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ABSTRACT

PERFORMANCE ANALYSIS OF THE DOMINANT MODE
REJECTION BEAMFORMER

by
Enlong Hu

In array signal processing over challenging environments, due to the non-stationarity
nature of data, it is difficult to obtain enough number of data snapshots to construct
an adaptive beamformer (ABF) for detecting weak signal embedded in strong
interferences. One type of adaptive method targeting for such applications is the
dominant mode rejection (DMR) method, which uses a reshaped eigen-decomposition
of sample covariance matrix (SCM) to define a subspace containing the dominant
interferers to be rejected, thereby allowing it to detect weak signal in the presence
of strong interferences. The DMR weight vector takes a form similar to the adaptive
minimum variance distortion-less response (MVDR), except with the SCM being
replaced by the DMR-SCM.

This dissertation studies the performance of DMR-ABF by deriving the
probability density functions of three important metrics: notch depth (ND), white
noise gain (WNG), and signal-to-interference-and-noise ratio (SINR). The analysis
contains both single interference case and multiple interference case, using subspace
transformation and the random matrix theory (RMT) method for deriving and
verifying the analytical results. RMT results are used to approximate the random
matrice. Finally, the analytical results are compared with RMT Monte-Carlo based

empirical results.
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CHAPTER 1

INTRODUCTION

1.1 Overview of Adaptive Beamforming
An adaptive beamformer (ABF) is a widely used system with an array of transmitters
or receivers that performs adaptive spatial signal processing to filter out weak
signal of interest (SOI) in the presence of strong interferences. ABFs rely on
the knowledge of the data covariance matrix to compute the beamformer weights.
For example, the minimum variance distortionless response (MVDR) beamformer,
also known as the Capon’s beamformer, is derived by minimizing output power
Wy vpR = arg m“i,nE {|pr (l)‘Q} subject to a unity gain constraint w”v, = 1 in

Hy =1, where

the SOI’s look direction: wyvpr = arg mvin {WHEI+NW}, st.w
p (1) is the data vector, ¥, y is the ensemble covariance matrix (ECM) and vy is the
steering vector..

Note under Hy (signal absent case), the data vector p (l) contains only D
planewave interferences and noise: p (1) = S0, b (1) v; + n(I) where b; is the
amplitude of the ith planewave interference v;, n is a vector of complex noise samples
n ~ CN (0,02T). The ECM under Hj is represented as 3y, y = S0 o2v,vH + 021
While on the other hand, under H; (signal present case), the data vector p (1) contains
SOI, D planewave interferences and noise: p(l) = bs(l) vy + Zi’;l b; (1) v; + n(l)
where b, is the amplitude of the signal vector v,. The ECM under H; is represented
as Ngprn = ovvl 4+ 37 o2vivH 4 021

Using the method of Lagrange multipliers, we can transform the constrained
optimization above into an unconstrained one. The Lagrangian function is given by
Lw, ) =wIS yw+ X (wv, — 1)+ (vEw — 1) \*. By equating g_vﬁv to zero and

solving for w, we can obtain: wyvpr = (7] yvs) / (V?E}iNVS). The above results



are in the case of Hy (signal absent). Note that under H1 (signal present) case, the
34w is replaced with X, 7.y (signal partial cancellation issue may arise).

The MVDR weight vector is a function of the inverse of the ECM. In reality,
the ECM for data is not available, so that in the data-driven adaptive MVDR, the
ECM is replaced by the sample covariance matrix (SCM) S = %Zlep(l)p(l)H.
The SCM is computed from a collection of L data snapshots. For stationary data set,
SCM approximates to ECM well. However, if there is only a limited amount of data
snapshots, the sample covariance matrix could be singular (non-invertible) and/or

resulting a bad estimate of ECM.

1.2 Overview of Dominant Mode Rejection (DMR) Beamformer

For large arrays or fast-changing environments, it is not always easy to obtain enough
number of snapshots because the data are not stationary over long enough time
intervals. Therefore, these cases require beamformers that achieve faster convergence
by reducing the adaptive degrees of freedom. The classical adaptive methods rely
on the eigendecomposition of the SCM. There are two main types of eigenvector
beamforming algorithms: The first type is Eigenspace-ABF. It projects the data
into a subspace formed from the eigenvectors associated with the largest eigenvalues.
The second type is DMR-ABF. We will discuss these two methods in detail in later
chapters.

The DMR is a type of adaptive beamformer proposed by Abraham and Owsley
[1]. DMR weight vector is the MVDR weight vector with the ECM replaced by X pyg:
WDMR = (EEWRVS) / (VSHEEWRVS). In practice, the ECM is not available, so Xpyr
cannot be constructed. Instead, the structured covariance matrix required for DMR
is computed using the SCM Spy/r based on snapshots. Therefore, the adaptive DMR
weight vector is: wpyr = (SB}WRVS) / (V?SB}WRVS). DMR covariance matrix Spar

uses a reshaped eigen-decomposition of SCM to define a subspace containing the



dominant interference to be rejected, thereby allowing it to detect weak SOI in the
presence of strong interference. DMR decomposes the N x N covariance matrix into a
dominant interferer subpace and a noise subspace. The dominant subspace is denoted
by the eigenvectors associated with the D largest eigenvalues of the sample covariance
matrix while the all the eigenvalues for the N — D dim noise subspace in the SCM are
replaced by their mean value ( ﬁ) ZnN: D1 An- The number of dominant eigenvalues
determines the dominant subspace rank. When the background noise is spatially

white, the rank of the noise subspace is known, ensemble statistics are accessible,

Xpumr = 24N OF Lpyr = Xsir4n (€.g., ensemble covariance matrix under Hy is

2

D :
represented as Xy = Y ;- 02v;vit + 021 and under Hy is g4y = 02vgvi +

S P 02v;vH 4 ¢2I), then DMR ABF becomes equal to the MVDR beamformer.

1.3 Literature Review of DMR ABF

There exist a number of papers exploring how to make DMR ABF robust to mismatch
[5,8,13,21,25], but few considering the performance analysis of the algorithm. For
practical applications, there exist some papers [24,31] investigating DMR performance
using deep-water and shallow-water sonar data results. The experimental analysis of
in these papers supports the claim that the DMR ABF requires fewer snapshots than
the MVDR ABF to achieve the same performance, but these papers [5,8,13,21,24,25,
31] do not extend the empirical results to predict the relationship between snapshots
and performance for an arbitrary array.

In this work, we focus on two main types of eigenvector beamforming algorithms:
Eigenspace-ABF and DMR-ABF, there have been many studies done on them.
Eigenspace-ABF requires the desired signal to be loud enough that it is included
in the reduced-rank subspace used for the projection, whereas the DMR-ABF
depends on the desired signal being quiet enough that it is not included in its

dominant interferer subspace. The difference in assumptions leads to a fundamental



performance difference between DMR and other eigenspace methods, particularly
when the subspace must be estimated from the SCM. We would like to extend the
research work of DMR-ABF from some of the above results and methods.

The recent DMR research works by Wage and Buck [37-41] focus on the
snapshot performance of the DMR algorithm. Their analyses emphasize on the
fundamental case of a single interference in white noise, and using theoretical
calculations for the ensemble case reveal the relationships among white noise gain
(WNG), notch depth (ND), and signal-to-interference-plus-noise ratio (SINR). But
the theoretical derivation to support their snapshot-based results/conjectures yet to
be developed.

The focus of this dissertation is on the performance analysis of DMR ABF, by
deriving the theoretic results on the probability density distributions (PDFs) of WNG,
ND and SINR. We study the performance through investigating adaptive dimen-
sionality reduction and subspace formulation techniques. Closed-form derivations of
the PDFs for WNG, ND and SINR are presented to confirm conjectures [37-41]. The
performance analysis contains both single interference case and multiple interference
case, along with the RMT method for deriving and verifying the analytical results.
Finally, the analytical results are compared with RMT Monte-Carlo based empirical

results.

1.4 Organization
This dissertation studies the performance of DMR-ABF through the probability
density functions of three standard metrics: WNG, ND, and SINR. We expand
our study through investigating adaptive dimensionality reduction and subspace
formulation techniques. The analysis contains both single interference case and
multiple interference case, along with the RMT method for deriving and verifying

the analytical results.



This dissertation is organized as following:

(1) Chapter 1 introduces the background knowledge of DMR ABF, illustrates the
focus of our research and outlines the organizations.

(2) In Chapter 2, three approaches for handling rank deficient sample covariance
matrices are summarized. ND histograms generated through Monte-Carlo simulations
are used to show the performance of approaches. Among the comparison, an adaptive
dimensionality reduction and subspace formulation technique is develpoed to study
the performance of DMR-ABF.

(3) The performance analysis of DMR ABF is presented in Chapter 3-5. First,
Chapter 3 shows that the distribution of SINR loss ratio of the DMR beamformer for
single interference case. The distribution can be simplified into a beta distribution
function. Second, Chapter 4 presents a theoretical analysis for the ND of the DMR
based ABF for single interference case. A closed-form expression has been derived
for the PDF of ND. Finally, the performance analysis of DMR ABF for the multiple
interference case is discussed in Chapter 5, along with the RMT method for deriving

and verifying the analytical results.



CHAPTER 2

APPROACHES FOR HANDLING RANK DEFICIENT COVARIANCE
MATRICES

2.1 Introduction
The estimation of covariance matrix is required in many data-driven signal processing
applications. In array signal processing over challenging environments, it is difficult
to obtain enough number of data snapshots to construct an ABF for detecting
weak signal embedded in strong interference due to the non-stationarity nature of
data. In most practical applications, ensemble statistics required in implementing
the ABF are typically not available and must be estimated from available data sets.
Therefore, data-driven adaptive beamformers (ABFs) must be implemented using
sample statistic instead of ensemble ones. Performance of ABFs depends on the
number of data snapshots used to estimate the SCM. When the number of snapshots
is much greater than the number of variables or data dimension, ECM is replaced
by the SCM. Under the assumption of Gaussian distributed data, the SCM can lead
to an unbiased and asymptotically efficient estimator of the true covariance matrix.
However, if we have insufficient amount of data (sample deficient), the SCM is singular
(non-invertible) resulting in a poor estimate of ECM.

Generally, there are two types of approaches to solving this snapshot deficient
problem. The first approach uses the technique of dimentionality reduction, also
referred to as partially adaptive processing. The idea is to introduce a data transfor-
mation without too much loss of information, so that one can operate in a smaller
dimensional subspace. These techniques can be classified either as reduced-dimension
methods where the transformation matrix is fixed, or rank-reducing methods where

the transformation matrix uses the data information.



The second type of approach is comprised of regularizing the SCM, generally
by using diagonal loading (DL). The DL artificially converts the singular sample
covariance matrix into an invertible (positivedefinite) covariance by the simple
expedient of adding a positive diagonal matrix, or more generally, by taking a linear
combination of the sample covariance and an identity matrix. One well-known
drawback of the DL methods is that a universally accepted way of choosing the
diagonal loading factor is still lacking. Among the methods in this broad category,
there is one called DMR. Instead of projecting into a reduced-rank subspace,
DMR uses the eigen-decomposition to define a subspace containing the dominant
interference that it wants to reject, thereby allowing it to detect low-power signal in
the presence of strong interference. The DMR weight vector takes a form similar to
the adaptive MVDR, except with the SCM being replaced by the DMR-SCM.

In this chapter, we begin with a planewave beamforming problem in an
insufficient amount of data scenario. Then we present three approaches mentioned
above (dimension reduction, DL, and DMR) for handling rank deficient covariance
matrices due to limited data snapshots. Based on these approaches, we develop
an adaptive dimensionality reduction and subspace formulation technique to further

facilitate our study of the performance of DMR-ABF.

2.2 Problem
Our problem begin with an insufficient amount of data scenario: a set of L
statistically independent and identically distributed measurements or snapshots of
an N dimensional random vector where L < N is available for testing beamformer

performance.
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Figure 2.1 Uniform linear array with N sensors under far-field conditions.

2.2.1 Planewave beamforming problem
Planewave beamforming assumes that the data measured by an array consist of one
or more planewave signals plus noise. For a sensor array receives a narrowband signal

containing D planewave interference, which can be represented as

p(l)= VS+Zb )vi+n(l) (2.1)

where b, is the amplitude of the signal vector vy, b; is the amplitude of the ith

planewave interference v;, n is a vector of complex noise samples n ~ C'N (0, ¢21).
For the N element sensor array oriented along [-axis, the received signal vector

and the complex exponential vector for ith planewave interference can be represented

as

€j2T7T cos(fs)l1 6]‘2{ cos(6;)l1

(2.2)

%\H

eI )\ T cos(fs)ln eI )\ T cos(0;)In



where A is the wavelength, 6, is the direction of the SOI, 6; is the direction of the
i-th interferer, and [; is the location of the ith sensor. Without loss of generality,
this dissertation assumes that the amplitudes b, and b; are i.i.d. zero-mean complex
circular random variables by ~ CN (0,02I), b; ~ CN (0,07I) and that the complex
circular random noise is zero mean and spatially white. Assuming the planewave
interference are independent, the ensemble covariance matrix(ECM) under Hj is

represented as

D
YN = Z orvivit + o2l (2.3)

i=1

while on the other hand, under H; is

D
2 JH 2 H | 2
YoiaN = 05VsVe + g o;vivy + o1 (2.4)
i=1

where o2 is the power in the signal o7 is the power in the ith interference source, and

2

n*

the white noise power is o
In practice, the ECM is not available. Instead, the structured covariance matrix
required for DMR is computed using the SCM based on L snapshots. The SCM and

its eigendecomposition are defined as

S= 2 pWp () Y Neel (25)

where p (1) is the [th data snapshot, and e, and A, are the sample eigenvectors and
eigenvalues, respectively.
Thus, we are given a N x L data matrix. The columns of data matrix are consist

of L independent identically distributed realizations or snapshots. We are interested



in the case where L < N. Consequently the sample covariance is singular with rank

equal to L.

2.2.2 Metrics
The data-driven adaptive MVDR beamformer weight vector is
S—lv,

where S is the SCM based on L snapshots. The joint distribution of the elements
of S is central complex Wishart distribution with parameters L, N. Under H,
S~ CW (L,N;¥n), while under Hy, S ~ CW (L, N; X5 1:nN)-

We use some standard metrics to test beamformer performance: WNG,
beampattern, ND, and SINR. WNG is a standard metric that quantifies the
improvement in the SNR provided by a beamformer when the noise is spatially white.
It is defined as

1 |vHSTly, 2

A
Gwae = wiw  vHS-2y, 27)

WNG is a useful indicator of how robust a beamformer is to array perturbations or
mismatch.

The second metric of interest is beampattern. It is defined in terms of the angle

B(6) 2 wilv (0) (2.8)

The beampattern is analogous to the frequency response of a filter. It quantifies the

beamformers response to a unity amplitude planewave from angle 6.
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The third metric of interest is ND. ND is defined as the amplitude square of
the beampattern in the direction of an interference. That is, in the case of a single
interference v;, Ho_1
2 ‘VS S™v;

vESTv

’ 2

Ghoteh = |B (97,)|2 = ‘WHVZ} (29)

ND quantifies how well a beamformer can eliminate an interference. The deeper
the notch, the better the interference suppression performance. Figure 2.1 shows
the beampattern for the canonical single-interferer example when the INR is 40 dB.
The example uses a 50-sensor ULA with half-wave-length spacing. N = 50, L =
25/75/500, prnr = 40dB, 02 = 10,07 = 10000, 0> = 1. The beampattern is plotted as
a function of the directional cosine. Note that this dissertation distinguishes between
a notch and a null. A null is a point where the beampattern is exactly equal to zero,
whereas a notch is a partial null, which is not a zero crossing of the beampattern.

The fourth metric of interest is SINR. The SINR of a beamformer is defined as

SINR(w) & =12 ol (2.10)

where 02 is the desired signal power, v, is the replica associated with the desired

signal.

2.3 Approach One: Dimension Reduction
2.3.1 The Johnson Lindenstrauss lemma
In mathematics, A powerful result by Johnson and Lindenstrauss (JL) [19] states
that a higher dimensional data set can be operated upon by a Lipschitz function and
the resulting lower dimensional output data set has similar pairwise distances as the

original data set. The lemma states that a set of points in a high-dimensional space
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Figure 2.2 The DMR ABFs designed using 25, 75 and 500 snapshots have notches
of -56, -60 and -68 dB, respectively. The SOI location is at 1.396. The interferer
location is at 0.1736 (brown dash line). The example uses a 50-sensor ULA with
half-wave-length spacing. N =50, INR = 40dB, 02 = 10,07 = 10000, 0% = 1.
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can be embedded into a space of much lower dimension in such a way that distances
between the points are nearly preserved. The map used for the embedding is at least
Lipschitz, and can even be taken to be an orthogonal projection.

Theorem 1. (JL Lemma [19,22]) Let ¢, € (0,1) . Given any set of points

o

X = {x1,29,...,7,} in RY | there exists a map A: RY — R? with d = O (1052L)
such that
|A () = A ()l

1 —&o S 2
s = 51l

<1+e¢,.

Moreover, such a map can be computed in expected poly(L, N,1/e,) time.

The minimum number of components to guarantees the €,-embedding is given

€

by d > O (log L). Figure 2.3 shows that with an increasing number of samples L, the
minimal number of dimensions d increased logarithmically in order to guarantee an

e,~embedding.

£O=0.1
£0=0.3
8020.5
£O=0.8

10

Minimal number of dimensions

5 6

10 10 10° 10* 10
Number of snapshots (L)

10

Figure 2.3 JL lemma bounds: number of samples L v.s. the minimal number of
dimensions. N = 50.
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Interestingly, new dimension d depends on the number of samples L rather than
the original dimension N. The equation above can help us to know whether random
projection can be used efficiently for a given dataset. Error rate is a number between
0 to 1 which determines how much error is tolerable in the transformed data. It must
be kept in mind as €, goes higher, d goes lower.

The JL lemma has been discovered, proved and reproved many times, with
each new proof providing a sharpened (i.e., reduced bound) and/or simplified result.
However, there is one particular feature that is common to all JL. embeddings: the
mapping projects a vector into lower dimensions, and the length of this projection is
sharply concentrated around its expectation.

In the original paper that introduced the JL lemma [19], Johnson and
Lindenstrauss provide a lengthy, technical proof using geometric approximation. The
first significant improvement to the JL lemma came from Frankl and Meahara [10].
They replace the random k-dimensional subspace with a collection of & random,
orthonormal vectors. This approach requires a much simpler proof that attains a
sharper bound. Indyk and Motwani [18] provide the next improvement by relaxing
the condition of orthogonality in the projection matrix. Dasgupta and Gupta [9]
provide an alternative, much simpler proof of the result of Indyk and Motwani
using moment generating functions. Moreover, they provide a tighter bound than all
previous versions of the JL lemma. Achlioptas [2] subsequently shows that spherical
symmetry of the projection coefficients is not necessary in order to obtain a JL
embedding that maintains e-distortion. Instead, he shows that concentration of the
projected points is sufficient. Finally, Matouek [23] improves upon the above results.
Currently, researchers attempt to express the JL lemma in simple terms so that it
can be better understood by the research community.

The lemma has applications in compressed sensing, manifold learning, dimension

reduction, and graph embedding. Much of the data stored and manipulated
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on computers, including text and images, can be represented as points in a
high-dimensional space. However, the essential algorithms for working with such
data tend to become bogged down very quickly as dimension increases. It is therefore
desirable to reduce the dimension of the data in a way that preserves its relevant

structure. The JohnsonLindenstrauss lemma is a classic result in this vein.

2.3.2 Random projection

In random projection, the original high-dimensional data is projected onto a
lower-dimensional subspace using a random matrix whose columns have unit lengths.
Random projection has been found to be a computationally efficient, yet sufficiently
accurate method for dimension reduction of high-dimensional data sets. While this
method has attracted lots of interest, empirical results are sparse.

Dimension reduction via random projection has recently received attention from
the data science community. In random projection, the original N-dimensional data
are projected to a d -dimensional subspace by multiplying the d x N random matrix
by N x L data matrix. The random projection was motivated by the JL lemma,
which asserts that a set of high-dimensional points can be projected into significantly
lower dimensions, while preserving its structure within a given error tolerance and
bound on the reduced dimension.

The reduced dimension d is independent of the original dimension of the
problem, but is dependent on the number of snapshots L. JL Lemma provides
guarantees that the newly projected data is representative of its original higher
dimension counterpart. The dimension-reduced covariance matrix is now d x d and
it is invertible. The inverse matrix computation required for the weight vector is
reduced from O (N3) to O (d?).

The basic idea of random projection is to use a data transformation to operate

in an smaller dimensional subspace (Figure 2.4). These techniques can be classified
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Figure 2.4 Random projections: from a high dimension to a lower dimension.

either as reduced-dimension methods which the transformation matrix is fixed, or
rank-reducing methods where the transformation matrix depends on the data. In
next section we will discuss these two different ways of choosing random projection

matrix.

2.3.3 Data independent random projection matrix

The core idea behind random projection is given in the JL lemma, which states that if
points in a vector space are of sufficiently high dimension, then they may be projected
into a suitable lower-dimensional space in a way which approximately preserves the
distances between the points.

In random projection, the original N-dimensional data is projected to a d-
dimensional (d < N) subspace, using a random d < N-dimensional matrix ® whose
columns have unit lengths. Using matrix notation: If p; is the original N-dimensional
data vector, then ®p; is the projection of the data onto a lower d-dimensional
subspace, where ® is a N X d random matrix with d < L. Random projection is
computationally simple: form the random matrix ® and project the data matrix onto
d dimensions. The multiplication of the N x 1 data vector p; by a random matrix

&/ results in a data vector of reduced dimension d x 1, which in turn produces a

16



statistically meaningful d x d sample covariance matrix:

L
@H% > ppd"” = 2"S® (2.11)
=1

It is important to note that dimension reduction is the transformation of data from
a high-dimensional space into a low-dimensional space so that the low-dimensional

representation retains some meaningful properties of the original data.

Random Permutation Matrix One possible random matrix is a random permu-
tation matrix. The effect is to discard all but d of the N components of the data
vectors.

We denote ¢;,i = 1...d as the orthonormal vectors in C. They have one thing
in common: only one entry is 1, other N — 1 entries are zeros. A permutation matrix

is a N x d matrix of the form

Q:{% ¢d] where ¢; # ¢,

For example, assume we have N = 10 sensors and L = 5 snapshots. Suppose
that we randomly select d = 3 distinct sensors: sensors 2, 3 and 7. Formally; the

dimensionality reduction of the snapshot is accomplished by multiplication by the
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conjugate transpose of a 10 x 3 permutation matrix:

therefore, p; — ®p;, and S — ®7SP.
Figure 2.5 shows the beampattern for the canonical single-interferer example
when a random permutation matrix is in use. The beampattern is plotted as a

function of the direction angle.

Gaussian Distribution The random matrix ® can be generated using Gaussian
distribution random variables. The first row is a random unit vector (unit norm).
The second row is a random unit vector from the space orthogonal to the first row,
the third row is a random unit vector from the space orthogonal to the first two
rows, and so on. In this way of choosing ®, and the following properties are satisfied:
(1) Spherical symmetry: For any orthogonal matrix A, ®7 A and ® have the same
distribution. (2) Orthogonality: The columns of ® are orthogonal to each other. (3)

Normality: The columns of ® are unit-length vectors.
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Figure 2.5 Beampattern |B (6)]> = |wilv (9)‘2 (in dB) for the single interferer
example when a random permutation matrix is in use. The example uses a 50-sensor
ULA with half-wave-length spacing. N = 50, L = 25, d = 10. p;yr = 40dB,
0?2 =10,07 = 10000,02 = 1. 6, = 10°, 6; = 80°. The red line shows location of the
interference.

For a Gaussian distribution random projection matirx ® = { é1 - Py },
@:(i = 1---d) are chosen from N (0,I). Figure 2.6 shows the beampattern for the
canonical single-interferer example when a Gaussian distributed random projection

matrix is in use.

Bernoulli Distribution Another frequently used random projection is produced
using the Bernoulli distribution random variables. In this case, all the elements in
¢;(i=1---d) are +1 or —1 with equal probabilities. Thus, all of the elements in ®

has zero mean and unit variance. Figure 2.7 shows the beampattern for the canonical
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Figure 2.6 Beampattern |B (0)|* = |whv (6)}2 (in dB) for the single-interferer
example when a Gaussian distributed random projection matrix is in use. The
example uses a 50-sensor ULA with half-wave-length spacing. N = 50, L = 25,
d =10. pryr = 40dB, 02 = 10,07 = 10000, 02 = 1. 0, = 10°, §; = 80°. The red line
shows location of the interference.

single-interferer example when a Bernoulli distributed random projection matrix is

n use.

2.3.4 Data dependent random projection matrix
The random matrix ® can also be constructed from the principal eigenvectors of the
SCM, see [15,20] for the most well-known methods using this principle. For detection

purposes, this results in a low-rank adaptive matched filter where the inverse of
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Figure 2.7 Beampattern |B (0)|* = ‘WHV (9)}2 (in dB) for the single-interferer
example when a Bernoulli distributed random projection matrix is in use. The
example uses a 50-sensor ULA with half-wave-length spacing. N = 50, L = 25,
d =10. p;yr = 40dB, 0? = 10,07 = 10000, 02 = 1. 6, = 10°, §; = 80°. The red line
shows location of the interference.

the SCM is replaced by the projector onto the subspace orthogonal to the principal
eigenvectors.

In [35,36], Tucci, Marzetta, Simon and Ren proposed a beautiful and original
idea where dimensionality reduction is achieved through an ensemble of isotropically
random unitary matrices. More precisely, a column of @ is aligned with v (which
guarantees that the signal of interest goes through the data transformation), while the
other columns are drawn at random in the subspace orthogonal to v,. Processing is
done in the reduced-dimension space and the outputs are subsequently combined. The

authors provided a theoretical analysis of such technique, provided insightful results
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about its relation with shrinkage of the SCM eigenvalues, and applied it successfully
to direction of arrival estimation and covariance matrix estimation.

Follow the idea in [35, 36], we consider a random N x d matrix ®, where
d < rank (S), ®2® = I4. Note it can preserve the energy of the steering vector,
(‘I)HVS)H (®"v,) = vv,. The conventional spectral estimate is vSvy, it is still

obtainable from the reduced-dimension snapshots and steering vector,

(@HVS)H (<I>HS<I>) (<I>Hvs) = vaVS

All that matters is the subspace that is spanned by the columns of ® . Without

loss of generality we can make the first column of ® equal to the steering vector,

&=[v. ¢4 (2.12)

From the discussion in the two subsections above, we can see that choosing
an appropriate ® is the key to dealing with quadratic form expression (e.g., the
conventional spectral estimate is vZSvy). This reminds me of the thoughts by Reed
et al. [32]. By substituting several appropriate random projection matrices, they
keep the quadratic form expression in the distribution of the normalized signal-to-
noise ratio to be a central complex Wishart distribution. This makes sure that the

subsequent derivation of the simplification process can be completed successfully.

2.4 Approach Two: Diagonal Loading
Diagonal loading is one form of Tikhonov regularization [34]. It is used to solve
the problem of insufficient snapshots. The approach consists of adding a small

regularization matrix, usually a scaled identity matrix, to the estimated spatial
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correlation matrix (Figure 2.11). Cox et al. [14] have showed that the diagonal loading
approach reduces the sensitivity to the model mismatch caused by the insufficient
snapshots. Gilbert and Morgan [11] show that the diagonal loading improves the
beamformers robustness when the array elements are displaced with zero-mean,
independent and identically distributed random perturbations.

The number of snapshots that can be collected in the interval might be
insufficient to accurately estimate of SCM, which leads to one type of model mismatch.
To combat the sensitivity to mismatch and/or to improve the condition number of

the SCM, a diagonally loaded SCM is introduced as:

S5 =S + I (2.13)

where ¢ is the diagonal loading factor.

Figure 2.12 shows eigenvalues histogram of DL SCM. Red zone are diagonal
loading factor §. Figure 2.13 shows the diagonal loading factor determines the gain
into the direction of the desired user (s = 10°) and also the null depth in the direction

of the interference 6, = 80°.

2.4.1 The bounds for diagonal loading factor
In order to get an optimal diagonal loading factor, or the bounds for J, we assume

the SCM can be rewritten as

811 S12 *+ SIN
Sa1 : H 2

S = =Y Nn+2.=VA V" 401+ 3 (2.14)
_SN1 ) IR SNN_
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Figure 2.8 Eigenvalues histogram of DL. SCM. Red zone are diagonal loading factor.

where V. = [£---€p], Ay = diag{o?---0%}, and X, is the inaccuracy term of
covariance matrix of sampling data. It is a zero mean random matrix with the
standard deviation equals to std (diag (S)). Therefore, the inverse of the diagonal
loaded covariance matrix Sy can he approximately expressed as: bounds for §, we

assume the SCM can be rewritten as

Syl = (S +0D) [T+ 2. (Spyn +00) 71 (2.15)

I+ % Sy +00) 7 [I- 2. (Brn +0D) 7] ~1
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Figure 2.9 Beampattern |B (0)|* = |w'lv ((9)|2 (in dB) of MVDR ABF for the
single-interferer example. 0, = std (diag (S)). The example uses a 50-sensor ULA
with half-wave-length spacing. N = 50, L = 25. p;yg = 40dB, o2 = 10,07 =
10000, 0'721 =1. 6, = 10°, 0 = 80°. The red line shows location of the interference.

we have

I+ (S +0D)7Y ] RT3 (S +61)7"

Therefore,

S;'= (N + o) ! [I + X (B + 51)_1} -

= Sy +0D) T I -2, (Sryny +01) 7] (2.16)

 (Spn oD {1 - S 1=V (VAV 4 (402 A VH]]

d+o02
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The value of first bracket 3, 5 + 01 is close to the covariance matrix ¥, y, thus the
diagonal loading value should be far less than the diagonal elements. the diagonal
element value of the true covariance matrix can be estimated by the average of SCM

diagonal element values:

5 < %tr (S) (2.17)

Also, the beamformer performance degradation is caused by the second term I —

S

(6 +02) '3, [I —V (VEV + (5 +02) Afl)f1 VH] thus it is desirable to have:

N

1 & Y. S
=1

Threfore, we have

1§N: --—Z’]‘V:ls”" - 2<5<<11t(S)—1§:-- (2.19)
N Sii N o, Nr _N, Sii .

=1

2.4.2 Optimization and estimation of diagonal loading factor
It can be observed that the diagonal loading value has been limited to an interval. In
this part, with the value ¢ increasing gradually in the interval, we try to observe the
performance of MVDR on diagonal loading beamformer with the output SINR as the
index.

The ratio with output power of the desired signals to the interference adding

noise signals is defined as the output SINR:

SINR (6) = s A\
- wH(O) S avw (6) ‘VES(S_IEI—FNSEIVS}

‘ 2

(2.20)
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the ensemble output SINR is: SINR.,; = o2 !VfEI_iNVS .

The performance of the estimator (2.23) is measured via estimation mean square
error (MSE). Given a steering direction, the MSE of the estimator (2.23) is viewed as
a function of the loading factor 6 and represented via the bias-variance decomposition

as,

MSE (§) = E? [SINR.(6) — SINR,p] + var (SINR (6)) (2.21)

The optimal diagonal loading opt is defined as

dopt = arg mginMSE (0) (2.22)

In the following simulation, we employ a 16-element ULA. The distance of
elements is half of the wavelength, the direction of the desired signal is 0 degrees, and
the direction of the interference signal is 40 degrees. We select the power of desired
signal is far less than the noise and the power of interference signal is greater than
the noise. At this point, the input SNR is 5 dB and the input INR is 10 dB. From
Equation(2.22), 10 points are selected in the interval. Here we optimize the diagonal
loading factor § by using the output SINR. Figure 2.14 shows when d equals to the
standard deviation of the diagonal elements of S, the output SINR gets the maximum
value, and the performance gets the best.

Therefore, we choose the optimum DL factor as

N N
1 Zn:l Snn
50pt = N E (8“‘ — T) (223)

=1
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Figure 2.10 The relations between diagonal loading value and output SINR in
different snapshots (SNR = -5 dB, INR = 10 dB).

2.5 Approach Three: Dominant Mode Rejection (DMR)
We assume that there are D strong planewave signals (interference) that need to be
attenuated to facilitate detection of a weaker desired planewave signal. With this
assumption, the SCM can be partitioned into a dominant interference subpace and a
noise subspace; the latter includes the weaker signals and the noise. DMR assumes
that the large eigenvalues are all associated with interference to be rejected and that
the small eigenvalues are due to weak signals and noise. Sorting the eigenvalues in
descending order leads to the following expression for the eigendecomposition of the

ECM:
D

N
D=2 = ) 1.6l + > bl (2.24)

n=1 n=D+1
N J/ N

WV vV
large eigenvalues  small eigenvalues
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where 7, is the nth eigenvalue and &, is the corresponding eigenvector. The
eigenvectors corresponding to the D largest eigenvalues define the dominant subspace.
The DMR ABF forms a structured approximation by using the dominant subspace

plus an orthogonal noise subspace with equal power in each noise direction, i.e.,

D N
H 2 H
SpPMR = E An€ne, + E s; €n€, (2.25)
NS A
Vv Vv
large eigenvalues  small eigenvalues

where s2 is the estimated noise power defined as average of the remaining eigenvalues,

N

1

s = ( N D) E An. The advantage of using the estimated noise power when
n=D+1

computing Spyg is that it eliminates the small eigenvalues, which cause problems

with inverting the SCM to compute the MVDR weight vector.

Eigenvalue
i L
Eigerv alus

E
o
T

Indax Index

Figure 2.11 Eigenvalues histogram of DMR SCM. LHS is the orignal eigenvalues
histogram while RHS is the DMR, SCM eigenvalues histogram.

Figure 2.16 shows the beampattern of DMR ABF. The DMR beampattern has
a notch near the interferer location. Note that while the ensemble beampattern has

a minimum at the interferer angle, the sample beampatterns have minima at slightly
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different angles due to the mismatch in the sample statistics. Referring to Figure 2.2

we can also learn that the more the snapshots, the deeper the notch.

. . wmmm
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T
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Figure 2.12 Beampattern |B (6)]> = lwily (9)‘2 (in dB) of DMR ABF for the
single-interferer example. The example uses a 50-sensor ULA with half-wave-length
spacing. N = 50, L = 25. p;yr = 40dB, 0% = 10,02 = 10000,02 = 1. 6, = 10°,
0, = 80°. The red line shows location of the interference.

2.6 Comparison
For the case of insufficient amount of data, all three approaches focus on the
rank deficient SCM S. Each of the three approaches has its own advantages and
disadvantages.
Dimension reduction uses a random matrix to project the original N —dim space
data set into a smaller d — dim subspace data set to make sure the SCM is invertible.

These techniques can be classified either as reduced-dimension methods (in this case ®
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is fixed) or rank-reducing methods where ® depends on the data. Through the display
of beampatterns and colormaps, we find the matrix ® constructed from the principal
eigenvectors of the ECM and SOI is more helpful for the subsequent simplification
steps. We will continue to refer to this technique in subsequent chapters.

The diagonal loading factor can significantly affect the achievable mean squared
error (MSE) and must be carefully chosen. Ad hoc choices can result in very
conservative performance.

DMR algorithm, applied to low SNR signal circumstance, is a typical eigenspace-
based algorithm which has small computational load and fast convergence speed.
DMR requires at least two snapshots for the single interferer example since it needs
an estimate of the dominant subspace and an estimate of the power in the noise

subspace. This is DMR’s biggest advantage.

2.7 Simulations
In our simulation, we compare the performance of different approaches through the
value of ND. We use a uniform linear array (ULA) of N = 50 sensors with half-
wavelength spacing. The histograms of G = —101og;, (Gpotern) in dB are shown in
Figures 2.15-2.20. The more the histogram is to the right hand side, the deeper the

notch, which means the higher the accuracy of the estimation.

2.7.1 Histogram results

Figures 2.13-2.15 present probability density function overlaid on the notch depth
histogram(in dB) for the single interference case using random permutation matrix/
Normal distributed matrix/ Bernoulli distributed matrix. The results show the
constrained random transformation matrix with the first column is aligned with the

SOI have best performance.
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Figures 2.16-2.17 show the diagonal loading/DMR SCM results. DMR has
a higher speed of convergence with the increase of number of snapshots. It is
important to note that the basic idea of DMR is to estimate only the large eigenvalues
and corresponding eigenvectors of SCM, and use these eigenvectors to null the
strong interference that they represent. The advantage is that less averaging (fewer

snapshots) is required. This permits rapid convergence.

N=50,L=5
4000 T T T |
“_o 2000_ H‘L-'rrﬂ'ﬁTlTlTrm |
0 i L 1
=20 0 20 40 60 80
N=50,L=25
1000 | | | T
9 500

o
T
-
-
I

-20 0 20 40 60 80
N=50,L=45
1000 . . . .
0 I Hmm”nTmHTnm L
-20 0 20 40 60 80

G:—10Iog10(Gn0tch)
Figure 2.13 Probability density function overlaid on the notch depth histogram(in
dB) for the single interference case using random permutation matrix. The example
uses a 50-sensor ULA with half-wave-length spacing. N = 50, L = 5/25/45, d = 2,
ping = 10dB, 02 = 10,0%? = 10,02 = 1. 6, = 10°, 6; = 80°.
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Figure 2.14 Probability density function overlaid on the notch depth histogram(in
dB) for the single interference case using a Normal distributed random matrix. The
example uses a 50-sensor ULA with half-wave-length spacing. N =50, L = 5/25/45,
d=2, ping = 10dB,0? = 10,07 = 10,02 = 1. 0, = 10°, §; = 80°.

2.7.2 Snapshot performance for the single interferer example
This section characterizes the variability of the DMR WNG, ND and SINR for the

single-interferer example using a large set of Monte Carlo trials.

White Noise Gain Statistics Figure 2.18 and Figure 2.19 illustrates how WNG
varies with different number of snapshots L and INR for the canonical single-interferer

example. The mean ND versus INR plots for these cases are very similar to the
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Figure 2.15 Probability density function overlaid on the notch depth histogram(in
dB) for the single interference case using a Bernoulli distributed random matrix. The
example uses a 50-sensor ULA with half-wave-length spacing. N =50, L = 5/25/45,
d=2, ping = 10dB, 02 = 10,02 = 10,02 = 1. 0, = 10°, 6, = 80°.

ensemble result. The WNG for small L or low INR is a function of INR or L, while
for larger L or high INR, WNG is closer to the optimal value.

Figure 2.18 and Figure 2.19 also illustrate the variability of the WNG. Note
that the WNG variability is quite small. Most of the WNG values lie within 0.15 dB
of the asymptotic optimal value. For large INRs or L, WNG is concentrated around

the asymptotic optimal value.

Notch Depth Statistics Figure 2.20 and Figure 2.21 show how ND varies with

different number of snapshots L and INRs. Each curve represents a different number
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Figure 2.16 Probability density function overlaid on the notch depth histogram(in
dB) for the single interference case using diagonal loading with the diagonal loading.
The example uses a 50-sensor ULA with half-wave-length spacing. N = 50, L =
5/25/45, ping = 10dB, 0? = 10,02 = 10,02 = 1. 0, = 10°, ; = 80°.

of snapshots. The symbols denote the mean ND and the error bars indicate the
spread of the distribution between the 10th and 90th percentiles. The error bars
are asymmetric around the mean, as expected from the histogramm. Both figures
illustrate there is an approximate linear relationship between ND and L and INR in
dB.

The error bars in Figure 2.20 and Figure 2.21 indicate the variability of DMR

ND around the mean. As the ND decreases, the error bars maintain approximately
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Figure 2.17 Probability density function overlaid on the notch depth histogram(in
dB) for the single interference case using DMR SCM. The example uses a 50-sensor
ULA with half-wave-length spacing. N = 50, L = 5/25/45, p;ng = 10dB, o% =
10,07 = 10,02 = 1. 0, = 10°, ; = 80°.

constant spread for INRs above 15 dB. Since a log scale is used in these figures, this

implies that the variability decreases with increasing ND.

SINR Statistics Recall that for the single-interferer example, SINR is simply the
ratio of the SNR to the sum of the interferer and noise powers.

Figure 2.22 and Figure 2.23 show SINR and WNG have similar variability. Most
of the SINR values lie within 0.2 dB of the asymptotic optimal value. For large INRs

or L, SINR is concentrated around the asymptotic optimal value.
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Figure 2.18 Mean DMR WNG as a function of number of snapshots L for the single
interference case. The symbols denote the mean WNG and the error bars mark the
span between the 10th and 90th percentiles of the data. Results are shown for ABFs
generated using INR=0dB, 10dB and 20dB. N = 50, 02 = 10,07 = 1/10/100, 02 = 1,
0s = 10°, 6; = 80°.

2.8 How to Design A Proper ®
From the previous sections, we can see that there is no one absolutely perfect methos
to choose a random projection matrix ®. We must choose a proper ® according to the
actual problem. In the following, we will discuss how to choose a random projection
matrix ® that is appropriate for the problem we are currently studying— DMR ABF.
Since our current interest is DMR ABF, and we will use several different metircs
to test their performance, therefore, the expressions of metircs are well worth to look

mto.
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Figure 2.19 Mean DMR WNG as a function of INR for the single interference case.
The symbols denote the mean WNG and the error bars mark the span between the
10th and 90th percentiles of the data. Results are shown for ABFs generated using
15, 50, 150 snapshots. N =50, 02 = 10,02 =1, L = 15/50/150, 6, = 10°, ; = 80°.

2.8.1 DMR-SCM and the Inverse of DMR-SCM

The N x N SCM and its eigendecomposition are defined as

L N
1 0 _ "
5= PP =3 hewe! (226)
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Figure 2.20 Mean DMR ND as a function of number of snapshots L for the
single interference case. The symbols denote the mean ND and the error bars mark
the span between the 10th and 90th percentiles of the data. Results are shown
for ABFs generated using INR=10dB, 20dB and 30dB. N = 50, ¢ = 10,0? =
10/100/1000, 02 = 1, 6, = 10°, 6; = 80°.

where e; and \; are the sample eigenvectors and eigenvalues of S, respectively. Thus,

the N x N DMR-SCM is constructed as,

N
Spur = Aierey! + Z soeel (2.27)

=2

where s2 = (ﬁ) Zz]iz A; is the average of the scaled lowest eigenvalues.
The spectral decomposition of the N x N sample covariance matrix can be

broken into two parts: one for the D largest eigenvalues and one for the N — D

39



10IoglO(Gn0tch)

R R R A R RS
10° 10" 10 10 10
INR

Figure 2.21 Mean DMR ND as a function of INR for the single interference case.
The symbols denote the mean ND and the error bars mark the span between the 10th
and 90th percentiles of the data. Results are shown for ABF's generated using 15, 50,
150 snapshots. N =50, 02 = 10,02 =1, L = 15/50/150, 6, = 10°, 6; = 80°.

smaller eigenvalues. Thus the inverse of DMR-SCM is

D

; 1, ,H . 2, H 1 Ai — S5 H
Spatr = Z)\; €;e; + Z 5, ee; = = I- 5y “ee; (2.28)
i=1 w 7

i=D+1 i=1

N
1
where 52 is the estimated noise power s2, = ( ) Z A
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Figure 2.22 Mean DMR SINR as a function of number of snapshots L for the single
interference case. The symbols denote the mean SINR and the error bars mark the
span between the 10th and 90th percentiles of the data. Results are shown for ABFs
generated using INR=0dB, 10dB and 20dB. N = 50, 02 = 10,07 = 1/10/100, 02 = 1,
0s = 10°, 6; = 80°.

2 2
Let Ep = [ey---ep] and A = diag <Sw, s S—w) the matrix form of DMR
1

AN A
SCM can be written as

1 1
SprR = (S—2> (I-EpEp + EpAEp") = <5—2) (P, + EDAEp™)  (2.29)

w w

1 2
Spim = (S—2> (Pg, + EpA’Ep") (2.30)
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Figure 2.23 Mean DMR SINR as a function of INR for the single interference case.
The symbols denote the mean SINR and the error bars mark the span between the
10th and 90th percentiles of the data. Results are shown for ABFs generated using

15, 50, 150 snapshots. N =50, 02 = 10,02 =1, L = 15/50/150, 6, = 10°, ; = 80°.

where PﬁD =1-EpEpt.
From the expression of the inverse matrix S5y, we find that the inverse matrix

can be expressed using the first D sampled eigenvalues and sampled eigenvectors,

2

plus esitmated noise power s;. Although the problem we face may be the case of
snapshot defient, the special feature of the DMR-SCM can make sure it is full rank,
since the DMR-SCM replaces all eigenvalues with small values of its average value
(esitmated noise power), so the DMR-SCM is always full rank. The advantage of this
is that we don’t need to look for a lower dimmention d, or an N x d matrix, we can

directly choose an IV x N matrix as random projection matrix ®. To do this, we can

start with a matrix of random Gaussian distribution (notice that a random Gaussian
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distribution matrix is data independent, while we need a data dependent matrix to
improve performance).

So, as the first step we can start with a matrix of random Gaussian distribution:

(1) ® is an unitary matrix, each column is orthogonal with unit-norm.

2.8.2 The dependence of ® on SOI

We consider a random N x N matrix ®, where ®7® = I4. Note it can preserve the
energy of the steering vector, (<I>H VS)H (<I>H VS) = vily,. The conventional spectral
estimate is vIZSvy, it is still obtainable from the reduced-dimension snapshots and

steering vector,

(®7v,)" (@7S®) (8"v,) = vISv,

All that matters is the subspace that is spanned by the columns of ® [30].
Without loss of generality we can make the first column of ® equal to the steering

vector,

®=[v, ¢ i (2.31)

Note all the columns of ® are orthogonal with each other. Then we introduce a N x N

Householder unitary matrix Q, which collapses the steering vector into the first entry:

Qvi=[10---0"=¢ (2.32)
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where Q = In — (€1 — Vi) (€1 — V)" / (1 — v (1)), v, (1) denotes the first element

of v,. Finally, ® s structured as follows:

(2.33)

where the entries of the (N — 1) x (N — 1) random matrix G are i.i.d. zero-mean
complex Gaussian.

The key is to make sure the first column of the transformation matrix is
aligned with the SOI vector (which guarantees that the SOI goes through the data
transformation), while the other columns are drawn at random in the subspace
orthogonal to the SOI vector.

In Equations (2.7)-(2.9), there is a common item: v7S~1v. It is still obtainable

from the reduced-dimension snapshots and steering vector,

VIS ly, = (@v,)" (89S 1®) ('v,) = v (B7S 1) v,

where vy, = ®7v,. Due to |vs| = 1, the projected steering vector becomes v, =
1 0--- O]T. Figure 2.24 displays the data in vector v, = ®7v, as an image that
uses the full range of colors in the colormap. If we don’t include SOI v, in the first
column of ®, then ® = [@; - - - ¢y], this is actually the same as that of the Gaussian
distribution case. Figure 2.25 displays the data in vector v, = ®7 v, as an image that
uses the full range of colors in the colormap. The colormap shows v, have a non-zero
structure. This makes it impossible to simplify expressions of WNG, ND or SINR. In
this dissertationon, we propose to use and to adapt this technique in the framework

of simplification.
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Figure 2.24 The colormap of the 10 x 1 vector v, = ®v, with ® = [v, ¢y - dy].
RHS is the colorbar.

Therefore, as the second step we can add the SOI into ®:

(1) @ is an unitary matrix, each column is orthogonal and norm is one.

(2) Let SOI vy be the 1st column of ®: ® = [v, ¢y - - - Pyl.

2.8.3 The dependence of ® on ensemble eigenvectors

Let’s return the metric expressions. The DMR WNG is given by

N 1 CvESp vt [vERRY S L 80y, |

H HQ—2 H HQ—2 H
WpHMr WDMR VAS VR Vs vAPPHS ~ OPv,

Gwne (2.34)

45



) 0.14
vs(3) 0.12
v,(4)

v, (5) {01
v, (6) 10.08
v (7) 10.06
v,(8)

v, (9) 0.04
v,(10) 0.02

Figure 2.25 The colormap of the 10 x 1 vector vy = ®v, with ® = [¢p1 ¢y - By].
RHS is the colorbar.

The DMR ND for the ith interference is given by

Hg-1 2 H Hg-1 H
2 ‘VS SDMRvi‘ B ‘VS DD S\ PPV,

CyHGQ-! 2 _‘ HePHHQ—2 H
‘VS SDMRVS‘ vAPRHS + PP v,

2
() A& |H ‘
Gnotch — ‘WDMRVZ"

B i=1.D (2.35)

Substituting the DMR covariance into the expression, we have

1
®7Sp\R® = S—2<I>H (Pg, + EDAER") @ (2.36)

w

1
®7Spp® = @ (P, + EpA”Ep™) & (2.37)

w
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They have a common term: (D + 1) x (D + 1) matrices,

A, = STERAFER®, k=0,1,2 (2.38)
2 2

where Ep = [e; ---ep] and A = diag ()\—“’, e ,)\—w) As the middle part contains
1 D

the sample eigenvectors, this raises the idea that we can add the ensemble eigenvectors
into the random projection matrix ®, so that the following quadratic form can appear:

3 21?21 erel’¢;. These quadratic form values can be estimated from RMT literature.

Adaptive Dimensionality Reduction and Subspace Formulation Technique
In summary, combining the above two techniques, we propose the following adaptive
dimensionality reduction and subspace formulation technique.

The eigen-decomposition of ECM is

D
v =Y orvivi + o1 =Erg" (2.39)

=1

2

where T' = diag(y1,...,vp,02,...,02

) is a diagonal matrix of eigenvalues with
descend order such that v; > ---9p > 02. The corresponding eigenvectors are
E:[ 1, ’é‘N]‘

We will construct an unitary tranformation matrix ®. The principle is makes
sure the first column of @ is aligned with the SOI, and other D columns equal to the
first D ensemble eigenvectors [€1,- -+ ,€p].

Let the N x N unitary tranformation matrix ® be constructed as a complete

and orthonormal basis:

®=Ip, &i---&p D] (2.40)
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where @, is the array manifold for the desired look direction,

D
Vs — Zz‘:1 §i§flvs

¢s - Vs — Zil é.i{flvs

(2.41)

The advantage of this technique is that it contains all the information in the data
sets. Furthermore, we will illustrate this approach in performance analysis of DMR
for multiple interferers case in Chapter 5.

So, as the third step we can add the ensemble eigenvectors into ®. Note that

in order to comply with the first step, we have to do some orthogonalization.

(1) ® is an unitary matrix, each column is orthogonal and norm is one.

(2) Let the ensemble eigenvectors [€; - - -€p] to be the 2nd to (D + 1)st columns of ®.

Vg — ZD £i§HVs
(3) Let ¢ = =15t the array manifold for the desired look direction to

Vs — Z?:l é‘zgﬁvs’
be the 1st column of ®.

(4) Make sure the remaining columns are orthogonal to each other.

Therefore, the N x N unitary tranformation matrix ® is constructed as a

complete and orthonormal basis:

®=[¢p;, & €p D] (2.42)

where @ is the array manifold for the desired look direction,

D

Vg — Zizl é-zéflvs
D

Vs — Ez‘:1 giﬁflvs

¢ = (243)
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2.9 Summary and Conclusion
In this chapter, we investigate the way to deal with the estimation of a covariance
matrix from an insufficient amount of data. We present three approaches: dimension
reduction, DL, and DMR. Among the dimension reduction methods, we find the
adaptive dimensionality reduction and subspace formulation technique can lead to
a significant improvement for our further simplification steps. Furthermore, we
use simulations of histograms of WND, ND and SINR to show the underlying
performance. The results show DMR have a good performance compare with
other approaches. Finally, histogram results are explained and connected to system
parameters such as number of snapshots L, INR and interference’s spatial distribution
(DoA). The results show that there are some relationships between these metics and
the system parameters. In the next chapters, we will try to find the mathematical

analytical expression for these relation functions.
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CHAPTER 3

DISTRIBUTION OF SINR LOSS OF THE DMR ABF

In this chapter, a closed-form derivation of the PDF for the SINR loss ratio of the
DMR ABF is proposed. Maximum likelihood estimation (MLE) is used to estimate

the parameters of distribution function.

3.1 Background
The narrowband planewave beamforming assumes that the [th snapshot of data
measured by an ULA consist of a SOI component, a single interference, and noise,

which can be represented as

p (1) = by (1) vs + b1 (1) vi +1n(l) (3.1)

where b, is the random amplitude of the signal vector v, with the power 2, b; is the
random amplitude of the planewave interference v, with the power o7, n is a vector
of complex noise samples with the power 2.

For the N element sensor array oriented along [-axis, the received signal vector

and the complex exponential vector for 7th planewave interference can be represented

€j2TTr cos(0s)l1 ej27ﬂ cos(0;)l

el cos(0:)ly el cos(0;)l v

where A is the wavelength, 6, is the direction of the SOI, 6; is the direction of the

i-th interferer, and [; is the location of the ¢th sensor. Without loss of generality, this
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dissertation assumes that the amplitudes bs and b; are zero-mean complex circular
random variables and that the complex circular random noise is zero mean and

spatially white. The ECM under H, is represented as

2 H 2
EI—i—N = 01V1Vy + UnIN~

Let us define the eigendecomposition of the SCM as

s= 2> p)p' ()= > henel (3.2)

where e; and \; are the sample eigenvectors and eigenvalues of S, respectively. Thus,

the N x N DMR-SCM is constructed as,

N
Spmr = Aerell + ) sheel! (3.3)

=2

1

ﬁ) Zf\; A; is the average of the scaled lowest eigenvalues.

where s2 = (
The DMR ABF weight vector has a similar form as the adaptive MVDR weight

vector, expect the SCM being replaced by Spurg:

WDMR = (VESBI{/[RVS)_l SoMRVs: (3.4)

The SINR of a DMR ABF is defined as

2 |« H 2
O ‘WDMRVS

SINR £

(3.5)

H
WDMREI+NWDMR
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The metric of interest is the SINR loss, which is defined as the ratio of the SINR
obtained using sample statistics to the SINR obtained with ensemble statistics. That

is,
2 Hq-1 2
. SINR 02 VIS purVs|

PDMR = SINR(Wons) - SINR(Weps) VES 2 310 vSpVR Vs

(3.6)

3.2 SINR Loss Using Sample Covariance Matrix

To derive the SINR loss, we focus on an illustrative example of a single planewave
interference present in spatially white noise. The following theorem which stated by
Capon and Goodman [7] is used in the process.

Theorem: If N x N matrix A is complex wishart distributed, i.e. A ~
CW (L,N;M), with parameters L, N and covariance matrix M, and B is a
nonsingular N x N matrix, then BAB" is CW (L, N; CMCH).

For a single interference under signal absent case, the expression for the ECM
simplifies to X7,y = 0?vivl + 021y, which means S ~ CW (L, N;X;, ). As the

ensemble result is SINR(Weps) = 02vE 3! v,, we have the p.d.f

o? vig-1 Slv, \ !
psca = SINR(Weps) (valvs I+NV£I81VS)
‘V?S_lvs‘z

(vES [ yvs) (VES1E, vS-1v,)

It has been found [7] pscas is likewise a beta function distribution, so

L!

osen ) =y g oy T 0T
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3.3 SINR Loss Using Dominant Mode Rejection
The expression for the ECM is X, n = afvlvfl + U%IN. The maximum eigenvalue

of the covariance matrix is A\; = o7 + 02, and the rest of the eigenvalues are An#l =

2

o.. The eigenvector associated with the maximum eigenvalue is v;. We then have

SDMR = )\16181 —I—Zn 2 wene and

S]SI{/IR = A\ ere] + Z (Sw)il eneg
n=2 (3.7)

oo o 5ot

(3.6) can be written as,

O-g o VESBII\/IREI‘FNSBI{/IRVS (3 8)
pDMRSINR(Wens) ‘VHSDMRVS 2 '

We decompose the right-hand side into,

VIS MR+ NSpMR Vs
5)
}V SDMRV5|
_ vi'Spar (0vivi' + o2In) Spurvs
= 3
|V SDMRVS’ (3.9)
_ 2"’ SDMRVl‘ 2 VIS MR SDMR Vs
- 2 n _ 2
|VHSDMRVS| |V§I SDll\/[RVS|
1
2 2
= 05 - G + fo
1 notch n GWNG
Here Gpien, = |v Sp va‘ /‘VHS 1Rvs‘ ‘W%MRV1|2 is the ND, which can

be represented as the absolute value Squared of the beampattern in the direction

H -1 -1 _ H :
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the WNG, which can be represented as the improvement in SNR provided by the

beamformer when the noise is spatially white.

3.3.1 Simplification under high INR
Since the emsemble result of s2 /\; is 02/ (03 +02) = 1/ (pryr + 1), it is a small
number under high INR. Equation (3.1) can be rewritten as,

Spim ~ (s2) 7 [Iv —erell] = (s2) 7 PL (3.10)

w w

where P =1y — ejefl is the projection matrix.
In [38], white noise gain statistics indicate that it will have very low variability

under high INR, and concentrated to the value of ||v,||*, that is Gy e &~ 1. Then,

Ha-1 g-1
Vs SpMrSDMRYs 1

_ —1
— 2 HpL
‘V?SDiARVS ‘ Vs Pe1V3

HQ-! _
SO |Vs SDMRv8’ = 1.

3.3.2 Approximating principal eigenvector

We can use the power iteration method to estimate the principal eigenvector of the
sample covariance matrix. Make an initial guess for the eigenvector, ey = [1--- 1]T,
i. Compute €; = S - eg, and then normalize

el

€1. Repeat this process until satisfying a convergence criterion.

and normalize it by assigning e, =

SVl

[Sv4ll

(3.11)

e =



For the low rank case, which means limited number of snapshots, it will have enough

accuracy to estimate the principal eigenvector.

3.3.3 Whitening the sample covariance matrix
Let U = [uy, ug, ..., uy| be an unitary matrix [30], such that u; = U$é;, where §; =
0,---,1,---,0]". Set uy = EI+NV1, u = E}vas =N au, v = ||Sva.

Replacing the DMR covariance matrix with the projection matrix le

1
V?SDiAva vy PL v = VHV1 — ry—VHSV1V1 Svy

_ . Hy-1 Hy—1/2 1/2 1/2 -1/2
=u, X yup — ﬁus EI+NSEI+Nu1u1 3, NSYE  yw
1
Hy -1 H H
=u, X yup — — U Souiu; Souy
Y
N
_ L Hy-1 Z H H
= uy El—l—Nul Y o4, Soulul SQU.1

i=1

where Sg = 3, 128X, follows a CW (L, N; Iy) wishart distribution.
Let us define k = uf‘E;iNul, ¢ = ulSou; = §HUHS US, = 65 Cé,, where
C = UHS,U still follows a CW (L, N;Iy) complex wishart distribution, we have

(3.12)

N o

2 3
= E 01161 — k

’Y

i=1

’V SDMva‘

Here ¢;; is the element of ith row, first column of C. As the off-diagnol elements

a1, -, cn1 have the same distribution, we can rewrite (3.12) as

_ 2 2
VISoarVL|” = |Bicd) + Baciica — K| (3.13)
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where 5, = 041/’}/27 P2 = sz\iZ O‘i/72-

3.3.4 Finding the distribution function

Let’s parition matrix C = UHS,U into:

Since the off-diagonal element cy1, ..., coy have the same distribution, we have
o S L S [0 lew) 2 — k1) 3.14
|Vs DMRVl‘ = ’(51 + Baciiean) i | (3.14)

N -1

The p.d.f of ey; = 01_11(321 is

I'(L+1) 1
e1o) = . 3.15
T = RN e T OV = D) 1+ efhen™ )
An outline of the derivation of (3.15) is included in the Appendix.
c11 follows a x% distribution, so the p.d.f of y = (011)2 is
o) = oyt e (3.16)

Since the distribution of ey; will be a decreasing power law distribution of
the norm and under low rank case, y is approximated to a decreasing power law

distribution, it is reasonable to assume the norm of x = (81 - 1 + Bacyi'ear) ¢ — k-1,
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which is Gepen = xHx/ (N — 1), will have a distribution of

L-K
(1+K'g)L+l'

faoren (9) = (3.17)

Note [5° fGoen (9) dg = 1. In the next, we will show the maximum likelihood (ML)

estimates of the parameter K.

3.3.5 Finding the parameter K
Figure 3.1 shows the ML estimates of the parameter K. The plots show that for the
number of snapshots L ranges from 5 to 45, the parameter K is approximately equal

the INR pyyg. Thus, the approximated p.d.f. of notch depth is

L-piNr
(1+ piNr- 9

JCroien (9) = o (3.18)

The histogram in Figure 3.4 shows that the beta-prime distribution fits the simulated
notch depth data well.

Figures 3.2-3.3 display notch depth Gyp as a function of number of snapshots
L and pyyg. The symbols denote the mean ND and the error bars indicate the spread
of the distribution between the 10th and 90th percentiles. Note here the error bars
are asymmetric around the mean, as the notch depth distribution is asymmetric. The
mean notch depth on a log-log scale has a predictable slope as a function of INR and
snapshots. The log-linear relationship in Figure 3.2 and Figure 3.3 give us inspiration.

In Chapter 5, we will find the the analytical results of the sample means of ND.
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10 N ; ::::::;i2 N N
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INR

Figure 3.1 ML estimates of the parameters of the beta distribution for simulated
ND data. The environment consists of one interferer located near the peak sidelobe
of the conventional beamformer(CBF) and spatially white noise.

3.3.6 The distribution function of SINR loss
Combining with previous results, we have
1 __ PINR 1

- : Gno c +
PDMRS IN R(Wens) PSNR el PSNR Gwna

where psng = 02 /02
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Figure 3.2 DMR notch depth gyp as a function of number of snapshots L. The
example uses a H0-sensor ULA with half-wave-length spacing. Here N = 50, pynr =
20dB, o? = 10,07 = 100,02 = 1, 6, = 10°, §; = 80°. Results are shown for DMR
ABFs generated using 1000 trials for each L. The solid line denotes the mean and
the error bars mark the span between the 10th and 90th percentiles of the data.

Using the approximations for STN R(We,s) and gw e discussed in [38], we have

SINR(Wens) = N - psyg. Finally the p.d.f. of ppuyr is

prMR (p) =L- pL—l, 0< 1% <1 (319)

Figure 3.5 shows the beta distribution with parameters a = L and b = 1 is an

excellent fit for the SINR loss of the DMR ABF in the case of a single interference.
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1 2 3 4
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INR

Figure 3.3 DMR notch depth gyp as a function of INR p;yg. The example uses a
50-sensor ULA with half-wave-length spacing. Here N = 50, L = 25, 02 = 10,02 =1,
0s = 10°, 6, = 80°. Results are shown for DMR, ABF's generated using 1000 trials for
each I N R value. The solid line denotes the mean and the error bars mark the span
between the 10th and 90th percentiles of the data.

3.4 Summary and Conclusion
We have shown that the distribution of SINR loss ratio of the DMR beamformer
for single interference can be used a beta-distributed function to express it [16].
Numerical simulations support the beta-distributed function has a good performance.
The results presented suggest several possible further research directions, such as

multiple interference and signal present case, which will be more realistic.
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Figure 3.4 Probability density function overlaid on the notch depth histogram for
the single interference case. The example uses a 50-sensor ULA with half-wave-length
spacing. Here N = 50, L = 2, p;ngp = 15dB, 02 = 10,0} = 32,02 =1, 0, = 10°,

0, = 80°.

[ ] Histogram of ND for L=25,N=50
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Figure 3.5 Probability density function overlaid on the SINR loss histogram for the
single interference case. The example uses a 50-sensor ULA with half-wave-length
spacing. Here N = 20, L = 10, p;yr = 10dB, 02 = 10,07 = 10,02 = 1, 6, = 10°,
0, = 80°.
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CHAPTER 4

DISTRIBUTION OF DMR NOTCH DEPTH FOR A SINGLE
INTERFERENCE CASE

In this Chapter, a closed-form derivation of the PDF for the ND of the DMR ABF
is proposed. It was conjectured that the ND is a beta distribution [40]. Based
on Chapter 3’s result, another analytical derivation combined with simulations is

presented.

4.1 Background
The narrowband planewave beamforming assumes that the /th data measured by an
array consist of SOI plus a single planewave interference and noise, which can be

represented as

P (1) = by (1) Vet by () v1 +n (1) (4.1)

where b, is the amplitude of the signal vector v, by is the amplitude of the planewave
interference v, n is a vector of complex noise samples.
For the N element sensor array oriented along z-axis, the normalized modes for

signal and planewave interference can be represented as

X cos(0s)z1 6]27”005(91)21

e]Tcos(es)zN ejz{cos(el)zN

where A is the wavelength, 6, is the plavewave angle, and z; is the location of the

1th sensor. Without loss of generality, this paper assumes that the amplitudes b, and
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by are zero-mean complex circular random variables and that the complex circular
random noise is zero mean and spatially white. Assuming the planewave interference

are independent, the ECM under signal absent case is represented as

2 H 2
EI—i-N =0{V1V, + UnIN

2

where 02 is the interference power, and the white noise power is o2.

The N x N SCM and its eigendecomposition are defined as

S= S pWp () =3 Aesel (42)

where e; and \; are the sample eigenvectors and eigenvalues of S, respectively. Thus,

the N x N DMR-SCM is constructed as,

N
Spmr = Aere) + Z s2 eell (4.3)

=2

where s2 = (%) (ﬁ) Zz]\iz A; is the average of the scaled lowest eigenvalues.

The DMR ABF weight vector has the same form as the adaptive MVDR weight

vector, with SCM replaced by Spyr:

_ 1o
WonR = (V' SpamVs)  SpaurVs: (4.4)
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The ND is defined as the amplitude square of the beampattern in the direction

of an interference. That is, in the case of interference vy,

2
}V SDMRV1 ’

Gnotch — ‘WDMval ‘2 .

H
‘ SDMRVs

4.2 Derivation of Distribution for the ND of the DMR ABF

4.2.1 Simplification of Spz
The DMR covariance matrix depends on the eigendecomposition of the SCM. In
[1], the relative influence of the sample eigenvalues and eigenvectors on ND had
been investigated. Two alternative DMR implementations were proposed: the
first alternative beamformer used ensemble eigenvectors and sample eigenvalues to
generate a structured covariance matrix, while the second used ensemble eigenvalues
and sample eigenvectors. The result showed that the sample eigenvector alternative
beamformer was indistinguishable from the standard DMR, while the result of sample
eigenvalue alternative beamformer was centered on the ensemble ND. Therefore the
sample eigenvectors determined the ND of the DMR ABF.

Combined with sample eigenvectors and ensemble eigenvalues, the DMR matrix

Spumr at a high level of INR is

Soam = (s3) " [Iv —ewe] = (s1) ' Py, (4.6)

where le = Iy — ejell, e; is the sample eigenvector corresponding to the largest

eigenvalue. Then, we have,

HPJ' Vi ‘

[

|v Sp Mva‘ ’v

Gnotch ~
VH v vEPL v
‘ SD\/IR Sl | s Pe1 s

65



4.2.2 Unitary transformation to simplify G, ;. expression

As v, is a unit vector (VEVS = 1), we can design a unitary transformation matrix
® = [py, - ,¢0n]| such that ¢ = ®§; = v, where §; = [1,0,--- ,O]T. Define
T = ®"v,vl® = 4,6}, and Q = ®"P. ® = (¢;;) € CV*N. Then the scalar in the
denominator of (4.3) becomes

viAPL v, =tr (V?levs) =tr (V?@@HPéQQHvs)

1

= tr (Bv,v'® - 7P, ®) = 1r (TQ) = qu1.

Note also there exists a unitary transformation matrix M = (m;;) € CV*¥ such that
dMOHv, = v,. As Md; = ®Hv,, the elements of the first column are m;; = ¢1HV1,
(¢=1---N). Then the scalar in the numerator of (4.3) becomes

viIPL v, =tr (V?‘D(I)HP;(I)M(I)HVS)

1

=tr@"v,vi® - d"P_® - M) =tr (TQM)

N N

= Z q1;Mi1 = Z (Q1i¢zHV1) :
i=1

i=1

To illustrate how to construct the orthogonal columns of the unitary transformation
matrix ®, we choose the first column ¢; as SOI vector v,. Then, uy is chosen from

the subspace spanned by [vg, v1] and it is orthogonal to u;:

b =Povi/ [Pavill, Po=Tyv 61 (#'61) 41"

The remaining column vectors ug - - - uy are chosen orthonormal to the subspace

spanned by [¢1,¢s] e.g. , via use of the Gram-Schmidt method. So ¢i'v, = a =
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N

\/1—|[vEvy[*, and ¢Fv, = 0(i = 3--- N). Consequently Z (quidi'vi) = qrimar +

=1

¢12. Then,
Hpl 2 2
viP_ov
Gnotch == % = ‘mll + - @ (48)
}V?Pélvs} q11
where mi; = vivi, g = ¢ PL 1 = 1 — ¢ erel'dr, qio = ¢ PL gy = —¢i erelles,

and o = y/1 — [vEvy|*.

4.2.3 Perturbation analysis on G,.p

The random matrix theory predicts the sample eigenvectors have a phase transition
[3,7,29]. The principal sample eigenvector e; of SCM is the estimate of the ensemble
eigenvector &1 of ECM X,y when the INR is above a threshold level, that is, e; is
regard as lying on a cone around &;. As INR and/or L/N increases, the radius of the
cone decreases.

Note SN ¢Feseflg; = 1, and span (¢, d2) = span (vs,vy). Therefore

el (¢1¢{{ + ¢2¢£{) ey > etlvivie; = cos? (vy, e4)

Since our assumption is at a high level of INR, N - p;yg is above the threshold
V/N/L, then e; is a biased esimate of &; [1]. The prediction of the limiting value
of the generalised cosine between the ensemble eigenvector and sample eigenvector
is asymptotic to 1 . So Z?Zld)f{ eietle; %% 1, and consequently, the complex ratio

¢12/q11 can be repesented as

12 _ pieier'ds _q){{ele?@ _ _¢11Hel
g1 Peeflg — 1 Pt ereflpy ey

(4.9)
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. X ¢{{el
Now, let’s focus on finding the PDF of Z = — = ——.
Y ¢5 e

‘75 = ¢5' Xy, and the correlation coefficient of X and Y is p =

Note 02 = ¢S,

P15,
NV

From [7], the sample eigenvector e; is asymptotically normally distributed as: e; ~

N

1

CN (vi, %), with S~ =3 % el o (i=1,2-- N) and & (i=1,2---N)
L k=2 (71— )

are eigenvalues and eigenvectorsof ECM X, y.

Next, we will derive the PDF of ND, that is

2 2

2 = my —a-Z = W[, (4.10)

Gnotch - ‘mll +a-—
q11

:‘mll—a'?

4.2.4 PDF of G,uen
The ratio of complex Gaussian random variables appears in many different appli-
cations such as wireless communication systems, optics, and medical imaging. The
real-valued Gaussian ratio distribution has been studied, and expressions in the
form of Cauchy-Lorentz distribution have been derived. In [26], Nadimi et al.
derived the joint (amplitude and phase) distribution of the ratio of two independent
non-zero-mean complex Gaussian random variables with polar representations. In
[27], Yan and Ren studied the PDF's of multivariate ratios of proper complex Gaussian
random variables. We can combine their results and get the PDF of the ratio of two
proper complex Gaussian random variables.

Theorem: Ratio of two non-zero mean correlated proper complex Gaussian
random variables. If X and Y are two correlated proper complex Gaussian random

variables having joint density
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and the correlation coefficient p = rpejep, the joint probability distribution of the

amplitude and the phase of ratio Z = X/Y presented by the polar distribution is:

T ]. — 7'2 0'20'2
fR27®z (rZaaz) — z( p) z%y

m 0212 — 21,050y cos (0 +0,) . + U%]Z

el Moy —Hip" ooy iy — 1y po oy et oy s |/ [(1-77 )02 (4.11)

[(1yoz = w2p*020y) + (Hz0y — 1yP020y) Tzej92]2>
p y Yy’ z

X 1F1(2,1;
! 1( 1 (1 =r2) 0202 [02r2 — 2,040y cos (0, + 0,) > + o2]

The steps to find the PDF of ND are:

. fRz,@z (sz Qz)

(1) fz,.2: (zry2i) = :
(Z’V‘?Zi)
m 0 :arctan(zi/zT)
I\ Z 2
(2> Jw,.wi (wr,wi) = eréZz—(TvZ)
A(zr,z;) (e —10r) o

zy=(m;—w;)/a

- fWT,Wi (wT7 wz)

(3) fee(g,0) = 2(20)
8(wr,wi) wyp=,/g cos 0
w;=,/g cos 6
2m
(4> fGnotch (g) = fG7® (97 0) de
0
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Finally, we have

(1 — 7“/2)) 0305

2T
o) = |
e 0 2ma? [02R2—2r,0,0, cos (g +0,) Ry + 02] 2

% elmHyoRy —HLP" Teoy iy~ pon oy e bt o Ha] /[ (177 )oRoy (4.12)

Nmyotwipowoy)H(miog-wypoaoy Rye™]” )
]

X 1F1(2,1;
! 1( Y —12)0202 [02R2 21000, cos @y +6,) Ry + 02

where R, = Ry (0) = \/( — \/gcos )’ + (m; — \/gsinb)’/a, B, = D, (0) =
i — nt
arctan w m, =R (V?Vl), =S (VHV1) and o = /1 — |V§IV1|2. Here

— \/gcosb’

1F1 (a,b; 2) is the conﬂuent hypergeometric functions of the first kind 1 Fy(a;b; z) =

1)
14242 ala £ 1)

; b(bT = Z —=— Where (a)x and (b); are Pochhammer symbols.

4.2.5 Special case
Note when the angle difference between the SOI and the interference direction
approximates to 90°, the correlation coefficient p ~ 0 and the inner product viv, ~ 0,
become negligible. Then the parameters in (10) can be simplified into: p, =~ 0, p, ~ 1,
and p = r,e’% ~ 0.

To simplify the hypergeometric function, a simpler and more manageable
expression for the distribution is proposed by Nadarajahet and Kwong [42]. The

confluent hypergeometric function of the first kind can be represented as 1 F} (2, 1; 2) =

(24 1) e*. In such case, (10) can be represented as:

o2 /52 1 02/52 _g/o2
fGno c (g): . Y D) = g +1 eXp 71! . (413)
tch (g+03/032,)2 o2\g+02/0l g+oi/ol
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For a single interference case, the ECM is X7,y = o?vivl + 021y, where o?
is the power in the interference source, and o2 is the white noise power. In such
case, the maximum eigenvalue is 7, = o7 + 02, and the rest of the eigenvalues are
Tngl = o2. The eigenvector associated with the v; is & = v;. The INR is defined as
ping = 0% /o2, With the assumption of high level INR, 71 > 7,41 and o7 > o2.

11 L
o} 41841 gm (ka\’zz (Aiﬂi)xkng) b1
~ L —~ (m—o2)L

N ——s ~
(,yjia%)aff’{{ (Iv — &€ ¢ o

(4.14)

= piNr - L

Note 02,07 < 1, g < 02/0, and 1/02 = 1/¢¥ ¢ ~ ping - L, therefore we can

simplify (11) into:

1 —_ . .
Fonl) = o0 (=2 ) % prw £ -, (415

T

4.2.6 Comparison with previous study

The distribution of Gen in [38,39] is

ping - L
— , 4.16
fGnotch (g) (1 DINR - g)L+1 ( )
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with the mean E¢ ., (9) = 1/(pingr - L) and variance Varg,,., (9) =1/ (ping - L)Q.
Note (6.12) is consistent with Cox’s conjecture [33] that the mean ND in dB goes like

—10logy (prng - L) over a wide range.

There is a connection between our result (4.11) and the previous result (4.12):

. -L , _(L4+1).PINRY
9=0(1+pINR-9) 90

(4.17)

= pinp- L - e~ (LAV)PINRG o piNg-L- e PINRL-g

Therefore it proves that ND is exponentially-distributed under reasonable assumptions.
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[ ]Histogram of ND for L=25,N=50
900 ——— Exponential model for L=25,N=50
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0 0.002 0.004 0.006 0.008 0.01 0.012 0.014
G

notch

Figure 4.1 Probability density function overlaid on the notch depth histogram for
the single interference case. The example uses a 50-sensor ULA with half-wave-length
spacing. Here N = 50, L = 25, pryr = 15dB, 02 = 10,0? = 32,02 = 1, 6, = 10°,
0, = 80°.
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Figure 4.2 Probability density function overlaid on the notch depth histogram(in
dB) for the single interference case. The example uses a 50-sensor ULA with half-
wave-length spacing. Here N = 50, L = 25, p;yg = 15dB, 02 = 10,0} = 32,02 =1,
0s = 10°, §; = 80°. LHS histogram uses L = N/2 = 25 snapshots, while the RHS
uses L = 20N = 1000 snapshots.

4.3 Numerical Results
In our simulation, we use a ULA of 50 sensors with half-wavelength spacing. Figure
4.1 shows that the distribution function of G, fits the simulated ND data well
for the single interference case. The histograms of G = —101log,, (Gpoter) in dB are
shown in Figure 4.2 to compare the performance of our model accuracy. Inspired by
the snapshot analysis of adaptive MVDR beamformer in [41], we also show the PDF
and ND histogram with varying L and fixed N. The result compares the NDs of the
DMR ABFs with L = 0.5N = 25 and L = 20N = 1000 snapshots. Note that the ND

histograms are unimodal and asymmetric. The tail on the RHS (lower ND values) is
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longer than the tail on the LHS (higher ND values). As L/N increases, simulation
results approach to the ensemble value of G = 100dB. Note our result will fail for

the snapshot severely deficient case or at a low level of INR.

4.4 Summary and Conclusion
This chapter presents a theoretical analysis for the ND of the DMR based ABF.
A closed-form expression has been derived for the PDF of ND. Numerical results
demonstrate the close approximation between proposed distribution function and the
simulated ND histogram. Our result applies to the case of single interference with
reasonable levels of INR when the angle between the SOI and interference direction
satisfies Rayleigh resolution. The PDF shows the ND of the DMR based ABF is

related to the number of snapshots, INR, the SOI and interference direction [17].
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CHAPTER 5

PERFORMANCE ANALYSIS OF DMR FOR MULTIPLE
INTERFERERS CASE

In this chapter, we focus on an illustrative example of multiple planewave interference
in spatially white noise. Section one gives an overview of the multiple interference
case, and presents several standard metrics. Section two derives models of the
notch depth (ND), white noise gain (WNG), and signal-to-interference-and-noise ratio
(SINR) for the DMR ABF through an adaptive dimensionality reduction and subspace
formulation technique. Section three presents RMT models. Section four compares
the analytical results to the sample means computed through Monte-Carlo based

simulations.

5.1 Background
5.1.1 Model and metrics for multiple interferers case
The narrowband planewave beamforming assumes that the /th data measured by an
array consist of SOI plus D planewave interference and noise, which can be represented

as

p()=b, () v, + Zb (1) v; +n(l) (5.1)

where b, is the amplitude of the signal vector v, b; is the amplitude of the planewave

interference v;, n is a vector of complex noise samples.
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For the N element sensor array oriented along z-axis, the normalized modes for

signal and planewave interference can be represented as

27

ej%cos(es)zl echos(Gi)zl

6j277rcos(93)zN 6j27ﬁcos(9i)zN

where \ is the wavelength, 6; is the plavewave angle, and z; is the location of the
1th sensor. Without loss of generality, this paper assumes that the amplitudes b, and
b; are zero-mean complex circular random variables and that the complex circular
random noise is zero mean and spatially white.

The N x N ECM under signal absent for the multiple interference case can be

represented as

D
EI+N = Z O'Z-QVZ'VZH + O'ZIN (52)

=1

where o2 is the power in the ith interference source, and o2 is the white noise power.

The N x N SCM and its eigendecomposition are defined as

S= 3PP ()= 3 here! (5.3)

where e; and \; are the sample eigenvectors and eigenvalues of S, respectively. Thus,

the N x N DMR-SCM is constructed as,

N
Spmr = Aiere] + Z soee; (5.4)
=2
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where s2 = (%) (75) Zf\; Ai is the average of the scaled lowest eigenvalues.

The DMR ABF weight vector has the same form as the adaptive MVDR weight

vector, with ECM X,y replaced by Spur:

The WNG is a standard metric that quantifies the improvement in the SNR

provided by a beamformer when the noise is spatially white. It is defined as

2

vH

G 2 1 SDMRVS
WNG — H

WDMRWDMR Vs SDMRVS

The ND is defined as the amplitude square of the beampattern in the direction
of an interference. That is, in the case of interference vy,

2

VoS Vi
Gnotch ’WDMRVI | }HD¢‘2 . (57)
‘ SDMR s‘
The SINR of a beamformer is defined as
2 | H 2
SINR 2 [WhunYs (5.8)
WDMREI+NWDMR

2

where o7 is the desired signal power, v, is the replica associated with the desired

signal.

77



5.1.2 Inverse of DMR-SCM
The spectral decomposition of the N x N sample covariance matrix can be broken
into two parts: one for the D largest eigenvalues and one for the N — D smaller

eigenvalues. Thus the inverse of DMR-SCM is

al 1 A P
Z s 2ejell = = [I — Z . y weie?] (5.9)

D
-1 _ E -1 H
=1 i=D+1

N
1
where 52, is the estimated noise power s2, = ( ) Z A

2 2
Let Ep = [e1---ep| and A = diag (S—w, e ,S—w , the matrix form of DMR

SCM can be written as

1 1
Spam = (3_2) (I— EpEp + EpAER") = <8—2> (Pg, + EDAEp™)  (5.10)

1 2
Spur = (3_2) (Pg, + EDA’Ep") (5.11)

where P =1—EpEp".

5.2 Adaptive Dimensionality Reduction and Subspace Formulation
Technique
5.2.1 Unitary transformation matrix

The eigen-decomposition of ECM is

D
2[+N = ZO’,L-QVZ'VZH + O'?lI = EFEH (512)
=1
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2

2) is a diagonal matrix of eigenvalues with

where T' = diag (y1,...,7p,02,...,0

descend order such that v, > ---vp > o2. The corresponding eigenvectors are

E:[ 1, 7£N]-

We will use adaptive dimensionality reduction and subspace formulation
technique from Chapter 2 to construct an unitary tranformation matrix ®. The
principle is makes sure one column of the random unitary matrix ® is aligned with
the SOI vector, and other D columns equal to the first D ensemble eigenvectors
[ 1, ’é’ D]-

Let the N x N unitary tranformation matrix ® be constructed as a complete

and orthonormal basis:

®=[p, £&i---&p @] (5.13)

where ¢, is the array manifold for the desired look direction,

D
Vs — Zi:l giff{"s

¢s =
Vs — Zz,;l é.ifflvs

(5.14)

Note it is orthogonal to the ensemble interference subspace.
Therefore, the multiplication of v,, v; and ® leads to the unitary transformation

as

v, =®"v, = v, 0---0" = [¢Tv, &v,---€ERv, 0---0]" (5.15)

v, = @HVZ‘ = [’UZ‘ @fvi}T = [¢EV1 {fvl . fgvl @fvi}T,i =1..D (516)

T T
where v, = [@fv, &fv,---£lv,]", and v, = [pfv; &v; - E8vi] .
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In the next, we will expresse WNG, ND, and SINR loss in terms of random

matrices containing sample and ensemble eigenvectors and eigenvalues.

5.2.2 DMR white noise gain

The DMR WNG is given by

_ 2 _ 2
Grone & 1 _ IVES VR VS| _ [vHE®DHS | 8B, | (5.17)
e WhnR WDMR vHS 2 LV, vHROHS 2 PDH v, '
Since v, = ®Hv,,
vHHS ! By ‘2
Gune = 22 S 5.18
NG T T HHS B, (5.18)

Substituting the DMR covariance into the expression, we have

1
7S\ R® = 2 [ &7 -] ‘Df]T (Pg, + EDAER") [, & ---&p @] (5.19)
1 2
®"Spur® = (5—2) ¢! ¢l ¢l @] (Pg, + EpA’Ep") (g, &1---£p @]
(5.20)
Let us define (D + 1) x (D + 1) matrices,
Ay = [p7 €. e8] BpA*Ep” (¢ &1---€p],k=0,1,2 (5.21)

Therefore, both the numerator and denominator of (5.18) are quadratic forms. Note

matrix v, have N — D — 1 zeros, thus we can simplify both the numerator and
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.
v, Ellv,. £y, o ® vig,

V?&l
[ €l --€5] .
X X Su_{m X[ £1---&d] @, x ;
0---0 o ’
VP v, 0
1x N NxN NxN Nx N Nx1

Figure 5.1 Matrix multiplication of the numerator of Equation(5.20). The number
of columns in the first matrix equals V.

:¢fvﬁ {{ivﬁ' o -fgv,,.

| gy
o o & st | <l eed B: s

Yffp

H
vy

Vs

1x(D+1) (D+1)x N NxN Nx(D+1) (D+1x1

Figure 5.2 Matrix multiplication of the numerator of Equation(5.20). The number
of columns in the first matrix equals D + 1.

denominator as the multiplication of rank D+ 1 matrices (Figures 5.1-5.2). Therefore,

the WNG can be computed as

(1-vH(Ag — A))v,)?

S

1—ovH (Ao —AQ)’US

S

Gwre = (5.22)

T
where v, = [¢§Ivs iy, .. -{gvs} )
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5.2.3 DMR notch depth
The DMR ND for the ith interference is given by

; vHS L eV vHQRHS - ®dHy,|’ ‘
Gégtch ‘WDMR Z‘ ‘ . DMR ‘2 ‘ DMR ‘2’ i=1..D (5.23)
[VES MR VS| |VE®PHS R 3P v, |
Since v, = ®fv,, ,
HgHq—1 ‘
GY = P Spue®i (5.24)

2
HeH
‘1/ DHS 2 P,

Substituting the DMR covariance into the expression, we can also get equation (5.21)
and (5.22).

Therefore, the ND can be computed as

(v v; — vs (AO—Al)vl)

G = 5.25
where Ak = [¢f 6{1 o Eg}TEAkEH [¢s €1 o §D] 7k - 07 ]-) 2.
5.2.4 DMR SINR
The DMR SINR is
o? 2
SINR 2 o? |whvs|” 2 [Whurvs|
WhMR 214N WDMR ZD: % .|2 + W, RWDMR (5.26)

PSNR
— 3
D 7
> i (PEU)VR> : watch + Gwne

82



The terms in the denominator represent the power of the interference and the
power of the white noise at the output of the ABF. Note the SINR is a function of

WNG, ND, SNR and INRs. Combined with thch and Gy g, we get

-1
N2 vHv-—’UH<A0—A1)v')2 1 —vi (Ag — Ay)v
SINR = psni- o Y. (v vl — + T
PSNR <; (pINR> 1— ’Ug'l (Ao . A1)’Us)2 (1 —pH (Ao - Al)’vs)2

s

(5.27)

5.3 RMT Models

In snapshot-deficient case, classical asymptotic results for the eigenvalues and
eigenvectors do not perform well. RMT asymptotic analysis differs from the
classical mthods. It characterizes the sample eigenvalues and sample eigenvectors
of SCM. Recent work on RMT contains valuable insights about the behavior of the
eigenvalues and eigenvectors of large random matrices. RMT predicts that the sample
eigenvectors have a phase transition [6,28,29]. When the INR is above the threshold,
the sample eigenvector is a biased estimate of the true eigenvector. The sample
eigenvector lies on a cone around the true eigenvector.

As shown in [39], the sample eigenvectors have a greater impact on DMR
performance than the sample eigenvalues. Paul [29], Nadler [28], and Benaych-
Georges and Nadakuditi [6] describe the eigenvectors of the spiked covariance model
(when some of the eigenvalues are larger than 1 and the others are 1, then the model
is called spiked covariance model). This model assumes that the data consist of one
or more loud signals plus white noise. The RMT analysis of the spiked covariance
case is asymptotic N, L. — oo and the ratio N/L = ¢. The spiked covariance model
is characterized by an ECM with eigenvalues v; > ---9p > 1+ y/c. Since the
spiked covariance model ECM matches that of the DMR model, the eigenvalue and

eigenvector results for spiked covariance are applicable to modeling the WNG, ND
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and SINR. The spikes are consist of the D largest spectral components that exceed

the phase transition threshold 1+ 4/c can represent the interferers in the DMR model.

5.3.1 Sample eigenvalues
In [4], Baik and Silverstein consider a spiked population model whose population
eigenvalues are all unit except for a few fixed eigenvalues. It shows sample eigenvalue

A; asymptotically converges to

Ay + (5.28)
-

Note that as ¢ — 0, A\;—y;, it will match the classical asymptotic results.

5.3.2 Sample eigenvectors
The key result related to DMR is a prediction of the limiting value of the generalized

cosine between the ensemble eigenvector and the sample eigenvector [29]

0, if N-prve <+/c
2 ) - c
08" (G &) —1 LSV TN PINR > /¢ 29
L+ oD

This describes a phase transition phenomenon. Then the scalar product of ensemble

eigenvectors &; and &; in subspace spanned by {e;,--- ,ep} is approximate to
D 0, ifi #j
H H c
é-i Zekek §]—> 1-— m o i (530)
k=1 F =M, U=
(vi/o2—1)
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Considering i = j,as ¢ — 0, €2 Zszl erell¢;—1, this means the ensemble interference
eigenvector is completely contained in the sample eigenvector subspace. Thus the
accuracy of the sample outlier subspace as a prediction of the ensemble outlier
subspace increases as the number of snapshots increases for a fixed dimension. The
sample outlier eigenvector is unbiased in directions orthogonal to ensemble outlier
eigenvector when the ensemble outliers are well separated. Thus the error component

of the sample eigenvector is uniformly distributed over the ensemble bulk subspace

[6,28,29].

5.3.3 The bound for RMT model

It is important to note that our results only have a good match for reasonable levels
of INR. As the spiked covariance model is characterized by an ECM with eigenvalues
v > -oyp > 14 /c = 1+ /N/L, the minimum reasonable level of INR is
101og;, (1 + \/N_/L)

One more point, DMR requires at least two snapshots for the single interference
example since it needs an estimate of the dominant subspace and an estimate of the
power in the noise subspace. The dominant subspace is defined by the eigenvector
associated with the maximum eigenvalue. With two snapshots, the noise power
is simply a scaled version of the only other nonzero eigenvalue. For the multiple
interference case, DMR requires at least D + 1 snapshots. The dominant subspace

needs D largest eigenvalues and the dominant subspace needs the smallest eigenvalue.

5.3.4 Calculate matrix A,

The (D + 1) x (D + 1) matrix Ay is a diagonal matrix.

Ap=[pf € €8] EpA'Ep (g, &1 €p] .k =0,1,2 (5.31)
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For the element in 1st column and 1st row: ¢/ EpA*Ep¢,, ¢, is the ensemble
eigenvector while e;, ¢ = 1--- D are sample eigenvectors. As introduced before, the
sample outlier eigenvectors are unbiased in directions orthogonal to the ensemble
outlier. Then the residual outlier energy 1 — p; will be uniformly distributed over the

N — D eigenvectors. Thus,

¢/ EpA*Ep"'¢, — Z # (5.32)

For the element in ist column and ist row: EfEpA*Ep™&; — A\ ;.
Using the RMT results for the sample eigenvectors and eigenvalues of the spiked

covariance model, we have the RMT approximations of Ay:
D g
. A=) _
Ay =d S A, A 5.33
k ZGQ{; N_p 1M ) D,UD} ( )

5.3.5 RMT result for white noise galn
(1 — Uy (Ao — Al)’US)

G = 5.34
NG T T ol (A — Ay) v, (5.34)
where v, = [¢fv, &, - fgvs]T.
5.3.6 RMT result for notch depth
; ; viy, — v (A —A))v
Glonen = Pikn v, - ) (5.35)
(1 - (Ag - Ay)v,)*

T T
where v, = [@fv, &fv,---£Bv,] , and v, = [pfv; &fv;---EBvi] .
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5.3.7 RMT result for SINR

Do\ W — o (A - A)v)t 1= o (A — Ay)v R
SINR = psnp: o V. Wsvi U (Ro— A1) L
PSNR (Z (pINR> (1 _pH (Ao _ A1>vs)2 (1 —pH (Ao - A1)’Us)2

s

=1 s

(5.36)
equations (5.33-5.35) are the RMT results, the expressions contain SNR, INR, the
number of sensors N, the number of snapshots L (¢ = N/L), the ensemble interference

rank D, ensemble eigenvalues ~;, SOI v, and interference vy.

5.4 Simulation for RMT Results
In this section, we compares the RMT models to the sample means computed through
Monte Carlo simulations. The comparisons are under multiple interference scenarios.
We use a ULA of N = 50 sensors with half-wavelength spacing.

In Figures 5.3-5.8, the solid line denotes the mean and the error bars mark the
span between the 10th and 90th percentiles of the data. Results are shown for WNG
generated using 1000 trials for each snapshot. Figures 5.3-5.4 show the RMT based
DMR ABF WNG model predictions and sample means of Monte Carlo simulations.
The results show our model predictions match the sample mean, even for the snapshot
deficient case.

Figures 5.5-5.6 show the RMT based DMR ABF ND model predictions and
sample means of Monte Carlo simulations. The results show our model predictions
match the sample mean for the snapshot deficient case. But there is a little deviation
in the low INR part. The reason is equation(5.26) is derived under the assumption
of ®¥v; ~ 0, which only works under high INRs.

Figures 5.7-5.8 show the RMT based DMR ABF SINR model predictions and
sample means of Monte Carlo simulations. The performance is still good under high
INRs case while poor under low INRs. Similarly, the results show well for the snapshot

deficient case.
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N=50,INR=10dB
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Figure 5.3 The RMT based DMR ABF WNG model predictions(red circles) and
sample means of Monte Carlo simulations (blue lines) with L ranges from 5 to 200.
There are D = 3 interferences. The example uses a 50-sensor ULA with half-wave-
length spacing. Here N = 50, 02 = 10,0%? = 03 = 05 = 10,02 =1, 6, = 30°, 6; = 20°,
0y = 60°, 65 = 80°.

5.5 Distribution for WNG
D

1 — )
Let oy = ¢¥EpEpE;,, i = 1---D, and :HEEHxE(—
el « § EpEp“&;, i ; ald &p41 ¢, EpEp”¢ ¢:1N_D
For the model here [29,40], we can get: ¢fEpA*Ep”¢; ~ A\ oy, i = 1---D

and ¢fEDAkEDH¢5 2 )\;kaDH. From [29, 40], «a; is a random variable that

converges in distribution to a chi-squared variable: «a; ~ %XQ (D), where u; =
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Figure 5.4 The RMT based DMR ABF WNG model predictions(red circles) and
sample means of Monte Carlo simulations (blue lines) with INR ranges from 3dB
to 15dB. There are D = 3 interferences. The example uses a 50-sensor ULA with
half-wave-length spacing. Here N = 50, L = 15, 02 = 10,02 = 1, 6, = 30°, 6; = 20°,
0y = 60°, O3 = 80°.

<1 _ m) / (1 n m) . Therefore,

— (1—vH (A —A))v,)”
WNG= "1 "0H (Ag — As) v,

Hy |2 2
(1= SElev o =27 - B2, -0 - )

= 2
L SP Jevaan (1 A7) - ST SR (A7) (- )

(5.37)

T
where v, = [pfv, &flv,---€EBv,] .

89



N=50,INR=20dB

Number of snapshots (L)

Figure 5.5 The RMT based DMR ABF ND model predictions(red circles) and
sample means of Monte Carlo simulations (blue lines) with the number of snapshots
ranges from 10 to 1000. There are D = 3 interferences. The example uses a 50-sensor
ULA with half-wave-length spacing. Here N = 50, 02 = 10,0} = 05 = 02 = 100,02 =
1, 05 = 30°, 6; = 20°, O3 = 60°, 05 = 80°.

5.5.1 Use ensemble eigenvalues

The DMR weight vector depends on the eigendecomposition of the SCM. In , [39], the
authors investigate the relative influence of the sample eigenvalues and eigenvectors
on ND. Through the comparison the standard DMR ABF (generated with sample
statistics) with two alternative DMR implementations: the first one uses the ensemble
eigenvectors and the sample eigenvalues to generate the structured covariance, while
the second one uses the ensemble eigenvalues and the sample eigenvectors to generate
the structured covariance. The results show when the ensemble eigenvectors are

used to construct the covariance matrix, the resulting histogram is centered on the
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10 N ; ;;:;;;:i2 M ::::::i3 e
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Figure 5.6 The RMT based DMR ABF ND model predictions(red circles) and
sample means of Monte Carlo simulations (blue lines) with INR ranges from 10dB
to 30dB. There are D = 3 interferences. The example uses a 50-sensor ULA with
half-wave-length spacing. Here N = 50, L = 25, 02 = 10,02 = 1,0, = 30°, 6; = 20°,
0y = 60°, 65 = 80°.

ensemble ND. In contrast, when the sample eigenvectors are used to construct the
covariance matrix , the histogram is centered on the standard DMR result. Therfore,
sample eigenvectors are the dominant part rather than the sample eigenvalues. So in
our equation (5.37) and (5.38), we can use ensemble eigenvalues 7;, = 1---D to

replace the sample eigenvalues )\;, 7= 1---D to make a simplification.
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Figure 5.7 The RMT based DMR ABF SINR model predictions(red circles) and
sample means of Monte Carlo simulations (blue lines) with the number of snapshots
ranges from 5 to 200. The example uses a 50-sensor ULA with half-wave-length
spacing. Here N = 50, ¢ = 10,0} = 02 = 03 = 10,02 = 1, 6, = 30°, 6; = 20°,
0, = 60°, 03 = 80°.

5.5.2 Approximated distribution for WNG

Therefore, the WNG expression can be simplified into:

(ac +b)” (5.38)

G'WNG: ca+d
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Figure 5.8 The RMT based DMR ABF SINR model predictions(red circles) and
sample means of Monte Carlo simulations (blue lines) with INR ranges from 3dB
to 15dB. There are D = 3 interferences. The example uses a 50-sensor ULA with
half-wave-length spacing. Here N = 50, L = 15, 02 = 10,02 = 1, 0, = 30°, 6; = 20°,
0 = 60°, 03 = 80°.

where o ~ x? (D), and the rest of paramaters a, b, ¢, d are defined as,

1 D H 2 -1 ’¢sH 5‘2 2 -1
¢y, |’ )
b=1—‘N_l‘);(1—%1)uz
| D }¢Hvs|2 (5.39)
C:—Eg‘fflvs‘ (1—%2)M+D<Z§_D)Z;(1 V%)
¢y & )
d—l—‘N_l’)Z(l—%z)m

93



~ (aa+ b)° 1 2 5 179
Let g = atd then o = 52 \/(2ab cg)” —4a? (b*> — dg) — (2ab — cg)
do 1 c(cg — 2ab) + 2a*d
== 4
dg 2a? e (5.40)

\/(Qab —¢g)® — 4a? (b2 — dg)

Through the Change-of-Variable Technique, the probability density function for

GWNG is:

B 1 1 ¢ (cg — 2ab) + 2a*d
2D/2F (D/Q) 20,2 \/(2@() - Cg)2 . 4@2 (b2 . dg)

. g%% (\/(Qab—cg)Q—4a2(b2—dg)—(2ab—cg)> _16_ﬁ (\/(2ab—cg)2—4a2(b2—dg)—(2ab—cg))

fGWNG (g) +c

(5.41)

5.5.3 Special case

For Figure 5.9, we find that the distribution of «; is close to a Gaussian distribution
only when there is a sufficient number of samples and a more substantial number
of domiant modes. That is to say: the limit of a Chi-squared distribution will be a
Gaussian distribution. This property follows from the central limit theorem, using
the fact that the chi-squared distribution is obtained as the distribution of a sum of
squares of independent standard normal random variables. For a; = é7EpEp”¢; =
iy o B
D D
Var (o) = 2D. Applying the classical central limit theorem we get:

(D), i=1---D,ora= X" 7>~ \*(D), we have FE (a) = D and

Jlim P (O‘\/;_g < z) = d(2) (5.42)
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Another way of writing this formal limiting result is that:

a—D pig

5 N(0, 1) (5.43)

That is the formal convergence result that holds for the chi-squared distribution.
Informally, for large D we have the approximate distribution: « Approx N(D,2D).
Though not strictly correct, sometimes this informal approximation is asserted as a
kind of convergence result, informally referring to convergence where p appears on
both sides.

The above results show that with a sufficient number of samples and a more
substantial number of domiant modes, we can consider the distribution of « as a

Gaussian distribution:

a "B N(D,2D). (5.44)

Note when the INRs are large, A; =~ A, that means Equation(5.37) can be

simplfied into

. C(1-vHE (A - A)w,)?
WNG= "1 vH (Ag — As) v,

~1-vE(A)—A)) v, (5.45)

while at the same time, in Equation(5.39) a ~ ¢,b ~ d. Therefore, Equation(5.38)

can be represented as:

Gwng = aa+b (5.46)
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where a ~ x* (D), and

1 D o2 1 ‘¢§Vs‘2 -1
a=—p 2 L&l (=) i+ Ty 2 (1=
i=1 i=1
.|’

> (-5 5.7

and 7y, (i = 1--- D) are D largest eigenvalues of ECM X, .
In such cases, the distribution function of « is a Gamma distribution I (p, \)

with parameters p = D/2, and A = 1/2:

qP/2—1e—a/2

fla)= SO7T (D))’ for a>0 (5.48)

Through the Change-of-Variable Technique, the probability density function for

GWNG is:

1 g =0\
— . . o—(g—b)/2a 4
fGWNG (g) a - 2D/2F (D/2) < a > € (5 9)

In particular, we note one thing: when D = 1, Equation(5.49) will reduce to the
square of normal distribution variable or a chi-square distributed variable with one

degree of freedom:

1 g—b —-1/2 e
fGWNG(g):a\/%'( - ) e l97b)/2a for D=1 (5.50)
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Table 5.1 The WND PDF plots obtained with different system parameters

Parameters
WNG L N D INR
Figure 10 | 25/100/1000 | 50 6 10dB
Figure 11 | 50 25/50/100 | 6 10dB
Figure 12 | 100 50 1/3/6 | 10dB
Figure 13 | 100 50 6 3/10/20dB

We note that when D =1,

(k) (k) 0 25

bzl_Nl_l (1_a%io%> (1_%)/<HU]¥;)
= 1= <1‘a%ia,%> (1_%)/<H“N//‘f>

(G hr) (=) - ) (7))

(5.51)

N/L )

at/on

In particular, for high INRs case, 02 > 02, the mean and variance can be further

n

simplified as:

Ecwne (g> ~1- ’V{{Vs|2

1

2 (5.52)
2
VARG e (9) ~ (— Vi, )

N -1

This is consistent with our previous appromation result in Chapter 3, section

3.3.1. Eguye (9) = 1 (in high INR scenario) and Buck and Wage’s conjecture (see
Figure 10 in [39]).
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Figure 5.9 Histogram of ;. D = 6, L = 1000, N = 50. 20000 trials are

used.prnp1 = prvra = 13dB, pinpe = pings = 10dB, and prngs = prvrs = 7dB.
Red line indicates the mean.

Table 5.1 shows the WND/ND PDF plots obtained with different system
parameters. Figures 5.10-13 show the probability density function (5,49) overlaid on
the WNG histogram for different system parameters (L, N, D, INR). The example
uses a H0-sensor ULA with half-wave-length spacing. One obvious result is that: with
the increases of L/N or IN R, the WNG histogram will become thinner and taller, and
the mean value will be closer to 1. Moreover, Figure 5.12 illustrates the variability
of the WNG with different D, the WNG with multiple interferers is less than the
single interferer, this explains the fact that when D = 1, it can be approximated
as an exponential distribution, since chi-squared distriobution with two degrees of
freedom and exponential distribution have the same PDFs, since degree of freedom

for complex-valued cases is supposed to be double of real-case.
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Figure 5.10 Probability density function overlaid on the WNG histogram for the
multiple interference case(D = 6). Here N = 50, p;ygr, = 10dB, i = 1...6. 10000
trials are used.

5.6 Summary and Conclusion
In this chapter, we focuse on an illustrative example of multiple planewave interference
in spatially white noise. We show the performance analysis of DMR ABF by three
standard metrics: ND, WNG, and SINR for multiple interference case. The analysis
uses the RMT method for deriving and verifying the analytical results. Finally, the

analytical results are compared with RMT Monte-Carlo based empirical results.
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Figure 5.11 Probability density function overlaid on the WNG histogram for the

multiple interference case(D = 6). Here L = 50, p;yr, = 10dB, i = 1...6. 10000
trials are used.
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Figure 5.12 Probability density function overlaid on the WNG histogram for the

single/multiple interference case. Here N = 50, L = 100, p;ng, = 10dB, i = 1...6.
10000 trials are used.
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Figure 5.13 Probability density function overlaid on the WNG histogram for the
multiple interference case(D = 6). Here N = 50, L = 100. 10000 trials are used.
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CHAPTER 6

CONCLUSION

This dissertation studies the performance of DMR-ABF by deriving PDFs of
important metrics, namely ND, WNG, and SINR. Through three approaches for
handling rank deficient sample covariance matrices, we proposed and developed data
transformation methods to facilitate our study on the statistical performance of the
DMR beamformer. Chapter 3 presents detailed derivation of the distribution of
SINR loss ratio of the DMR beamformer for single interference case can be used a
beta-distributed function to express it. Chapter 4 presents a theoretical analysis for
the ND of the DMR based ABF for single interference case. A closed-form expression
has been derived for the PDF of ND. Finally, the performance analysis of DMR ABF
for the multiple interference case are discussed in Chapter 5, along with the RMT
method for deriving and verifying the analytical results.

In summary, we have shown the performance analysis of the DMR ABF for
single and multiple interference case. The analysis provides valuable insights into the

research of DMR ABF.
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APPENDIX A

INDEPENDENCE OF C;'Cy;; AND C};

In this appendix, we want to show cfllcgl and c;; are independent.

We begin with a random Hermitian matrix C. It can be represented as:

1/2 1/2 12 1 1/2
C= UHZI{&-NSEI{FNU = UHE[:—N (Z Z p(l) p" (l)) ZI{',-NU
=1

where U, 3 are deteministic Hermitian matrix and p is N x 1 sample vector. The
fundamental parameters of the central complex Wishart distribution are L, the sample
size, N, the number of dimensions of vector p, and Iy the N x N ensemble covariance
matrix of C. Therefore, we can designate a central complex Wishart distribution with
these parameters by CW (L, N;Iy). The partition matrixes C is

c C
C— 11 12
Co1 C22

where cy5 = c£. The PDF is given by the central complex Wishart distribution.

o C["™ - eaxp[~tr(C))]
P(©) = gy e (O = AN DR - 1 T~ N )

where for a general matrix M, the definition of I(M) = #ME-V/2D(L)I(L —
1)---I(L — N +1)|M|". With matrix partition, the random Hermitian matrix C

can be factored as
Cc— [ 0 1 cl’llclg
ca Iy 0 Cy —cy cglci

Hence, by Laplace’s rules for computing determinants, |C| = |c11] [Caz — ¢7 carchl|,
one gets

B |611|L7N

p<C)_m

cexp [—tr (Co — 17 earcy) )]

{022 — C1_11C21C§1 ’L_N exrp (—CH —tr (01_11C21C£{1))
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Following them, make the change of variables:

-1 H
Dy, = Cy — C11 C21Co;
dix =cy
dye = c11

P(Dn dip d22) :M |D11\L_N
) ) I(IN)

eETp (—dgg —tr (d2_21d12d{{2) —tr (Dn))

where
1

T Dy [" Y exp (—tr (D))

p(Du) =

a complex wishart distribution, and

I(In_1)
I(Iy)
-exp (—d22 —tr (d521d12d{{2))

p (diz, da2) = |d22|L7N

Next, let e;o = d12d2_21 = 01_11021, €99 = dog = 11 so that

Oey de1n
0 (€12, €) i o _ |Oea| le |72
T~ — = = |22
0 (di2,ds2) 0 1 dio
then
I(In_ _ _
p(er, e2) = % leaa| "N exp (—ean — tr (3 erzef}))

Observe the RHS, if the norm of ey is held constant, then det (IN—1 + e12e{{2) is

independent of the components of e;5, hence p (es2) below is independent of e;5. Here
we can refer to the complex Wishart distribution developed by Goodman in [12]. As

e has a distribution of CW (L +1,1; [1 + effe;s] _1), we have

1 L—N+2 L+1

)

exp (_622 —tr (65216126{2))

p(exn) = |IN—1 + 8126%‘

105



SO

(o) T'(L+1) 1

e pr—

pi€12 I (L — N+ 2) r (N - 1) ‘INfl + e12e{{2‘L+1
L(L+1) 1

TL-N+2)T(N =1 [1 ¢ oo

e and ey are independent. Let r = e{éeu, by changing to polar coordinates, one

gets
N—2

B I'(L+1) r
PO = F LN T (V) (1)

In conclusion, we show 01_11021 and ¢q; are independent.
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