. (2.3.16) vanishes, Q[¢, §1 ¢, d2¢] does not depend on the choice of the Cauchy
surface on-shell.

C

Figure 2.2: B is the region whose boundary is the union of X, ¥/, and C.

THereafter we use this symbol to represent the on-shell equality, not the one on constraint manifold as is the previous
section.
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Chapter 2 : Covariant phase space formalism

Formally, we regard C as (infinite-dimensional) manifold. A vector field X on C is defined as

0
X:/ dPzo¢(x , 2.3.17
[ aPasor@) 0 (23.17)
and an one-form D¢(x) on C is defined via the following natural pairing
u ) 0% (x) o, ,
D¢®(z) (5¢b(g:/)> = ) 0pd(x — ). (2.3.18)

For an arbitrary ¢ € C, O[¢, ] is a linear function of a vector d¢ since 6* is linear in d¢. Therefore, we
can define the so-called pre-symplectic potential © as a one-form on C via

©4(X) =0Olp,0¢] Vo eC. (2.3.19)

Also for an arbitrary ¢ € C, Q[¢, -, ] is an anti-symmetric bilinear function of vectors since w* is linear
and anti-symmetric in §;¢ and d2¢. Thus we can define the so-called pre-symplectic form £ as a two-form
on C via

Qp(X1, X2) = Q[o,016,029] Vo € C, (2.3.20)
where
_ D a 5
X172 = /Zd 1‘51,2¢ (a:) 5¢a({£) (2.3.21)

From Eq. (2.3.12), we have the functional relation
Q[,010,02¢] = 610[¢, 628] — 020[¢, 514], (2.3.22)
or equivalently, in terms of the differential forms
Q=D6 (2.3.23)

where “D” denotes the exterior derivative on C, which should be distinguished from that on M denoted
by “d”. As with an ordinary exterior derivative, D is defined to be a linear operator mapping from Q¥(C)
to QFT1(C) with the following properties [33]:

1. For an arbitrary function F', DF = 5;5[? ]D(;Sa,

2. D2 =0,
3. For P € QP(C) and Q € Q4(C), D(PAQ) = (DP)AQ + (=1)PP A (DQ).

The action of D on n-form A is

D(Aqy.0, DE™ A -+~ A Dg™) = Léﬁro"" Do ADG™ A--- A D™, (2.3.24)
For the case of Eq. (2.3.13), the pre-symplectic form is
82£ %L
Q= /le [ D¢* AD@’ + ——— " (9,D¢") A D¢’ 2.3.25

In the following, we refer to both the functional [¢, d1¢, d2¢] and the two form  as pre-symplectic form.
Finally, let us introduce the covariant phase space S which is defined to be the subset of C as

S={¢"eC|& =0 (2.3.26)

The space S contains the set of all solutions to the equation of motion obeying the same boundary
conditions as C, and its tangent space T3S corresponds to the set of all solutions to the linearized
equation of motion &, = 0. The on-shell equality &~ means that the equality holds on S. Note that the
pre-symplectic form 2 is closed which follows from Eq. (2.3.23) and degenerate in general.
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2.3 Covariant phase space formalism

2.3.2 Symmetries and charges

In the covariant phase space formalism, we can also consider a symmetry of the system and a generating
function of it. Let us consider the infinitesimal transformation of ¢* € C

P" — ¢ + 09", (2.3.27)

In order to distinguish from an arbitrary variation §¢®, we use a hat over §. When the variation of £
associated with the above transformation satisfies

oL = 8,a", (2.3.28)

the action S = f M dPzL is invariant under the transformation. In such a case, we say that &Z)“ is a

symmetry of the system. The Noether current associated with 5(;5“ is defined as
JH = "¢, 0] — (2.3.29)
Since
DpJ* = 8,0"[¢, 6] — Dt = 6L — E,0¢% — 0L

= —&,00"
~ 0, (2.3.30)

the Noether current is conserved on S. By using the Poincaré lemma on the spacetime M, there exists
the anti-symmetric tensor @*” on M such that

JHx8,Q", QW =, (2.3.31)
We can define the Noether charge as
Q= / (P~ta),J" ~ / (dP'z),0,Q" ~ f (dP~2) Q. (2.3.32)
b by ax
On the other hand, we can define the generating function Hx of a vector field
X = / dPée® (x) 0 (2.3.33)
M 6% ()
on C satisfying £x€) = 0 as has been done in Eq. (2.2.14). Tt is the function on C satisfying
DHyx = —ixQ (2.3.34)

where the minus sign is just a convention. We call the condition £ x$ = 0 also the integrability condition.
As a functional, the integrability condition is recast to (cf. Eq. (2.2.12))

VI,J 8:Qp,050,00] — 6,0, 81¢,00] =0 (2.3.35)

and Eq. (2.3.34) is recast to
SHx[¢] = Q[¢, 8¢, 5¢]. (2.3.36)

As with Eq. (2.2.14), we get
Hxlpiool = [ 906.06.50 (2.3.37)

where the integral is thought of as the line integral along v which is an arbitrary path from a reference
point ¢ to ¢ on C.
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Chapter 2 : Covariant phase space formalism

For example, let us consider the case that there is only one field ¢ and 5(;5 = £¢¢ where £ is a vector
fields on the spacetime M, that is, consider the infinitesimal transformation ¢ — ¢ + £¢¢. In the next
subsection, we will consider the infinitesimal transformation of the metric g — g+ £¢g in general relativity
as a particular case. In such a case, 6L = £eL = 0,(§"L) since L is scalar density. Thus the associated
Noether current denoted by J[¢] is

JH[E] = 0", Leg] — EML. (2.3.38)
By an arbitrary variation of it, we have
OJH = 60" [p, £e¢) — EHOL
= 00"[, £c¢] — £ (E400 + 0,6% [0, 60])
~ 00"]9, £ed] — £c0"]9,00] — 0, (2610”1 [6, 6¢)])
= W[, 69, £e] — 9,266V, 5¢]) (2.3.39)
where we have used in the third line the relation
Lt = £70,0" +0,8"0" + 0,870 (2.3.40)

which follows from the fact that the pre-symplectic current takes the form 6* = \/—gA* (density vector
field) in general, and have used in the last line the definition of w*. Therefore, the variation of the
generating function, now denoted by HIE], of £¢¢ is

SHIE ~ / (4P a), 5T ] + 7§ (d°22),,,2670") 6, 5] (2.3.41)
b oy
The integrability condition Eq. (2.3.35) is recast to

7g2<d’3—2x)wf“‘619”[¢,62¢]— f (dP~22),,EW650")[¢, 6,0] = 74 (dP~%2) 0, 1w [, 616, 02¢] = 0

% s
(2.3.42)
For £ which satisfies the above equation, we obtain
~ D—1 D—2 (V]
e~ [ ([ edmig+ § @)oo 50)
= [ (§ a720)000 11 + 210,501
o ox
1
= / dX <% (dD2m)W8AQ’“’[ﬂ+2£[“0’4[¢78,\¢]> (2.3.43)
0 as

where we parameterize ¢y such that ¢ —g = ¢g and ¢p -1 = ¢ to carry out the line integral along v. Thus
only the boundary terms contribute to the generating function H|[{] evaluated on S.

2.3.3 Gauge transformation

If X is a symmetry of the system and is a degeneracy vector field of (2, the integrability condition
£x0 = D(ix§) = 0 clearly holds, and we can get the generating function Hy = C (const.). It means
that all points on S connected to each other by the transformation generated by X have the same charge
and we cannot physically distinguish them by their charges. Therefore, we regard such a symmetry as a
gauge symmetry.

For arbitrary two degeneracy vector fields X and Y,

ix,y)2=[£x,iy]2=0 (2.3.44)

since £xQ = 0 and iyQ = 0. Thus we find that the Lie bracket of two degeneracy vector fields is a
degeneracy vector field. That is, degeneracy vector fields of the pre-symplectic form €2 form a Lie algebra.
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2.3 Covariant phase space formalism

Since degeneracy vector fields form a Lie algebra, we can carry out the same reduction procedure as has
been done in Subsec. 2.2.3.1. First, we construct the submanifold W C S such that its tangent vector
space is spanned by degeneracy vector fields from the Frobenius theorem (Appendix. A). W is also called
a gauge orbit. Next, we introduce the equivalent class [¢] = {¢ € S | ¢ ~ ¢} where ¢ ~ ¢ if and
only if ¢, ¢ € W, which means that ¢ and ¢ are connected by a gauge transformation and physically
indistinguishable. Thus we can define the quotient space I" :== §/ ~ with 7 being a projection map as

.S — T
% \
o = [4]. (2.3.45)

Finally, a two form §,nys on I' is defined by the condition that its pullback is equal to €} under the
projection map m:

Q=7"Qppys, (2.3.46)
or equivalently,
Q(A, B) = Qpays(m A, mB) YA, B € X(5), (2.3.47)

where m, A, m, B are the pushforwards of X,Y to I'. Degeneracy vector fields of Q are mapped to zero
vector fields on I'. By construction, €),4ys is no longer degenerate and becomes a symplectic form on I'
and then (I', Qppys) is a symplectic manifold.

S r=8/~

7 R o R I

*
Q =7"Qpnys

Figure 2.3: A schematic picture of a symplectic reduction.

The above construction of a symplectic manifold from a pre-symplectic one is sometimes called a
gauge reduction which is illustrated in Fig. 2.3. I is called the reduced phase space or physical phase
space.

In Tab. 2.1, we summarize the relation between the Hamiltonian mechanics and the covariant phase
space formalism.
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Chapter 2 : Covariant phase space formalism

’ Hamiltonian formalism \ Covariant phase space formalism ‘

Phase space M Configuration space C

Constraint submanifold (N, @) Covariant phase space (S, )

(Xa = 0) (€ =0)
Gauge orbits Gauge orbits
(generated by Ker @) (generated by Ker )

Reduced phase space (E,wphys) | Reduced phase space (I', Qpnys)
(@ = T Wphys) (€2 = 7 Qpnys)

Table 2.1: Caption

2.3.4 Poisson bracket on the covariant phase space

As in the Hamiltonian formalism, the Poisson bracket on & is defined as [52]
(F,G} = Q(Xp, Xg) (2.3.48)

Note that although X, X cannot be determined uniquely due to the degeneracy of Q (i.e. Ker Q # {0}),
the above Poisson bracket is well-defined since

QA Xp, Xg) =UXp +Ker Q, X¢i) = UXp, X + Ker Q). (2.3.49)
In this case, also
i[x’y]Q = £L£xiyQ —iy £xQ = Lxiyvd
= D(iXiyg> + ixD(in)
=D(Q(Y, X))
=D(—{Hx,Hy}) (2.3.50)

holds. Thus, the generating function of [X,Y] is {Hx, Hy } and then we have
{Hx,Hy}=Hxy)+C (2.3.51)

where C' are constant functions. If the constant C' cannot be absorbed in a redefinition of the generating
function, this algebra is a central extension. In the case that a infinitesimal transformation is described

by ¢ = ¢ + Lo,
{H[E], Hnl} = H[[§,n]] + C. (2.3.52)

Note that the Lie bracket in the argument of H is the one on the spacetime M, not on the phase space
S.
Using the Poisson bracket, the definition that X is a degeneracy vector field of Q2

VY e X(S) QX,Y)=0 (2.3.53)
is also represented as
VY € :{(S) {Hx, Hy} =0. (2.3.54)

When X satisfies Eq. (2.3.54), we get Hx = const.. Conversely, when Hx = const., Eq. (2.3.54) is clearly
satisfied. Equation. (2.3.54) is the key ingredient of our approach to get non-gauge symmetries that we
will show in Chapter 4.

The Poisson bracket defined by Eq. (2.3.48) is shown to be equivalent to the so-called Peierls bracket
[50], which was introduced in the early fifties to define the Poisson bracket covariantly, for gauge invariant
quantities. See Refs. [51, 53-55] for the details.
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Chapter 3

Asymptotic symmetries in general
relativity

In this chapter, we will introduce the concept of asymptotic symmetries in general relativity. Roughly
speaking, asymptotic symmetries in general relativity consist of all the diffeomorphisms that preserve
the boundary conditions imposed on the metric in question, and that are not gauge symmetries. Their
charges transform states to physically nonequivalent ones. We will review the conventional approach to
find asymptotic symmetries in general relativity with (1 4+ 3)-dimensional asymptotically flat spacetime
and (1 + 2)-dimensional asymptotic anti-de Sitter spacetime as examples.

3.1 Covariant phase space formalism on general relativity

Since general relativity is a covariant theory, it is suitable to apply the covariant phase space formalism.
Actually, a lot of asymptotic symmetries have been investigated by this formalism. Consider the Einstein-
Hilbert action including the cosmological constant

S:/ dPxLpy, (3.1.1)
M

where the Lagrangian density is given by Lgy = ﬁ,/ —g(R —2A), g and R are the determinant of
the metric g,,, and the Ricci scalar, respectively. The variation of Lgpy is given by

_ _ V79 "
OLEyg = 167TGG 89 + 0,0" g, 09, (3.1.2)

where G, is the Einstein tensor and © is the pre-symplectic potential defined by

0119, b9) = L2 (9"*V?89ap — §*V"0gap) - (3.1.3)
16mG
In the following, for notational symplicity, the metric g, is abbreviated as g in the arguments of functions.
The Einstein-Hilbert action is invariant under the Lie derivative along an arbitrary vector field £ up
to a total derivative term. Therefore, for an infinitesimal transformation of the metric é¢gu, = £Legun
where £¢ represents the Lie derivative with respect to &, the corresponding Noether current Eq. (2.3.29),
denoted by J[¢], is given by

JIE] = 0"]g, Leg] — £ LEm, (3.1.4)
which satisfies
N
Ml — uv
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Chapter 3 : Asymptotic symmetries in general relativity

For a solution g,,,, of the Einstein equations G, = 0, the current is conserved:

0uJ" €] = 0. (3.1.6)
Since
TIE) = 28 (VP Legas — V" Legas — (R~ 20)6)
= @ (V,VHEY +V,VVEH —2VHV Y — (R — 2A)EM)
_ \/7 v [1/ ]
= 1o (26787 + 29,V e)
\/7 7 \/7 =2
SGGI &'+ 0, ( 8GV‘§ ) (3.1.7)
we have
JrE] = 0,Q" [¢]. (3.1.8)
where

N=a

(1 ev]
e Vvikegvl, (3.1.9)

Q"[¢] =

The corresponding Noether charge of £ is given by
Qle = [ (@P1a),
~ [@a),0.0m
= j{az(dD*%),wQW[g], (3.1.10)

where ¥ is a (d — 1)-dimensional submanifold embedded in M, 9% is the boundary of X. In the third
line in Eq. (3.1.10), we have used Stokes’ theorem. Equation (3.1.10) is called Komar integral.

Let d1g and dog be arbitrary linearized perturbations of the metric g in question. Let d; f[g] denote
the variation of a function f[g] with respect to each perturbation d;g. With these notations, the pre-
symplectic current is calculated as

wh[g,019, 029] = 010" g, b2g] — 020" [g, b1 9]

1V67T GPﬂaﬁwaé[lgpgv 691908 (3.1.11)
where
prabrypo . g (gpagﬂv _ Qgpﬁgow) + nggp[agalﬁ + gupgaﬁgov. (3.1.12)

The detailed derivation is shown in Appendix. B.
Let H[¢] denote the charge which generates an infinitesimal transformation along a vector field £. The
variation of the charge with respect to an arbitrary perturbation dg is given by

SH(€] = 09,59, £co] = [ (@7712), 0,5, L. (3.1.13)
The variation of the Noether current can be recast into

6J*[§] ~ wh(g, 09, Leg] — Oy (26[“9”] 9, 59]) : (3.1.14)
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3.2 Asymptotic symmetries in general relativity

Note that on the covariant phase space S, g, is a solution of the Einstein equations and dg,, is the
solution of the linearized Einstein equations. Equation (3.1.14) can be rewritten as

whlg,dg, £eg] = 0,5"" [g, 89, £e9], (3.1.15)
where we have defined
S (9,09, £eg] = 6Q"[€] + 2¢10)[g, 6]

v79 (_;5gaav[ué‘v} + 6g°lv e — virggileg, + b sgv1e — 5[“V”]5gaa) )

TYE
(3.1.16)
Thus
SHIE~ § (d7720),,,5"lg. 09, Leg]. (3.1.17)
%
Now the integrability condition Eq. (2.3.42) on S is
f (0P22),,, 600 g, 519, 2] = 0, (3.1.18)
%

for arbitrary linearized perturbations d1g and d2g of the metric in question. Shifting the charge by a

constant, it is always possible to make the charges vanish at a reference metric gfg,). By using a smooth

one-parameter set of solutions g, (A) such that g,,(0) = g,(g,) and g, (1) = g, the charge is given by

H[¢] = /0 dA az(dD—%)W (a/\Q“y[ﬂ(g,aAg)+2§[“0u][g,6,\g]>. (3.1.19)

Note again that the charge defined in Eq. (3.1.19) is independent of the choice of the path g, () as long
as Eq. (3.1.18) is satisfied. Therefore, given a symmetry g, = £Leguw, the corresponding charge H[¢]
is described by the integral on the boundary of a Cauchy surface ¥. In many practical calculations, we
may as well find the vector field B directly such that

) ( j'{ (dDZm)W2§[“B”]> = f{ (dP~22),,2¢16")[g, 6] (3.1.20)
[ )

instead of directly checking Eq. (3.1.18) to confirm its integrability. If such a B is found, we immediately
get

H[¢] = /BE(dD_Qx)W (Q“”[ﬂ + 25“‘3”]) +C (3.1.21)

where C' is constant on S.

3.2 Asymptotic symmetries in general relativity

3.2.1 Asymptotic symmetry group

We can determine whether a symmetry d¢g,, = £¢gu is gauge or not by checking whether the condition
Eq. (2.3.54) holds. This condition is now rewritten as

/Z(dD_lsc)Mo.)“[g,(597 Leg] ~ fgz(dD_%)WS‘“’[g,ég, £Legl =0 VYog. (3.2.1)

Therefore, when we want to find non-gauge symmetries, we have to find a vector field £ on M which
satisfies the following two conditions:

]{ (dezx)Wf[“w”] [9,019,029] =0 Vb19,029 (Integrability condition) (3.2.2)
%

7{ (dP~22),,5"" (9,59, £e9] #0 369 (Non-gauge condition) (3.2.3)
%
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Chapter 3 : Asymptotic symmetries in general relativity

As we have already seen in the last part of the previous chapter, Eq. (3.2.3) holds if and only if H[{] #
const.. Since the charge Eq. (3.1.19) and the above conditions are described by an integral on the
boundary of a Cauchy surface Y, whether the symmetries are gauge ones or not depends on the asymptotic
behavior of £ and g. For example, if £ has no support on 9%, the charge H[£] is constant by Eq. (3.1.21)
while Eq. (3.2.2) is clearly satisfied. This means that a bulk transformation £.g is always a gauge
transformation. If £ has finite support around 0%, we cannot determine whether £¢g is gauge or not
unless we calculate Egs. (3.2.2) and (3.2.3) in general. Now we define the Asymptotic symmetry group
(ASG) as the quotient

ASG — All diffeomorphisms generated by {£}

3.24
Diffeomorphisms corresponding to gauge transformations ( )

where {{} represents all the vector fields such that Yg,, € S, g + £¢9u € S. The ASG is the group
of physical state-changing transformations and an element of which is called asymptotic symmetry or
transformation. Note that ASG is defined not only for the covariant phase space formalism but also for
the ordinary Hamiltonian formalism in the same way. It is the quotient of the set of all diffeomorphisms
which preserve the boundary conditions we first impose on the solutions by the ones that correspond to
gauge transformations.

3.2.2 Conventional approach with examples

So far, a lot of ASG have been discovered. While there are some minor differences, most of them follow the
same approach. Here we will introduce such a conventional approach to find the asymptotic symmetries
in general relativity for some examples.

In the conventional approach, first we consider the configuration space C which is a set of g, obeying
some boundary conditions around 0%. The covariant phase space S is a set of the solutions to the
Einstein equation obeying the boundary conditions. Of course, S may be empty depending on the
boundary conditions. Next, find the vector fields such that the metric transformed by them by an
arbitrary element of S belongs to S again. That is, we want to find

E€X(M) st.VgeS, guw + Leguw €S. (3.2.5)

The equation (Vg € S, g+ £eg € S) is called the asymptotic Killing equation. If the integrability
condition is satisfied, the charges H[¢] associated with & can be obtained via Eq. (3.1.19) or Eq. (3.1.21),
which may be constant. In the case that all H[{] are constant, £¢g are gauge transformations for S, and
the boundary conditions we first assumed turn out not to be appropriate.

3.2.2.1 ADM energy of an (1 + 3) dimensional asymptotically flat spacetime

In order to explain this situation more concretely, first let us consider the (1 + 3) dimensional asymp-
totically flat metric as the set S. When we have a coordinate chart, with coordinates (¢, x,y, z) which
behaves like a Cartesian chart on Minkowski spacetime far from the origin, such a metric is written as

Guv = Mpw + hyws B = O(r™1), Ophy, = O(r=2)  (r — o0) (3.2.6)
where 7, is the Minkowski metric and 7? = z? + y? + 2%. As a boundary of Cauchy surface 9%, we
take the S? sphere which is characterized by t = const. and r — co. Around the 9%, we introduce polar
coordinates (t,r,0,¢). The vector field t = t*9,, = (1 + O(r~1),0,0,0) is the asymptotic Killing vector
field because g, + £1g,, has the same asymptotic behavior as Eq. (3.2.6). Since we calculate

T 2
Q[t] = / (d°2),, Q" [t] = / d9d¢Q”[t]:—i de / dgr? sin 0" g™ Oyt
S2 S2 87TG 0 0

1

™ 27
_ . B
T 167G /0 a0 /O dr?sin0(0rhe — Octhre) — (3.2.7)
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3.2 Asymptotic symmetries in general relativity

and

LV 1 T °r . T PO
2/32((1236)Wt[l oVl = 167rG’/0 dH/O der? sin g™ g*° (V 50G,p — V 109p0)

1 T 2 ) y
= 167TG/ d@/ d¢r? sin ¢ (fatahrt + 0, 6hyy + 690, 2% (0;hij — Oihiy)]

- —6Q[]+5< / 6 d¢r sin 05 0,a* (9;hp; — a,fhij)>, (3.2.8)

167G

we can directly obtain the charge without checking the integrability as

™ 27
H[t] = / dg / d¢r? sin 059 9,.2%(9;hy; — Oxhij), (3.2.9)
0 0

167G

where we have set the constant such that H[t] = 0 at g,, = 1. This is called the ADM energy. For
example, in the case of a Schwarzschild black hole, the metric is

2GM 2GMz;z; S
ds? = — <1 _xM ) dt? + <6ij + 2eMziz; 33713%) dz*da?  (r — o0) (3.2.10)
T r
and then we get
T 27
H[t| = dé desin 0(4GM) = M. 2.11
1= 15rg [ @[ dosmoucan (3:211)

Thus the parameter M of a Schwarzschild black hole is just its ADM energy.

3.2.2.2 Asymptotic anti-de Sitter spacetime

Next, we make a brief review of the work in Ref. [56], where the authors analyzed asymptotic symmetries
in (1 + 2)-dimensional asymptotic anti-de Sitter (AdS) spacetime. While the original work was done
by the ADM formalism and the Regge-Teitelboim method [32], here we use the covariant phase space
formalism and get the same result.

In the original work the authors considered the background metric g,,,, which is given by

7'2
Gt Gtr  Gio B (Tz + 1) 0 . 0
grt grr grgb = 0 (%2 + 1) 0 s (3212)
got  Gor YGoo 0 0 2

where | = (—1/A)Y/2. Tt describes the exact AdS metric which is a solution of the Einstein equations
with negative cosmological constant A. The exact AdS spacetime has six Killing vectors, thus the goal
of exploration of the asymptotic symmetries is to get at least six asymptotic Killing vectors. The AdS
boundary is located at r = oc.

Let us consider two forms of the metric. One of them is the following ansatz:

- (7 +1) 0 A5 +1)

1
(g) = 0 (;—j n 1) 0 (4] < all). (3.2.13)
A(%z—i-l) 0 a?r? —A2(12+1)
The covariant phase space S is specified by two parameters o and A. The variation of metric is
0 0 o4 (5 +1)
(0gy) = 0 0 0 (3.2.14)

64 (5 +1) 0 2a6ar® — 2404 (5 +1).
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Chapter 3 : Asymptotic symmetries in general relativity

When o« = 1 and A = 0, Eq. (3.2.13) goes back to the exact AdS spacetime. It can be shown that the
independent asymptotic Killing vector fields are t = t#0,, = 0; and m = m*0,, = 0y. In this case, since
we calculate

Oé’l"2

tr _
QM= i (3.2.15)
Ax
tr =— 3.2.16
Q"] = =2, (3:2.16)
and
% +1r?)da
arltgr) — _ )00 2.1
8rGI2 (3:2.17)
mltel =0, (3.2.18)
we can directly obtain the charge without checking the integrability condition as
27 2 2 2
o (I* 4+ r)a 11—«
g /0 d¢<8 G~ &G >+C G (3:2.19)
Ax Aa
H = — ! 2.2
[m] ; d(;S 3G +C = YTek (3.2.20)

where each constant has been chosen such that H[t] = H[m| = 0 at the exact AdS spacetime. The Lie
algebra of vector fields is

[t,m] =0, (3.2.21)
and the algebra of charges is
{H[t], Hm]} = 0. (3.2.22)

These are the energy and angular momentum of locally flat 1 + 2 gravity [57, 58].
In order to get more than one non-gauge charge, we set the asymptotic form of the metric near the
AdS boundary as

Juv = Guv + hmw (3223)

where

o1 o) o)
(he) = | 003 o) 003 | r— . (3.2.24)
o1  oF=*) 0oQ)

Since gy, is fixed, the variation of metric is dg,,, = dh,,. The solution of the asymptotic Killing equation
is obtained as r — oo by

¢t IT(t,¢) + LT (t,¢) + O(r—*)
e=1[ ¢ | = rR(t,¢) + O(r~1) ) (3.2.25)
134 O, ¢) + L®(t, ¢) + O(r—*)

where the functions T'(t, ¢), T(t, ¢), R(t, ¢), ®(t, #) and ®(t, ¢) satisfy
10/T(t,¢) = 050(t, ¢) = —R(t, ¢), 5’¢T( ¢) = 10:®(t, 9),
= l
T(t,6) = ~LOR(1,0). B(t.6) = L0,R(1.0). (32.26)

Since

T(t,
2 / dpelter = / do LG(W ngzl (20451, z%httﬂ%hw)}

_5/ (16 bzs (2rthey = he + Phoy) +C[9]) (3.2.27)
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3.2 Asymptotic symmetries in general relativity

where C[g] depends only on g, the charge of ¢ is integrable. In addition, the Komar integral is calculated
as

T(t, 1
Q¢ = /d¢ [16;621 (=t hyy + Py + Phgg) + e (2l4ht¢¢(t,¢))} . (3.2.28)

Thus we obtain the charge

_ r4hrr 2h¢¢
6= Torc | 9 K BT l) It ¢) +2ht¢¢(t7¢):| (3.2.29)

where we have chosen the constant such that H[{] = 0 evaluated at g. To investigate the algebra of the
charges, we take the more convenient coordinate z& = (¢/I) + ¢, and get from the relations Eq. (3.2.26)

Tt,¢)=T" (") +T (z7), (3.2.30)
O(t,¢) =T (a") —T"(z7), (3.2.31)
R(t,¢) = —8+T+( -0 T (x7) (3.2.32)
T(t,p) = [32T+( N+ 2T (z7)] (3.2.33)
@(t,¢):—§[aiT+(m ) — 02T (z7)). (3.2.34)
Thus we rewrite £ as
Et,r, ) =N (rat) + 6 (r,z7) (3.2.35)

where
l (Ti + 3 8iTi) +0(r )
X (ryat) = fraiTi + 0@ . (3.2.36)
(1%~ 503T*) + 00

By the Fourier expansion T (z%) = 1> gina™ T, the basis {¢F} of ¢F is

& (™) = o 4 O(r ) (3.2.37)

for r — oo. Its algebra is computed as

(&5, &5 = —im —n)&E ., [Eh.6,1=0, (3.2.38)

which is the direct sum of two so-called Witt algebras. The algebra of charges is written as

{H[E5], HIES = —i(m = n)H 6] + K (65,673 9) (3.2.39)
{H[), HIET = K (65,6559, (3.2.40)

where the constants K depend only on g,,. When we set H [ +nllg.. = 0 by a redefinition of charge,
evaluating Eqgs. (3.2.39) and (3.2.40) at g, we have

K(&n.6039) = {HIE) HIE g, = HIE Hh,wzﬁﬁg,w (3.2.41)
K(&n,67:9) = HHIE), HIE Y g, = HIE =2 5 310 (3.2.42)
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Chapter 3 : Asymptotic symmetries in general relativity

Since we calculate as

0 0 ileinat i =1)
(£e2 ) ~ 0 —inLeine® 0 (3.2.43)
ileinxi w 0 ’LZQ %36ina:i
0 0 ileina™ nln—1)
(£e7 ) ~ 0 —inLeineT 0 (3.2.44)
Z~l€in:c¥ w 0 12 %36inr¥

for r — oo, the constants K’s are obtained as

ima*

- 1 n . inz® .3 inzt) € : inzt _ima
K(gi,gg;g)zﬂ[gi]u&%%: /()dqﬁ[((—znl)e + (in’l)e ) 5 +iln(n? — 1)eme eme -

167G

iln(n?> —1) [*" ; +
— d i(m+n)z
w6r ), 4°
t=0
iln(n® -1
- %57714,”’0, (3245)
1 ima® n

=0. (3.2.46)
Thus, we get the following algebra of charges:

ilm(m? -1
%5m+n’07 (3247)

{H[], HIET]Y =0, (3.2.48)

{H[EE] HIEEY = —i(m — n)H[E5 ] —

m—+n

which is a central extension of the Witt algebra Eq. (3.2.38). When we perform the canonical quantization

{'7 } - 71’[?7 T]a

{HIE), HIEE]} = (m =) H[Emrn) + 15m(m? = Domino, (3.2.49)

3l

(Al HIEN} =0, c=

(3.2.50)
This is the direct sum of two Virasoro algebras whose central charge ¢ = %, and is an early evidence
of the AdS/CFT correspondence [59] since the Virasoro algebra is the generator of symmetries of two
dimensional conformal field theory.

The conventional approach is shown schematically in FIG. 3.1. In the first step, we determine an
asymptotic form of the metric near the boundary. In the second step, we solve the asymptotic Killing
equations for the metric components so that the asymptotic form of the metric is preserved under diffeo-
morphisms generated by vector fields. In the third step, we check whether the charges associated with
the diffeomorphisms are integrable. If the charges are not integrable, we have to repeat the above three
steps until we successfully find an appropriate asymptotic condition. In the fourth step, if the charges
are integrable, we check whether they take various values for solutions of the Einstein equations. If they
do, we obtain non-trivial charges. However, if not, we have to restart from the first step since all the
diffeomorphisms generated by the vector fields we have selected are gauge freedom. Such a failure often
happens in the conventional approach. As we have seen, we have to determine the asymptotic form of
metric by trials and errors. There is no systematic way to find such a successful asymptotic form in
Eq. (3.2.24). Tt usually takes much efforts and might turn out not to serve the purpose in the end.
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3.2 Asymptotic symmetries in general relativity

/ Fix an asymptotic \
\ form of metric /

Find vector fields preserving
the asymptotic form.

l

Check whether the charges are integrable.

Calculate the charges.

l

Check whether the charges take various values for solutions.

Get the charges.

Figure 3.1: A flow chart of the conventional approach. At the third and fourth step, there is a possibility
that we have to go back to the first step.
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Chapter 4

A Lie algebra-based approach

This chapter is the main part of my Ph.D thesis. Instead of the conventional approach where a lot of
trials and errors are required, we provide the more algorithmic approach first developed in Ref. [11],
which we call “A Lie algebra-based approach”. In our work [41], we proposed a guiding principle which
helps us to find a non-trivial algebra of the charges. This principle ensures the existence of two elements
in the algebra such that their Poisson bracket does not vanish. Therefore, as long as the integrability
condition of the charges is satisfied, the transformation generated by the algebra cannot be gauged away.
By using this approach, we discovered new asymptotic symmetries on a Rindler horizon. In the following,
together with one of the co-authors of Ref. [11], we provided the sufficient condition for the charges to be
integrable, which can be evaluated only at the background metric [42]. This condition reduces the efforts
to check the integrability condition drastically. We investigated the asymptotic symmetries on a Killing
horizon and derived the charge algebra.

In Sec. 4.1, we will introduce the main idea of a Lie algebra-based approach, which is common to
both Ref. [11] and Ref. [12]. In Sec. 4.2, the sufficient condition for the charges to be integrable will be
derived, and we will propose a modified Lie algebra-based approach. In Sec. 4.3, asymptotic symmetries
of two spacetime examples will be investigated by using our approach. In Sec. 4.4, we will summarize
this chapter.

4.1 Main idea of a Lie algebra-based approach

In order to investigate the asymptotic symmetries of a background metric g, of interest with the covariant
phase space formalism, we have to specify

(i) the set of metrics which includes g, denoted by S
(ii) the set of vector fields which form a closed algebra denoted by A.

These sets must be chosen such that an element of S is mapped into itself under any infinitesimal
diffeomorphism generated by A. Note again that only the asymptotic behavior of the metrics and the
vector fields are relevant for the charges. As we have seen in the previous chapter, in prior studies, such as
[56], it is common to fix the algebra A as the set of vectors satisfying the asymptotic Killing equation for
a given S. In those approaches, lots of trials and errors are required to find S such that the integrability
condition is satisfied and that the charges form a non-trivial algebra.

In the Lie algebra-based approach proposed in [11], an alternative way is adopted to fix S and A,
given an algebra A, we define S by

S = {¢" g |¢ € {all diffeomorphism generated by A}}, (4.1.1)

where ¢* denotes the pullback. In this case, we need to choose A carefully so that the resulting charges
are integrable and do not correspond to a gauge. In the rest of this chapter, the set S is always defined
by Eq.(4.1.1).
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4.1 Main idea of a Lie algebra-based approach

There are advantages to adopt the set S defined in Eq.(4.1.1). First, if g,, is a solution of the Einstein
equations, then any element of S automatically satisfies the Einstein equations. In addition, a linearized
perturbation dg,,, is generated by an infinitesimal diffeomorphism and can be written as

§guu = £Xg/u/ (412)

with a vector field y € A. In the following, the variation corresponding to such a perturbation is denoted
by 6,. This property is particularly important to find a candidate of A with the Lie algebra-based
approach as we will see soon. A schematic picture of the set of metrics S is shown in FIG. 4.1.

Figure 4.1: A schematic picture of the set of metrics S defined in Eq.(4.1.1). Vector fields £ and n are
elements of a Lie algebra A. All metrics in S are connected to the background metric g, by diffeomor-
phisms generated by A. For any metric g, € S, there exists a smooth path g, () from g, to g,,. For
any perturbation dg,,(\) tangent to this path g,.()\) at a point in S, there exists a vector field x € A
such that 6g,,(A) = £,9,(N).

Now, let us review the key idea of [41], which is helpful to find A yielding a non-trivial algebra of
charges. The non-gauge condition Eq. (3.2.3) is written as

HgaUEAaagP«VES? {H[f]aH[n]} #0

Juv

— I, neAdg. S, (dezx)WSW(g, £09,£eg) #0 (4.1.3)
%

where we have used Eq. (4.1.2). More explicitly, Eq. (4.1.3) is computed as

I, neAdgu €8,

1
G )

4A

2V Val” = Van VHE + Vol VYY) — Co g0 + 51

En” e #0.  (4.1.4)

where C’aﬁ“” = g"7g"°Cypys is the Weyl tensor and €, == /—g(dP~2x),,. The detailed derivation of
Eq. (4.1.4) is shown in Appendix. C. The diffeomorphism associated with the algebra cannot be gauged
away if Eq. (4.1.3) is satisfied. Otherwise, all the charges vanish for any metric, implying that the metrics
in § cannot be discriminated by the value of charges and that the diffeomorphisms generated by A may
be gauged away.

Note that it may be hard to check the condition in Eq. (4.1.3) directly since the set of metrics S
depends on A. Instead, we adopt a sufficient condition

vaneAv {HKLH[W]} Guv 7&0

=3 neA [ (AP7%2),, 8" (g, £99, £c9) # 0 (4.1.5)
ox
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Chapter 4 : A Lie algebra-based approach

as a guiding principle to fix .A. More precisely, we first derive a formula for
/8 (dP22),,8" (g, £,9, £¢7) (4.1.6)
b

for arbitrary vector fields £ and n. Since Eq. (4.1.5) can be calculated at g,,, we do not need to specify
S nor A at this point. By using it, we then fix two vector fields £ and 7 so that Eq.(4.1.6) does not
vanish. We define A as a closed algebra containing n and &, which can be obtained by calculating the
commutators of £ and 7. The algebra A defined in this way trivially satisfies Eq.(4.1.3) and hence the
diffeomorphisms generated by A cannot be gauged away by construction.

Of course, we also need to impose Eq. (3.2.2) to get integrable charges. This condition can be recast
into

0= / (dP7%z) 10,51 (g, £4,9. £9), VEmXEA, Vg €S (4.1.7)
0%

where we have used Eq. (4.1.2).

For a given background metric g,., Eq. (4.1.5) works as a guiding principle to find non-gauge charges.
However, there still remains a difficulty to find integrable charges since we have to choose £ and 7 so that
Eq. (4.1.7) is also satisfied, which requires trials and errors. It often takes an effort to check Eq. (4.1.7)
for an arbitrary g,,, € S since we have to calculate the asymptotic behavior of g,, near the boundary.
As a necessary condition, in Ref. [11], we adopted Eq. (4.1.7) at the background metric, i.e.,

/ (aP7%2),, €1 0a5"1% (3, £4g. £29) =0, V& x €A (4.1.8)
ox

before checking Eq. (4.1.7) directly. This condition can be checked relatively easily since we only need
the background metric g,, and the algebra A. The approach proposed in Ref. [11] can be summarized
as the following six steps:

Step. 1 Fix a background metric g,, of interest.

Step. 2 For the background metric, find two vector fields £ and 7 satisfying Eq. (4.1.5). These are the
candidates generating non-trivial diffeomorphism whose charges are integrable.

Step. 3 Introduce the minimal Lie algebra A including £ and 7 by calculating their commutators. Check
whether the integrability condition at the background metric, i.e., Eq. (4.1.8), is satisfied for the
algebra A as a necessary condition for Eq. (4.1.7). If it holds, go to the next step. Otherwise, go
back to Step 2.

Step. 4 Construct the set S of metrics g, which are connected to the background metric g,, via
diffeomorphisms generated by A.

Step. 5 Check the integrability condition in Eq. (4.1.7). If it is satisfied, then go to the following step.
If not, go back to Step 2.

Step. 6 Calculate the charges by using Eq. (3.1.19). Here, we fix the reference metric as the background
metric: ng) = Guv-

An advantage of the above algorithmic protocol is the fact that Steps 2 and 3 can be done by using only the
background metric g,,,. In particular, it should be noted that no trials and errors are required to calculate
the left hand side of Eq. (4.1.5). Furthermore, the diffeomorphism generated by A cannot be gauged
away since the corresponding charge algebra has non-vanishing Poisson bracket by construction. This
may significantly reduce the efforts involved in finding an appropriate algebra and asymptotic behavior
of the metric in the conventional approach. In other words, Eq. (4.1.5) is the guiding principle to find a
non-trivial charge algebra. Such a guiding principle does not exist in the conventional approach. A flow
chart of our approach is shown in Fig. 4.2. We call this approach “A Lie algebra-based approach”.
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4.1 Main idea of a Lie algebra-based approach

Fix a background metric g, .

Find two vector fields satisfying Eq. (4.1.5).

Intoduce the minimal algebra A and
check whether Eq. (4.1.8) is satisfied.

Construct a set of metrics g, .

l

Is the integrability in Eq. (4.1.7) satisfied? S
o

Calculate the charges
by using Eq. (3.1.19).

Figure 4.2: Flow chart of the Lie algebra-based approach in Ref. [41].
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4.2 Modification of the Lie algebra-based approach

In Step 2 of the above algorithmic protocol, Eq. (4.1.5) plays the role of a guiding principle to find non-
trivial charges. In addition, Eq. (4.1.8) in Step 3 helps to reduce useless calculations on the charges which
turn out not to be integrable. An advantage of the above algorithmic protocol is the fact that calculations
in Steps 2 and 3 can be done by using only the background metric g,,,. However, there still remains the
following hard tasks: In Step 4, it is required to identify all diffeomorphisms generated by vector fields
in A to obtain S, which is usually difficult. Only after this step is completed, the integrability condition
can be checked for all metrics in S in Step 5.

To overcome this issue, in this section, we propose a sufficient condition for the charges to be integrable,
which can be checked at the background metric g, [42]. It enables us to find an algebra A yielding non-
trivial and integrable charges without explicitly calculating diffeomorphisms generated by A or the metrics
in §. This is a key advantage of our approach adopted in this thesis. Of course, to calculate the charges
explicitly, we still need to identify A and S. However, the sufficient condition ensures that the charges
are integrable, thus excluding the possibility that the efforts in calculating A and S are wasted.

It should be noted that the algebra of charges can be identified without calculating the value of the
charges explicitly. In fact, the Poisson bracket of the charges satisfies

{H[E], HIl} = H[[§,nl]+K(&,n), (4.2.1)

where [£, 1] is a commutator of £, 7 and K (&, n) is a constant not dependent on g, but on g,,,. Evaluating
the left hand side of Eq. (4.2.1) at the background metric g,,, which is exactly the left hand side of
Eq. (4.1.5), we get K(&,mn) since it is always possible to make the value of charges H[x]|  at the

Guv

background metric g, vanish for all x € A. If K(&,n) can be absorbed into the charges by shifting them
by constants, the algebra of the charges is isomorphic to A. If not, the algebra of the charges is a central
extension of A. Therefore, we can fully characterize the algebra of charges itself without calculating the
diffeomorphisms generated by A explicitly, overcoming the difficulties in the approach in Fig. 4.2.

4.2.1 Sufficient condition for integrability

Given an algebra A, the integrability condition is

éz(dD_Qx)Wf[“(x)w”] (9, £n9, £xg;2) =0 VY n,x €A, VgeS§, (4.2.2)
where S is the set of metrics defined in Eq. (4.1.1) and w”(g, 619, d2g; x) is given by
(9,819,620 2) = Y ID (70 (2) (g7 ()9 () — 207" ()97 (@)
+29"7 ()" (2)g7V () + 9" () 9" (a;)gffv(a:)) 011900 () V1031 gap () (4.2.3)

for a solution g,,, of the Einstein equation and linearized perturbations d1g,, and d2g,, satisfying the
linearized Einstein equations. To check whether Eq.(4.2.2) is satisfied directly, we need the asymptotic
behavior of the integrand near the boundary 0%. By using the well-known duality between a diffeomor-
phism and a coordinate transformation of tensor fields, we derive a formula to calculate the asymptotic
behavior under certain assumptions which will be stated below.

We here give a brief review of such a duality. See Appendix. D for the details. Let M and N be
D-dimensional manifolds. We consider a C'* map ¢ : M — N and the pullback g = ¢*g. We take charts
(U,p) around p € U C M and (V, %) around ¢ = ¢(p) € V C N. Each coordinate system is denoted by

e(p) = («°(p), -+, 2" (p)) (4.2.4)
¥(q) = (4°(@),- y" 7 (9))- (4.2.5)
The components of the metrics g and g are related as
- dy” 0y
guv(2(p)) = gpo(y(Q))waxyv (4.2.6)
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4.2 Modification of the Lie algebra-based approach

where g[, = g, (z(p))da*|, ® dz”|, and g|, = gpo(y(q))dy?|, ® dy?|,. Since 1 o ¢ is a smooth function
M — RP, we can introduce a new coordinate system around p € M

Yo d(p) = («p),--- 2"~ (p)). (4.2.7)
From Eq.(4.2.6), the metric g satisfies

90 (Y(9)) = g (2 (D)), (4.2.8)

where g, = gy (2'(p)) da'|, ® da’|,. This means that the components of gl, € TyN ® Ty N in a
coordinate system ¢ : N — R are equal to the components of g|, € Ty M @T;M in another coordinate
system 1) o ¢ : M — RP. Note that

V=39((q) = V—g(='(p)) (4.2.9)

also holds, where g('(p)) and g(y(q)) are the determinants of the metrics.
In general, for the pullback of the (r, s)-tensor T' = ¢*T', we have

oxHt dxHr Jyo? oY

IJ/]‘.HIJ/T = 7p1p7‘ DY PR
Tt @) =T e (y(a) oy Oy 0wn D (4.2.10)
Tﬂlm#rylmus (y(q)) — TM'“MLIMVS (:L‘/(p)) (4.2'11)

Equation (4.2.11) shows the duality between the active viewpoint, i.e, a diffecomorphism, and the passive
viewpoint, i.e., a coordinate transformation, on an arbitrary tensor. We can show

¢*(ViT)|, = V\Tl, (4.2.12)

where X € Ty, NV, TeT,M®" @ T;M@S is an arbitrary (r, s)-tensor and we have defined

X =¢"X€T,M, T=¢T € [,M* @ TyM®". (4.2.13)
Since
¢>*(£>z§)‘ = £Xg( (4.2.14)
p P
holds, we get
¢*(V>szg§)‘p = in’sg‘p, (4.2.15)

where g = ¢*g € TyM®T, M, V and V denote covariant derivatives compatible with g and g, respectively.
As a consequence, each component satisfies

(£x9) 1 (Y(6(p))) = (£x9) (2’ (p)) (4.2.16)
(Vi£ed)uw (y(6(p)) = (VxLeg)u (@' (p))- (4.2.17)

Next, we introduce our set-up and several assumptions to derive the sufficient condition for the
charges to be integrable. We fix a D-dimensional background spacetime (M, g) and a Cauchy surface X.
For notational simplicity, we fix a specific coordinate system 1 : M — R in such a way that the Cauchy
surface is characterized by ¢ = const. and that its boundary is specified by p = 0, where we have defined

Let ‘H denote the union of the boundary for all ¢:

H = {pedx; for some t}, (4.2.19)
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or equivalently,

H = {p e M|y*(p) = 0}. (4.2.20)

Figure 4.3: A schematic picture of our set-up. X, and 3, are the Cauchy surfaces characterized by
t =t; and t = tq, respectively. H is specified by p = 0.

In this set-up, the integrability condition evaluated at the background metric is given by

74 (dP7%y) €™ () (g, £39, £53;y) = / do?do® - doP e (y)w (g, £79, £33 Y)
% $(0%)

=0 Vn,xEA (4.2.21)

We assume that any diffeomorphism generated by A does not map a point in the outside (resp. inside)
of {3:}: to a point in the inside (resp. outside) of {¥;};. Then, the p-component of the vector fields
generating the diffeomorphism must vanish on the boundary. Thus, we impose the following condition
on the asymptotic behavior of the vector fields:

VEe A, Ey) = 0(1), & (y) =0(p), &Y =0(1) (p—0). (4.2.22)
Let us assume that

n, x € A, wt(ga £n§7 £x§§y) = O(l)a wp(gv £nga £x§§y) = O(P)a
WM(g, £99, £53:9) = O(1)  (p = 0). (4.2.23)

hold. Under these assumptions, we get

0 0@ 01) o(1)

O(p) 0  O(p) O(p)

] ] o) o) 0 o1 - o)
v&aﬁvi € Aa E(y)[#wl/](g, £”7§7 °€>Zg§y) = O(].) : (4'2'24)

: o(1)

O(1) O(p) 0(1) o1 o

Since Eq. (4.2.21) is clearly satisfied when Eq.(4.2.24) holds, Egs. (4.2.22) and (4.2.23) are a sufficient
condition for Eq. (4.2.21) to hold.

Now we further show that Eqgs. (4.2.22) and (4.2.23) are a sufficient condition for the charges to be
integrable at an arbitrary metric, i.e., Eq. (4.2.2). Fix a diffeomorphism ¢ : M — M generated by A.
The integrability condition (4.2.2) at g = ¢*g is written as

ji (dP722") 1 (") (g, £09, £xg;2") =0 VEm, x € A, (4.2.25)
>
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4.2 Modification of the Lie algebra-based approach

where we have adopted another coordinate system ¢, which is related to ¢ by

p=1vod:ipe M p(p)=(2"p), - 2P (p)). (4.2.26)
By using Eqgs. (4.2.9), (4.2.11), (4.2.16) and (4.2.17), we have
1@ (p)w (g, £n9, £9:7'(p) = " (y(d()w* (G, £49, £33: y(6(p))), (4.2.27)

where the vector field ¢ is defined by ¢ := (¢*)~1¢. On the other hand, for the algebra A whose elements
satisfy the asymptotic condition in Eq. (4.2.22), we have

See Appendix E.1 for proof. The integral measure in Eq. (4.2.25) is explicitly calculated as

B 1

D=2 _/
(@0, = (D — 2)lg1 Hveeop-

ey, €y, doM A A doM P (4.2.29)

where €%, = %' By using Eq. (4.2.28), the asymptotic behavior of e%,, is given by

(eoM’eleesz U 76D71M) = (0(1)7O(p)70(1)7 T ’O(l)) (P - 0) (4'2'30)

for any M = 2,3,---D — 1. By using Egs. (4.2.27) and (4.2.29), the left hand side of Eq. (4.2.25) is
proportional to

/4)(82) g[#(y)wv] (g, .,Eﬁg, £5<§; y)ewaz--uD,le”Mz .. ,eaD—lMDildO_MQ Ao AdoMp-1, (4.2.31)

From the asymptotic behavior of the coordinates in Eq. (4.2.28), any points in # is mapped into itself
by a diffeomorphism ¢ generated by .A. Therefore, the integral region ¢(9%) corresponds to the limit
of p — 0. Note that, since €,pa,...ap_, is anti-symmetric under the change in its indices, the integrant
in Eq. (4.2.31) vanishes except for the contributions coming from the contractions of indices where one
of (pt, vy apgy, -+ yanmp,_y) is p. Such a contribution is always O(p) since Eqs. (4.2.24) and (4.2.30) hold.
Thus, we finally get

(4.2.31)  lim O(p)do?---deP~ 1 =0 (4.2.32)
P=0Jp(om)

and conclude that Eqgs. (4.2.22) and (4.2.23) are sufficient conditions for the integrability condition to
be satisfied at any metric g, in S.
4.2.2 A modified Lie algebra-based approach

Here as an alternative to the approach in Fig. 4.2, our approach adopted in this thesis is summarized in
the following steps:

Step. 1 Fix a background metric g,, of interest.

Step. 2 For the background metric g,,, find two vector fields { and n with the asymptotic form in
Eq. (4.2.22) satisfying Eq. (4.1.5). These are the candidates of the vector fields which generate
non-trivial diffeomorphism whose charges are integrable.

Step. 3 Introduce the minimal Lie algebra A including £ and 7 by calculating their commutators. Check
whether Eq. (4.2.23) holds. If it does, go to the next step since the charges are integrable. Otherwise,
go back to Step 2.

Ste. 4 Construct a set of metrics g,, .

Step. 5 Calculate the charges by using Eq. (3.1.19).
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A flow chart is shown in Fig. 4.4. In particular, when we are interested only in the algebra of charges not
in the charges themselves, the necessary steps are reduced to

Step. 1 Fix a background metric g,, of interest.

Step. 2 For the background metric g,,, find two vector fields { and n with the asymptotic form in
Eq. (4.2.22) satisfying Eq. (4.1.5). These are the candidates of the vector fields which generate
non-trivial diffeomorphism whose charges are integrable.

Step. 3 Introduce the minimal Lie algebra A including £ and n by calculating their commutators. Check
whether Eq. (4.2.23) holds. If it does, go to the next step since the charges are integrable. Otherwise,
go back to Step 2.

Step. 4 Investigate the algebra of the charges for A via (4.1.5).

A flow chart is shown in Fig. 4.5. To distinguish the approach in Fig. 4.4 or Fig. 4.5 from that in Fig. 4.2,
we call it “A modified Lie algebra-based approach”.

We should emphasize that a crucial difference between the approach in Fig. 4.2 and that in Fig. 4.4 or
Fig. 4.5 is the step where we check the integrability condition. In Fig. 4.2, we checked whether Eq.(4.1.7)
holds for candidates of vector fields satisfying Eq.(4.1.5). It takes efforts in this step since we need to
calculate all the diffeomorphisms generated by the algebra of the vector fields. Furthermore, these efforts
may be wasted since the charges sometimes turn out not to be integrable. In contrast, in Fig. 4.4 or
Fig. 4.5, we adopted Eq.(4.2.23) as a sufficient condition for the charges to be integrable, which can be
checked at the bachground metric. It is much easier to check Eq.(4.2.23) than Eq.(4.1.7) since we do not
need to identify the diffeomorphisms generated by the algebra of the vector fields.

As a demonstration, we investigate asymptotic symmetries on Rindler horizons and Killing horizons in
the following section. Adopting our approach, besides the ordinary supertranslation and superrotation, we
find a new asymptotic symmetry, which we call superdilatation, on Rindler horizons. In addition, we show
that there exist the charges associated with the algebra consisting of supertranslation, divergenceless part
of superrotation, and superdilatation on Killing horizons. The algebra of charges is the central extension
of that of vector fields.

4.3 Examples

In this section, first we will show that the new asymptotic symmetries, which we call superdilatation, on
Rindler horizons can be discovered by the approach in Fig. 4.4. In this case, we explicitly calculate the
charges of superdilatation. Second, by using the approach in Fig. 4.5, we will investigate the asymptotic
symmetries on Killing horizons, discover the integrable charges including superdilatation, and analyze
the algebra of them.

4.3.1 Asymptotic symmetries on Rindler horizon

In this subsection, we demonstrate our approach in Fig. 4.4 in the case where the background metric is
(1 + 3)-dimensional Rindler spacetime. In particular, we will investigate asymptotic symmetries on the
Rindler horizon.

Stepl : Fix a background metric g,,,,.
Here, the background metric is fixed to be the Rindler metric given by

ds® = —k2p2dr? 4+ dp? + dy? + dz2, (4.3.1)

where —o0 < 7 < 00, 0 < p < 00, —00 < Yy < 00, —00 < z < o0 and k > 0 is a constant. The Rindler
horizon is located at p = 0.

Step 2 : Select two vector fields V5 and Vs satisfying Eq. (4.1.5).
Since we are interested in asymptotic symmetries in Rindler spacetime, we will analyze diffeomorphisms
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Fix a background metric g, .

Find two vector fields with the asymptotic
form in Eq. (4.2.22) satisfying Eq. (4.1.5)

Intoduce the minimal algebra A and
check whether Eq. (4.2.23) is satisfied.

Construct a set of metrics g,

Calculate the charges
by using Eq. (3.1.19).

Figure 4.4: Flow chart of the modified Lie algebra-based approach to get the integrable and non-gauge
charges. We still need the calculation of diffeomorphisms generated by A in Step. 4.
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Fix a background metric g, .

Find two vector fields with the asymptotic
form in Eq. (4.2.22) satisfying Eq. (4.1.5)

Intoduce the minimal algebra A and
check whether Eq. (4.2.23) is satisfied.

Investigate the algebra of
the charges for A via (4.1.5).

Figure 4.5: Flow chart of the modified Lie algebra-based approach to analyze the algebra of charges. We
no longer need the calculation of diffeomorphisms explicitly.

Figure 4.6: Penrose diagram of the Rindler spacetime. A Cauchy surface ¥ is characterized by 7 = const.
and its boundary 0% is specified by p = 0.
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which map a point in the Rindler spacetime into itself. Let & be the Lie algebra of such a diffeomorphism.
Through an infinitesimal diffeomorphism generated by £, a point x of the spacetime is mapped into

o ot et + O(e?) (e = 0). (4.3.2)

Since the Rinder horizon is located at p = 0 in our coordinate system, unless the p-component of the
vector field £ vanishes in the limit p — 0, a point inside (resp. outside) the Rinder horizon can be mapped
to the outside (resp. inside). Therefore, we require that the vector field £ has the following asymptotic
behavior

F=00), &=0(p), &=01), &=0(1) (p—0) (4.3.3)

near the Rindler horizon. This assumption is just Eq. (4.2.22). In addition, we assume that the vector
fields have support in a finite region near the Rindler horizon. In this case, we can ignore the charges on
a opposite boundary p — oo, which trivially vanish. In general, the components of the vector fields V;
and V, can be written for p — 0 as

Vi = (X7(1,y,2) + O(p), XP(7,y,2)p + O(p*), X (7,9, 2) + O(p)),
Vo = (Y7(7,y,2) + Op), Y*(7,9,2)p + O(p°), Y (7,4, 2) + O(p)), (4.3.4)

where A runs over y and z. Equation (4.1.5) is evaluated as

fa (dP722),0,.5" (, £1,9, £11.9)
b

1
" 871Gk

/ [(262Y7 + 0,Y?)04 XA + 0, XP0.Y" — (X ¢ V)] dydz, (4.3.5)
]R2

where we took the limit p — 0 in the second line since the Rindler horizon is located at p = 0. From this
formula, we can identify several candidates for vector fields which yield a non-trivial charge algebra.

As a known example, consider the case where X? = Y? = 0. If Y7 and 94X% do not vanish, the
corresponding Poisson bracket does not vanish. In this case, the vector fields V; and V5 correspond to a
special class of diffeormorhisms called superrotation and supertranslation, respectively, which are shown
to be integrable on the Rindler horizon in Ref. [23] *.

Another interesting candidate, which we will investigate in detail here, is the case where X? = X4 =0
and YT =Y4 =0. If [ dydz0,X79,Y? # 0, the Poisson bracket does not vanish. The vector field
Vi = (X" 4+ 0O(p),0,0,0) generates a class of dilatation transformation in time direction since 9; X7 # 0
must hold. On the other hand, the vector field Vo = (0,pY” + O(p?),0,0) generates a dilatation in
p direction. We term these two transformations superdilatations since the generators depend on the
position in spacetime in general.

As a particular case, we will analyze the charges corresponding to two vector fields as p — 0

Vi = (Ti(y, 2) + O(p*), O(p*), 0(p*), O(p*)),
Vo = (0(p%), 7pT2(y, z) + O(p*), O(p*), O(p?)), (4.3.6)

where T} and 75 are arbitrary functions of y, z.

Step 3: Construct the Lie algebra A including V; and V5 and check whether Eq. (4.2.23) is satisfied.
Since the vector fields in Eq. (4.3.6) satisfy

Vi, Vo] = V3, (4.3.7)
where

‘/3 = (O(P2), TPT3(ZJ, Z) + O(PQ)a O(PQ)a O(PQ))7 T3(ya Z) = Tl (yv Z)TQ(yv Z)a (438)

*Precisely, the authors considered the 7 + p — 0 boundary, which is different from p — 0. For comparison, see
Appendix F.1 for detailed calculations of the charges of our setup.
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the algebra A defined by

A
={V = (tTi(y, 2) + O(p*), 7pTo(y, z) + O(p*), O(p*), O(p*)) | T1, T> are arbitrary functions of y,z}
(4.3.9)
forms a closed algebra. A straightforward calculation shows that
Vi, x € A, wT(g, £97, £49) = O(1), (g, £49, £,9) = O(p),
w?*(g, £ng, £49) = O(1) (p—0) (4.3.10)

and then Eq. (4.2.23) is satisfied.

Step 4: Calculate the set of metrics.
Since we investigate the asymptotic symmetries near the Rindler horizon, let us identify the asymptotic
behavior of all the diffeomorphisms ¢*(x) generated by the Lie algebra .A.

We here first calculate the asymptotic behavior of the diffeomorphisms in the form of (bé‘ (z) =
exp[¢](at) for £ € A, where exp] | is the exponential map.

Introducing a real parameter A and calculating the integral curve ¢4 (x) := exp[A¢](x#) of the vector
field &, the diffeomorphism ¢ (v) is given by ¢} (¥) = ¢;.,_, (z). The integral curve is the solution of the
following differential equation:

St @) = E(p(@),  plgla) =t (43.11)

Any vector field £ of the algebra A can be can be decomposed into two parts:

6“(33) = E(z) + h*(z), (4.3.12)
Ef(x) = (TFi(y, 2), TpF2(y, ), 0,0), (4.3.13)
h(a) = (O(p®), 0(p*), 0(p*), O(p%))  (p —0), (4.3.14)

where Fy and F, are arbitrary functions of (y,z). When £ = Z, the solution of the differential equation
is straightforwardly calculated as

Fy(y, 2)
iy — (i@ B,2) (rwar 4 4.3.15
e\ () (7‘6 , PEeXp (Fl(y7z)7-(e )>,y,z). (4.3.15)

In Appendix E.2, it is proven that
Pl (@) = pza(z) + (0(?), (%), 0(p%), 0(p%))  (p— 0). (4.3.16)

This is the asymptotic behavior of the integral curve. Thus, the asymptotic behavior of the diffeomor-
phism ¢ (z) = exp[¢](z") is given by

¢’§($) = ‘ngzﬂx)
= ¢L(z) + (O(p%), 0(p*), O(p*), O(p*))

- (TeFl(y’Z),peXp (?jgzgf (6F1<y’z> - 1)) ,y,z) +(0(p2),0(p2), O(p%), O(p?))  (4.3.17)

as p — 0.

So far, we have calculated the asymptotic behavior of the diffeomorphisms in the form of (bg (x) =
exp[¢](z*) for £ € A. In general, diffeomorphisms generated by A and connected to the identity trans-
formation are given by a product of such maps [60, (1], i.e.,

(¢§(1> o ¢§(2) 0---0 <Z)§(N))(3;‘) (4.3.18)
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for some N. Let us analyze the asymptotic behavior for N = 2. For two vector fields
L\ M ) ) .
(69)" @) = TF (,2) + 0(0%), 70F{ ) (4,2) + O(p%), +0(5), +0(p), i =1,2,  (4:319)
as p — 0, Eq.(4.3.17) implies that

(Per) © Pe)! ()
= <Teﬁl(y’z),pexp (28’37 (€F1(y’z) - 1)) ,y,z) +(0(p*), 0(p*), 0(p*), 0(p*)), (4.3.20)

where we have defined
Fi(y,2) = F"(y.2) + FP(y,2),
) ) [ Jat) )
Boly,2) = Fy(y, 2) (2(2)@2) (eFf”W) - 1) + Wﬂ%(w) (eFf "2 1) . (4.3.21)
Fi™7(y, 2) Fi(y, 2)

Repeating the same argument, it is shown that the asymptotic behavior of a general diffeomorphism
X(Fi,F,) is characterized by two real functions Fy and F; of (y, 2) as

Xl(LFl,Fz)(x) = (TeFl(y’z)7peXp <§j§z:27 (6F1(y7z) _ 1)) ’y’z> + (O(pQ), O(pQ), (9(/)2)7 O(pQ))
(4.3.22)

for p — 0.
Thus, the asymptotic behavior of the components of the metrics in question is characterized by
arbitrary functions Fy and Fj of (y, z) as

IX(F, F aXﬂF P
(o™ @) = ( ST B G (X ) ()

Jup?  Jizp Jigp? Jiap?
Jiop  Jaz Joyp  Jaup
lep2 Jzyp 1 0
leP2 J2zp 0 1

+ (higher order term), (4.3.23)

where we have defined
Ia(ry,2) = 0T (220D g 2y, ),

JlQ(Tay7 Z) = f(y7z)€2f(y7Z)Ta JlA(T,:% Z) = Tle(y7Z)T(_’§2aAFl(y7 Z)eQFl(yVZ) + f(y7 Z)aAf(ya Z))a

Joa(T,y,2) = WA a (7, y,2) =104 f (y, 2)eT O, (4.3.24)
and
FQ(ya Z) Fi(y,z)
=" F 1), 4.3.2
Fl0.2) = G (e ) (43.25)

As explicit calculations show, it turns out that the second term in Eq. (4.3.23) does not affect the
expression of the charges.

Step 5: Calculate the charges.
To calculate the charges for V1,V defined in Eq. (4.3.6), we need Q77,07 and ©7 in Eq. (3.1.19). Since

the integrability condition is satisfied, the parametrization of the metric in Eq. (3.1.19) can be taken

arbitrarily. In order to calculate the charges at metric (gﬁil’FQ)(x)) given in Eq. (4.3.23), we adopt here

the following;:

OX(\Fy APy aXB/\Fl L) _
(gw(x;)\)):< (8@; ) (833; )gaﬂ(X()\F1,)\Fz)(x)) : (4.3.26)
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For A\=1, (gu(z;A=1)) = (gﬁl’FZ)(x)), while for A = 0, (guv(z; A =0)) = (gun(z)) up to the higher
order terms in Eq. (4.3.23), which do not affect the charges, shown as follows: From Eq. (3.1.9), we get

Q™ [Vi] _ %eam (ﬁzezAFlT + J;) +O(p) (4.3.27)
(g;u/(l';)‘)) Tk
T,  _\F
Q7 [Vi] = =2 M4 O(p) (4.3.28)
(G (@) 167Gk

as p — 0. On the other hand, from Eq. (3.1.3), we have

0™ = O(p) (4.3.29)
0° = —%5‘,\(6’\1:1) +0(p) (4.3.30)

as p — 0. Thus, the second term in Eq. (4.3.23) does not contribute to the expression of the charges.
From Eq. (3.1.19), the charges are evaluated as

1 F2(y7 2) —Fy(y,2)
H = T 1-— 1Y,z 4.3.31
Vil = fgage [ s Tim ) 2 (1- o), (4.331)
1
HVa] = 70—~ /dydz Tx(y, 2) (e‘Fl(”’z) - 1) : (4.3.32)

where the reference of the charges are chosen so that they vanish at the background metric, which
corresponds to the case where Fy = F5 = 0.

The transformation generated by the vector fields V; and V5 is an example of superdilatation. To the
authors’ knowledge, the algebra of charges corresponding to the supardilatation on the horizon has not
been investigated neither in the Rindler spacetime nor in the Schwarzschild spacetime in prior researches.

4.3.2 Asymptotic symmetries on Killing horizon

Next, let us investigate the asymptotic symmetries at a Killing horizon of a spacetime with our approach
in Fig. 4.5. We will find a new class of asymptotic symmetries and show that the algebra of the corre-
sponding charges is a central extension of the algebra of vector fields generating the transformation of
the symmetries.

Stepl : Fix a background metric g,,,.
Here, we adopt the following D-dimensional metric as the background metric:

—&2p2+0(pY)  O(p*)  fiwp® +0(p*)  frap® + O(p*)

ooy O(p*") 1+ 0(p?) O(p*) O(p°)
(Guw) = fthQ +0(p%) O(p%) Fow + O(p?) O(p?) (p—0) (4.3.33)
frap® + 00" O(p*) O(p*) Qap +0(p?)

in the coordinate (¢, p,v,64) for A =3,--- , D — 1, where all coefficient functions fep, fra, fyy and Qap
depend on ## while & is a constant. We assume that the coefficient functions and r are fixed so that the
metric satisfies the Einstein equations. This class of metrics contains important spacetimes, for example,
de-Sitter spacetime and the Kerr spacetime. It is known that the asymptotic behavior of the metric near
the Killing horizon located at p = 0 is given by Eq.(4.3.33) and that the Cauchy surface is characterized
by t = const. [20].

Step 2 : Select two vector fields € and 7 satisfying Eq. (4.1.5).
Next we consider two vector fields £ and 1 which have the asymptotic forms given by Eq. (4.2.22):

& = (X'(,46,04) + O(p), X7(t, %, 0%)p + O(p?), X (1,16, 0%) + O(p), XA(t,45,64) + O(p)), (4.3.34)
0= (Y 0,04) + O(p), Y21, 0%)p + O(p?), YV (£,1,0) + Op), YA(1,4,04) + O(p))  (4.3.35)
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as p — 0, where all coefficients are arbitrary functions of ¢,4 and 4. In addition, as with in the previous
example, we assume that the vector fields have support in a finite region near the Killing horizon. In
this case, we can ignore the charges on the opposite boundary p — oo, which trivially vanish. For the
metric (4.3.33), vector fields (4.3.34) and (4.3.35), our guiding principle in Eq. (4.1.5) can be calculated
as follows:

1 2,/Qfpy
877G Jos K

1 1
5atyf’atxt+DMYM (KQXt — fin XN + Qatxp) + Oafrp XVYA
+ (OB fia —Oafip) XAYE — (X & Y)] do?---doP~1 #£0 (4.3.36)

where M, N =2,--- D — 1 and D), denotes the covariant derivative on the (D — 2)-dimensional hyper-
surface characterized by t = const. and p = const.. The detailed derivation of Eq. (4.3.36) is shown in
Appendix. G.3.

As a set of vector fields satisfying Eq.(4.3.36), we adopt

' = Fia") +tG1(a™) + 0(p?), € = (Hi(z™) + tJi(a™))p+ O(p?), €Y = K{' (a™) + O((PQ), |
4.3.37
' = Fa(a™) +1Ga(a™) + O(p?), n” = (Ha(a™) + tda(a™))p + O(p%), 0™ = K3* (a™) + (9((02) :
4.3.38

in the rest of this section, where F;(zM), G;(z™), H;(z™), J;(z™) and KM (2V) are arbitrary functions
of 2™

Of course, we may adopt another set of vector fields. For example, for given functions 7'(z™) and
VM (zN) of 2™ the vector fields defined by

¢ =TEM)+0(p), & =0(p*), " =0(p*), (4.3.39)
n' =00, n* =0(p*), ™ = VM) +0(p?) (4.3.40)

also satisfy Eq.(4.3.36). In fact, if we start with this set of vector fields, we will get a well-known class
of transformations called supertranslations and superrotations. See Appendix F.2 for a comment on the
integrability of the charges for this algebra.

Step 3: Construct the Lie algebra A including £ and 7 and check whether Eq. (4.2.23) is satisfied.
For an arbitrary set of vector fields with asymptotic behavior in Eq. (4.3.35), the pre-symplectic current
at the background metric given in Eq. (3.1.15) can be calculated as

w'(9, £,,9, £¢9) ~ Om (—V;Z)W [0: XM (0,Y" — DNYN) — (X & Y)]) +0(1). (4.3.41a)

Q
wp(gv £n§, £§§) ~ _@at (;atypatXt + DMYM(KZXt
K
1
— fin XM+ §3tXp) + 0afrp XY A + (0pfia — 0afip) XAYP — (X Y))
Q
O (Vﬁfw [(=R2Yt 4+ fin YN = 8,y%) 0,XM — (X & Y)]) +0(p) (43.41b)

+aN<

[0 Y Mo, XN — (X Y)]) +0O(1). (4.3.41c)
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for p — 0. The calculation details are shown in Appendix. G.4.
The components of the commutator of the vector fields in Eqs. (4.3.37) and (4.3.38) are calculated as

[f,’l]]t = (F1G2 — G1Fy + K{W@MFQ — Ké”@MFl) + t(K{WE)MGQ — Kéw&MGﬂ + O(p2)

[g,mp = {(F1J2 —J1Fy + K{Waﬂ/[Hg - KéVI@MHl) + t(G1J2 — J1Gs + K{”@MJg — Kéwanl)} P+ O(p

€. )™ = (K{ OnK3' — K3 OnEKG') + O(p?) (4.3.42)
for p — 0. Thus, let us define the closed algebra A’ including &, 7
A
={V= (F(a:M) +tG(z™) + O(p?), p (H(xM) + tJ(J;M)) +0(p?), KM (2N + O(p*)}. (4.3.43)
In this case, since we have

wt(ga £7]§a ££g) :0(1)7 wp(ga £7]§a "6557) :0(1)7 wM(§7 £7]§7 "Efg) :O(l) (pg)o) vnaggA/
(4.3.44)

from Egs. (4.3.41a)~(4.3.41c), Eq. (4.2.23) is not satisfied. Thus, A’ is not suitable for our purpose.
From Eq. (4.3.41b), it immediately turns out that if we impose an additional condition

Dy KM =0, (4.3.45)
then we get w”(g, £,9, £¢g) = O(p) and hence Eq. (4.2.23) is satisfied. This condition in Eq. (4.3.45)

means that we pick up only a divergenceless part in the superrotation. Since

Dy (K ONKY' — K3 ONK) = Dy K Dy K3 — Dy Ky DNKY + K Dy D Ky' — K3 Dy Dy K7
= K{'RinKy + K DyDy K3 — K RinyKt — K DDy K
= 0’

holds, the algebra

A

=A{V = (F@") +tG(=") + O(p*), p (H(™) + tJ(z™)) + O(p?), KM (z) + O(p*)) | DMKJ‘Z = 0})
4.3.46

is closed. Therefore, instead of A’, we hereafter adopt A. Since Egs. (4.1.5) and (4.2.23) are satisfied for
A, the charges are integrable and form a non-trivial algebra.

Step 4: Investigate the algebra of the charges for A via (4.1.5).
Let us investigate the algebra of charges for A. For simplicity, in the following, we will analyze

—“2féz(+4()9(ﬂ4) X Ogg)z) ftepj;(- ?)(04) ftqspéz- 59)(04)

- _ P + Op P P

(g;w) = pr2 + O(p4) ( 4 A+ O(pQ) O(pg) (4.3.47)
frop® + O(p*) op? O(p?) Asin? 6 + O(p?)

)
)
as p — 0 in the coordinate system (¢, p,6,¢) (0 <6 <, 0 < ¢ < 2m) for D = 4. In this case, the induced
metric on the horizon is given by dsQ\@g A(d6? + sin? 0d¢?), where A > 0 is a parameter describing
the area of the horizon.
Functions characterizing an element in 4 in Eq. (4.3.46) can be expanded as follows:

H(0,¢) = Z CimYim (0, ¢ Z i Yirm (6 (4.3.49)
lm
KA0,0) = — e Pop0(6,0), V(0,0) = einYim(6,0), (4.3.50)
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where
(20+1) (I —m)! ,
Yim(0,0) = (—1)™ P (cos §)e"™? 4.3.51
l ( a¢) ( ) \/ An (l+m)' l (COS )6 ( 3.5 )
are the spherical harmonics, P/ (cos ) are the associated Legendre polynomials and
P = e =1, (4.3.52)
" = e = . (4.3.53)

All the independent generators are listed as

I — v,,.0,, (4.3.54a)
JEY — 1v,,,0,, (4.3.54b)
IO = Y10, (4.3.54c)
IOV = t0Y,,,0,, (4.3.54d)
(R) _ L Y —9.Y 4.3.54
Jlm <ind ((99 lm6¢ 3¢ lmag), ( 3.5 e)

where we have omitted O(p?) in each component of the generators since it does not affect the alge-
braic structure nor the calculation on the constant term K (§,n) in Eq. (4.2.1). Their commutators are
calculated T as

O g =0, [0, 0 =3l g, (4.3.55a)

O g =0, 0, g0 =S a8, (4.3.55b)

O g = =S b g, (4.3.55¢)

/SR A0 IS N S Al ) (4.3.55d)

D D =SNGl g, (4.3.55¢)

B e e N & A AN (4.3.55¢)

O g =0, [0, g =0, (4.3.55g)

O ) = =" b ), (4.3.55h)

e gy — o, (4.3.551)

D ‘]l(’R)’ — ch;ﬂ/;@’ Jen (4.3.55))

[T Toh] = > Clott Toton (4.3.55K)

where the structure constants Glml’m’ and Clml’r;z’ satisfy the following relations

YinYim: = > Glottima Yormers Gl = Gl (4.3.56)
=,

7 (00Yim 06 Y = 05YimOYvms) = Y Chyllip Yirmers Chlfr = ~Cliiin- (4.3.57)
=,

From Eq.(4.3.36), we find that there are two non-vanishing Poisson brackets evaluated at the background
metric. One of them is

A "o 2m
{H[J;i;”],H[J;,Z;P]Hg = e S el / / Vi sin 0d0do, (4.3.58)

1 m!!

TThe algebra of vector fields on sphere is calculated in Appendix. G.5.
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while the other is

_A 1" 1" 27T ™

Ilm U'm/
l//m//

By using these formulas, let us investigate whether the algebra of the charges is a central extension
of the algebra of the vector fields. For the latter Poisson bracket in Eq.(4.3.59), shifting the charge by a
constant as

27
H'[J) = H[IP) + / / 20, froYi 4.3.
[Jim'] = H[Jyy, t 3eCr 9 froY1mdbde, (4.3.60)
Eq.(4.3.59) can be rewritten as
R R 1" 1" R
{H’[J( N, 1) } SCchm HI,. (4.3.61)
l// 1"

This redefinition of the charge does not affect other Poisson brackets. On the other hand, for the former
one in Eq. (4.3.58), we may redefine

A 2m
H'[JPD] = H[JPD] + + o / / Vi sin 0d6do, (4.3.62)
0 0

so that Eq. (4.3.58) is recast into

’1 71 //m// 71
{H[Jl(; N, =L ,>]} =S Ghm HI0). (4.3.63)
l//m//

However, since {H [Jl(p ’1)], H[J (R ]} ‘_ = 0, this redefinition affects another Poisson bracket in such a
g

m U'm/
way that
(B HIG == > Cluit BT
l//m//
ll/ 1 ( 1) 27r
=— Cltme | H'IT0] — / / Yy sin 6d6d 4.3.64
S el (MU - g s sinbdBds) (4364
holds. Thus, these constants cannot be absorbed into the generators by redefinition. They are calculated
as
(t1) (p.1) o
Km/m/ = {HJ ’ aHJ/p7/ }‘ - / / i HYmY’m/ded
Iml [Jim ] [lm]g 87Gr J, OSIHll ¢
A 2m
= 87TG/<;(_1) /0 /0 sin 0Y,, Y7,y d0de
S (=1)"6u:6 (4.3.65)
e Wom(=m’): e

Summarizing the above arguments, we finally get the following charge algebra:

" 1" A
1 )1 1 m
{H[Jl(:n ), H[J;,m,)]} = 3 Gl B + g (<)) 0w O (4.3.66)
l//m// ™ K
others are isomorphic to A in Eqgs. (4.3.55a)-(4.3.55k) except for (4.3.55¢). (4.3.67)
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Note that since we calculate

Im 9U'm

{{H[Jl(f,;”],H[J}f,;j?]}, H[Jl(,?,’,ll?,]} = H[[JED g8 gl (= 0), (4.3.68)
A 2 ™ )
(D IR TSP} = BT HEDL I = e S Gl [ [ sin 03,000
pq

A 2m ™
= HHJZ(/?;/), Jl(/f/);rlj/], Jl(:r;l)] - m A A Sin QY—l’m/Yl”m”YzmdedQﬁv
(4.3.69)

A 27 T
{{H[Jl(,’,’;i?,},H[J};;”],H[Jl(f;;?]}} = H{[J ) TP I+ =3 G / / $in 0Y g Vs O
87TG:‘€ g 0 0
(1) 0y ey, A [T
= H[I L L )1+ e /0 /O Sin 071 Yign Y d0d b,
(4.3.70)

we have

(UG, B B  + {5, B0 IS + {7

Ilm U'm/ Ilm m’’

), =50 HITG)

m 'm/’

= =D, gy, a0 + I I, T + HILE) T, gy

im > “YU'm/ 'm’ > m m'’ Y lm 'm’

= H[0] = 0. (4.3.71)

Similarly, we have

{{HUGD, HUIS HUED) -+ {001 HIEDL HUGDY + ({80 HUG)L HUIGD = o

U'm/

(4.3.72)

Thus, we can confirm that the Jacobi identity holds. Since A # 0, the algebra of the charges is a central
extension of A. Equations (4.3.66) and (4.3.67) are the main results in this subsection.

4.4 Summary of chapter

In this chapter, we suggest a Lie algebra-based approach to investigate asymptotic symmetries replacing
the conventional approach. This approach was first introduced in Ref. [41] and then modified in Ref. [42].
The key ingredient of a modified Lie algebra-based approach is making use of Egs. (4.1.5) and (4.2.23)
to find the algebra A of vector fields that generates transformations of asymptotic symmetries with non-
gauge and integrable charges. As we have seen in Sec. 4.2.1, Eq. (4.2.23) provides a sufficient condition
for the charges to be integrable, which can be checked at the background metric. This saves the efforts of
calculating all the diffeomorphisms generated by A required in checking the integrability. As is mentioned
in Sec. 4.2.1, the Poisson brackets of the charges can be calculated at the background metric and hence
the algebra of the charges can be fully identified without calculating the diffeomorphisms generated by
A explicitly.

In Sec. 4.3, as a demonstration of the modified Lie algebra-based approach, we have investigated
asymptotic symmetries on Rindler horizons and that of spacetimes with the Killing horizon with metrics
in Eq. (4.3.33). In both cases, we found that a new class of asymptotic symmetries, which we call superdi-
latation. In the former case, we explicitly calculated the charges of the superdilatation Eqgs. (4.3.31) and
(4.3.32). In the latter case, we showed that algebra of supertranslations, superrotations and superdilata-
tions in Eq. (4.3.46) yields a non-trivial algebra of integrable charges. It is proven that for the algebra in
Eq. (4.3.46), we have to eliminate rotationless part of superrotations to obtain integrable charges. As a
particular example, for (1+ 3)-dimensional spacetime with metrics in Eq.(4.3.47), we explicitly calculated
the algebra of charges, which is shown to be a central extension of the algebra of the vector fields.

It should be emphasized that our approach can be applied to any spacetime as long as we consider
diffeomorphisms which do not shift the boundary on which charges are defined. Of course, it should be
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noted that there may be asymptotic symmetries which cannot be found in our approach since Egs. (4.1.5)
and (4.2.23) are sufficient conditions for the charges to be integrable and form a non-trivial algebra.
Nevertheless, we expect that our approach proposed here is helpful to find new asymptotic symmetries
as we have demonstrated the example in Sec. 4.3.2.
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Chapter 5

Conclusion and Outlook

In this Ph.D thesis, we propose a useful approach to construct integrable and non-gauge charges in
general spacetime shown in Chapter 4. Our approach may significantly reduce the effort involved in
finding proper asymptotic conditions by trials and errors in the conventional approach.

Our approach has two key ingredients. One of them is to use Eq. (4.1.5) to find an algebra of symme-
tries with a non-vanishing Poisson bracket at the background metric g,,,. The metrics connected to the
background metric through a diffeomorphism generated by the Lie algebra A satisfying Eq. (4.1.5) can
be physically distinguished from each other since the Poisson brackets do not vanish. In our analysis, we
have investigated a set of metrics which are connected to a fixed background metric by diffeomorphisms
generated by a Lie algebra of vector fields. Since all the metrics are diffeomorphic to the background met-
ric, it is possible to investigate the properties of the asymptotic symmetries of the background spacetime.
The set in our approach is different from that in the conventional approach, where the set of metrics
are defined by their asymptotic behaviors. The other key ingredient of our approach is making use of
Eqgs. (4.2.23) to check the integrability. As we have seen in Sec. 4.2.1, Eq. (4.2.23) provides a sufficient
condition for the charges to be integrable, which can be checked at the background metric. This saves
the efforts of calculating all the diffeomorphisms generated by A. In addition, the Poisson brackets of
the charges can be calculated at the background metric and hence the algebra of the charges can be fully
identified without calculating the diffeomorphisms generated by A explicitly. Our approach contains two
cases depending on the purpose. One of them is used to obtain the charges themselves, and is shown in
Fig. 4.4. The other one is used to get only the algebra of charges, and is shown in Fig. 4.5. In particular,
in the latter case, we can carry out all the steps only for a background metric.

As a demonstration of our approach, we have investigated asymptotic symmetries on a Rindler horizon
and that of spacetimes with the Killing horizon with metrics given in Eq. (4.3.33). In both cases, we
found a new asymptotic symmetry, which we term superdilatation. In the former case, we got the
expression of charges explicitly. In the latter case, we obtained the algebra of charges and found that
it is a central extension of vector fields algebra A. We expect that our approach will be helpful to
investigate other important spacetimes with non-Killing horizon. Although our approach can be applied
to any spacetime as long as we consider diffeomorphisms which do not shift the boundary on which
charges are defined, there may be asymptotic symmetries which cannot be found in our approach since
Eqgs. (4.1.5) and (4.2.23) are sufficient conditions for the charges to be integrable and form a non-trivial
algebra. Therefore we will explore the possibility of extending our approach to identify all the asymptotic
symmetries as the future work. One possibility is to derive a condition under which Eq. (4.1.3) holds at
a particular metric g,,, but not at the background metric g,,. In our approach, we have started with
two vector fields satisfying Eq. (4.1.5) and constructed a minimal Lie algebra A spanned by the vector
fields and their commutators. To proceed the classification of the symmetry in general relativity, it will
be quite interesting to investigate how the charge algebra changes by adding other elements to A.

As we have introduced in Chapter 1, in order to get the BH entropy, we must identify the number
of microstates generated by asymptotic symmetries on a horizon. The representation of the algebra of
charges is required to construct the Hilbert space of the corresponding quantum system. As we have seen
in Egs. (4.3.66) and (4.3.67), in general, the algebra of charges is an infinite dimensional Lie algebra.
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Thus we need the representation theory of an infinite dimensional Lie algebra, which is more difficult
to treat than finite dimensional one. To the author’s knowledge, this task has been done for only a few
cases, e.g. Virasoro like asymptotic symmetries. We hope that mathematicians and physicists will tackle
this problem together.
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Appendix A

Frobenius theorem

In this appendix, we introduce the Frobenius theorem without proof. See Ref. [62] for the proof. The
Frobenius theorem shows that when there exist vector fields on manifold M that form the Lie algebra,
we can foliate M by hyper surfaces.

First several definitions are introduced.

Definition 1. For the subspace D, C T,M such that
', wP T e QN M) Dy ={X €T,M |wy(X) =" =w)"(X) =0}, (A.0.1)
the assignment D : p — Dy, is called an r-dimensional differential system.

Definition 2. A submanifold N C M is called an integral manifold of D if
T,N=D, VpeN. (A.0.2)

Definition 3. If for every point p € M and neighborhood U of p there exist functions f* € C*(U) such
that w* = dft (i=1,---,D —r), D is called completely integrable.

When D is completely integrable, we can define a submanifold N C M which is also an integral
manifold of D as follows:

N={zxeU| fi(x)=filq) i=1,--- ,D—r)Vqge U}. (A.0.3)

Equivalently, N is the r-dimensional hypersurface foliation in M characterized by f! = const. (i =
1,---,D—r).
Next, the following lemma holds.

Lemma 1. When D is an assignment of p € M to an r-dimensional subspace D, C T,M, D is an
r-dimensional differential system if and only if

Vp € M, 3U : neighborhood of p, 3X*,--- , X" : vector fields on U such that
{X;,-~- , Xq} is a basis of Dy Vg € U.

We refer to {X!,---, X"} as a local basis of D on U.
Finally, the Frobenius theorem is

Theorem 5 (Frobenius). When D is an r-dimensional differential system of a D-dimensional manifold
M, D is completely integrable if and only if for a local basis {X1,--- , X, } of D on some open set V C M,
there exist c;;* € C®(V) such that

[Xi,Xj] = Ciijk- (A.0.4)
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Appendix B

The detailed derivation of Eq. (3.1.11)

The pre-symplectic potential density is

V g 1 oo
Defining
kuu = 619;wa huu = 52guw fuu = 51629;“] = 52(519;“], (BOQ)

the variation 616" consists of
1
V=999 Viah)s = 5V=99"79"" 9"k Viahyo (B.0.3)
V=9(019"")g*° Vol —V/=99" 9" g kg, Viahjo (B.0.4)
( )
( )

/_ggllﬂ(é‘lgaa)va o =— /— gupgaﬁgU’Ykav[a ol B.0.5
2 gl/ﬂgaaél(v[a plo ) rgypgao( [Oéfﬂ]U 751F€o¢|0|h0][3) B.0.6
where
1
0% = 597" (Vakye + Vokay = Vykao) (B.0.7)
Thus we get
— 1
610" [g, 629 = g/g ( 979" g*l7 — g grlegele — gviegelP g‘”) Koy Vahoo
\/;g P9 (Vafoor — 170, h5) (B.0.8)
and

1% g 1 174 174 oo 12 (3 (o
526" [g, 619] = F( gPrgrlogele _ B gl gele _ vlogals v) BV

G
V=9

+ GG

9" g% (Vatpo — 020 k5) - (B.0.9)
The pre-symplectic current density w” is calculated as
w'[g, 619, 629] = 610"[g, 529] — 620" [g, 61 9]

V=g (1
v—9 597190g71 — g gl gele — grlogeld g
© &G

1 1
+§gu[ﬂga]agw + 5gu[,iigrﬂ]tlgf/or _ 2gu[ﬂgp]ogva> (kmvahpg _ hﬁ'yvozkpa)

1V67T GPW"VPC’&[lgp V021 Gas- (B.0.10)
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Chapter B : The detailed derivation of Eq. (3.1.11)

where

prabypo . gt (gpogﬁ“/ _ Qgpﬁgm) + Qg/wgp[agalﬁ + gupgaﬂgav. (B.0.11)
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Appendix C

The detailed derivation of Eq. (4.1.4)

The left hand side of the (4.1.3) is

[ @020),8 (g £09. £69) = £EL (-Tan VHE 4 TVl 4 VIV LTIV €OV
(o>

_f/l,vavunu, + é—/thnD + 2€pguBRaﬁna) .

(C.0.1)
Each term can be calculated as

€ (V1" Vol = VT 1) = € (V41 Val” + Vo V0% = Val€"V'n")
= —€,,Va(E'V'nY) (C.0.2)

epu(vanltvagy + g,u,vavanu) = euu(vanuvagu + Va(g,uvanv) - vaetvanu)
= €2V Va” + Va(§'ViY)) (C.0.3)

Guu(*ﬁ(\v//vl/'h\) = Euu(_favyvuna + fagupguaRBapanﬁ)
= euufu (T/IT,/”(\ + g,ungURﬂapgnﬂ)
) 1 « vo

e (VI L) = S €€ g g T RE, g (C.0.4)

2
em,(—vur/“V“E” — é“V“V”n") = eW(—Var]aV“ﬁy — &V, VY + fag“"g"”Rﬁgpamg)
= €. (—Van V" — Vo (E5VHY) + Vo Vi)Y + 29" g" R, \13).

(C.0.5)
Then £ <+ n antisymmetric terms are
(antisymmetric terms) = €, (2Vn'Vo&" — Van*VHE + V4V ")
1 « log U -
+ (2R5apg + R/ggpa> £nPer + 26[(; 1 Rgy,,. (C.0.6)
The fourth term is simplified to
1 oo 1 o
§R6apa + Rﬂapoz € = QRﬁapa - R,Bpoa €
1 g
= 5€7 (Bsaps = Rppoa + Rpapo + Rgoap)
= epURﬁapg
= —€"" Roppo (C.0.7)
On the other hand, the surface terms are
(surface temrs) = €, Vo (=EHV 0 + £#VnY — £¥VHERY). (C.0.8)
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Chapter C : The detailed derivation of Eq. (4.1.4)

Then the non-trivial condition is

1 1

— [ (Spe+SE +8M") + — S5 0.
3G /32( ne+ Sey + 8" + 87G Jous &M # 0, (C.0.9)

where
Spe = (2VN!'Val” — Van VI + Vo€V )€, (C.0.10)
2(D — 4) 2
R . cx ﬁ _ uv y2 s

S{,n _g n ( Ca,(i’uVE + D_29 E[QRﬁ]H+ (D—].)(D—2)Reaﬂ) s (0011)
Sy = 2e '€ Ry, (C.0.12)
Seh = €uva(—E"V + €V — €2VIY), (C.0.13)

and we have used Riemann tensor decomposition

2 2
Ra V:Ca v - o « Rl/ - viae) T T AN/ 1 o) e v|B- .0.14
B Buv + D_2 (9 B = 9pu By ) (D — 1)(D72)R9 (u9v)B (C.0.14)

Using Einstein equation

Rop = (;R — A) JaB, (C.0.15)
the relation
(D —2)R =2DA. (C.0.16)
holds. We get
S;f’gm =0, (C.0.17)
Spe = <—Caﬁpa€pg + %(R —20)eap + (D—12)](%D—2)€aﬁ> &’
_ <—C’a5pgep” n D‘lfl) gonf (C.0.18)

When the boundary of the boundary 0% = null, the final result of the non-trivial condition is

4A
D—-1

/82 [(W”‘n“vaﬁ” — Vo VHE + Voo VH") = Cy 60 + §“77”] € # 0. (C.0.19)
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Appendix D

Duality between a diffeomorphism
and a coordinate transformation of

tensor fields

Let M and N be m-dimensional and n-dimensional manifold, respectively.

¢: M — N.
For a function f: N — R, its pullback is defined by ¢*f : M — R, where
¢*f=fodg,
ie.,
¢"f(p) = f(¢(p)), peM.

The pushforward ¢, : T,M — T,N, where q := ¢(p), is defined by
(@0)(f) = v(6"f)

We consider a C°° map

(D.0.1)

(D.0.2)

(D.0.3)

for f: N — R. Let ¢ be a coordinate system at p € M, i.e., a smooth map ¢ : M — R™. For a point

p € M, we define ¢(p) = (2'(p),---2™(p)). For a function F : M — R™,
a a - m
e pF(p) = @(FC"P D(x), =:=¢(p)eR™ (D.0.4)
For simplicity, we sometimes write
(Fop™t)(x) = F(ah), (D.0.5)
that is,
0 0 s
o pF(p) = O%HF(:c’) (D.0.6)
With this notation, we have
(6-505) |, 1@ = s 7 o0
= o0 T o dle™ @)
0 _
= (fov o Wosor @)
0 o
= 5oV ) 5y @)
_ Oy"(z) 0
= o By qf(q) (DO?)
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Chapter D : Duality between a diffeomorphism and a coordinate transformation of tensor fields

where 1) : N — R" is a smooth map and 1 o ¢ o p~1(x) = ¢(q) = (y'(x),---y"(x)). Therefore,

y"(x) 0
( Du a=¢(p) Ozt Oy
implying that ”the matrix components” of ¢, are given by
v _ Oy(x)
(D) = —g (D.0.9)
The pullback for the dual vectors ¢* : ( )N — Ty M is defined by
(QS*M)LD(U) = M|¢(p) (¢*U) y ME T;(p)N7 v e TPM' (DO]-O)
In particular,
. 0 0]
(" dy") (3 > ) = dy* (d)*au )
P T lp #(p) T ()
_ W@ (8 )
Oz¥ q=9(p) Oyr q
_ Oy*(z)
Oz
1%
8% (p ) o (aav > , (D.0.11)
2z » \ 02V [,
ie.,
“w
(o dyr)| = @) (D.0.12)
P Oz? P

We now assume that dimM = dimN and consider a diffeomorphism ¢. For a metric tensor gl, =
9(y)wdyt|q ® dy”|q, where ¢ = ¢(p) € N, its pullback is a metric on p € M given by

(¢"9)],
= G (y(9) (6" dy")| @ (6" dy”)|)
(

oyt (x) Oy¥ (x -
= 9w (y(q)) %x(p) e U)dxp|p®dx |, (D.0.13)

9,

where ¢ := ¢(p) € N. On the other hand, g|, is expanded as
9], = guv(x(p))da| @ da”]| . (D.0.14)
Therefore, we get

9po (2(P)) = 9w (y(q)) Bg;(f ) 8%;(;5). (D.0.15)

Note that ¥ o ¢ : M — R™ is also a coordinate system of the manifold M. We define % o
6(p) = (z'\(p), - ,a"™(p)) for p € M. Note that in our notation, ¥ o 6(p) = (' (p), - 2™ (p)) =
(y*(q),---y™(q)), where g := ¢(p). In this coordinate system, the metric g can be expanded as

9l, = g (@' (p))da"™| | ® da™| , (D.0.16)

where p € M. Since we have two coordinate systems ¢ and 1 o ¢ on M, we may introduce a coordinate
transformation map ¢ o ¢ o =1 : R™ — R™. ie., y*(z), in the neighborhood of p € M. From the
ordinary formula of coordinate transformation, we get

dy*(x) dy” ()

P o
o g 0@’ ®de], (D.0.17)

9], = g (@' (p) ==
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Therefore,

G (Y(6(p))) = 9w (' (p)). (D.0.18)

In other words, the components of g € T (;‘(p)N ® T(;(p)N in the coordinate system v : N — R™ are the
same as those of g € TyM ® T; M in the coordinate system 1o ¢ : M — R™.
Of course, (mathematically speaking), g and g are different tensors since

9lg = G (y(@)dy"|q @ dy”|q € TyN @ Ty N (D.0.19)
while
9lp = G (' (p))da™|, @ dz™|, € TyM @ T, M (D.0.20)
For a given general (r,s) tensor

_ 9 o
T‘ =T, L, (y(6(p) ( ) ‘ Q- ( ) ‘ ® (dy™)
6(p) Y ) () W ) o)

® - @ (dy™)
#(p) #(p)

at ¢(p) € N, where p € M, we can define its pullback 7' := ¢*T at p as follows:

(¢*T)
p
L L -1 0 —1 0 * V1 * v
=, e (67)ema )| @ (0 ) | @ (6 ay) | ©-e@ (67 dy)
8yﬂ1 v 8y/1«1 v » »
—_— OxP? oxPr Jy** Oy"s 0 0
— THI o1 Ts
o (OO G G S 2 (50 \ o (52) o) 00 @)
(D.0.22)
and hence
— JzP OxPr Qy** oy”s
TPLpr — ML .. o . D.0.2
01'0s (x(p)) Vi Vs <y<¢(p)))8y“1 ayﬂr 8$01 axas ( 0 3)
Similar to Eq. (D.0.18), we also have
Tretn, o, (D)) = TH e, L, (2 (D)), (D.0.24)

which shows the duality between the active viewpoint, i.e, a diffeomorphism, and the passive viewpoint,
i.e., a coordinate transformation, on an arbitrary tensor.
Now we show the following:

Proposition 1.

(¢* (VXT)) | = (VxT)

p

, (D.0.25)

p

where X € Ty N, T e R Ty(pyN ®° T;(p)N, V is the covariant derivative compatible with a metric
9 € TyipyN @ Ty, N on N,

X=¢'xe€T,M, T:=¢TecT,M T,M (D.0.26)
and V is the covariant derivative compatible with the metric g defined by

g=0¢"geT;MaT; M. (D.0.27)
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Proof. Since

aiyﬂgup(y)
P (2D asal)) S0 + el s (5 ) (D.0.25)
holds, we get
I 6()
= %g”ﬁ (v) (a(;gﬁa(y) + %%B(y) - (,;Zﬂgm(y)>
L) %g”lﬁ' (2(y)) gg:, gjﬁ/ <£gﬁa(y) + %gw(y) - aiﬁgm(y))
(D.0:28) gg %z‘: 3;;’ Y e (1)) + gi: ajjg;a (D.0.29)
where we have defined
() = %gl'ﬁ(x) (83 Gsal@) + %gug(x) - gzﬁgm(x)) . (D.0.30)
On the other hand, we have
s ) = oo (el
- (W (o))
= e + oo Y () (D.031)

By using Eq. (D.0.29), the claim follows immediately. For example, for r = 1 and s = 0, i.e., in the
case where T is a vector &, we have

— (o)) (8y“€ (y(6(p))) +F”,m(y(¢(p)))£a(y(¢(p)))> g;i (;zp) ‘

— vl (D.0.32)
P
where in the third line, we have used
op ar ok Py 0w
OxP Oyrdy> — Oy OxPOxr Oy+
a (0oy¥ ox* oxP 0 Oy’ 02 0 oy’

_ O (9y"0zP\ 0Oz O Oy” 02" 0 Oy" _ D.0.33
B (axp 6y0‘) Dy Dy 0wr | Oy OyF 0P (D-0.33)
O
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Therefore, it is shown that
o (£x9)| = L£x9], (D.0.34)

and

6" (VxLe) ‘p = ViLeg (D.0.35)

p

hold. As a consequence, we also have

(£%9),, W(d(P) = (£x9),,, ('(0), (6" (Vx£ed)),, W(d(P)) = (VxLeg),, (@'(p).  (D.0.36)
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Appendix E

Asymptotic behavior of
diffeomorphism

E.1 The asymptotic behavior of z/(y)

In this appendix, we show that for the algebra A whose elements satisfying Eq. (4.2.22), Eq. (4.2.28)
holds. Let us fix a vector field in A such that

f“(y) = (O(l),@(p),0(1)7 T 70(1)) (p - O) (E'l'l)

and consider its integral curve defined by

o0

)\n
i) = expAely = Y Sy, (E.1.2)

n=0
where the action of £" on a function of y* is recursively defined as

' f(y) =1 W) fly) (n=1,2,3,---), (E.1.3)
€ fy) = fy).

=
=

Defining

A"
Peany) = &Y, (E.15)
we will show the following proposition:

Proposition 2. For any n € N, the following holds

‘PZL;A,n(Q) = (O(l)a O(p),@(l), T 50(1)) (P — 0)- (E.1.6)

Proof. We show by mathematical induction with respect to n. For n = 0, Eq. (E.1.6) is clearly satisfied.
Assuming Eq. (E.1.6) is satisfied for n = k, we have

Pensr1(¥) = 17806k W)
)\ e%
= mf 8a<0(1),0(p),0(1),~ o 70(1))
=(0(1),0(p),0(1),---,0(1)), (E.1.7)

where we have used Eq. (E.1.1) and the assumption that n = k in the last line. Therefore, Eq. (E.1.6)
also holds for n = k 4 1, concluding the proof. O
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E.2 An integral curve of vector field

Since the integral curve generated by &* is given by

PEAW) =D kW), (E.1.8)
n=0
we have
Pea(y) = (0(1),0(p),0(1),- -+ ,O(1)). (E.1.9)

Next consider the map (b’g (y) = gpg y—1(¥). In general, diffeomorphisms generated by A and connected
to the identity transformation are given by a product of such maps, i.e.,

(e © Pe) 0+ 0 Pem))(Y) (E.1.10)
for some N and vector fields €1, €@ ... ¢(N) Let us analyze the asymptotic behavior for N = 2. For
two vector fields

(¢9)" ) = ©01), 0(p), 001, ,0) (i=172) (B1.11)
as p — 0, we have
(P 0 Pe)"(y) = (O(1), O(p), O(1),---,O(1)). (E.1.12)

Repeating the same argument, it is shown that the asymptotic behavior of a general diffeomorphism ¢
generated by A is given by

for p — 0. Therefore, the asymptotic behavior of the corresponding coordinate transformation z’(y) is
also given by

2'(y) = (0(1),0(p),0(1),--- , O(1)). (E.1.14)

E.2 An integral curve of vector field

In the same way as in the previous section, we show that O(p?) terms in a vector field result in O(p?)
terms in its integral curve.
Let us define a vector field

&M (x) = E*(x) + h*(x) (E.2.1)
where
Elt (x) = (Xt (t’ y’ z)’ Xp(t7 y7 Z)p’ Xy (t7 y? Z)’ XZ (t7 y7 Z)>7 <E22)
B () = (O(p2), 0(p2), 0(p%), 0(p%)  (p — ). (E.2.3)
The integral curve of £* is defined as
H — "o = A" n,.u
P () = exp[A¢]at = Z Fﬁ xh. (E.2.4)
n=0 "
Defining
)\n
Pern(T) = Hf”x“, (E.2.5)

we will show the following proposition:
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Proposition 3. Vn € N,

)\TL
Pean(®) = E"a" + (A 2) (E.2.6)
where the asymptotic behavior of the first term is (O(1),0(p), O(1),O(1)) and that of e (X, x) is (O(p?),
O(p*), 0(p*), O(p?)) as p — 0.

Proof. We show by mathematical induction with respect to n. For n = 0, the statement is clearly
satisfied. For n = 1, since

Pean (@) = Ma! = ANE® + h¥)0qat = N\E"(z) + Ab*(2), (E.2.7)
the proposition is satisfied. Assuming the proposition is satisfied for n = k, we have
Sﬁgp\,kﬂ( T) = k+ IE%M( )
L(”—i— ) i:k my et (2)
k+ 1 R TR
- (B8 + h0a(r0h)) + —o (S0l (x) + h Dl (z)) (E.2.8)
(k+ 1)1\ k+1" 7k TR -
By (E.2.2), (E.2.3) and the assumption that n = k, we have for each term:
)\k-l-l 1 /\k+1 . /\k+1
=k J— =1 =Rty = =te?
=(0(1),0(p),0(1),0(1)), (E.2.9)
)\k—i—l ik >\k+1
(k+1)'h Ot( (k+1) h a (O( ) O(p),(’)(l),@(l))
= (O(p2),O(pz),O(p2),O(p2)), (EQ]-O)
A 200,ei(3) = — X20,(O(52), 0(p%), O(2), 0(p?)
k+17 "k k+1 “ ’ ’ ’
(0(p%),0(p*), 0(p), O(p?)), (E-2.11)
() = T 0 (0(), 0(), 0(?), O(6*)
k k + 1 ) ) )
= (0(p*),0(p%), 0(p*), O(p*)). (E.2.12)

Then, for n = k + 1 the proposition is also satisfied. Thus, the proposition is satisfied for Vn € N. O

The integral curve generated by &£ is now

305)\

Z‘Pun
n=0
0 n

= Z %E"m“ + Z et (N, x)

n=0 n=0

x"JrZe“)\:v

= exp(A (E.2.13)
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where e/()\, z) is defined through the following recurrence relation:

ey (A, z) =0, (E.2.14)

Antt A
GZ_,'_I()\,J}) = mh“(%(f”x“) + m (fo’aae‘,i(a?) + ho‘(?aeﬁj(x)) . (E215)

In Eq. (E.2.13), the asymptotic behavior of the first term is (O(1), O(p), O(1), O(1)), while that of the
second term is (O(p?), O(p?), O(p?), O(p?)) as p — 0. Taking A = 1, a diffeomorphism O () = Phaey (2)
satisfies

¢ () = ¢E(x) + (0(p*), O(p*), O(p*), O(p*)) (E.2.16)

as p — 0.
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Appendix F

Supertranslations and superrotation

F.1 Supertranslations and superrotation charges on Rindler hori-
zon

In this appendix, we analyze the charges corresponding to two vector fields such that as p — 0,

Ur = (W(y,z) + O(p*),0(p%), O(p*), O(p%)), (F.1.1)
Us = (O(p*), 0(p*), R (y, 2) + O(p*), R*(y, 2) + O(p?)) (F.1.2)

where W and R* (A = y,z) are arbitrary functions of y,z. They generate a well-known algebra of
supertranslation and superrotation.
Since they satisfy

(U, Us] = Us (F.1.3)
where
Us = (W'(y,2) + 0(p*), 0(p*), 0(p*). O(p*)),  W'(y,2) = —R*(y,2)0aW (y. 2), (F.1.4)
the algebra B defined by
B:={U = (W(y,2) + O(p*), 0(p*), R (y, 2) + O(p*), R*(y, z) + O(p”))
| W, R* are arbitrary functions of y,z} (F.1.5)

forms a closed algebra. A straightforward calculation shows that the integrability condition at the
background metric is satisfied.

Let us introduce a real parameter A and calculate the integral curve ¢{'(z) = exp[An](z#) for n € B,
which satisfies the following differential equation:

%#/\ = n"(s(2)). (F.1.6)

Any vector field 7 of the algebra B can be decomposed into

n'(z) = H"(z) + h*(x), (F.1.7)
H"(z) = (P(y,2),0,GY(y, 2), G*(y, 2)), (F.1.8)
W (x) = (0(p*), 0(p%), 0(p*), 0(p*))  (p — 0), (F.1.9)

where P and G are arbitrary functions of (y,z). As we have shown in Appendix E.2, the asymptotic
behavior of the solution of the differential equation is given by

sy = sk 1 (0(0), 0(p%), 0(p?), O(p*)) (F.1.10)
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F.1 Supertranslations and superrotation charges on Rindler horizon

as p — 0.

Let us analyze the case where n = H. Note that GY and G* are functions of (y,z). In addition,
the initial condition gfl; s—o is independent of 7 and p. Thus, the A-component of the integral curve can
generally be written as

gfI;A(Tv 7Y, Z) = éA(yv 23 /\)a A=y, =z (F].].].)

for some functions G4 of y,z and A. Since P is a function of (y, z), the 7-component of the differential
equation is given by

d T ~ ~z T
agH;)\(Tapvyaz) = P(Gy(y7z7)‘)7G (y,z,A)), gn;)\:O(T7p7y7Z) =T (F112)
Its solution is written as
Soa(T5 P, Y, 2) =T+ﬁ(y, Z; ), (F.1.13)

where P is some function of (y,z) and A. Therefore, in general, the asymptotic behavior of the diffeo-
morphism o} (v) = exp[n](z") = ¢/.,_,(z) is given by

n
oh(@) = (1 + P(y. 2),p.G"(y.2), G (y,2)) + (0(p*), 0(p*), O(p*), O(p*)) (F.1.14)

as p — 0, where we have re-defined
P(y.z) =Py, zA=1), GAy.2)=GCy,z =1 A=y, (F.1.15)

As we have done at Step 4 in Sec. 4.3.1, it can be confirmed that the asymptotic behavior of a general

diffeomorphism ’72% &) is characterized by three real functions P and G4 of (y,2) as

Vb @) =T+ P(y, 2), p, G*(y,2), G*(y, 2)) + (O(p°), O(p*), O(p*), O(p*)) (F.1.16)

for p — 0. Thus, the asymptotic behavior of the components of the metric in question is characterized
by arbitrary functions P and G4 of (y, z) as

o oY% ~ 8'yﬁ~ ~
PG P,G) _
(92 0@) = | g g 9es 2.2 @)
—/<;2p2 0 Llyp2 L12p2
0 1 0 0
= + (higher order term), F.1.17
lePZ 0 Lyz Lzz

where we have defined
Lia(y,z) = —K%0aP(y.2), Lap(y,z) =0aGY(y,2)05G"(y, ) + 0aG*(y,2)05G*(y,z).  (F.1.18)

A straightforward calculation shows that the above metric satisfies the integrability condition.
Let us adopt the parametrization of metric as

Iy B
NOBAG) VTP AG)

(g (3 N)) = e oo 9a8(10B 2 (@) | - (F.1.19)
On one hand, from Eq. (3.1.9), we get
Q7] ERCREZ N O(p), (F.1.20)
gy S7C
Q™PU,) e = —)\3%}1’/‘&14 + O(p) (F.1.21)
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as p — 0, where we have defined L := L, L., — L§z~ On the other hand, from Eq. (3.1.3), we have
07 =0O(p) (F.1.22)

as p— 0.
Therefore, from Eq. (3.1.19), the charges are evaluated as

HU) = 5o [ dudev/ I )W (:2), (.1.23
HIUs] = g [ dyda/Blp, )R, 2) Ly 2), (F.1.24)

where the references of the charges are chosen so that they vanish at the background metric.

F.2 Integrability for Killing horizon
The commutators of vector fields defined in Eqs. (4.3.39) and (4.3.40) are calculated as

(€)' = (VMouTs — VMOMTy) + O(p?),

[€,n)” = O(p?),
&, m™M = (VNon Vit — VYo VM) + 0(p%) (F.2.1)

as p — 0. As a closed algebra including £, n, let us adopt
A:={V = (T(=")+ 0(p*),0(p*), VM (@) + O(p*)) | T, VM are arbitrary functions of z}. (F.2.2)
From Egs. (4.3.41a)-(4.3.41c), for any &,n € A, we have
WG, £49: £69) = O(1), wW’(g, £,3, £¢9) = Olp), ™ (g, £43, £¢9) = O(1) (F.2.3)

as p — 0. Therefore, the corresponding charges are integrable.
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Appendix G

The detailed calculation in
subsection. 4.3.2

Let us consider the metric:

K202+ f 00+ 0% Op*)  fup® +O(pY)  frap® + O(p*)
(Gur) = O(p*) 1+0(p) O(p*) O(p*)
! fewp® +0(p") O(p')  fuy +0(p%) 0(p?)
frap® +O(p*) O(p*) O(p?) Qap +O(p?)

Its inverse is

(") = O(p?) 1+0(p?) O(p") O(p*)
T Herow) o) ro) o)
ftBQ + O(pQ) O(pg) O(pQ) QAB + O(pQ)

The square of determinant is

V=3 = k\/Qf pyp + O(p%)

G.1 Christoffel symbols

The Christoeffel symbols of g, are listed:

1
Iy =0(p*), i, = ot O(p), Ty = O(p%), Tia = O(p?),

f f
Ly = Op): Ty = =355+ Op): Lo = =57 + Olp),
1 —fyw0afry + frpOal,
Tyy = *7ftAQABanww+O( %), Ty = =24 Azifgfww A0 1 0(p?),
QP (950 0AQ¢cp — 0cf2 19) -0
I, = fip (0BQ2ca + 04 032,62 cQap) — 0afip — OB fia +0(?),
Ih = w20+ 0(p), T, = O(p%), Ty = —fepp + O(p°), Ly = —frap + O(p%),
e, = f2p+0(p%), 0, = 0(p°), FZA = *3Af 2p? +0(p?),
LYy = —fip+ 0(™). T, = ~I i+ 00,
g =— BP+(9( %),
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oaf

Ty, =0(p°), T}, = 0(p%), T}, = O(p*), T}, = ’;f;wwp +O(ph), (G.1.9)

f2 + K2 (2) fiafew + e (2)

P 3 v _ It Yy 3 Yo _ YA 3

Loy = O(p”), F,w = WP‘F O(p°), FpA = WP‘F O(p°), (G.1.10)

Oaf
Iy, =00, TY, = 2&” +0(p?), (G.1.11)
I = 0(p%), (G.1.12)

1 1
I = 0(p"), Tiy = 0(p°), Tiyy = =594 05 frp® + O(p"), Tiy = 5 (Opfic — dc fup)p” + O(p),

(G.1.13)
QAB QAC
F;?p = O(Pz)a F,ﬁp = 2 (ftz/zftB + HQfl(fE);) p+ O(PS), FS‘B = 2 (fthtB + fizQ(CQJ)_rg) p+ O(PS)»
(G.1.14)
1

I, = —§QABanww +0(p?), Tiip = O(p%),
(G.1.15)

QAD
Ihe = 5 [0cQpB + 08Qpc — OpQpc] + O(p?).
(G.1.16)

G.2 Riemann tensor and Weyl tensor

The components of Riemann tensor of g are listed:
R, =O(1), R, = O(p), R, = O(p), (G.2.1)
R, =0(1), R,,"”=0(1), (G.2.2)
d
R, A" = ;f;‘l’ +0(p), (G.2.3)
) -0

R, = BftAﬁ2p At + O, (G.2.4)
R, =0(p), R, =0(1), R, =0(1), (G.2.5)
R, =0(p), R, =0(p™"), (G.2.6)
R,," =0(1), (G.2.7)
R, =0(), (G.2.8)
RtptA = O(Io)a Rtth = O(l)v RtAtB = 0(1)7 (G 2 9)
R, =0(p""), R, =0(p7"), (G.2.10)
R, 4P =0(1), (G.2.11)
R,5'¢ = 0(1), (G.2.12)
R, = 0(p%), R, = O(p"), R.," =O(p), (G-2.13)
R,* =0(1), R, =0(1), (G.2.14)
R, " = O(p), (G.2.15)
R,p"" = O(p), (G.2.16)
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G.2 Riemann tensor and Weyl tensor

The Ricci tensor is

and the Ricci scalar is

Defining

and

R, =0(p%), R, =0(p), R, =0(p),
R, =0(1), R, " = 0(1),
Ry, = 0(p),
RABpC = 0(p).

O(p®) O(p*) O(p*) O(p?)

R _|0oW) o) ok ok

w10 o) o) o) |’
0(p?) Op) 0@1) o)
R=0(1)
T,s" =2(g kR, —g [MRV]a)

Weyl tensor is decomposed as

Cos™ = R " —

The components of T, ;" are listed:

T,,"” =0(1), T,,"” = O(p), T,,"" = O(p),
P =001), T, =0(1),

T¢Atp O(p2)7

TABtp = O(p2)7

T,," = 0(p), T,,'" = 0(1), T,,"* = O(1),

pA ’
TABtw = O(p2 ’
TtptA - O(p)a TtlptA = O<1)v TtAtB =0(1 )
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T,/ = 0(p%), T,,"" = 0(p"), T,,"" = O(p®

tp )
(1)
Tya °E = O(p)
(p)
The components of Weyl tensor are listed:

C,'* =0(1), C,'" =0(p), C,4" =0O(p),

tp

0 fry
CwAtp = I{Qp + O(p)v
0 -0
Copt? = BftAHQP Al + o),

C

L' =0(p), C,"Y =0(1), C " =0(),

Cpp’ = 0(p), C,0"" =007

C

tp

= O(p), th/;tA =0(1), CtAtB =0(1),

)

prtA _ O(p_l), CpAtB _ (/)(p—l)7
)

)

Cy,"" = 0(p%), C,,*" = 0(p%), C,,"" = 0(p),
c,"=001), C,,"=0(),

qupr = O(p)a

C'ABpw = O(p)7

G4 = 0(p%), Cf* = 0(p), C, 1" = 0(p),
c,,t=01), C,,"=00),

Cya"" =0(p),

CABPC = 0(0)7

C,

tp

)

C,, " =0(p). "7 =0(p)
c, " =00)

CAch = 0(1)

C,

tp
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G.3 The detailed derivation of Eq. (4.3.36)

For
€= (X'(t,9,0") + O(p), X (1.4, 64)p + O(p?), X ¥ (t,,6%) + O(p), X (t,4,64) + O(p))  (G.3.1)
=", 0%) +0(p), YP(t,4,0%)p + O(p*), Y (£,4,67) + O(p), YA (t,4.64) + O(p))  (p— 0),
(G.3.2)
the contribution of Weyl tensor in non trivial condition is
VGG, = VC,,
A/
= % (0afrp XUY A + (Opfia — 0afin) XYP — (X < Y)) +O(p).  (G.3.3)
We need to calculate

V= 0,6 + T 60 (G.3.4)

The components of it are listed as

Vigh = XP + 0, X"+ O(p), Vi&? = (X" = fiu XM +0,X7)p+ O(p?) (M = (¢,6)), (G-3.5)
Vie? = 0, X% + 0(p), Vit" =0, X" 4 O(p), (G.3.6)
(G.3.7)
1
3 ,QTp(“th — fiuXM) +O(1), V6 = XP +O(p), (G-3.8)
V.Y =0(1), V¢t =0(1), (G.3.9)
(G.3.10)
t t 1 x4 " AB
Vil =0y X" + o002 —2fip XP + o (= fypOafry + frpOafyy) — XV fraQ "0 fyy | +O(p), Vi =
(G.3.11)
XAH X¥0ABp
vwwzwxwwjiﬁ&+owxv&Azwa———jfiM+owx (G-3.12)
Wy
Vae = axt — St xo  ZIvwOafis ¥ fruOafuw
K2 2%2]%11,
cp _ _ _
L JioQ77 (O58ca + 3,49032%2309143) Oatin = Opfia y5 | O(p),
(G.3.13)
VA = O(p), VAfwzaAXera;fﬂXerO(p), (G.3.14)
i)
QBD
VatP? =0,X8 + 5 [0cQpa + 04Qpc — OpQac] X + O(p). (G-3.15)
Next,
VHEY = ghoV &Y (G.3.16)
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are needed. The components of it are calculated as

(G.3.17)
(G.3.18)

(G.3.19)

(G.3.20)

+O(p),
(G.3.21)

(G.3.22)

(G.3.23)

p t 2vt M P
vigt = X AOX L o, vigr = EEX I XD HOXE L 6y
K p K2p
X O XA
vier = 250 Loy, vieh - e TOET:
vret = K ;;ZMX +0(1), VPEP = XP + O(p),
VeEY = 0(1), VPR = 0(1),
wet — o yp 1 e, L , o XA
Vil = 2 (XP 4+ 9, XY) + O X'+ o ( = 2fepX? + —— (= fypOafiyp + frpOafyp)
K2 fopp fww 2K fyy
- watAQABanww)
X¥ 1 x4
vier = 0(p), Vi = P (g0 Tl ) o),
K2 fyy Ty 2fpy
_ fwd X7 1 ( A XwQABanww)
vY L L (gxn - X080 :
¢ K2fps  foe \ 7 2 2

vAé-t —

QHwaw

ftEQDE (0cQpB + 0BQpe — OpQpe) — OB fro — Oc fiB

ftB%A (Xp+aXt>+QAB |:8 Xt ftBXp—f— f¢want¢+ftwan¢¢X1b
K

2K2
VA = O(p), VAV = QAP (fthjt + XY + aQBfW Xw> +0(p),

Ty
BE

Q
VAEH — A {f’”iﬁ T+ 00X7 + = (0090 + 0600 — 95000) X
Thus the components of V¥n#V £ are

1
Vo'Val = — [XP(PY" = fiYM) = YP(R2X" — fiy XM) = Y PO, XP
K=p

X
VeniVa? = - ;p (Y?+0,Y") +0(p71),

0 X

VoniVa 4 = e (Y”+6th)+O( -1,

2yt — fiYM 40,

P
VoV, et = -2 XY +0(1),

KZp
Yyt - Y Y
Vo Vaet = =5 fthp O x4+ o(1),
K
oY Yo, X4
a, 1 A _ t t —1
V 77 VOZE ngg O(p )7
oY A0, X B
VonAvas? = - = 3 t2 +0(p™)
K2p
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— 0, Y (kX" —

(G.3.24)

Xc} +0(p), (G.3.25)

(G.3.26)

(G.3.27)

fir XM+ 2 XP)] +0(1),
(G.3.28)

(G.3.29)
(G.3.30)
(G.3.31)
(G.3.32)
(G.3.33)

(G.3.34)



G.3 The detailed derivation of Eq. (4.3.36)

Since we have
YAufpy | QAP

Vano‘ =2Y" + 8th + 8MYM + oY + 5 [6cQDA + 040pc — 6DQAC] y¢ + O(p)
i
=2Y? +0,Y" + Dy YM + O(p) (G.3.35)
=Y,

where Dy YM = 9y YM + T YN the components of V,n*VHEY are listed as

I€2Xt _ ftMXM 4 atXp HJQXt _ ftMXM

Van®Vier = — =y Y, + O(1), Von*Vreh = oy Y, +0O(1), (G.3.36)
Van*Viey = _a;;;;ﬂ Y, +O(pY), Van®V¥e = 0(1), (G.3.37)
Van*Viehd = —%Yn +0(p™h), VanvAaet = 0(1), (G.3.38)
K2p
Van®VPEY = O(1), Van®V¥er = O(p), (G.3.39)
Van®VPEeA = O(1), Van*V4eP = O(p), (G.3.40)
Vo VYA = O(1), Van®vAae? = 0(1), (G.3.41)
Van*VAeE = 0(1). (G.3.42)
We get
2vVenltv el = <2X” (K2Y" = forYM) = 0, XP(YP + 0,Y") — 9, Y (kX" — fim XM) — (X & Y)) ,@%p +0
(G.3.43)
Ve 4 v eyl = | BT Dy K(; X XEE 50X (x| + o)
' (G.3.44)
Defining,
S = 5"(dP~2x) 4, (G.3.45)
SH = S 4 ST 4 Sk (G.3.46)
where
s = =g (290 Vet - Vot Ve 4 V0l (G:3.47)
S = =5 (Caﬂ[;w] conf 1 DL_\I g[unvl> 7 (G.3.48)
SPU — /=g, (_5mvu]na + elnylalpl _ gav[unv])
—a, (\/fg <_5[uvu1,7a 4 gluylalpl _ gavmnu]» ’ (G.3.49)

the non-trivial condition is

4AA
/6 2(d”22) /=7 (QV%“%E”] ~ Van Ve 1 v eavity — o e 4 le“n’”)
. =

2,/Q 1 1
— / % (23tY98tXt + DMYM(’iQXt - ftMXM + §5tXp)
B)>

+ 0afip XYY + (05 fia — 0afip) XAYVE — (X & Y))d:ch oo dgMp-2

(G.3.50)
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G.4 The detailed derivation of Egs. (4.3.41a),(4.3.41b), and (4.3.41c)

The pre-symplectic current is
L~ o v Ruv
W 0,81 = 9, (S + SR, (G.4.1)
where S’ffg” (Eq. (G.3.49)) does not contribute because &,S?fg" =0.

V0
Ste = % (;atwatxt + Dy YM(R2XE — fip XM 4 %atxp) + 0afrp XY A

+ (OB fta — 0afiB) XAy B _ (X & Y)) + O(p) (G.4.2)
To get S;f‘g, we need
vty M = —atXM(Y"—s—o”!Yt)—(XHY) +0(p™h (G.4.3)
n @ - /4:2p2 t 14 . 4.
0, XM
—VnovlieM Ly goyltpM] [2;%2 (27 + 0, Y' + DNYY) — (X © Y)] +0(p™Y). (G.4.4)
On the other hand,
SHEM = 0(1). (G.4.5)
Thus we get
\/Q
S = it 4 SHEM = %JZ”‘” [0, XM (0,Y"' — DNYN) — (X & V)] +0(1) (G.4.6)
and

N
w'(g, £09, £¢§) = 0,5 + O S™ = O <fw [0 XM (0,Y' — DNYN) — (X Y)]) +0(1).

2Kp
(G.4.7)
Similarly, since we have
1
2Vl M = = [(—r2Yt 4 fin YN —0,Y?) XM — (X & V)] +0(1) (G.4.8)
— Vo VeM 4 v eoplee) = 0(1) (G.4.9)
S = 0(p), (G.4.10)
we get
VQ
gPM wa [(—r2Yt + fin YN —8,YP) 9, XM — (X + V)] + O(p) (G.4.11)
and
WP (g, £09, £¢§) ~ 0,5 + O SN
NY)
=0:| — ﬂ <;§typatXt 4 DMYM(,%QXt
K

1
— fon XM+ iatXp) +0afrp XYY + (0pfia — Oafip) XAYP — (X Y))

+ O (W,fw [(—R2Y" 4 fin YN — 97 7) 9, X M — (X 6 Y)]) +0(p).  (G.4.12)
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G.5 Algebra of vector fields on sphere

Since we have

1 _
2venMy N = T [0 Y M9, XN — (X & Y)] +0(p) (G.4.13)
— Vi VIMEN Ly oM eNT = O(1) (G.4.14)
Sye =0(1), (G.4.15)
we get
N
SMN _ _ Hi Yo, Y Mo, XN — (X & Y)] +0(1) (G.4.16)
and

wM(g, £,9, £¢9) = 0,SM' +0,8MP + o SMN

=9, (V;Z)W [0 XM (0,Y' — DNYN) — (X & Y)])

. <_v2£ww (DY Ma,XN — (X Y)]) +0(1). (G.4.17)

G.5 Algebra of vector fields on sphere

The spherical harmonics Eq. (4.3.51) satisfies
/Ylel’f‘m,dQ = 0 Ommy (G.5.1)
and
Yt = (-1)™Yi ). (G5.2)
Any vector fields V' tangent to the sphere are decomposed into
V=Vo+nxVy (G.5.3)

where V is surface gradient on the sphere, n is unit normal to the sphere and ¢, are scalar function on
the sphere. Defining

I = A X VY, = —%eABangmaA, (G.5.4)
I = Vi = 04004, (G.5.5)
they satisfy
/ J g a0 = / T D40 = 11+ 1)60 S (G.5.6)
/Jl%) LIa0 = /(er x LY - L1YjrdQ = /dQL(eT % LY )Yy = 0. (G.5.7)

Thus they form orthogonal basis.
In the following calculation, we use the relation

1 1
A}/lm = agmm + taWaH}/lm + ma;}/lm = *l(l + 1)}/lm~ (G58)
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First we calculate as

[Jl(m)a Jl(/lrzu] = %GABaBYVZmaA <\/1>€CD8D}/l’m/> 60 - (lm A l/m/)
g g
= =20 | (04Yin) ( =P 0pYi )| 06— (m 5 )
g ag
1. 1 1 1
= %69 (06Yim) (\/EGCDE)Dme/ﬂ Do — %aqb [(amm) (VEECDaDYl,m,)} Do — (Im < I'm/)

|
\
D

00 | 061 (00w )| 0+ 7204 | (@Yo (2000 ) |00 = (1m0 1)

1 1 1 1
= = = Ym Y’m/ - Ym Y/m’ - T = = Ym Y’m/ - Ym Y/m’
\/55’9 _\/E(aa 1mO0g Y] 05 Ym0 Y )] 0y \/5345 {\/E(aa 1m0 Y] 05Y1m0gY )] Op
]_ 'm'
= 7\/* ABaB E Cl7nl’m/}/2"m//aA
=N chm g, (G.5.9)

Second we have
[Jl(rzn)’ Jﬁl/] Y1 040P Yy 0 — (Im < I'm/)
= 0"Yin 000" YDy + aeylma@amm,% + 0Yim 050 Yirms O + 0°Yim Oy Yy 05 — (I 5 ')

1
[aeYzmao I'm ,+ (9¢Yzm3¢80Y' }59—1— [aeYzmae( i 3¢Yl' >

1
+.48¢Yv1m83)y2/m/:| 8¢ — (lm — l’m’).
sin™ 0

(G.5.10)
The components are calculated as
1
T2 g2 0 = —— ; (00Yim®2Yirmr + 0908 YimOsYirmr) — (1" + 1)0gYim Yirms — (Im 4 I'm)
1
= —m(’) (89Ylm@¢,Yl/m/)+l(l + 1) Y11 Vi — (Im <> U'm’), (G.5.11)
2 0 1
T2 72 1 = 2 Y00 Yirm g 00Yim 00y Yirm: — %ad%ylm@,y,m, — (lm & U'm)
sm 30 sin” 6
0 1
B0 i — g 00Yin DY+ 00 Vim0 Y + {1+ 1) Vi Yo
sin“ 0 sin s1n 0
—(Im < 1'm/)
1 cos 1 ;o
= 5 39(395/lm3¢yl'm/) - a&%maqb}/l’m’ + l(l + I)Ylmaﬁ}/l’m/ - (lm —1'm )
sin“ @ sin n26
1 1
= bmoa L Ym0 Yirm } o 91(1 + 1)Y1n08 Y — (Im < U'm/). (G.5.12)
The following relations
17 17 ]_ ].
chml’m/‘]”m” = _%aqb |:\/E(89Y'lma¢}/l’m’ — 8¢Ylm5‘9Yl/m/) 69
1
7 1
N Cl Ty, - 95 Lin eammaqm,m,} —(lm & UI'm) (G.5.14)
hold. Expanded as follows
[Jl(Ti7Jl(3n’ — Z O[%;;;;PT/';I/JZ(,}/m,,/ + ﬁl’;:;;’r;;;/"]l/?’)m”” (G515)
ll// 11’ l//lm///
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since orthogonality and the relations

chm”, — / AP O4Y 0B Y 1 Y dfde. (G.5.16)
‘Dl;;:;};;l’ = /aA}/lmaAm/m/}/ﬁ/m//dQ7 (G517)

we get

U'"m

(1" + 1)alm” :/[...7(lm<—>l'm’)} IO ,,dQ+/[ c—(lm s Um)] - J05,dQ, (G5.18)

where

/ [oo— (Im s Um))] - J,dQ = / Lm 0o (0 Yim D Yirmr) = am,m,, + 0y < 506100 Yir > agylumn}
x sin dfde¢ — (Im < I'm’)
- / (00Y1mO0pY1rm/) ( 8¢ [y + 89Yl,,m,, + 59Yl~m~> dode
—(Im < 1'm/)

=1"(I" +1) / (00 Vim0 Y )Yyl dBdep — (Im. <5 U'm)

",

=" +1)Clm" (G.5.19)

/ o= (Im = U'm))] - I8, d =11+ 1) / (=06 Yirm Vim0 Yy + 05 Yirm Yim 09 Y] d0dep — (Im <> I'm’)
—1(l+1) / [06(86Y1rm Vi) Yy — 09(0g Yiram Yimn ) Y] dBdep — (Im <> I'm)

i+ 1) / (ammammf = Oy YignO9 Vi) d0d6 — (Im > I'm)

= —cl;,;’;f;,(za +1)+ (I +1)). (G.5.20)
Thus we get
1" " " " l”(l/, + 1) — l(l + 1) l (l/ + 1)
O‘éml/m’ - Clml’m’ l”(l” + 1) (G521)
Similarly,
U+ 1Bl = / B/ S R e [9)
= / [ = (Im o U'm)] - JE2%, 40 ( / [ = (Im o Um)] - I35, dQ = o)

= / (11 + 1)0 Y1 Yien (0 Vi ) 4 11+ 1) Yin O Yo (02 Yy )] AQ — (Im 5 U'md)
=1(+1) / OaY 1 Yim 0750 dQY — (Im < I'm!)

= I+ 1)/VA(6AYW 1) Yy A2 — (Im <5 1'm)

=—I(+1) / (O O Y Yo ir 4+ A Vi Y ) dQ — (Im 5 1'm!)

= —I(l+ 1)Dlml,m, +UL+ DI+ DG — (Im s U'm)
—Dlm (11 +1) = U (I' +1)). (G.5.22)

81



Chapter G : The detailed calculation in subsection. 4.3.2

Thus we get

//m// //m// l(l + 1) - l/(l/ + 1)
Blml/m/ = —Dllml/m/ l”(l” T 1) (G523)

As a consequence, we have

Clml/m/ l//(l// + 1) U'm’ luzséo |:Dlml/m/ l//(l// + 1) 'm'

@ @

Im > “U'm’

-y [ - z“(z“+1)—1(z+1)—z(z'+1)] 7 o WA 1) 11"+ 1)

140

In the same way, expanded as follows

l/// 2 l/// 1"
[ lrn7 l’m’ - § : ’ylml’ l’”m’”+ E Clml' l’”m’” (G525)

rm! 1!

g

Im l/m’] - m(aemma¢ - 3¢Y2m50) (aOle’m’GO + ('9¢Y2/m/8¢>
(amm/aa n amm/a@ L (OYiudo — 00¥i)

- .1 [&b (ammam 0V Yim )+z’(z’+1>6mmn/m/} 9o

sin 6

1
"'+ 1)09Yim Y + O (%YlmaeYz'm' + S.Qeazﬁylm%yl'm')] o
11

Og

sin 6

1" m!!

"o’

DY 0 Yim + 1 (I + 1)09Yimn Yirm: | Oy (G.5.26)

[ Dt 0 Yo + 1 (1 + 1)0 Vi Yirms
 sinf [

'm!!

l//(l// + 1)7lml’m/ - [‘](1) J(2) } Jl(’}v)n”

lm >

ne,_11r 1
- — Z Dlmﬁm//<Sin298¢m”/m///a¢}/ﬁlm// +89}/l///m///a‘9}/ljk/m//> dQ

Urrm

=0l + 1)/ (Si 12

", 111

= Z Dlml/ /Y/// ///AY// //dQ

1!t

+U("' + 1)/
llllm
U+ 1)Dh 1+ DU+ DG V(1 +1)Dh (G.5.27)
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G.5 Algebra of vector fields on sphere

Similarly,
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Finally we have
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