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Chapter 1

General Background

1.1 Physical chemistry of biological matter

1.1.1 Biological nanomachines

Biological nanomachines are nanometer-size proteins that catalyze chemi-
cal reactions in the presence of substrate molecules, e.g., adenosine triphosphate
(ATP) [1.1]. During chemical reactions, nanomachines or motor proteins change
their shapes to generate forces to surrounding environments such as the cyto-
plasm or biological membranes. For example, the myosin proteins are responsi-
ble for muscle contraction by generating directional movement along actin fila-
ments, while kinesins and dyneins that walk along microtubules are important
for vesicle trafficking (see Fig. 1.1 for the schematic illustration of a dynein). In
addition to these translational motors that are responsible for motile processes
in a biological cell [1.2], there are rotor proteins called ATP synthase or FoF;
ATPase that exhibits rotational motions to allow proteins or other materials to
pass through the membrane (Fig. 1.2). These rotary enzymes are classified as
membrane proteins because they are embedded in biological membranes to be

responsible for various life-sustaining processes [1.2].

One of the characters of these motor proteins is that they consume chemical

energy in order to deliver mechanical work such as unidirectional movements.
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Figure 1.1: Dynein motor is a large macromolecular assembly that plays a role
in organelle transport along microtubule. Adapted from Ref. [1.1].

Each mechanical step is related to free energy of ATP hydrolysis AE and one

can roughly estimate the force f exerted by a motor protein as [1.2]

_AENQOkBT
¢ 7 8mm

¥ ~ 10 pN, (1.1)

where ¢ = 8 nm is the typical distance traveled by a kinesin motor and kg7 ~
4 pN with kg and T being the Boltzmann constant and the temperature, re-
spectively. Furthermore, by assuming that motor proteins or enzymes consist of
an elastic spring, one can estimate motor’s elastic constant k£ and characteristic

relaxation timescale 7 as

J _ 10pN

aN10nm

o 1n-3 _CN10_7N-s/mN 4

respectively. Here, we have chosen the protein size as a &~ 10 nm and the friction
coefficient of a motor as ¢ = 1077 N-s/m. These estimates give characteristic

physical quantities for motor proteins at the small scales.

Since their mechanical work are allowed by attaching themselves to some
biological structures such as filaments or membranes, as shown in Figs. 1.1 and
1.2, motile behavior was not reported for enzymatic molecules that are freely

dispersed in aqueous solutions or cytoplasm and are not attached to surround-
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Figure 1.2: (Left) FoF; ATPase bounded in biological membranes, which rotates
in the presence of the hydrogen ion gradient and drives the chemical synthesis of
ATP from ADP. Adapted from Ref. [1.1]. (Right) The three-dimensional (3D)
structure of the F; ATPase, determined by x-ray crystallography. Adapted from
Ref. [1.1].

ing structures. However, it has been experimentally shown that enzymes also
exhibit mechanical motions and their dependency on substrate concentrations

or theoretical modelings have attracted much attention.

1.1.2 Biocatalysis by enzymatic molecules

Enzymes are functional macromolecular proteins, each of which consists of
amino acids in a particular sequence [1.1]. The assembly of amino acids folds into
a precise 3D conformation with reactive sites on its surface [see Fig. 1.3(Left)
for lysozyme] [1.1]. Therefore, these amino acids polymers bind with high speci-
ficity to other molecules, and act as enzymes catalyzing chemical processes that
make or break covalent bonds of other molecules, as schematically illustrated in
Fig. 1.3(Right) [1.1]. Moreover, these proteins play other roles such as maintain-
ing structures, generating movements, and sensing signals, which are essential

for cellular metabolism and homeostasis [1.1, 1.2].

To exhibit specific functions in cells, the shapes of most biological macro-
molecules are highly constrained [1.1]. In principle, however, most of the covalent
bonds in a macromolecule allow rotation of atoms, and gives the polymer chain
great flexibility. This allows a macromolecule to adopt an almost unlimited

number of conformations caused by random thermal motions of surrounding en-
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Figure 1.3: (Left) The enzyme lysozyme having a 3D conformation with the
catalytic site on its surface. Adapted from Ref. [1.1]. (Right) Lysozyme molecule
breaks a covalent bond of polysaccharide chain in the catalytic cycle. Adapted
from Ref. [1.1].

vironments. [1.1]. In fact, macromolecules can fold tightly into highly preferred
conformations because of many weak noncovalent bonds that form between dif-
ferent parts of the same molecule [1.1].

The four types of noncovalent interactions (hydrogen bonds, van der Waals
attractions, hydrophobic forces, and electrostatic attractions) are essential for
biological molecules. Although the strength of these noncovalent bonds is 20
times weaker than that of a covalent bond, they provide tight binding once many
of such weak interactions are formed simultaneously [1.1]. In addition, they
can also add up to create a strong attraction between two different molecules
when these molecules fit together very closely [1.1]. Since the strength of the
binding depends on the number of noncovalent bonds that are formed between
molecules, interactions of almost any affinity are possible [1.1]. This allows rapid
dissociation of a molecule, which drives catalytic chemical cycles followed by the
dissociation of product molecules [1.1, 1.2].

Recent advances in fluorescence microscopy have allowed studies of single
molecules observation. In 1988, Lu et al. investigated enzymatic turnovers of
single cholesterol oxidase molecules in real time by monitoring the emission from
the enzymes fluorescent active site [1.3]. Moreover, they derived the waiting time
distribution of the enzymes, and showed that the obtained distribution agrees

well with that derived from real-time trajectories of enzymes (see Fig. 1.4).
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Figure 1.4: The histogram of occurrence as a function of on-time, which cor-
responds to the waiting time for the reduction of cholesterol oxidases’ active
sites. The solid line denotes the waiting time distribution derived from the
single enzyme kinetics. Adapted from Ref. [1.3].

Later, it was shown that the reaction velocity for single-enzyme observations
coincides with that for ensemble-enzyme observations as long as the factor of the
total concentration of enzymes are neglected [1.4, 1.5]. This relation originates
from the equivalence between the average over the long time trace of a single

molecule and that over a large ensemble of identical molecules.

1.1.3 Conformational dynamics during chemical reactions

Motor proteins such as myosin and kinesin undergo unidirectional motion
that is responsible for autonomously contracting muscles and the transport of
materials within cells [1.1]. By catalyzing ATP hydrolysis, they achieve sufficient
energy to exhibit the motile behavior. On the other hand, most of enzymes do
not exhibit such behavior although both motor proteins and enzymes catalyze
chemical reactions. In particular, enzymes exhibit a distinctive type of dynam-
ics, i.e., conformational change, which is generally induced by substrate binding
and product release [1.6]. Then, it follows that enzymes undergo a conforma-
tional change in each turnover cycle of the chemical reactions in the presence of

substrate molecules.

These conformational dynamics have been taken into account to mimic actual
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Figure 1.5: (Left) Conformational changes of the coarse-grained enzyme, adeny-
late kinase, from the fully open (A1) to fully closed (A3) conformations in the
sequential binding mechanism. Adapted from Ref. [1.7]. (Right) FRET effi-
ciency histograms of adenylate kinase in the absence of substrate (blue) and in
the presence of saturating substrate concentrations (1 mM ATP, 1 mM AMP,
and 160 M ADP, orange), suggesting mostly open and closed conformations,
respectively. Adapted from Ref. [1.8].

enzymes in a framework of the elastic network model. Togashi et al. analyzed
nonlinear conformational relaxation dynamics of proteins in elastic networks,
and found that motions of these proteins are robust against external perturba-
tions [1.9]. Also, they constructed an example of an artificial elastic network,
operating as a cyclic machine powered by substrate binding with the use of
evolutionary optimization methods. Later, Echeverria et al. presented a multi-
scale coarse-grained description of protein conformational dynamics in a solvent,
which is described by multiparticle collision dynamics [see Fig. 1.5(Left)] [1.7].
They found that hydrodynamic interactions have important effects on the large
scale conformational motions of the protein, and significantly affect the transla-

tional diffusion coefficients and orientational correlation times [1.7].

Recently, using direct observation techniques Aviram et al. studied the rela-
tionship between conformational dynamics and the chemical steps of enzymes [1.8].
They labelled adenylate kinase, which is responsible for cellar energy homeosta-
sis, from E. coil with FRET dyes at positions of CORE and LID domains, and
derived open and closed conformations of the enzyme from histograms of FRET

efficiency [1.8]. The obtained histograms show a peak FRET efficiency value of
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0.4 in the absence of substrates, while the peak shifts to at 0.6 in the saturating
concentrations of ATP, as shown in Fig. 1.5(Right) [1.8]. By comparing these
conformational dynamics and chemical steps, they found that substrate bind-
ing increases dramatically domain closing and opening times, which are 100-200
times faster than the enzymatic turnover rate [1.8].

ATP synthase or FoF; ATPase is composed of two different rotary motors
(Fo and F) connected to a shaft (Fig. 1.2) and shows another type of the con-
formational change, i.e., rotational motion [1.2]. The Fy motor uses the gradient
of hydrogen ions to rotate, while the F; motor uses APT hydrolysis to rotate
in the opposite direction of Fy [1.2]. When the transmembrane electrochemical
gradient is strong, Fy generates more torque than F; and, so that F; rotate in
reverse to synthesize ATP [1.2]. When the electrochemical gradient is weak, on
the other hand, the torque that F; generates dominates over that of Fy and the
APT hydrolysis occurs, which pump hydrogen ions out of the cell [1.2]. These
different mechanisms for rotation are summarized in Fig. 1.6 [1.1]. By direct
observation of the motion of F;, Noji et al. showed that the motor rotates in
distinct steps of 120° and the induced torque is the order of 10 pN-nm [1.1, 1.10].
Given the nanometer-size rotary motor, one can see that the observed torque

is comparable to the force exerted by a motor protein, which is estimated in

Eq. (1.1).

1.1.4 Diffusion enhancement in enzyme solutions

To explicitly focus on enzyme-driven phenomena, diffusion in enzyme solu-
tions has been experimentally studied in recent years [1.11-1.17]. Muddana et
al. first reported the enhanced diffusion of enzyme urease in the presence of sub-
strate urea (Fig. 1.7) [1.11]. Later, it was shown that enzymes exhibit collective
motions towards the direction of higher or lower concentrations of substrates,
i.e., chemotaxis and antichemotaxis, respectively [1.12, 1.16, 1.18].

It was also claimed that the enhanced diffusion have been observed even

during catalysis at the Angstom scale, which is much smaller than a system of
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Figure 1.6: The ATP synthase can either (A) synthesize ATP by harnessing the
gradient of proton ions or (B) pump proton ions against their electrochemical
gradient by hydrolyzing ATP. Adapted from Ref. [1.1].

molecular enzymes [1.17, 1.18]. Since the used catalyst shows less conforma-
tional dynamics due to its rigidity compared with that of molecular proteins,
a different mechanism, such as transfer of momentum from the active catalyst
molecules, was proposed to account for the enhanced diffusion. Moreover, it
was also reported that enhanced diffusion in molecular-scale systems was due to

a convection artifact [1.19], and enhancement in diffusivity is still a matter of

debate [1.20].

@42{ A . T
s I
S 4.0 I I |
e * I
=38 [
.0 l
£ 3.6
[0
8
g
[72]
?g 3.2
a
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Buffer 0.001M 0.01M  0.1M ™

Figure 1.7: The diffusion coefficient of urease increased with the increasing sub-
strate concentration. Adapted from Ref. [1.11].

To identify the mechanism of the observed enhanced diffusion and chemotac-

tic phenomena, several people have suggested theories that account for the roles
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of heat or hydrodynamic interaction caused by enzymes [1.21-1.24]. Mikhailov et
al. discussed the collective hydrodynamic flows induced by active force dipoles,
and analytically derived the diffusion enhancement of a tracer particle, which
depends linearly on the activity of enzymes [1.21, 1.22]. Then, Golestanian
proposed four mechanisms for the enhanced diffusion of enzymes, namely self-
thermophoresis, boost in kinetic energy, stochastic swimming, and collective
heating, and concluded that only the last two descriptions can account for
the phenomenon [1.23]. Later, Illien et al. took into account the hydrody-
namic effects induced by conformational changes of enzymatic domains, and
demonstrated that a single enzyme can diffuse faster even at equilibrium [1.24].
However, a recent experiment pointed out the difficulty to quantitatively ac-
count for the observed enhanced diffusion within the suggested theoretical ap-

proaches [1.25].

= d=100 nm
® d=200 nm 1.5
. A d=500 nm e

<AR(x)>*d (um?)

; . __ATP depleted]
102 107 10° 10"
1 (sec)

Figure 1.8: (A) Bright-field image of an A7 cell with microinjected 200-nm-
diameter fluorescence particles (green) and 2 min trajectories (black) super-
imposed on top. Scale bar, 5 um. (B) Two-dimensional ensemble-averaged
mean-square displacement of tracer particles of various sizes are plotted against
lag time on a log-log scale, in living A7 cells. Red, green, and blue symbols
and lines represent particles that are 100, 200, and 500 nm in diameter, respec-
tively. (C) Ensemble-averaged mean-square displacement scaled with particle
diameter, in untreated (solid symbols), blebbistatin treated (open symbols),
and ATP-depleted (solid lines) A7 cells. Adapted from Ref. [1.26].
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Figure 1.9: 2D trajectories of GFP-Lacl-labeled mini-RK2 plasmids overlaid on
corresponding phase-contrast images of metabolically active and DNP-treated
E. coli cells (JP924). Scale bar is 1 um. Adapted from Ref. [1.27].

1.2 Nonequilibrium phenomena in living sys-
tems

1.2.1 Active transport in biological cells

In recent years, to better understand nonequilibrium phenomena in biologi-
cal cells, the diffusive properties of tracer particles in vivo have been experimen-
tally studied [1.26, 1.27]. Guo et al. microinjected submicron colloidal particles
into A7 melanoma cells, and measured their time-dependent motion to calcu-
late ensemble-averaged mean-square displacement (Figs. 1.8A and 1.8B) [1.26].
In Fig. 1.8B, the mean-square displacement shows constant behavior at small
timescales, whereas at large timescales the quantity increases approximately lin-
early with time [1.26]. Although this linearly increasing behavior is consistent
with Brownian motion in a purely viscous liquid and at thermal equilibrium,
these ideas can not be applied to the cytoplasm [1.26]. They also observed
the mean-square displacement in cells whose activity is inhibited, and found no
change of the displacement compared to that in active cells at small timescales
as shown in Fig. 1.8C [1.26]. At large timescales, on the other hand, the quantity

exhibits increasing and nearly time-independent behaviors when myosin is inhib-
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ited and ATP is depleted, respectively [1.26]. These results suggest that not only
motor proteins but also ATP-driven proteins such as enzymes play important
roles in the motion of particles in cells. Parry et al. performed similar experi-
mental studies in the bacterial cytoplasm, and observed the enhanced diffusion
of plasmids in untreated cells, which is termed anomalous diffusion compared
with the Brownian diffusion due to thermal motions of solvent molecules (see

Fig. 1.9) [1.27].

These experimental findings demonstrate that passive particles diffuse faster
when cells function properly in the presence of substrate molecules, and imply
that nonequilibrium fluctuations driven by energy supplied to cells contribute
to nonthermal diffusion. At the same time, ATP-dependent diffusion observed
in the cytoplasm suggests that enzymes that catalyze chemical reactions us-
ing substrate molecules also have some contribution to the anomalous diffusion.
However, due to the complexity of cellular environments, which contain struc-
tures and materials such as cytoskeletons and viscoelastic media, the mechanism

of anomalous diffusion has not yet been definitively identified.

1.2.2 Rheology of sub- and multicellular systems

Biomolecular machines exhibit mechanical motions in fluid environments
such as cytoplasm or biological membranes, and the physical properties of the
fluid with these active constituents are important for biomolecular transports
and chemical reactions [1.28]. Hence, the effect of enzymatic activity on rhe-
ological properties of such active fluids has gathered much attention in recent

years.

Before proceeding to reviewing some experimental findings in this field, we
first review the concept of the rheological properties of ordinary passive fluids.
In general, the rheological properties of fluids are characterized by the fourth-

rank viscosity tensor 7, that connects the linear relation between the strain
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rate tensor v;; = (0;v; + 0;v;)/2 and the fluid stress tensor o;; [1.29]:

Oi5 = TijkeVke, (1-3)

where the indices i, j,k, ¢/ = x,y,z and we assume summation over repeated
indices throughout this chapter. In the above, v is the fluid velocity field and

the viscosity tensor for a 3D isotropic fluid is given by [1.29]
2
Nijke =Nd0i;0ke + Mg (5ik5je + 03005 — §5¢j5ke> ; (1.4)
where 9;; is the Kronecker delta and 7q and 7 are the dilatational and shear
viscosities, respectively. Experimentally, the viscosity is measured through the

autocorrelation functions of the viscous stress o,, on the basis of the linear

response theory

= 00, (15)

where V' is the volume and (---) denotes the average over the steady-state
ensemble of trajectories. For a passive fluid, its viscosities can be modified, e.g.,
by the density of immersed particle, the system temperature, or applied shear
forces [1.28]. On the other hand, these rheological properties can be modified by
other contributions for the cytoplasm or biological membranes where metabolic

activities are present and the systems are strongly driven out of equilibrium.

Nishizawa et al. experimentally studied the shear viscosity of cytoplasm
for various concentrations of macromolecules [1.30]. The viscosity of cell ex-
tracts without metabolic activation rapidly increased with the macromolecule
concentration, which shows diverging viscosity at critical concentrations c* ~
0.34 g/mL, as shown in Fig. 1.10 [1.30]. The concentrations are close to the
physiological concentration in living cells (~ 0.3 g/mL) [1.30]. On the other
hand, metabolically active living cells showed moderate fluidity [1.30]. These
experimental findings suggest that metabolic activities are important for finite

fluidity that facilitates the efficient transport of molecules in living cells [1.30].

In more macroscopic scales, the shear viscosity of bacterial suspensions have
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Figure 1.10: The effective viscosity n of BSA solutions (red circles) and cell ex-
tracts (green triangles: E. coli, blue squares: Xenopus eggs, and black diamonds:
HeLa cells) as a function of the macromolecules concentration ¢. The viscosity
n is rescaled by the water viscosity 7. Adapted from Ref. [1.30].

been studied [1.28, 1.31, 1.32]. Rafai et al. performed experiments on the rheol-
ogy of suspensions of live cells, Chlamydomonas Reinhardtii and revealed that
the obtained viscosity was greater than for suspensions with the same volume
fraction of dead cells [1.32]. Later, Lépez et al. investigated the response of an
E. coli suspension under the shear flow and showed that the suspension vis-
cosity decreases with the increasing bacterial density at low shear rate [1.31].
These experimental findings suggest that active constituents that convert chem-
ical energy into mechanical work contribute to rheological signatures dependent
of their internal activity [1.28]. Although such active macroscopic properties are
expected to exist also in enzymatic solutions, much less work has been done in

such systems.
1.2.3 Emergent macroscopic patterns in active chiral sys-

tems
In addition to the above peculiar rheological properties, the emergent macro-
scopic patterns have been investigated in active fluids [1.33-1.36]. Experimen-
tally, such active systems have been realized in nanoscale molecular motors [1.33,

1.35] or multicellular biological systems [1.34, 1.36]. Sumino et al. investigated
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Figure 1.11: (Left) Effective viscosity of live (solid) and dead (crossed) Chlamy-
domonas Reinhardtii suspensions as a function of the volume fraction ¢.
Adapted from Ref. [1.28]. (Right) Effective viscosity of E. coli suspensions as a
function of the applied shear rate 4 for various values of the volume fraction ¢.
Adapted from Ref. [1.31].

Figure 1.12: (Left) Large-scale lattice of vortices. Vortices can be observed
everywhere on the surface of the flow cell. Scale bar is 2 mm. Adapted from
Ref. [1.33]. (Right) Phase contrast image with the circular flow observed at the
edges of open circles (500 pm diameter) of neural progenitor cell culture. Orange
arrows are proportional to the velocity of cell flow calculated by averaging the
cell displacements within 30 pum square regions. Scale bar is 200 um. Adapted
from Ref. [1.34].

the behavior of microtubules that are propelled by surface-bound dyneins and
observed that self-organization of the microtubules due to the alignment mech-
anism results in vortices at high densities [Fig. 1.12(Left)] [1.33]. In addition,
a spatiotemporal pattern was found in the monolayer of synthetic molecular
motors [1.35]. For larger scales such as multicellular systems, edge flows were
observed at the boundary of active nematic cells [Fig. 1.12(Right)] [1.34]. In the
bacterial suspensions, Beppu et al. showed that edge currents grow stronger as

the increasing bacterial density [1.36].
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The common feature of these emergent chiral patterns is that the parity
symmetry is broken due to the collective effect of motor proteins [1.33], the
chiral structure of molecules [1.35], or the surrounding geometries [1.34, 1.36].
Moreover, these active constituents continuously consume energy and hence the
time-reversal symmetry is apparently broken. Since both the time-reversal and
parity symmetries are violated in these biological environments, they are called
active chiral systems and in particular, active chiral fluids within the hydrody-
namic description [1.37]. In these out-of-equilibrium systems, the equilibrium
concept such as free energy, detailed balance, and time-reversal symmetry are
invalidated [1.38] and new physical quantities that characterize the systems are

necessary.

1.3 Coarse-grained modeling of biological nanoma-

chines

1.3.1 Continuum hydrodynamic description

For the passive case without activity, the disturbance flow arises only when
an external force or flow field is imposed on a fluid [1.28]. For the active case,
however, the disturbance flow is indued even in a quiescent fluid because of
the mechanical work driven by motor proteins or enzymatic molecules. Over
the length scale of molecular proteins where the inertial effect is negligible, the

hydrodynamic behavior is governed by the well-known Stokes equation
—Vp(r) + nV?v(r) + F(r) = 0, (1.6)
and the incompressibility condition
V.v(r) =0, (1.7)

with the 3D differential operator V = (0, 0,,0,) and the position r = (z,y, z).
In the above, p is the hydrostatic pressure, 7 is the shear viscosity, v is the fluid

velocity field, and F is any other arbitrary force density on the fluid.
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Figure 1.13: Streamlines induced by (left) Stokeslet for n = 0 and (middle)
stresslet and (right) rotlet for n = 1 in Stokes flows. Adapted from Ref. [1.28].

In this Stokes regime, the disturbance flow at the position r induce by F at r
is expressed as v;(r) = — [, dAG;; (r —rg) Fj (ro), where the Green’s function

or the propagator for a 3D unbounded fluid, namely the Oseen tensor is [1.39]

Gyr) = o (55 + 752, (1.8)

- 8mnsr

=

with r = |r|. If the position of the point r is far from that of F, a Taylor
expansion of the Green’s function provides a far-field representation of the flow
in terms of multipole moments M of the tractions and velocities, which drive a
superposition of singular flows expressed in terms of G and its derivatives [1.28,

1.40]:
vilr) =Y Gy () M. (1.9)
n=0

Figure 1.13 represents the streamlines that are induced by the Stokeslet M(©) =
F when n = 0 and the symmetric (stresslet, S) and antisymmetric (rotlet, L)

parts of M) when n = 1.

In a biological context, no force and torque act on nanomachines as they
function autonomously in the presence of chemical energy, requiring the con-
dition F = L = 0 to hold in general. Hence, the stresslet S and the torque
dipole M® have been used to model enzymatic molecules [1.21, 1.22] and ro-
tary proteins [1.41, 1.42], respectively, as will be discussed in more detail later.
For biological membranes, moreover, one has to derive the mobility tensor for

free [1.43, 1.44], confined [1.45], or curved [1.46] geometries of a 2D fluid, which
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requires the revisiting the 2D version of Eq. (6.4) [1.47-1.49].
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Figure 1.14: The active force dipole for a molecular enzyme that undergoes the
conformational change cyclically in the presence of substrate molecules. In the
model, the time-dependent distance and the force of the enzyme are z(t) and
F(t), respectively.

1.3.2 Active force dipole model

In this section, we shall present more detailed descriptions of the active force
dipole model that was originally proposed by Mikhailov and Kapral [1.21, 1.22].
As explained in Sec. 1.1, each actual enzyme has a specific 3D conformation
that depends on its biological function and surrounding environments such as
the cytoplasm and biological membranes. At large scales, however, any enzyme
can be regarded as an active force dipole as shown in Fig. 1.14. The active force
dipole consists of two domains, representing enzymatic domains, connected with
a shaft, and its length cyclically varies in time to mimic the conformational
dynamics of enzymes during chemical reactions.

Since a dipole exerts the time-dependent force, F(¢), in its axis direction, the
dipole induces the hydrodynamic flow in surrounding environments. If the force
dipole is immersed in a 3D fluid, the generated flow field can be calculated from

Eq. (1.9) when n = 1:
v;i(r) = —F(t)x(t) 2,0, Gi; (1) 25, (1.10)

where F(t) = F(t)x with x being a unit vector in the direction of the enzyme
axis. In a context of self-propelled microswimmers, F' > 0 (F' < 0) denotes a
pusher (puller) type of a micromachine. The resultant flow is the stresslest that

is plotted in Fig. 1.13. When multipole dipoles are immersed in fluids, they
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induce collective hydrodynamic flows in their surroundings, which can lead to
nonthermal fluctuations in the system. Considering these hydrodynamic effects,
Mikhailov et al. derived the diffusion coefficient of a passive tracer in a solution
where dipoles are homogeneously distributed in space and the directions of their
long axes are randomly distributed. Moreover, when the concentration gradient
of dipoles are present, the tracer exhibits chemotaxis, which was observed in
experiments [1.12]. Later, Koyano et al. discussed the situation where dipoles
are aligned and concentrated in a liquid domain that corresponds to lipid rafts
in biological membranes [1.50].

The hydrodynamic interactions and clustering mechanisms of active force
dipoles were also investigated in flat [1.51] or curved [1.52] biological membranes.
Manikantan examined the phase behavior of a pair of hydrodynamically inter-
acting force dipoles and showed that bulk confinement plays a striking role in
clustering of dipoles [1.51]. Moreover, it was demonstrated that multiple dipoles
exhibit the collective dynamics that can be tuned by the confinement on the
membrane [1.51]. In a curved geometry, aggregation effects of dipoles were con-
firmed in regimes of both low and high curvatures [1.52]. One of the features of
2D fluid membrane geometries is that they have hydrodynamic screening lengths
that make the short distance hydrodynamic behavior significantly different from

the long one [1.43-1.45].

1.3.3 Fluctuation-induced hydrodynamic coupling

So far, the hydrodynamic flow induced by a single or multiple enzymes have
been discussed in terms of the active force dipole model [1.21, 1.22]. Next, we
review some of the theories that account for the internal hydrodynamics between
the domains of a single enzyme [1.24, 1.53-1.55]. Since an actual macromolecular
enzyme is asymmetric in general, its internal degrees of freedom are coupled to
its center of mass diffusion, which would give rise to the change in the diffusion
coefficient [1.54].

Considering the effect of conformational fluctuations of an asymmetric dumb-
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Figure 1.15: (Left) The asymmetric dumbbell model with the typical size of
the protein a, which is made of two subunits with orientations t; and 1., and
located at positions x! and x?. The vector R denotes the center of mass of the
protein and x its elongation. Adapted from Ref. [1.24]. (Right) An enzyme in
a gradient of substrate molecules. The enzyme interacts with substrates in the
bulk via pairwise hydrodynamic and noncovalent surface interactions. Adapted
from Ref. [1.55].

bell model (Fig. 1.15), Illien et al. showed that thermal fluctuations can give rise
to negative contributions to the overall diffusion coefficient [1.24]. In addition,
the time dependence of the diffusion coefficient of the dumbbell was derived
with the use of the path integral formulation [1.24]. Later, Adeleke-Larodo et
al. studied the anisotropy effect on the enzyme diffusive behavior and derived the
long-time diffusion coefficient of an asymmetric dumbbell by using the moment
expansion technique [1.53]. They also studied the response of an asymmetric
dumbbell enzyme to an inhomogeneous substrate concentration and showed that
the enzyme exhibits a tendency to align parallel or antiparallel to the gradient,
depending on the enzyme affinity to the substrate (Fig. 1.15) [1.55]. Moreover,
they found that the hydrodynamic interaction plays an important role in the col-
lective behavior of many interacting enzyme molecules [1.55]. These theoretical
findings suggest that hydrodynamic interactions lead to the interaction between
the enzyme and substrate molecules as well as the diffusion enhancement of a

single enzyme even at equilibrium states [1.24, 1.53-1.55].
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1.3.4 New concept for nonequilibrium systems: Nonre-
ciprocity

Active systems are driven strongly out of equilibrium because of the energy
input that is continuously consumed by their constituents. This implies the ab-
sence of equilibrium concepts such as free energy, detailed balance, time-reversal
symmetry, and Newton’s third law [1.38]. The violation of Newton’s third law
means that interactions between the objects are nonreciprocal, which is a key
feature of chemical interactions between two different species, e.g., synthetic
catalytic colloids, biological enzymes, or whole cells or microorganisms [1.56].
For a 3D fluid, the hydrodynamic interaction between the two object separated
by the distance r is described by the Oseen tensor G;;(r) of Eq. (1.8) as long as
r is large enough [1.39]. Under the exchange of the index i <+ j, G;;(r) remains
the same and the symmetry relation, G;; = Gj;, holds. This is known as the
reciprocal theorem in fluid dynamics [1.57]. In active fluids driven by biologi-
cal nanomachines, however, the reciprocal relations is expected to be violated,
i.e., Gij # Gji, which leads to peculiar collective behavior in out-of-equilibrium
systems.

Agudo-Canalejo and Golestanian theoretically studied mixtures of chemically
interacting particles and unveiled the existence of a new class of active phase
separation phenomena where action-reaction symmetry or reciprocal relation
is broken [1.56]. Suppose that the concentration field of chemical around a
chemically active particle of species i is ¢ ~ «;/r with the activity «; and the
distance to the particle’s center r, the motion of a particle of species j in response
to gradients of the chemical is given by a velocity V;; ~ —u;Ve = ozi,ujrz-j/rf’j.
Here, 11, is the mobility of the species and r;; = r; —r; with r;; = |r;;|. Since the
nonreciprocal relation, V;; # V;, holds in general, an action-reaction symmetry
is broken, which can not been seen at equilibrium states. Such a nonreciprocity
leads to a variety of active phase separation phenomena, as shown in Fig. 1.16.

Later, Ouazan-Reboul et al. extended the above model by considering size
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Figure 1.16: Binary mixtures of producer (o > 0, blue) and consumer (ay < 0,
red) species show (left) homogeneous states with association of particles into
small aggregation, (middle) a static dense phase that coexists with a dilute
phase, and (right) separation into two static collapsed clusters. Adapted from
Ref. [1.56].

dispersity of the catalytically active particles and the dependence of catalytic
activity on the substrate concentration [1.58]. In addition, a continuum model of
pattern formation due to nonreciprocal interaction was proposed and a traveling
density wave was confirmed, which is a clear signature of broken time-reversal
symmetry in this active system [1.59]. Despite these theoretical findings, studies
on physical quantities that lead to the emergence of the nonreciprocal relation
in active systems are sparse and further investigations are needed to estimate

the extent of nonreciprocity in a biological context.

1.4 Time-reversal symmetry and parity break-
ing transport coefficient: Odd viscosity

1.4.1 Microscopic and macroscopic origins of odd viscos-
ity

Odd viscosity is a rheological property that exists only when the time-reversal

and parity symmetries are broken. Although the concept was known for gasses or

plasmas in an external magnetic field [1.60], Avron et al. showed in 1995 that the

odd viscosity is present in a quantum Hall fluid and connected the viscosity with

Berry curvature [1.61]. Since this study, the odd viscosity has been discussed in
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a fractional quantum Hall or chiral super fluidic systems [1.62]. Since the odd
viscosity can be a new measure that characterizes a type of the quantization or
universality in these systems, this transport coefficient has gained much more
attention not only in condensed matter but also in active matter contexts that

deal with living systems.

For a passive isotropic fluid, 7;;z¢ is symmetric under the exchange of i < j,
while 1;;x¢ = 1;jer holds from the definition of the symmetric tensor vy, as can be
inferred from Eq. (1.4). Extending the above symmetry argument, Avron et al.
introduced a new type of index exchange ij <> kf, which implies time-reversal
transformation [1.61, 1.63]. For the passive case, the symmetry relation holds,
i.e., Mijke = Nkeij, as can be seen in Eq. (1.4), whereas the asymmetric (odd) part
that satisfies 1,6 = —7o,kei; 15 @ new contribution to the viscosity tensor. For
a 2D isotropic fluid, the odd part of the viscosity tensor can be written solely in

terms of the scalar transport coefficient called odd viscosity n, as [1.64, 1.65]
1
Tosijkt = 5o (€ikbje + €je0ik + €t + €j104r) (1.11)

where €;; is the 2D Levi-Civita tensor with €,, = €, = 0 and €,y = —€,, = 1.
The above viscosity tensor 7, k¢ is parity-even because both o;; and vy, are
parity-even, whereas terms that include odd number of ¢;; are parity-odd. Hence,
it is concluded from Eq. (1.11) that 7, exists only if both time-reversal and parity

symmetries are broken [1.37].

Using the Poisson-Bracket approach, Markovich et al. presented a first-
principles microscopic Hamiltonian theory for odd viscosity and showed that
the viscosity is present both in 2D and 3D systems [1.66]. Through the relation
between the angular momentum density £ of rotating particles and odd viscos-
ity [1.66], they also showed that £ = I-7/I" at the steady state, which is in
agreement with the hydrodynamic derivation [1.37]. Here, I is the momenta of
inertia tensor, 7 is the torque density, and I is the rotational friction coefficient

of a particle. On the other hand, Khain et al. systematically studied all possible
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viscosity coefficients that violate parity in a 3D fluid [1.67] and showed that in
some cases, their obtained coefficients correspond to £ obtained in Ref. [1.66].

Moreover, the Green-Kubo formulas that relate 7, to the stress tensor was

derived as [1.65, 1.68]

=17 |, 0000) = (0n(t)022(0)

+ {0y (1) 7y (0)) — (oyy (1) 0y (0))] - (1.12)

Note here that when the time-reversal symmetry is preserved, i.e., o(t) = o(—t),
and under the assumption of the time translational invariance, i.e., (o (t)o(t')) =
(o(t—t")o(0)) [1.69], the odd viscosity 7, vanishes. This means that the violation
of the time-reversal symmetry is essential for the existence of odd viscosity and
the active chiral system with the broken symmetries inherently possesses the
odd transport coefficient [1.37, 1.66]. By using molecular dynamics simulations

and Eq. (1.12), odd viscosity has been measured [1.65, 1.68].

(@)

Figure 1.17: (Left) Unidirectional edge flows of the droplet of chiral spinner
fluid. Adapted from Ref. [1.70]. (Right) Topological waves in fluids with odd
viscosity. Color shows density deviations. Adapted from Ref. [1.71].

1.4.2 Unidirectional edge waves at fluid boundaries

From the experimental point of view, odd viscosity was measured for a fluid
consisting of self-spinning particles [1.70, 1.72-1.74]. Soni et al. considered an
active chiral fluid that includes spinning colloidal magnets and studied the fluid
flow with a focus on its surface dynamics [1.70]. They found that unidirectional

waves emerged at the fluid boundary [Fig. 1.17(Left)] and further related the



24 Chapter 1. General Background

surface tension to odd viscosity, which is the first experimental verification of
odd viscosity [1.70]. Similar robust surface flows were also observed at the
macroscopic scale, e.g., active chiral granular systems with centimeter-scale toys
called Hexbug [1.72] or gear-like particles [1.73]. Later, by taking into account
the inter-particle hydrodynamic lubrications, the first normal stress difference
turned out to related to odd viscosity in the sheared active chiral system [1.74].

In quantum systems, odd viscosity has been discussed in relation to topo-
logical systems, such as quantum Hall fluids [1.61], whereas in classical systems,
the viscosity has been rarely investigated. Recently, it has been shown that the
odd viscosity characterizes topological edge modes even in a classical fluid with
odd viscosity [1.71, 1.75, 1.76]. Souslov et al. demonstrated that the topological
properties of linear waves [Fig. 1.17(Right)] in a fluid is affected by odd viscosity
and the number of chiral edge states depend on the signs of both odd viscosity
and the rotational property of the fluid [1.71]. They also found that the behavior
can be related with a bulk topological invariant Chern number, which is given

by
C = sign(n,) + sign(w), (1.13)

where w is the intrinsic rotation angular frequency of the fluid constituent. Later,
it was shown that edge modes depend on the boundary conditions of the flu-

ids [1.75, 1.76].
1.4.3 Inertialess hydrodynamic effects due to odd viscos-
ity
Next, we shall explain the hydrodynamic consequences of odd viscosity, which
have been examined so far [1.63-1.65, 1.77, 1.78, 1.78]. Through the momentum
balance equation, V-0 —Vp = 0, at low Reynolds number, where inertia is neg-
ligible [1.69], one can obtain the hydrodynamic equation for a 2D incompressible

fluid with odd viscosity as [1.63]

—Vp +n Vv +n,Vie-v =0, (1.14)
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together with the 2D version of the incompressibility condition V - v = 0 of
Eq. (1.7). The third term on the left-hand side of Eq. (1.14) is a new contribution
due to the presence of nonvanishing odd viscosity. Since the antisymmetric
tensor € accounts for the clockwise rotation by 7/2, one can see that odd viscosity
contributes to the fluid flow that is perpendicular to the one generated by shear
viscosity 7.

The hydrodynamic forces acting on various objects have been studied the-
oretically for a 2D incompressible fluid in the presence of odd viscosity [1.64,
1.77, 1.78]. Ganeshan et al. showed that if boundary conditions depend only on
the velocity field, it does not depend on 7, [1.64]. The force exerted on a unit
length of a contour of the object is given by the traction force f; = n;0;; where
n is a unit vector normal to the contour in the direction of the fluid. From the

relation f; = 2n,05v; with s = —e-n, the total force on the object becomes [1.64]

F;, = 2770/dsvj =0, (1.15)

which means that the net force acting on an arbitrarily shaped object does not
depend on 7, [1.64]. This implies that one should include appropriate boundary
conditions in a 2D incompressible fluid in order to reveal the presence of odd
viscosity [1.64, 1.77, 1.78]. In that sense, an expanding bubble with a no-stress
boundary condition has been considered and it was shown that the odd viscosity

is responsible for a torque acting on the bubble [1.64, 1.65, 1.77, 1.78].
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Figure 1.18: (Left) A fluid of torque dipoles that represents inhomogeneous odd
viscosity. (Right) Torque dipole as a model for toque exerted by bacteria and
for a myosin twisting two actin filaments. Adopted from Ref. [1.66].
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1.4.4 (Odd viscosity in biological systems

Active chiral systems are abundant in living systems where the energy-
consuming agents and their inherent asymmetry play important roles. For in-
stance, biological nanomachines such as ion pumps break both the time-reversal
and parity symmetries due to ATP-driven motions and autonomous rotation,
which would give rise to odd viscosity in biological membranes [1.37]. In micro-
scopic approaches, it was shown that the odd viscosity also exists in 3D fluids,
which extends the applicability of odd viscosity in living matter such as acto-

myosin gels [Fig 1.18(Right)] [1.66].

As mentioned in Sec. 1.3.1, no external force acts on biological nanomachines
and hence the force-free or torque-free conditions should be taken into account
for enzymes and micromachines [1.21, 1.79, 1.80] or rotary proteins [1.66], respec-
tively. In living systems, moreover, heterogeneity plays an important role and
hence, odd viscosity can vary in space [Fig 1.18(Left)] [1.66]. Despite these recent
developments in the theory of odd viscosity [1.37, 1.64-1.66, 1.71, 1.77, 1.78],
there has been no experiment that observes odd viscosity in living systems. This
is because experimental protocols that allow for the measurement of odd viscos-
ity in a biological context are still sparse and hence further theoretical studies

are needed to relate odd viscosity to actual physical phenomena.

1.5 Purpose and organization of the thesis

In recent years, to better understand the complex nonequilibrium phenom-
ena observed in living systems such as the cytoplasm and biological membranes,
various studies have been performed in an interdisciplinary field involving chem-
istry, physics, biology, and engineering [1.28, 1.38]. Experimental studies demon-
strate that by harnessing chemical energy, biological nanomachines give rise to
nonequilibrium transport phenomena such as diffusion enhancement [1.11, 1.13—
1.15, 1.17, 1.26, 1.27], chemotaxis [1.12] or antichemotaxis [1.16, 1.18], and sub-

stantial change in rheological properties [1.30-1.32]. Although several model-
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ings of biological nanomachines have been conducted [1.21-1.24, 1.50], there
has been no unifying theory that quantitatively accounts for the experimental
findings [1.25]. In addition, equilibrium concepts such as the time-reversal sym-
metry and reciprocal relation do not hold in nonequilibrium living systems, and
hence further developments in universal physical properties that characterize the

systems are needed.

In this thesis, we theoretically investigate the nonequilibrium transport prop-
erties in living systems with a special emphasis on active diffusive dynamics and
rheological properties that are induced by conformational dynamics of biological
nanomachines. To this aim, we employ the active force dipole [1.21, 1.22] as a
general model for enzymatic molecules and discuss its single and collective hy-
drodynamic effects on surrounding media, and connect the obtained results to
existing experiments. Furthermore, we focus on the peculiar rheological property
called odd viscosity [1.63] and study its hydrodynamic effects for various situa-
tions. The viscosity coefficient emerges only when the time-reversal and parity
symmetries are broken in aqueous environments and are expected to exist in
living systems [1.37, 1.66].

The three following Chaps. 2-4 deal with the active force dipole that is a
minimum model for biological nanomachines. We discuss the statistical prop-
erty of a single force dipole by means of numerical simulations and provide the
estimate of the diffusion enhancement in relation to actual enzymes in Chap. 2.
We show in Chap. 3 that the shear viscosity of an enzyme solution decreases
with the increasing concentration of substrate molecules, and demonstrate the
diffusion enhancement in physiological conditions. In Chap. 4, we discuss the
hydrodynamic collective effects due to active force dipoles in free and confined
geometries of biological membranes. These obtained results provide a perspec-
tive on modeling nonequilibrium phenomena that involve a single or collective

biological nanomachines.

The next two following Chaps. 5 and 6 are concerned with odd viscosity that
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characterizes active chiral systems. Chapter 5 deals with the hydrodynamic
linear response of a 2D fluid monolayer with the odd viscosity to a point force,
force dipole, and finite-sized object that moves laterally in the fluid. Then,
Chap. 6 provides the hydrodynamic force of a liquid domain with odd viscosity,
which is immersed in a 2D fluid having another odd viscosity. These findings
can serve as experimental protocols to observe odd viscosity in living systems.

Finally, in Chap. 7, we summarize this thesis and discuss future prospects.
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Chapter 2

Statistical Properties of Enzymes

as Active Force Dipoles f

2.1 Introduction

Ligand-induced mechanochemical motions are typical for enzymes. Bind-
ing or dissociation of a ligand (i.e., substrate or product) to such proteins, as
well as chemical reactions within the ligand-bound state, are often accompanied
by conformational transitions in them. Thus, these macromolecules would re-
peatedly change their shapes in each next turnover cycle. The primary role of
mechanochemical motions is to enable and facilitate catalytic reaction events.
In the enzymes that operate as protein machines or molecular motors and cat-
alytically convert ATP or GTP, such motions are moreover employed to bring
about the required machine function or to generate work.

Since enzymes are in solution, their active conformational changes are accom-
panied by flows in the fluid around them. Such nonequilibrium flows can affect
internal mechanical motions in the enzymes and also influence translational and
rotational diffusion of such proteins, as demonstrated by MD simulations for a

model protein [2.1] and adenylate kinase [2.2]. It has been discussed whether

TThe material presented in this chapter was published in: Y. Hosaka, S. Komura, and A.
S. Mikhailov, Soft Matter 16, 10734 (2020).
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hydrodynamic self-propulsion of enzymes could furthermore occur, in the mod-
els where either instantaneous transitions [2.3, 2.4] or ligand-induced continuous

conformational motions take place [2.5-2.7].

Lipid bilayers, forming biological membranes, behave as two-dimensional
(2D) fluids on submicrometer scales [2.8, 2.9]. Biomembranes often include
many active protein inclusions, such as ion pumps or transporters. Essentially,
they represent protein machines powered by ATP hydrolysis or other catalytic
reactions in them. Within each operation cycle, the shapes of their membrane
domains typically change, inducing 2D fluid flows in the lipid bilayer around
them [2.10]. As a result, active protein inclusions might even propel themselves

through biomembranes [2.11].

Collective conformational activity of enzymes and protein machines leads to
the development of nonthermal fluctuating flows in solution or a lipid bilayer.
Other particles (i.e., passive tracers) are advected by these nonequilibrium flows,
and, as previously shown [2.12] increased mixing in such systems and diffusion
enhancement should therefore arise. Additionally, chemotaxis-like effects in the
presence of spatial gradients in the concentration or the activity of enzymes can
take place [2.12]. Remarkably, such phenomena persist even if mechanochemical
motions are reciprocal; they do not rely on the presence of self-propulsion for

proteins, which is predicted to be weak [2.5-2.7].

Following the original publication [2.12], extensive further research has been
performed [2.13-2.20]. The effects of rotational diffusion and of possible nematic
ordering for enzymes were considered [2.14], the phenomena in biomembranes
were extensively analyzed [2.15, 2.16], and the theory was extended to viscoelas-
tic media as well [2.17, 2.18]. Recently, it was shown that viscosity in dilute so-
lutions of mechanochemically active enzymes should become also reduced [2.19].
Multiparticle numerical simulations of active oscillatory colloids, explicitly in-
cluding hydrodynamic effects, were furthermore undertaken and principal theo-

retical predictions could thus be verified [2.20].
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At low Reynolds numbers, the flow distribution produced by an object,
changing the shape due to internal forces within it, can be characterized in
the far field as that corresponding to a hydrodynamical force dipole. If the
time-dependent stochastic force dipole of an enzyme is known, the collective
hydrodynamic effects in solution of such enzymes are predicted by the mean-
field theory [2.12]. The difficulty, however, is that experimental measurements
and precise theoretical estimates for intensities and statistical properties of the
force dipoles corresponding to actual enzymes are not available yet. Lacking
this knowledge, only rough quantitative estimates for the considered collective

hydrodynamic effects could be made so far.

Our present study has two aims and, respectively, it includes two parts.
Section 2.2 corresponds to the first part. Here, the active dimer model is for-
mulated. The active dimer represents a minimal model where ligand-induced
mechanochemical motions are reproduced [2.12, 2.20-2.22]. After presenting
the model, we undertake an approximate analytical investigation of statistical
properties of the force dipoles corresponding to active dimers in subsection 2.2.2,
followed by a numerical study in subsection 2.2.3. Quantitative estimates for
the intensity of hydrodynamical force dipoles in real enzymes are obtained in

subsection 2.2.4.

Section 2.3 corresponds to the second part. Based on the active dimer results,
we obtain in subsection 2.3.1 more precise analytical and numerical estimates
for the maximal diffusion enhancement for passive particles in solutions of active
enzymes, taking into account fast rotational diffusion of enzymes. Similar esti-
mates for diffusion enhancement of passive particles in lipid bilayers are derived

in subsection 2.3.2.

The results are discussed in Sec. 2.4. There, we analyze the available ex-
perimental and computational data for diffusion enhancement in, respectively,
subsections 2.4.1 and 2.4.2. Conclusions and an outline for the perspectives of

further research are provided in Sec. 2.5.
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Figure 2.1: The turnover cycle and mechanochemical motions in the active dimer
model of an enzyme (see the text).

2.2 Statistical properties of force dipoles

2.2.1 The active dimer model

The simplest mechanical system that gives rise to a hydrodynamical force
dipole is a dimer. It consists of two beads 1 and 2 interacting via a potential
u(r) that depends on the distance r = |r; — 1| between them. The forces acting
on the particles are f; = —0u/0r; = f and fo = — f. If the dimer is immersed
into a viscous fluid, the velocity V of the hydrodynamic flow far enough from

the dimer is approximately given by [2.12]

_ 0Gqag

Vo= OR,

ege,m, (2.1)

where Go3(R) is the mobility tensor depending on the position R of the dimer
with respect to the observation point, e = (r; — r3)/r is the unit orientation
vector of the dimer, and m = fr is the magnitude of the force dipole. Summation
over repeated indices is assumed. The force dipole is present only if there are
nonvanishing net interaction forces, i.e., if the distance between the particles in
a dimer continues to change. As in the study [2.12], we assume that the Oseen
approximation holds. For a dimer, it is justified if the distance between the

beads is much larger than their size.

The minimal active dimer model has been proposed [2.12, 2.21] (see also
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review [2.23]) to imitate mechanochemical conformational motions accompany-
ing a catalytic turnover cycle in an enzyme. Note that the dimer model, with
nonreactive dissociation of substrate additionally included, was also considered

in the study [2.22].

The operation mechanism is illustrated in Fig. 2.1. Two identical beads
(green) of radius a are connected by an elastic link with a certain natural spring
length ¢, and stiffness ky. A substrate particle (red) arrives (A) and binds
as a ligand to the dimer by forming an additional elastic link with stiffness
k that connects the two beads (B). The natural length ¢, of this additional
link is taken to be shorter than ¢y. Therefore, it tends to contract the dimer
until a new equilibrium conformation (C) with a certain distance ¢; between the
beads is reached. Once this has taken place, a chemical reaction, that converts
the ligand from the substrate to the product, occurs and the product (blue)
is instantaneously released (D). Following the product release, the dimer is in
the state E with the spring length ¢; that is shorter than the natural length /.
Therefore, the spring expands and the domains move apart until the equilibrium
state (F) is approached again. After that, a new substrate can bind, repeating

the turnover cycle.

It is assumed that products are immediately evacuated and therefore we do
not consider reverse product binding events. Moreover, possible dissociation
events for the substrate are neglected assuming that its affinity is high. Note
that, since the product is immediately released once it has been formed, the
ligand inside our model enzyme is always only in the substrate form. Therefore,
the dimer can be either in the ligand-free (s = 0) or the ligand-bound (s = 1)

states.

The elastic energies in these two states are

Ey(z) = %@ —0)?, (2.2)
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and
k k
Bi(z) = Eo(x—fo)Q—l—g(a:—ﬁc)? = A+ (-0, (2.3)
where z is the distance between the beads and
Kk koly + Kl
A= —""" (0, —1.)? ki =k V= ———, 2.4
2(l~c0+n)(° ) 1= Fo+ K, ! ko + £ (2:4)

The overdamped dynamics of the dimer in the ligand state s is described by

the Langevin equation

d_x__ OF,
dt 78:5

+£(), (2.5)

where v is the mobility coefficient. To account for thermal fluctuations, this

equation includes thermal noise,

(€(t1)€(t2)) = 20kpTo(tr — 12), (2.6)

where kg is the Boltzmann constant and T is the temperature.

In Eq. (2.5), we have omitted hydrodynamic interactions between the beads.
They were taken into account in the study [2.22] of diffusion enhancement for
a single dimer itself. In the Oseen approximation, such interaction terms are
proportional to the small parameter a/fy, leading to corrections of the same
order for the force dipoles, neglected by us.

Stochastic transitions between the two ligand states take place at constant
rates vg and v; within narrow windows of width p near x = {3 and = = {;.
If probability distributions pgs(z,t) are introduced, they obey a system of two

coupled Fokker-Planck equations

0 0 o2

% = %[W{?o(m — Lo)po] + kT 8520 + up(x)p1(x) — uo(x)po(x), (2.7)
and

0 0 o2

% = 8_x[7k1(x — b)p1] + kT 8521 + up(x)po () — uy(x)p1(2), (2.8)

where ug(x) = vy for €y — p < © < o + p and vanishes outside of this interval;
uy(z) = vy for b4 — p < x < €1 + p and zero outside the interval. Note that the

rate vg of substrate binding is proportional to the substrate concentration.
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AE

Figure 2.2: The energy diagram of the active dimer.

If the transition windows are very narrow, i.e., p < £y and p < {1, one can

use the approximation
up(z) = vod(x — b)),  wi(z) =z — b)), (2.9)

where vy = 2vpp and vy = 2vyp.

Figure 2.2 shows the energy diagram of the model. Within each cycle, the
dimer dissipates in mechanochemical motions the energy AE = AFE, + AE;
which is furthermore equal to the difference Egy, — Epoq of the energy Egup, =
Ei(€y) — Eo(fy) supplied with the substrate and the energy Eyoq = Ei(l1) —

Ey(¢1) removed with the product. We have
1
AE = §(k0 + k) (b — £1)2. (2.10)

The energy difference AFE is always positive and, hence, the considered active
dimer represents an exothermic enzyme.

The force dipole of the active dimer is m = ko({y — z)x for s = 0 and
m = ky(¢; — z)z for s = 1. Note that therefore m < kol3/4 for s = 0 and
m < k£3/4 for s = 1.

When the transition windows are narrow, the probability rate wy that sub-
strate binding, i.e., a transition to state s = 1, occurs per unit time in the state

s = 0 is approximately

ko
27T]{ZBT ’

wy = Yy (2.11)
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On the other hand, the probability rate w; that product release, i.e., a transition
to state s = 0, occurs per unit time in the state s = 1 is then approximately
given by

k1
2kpT’

w, = (212)

These equations are derived in Appendix 2.A. Moreover, the characteristic re-
laxation times of the dimer in the states s = 0 and s = 1 are, respectively,

70 = (vko) ! and 7 = (vk1) .

The parameter combinations wyry and w7, play an important role in deter-
mining the kinetic regimes. If the condition womy < 1 is satisfied, equilibration
to thermal distribution in the state s = 0 usually takes place before a transition
to the state s = 1, i.e., binding of a substrate, occurs. If the opposite condition
woTo > 1 holds, such transition takes place immediately after the transition
window at z = /; is reached. If wym; < 1, the equilibration takes place in the
state s = 1 before a transition to the state s = 0, i.e., the reaction and the
product release, occurs. In the opposite limit with wym > 1, the reaction takes
place and product becomes released immediately once the respective window at

x = {; is reached.

Note that, because the rate w is proportional to substrate concentration,
the condition wyry > 1 corresponds to the substrate saturation regime for the
considered model enzyme. The condition wy7; < 1 implies that the enzyme

waits a long time before the product is released.

2.2.2 Approximate analytical results for force dipoles

At thermal equilibrium in the absence of substrate, p;(x) = 0 and

po(x) = \/E exp [—Q:QT(QC - 50)2} : (2.13)

Since m = ko(lyp — x)x, one can easily find the equilibrium statistical distri-

bution for force dipoles by using the condition Peq(m)dm = po(z)dzr. Using,

for convenience, the dimensionless force dipole magnitude m = m/(kol2) and
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dimensionless temperature § = kgT/(kol?), we get

Pog(m) = 27T(11_ )0 {exp {_8_16’(1 i mﬂ

+ exp [—8—10(1 - my} } (2.14)

If § <« 1, this distribution is approximately Gaussian and localized at m = 0,

ie.,

P (i) = Vzlﬁ exp (-%2) | (2.15)

Using the distribution in Eq. (2.14), one finds that the mean force dipole is
(M)eq = —kpT. (2.16)

The correlation function C(t) = (Am(t)Am(0)) for variations Am = m — (m)

of force dipoles is [2.20]

Coq(t) = kol2kpTe /™ 4 2(kpT)?e 4t/ (2.17)

1'is the characteristic relaxation time for the dimer in the

where 79 = (vko)~
state s = 0. As shown in Appendix 2.B, the exact relation (m) = —kgT holds

for the dimer in any steady state and, therefore, in any of these limits.

For an active dimer, approximate analytical estimates can be obtained in
the four characteristic limits described below. The two of them (A and C)
correspond to low substrate concentrations, with rare turnover cycles controlled
by the substrate supply. In regime B, mechanochemical motions are limiting the
overall catalytic rate. In other words, product formation and its release occur
once an appropriate conformation (x = ¢1) has been reached. In regime D, the
overall kinetic rate is, on the other hand, limited by the waiting time for product

formation and release.
A The limit of wyry < 1 and wir < 1

If these conditions are satisfied, binding of the substrate and product release
have large waiting times. In this limit, there are two almost independent equi-

librium subpopulations of dimers in the states s = 0 and s = 1. The relative
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weights of the subpopulations are w/(w; + wp) and wy/(wy + wp). Therefore,
all statistical properties are given by the sums of contributions from different
states taken with the respective weights. Particularly, the correlation function
of force dipoles is

w1 _ _
C(t) = —[k ClpTe /0 L 9(kpT)? 2lt\/fo}
®) Wo + Wy 0%okBL € (ke )"

Wo

+ ke Pl Te /M 4 2(kBT)26—2‘t|/ﬁ]. (2.18)

IU()—I—’UJ1|:

We can use the above equation to determine the nonequilibrium part of the

fluctuation intensity of force dipoles
(Am?) s = (Am?) — (Am?)e,. (2.19)

Because (Am?) = C(0), we have

Wo

Am?)y =
< m>A Wo + Wy

(k103 — kolg) ksT. (2.20)
As follows from Eq. (2.17), the equilibrium fluctuation intensity is
(Am?)eq = kolokpT + 2(kpT)?. (2.21)

Since the effective binding rate wy of the substrate is proportional to its con-
centration c¢, i.e., wy = ne, Eq. (2.20) yields the Michaelis-Menten form of the

dependence of (Am?) on the substrate concentration.

Remarkably, the catalytic activity of the model enzyme can thus lead not
only to some enhancement, but also to reduction of fluctuations of the force
dipoles. According to Eq. (2.20), reduction should be observed if k63 < kql3.
Under this condition, the ligand-bound dimer (s = 1) is characterized by a lower

fluctuation intensity of force dipoles than the free dimer (s = 0).
B The limit of wyry > 1 and w;m > 1

In this limit, transitions take place once the respective transitions windows
are entered. If additionally the conditions kol > kgT and k(2 > kgT are
satisfied, thermal fluctuations can be neglected and the dimer essentially behaves

as a deterministic oscillator. Then, the solution can be obtained by integrating
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Eq. (2.5) with appropriate boundary conditions. This yields x(t) = 1+ (ly— {1 —
ple M for 0 <t < Ty and x(t) = Lo+ ({1 —Lo+p)e” =T/ for Ty < t < T,.. Here,
T, is the oscillation period of the active dimer and 7} is the duration of the cycle
time when the dimer is in the ligand-bound state s = 1. If transition windows

are narrow, i.e., the condition p < (¢y — ¢1) is satisfied, we approximately have

lo— ¢
T1:T11n<0 1>, (2.22)
p

and

T, = (10 +m)In (&);él). (2.23)

The respective time-dependent force dipole is m(t) = ky(¢; — z)z for 0 < t < T}
and m(t) = ko(ly — x)x for Ty < t < T.. Hence, it is negative for s = 1 and

positive for s = 0.

The force dipole varies within the interval m;, < m < Muyax, Where the
minimum value My, = —k1ly(ly — ¢1) is taken at ¢t = 0, i.e., in the state s = 1
just after substrate binding, and the maximum value My = kol1(lo — ¢1) is
reached at t = T}, in the state s = 0 just after product release (here we again
assume that transition windows are narrow). Note that, if thermal fluctuations
were present, the force dipoles could however have also taken the values outside

of this interval.

It can be checked by direct integration that the period-averaged force dipole
for the deterministic active dimer is (m(t))qet = 0. The correlation function for

the deterministic oscillating dimer is defined as the period average

Cln(t) = Ti /O S bt + hym(n). (2.24)

The explicit analytical form of this periodic correlation function is too compli-
cated and we do not give it (analytical results for correlation functions are also

omitted below in the limits C and D).

The mean-square intensity of force dipoles is (m(t)?)qet = Cyet(0). In the
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limit p — 0, we approximately have

mm%mzﬁégish(%gaﬂ*ww%y

x [k;o(eg + 2l + 362) + k(362 + 2600, + ef)] . (2.25)

When k; ~ ko, this equation yields the scaling (m(t)?)qe ~ ke
C The limit of wyry < 1 and wym; > 1

If these conditions are satisfied, the model enzyme waits a long time for
binding of a substrate (because the substrate concentration is low), but then
it performs a rapid reaction cycle. An approximate solution in this regime
can be obtained if, additionally, the conditions kol3 > kT and ki3 > kgT are
satisfied, i.e., that thermal fluctuations are weak. Moreover, we shall assume that
the transition window for substrate binding is narrow, i.e., the approximation
in Eq. (2.9) holds for uy(z).

In this case, the dependence x(t) consists of a sum of statistically independent
rare pulses, each corresponding to one reaction cycle:

w(t) = z(t—t;), (2.26)
J

where 2(t) = {1+ (bg—£1)e /™ for 0 < t < Ty and z(t) = o+ ({1 — fp)e~ -T2/
for ¢ > Ty, with T} given by Eq. (2.22). The pulses appear at random time
moments ¢; and the probability of their appearance per unit time is wy.

Moreover, we also have

m(t) =3 C(t =), (2.27)

where ((t) = k(61 — 2(t))z(t) for 0 < t < Ty and ((t) = ko(bo — 2(t))z(t) for
t>1T.
Hence, this represents a random Poisson process. Its first two statistical

moments are approximately (m(t)) =0 and
(m¥(0) =wn [ at (e
0

1
- Ewm(fo — 01)? [kG (0 + 20oly + 303) + Kok (365 + 2001 + €7)] . (2.28)
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Taking into account Eq. (2.11), we notice that, when k; ~ ko, the scaling
(m2(t)) ~ k% should hold.

D The limit of wyp > 1 and win < 1

This situation corresponds to substrate saturation and a long waiting time
for the reaction and product release in the ligand-bound state. A derivation,
similar to that given above, shows that, if kol2 > kgT and ki3 > kgT, we

approximately have (m(t)) = 0 and

1
<m2(t)> = Ewlﬁ (fo — 61)2 [k%(gfg -+ 26061 + f?) + k’ok’l (6(2) + 2€0€1 + 36%)} .
(2.29)
If we take into account Eq. (2.12), it can be noticed that, when k; ~ ko, scaling

(m2(t)) ~ ki/* is again obtained.

2.2.3 Numerical simulations

Numerical simulations can yield statistical properties of force dipoles for
selected parameter values in the regions where there are no approximate ana-
lytical results. Below in this section, we focus on the situation under substrate
saturation, but with the waiting time for product release comparable to the con-
formational relaxation time (thus, lying between the limits B and D). We shall
consider a situation where the condition kgT < kof3 is satisfied, so that thermal

fluctuations are relatively weak.

Before proceeding to simulations, the model was nondimensionalized. The
dimensionless variables were t = t/19, ¥ = x/{y, and m = m/(kof%). The dimen-
sionless transition rates were vy = vo7y and v, = v17y, while the dimensionless
temperature was 6 = kgT'/(kol3). Stochastic differential equation (2.5) was nu-
merically integrated, complemented by transitions between the ligand states [see

the source code in Appendix 2.E].
In the simulations, we had ¢; = 0.55¢y, k1 = 2ky, and p = 0.014,. We have
kept constant ©; = 2, but varied the parameter 0. A relatively low dimensionless

temperature § = 0.0018 was chosen to satisfy the condition kg7 < kof2. Under
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such choice, (m(t)?)get/(Am?)eq = 19.3 and wym = 0.27.

Note that, because of the last condition, there was a significant random varia-
tion in the waiting times for substrate conversion and product release. Moreover,
waiting times for substrate binding, characterized by the rate wq, could also vary.

These effects kept the model stochastic even when thermal noise was small.

Figure 2.3 shows typical time dependences of the force dipoles. In Fig. 2.3(a),
the waiting time for substrate binding is long. Therefore, the dimer spends
most of the time in the ligand-free state s = 0. Within the time shown, only
one turnover cycle has taken place. For the force dipole, the cycle consists of
a negative spike, just after binding of the substrate, and the following positive
spike, just after the product release. In Fig. 2.3(b), the substrate binding rate
is increased. As a result, the dimer is frequently cycling, already resembling an
oscillator. Nonetheless, the random variation of the times between the cycles is

relatively large.

Probability distributions of force dipoles are shown in Fig. 2.4. The black
curve is the distribution for passive dimers in the absence of the substrate,
given by Eq. (2.14). It represents a narrow Gaussian peak at m = 0. The
distribution at 0y = vom9 = 0.03 (red) is almost indistinguishable from it. The
blue curve is the distribution for active dimers corresponding to Fig. 2.3(b).
Now, the distribution is more broad and the central peak is smaller. The tail
on the left side from the peak and the shoulder on its right side are due to the
nonequilibrium activity of force dipoles.

The dependence of the nonequilibrium part of the fluctuation intensity of
force dipoles, Eq. (2.19), on the substrate binding rate vy, proportional to sub-
strate concentration, is shown in Fig. 2.5. It can be well fitted to the Michaelis-
Menten function (the solid curve). The saturation magnitude is close to the value
of 0.033 predicted at such parameters for the deterministic dimer by Eq. (2.25).

Normalized correlation functions of force dipoles at different substrate bind-

ing rates are shown in Fig. 2.6. In the absence of the substrate (for vy = 0)
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Figure 2.3: Time dependence of dimensionless force dipoles m = m/(kyl2) on
time for (a) 0y = 0.03 and (b) 9y = 3. Dashed lines show the lower bound
Mmin = —0.9 for the deterministic oscillatory dimer and the absolute upper
bound my,., = 0.25 for force dipoles.

the dependence is monotonous (it is given by Eq. (2.17)). As the substrate con-
centration is increased, damped oscillations in the correlation function become
observed, thus signaling the onset of the active oscillatory behavior that prevails

over the thermal noise.

The correlation functions could be fitted (dashed curves in Fig. 2.6) to the

dependence

C(t)/C(0) = Coia exp(—T[t]) cos(Qt] — ). (2.30)

Figure 2.7 shows how the dimensionless relaxation time 1/(I'7g), the dimension-
less oscillation period 27/({27) and the phase shift o depend on the substrate
binding rate. The oscillation period under saturation conditions is still larger
than 7. /79 = 5.7 for the deterministic dimer according to Eq. (2.23). This is
because of an additional waiting time for product release. The characteristic
relaxation time is about 1/(I'rg) = 2.

It should be stressed that the form in Eq. (2.30) of the correlation function
would not hold in the deterministic limit. Indeed, the oscillations stay harmonic
in the limit of an infinite correlation time. However, the deterministic oscillations

are actually nonharmonic, as seen in Fig. 2.3.
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Figure 2.4: Probability distributions of force dipoles m for passive (black curve,
vo = 0) and active (red curve, 0y = 0.03, and blue curve, 0y = 3) dimers.
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Figure 2.5: Dependence of the nonequilibrium part (Am?), of the fluctuation
intensity of force dipoles on the substrate binding rate vy (dots). The solid curve
is a fit to the Michaelis-Menten function.

There are two effects that make the dimer model stochastic, i.e., the ther-
mal noise in the dynamical equation (2.5) and random transitions between the
ligand states s = 0 and s = 1. When # — 0, the thermal noise vanishes, but ran-
dom transitions between the states nonetheless remain. This second stochastic
effect is responsible for the decay in the correlation function. As shown in Ap-
pendix 2.C, the dependence of the correlation function in Eq. (2.30) corresponds

to an approximate solution of the master equations (2.7) and (2.8).
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Figure 2.6: Normalized correlation functions of force dipoles at different sub-
strate binding rates: vy = 0 (absence of substrate, black), 7o = 0.03 (red), and
0o = 3 (blue). The correlation function for passive dimers (black) is given by
Eq. (2.17). Dashed curves are fits to the dependence in Eq. (2.30).

2.2.4 Estimates for hydrodynamic force dipoles of en-
Zymes

Above, statistical properties of force dipoles were analyzed in the framework
of an idealized model of the active dimer. Now, the obtained results can be
applied to approximately estimate the force dipoles for real enzymes and protein
machines. To do this, the relationship between such a simple model and the

actual proteins needs to be first discussed.

Proteins fold into a definite conformation that however incorporates many
different substates. Slow dynamics of proteins represents wandering over a
Markov network of such metastable conformational substates [2.24]. In all-atom
molecular dynamics (MD) simulations, transitions within tens of nanoseconds
to the nearest metastable states can be clearly seen. Long MD simulations show
motions over a set of these states extending to the millisecond timescales [2.25].
Single-molecule fluorescence correlation spectroscopy experiments with choles-
terol oxidase revealed that thermal conformational fluctuations in this enzyme,
in the absence of the substrate, had correlations persisting even over about 1.5s

time [2.26, 2.27]. In the coarse-grained structure-based simulations of proteins,
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Figure 2.7: The dependences of the relaxation time 1/I" (circles), oscillation
period 27/Q (triangles) and phase shift « (squares) on substrate binding rate
Vo-

such as modeling based on elastic networks, the rugged atomic energy land-
scape becomes smoothed [2.28], thus yielding continuous slow conformational

dynamics described by a set of effective collective coordinates.

In a detailed study of adenylate kinase [2.29], combining all-atom MD simu-
lations with single-molecule fluorescence resonance energy transfer and NMR, it
was found that, in this characteristic mechanochemical enzyme, conformational
substates lie along a trajectory that connects the initial open apo conformation
to the final catalytically efficient closed state. Thus, the energy landscape has
a valley that guides towards the optimal protein state; the motion along such a
valley can be described by a single coordinate. Similar organization of the en-
ergy landscape has been noticed in structure-based coarse-grained modeling of
protein machines and molecular motors, such as myosin V and F;-ATPase [2.30]

and HCV helicase [2.31].

Typically, mechanochemical enzymes and molecular machines represent pro-
teins with domain structure. Slow functional conformational dynamics in these
proteins consists in relative motions of the domains that can be often charac-
terized by a single coordinate, such as a hinge angle or a distance between the

centers of mass of two protein domains. This leads to the reduced models for
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proteins, with just one or a few mechanical coordinates [2.23]. The active dimer
is a model belonging to this class. Note that previously a similar simple model
with three beads was employed to estimate the magnitude of self-propulsion
effects in the enzymes [2.7]. In the framework of the active dimer model, statis-
tical properties of force dipoles in different kinetic regimes can be analyzed and
characteristic order-of-magnitude estimates for the intensity of such dipoles for

typical enzymes and protein machines can be derived.

In Sec. 2.2.2, four kinetic regimes have been outlined. The two of them (A
and C) correspond to low substrate concentrations, with rare turnover cycles
controlled by the substrate supply. Below, we focus on the substrate satura-
tion regimes B and D where high catalytic activity and, thus, the strongest

nonequilibrium force dipoles can be expected.

In regime B, mechanochemical motions are limiting the overall catalytic rate.
In other words, product formation and its release occur once an appropriate
conformation (z = ¢;) has been reached. Such regime is characteristic, for
example, for adenylate kinase where the turnover time is limited by the time
(about 1 ms) of the conformational transition from the open to the closed state,
with the reaction AMP + ATP — 2ADP rapidly occurring once the latter state
is reached [2.29].

In regime D, the overall kinetic rate is, on the other hand, limited by the
waiting time for product formation and release. This regime is typical for protein
machines and motors such as myosin V. In each operation cycle of this molecular
motor, catalytic hydrolysis of substrate ATP into product ADP takes place. The
cycle duration of 66 ms under ATP saturation is limited by waiting for ADP
release [2.32]. The conformational transition from the open to the closed state,
i.e., the lever-arm swing after ATP binding, takes place within a much shorter

millisecond time.

The principal parameters of the active dimer model are stiffness constants

ko and k; and inter-domain distances ¢y and ¢; in the open (s = 0) and closed
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(s = 1) conformations, respectively. The typical size of a protein is of the order
of tens of nanometers and this would be also the characteristic distances ¢, and
{1 between the domains. Moreover, if the open and closed states are distinctly
different, as, for example, in adenylate kinase or myosin, the change A¢ = ¢y — ¢,
is comparable in magnitude to ¢y and ¢;. As characteristic values for order-of-
magnitude estimates, one can, for example, choose {5 = 10nm and ¢; = 5nm in

the open and the closed states, respectively.

In the active dimer, two domains (beads) are connected by a spring. In real

proteins, they can be, instead, connected by a hinge with the elastic energy

1
E = 5}((@ —0)?, (2.31)

which depends on the deviation of the hinge angle © from the equilibrium angle

Og. This can also be approximately written as

E= %k(x — ), (2.32)

so that the hinge is described as an elastic spring with z = (O, ¢, = (O and
the effective stiffness k = K/(?, where ¢ is the characteristic linear size of the

domains connected by the hinge.

The stiffness of the converter hinge in myosin V was estimated in single-
molecule experiments by Kinoshita with coworkers [2.33] to be about K =
5kgT /rad® both in the open and the closed states. On the other hand, the data
of high-speed AFM observations by Ando with coworkers [2.34] corresponds to
a higher value of K = 23kgT/rad®. The difference may be due to the fact
that the hinge becomes softer for larger angles. In our estimates below, we take
K = 10kgT /rad®. Choosing ¢ = 10nm, this leads to k = 0.1 kg7 /nm?.

As noticed above, in adenylate kinase, the overall turnover rate under sub-
strate saturation in an enzyme is limited by conformational transitions between
the open and closed states (and hence the turnover rate is about 10*s™!). The
maximum intensity of force dipoles can be estimated by using Eq. (2.25). If the

parameter values ko = k; = 0.1 kgT/nm?, {y = 10nm, ¢; = 5nm and p = 1nm
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are chosen, the nonequilibrium mean-square fluctuation intensity (Am?2)s of
force dipoles in such enzymes is estimated as approximately 80 [pN-nm|?. This
is similar to the previous estimate of 100 [pN-nm|? in Ref. [2.12] based on typical

stall forces in molecular motors.

In more slow enzymes and protein machines with the turnover numbers of
tens per second, the turnover is limited by product formation and its release. In
this case, the intensity of force dipoles can be estimated using Eq. (2.29). There,
the rate w; of product formation and release is approximately the same as the
overall turnover rate, whereas 7 corresponds to the conformational transition
time. Choosing the turnover rate of 155!, as in myosin V, and the conforma-
tional transition time of 1ms and keeping the same other parameters as above,
the nonequilibrium mean-square fluctuation intensity of force dipoles can then
be estimated as about 4 [pN-nm]?. This is much smaller than the above esti-
mate for fast enzymes because nonthermal mechanical forces are only generated
in conformational transitions of about 1ms in duration. It represents only a
small fraction of the entire cycle time of tens of milliseconds in such enzymes or

protein machines.

While typical enzymes have turnover times between milliseconds and tens
of milliseconds, there are also very slow enzymes, such as tryptophan synthase
with the turnover time of 0.5s [2.35], and enzymes that are very fast, such as
catalase (17 us) or urease (59 us) [2.36]. Moreover, transition times from open
to close confirmations can be also very short in some enzymes. For example, for
phosphoglycerate kinase (PGK), neutron spin-echo spectroscopy yields confor-
mational transition times of the order of tens of nanoseconds [2.37]. This was
also observed in coarse-grained MD simulations for PGK [2.38]. Therefore, it is
interesting to discuss under what general conditions stronger force dipoles can

be expected in enzymes.

Equation (2.10) relates the energy (generally, enthalpy) dissipated in mechanochem-

ical motions within the turnover cycle of an active dimer to the stiffness of the
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dimer and the magnitude of conformational changes in it. While it has been
derived for an idealized model, it can also be used for order-of-magnitude es-
timates in real enzymes. Taking, for example, ky = k; = 0.1 kgT/nm? and
ly — ¢1 = 10nm for myosin, we obtain AE = 10 kg7, which is in reasonable
agreement with the energy of about 20 kgT" supplied to this molecular motor

with ATP (only half of this energy is used in the power stroke).

Note that, assuming for simplicity that ky = k1 = k, Eq. (2.10) can be also

written as

AFE

thus expressing the stiffness in terms of the energy A F dissipated in mechanochem-
ical motions and the conformational change A¢ = ¢y — ¢;. An enzyme is stiffer
if the same energy is dissipated within a conformational transition of a smaller

magnitude.

Suppose that conformational changes are indeed small in an enzyme and,
moreover, its turnover rate is limited by conformational transitions within the
cycle. Then, Eq. (2.25) can be used to estimate the intensity of force dipoles.

For approximate numerical estimates, it can be written in the form
(Am?) = Gk (Lo — 1), (2.34)

where (j is a dimensionless factor of order unity that also includes the logarithmic
term and we have taken ky = k; = k. Note that this estimate holds assuming
that the force dipoles in the catalytically active enzyme are much stronger than

those due to thermal fluctuations in the absence of substrate.

Substituting & from Eq. (2.33), a simple order-of-magnitude estimate is ob-

tained

(Am?) = (2—002 AE?, (2.35)

where (; is another dimensionless factor of order unity. Moreover, by using
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Eq. (2.21) and (2.33), we furthermore get
(Am?) AE

TN
if the condition k¢ > kgT holds.

(2.36)

These results show that the intensity of force dipoles is strongly sensitive to
the magnitude of mechanochemical motions within the turnover cycle. More-
over, they show that, in strongly exothermic enzymes, force dipoles are greatly

enhanced when catalytic activity takes place.

The above-mentioned catalase and urease enzymes are not only exception-
ally fast, but also highly exothermic, with AH = 100kJ/mol for catalase and
AH = 59.6kJ/mol for urease [2.36]. Hence, large energies of 42 kgT or 25 kgT
are released in them and dissipated into heat within very short microsecond
cycle times. Furthermore, at least for catalase, it is known that functional
conformational changes are involved within the turnover cycle, but their magni-
tude is small [2.39]. It has been previously proposed [2.36] that chemoacoustic
intramolecular effects caused by strong heat release may even lead to hydrody-
namic self-propulsion of these enzymes, although subsequent examination could
not confirm this [2.7]. These enzymes do not have a domain structure and
therefore the results of our analysis based on the dimer model are not directly
applicable to them. Nonetheless, they suggest that hydrodynamic force dipoles

in them may be very strong.

2.3 Diffusion enhancement for passive particles

in active enzyme solutions

The most important application of the obtained results for force dipoles is
that they allow to obtain more accurate analytical and numerical estimates for
diffusion enhancement of passive particle in solutions of active enzymes. In the
previous studies [2.12, 2.14], the magnitude of diffusion enhancement has been

expressed in terms of the statistical properties of hydrodynamic force dipoles.
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However, because these properties were only poorly known, precise estimates for
such magnitude could not be obtained. This has led to difficulties in the inter-
pretation of experimental results and in the analysis of the computational data.
In this section, we use the statistical properties of force dipoles for active dimers,
determined above in Sec. 2.2, to estimate the diffusion enhancement effects for

enzymes in water solution and for active protein inclusions in biomembranes.

2.3.1 Diffusion effects of enzymes in water solutions

As previously shown [2.12, 2.14], the change D, in the diffusion coefficient

of passive tracer particles in a three-dimensional (3D) solution is given by

n

_ (= Yed). 2.37
607TM2€CH1; (X X q) ( )

Dy

where n is the concentration of active enzymes, p is viscosity, and f.y is a

microscopic cut-off length of the order of a protein size. Moreover, we have

= / it Ct)o (1), (2.39)
0
where C(t) is the correlation function of force dipoles corresponding to the en-

zymes and o(t) is the orientational correlation function for them; y.q is given

by the same equation, but with C(t) replaced by Ceq(t).

The orientational correlation function has the form
U(t) = eXp(_t/Trot>a (239)

where 7,44 is the orientational correlation time. As seen from Egs. (2.37), (2.38)
and (2.39), the magnitude of diffusion enhancement is sensitive to the relation-
ship between the correlation time of force dipole and the orientational correlation

time.

According to the Stokes equation, rotational diffusion coefficient for a spher-

ical particle of radius R is

kgT

Dro = S 5a-
" 8TuUR?

(2.40)

The orientational correlation time is defined as 7ot = 1/Dyo. Since proteins
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are not spheres, their orientational correlation times are shorter than given by
the Stokes estimate. Even in crowded solutions, they do not exceed a microsec-
ond [2.40-2.42]. For active dimers, the orientational correlation times can be
estimated by using Eq. (2.40) with R = .

For the active dimer model, the correlation functions of force dipoles and,
therefore, their correlation times were analytically determined at equilibrium
[see Eq. (2.17)] and in the limit A [see Eq. (2.18)]. Moreover, they were also
numerically determined, as shown in Fig. 2.6. As follows from these results, the
correlation times for force dipoles are determined by conformational relaxation
times 79 and 7;. In the discussion of conformational relaxation phenomena in
proteins in subsection 2.2.4, we have noticed that slow conformational relaxation
processes, involving relative domain motions in real enzymes, would usually lie in
the microsecond to millisecond range. Hence, correlation times for force dipoles
of the enzymes would be typically longer than their orientational correlation

times.

Below, we assume that the orientational correlation time is much shorter
than the correlation time for force dipoles. By using Eq. (2.39) and putting
C(t) = C(0) = (Am?) in Eq. (2.38), we approximately find

X = Xeq = Trot (Am?) 2. (2.41)

Hence, the change in the diffusion coefficient can be estimated as

TrotTV

Dy=—"F"—
AT 60mp2 e

(Am?) 4. (2.42)

Substituting approximate analytical expressions for (Am?), in different limiting
regimes, obtained in subsection 2.2.2, or using the numerical data from subsec-

tion 2.2.3, we can now estimate and analyze diffusion enhancement.

Particularly, it was found in subsection 2.2.3 that (Am?), for active dimers
has a Michaelis-Menten dependence on the substrate concentration. As follows
from the above equation, the same dependence should hold for D,. As could

have been expected, the highest diffusion enhancement is reached under the
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condition of substrate saturation for the enzymes. Under substrate saturation,
the intensity of force dipoles depends, as demonstrated in subsections 2.2.2 and
2.2.3, on the properties of the turnover cycle of an enzyme. The highest inten-
sity is found in regime B, i.e., when there is no long waiting time for product
release, and the turnover rates are limited by conformational transitions within

the catalytic cycle (adenylate kinase is an example of such an enzyme).

In such asymptotic regime, (Am?), is given by Eq. (2.35) provided that the

condition k€3 > kgT holds. Substituting this expression into Eq. (2.42), we

DA . VRO 60 2 60 3 AFE 2 (2 43)
Dr Ro+tb\ar) \7) T ) - ‘

Here, Ry is the radius of a tracer particle, £, is the characteristic size of an enzyme

obtain

(i.e., the dimer length), A/ specifies the magnitude of the conformational change,
AFE is the free energy supplied with the substrate and dissipated within each

cycle. For the equilibrium diffusion constant Dr, the Stokes equation

kT
T 6muRy

(2.44)

has been used. Moreover, the microscopic cut-off length is chosen as (. =

Uy + Ry and v = 47(;/5 is a numerical factor of order unity.

Equation (2.43) can be employed to estimate the maximum relative diffusion
enhancement for passive particles that can be obtained, under substrate satura-
tion, in water solutions of enzymes. For numerical order-of-magnitude estimates,
we consider exothermic enzymes with AE = 10kgT and Al = 0.14y. As the
enzyme concentration, we take n = 1 uM. This corresponds to a noncrowded
solution where the mean distance between the enzymes is about ten times larger
than their size (¢ ~ 10¢y). Moreover, we consider passive particles with the sizes
comparable to that of an enzyme (Ry ~ £y). Under these conditions, we have
Dp ~ 10D, i.e., diffusion of tracer particles is ten times faster in the solution

of catalytically active enzymes.

Dependence of diffusion enhancement on the orientational correlation time
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is additionally discussed in Appendix 2.D.

2.3.2 Diffusion effects of active protein inclusions in biomem-
branes

It is known that, on the length scales shorter than the Saffman-Delbriick
length of about a micrometer, lipid bilayers behave as 2D fluids [2.8]. Similar
to enzymes in water solutions, active protein inclusions (such as ion pumps
or transporters) can cyclically change their shapes inside a lipid bilayer within
each ligand turnover cycle. Hence, they behave as hydrodynamical force dipoles
within a fluid lipid bilayer. Therefore, diffusion enhancement is expected for
biomembranes when nonequilibrium conformational activity of proteins takes

place [2.12].

A significant difference to water solution is that, for the biomembranes as
2D fluids, hydrodynamic diffusion enhancement effects are nonlocal. For such

systems, Eq. (2.37) is replaced by [2.12, 2.14]

1 Tals
Dp oo (R) = ———(X — Xe dr =% R . 2.45
o (B) = g (= ) [ i Rr). (249

Here, x is again given by Eq. (2.38) with o(t) being the planar orientational
correlation function for protein inclusions. Moreover, pop is the 2D viscosity of
the lipid bilayer, related as pop = husp to its 3D viscosity psp (where h is the
bilayer thickness); nop is the 2D concentration of active inclusions within the

membrane.

For numerical estimates, we assume that active proteins occupy a small cir-
cular region (a raft) of radius Ry, (shorter than the Saffman-Delbriick length)
within a membrane. Then, diffusion enhancement for a passive particle of radius

Ry located in the center of the disc is [2.12, 2.14]

n
Da = Cm%D(X - Xeq)v (246)
H2p

where ¢, = (1/327) In(Ry/leut); Lews = Ro+ £o, and y is given by the integral in

Eq. (2.38) where, however, o(t) is the planar orientational correlation function
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for proteins inside a membrane.

The viscosity usp of lipid bilayers is about 103 times higher than that of
water and, therefore, both translational and rotational diffusion is much slower
in them. From experiments, it is known that diffusion constants for proteins in
lipid bilayers are about Dt = 107 cm? /s, i.e., about 10% times smaller than in
water for similar proteins. One can therefore expect that rotational diffusion of
proteins in lipid bilayers would be slowed by about a factor of 10% too, yielding
orientational correlation times 7,,; that might approach a millisecond, still being

shorter than the turnover time of an enzyme.

The magnitude of diffusion enhancement in Eq. (2.46) can be determined
by modeling protein inclusions as active dimers that lie flat in the membrane.
Then, the same estimate (2.35) for (Am?) can be used. Combining all terms,
diffusion enhancement in Eq. (2.46) for a passive particle in the center of a

protein raft approximately is

tb\> [ AE \?
Da = — - 2.4
A VmTrot (AE) (h€2DM3D> ) ( 7)

1/2

where the dimensionless prefactor is vy, = (3¢ and fop = n,p’" is the mean

distance between inclusions in the membrane.

To obtain a characteristic order-of-magnitude estimate, the 3D viscosity of
the lipid bilayer is chosen as psp = 1 Pa-s and the thickness of the bilayer as h =
Inm. For protein inclusions, we assume that AE = 10kgT and Al ~ {y. The
orientational correlation time is taken to be 7, = 100 us and the mean lateral
distance between the proteins is fop = 10nm. For such parameter values, the
maximal possible diffusion enhancement under substrate saturation conditions
is about Dy = 1072 cm?/s. For comparison, Brownian diffusion constants for
proteins in lipid bilayers are of the order of 1071° cm? /s and diffusion constants

for lipids are about 1078 cm?/s.
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2.4 Discussion
Using the results of our study, available experimental and computational
data on diffusion enhancement in solutions of catalytically active enzymes can

be discussed.

2.4.1 Experimental data

Diffusion enhancement for the enzymes has been reported in solutions of sev-
eral catalytically active enzymes, at the concentrations varying between 1nM
and 10nM [2.36, 2.43-2.46]. With the exception of aldolase [2.43] (for which,
however, the enhancement could not be independently confirmed [2.47]), all
these enzymes were exothermic and had high turnover rates of about 10*s~!.
The enhancement was reported not only for the enzymes themselves, but also
for inert molecules (tracers) surrounding them [2.44, 2.45]. The enzyme concen-
tration dependence of the diffusion enhancement effects could not however be
detected [2.46].

It does not seem plausible that such experimental data can be understood
in the framework of the original theory [2.12] and its subsequent extensions,
including the present work. The fact that a significant diffusion enhancement
(by tens of percent) was observed already at low nanomole concentrations can
still be perhaps explained by assuming that, for some reasons, the force dipoles
of specific enzymes with high catalytic turnover rates were exceptionally strong.
However, the absence of a dependence of the experimentally observed diffusion
enhancement on the enzyme concentration clearly contradicts the theory [2.12]
where diffusion enhancement arises as a collective hydrodynamic effect. Effec-
tively, diffusion enhancement was observed in the experiments [2.36, 2.43-2.46]
already for single molecules of enzymes.

When our study was completed, an interesting publication [2.48] has ap-
peared where diffusion enhancement was demonstrated by a different method
for several other reactions. Since catalyst’s diffusion was not affected by its

concentration, this was again a single-particle property not covered by the the-
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ory [2.12].

Experiments on optical tracking of particles in animal cells [2.49] and in
bacteria or yeast [2.50] have been furthermore performed. They have shown
that, when metabolism was suppressed (by depletion of ATP), diffusion dropped
to undetectable levels [2.49, 2.51] or it was much slowed down and replaced
by subdiffusion characteristic for a colloidal glass [2.50]. Strong reduction of
diffusion under metabolism suppression was moreover found in various cytoplasm

extracts [2.52].

It should be also noted that diffusion enhancement has been experimentally
observed within chromatin in a living biological cell [2.53]. This was explained by

active operation of molecular machines involved in transcription and translation

of DNA [2.54].

The cytoplasm of a living cell represents a crowded solution of proteins. In
bacteria, the volume fraction of proteins in cytosol is about 30 percent [2.55],
with the highest concentrations of the order of 100 uM reached for glycolysis
enzymes. Most of the enzymes in the cell are mechanochemical, i.e., they ex-
hibit conformational changes in their catalytic cycles. Typical turnover times of

enzymes in a biological cell are of the order of 10 ms.

According to the previous [2.12] and current estimates, substantial diffusion
enhancement due to hydrodynamic collective effects should thus be expected
under metabolism in the cytoplasm. There are, however, also other mechanisms

that can contribute to diffusion enhancement in the cells.

The cytoskeleton of animal cells represents an active gel, with numerous
myosin molecular motors operating within it. It is known that the activity
of the motors can lead to development of nonequilibrium fluctuations in the
cytoskeleton which induce in turn fluctuations and diffusion enhancement in the
cytosol [2.17, 2.51, 2.56]. The skeleton of bacteria and yeast is however passive;
moreover, metabolic diffusion enhancement in such cells could also be observed

when their skeleton was chemically resolved [2.50]. Therefore, the active gel
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mechanism [2.56] cannot account for the effects observed in them.

On the other hand, under high crowding characteristic for cytoplasm, pro-
teins are frequently colliding and direct interactions between them often take
place [2.40, 2.42]. It is known that, for dense colloids, glass behavior can be
expected, with the transport and relaxation phenomena strongly slowed down
in them [2.57]. Indeed, such behavior could be observed both in the cells [2.50]
and in the extracts [2.52] in the absence of metabolism.

It has been recently shown that, when the particles forming a glass-like
colloid, cyclically change their shapes, the colloid gets fluidized and classical
transport properties become restored [2.58, 2.59]. Even in the absence of hydro-
dynamic interactions, conformational activity of proteins, at the rates of energy
supply of about 10 kgT" per a protein molecule per a cycle, can lead to diffusion
enhancement by one order of magnitude [2.58]. This provides an additional, non-
hydrodynamic, mechanism that can contribute to the experimentally observed
diffusion enhancement in living biological cells.

In summary, the analysis of the available experimental data reveals that the
predicted diffusion enhancement [2.12] for passive particles caused by collective

catalytic activity of enzymes could not so far been reliably confirmed.

2.4.2 Computational data

Large-scale computer simulations for colloids of active dimers have been per-
formed by Dennison, Kapral and Stark [2.20]. In these simulations, the solvent
was explicitly included and the multiparticle collision dynamics (MPCD) approx-
imation [2.60] was employed, thus allowing to fully account for hydrodynamic
effects.

To facilitate the comparison, we first give a summary of the essential pa-
rameter values in the study [2.20], using the current notations employed by us.
The natural lengths of the dimer in two ligand states were ¢y and ¢; = {y/2,
and the spring constants were kg and k; = 2ky. The dimensionless spring con-

stant k¢2/(kgT), characterizing stiffness of the dimer, was varied between 144
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and 1440. The energy AFE = (1/2)(ko + k1)(¢y — ¢1)?, supplied to a dimer and
dissipated by it as heat within a single cycle, was changing therefore between
121.5 kgT and 1215 kgT'. The simulations were performed under substrate satu-
ration conditions. Product formation and release were possible within a window
of half-width p = 0.025¢y near x = ¢;. The rate v; of this transition could be

varied in the simulations by a factor of 5.

The Langevin equation (2.5) with viscous friction and thermal noise was not
used. Instead, collisions between the two beads of the dimer and the solvent
particles were explicitly taken into account in the framework of MPCD. For a
single passive dimer, the equilibrium correlation function of force dipoles Ceq(2)
was computed yielding the correlation time for fluctuations of its force dipole;
this function could be well fitted to the theoretical dependence in Eq. (2.17).
Note that, when kol%/(kgT) > 1, the relaxation time 79 = (vko) ™' of the dimer
should be close to this correlation time. Moreover, we have 71 = (vki)™' = 70/2.
Using such estimates, it can be shown that w;7m varied between 0.001 and 0.1
in the simulations [2.20]. Because substrate saturation was assumed, conditions
woTp > 1 and wyT; < 1 corresponding to the limit D in Sec. 2.2.2 were therefore

approximately satisfied.

For single active dimers, correlation functions C(t) of force dipoles were
determined [2.20]. They showed damped oscillations and were similar to the
correlation function for vy = 3 in Fig. 2.6. The correlation times varied, but
remained of the same order of magnitude as the correlation time of the passive
dimer. The force-dipole intensity (Am?) of active dimers was by about an
order of magnitude larger than (Am?)., for the passive ones. Depending on the
parameters, it scaled as k§ with the exponent « in the range between 1.2 and

1.6, comparable with the exponent of 1.5 in Eq. (2.29).

Orientational correlation functions o (t) were furthermore computed for single
dimers [2.20]. Remarkably, it was found that the orientational correlation time

Trot Was sensitive to the conformational activity of the dimer, getting shorter by
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about an order of magnitude when such activity was switched on. Nonetheless,

in all simulations 7,4 was larger than the force dipole correlation time.

Multiparticle 3D computer simulations of colloids formed by active dimers

were further performed [2.20]. In the simulations, the truncated potential

u(r) = 4 [(?)48 - <@)Q4 4 i] , (2.48)

for r < 21/24(2r) and zero otherwise, with ¢ = 2.5kgT and 7y = 1.075(,, was
used to describe steep repulsive interactions between the beads belonging to

different dimers. The interaction radius ry was chosen as defining the radius of

a bead.

Since distances ¢y and /1 = 0.5¢; in the open and closed dimer conformations
were both smaller than 2ry = 2.15¢,, large overlaps between the beads in a dimer
were present in the simulations. However, this did not affect the internal dimer
dynamics because there were no repulsive interactions between the beads in the
same dimer. Additionally, the simulated system included one passive tracer

particle of radius 0.5¢;.

The volume fraction ¢ occupied by dimers was determined by taking into
account the overlaps, but assuming that all dimers were in the equilibrium open
state with the length of /. Because, under substrate saturation conditions, they
were however mainly found in the closed state with an even stronger overlap,
such definition overestimated the actual volume fraction by a factor of up to

two.

Due to the crowding effects, diffusion of a passive particle in the system
of inactive dimers decreased with the volume fraction of them. The diffusion
reduction at the highest taken volume fraction ¢ = 0.266 was less than ten per-
cent, indicating that this colloidal system was still far from the glass transition

threshold [2.57].

When the dimers were active, diffusion of tracers was increasing instead with

the dimer volume fraction ¢. For the most stiff active dimers with kol%/(kgT) =
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1440 and the kinetic regime with w7 about 0.1, relative diffusion enhancement
of Dp/Dt = 0.3 could be observed [2.20] at the dimer volume fraction of ¢ =
0.266. For the least stiff dimers with kof2/(kgT) = 144, diffusion enhancement

by 5 percent was seen at ¢ = 0.133.

Thus, collective hydrodynamic effects of active enzymes on diffusion of pas-
sive particles could be computationally confirmed. To speed up the calculations,
model enzymes in the study [2.20] were chosen however to be unusually rapid
(with the turnover times shorter than the rotational diffusion time) and un-
usually exothermic (with the heat release of hundreds of kg7 per a turnover
cycle). It would be therefore important to undertake such simulations also for

the parameters closer approaching those of the real enzymes.

2.5 Conclusion

To our knowledge, the present work is the first study where hydrodynamic
force dipoles of mechanochemical enzymes have been systematically analyzed.
Although the analysis has been performed for an idealized model, order-of-
magnitude estimates for the intensity of such dipoles for characteristic enzymes,
such as adenylate kinase, and for protein machines, such as myosin, have been

obtained.

We have also examined for what kinds of enzymes strong hydrodynamic ef-
fects may be expected. Our analysis reveals that, in the framework of the inves-
tigated model, these should be very rapid, highly exothermic and stiff enzymes,
where the energy is dissipated in mechanical motions of a small amplitude. It is
interesting to note that these general conditions are indeed satisfied, for example,

for catalase or urease.

Using the derived statistical properties of force dipoles in the dimer model,
more accurate estimates for diffusion enhancement for surrounding passive par-

ticles in solutions of active enzymes were obtained.

Based on these results, currently available experimental and computational
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data has been examined. We have concluded that, while the collective hydro-
dynamic effects of diffusion enhancement have been principally confirmed in the
computational study [2.20], further work is needed to bring simulations closer

to the parameter region corresponding to real enzymes.

On the experimental side, we have concluded that the data on diffusion en-
hancement in weak nanomole solutions of several fast exothermic enzymes can-
not be explained in the framework of the theory [2.12] and alternative explana-
tions for them should be sought. In experimental studies of diffusion phenomena
in living cells and in cellular extracts, additional work is needed to distinguish
possible hydrodynamic contributions from the effects of direct collisions between
active proteins and the resulting kinetic crowding effects. Large-scale numeri-
cal simulations of crowded active colloids including hydrodynamic interactions
between the particles are to be performed. It should be also pointed out that, al-
though the effects of diffusion enhancement are also predicted for biomembranes
crowded with active protein inclusions, experiments and numerical multiparticle
simulations of such phenomena are still missing today; it would be interesting

to carry them out.

It was not the aim of the present work to provide a review of all proposed
mechanisms for diffusion enhancement effects. Especially, we have not con-
sidered possible origins of diffusion enhancement for single catalytically active
enzymes, even though this question attracts much attention in view of the recent
research [2.45, 2.46, 2.48]. Our focus was on diffusion enhancement for passive
particles caused by hydrodynamic collective stirring of the solution by a popu-
lation of active particles that cyclically change their shapes, but do not propel

themselves.

In the future, the active dimer model can be used to develop stochastic ther-
modynamics of mechanochemical enzymes. It would be important to investigate
in detail hydrodynamic effects, accompanying functional conformational transi-

tions, in all-atom or coarse-grained molecular dynamics simulations for specific
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enzymes and protein machines.

Appendix 2.A Transition probabilities

When transitions between the states s = 0 and s = 1 are rare, the solution

of the master equations (2.7) and (2.8) can be approximately sought in the form

ps(z,t) = ms(t)p(z, t|s), (2.A1)

where 74(t) is the probability to find the dimer in the ligand state s and p(x, t|s)
is the probability distribution for distance x provided that the dimer is (perma-

nently) in the state s.

Substituting these expressions into Egs. (2.7) and (2.8) and integrating over
the variable x, one finds that the probabilities 7, obey classical master equations

for a two-level system,

dm
and
dm
dtl = WoTp — W1T. (2.A3)

Here wy and w, are effective rates of transitions between the states given by

wy = /_OO dx up(x)p(x|s = 0), (2.A4)
and
wy = /OO dxuy (z)p(x|s = 1). (2.A5)

The involved probability distributions in the statistically stationary case are
/ kO [ kO 2_

kq o kq
X J—
QWkJBT P

and

(x—01)?] . (2.A7)

plafs=1) =

If the transition windows are narrow, approximations in Eq. (2.9) can fur-
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thermore be used, so that we obtain
wo = vop(x = lo|s =0), wy =uvp(x =l|s=1). (2.A8)

Thus, using the above expressions for distance distributions, we finally get

ko

=2 2.A9
Wo PYo 27T]€BT’ ( )
and
k1
=2 . 2.A10
w1 PU1 okl ( )
In the steady state, the probabilities are

M= —2 o= (2.A11)

Wo + Wy Wo + Wy

Appendix 2.B Average force dipole

Let us consider the second statistical moment (x?). In a steady state, its
time derivative is zero. On the other hand, by using Egs. (2.7) and (2.8) and

integrating by parts, we find
d{z?)

i 27y /OO dx [kox(€0 — x)po(x) + kyz (€ — :U)pl(x)]

—00

2T [ de () + ()]

= 2v(m) + 2vkgT = 0. (2.B1)

Thus, we straightforwardly obtain that, for an active dimer in any statistically
steady state, (m) = —kgT.

Note that here and also in the equations below, the integration limits over

x are taken as +o0o and —oo. The actual limits are automatically selected by

probability distributions po(z) and p;(x).

Appendix 2.C Force-dipole correlation function

Introducing

oty = | 0 (2.C1)

p1(z,t)
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we can write the system of two master equations (2.7) and (2.8) concisely as

d_p_A

=L 2.02
y P, (2.C2)
where
) Ly L
L= AOO A01 : (2.C3)
Ly Ln
and
L —k;ﬁ(e—)—kTa—QJr (z) (2.C4)
00—706900 T VB&CQ Uo(T), :
and
Ly = kﬂ(e — ) — kTa—2+u(x) (2.C5)
11—71ax 1 kB 92 1\Z), .
and
j—zgl = —Ul(l’), IAzl() = —Uo(l’) (206)
The general solution of Eq. (2.C2) is
ps(x,t) = Z Ang\ (x)e M 4 c.c. (2.C7)
n=0

where A, and g™ are eigenvalues and eigenvectors of the linear operator L,

A

Lq™ = X\.q"™, (2.08)
and decomposition coefficients A,, are determined by initial conditions.

Because the master equation must have a stable stationary solution, the
operator L should always possess a zero eigenvalue \g = 0 and, furthermore,
condition Re A, > 0 should hold for all other eigenvalues n [2.61]. Generally, the
eigenvectors can be ordered according to the increase of Re A, (and therefore we
can enumerate the eigenvalues in such a way that 0 < ReA\; < Re Ay < Rel3 <

...). The stationary probability distribution p(z) coincides with the eigenvector
q% ().

The conditional probability G(z, s,t|zo, so) gives the probability to find the

dimer in various states (x, s) at time t provided that it was in the state (o, so)
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at time ¢ = 0. It represents a special solution of the master equation (2.C2)

given by
G(z, s, t|xo, So) Z an (20, 50) g™ (x)e M + c.c. (2.C9)

n=0

where a,(xg, sg) are the coefficients of decomposition of this initial condition

over eigenvectors q™.

The force dipole m depends on the distance x between the domains and
on the dimer state s, i.e., m(t) = m(z(t),s(t)). Therefore, in the statistically

stationary state we have

(m = 3 [ [ domlan, sopmie, 9 (206l oo, s).

s,50=0,1

(2.C10)
By using Eqgs. (2.C9) and (2.C10), we find that, in the statistically stationary

state, the correlation function of force dipoles is
C(t) = (m(t)m(0)) — (m*) = Be ™M 4 cc. (2.C11)
where the complex coefficients B,, are

X:OI/ dxo/ dx m(xq, so)m(z, s)pso(:vo)an(xo,so)qg )( ). (2.C12)

If we retain in this decomposition only the first, most slowly decaying term,

this yields

C(t) = Bie ™M fce. = @Q—Flt\ cos(Qt| — ). (2.C13)
Cos «

Therefore, the normalized correlation function is

ct) 1
m = Ee | |COS(Q|t| —a), (2.C14)

where I' = Re A\, 2 = Im Ay, and B; = C(0)e'®/ cos a.

Our numerical simulations, described in Sec. 2.2.3, have shown that, in the
regimes approaching a deterministic oscillatory dimer, the correlation functions
of force dipoles could be well fitted to the above dependence. This suggests that

contributions from the higher, more rapidly decaying relaxation modes n > 1
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have been indeed relatively small. As generally known [2.62], noisy oscillators
possess a slowly relaxing mode that corresponds to diffusion of the oscillation
phase. It can be expected that, under chosen conditions, such a mode has been

dominating the correlation functions for oscillatory dimers.

Appendix 2.D Dependence on orientational cor-

relation time

Suppose that the force-dipole correlation function C'(¢) and the orientational
correlation function o(t) are given by Egs. (2.C14) and (2.39). By taking the

integral in Eq. (2.38), we find

/Tt + T+ Qtana
(1Tt + )2+ Q2

This yields a nonmonotonous dependence of y on the orientational correlation

(Am?). (2.D1)

time. If the phase shift « is small and can be neglected (cf. Fig. 2.7), the

maximum value Ymayx is reached at 7., = (Q — I')~! and we have

Yoo  2IQ 7

(2.D2)

where

T
Xoo = T e

is the limit of ¥ when 7oy > I'™! and 7y > Q7L

(Am?), (2.D3)

These results allow us to discuss how the diffusion enhancement would de-
pend on the orientational correlational time 7., not assuming that it is much
shorter than the correlation time for force dipoles. If the approximation in
Eq. (2.30) holds, diffusion enhancement is determined by Eq. (2.37) where x is
given by Eq. (2.D1). The diffusion enhancement depends nonmonotonously on
the orientational correlation time. It increases linearly with 7. at short times,
then reaches a maximum at 7,0 = (€ — F)_l and finally saturates at large ori-
entational correlation times. For example, if we take the values I =~ 1/(27) and

Q ~ 7/(3m) corresponding to substrate saturation in Fig. 2.7, the maximum
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diffusion enhancement would be reached at 7., = 1.875 and, at the maximum,

it will be larger by about 30 percent than in the limit 7oy > 79.

Appendix 2.E Program: Langevin equation in

Eq. (2.5)

Here we present the source code for calculating the discretized Langevin
equation of Eq. (2.5). The Euler method is used and the dynamical change of

can be obtained by using this code.

Listing 2.1: Main program (output are not written)

os

os path
datetime
time

numpy . random *
numpy as np
datetime
multiprocessing

start = time.time ()

Write () :
_init__(self):

write_t_x_m_s(self):

f = (’%s_%0.2fnu0_no%d.txt’%(outputO,nul,
nthfile), ’w’)

get_parameters (f)

f.write(’#t x ymys\n’)

[f.write( (ts[item]) +°,°+ °%0.8f’%(xs[item]) +
'L+ 2%0.8f % (ms [item]) +7 7+ (sslitem]) +’.’
+ ’\n’) item (trueTT)]

f.close ()

write_t_submcorr (self):

f = (*%s_%0.2fnu0_no%d.txt’%(output0O,nul,
nthfile), ’r’)

ms = np.loadtxt(f, unpack=True, usecols=[2])

submcorrs = get_correlation (ms)

f = (>%s_%0.2fnu0_no%d.txt’%(outputl,nul,
nthfile), ’w’)
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get_parameters (f)
f.write (’#t _ submcorr \n’)
[f.write( (tslitem]) +’,°+

item]) +’.,°+ ’\n’) item
f.close ()

"%0.8f"% (submcorrs [
(trueTT)]

write_t_averagedmcorr (self):
h| (filenum) :
f = "%s_%0.2fnu0_no%d.txt’%(outputl ,nul, j)
submcorrs = np.loadtxt(f, unpack=True, usecols
=[11)
j == 0:
sums = np.array ([0.]*ndelay)
sums += submcorrs[:ndelay]

averagedmcorrs = sums / filenum

f = (’%s_%0.2fnul0_%dfiles.txt’%(output2,nul,

filenum), ’w’)

get_parameters (f)

f.write(’#t averagedmcorr\n’)

[f.write( (ts[item]) +’,°+ "%0.8f"%(
averagedmcorrs [item]) + ’\n’) item
(ndelay)]

f.close ()

f = (’%s_%0.2fnu0_%dfiles.txt’%(output3,nul,

filenum), ’w’)

get_parameters (f)

f.write(’#t, scaledaveragedmcorr\n’)

[ £f.write( (ts[item]) +°,°+ "%0.8f"%(
averagedmcorrs [item]/averagedmcorrs [0]) +

item (ndelay)]

f.close ()

J\n7)

nuOs = [40]

# parameters

theta = 0.0018

A = np.sqrt(2*xtheta) # magnitude of thermal noise

LC = (0.1) # 1_c/1_0

L1 = (LC + 1.0) / 2.0 # 1_1/1_0

nu0 = (0) # transition rate into s=1

nul = (2) # transition rate into s=0

WDT = (10 ** -2) # width of interval for transition
DT = (10 **x -3) # time interval
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TT = 10 **x 6 # total steps

TOUT = 50 # how often it is printed out

trueTT = (TT/TOUT)

SD = np.sqrt(DT) # standard deviation

delay = 100 # delay time for correlation function is taken
up to here

ndelay = ((delay/DT)/TOUT) # delay time step for
correlation function

ts = [i*TOUT*DT i (trueTT)]

wo1 (0)

W10 (0)

# positions
t = (0)
x = (0)
s

m = (0)
xs = []

[]

[]

8 w
n "
| |

staato = 0

filenum = 10 # number of files

data = [1i i (0,filenum)]

corenumber 10

splitnum = (filenum/corenumber)

split_data [data[i:i+splitnum] i (staato,
filenum, splitnum)]

filename = path.basename(__file__)

name, ext = path.splitext(filename)

cd = path.dirname( path.abspath(__file__))

today = datetime.datetime.today ()

newname "%s_%s"%(name , today)

folders [ "t_x_m_s", "t_submcorr", "t_averagedmcorr", "
t_scaledaveragedmcorr"]

folderO folders [0]

folderl folders [1]

folder?2 folders [2]

folder3 folders [3]

cwd = "Ys/%s"%(cd,newname) # current working directory

os.mkdir (cwd)

[ os.mkdir("%s/%s"%(cwd,folders[i])) i ( (
folders))]

output0 = "%s/%s/t_x_m_AY%0.2f"% (cwd,folder0,A)

outputl "%s/%hs/t_submcorr_AY%0.2f"% (cwd,folderl,A)
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output2 = "%s/%s/t_avemcorr_A%0.2f"%(cwd,folder2,A)
output3 = "Y%s/%s/t_scaledavemcorr_A%0.2f"%(cwd,folder3,A)

get_parameters (f):

.write("#source filename:%s\n"%(filename))
.write(’#theta =,%03.3f\n’%(theta))
.write (’#A_,=,%03.3f\n’%(A))

.write (’#LC,=.,%03.3f\n’%(LC))
.write (’#L1,=_%03.3f\n’%(L1))
.write(’#nu0_,=,%03.3f\n’%(nud0))
.write(’#nul_ ,=,%03.3f\n’%(nul))
.write (?#W01,=,%03.3f\n’%(W01))
.write (’#W10,=.,%03.3f\n’%(W10))
.write (’#WDT_ ,=,%03.3f\n’%(WDT))
.write (’#DT_,=4,%03.3f\n’%(DT))
.write (#TT=0%03.3f\n’%(TT))
.write (’#TOUT,=,%03.3f\n’%(TOUT))

Hh Hh Fh Fh Hh Fh Hh Fh Hh Fh Hh Hh Hh

get_difference ():
now = (time.time ())
seed (now+100*nthfile)
dx = - ( (x - 1) + s * (x - LC))* DT + A * SD * randn
O
dx

get_m():
- x * ( (x -1.) + 8 *x (x - LC) )

get_correlation (X):

n = (X)
X = X - np.mean(X)
correlation = np.zeros(n)
i (ndelay) :
i == 0:
correlation[0] = np. (X*X) / n
correlation[i] = np. (X[i:1*X[:-1]1) / (n-1i)
correlation
worker (data) :
[calc (x) X datal
calc(X):
X,m,s,xXs,ms,ss,nthfile,W01,W10
xs = []
ms = []
ss = []
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163 X = (1.0) # initial position

164 s = (0) # initial state

165 m = get_m()

166 xs.append (x)

167 ms . append (m)

168 ss.append (s)

169

170 WOl = nuO * DT # transition probability from s=0 into

s=1
171 W10 = nul * DT # transition probability from s=1 into
s=0

172

173 nthfile = X

174

175 i (1, TT+1):

176 s == 0 x > (1-WDT) x < (1+WDT) rand
() < Wo1:

177 s =1

178 s == 1 x > (L1-WDT) x < (L1+WDT)
rand () < W10:

179 s =0

180 x += get_difference ()

181 m = get_m()

182 (i%TOUT) == O:

183 xs.append (x)

184 ms . append (m)

185 ss.append (s)

186

187 write.write_t_x_m_s ()

188

189 write.write_t_submcorr ()

190

191

192 |[write = Write ()

193

194

195 nu0 nuOs:

196 jobs = []

197 data split_data:

198 job = multiprocessing.Process(target=worker, args
=(data, ))

199 jobs.append(job)

200 job.start ()

201

202 [job.join () job jobs]

203

204 write.write_t_averagedmcorr ()
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Chapter 3

Shear Viscosity of T'wo-State

Enzyme Solutions T

3.1 Introduction

Molecular enzymes are nanometer-size proteins that catalyze chemical reac-
tions in the presence of substrate molecules. Here substrates are chemical species
that react with enzymes and generate product molecules. Catalytic processes
that are carried out by molecular enzymes in the cytoplasm and the membrane
are essential for cellular metabolism and homeostasis [3.1]. In the presence of a
substrate, enzymes undergo conformational changes in each turnover cycle of the
chemical reaction [3.2]. In order to mimic actual enzymes, these conformational
dynamics have been simulated using elastic network models [3.3-3.5], and the
relationship between conformational dynamics and the chemical reaction stages
has been studied recently [3.6].

One of the long-standing and interesting questions in the field is whether a
single enzyme exhibits a motile behavior [3.7]. Thanks to recent developments
of experimental techniques, diffusion phenomena in enzyme solutions have been

studied by several groups. Using fluorescence correlation spectroscopy, Muddana

TThe material presented in this chapter was published in: Y. Hosaka, S. Komura, and D.
Andelman, Phys. Rev. E 101, 012610 (2020).
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et al. [3.8] reported that diffusion of a single enzyme is enhanced in presence of
a substrate. Later on, Riedel et al. [3.9] showed that the heat released during
turnovers also enhances the enzyme diffusion. Illien et al. [3.10] however, re-
vealed experimentally that not only exothermic enzymes but also endothermic
ones contribute to the diffusion enhancement. In the presence of a gradient
in substrate concentrations, enzymes exhibit collective motions in the direc-
tion of higher or lower concentrations [3.11, 3.12]. Moreover, the enhanced

diffusion of passive objects in enzymatic solutions have been observed indepen-

dently [3.13, 3.14].

To understand these experimental findings, several models have been pro-
posed using equilibrium as well as nonequilibrium approaches. Illien et al. [3.15]
modeled an enzyme consisting of hydrodynamically coupled subunits, and in-
troduced two discrete equilibrium states corresponding to a free enzyme and
a substrate-enzyme complex. They showed that diffusion of an enzyme is en-
hanced due to equilibrium fluctuations [3.15, 3.16]. Within a nonequilibrium
framework, Golestanian [3.17] proposed four possible mechanisms leading to
diffusion enhancement by enzymes. They included self-thermophoresis, boost
in kinetic energy, stochastic swimming, and collective heating. Mikhailov and
Kapral [3.18, 3.19] modeled an enzyme as an active force dipole that exerts
forces on the surrounding fluid. When such dipoles are immersed in aqueous
fluids, hydrodynamic collective effects due to force dipoles can lead to diffusion

enhancement [3.18-3.20].

In spite of these extensive studies on enzyme diffusion, a recent experimen-
tal work pointed out the difficulty of accounting quantitatively for the observed
enhanced diffusion within such models as above [3.21]. Moreover, recent experi-
ments did not observe any change in the diffusion behavior for a specific enzyme
that was previously reported to exhibit enhanced diffusion [3.22, 3.23]. It was
also noticed that the viscosity of enzyme solutions is locally reduced while a spe-

cific enzymatic reaction is taking place [3.7, 3.24]. However, the effect of enzyme



3.2. Viscosity of dimer solutions 87

conformational changes on the solution shear viscosity has not been considered

theoretically despite its importance.

In this paper, we present an analytical study on the shear viscosity of a dilute
enzyme solution under steady shear flow. As a coarse-grained model of catalytic
enzymes, we use the two-state dimer model in which conformational changes are
induced by substrate binding and product release [3.18]. Our two-state dimer
model consists of two hard spheres representing enzymatic domains, which are
connected by a harmonic spring [3.18, 3.25, 3.26]. Assuming that the conforma-
tional distribution is given by the Boltzmann distribution function, weighted by
the waiting time of an enzyme, we obtain analytically the shear viscosity of a
two-state dimer solution as a function of the substrate concentration. As a re-
sult of the competition between the energy difference of the enzyme two internal
states and the substrate concentration, we find that the enzyme solution viscos-
ity exhibits a nonmonotonic behavior that depends on the physical properties
of the binding substrates. We shall also connect the obtained viscosity with the

diffusion coefficient of a tracer particle in enzyme solutions.

The outline of our manuscript is the following. In Sec. 3.2, we review the
derivation of the shear viscosity of dimer solutions originally used to describe
polymer solutions. In Sec. 3.3, we discuss the shear viscosity of a two-state dimer
solution that represents enzyme solutions. We first introduce the two-state dimer
model and discuss the conformational distribution function of dimers. Analytical
results for the shear viscosity due to dimers and its limiting expressions are

presented. Finally, some discussions and a summary are given in Sec. 3.4.

3.2 Viscosity of dimer solutions

3.2.1 Shear viscosity

We consider a dilute solution of dimers under steady shear flow as schemat-
ically depicted in Fig. 3.1. Here the solvent viscosity is 7, and each dimer is

composed of two rigid spheres of radius a, which are connected by an elastic
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Figure 3.1: A dilute solution of two-state dimers under steady shear flow with
shear rate 4. Dimers consist of two green spheres of radius a connected with
an elastic spring, and immersed in a Newtonian fluid having viscosity 7s. The
enzymatic reaction, in which a dimer, a substrate (red circle) and a product
(blue circle) participated, is explained in Fig. 3.2.

spring. The positions of two spheres are denoted by the three-dimensional vec-

tors ry and ry. Then, the force acting between the two spheres within the dimer

is given by
ou(r)
0% = - 9 3]_
fu= -0 (3.1)
where U(r) is the elastic potential energy, r = |r| = |ry — ry| is the distance

between the two spheres, and r, is the a-component of the vector r = (r,,7,,7.).

In the presence of potential forces, the equation of motion of an overdamped

dimer can be written as [3.27, 3.28|

Ora 2, 2ksT Oy

o T T o

+ doprp, (3.2)

where ( is the friction coefficient of the sphere, kg is Boltzmann constant, T is
the temperature, 1(r,t) is the time-dependent configurational distribution of a

dimer, and the velocity gradient tensor is given by

0v,,

daﬁ = a—rﬁ (33)

Notice that v, is the a-component of the velocity v = (v, vy, v,). Throughout
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this work, we assume summation over repeated indices. The second and third
terms on the right-hand side of Eq. (5.13) represent the velocity due to thermal

motion of the solvent and that imposed by the flow field, respectively.

Such models of dimers have been used extensively to model polymer solu-
tions. For polymer solutions, the stress tensor due to the presence of dimers is

given [3.27, 3.28]

Oap = 1{rafp) (3.4)

where n is the number density (per unit volume) of dimers, and (---) denotes
the thermal average over all dimer configurations. To calculate the statistical
average in Eq. (6.3), we introduce the following Fokker-Planck equation for the

conformational distribution ¢ (r,t)

oy 0 (2 2kgT Oy
at - alr.a (Cfoﬂb C ara + daﬁrﬁdj) . (35)
In the above, the continuity equation
oY or
F-v(5v). (3.6

where V = (9r,,0ry,0r,) and Eq. (5.13) have been used. From the time evo-
lution of (r,7s) in a steady state, the stress tensor in Eq. (6.3) can be written
as [3.27, 3.28]

S

Oag = nk‘BT(Sag + 1

[da7<7ﬂl3747> + dgy(rary) |- (3.7)

For simple shear flow whose velocity components are given by v, = 47,
v, = v, = 0, where ¥ is the shear rate (see Fig. 3.1), the viscosity due to dimers

has a simple form

_ Oay _ NG, o
n=r=70): (3.8)

2

y>, we need to specify the conformational

In order to calculate the average (r

distribution function ¢ (r).
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3.2.2 Fraenkel dimer model

Let us first discuss a dimer consisting of two spheres that are connected by
a harmonic spring having an elastic constant Ky, and a natural length ¢y. Its

potential energy is then given by

Us(r) = %@ _ G)2. (3.9)

This is the “Fraenkel dimer model” [3.29], and is different than other polymer
dynamic models, such as the Hookean dimer model. For Fraenkel dimers, the

conformational distribution function, 1, is given by

Ky
r)=Cexp |— r—10)%, 3.10
) = Cexp |51 — o (3.10)
where C' is the normalization constant. Here, we assume that the characteris-
tic relaxation time of a dimer is much smaller than that of a shear flow, i.e.,

Cl%/(kgT)% < 1. The physical meaning of this condition will be separately

explained in Sec. 3.4.

Although the shear viscosity of the Fraenkel dimer model was discussed
in Ref. [3.30], its explicit expression was not derived. By calculating (r7) in
Eq. (3.8) using Eq. (3.10), we obtain the shear viscosity for a Fraenkel dimer

solution 7, as

moe) _ 2€2€(5 +2e)e  + /me(3 4+ 12¢ + 4€?) [1 + erf(1/€)]
Gr 3 4eec + 2¢/me(e + 2€2) [1 + erf(1/e)] ’

where € = Kol%2/(2kgT) is the dimensionless elastic energy, G = nkpT is

(3.11)

the relaxation modulus, 7 = (/(4Kj) is the relaxation time, and erf(z) =
(2/y/7) [ dt e~ is the error function [3.31]. Notice that G7 corresponds to
the viscosity of a dimer solution when the natural length of the spring vanishes,

i.e., e =0 [3.28, 3.30].

The limiting behaviors of 79 for the Hookean, ¢ < 1, and stiff Fraenkel



3.2. Viscosity of dimer solutions 91
dimers, € > 1, are given by [3.27, 3.30]
4 Je
14+ —4/— €K1,
() _ sV (3.12)
Gt 9 '
§€ € > 1.

For ¢ < 1, the viscosity is almost constant, indicating that thermal energy

dominates over elastic energy. For ¢ > 1, on the other hand, the viscosity

increases linearly with e.
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(a)
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Figure 3.2: (a) The enzymatic cycle of two-state dimer model. A substrate (red
circle) binds to a free enzyme (s = 0) with the reaction rate k; (A—B), while its
dissociation also occurs with the reaction rate k_; (B—A). Once the substrate-
enzyme complex (s = 1) is formed, it starts to contract until the equilibrium
conformation is attained (B—C). Then, the product (blue circle) is irreversibly
released with the reaction rate k.., and the bare enzyme comes back to its initial
conformation. (b) The schematic illustration of the energy for a two-state dimer
as described by Eq. (3.13). There are two energy branches U(r,0) and U(r, 1).
The transition between them takes place at r = ¢y and r = ¢*, which are the
equilibrium values of U(r,0) and U(r, 1), respectively, as are indicated by black
circles. This transition is followed by the downhill relaxational motion along
each branch. The forward and reverse transition rates, (s = 0) = (s = 1), are

given by ky,k_1, respectively, and (s = 1) — (s = 0) is given by kcas.



3.3. Two-state dimer solutions 93

3.3 Two-state dimer solutions

3.3.1 Two-state dimer model

Catalytic enzymes undergo conformational changes in presence of substrate
molecules. To model such situations, we use a previously proposed two-state
dimer model with a state parameter that can get two values, s = 0 or 1 [3.18,
3.25, 3.26]. In Fig 3.2(a), we schematically illustrate an enzymatic cycle that is
driven by binding a substrate to an enzyme. In the s = 0 state, i.e., the state
of the dimer with the elastic constant Ky and the natural length of the spring

ly, this model corresponds to the Fraenkel dimer model.

When a substrate is supplied to a dimer enzyme whose size is r = /;, a
transition from s = 0 to s = 1 occurs with the reaction rate k;. At the same
time, the reverse reaction, namely, the substrate dissociation process, can occur
also when r = ¢, with the reaction rate k_;. For the state s = 1, the substrate
adds another intra-dimer interaction, which is modeled as an additional spring,
whose elastic constant and natural length are Ky and ¢y, respectively. Then, the
dimer relaxes to a new equilibrium conformation having the size r = ¢*, as will
be explicitly given after Eq. (3.13). Once the substrate molecule is irreversibly
converted to a product molecule with the reaction rate ke.;, a transition from
s =1 to s = 0 takes place at r = ¢*. Finally, the product is released from the
enzyme.

Notice that the reaction rates, ki, k_; and k., are the bare rate constants
that do not depend on the energy difference between any two states. This also
holds for the reaction rates in the cascade reactions discussed in Appendix 3.A.
Moreover, the transition of a dimer occurs only when r» = ¢y or r = ¢*; hence,
the reaction rates k1, k_; and k., are simply taken to be constant in our model.

The state-dependent total potential energy of this two-state dimer can be

written as

U(r,s) = %(T—EO)Q—}-—(T—EI)Q, (3.13)
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which gives the equilibrium length for s = 1 as £* = (Koly+ K101)/(Ko+K;). In
Fig. 3.2(b), we schematically illustrate the energy of a two-state dimer given by
Eq. (3.13) when ¢y > ¢;. Under this condition, the substrate-enzyme complex
shrinks as compared to the bare enzyme [3.18, 3.25, 3.26]. In this work, however,
we do not require such a condition. In physiological conditions, the sizes of actual
substrate-enzyme complexes either decrease (¢y > ¢1) or increase (¢; > {y) upon
substrate binding [3.7]. Hereafter, the subscripts “0” and “1” denote physical

values for the enzyme and the substrate-enzyme complex, respectively.

As represented by the second term in the r.h.s. of Eq. (5.13), a dimer in our
model undergoes conformational fluctuations due to thermal energy. In other
words, a free enzyme (or a substrate-enzyme complex) fluctuates around r = ¢,
(or r = ¢*) during turnover cycles. This corresponds to the situation in which
enzymes are subject to thermal motion of solvent molecules. Notice, however,
that conformational fluctuations between multi-state enzymes [3.32, 3.33] are
not considered. This is because the original dimer model [3.18, 3.25, 3.26] that
we employ follows the simple Michaelis-Menten kinetics [see Eq. (3.14)] with the

advantage that the problem becomes tractable.

3.3.2 Conformational distribution function

The above two-state dimer model describes a chemical equation following

the standard Michaelis-Menten reaction [3.34]:

k1
E+S = ESX % E, 4P, (3.14)
k_1

This chemical reaction equation describes the enzymatic cycle composed of three
states of an enzyme: a free enzyme (E), a substrate-enzyme complex (ES), and a
free enzyme after the reaction (E,), as depicted in Fig. 3.2. Furthermore, S and
P stand for the substrate and product, respectively. When dimers are connected
by elastic springs, the time spent during the transition between these chemical
states can be characterized by a relaxation time 7 = (/(4Kj) as introduced after

Eq. (3.11).
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For a two-state dimer, we assume that the characteristic relaxation time is
much smaller than that of a shear flow, i.e., (¢3/(kgT)y < 1 as adopted for the
Fraenkel dimer model in Sec. 3.2. We further assume that the transition time
spent between enzymatic states is much smaller than the waiting time in each
of the states, s =0, 1, i.e., 7/W, < 1, where the waiting time W will be defined
later in Eq. (3.16). This assumption is justified for enzymes such as adenylate
kinase having a relatively large waiting time, 7/ &~ 0.1 [3.6]. For complete-
ness, however, the general case of arbitrary waiting times is discussed in Sec. 3.4.
Under these conditions, we can introduce the Boltzmann distribution function
that is weighted only by the waiting time in the respective enzymatic states.
The validity of this assumption has been confirmed by numerical solutions of

the Langevin equation for a single two-state dimer [3.26].

The distribution function for the two-state dimer model for an enzyme is

then given by

WOG—BU(T,O) + Wle—BU(r,l)
Ye(r) = T dr [Woe P00 1 Wie BUGD]’

where = 1/(kgT). Here the waiting time in the state s is defined by [3.35, 3.36]

W, = / it pu(t), (3.16)

(3.15)

where p;(t) is the time-dependent probability distribution function of an enzyme
in state s, which will be explicitly given in Eq. (3.18). The case of a cascade
reaction containing N substrate-enzyme complexes is discussed in Appendix 3.A

as a generalization, and Eq. (3.15), hence, corresponds to the case N = 1.

3.3.3 Waiting times

Since we consider a dilute solution of two-state dimers, we employ a single
enzyme kinetics to obtain the waiting time that an enzyme spends at each
catalytic step (see also Appendix 3.B). The validity of using a single enzyme
kinetics for an enzyme solution will be discussed later in this subsection. For

two-state dimers, the corresponding kinetic equations are written in terms of
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the probability functions as [3.32, 3.33, 3.37, 3.3§]

dp

d—to = k_1p1 — Kipo,

d

% = kipo - (k—l + kcat)ph (317>
dp

CZ = kcatpl-

Here, po(t), p1(t) and p.(t) are the probability distribution functions for the
two-state dimer in one of the two states, s = 0, 1, and the free enzyme after
the catalysis (E,), respectively. In the above, we have introduced the pseudo
first-order rate constant k] = kjcs, where cg is the time-independent substrate
concentration. Such an assumption is justified when cg < cg is satisfied, where

cg is the enzyme concentration.

By solving the above coupled kinetic equations using the initial conditions,
po(0) = 1 and p;(0) = p.(0) = 0, under the normalization condition py(t) +

p1(t)+p«(t) = 1, the time-dependent probability distributions are obtained [3.37]

po(t)Zi[(aM k) e 4 (@ — b+ ky) e @

2a
K b)t b)t

pi(t) = o [T — em ], (3.18)
K cat 1 1

(1) = Mifveat |+ (a—b)t _— _—(a+b)t 1

P+(t) 2 |la—b" +a—|—b6 +4h

where
/ 2 / 1/2
= [(kl +k_+ kcat) /4 - klkcat} )
(3.19)
b - (kll + kfl + kcat)/2-
Because a — b < 0 and a + b > 0, both py(t) and p;(t) decay exponentially for

t — oo, and consequently p, — 1.

Substituting po(t) and p;(f) of Eq. (3.18) into Eq. (3.16), we obtain the

waiting times for s = 0 and 1 as

k—l + kcat 1
Wy=——— W, = . 3.20
0 kllkcat ’ ! kcat ( )
As a result, the distribution function in Eq. (3.15) can be written as
—ﬁU(r 0) —pU(r,1)
rve (3.21)

we(r) f dI‘ —pBU(r,0) + Ve—ﬁU(r 1)]
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where we have introduced the dimensionless parameter v

k)l Cg
= Ca = R 322
kit ke Ku 3:22)
and Ky is the Michaelis constant [3.1]
k1 + kea
g = St eat (3.23)
ki

Physically, v represents the fraction of the s = 1 state during one turnover cycle
of the enzymatic reaction. It depends only on the substrate concentration and
the bare rate constants. In the following analyses, we vary this state parameter v
to investigate the shear viscosity of enzyme solutions. Some numerical estimates
of v are given in the end of this section.

We discuss here the validity of using a single-enzyme kinetics. In our model,
we have assumed that the concentration of enzymes is small enough so that
hydrodynamic interactions between enzymes are negligible [3.28]. Such a dilute
condition corresponds to having only a single enzyme in the system, leading to
a renewal process [3.37]. In the renewal process, the probability distribution
function is identically and independently distributed [3.39]. This means that in
every turnover cycle, waiting times follow the same probability distribution, and
hence these times can be uniquely determine as shown in Eq. (3.20).

For systems containing mesoscopic numbers of enzymes, however, stochastic-
ity in enzymatic reactions plays more important roles as discussed in Refs. [3.39,
3.40]. Enzyme stochasticity leads to nonrenewal processes and causes breakdown
of the Michaelis-Menten equation in steady state [3.39, 3.40]. Since the waiting
time distributions depends on the number of enzymes for nonrenewal processes,
one needs to derive master equations for waiting time distributions when a so-
lution of multiple enzymes is considered [3.39]. This is beyond the scope of the

present work.

3.3.4 Viscosity of two-state dimer solutions

To calculate the shear viscosity of a two-state enzyme solution, we introduce

the following notations: k = K;/Ky, A = {1 /ly, and \* = 0*/ly = (1 + r\) /(1 +
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k), where (* = (Koly + K141)/(Ko + K1) is the effective natural length for a
dimer in the s = 1 state. In Appendix 3.C, we show that the viscosity of a

two-state enzyme solution is given by

2v
1+ 20’

ne(lj, €, K, )\) =N+ (771 - 770) (3.24)

where the quantity 7y (1) corresponds to the viscosity when all the enzymes
are in the s =1 (s = 0) state

mlek, A) 2694 (e(1+K),A)

Gt 3 go(e(1+k),\) (3.25)
and
(e, 5, \) = exp {— 1 Tﬁ(x - 1)2] g (E(gi (: ’1“; X (3.26)

See also Eq. (3.11) for the Fraenkel dimer viscosity no(€). In the above, g, (p, q)

is given by an integral

gm(p.q) = / dr e o, (3.27)
0

and its explicit expression is obtained in Appendix 3.C [see Eq. (3.C6)]. Specif-

ically, the functions ga2(p, q) (m = 2) and g4(p, q) (m = 4) are given by

92(p.q) = Qipe"’qz + Vil + qui;[}/; erf(\/ﬁqﬂ, (3.28)
10'F;
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Figure 3.3: Contour plot of 7,/(GT) as a function of the parameters v = ¢s/ Ky
[see Eq. (3.22)] and k = K, /Ky for € = Kol2/(2kgT) =1 and A\ = {1 /ly = 1.
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Figure 3.4: Contour plot of 1,/(GT) as a function of the parameters v = c¢g/ Ky
[see Eq. (3.22)] and A = {1 /4, for € = Kol%/(2kpT) = 1 and £ = K, /K, = 1.
The white region corresponds to larger absolute values of 7.

and

(0.q) = q(5+204°) N V(34 12pg® + 4p°q*)[1 + erf(\/pq)]
g4 p’ q - 4p2 8p5/2 9

(3.29)

respectively. Equations (3.24)—(3.29) for the viscosity are the main result of this
work.

In Eq. (3.26), the factor ex/(1+ x)(XA — 1)? in the exponential function cor-
responds to the dimensionless energy difference, U(¢*,1) — U({y,0), between
the two equilibrium states of a two-state dimer with ¢, and ¢*, as shown in
Fig. 3.2(b). Although only the bare reaction rates are taken into account, the
above energy difference naturally emerges by defining the weighted distribution
function as in Eq. (3.21).

When v = 0, . of Eq. (3.24) simply reduces to 19, the viscosity of the
Fraenkel dimer solution [s = 0, see Eq. (3.11)]. For v # 0, the enzyme solution
viscosity 7, is determined by the ratio between the two viscosities 1y and 7.
Due to the factor z, however, 7, also depends on the energy difference between
the two states of the enzyme. This effect causes a nonmonotonic behavior of the
viscosity as we will show later.

Before proceeding to analyze the behavior of 7., we estimate typical values of
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Ne/(GT)

Figure 3.5: Plot of n./(GT) as a function of the parameter v for k = K; /Ky =
0.1,1 and 10. The other parameter values are € = Kyl2/(2kgT) = 1 and \ =
¢y /€y = 1. The black dashed line represents 7y in Eq. (3.11). The red dotted
lines represent the two limiting expressions in Eq. (3.30) for k = 1.

€ = Kol%/(2kgT). The enzymes size can be taken as £y ~ 10 nm [3.1]. Moreover,
considering typical forces, 1 pN, generated by a two-state dimer with size £y, we
estimate the spring constant as Ky &~ 107 N/m [3.18]. Using these values and
kgT =~ 4 x 10721 J in physiological conditions, we obtain ¢ ~ 1. Hence, we fix

the € value hereafter to e = 1.

In Fig. 3.3, we present the contour plot of the rescaled viscosity due to two-
state dimers, 7,/(GT), as a function of v and k for ¢ = A = 1. One can see that
Ne becomes smaller for large v and &, implying that the viscosity decreases when
enzymatic reactions occur more frequently and substrates are stiffer (large K7).
Notice that stiff dimers lead to a decrease of 7, because its stiffness suppresses
the enzyme size fluctuation. In Fig. 3.4, we plot the rescaled viscosity, 7./(GT),
as a function of v and \ for e = kK = 1. Here we see a nonmonotonic behavior of
the viscosity in A characterized by a peak around A =~ 3.2. Note that for larger

A values, 7, becomes independent of v.

To see more detailed behavior, we plot in Fig. 3.5 the rescaled viscosity,
ne/(GT), as a function of v for kK = 0.1, 1 and 10, while keeping e = A = 1. The

dashed line corresponds to the constant viscosity for a Fraenkel dimer solution,
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Figure 3.6: Plot of 7./(GT) as a function of the parameter v for A = ¢, /¢y =
0.1,1,4 and 5.3. The other parameter values are ¢ = Kyf3/(2kgT) = 1 and
k = K1/Ky = 1. The black dashed line represents 7y in Eq. (3.11). The blue
dotted lines represent the two limiting expressions in Eq. (3.30) for A = 4.

ie., no/(GT) ~ 2.13. We see that 7. decreases with increasing v for all the

values. The decrease of 7, is more enhanced for larger s values.

In Fig. 3.6, we plot 7, as a function of v for A = 0.1, 1, 4 and 5.3, while
keeping € = k = 1. We see that 7n, shows both increasing and decreasing
dependency as a function of v depending on the value of \. When A = 0.1, 1,
and 4, the viscosity 7, increases with A, reflecting the fact that larger enzymes
lead to higher viscosity. For larger A such as A = 5.3, however, 7, becomes
smaller, and as A is further increased, the viscosity approaches the value of 7
as indicated by the dashed line. In this limit, both Fraenkel dimer solutions and

two-state enzyme solutions exhibit the same viscosity even when v is very large.

We discuss now the nonmonotonic behavior of 7, that is seen in Fig. 3.6. Such
a behavior occurs because z in Eq. (3.26) increases for smaller A\, but strongly
decreases for larger A due to the Gaussian function of Eq. (3.26). The factor
ex(A —1)2/(1 + k) in the Gaussian function corresponds to the rescaled energy
difference between the s = 0 and s = 1 states. Hence, it can be regarded as an
Arrhenius’ equation that determines the transition rate from the s =0to s =1

state.
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Figure 3.7: Contour plot of C/(GT) [see Eq. (3.30)] as a function of k = K; /Ky
and A\ = {1/l for € = Kol%/(2kgT) = 1 under the condition v < 1. The
quantity C changes its sign from negative to positive around A ~ 2.

3.3.5 Limiting expressions

Next, we present the limiting expressions of 7, for small and large values of
the v parameter, v < 1 and v > 1. The viscosity of two-state dimer solution

in Eq. (3.24) becomes

1o + Civ, r<l
Ne(V, €, Ky A) = (3.30)
Cy
T + 77 v > 1

where Ci (€, K, \) = (m —no)z and Ca(e, k, \) = (o —m1)/2. In Figs. 3.5 and 3.6,
we have plotted the above limits by the red (for k = 1) and blue (for A\ = 4)

dotted line, respectively.

In Fig. 3.7, we study the v < 1 behavior and plot the coefficient C) =
(m —mo)z of v in Eq. (3.30) as a function of k and A for € = 1. The behavior of
C is nonmonotonic, having a minimum and a maximum around (k, A) =~ (1, 1)
and (k, A) = (1,2.5), respectively. The quantity C vanishes for large \ values,
because the Gaussian function in z, Eq. (3.26), dominates over the viscosity
difference, 19 — m1. Notice that C) changes its sign from negative to positive

around A = 2, where the switching from decreasing to increasing behavior of 7,
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Figure 3.8: Contour plot of Cy/(GT) [see Eq. (3.30)] as a function of k = K /Ky
and A\ = 0/l for ¢ = Kol%2/(2kgT) = 1 under the condition v > 1. The
quantity Cy changes its sign from positive to negative around A\ &~ 2. The white
region corresponds to larger absolute values of Cj.

as a function of v occurs.

In Fig. 3.8, we study the v > 1 behavior and plot the coefficient Cy =
(no —m)/z of v in Eq. (3.30) as a function of x and A\ when € = 1. Here Cy
exhibits a monotonic behavior in x and A, and changes its sign from positive
to negative around A ~ 2. Since 7, is inversely proportional to v in Eq. (3.30),
positive Cy leads to a decreasing behavior of 7., whereas negative Cy results in

an increasing behavior.

3.3.6 Numerical estimates

To end this section, we give some numerical estimates of the parameter
v = cs/Ky in Eq. (3.22). The experimentally accessible substrate concentration
is 107°M < ¢ < 1073 M [3.12, 3.14]. On the other hand, the value of the
Michaelis constant Ky differs between fast and slow enzymes. For fast enzymes,
such as urease and catalase, it is given by Ky ~ 1072 M [3.9, 3.12]. For slow
enzymes, such as aldolase and adenylate kinase, it is Ky ~ 107 M [3.6, 3.10].
Hence, the v range is estimated as 1072 < v < 1 and 1 < v < 103, respectively,

for fast and slow enzymes. These estimates imply that the limiting expressions
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derived for » < 1 and v > 1 in Eq. (3.30) correspond to these two types of

enzymes for cg < 107* M and cg > 1075 M, respectively.

Next we discuss the values of k and A in order to estimate the viscosity 7,
for typical physiological conditions. Since an enzyme consists of a large complex
of macromolecules, the size of substrate molecules is typically smaller than that
of enzymes [3.1]. Due to this size difference, the condition A < 1 holds gen-
erally. Noncovalent bonds, such as hydrogen bonds, van der Waals attractions
and hydrophobic forces, are responsible for the formation of macromolecular
assemblies. On the other hand, covalent bonds are responsible for the forma-
tion of substrate molecules. Then, the molecular flexibilities for the substrates

compared with the enzymes are different, which leads to the condition x > 1.

From the above argument, we choose A = 0.1 and x = 10. Using these values
and setting € = 1, we obtain 7./(G7) ~ 2.11 and 7./(GT) =~ 0.39 for fast and
slow enzymes, respectively, assuming that the maximum substrate concentration
cs = 1073 M is attained. Since 7y/(G7) ~ 2.13 for € = 1, the difference between
the enzyme solution with substrates 7, and that without substates 7 is negligible
for fast enzymes, whereas the viscosity 7, is approximately five times smaller

than 7y for slow enzymes.

3.4 Discussion and conclusion

In this paper, we have investigated the viscosity of dilute two-state enzyme
solutions under steady shear flow. We have obtained the shear viscosity by tak-
ing into account the enzyme conformational changes in a solution with a supply
of substrates. The waiting times, which correspond to the respective conforma-
tions of the enzyme, are connected to the reaction rates in the enzymatic cycle
by using the single enzyme kinetics [3.37]. In our approach, the two-state dimer

model [3.18, 3.25, 3.26] and the polymer dimer model [3.27-3.29] are combined.

When the enzyme has the same structural properties as the substrate, the

shear viscosity decreases as the substrate concentration becomes higher (see
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Fig. 3.5). For a substrate larger than the enzyme, the viscosity increases with
substrate concentrations (see Fig. 3.6). When the substrate is large enough,
however, the viscosity reduces to that of a Fraenkel dimer solution. Further-
more, we have obtained the limiting expressions of the viscosity for fast and
slow enzymes [see Eq. (3.30)]. For slow enzymes, the coefficient shows only a
monotonic behavior. For fast enzymes, on the other hand, the coefficient of the
substrate concentration exhibits a nonmonotonic behavior as functions of the

stiffness and size of the substrate.

Next, we comment on the connection between the viscosity of a two-state
dimer solution and the diffusion coefficient of a tracer particle in such a solution.
By following the discussion in Refs. [3.41, 3.42], the diffusion coefficient of a

passive spherical particle of radius R can be given by Einstein’s relation

kgT

Dy=———, 3.31
67 (ns + me) R ( )

where we have assumed R > f;. In terms of the enzyme volume fraction ¢ =

47(ly/2)*n/3, D, can be expanded up to first order in ¢ as

kgT 9ane
D, ~ 1-— . 3.32
6mns R ( 2€0GT¢) (3:32)

Hence, the relative change of the diffusion coefficient with respect to that of a

Fraenkel dimer solution (denoted by D) is

3kBT a(770 - ne)

0D =D, — Dy =
0 4R LGt

(3.33)

Since 79 > n, holds for both fast and slow enzymes as estimated before,
catalytic enzymes give rise to the diffusion enhancement under physiological
conditions. Moreover, we see that dD increases as cg is increased in the limits
of fast and slow enzymes (see Figs. 3.7 and 3.8). This behavior qualitatively
agrees with experiments for both tracers and enzymes [3.8, 3.14, 3.21]. More
specifically, using values such as cs = 1073 M, a/fy = 0.2, ¢ = 0.1, we obtain
that the diffusion increases for slow enzymes as 0D/Dy =~ 0.15. In existing

experiments, however, ¢ is typically of the order of 107>, and hence experimental
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measurements using higher cg concentration are needed for a more accurately

checking of the validity of our model.

Here we discuss how the obtained viscosity is modified by hydrodynamic
effects that have been neglected so far. In the presence of hydrodynamic inter-

actions, the equation of motion, Eq. (5.13), can be rewritten as [3.43]

or,, B 2 2kgT Olny
at - (601/3 CGaﬁ) <<— C 87’5 ) dOéBTﬁ’

where Gop(r) = (8apg + rars/r?) /(87nsr) is the hydrodynamic Oseen tensor [3.44].

fa—

(3.34)

If we assume all orientations to be equally probable, an equilibrium-averaged hy-
drodynamic interaction can be defined by taking the average of G,s(r) over all

orientations [3.45]

1 ()G
=3 ( Taro(r) ) (3.35)

where Tr denotes the trace operation. This is called the pre-averaging approxi-

mation [3.44]. Then, the equation of motion can be approximated as

Oro _ 2(1—Ch) dln
o~ ¢ orey

(fa - k’BT ) + daﬁTﬁ. (336)

Comparing Egs. (5.13) and (3.36), one finds that the change over from neg-
ligible hydrodynamic interactions to equilibrium-averaged ones can be accom-
plished by replacing ¢ with /(1 — (h). Hence, for a single-state dimer as in
Eq. (3.8), the hydrodynamic interaction modifies the viscosity by a factor of
1/(1 —¢h). In Appendix 3.D, we derive h for the Fraenkel dimer model. When
a/ly = 0.2 and € = 1, for example, we find that the viscosity is about 20% larger
as compared to the negligible hydrodynamic case. For the two-state dimers,
hydrodynamic effects do not affect the v-dependence of 7, although some geo-

metrical factors such as x and A can enter in h.

In this study, we have assumed that the distribution functions do not depend
on shear flow [see Egs. (3.10) and (3.15)]. Here we discuss how these distribu-
tion functions are modified by an external flow and the regime where the flow

does not affect the distributions as assumed in this paper. For a steady-state
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homogeneous potential flow, Eq. (3.5) has an analytical solution [3.27]

P(r) = C' exp {— Zé;)] exp { kCTradagr[g] (3.37)

where C’ is the normalization constant.

For a simple shear flow characterized by a shear rate 7, the distribution

function becomes

W(r,0,0,%) = C"exp [ g(;)} exp {ZCk; ;sm 0 sin 2(}5] (3.38)
B B

where r, = rsinflcos¢ and r, = rsinffsing. When the length of a dimer is
r = {y, the characteristic relaxation time is given by (£3/(kgT) [3.29]. Hence,

the shear flow does not affect the distribution functions when (¢3/(kpT)y < 1.

We have assumed that the transition time spent from one enzymatic species
to another is much smaller than the waiting time, i.e., 7/W, < 1. Here, we
consider the general case of arbitrary waiting time. Because the total times in
state s = 0 and s = 1 are given by W+ 7 and W; + 71, respectively, the modified
parameter v becomes

o kl(l + k'catTl)CS
]{,',1 + kcat(l + leCS)’

where 7 = (/(4K,) as before and 74 = (/(4K;). Since the reverse reaction

(3.39)

rate k_; is negligible in general but may have a finite value, we set it to be a
constant. There are only four relevant time scales, namely, k_.i, (kics)™!, 7, and
71, and Eq. (3.39) has four limiting expressions. When the transition rates are
vanishingly small, the modified parameter coincides with v in Eq. (3.22) as it
should. For the two intermediate regimes, Eq. (3.39) shows linear and inverse
dependences on the transition time. When the transition time is infinitely large,

-1

we have v ~ k7, indicating that the transition dynamics is governed only by

the relative stiffness between the enzyme and substrate.

The transition rates can depend on x and/or A for general enzymatic solu-
tions although these effects were not considered in this work. Using Kramers’

reaction-rate theory [3.46], Aviram et al. [3.6] obtained free-energy profiles of
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enzymes by experimentally measuring the transition rates. In the presence of
such an effect, the enzyme solution viscosity may exhibit more complicated de-
pendences on x and/or A. Finally, we have assumed that the viscosity due to
enzymes does not depend on the shear rate. Since the dimer model with finite
natural lengths predicts a viscosity that depends on the shear rate [3.27, 3.30],

one can extend the present model to a nonNewtonian enzymatic fluid.

Appendix 3.A Probability distribution function

for multiple-state enzymes

In this Appendix, we generalize the dimer-enzyme into a N-mer one. We
derive the probability distribution function for a single enzyme that has multiple
intermediate states in catalytic chemical reactions. We consider the following

cascade reaction containing /N intermediate substrate-enzyme complexes:

k1 ko kN
k_1 k_2 kon

Here (ES); denotes the s-th intermediate complex in the reaction, and ks and k_;
are the forward and backward reaction rates to the states s and s—1, respectively.
At the final step, the complex is irreversibly converted to an enzyme and a
product with the reaction rate k.,;. The enzyme after the catalysis is denoted

by E,.

Since we assume that a substrate having the energy E; binds to (ES),_; with

the reaction rate ks, the energy of an enzyme in the state s can be written as
S
U(r,s)=Eo+ Y _Ey, (3.A2)
=1

where Fj is the energy of the free enzyme. Then, the waiting time-weighted

distribution functions is given by

N _
V J,e=BUs)
Un(r) = NZS’O - : (3.A3)
Es:O ‘/1/Sfdre BU(r,s)

Here W is the waiting time in the state s, which is defined in Eq. (3.16).

In order to obtain the viscosity of dimer solutions using Eq. (3.8), we need
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to calculate the second moment <7’§> In general, the average of any function

f(r) over the distribution function, Eq. (3.A3), can be written as
Zs0Ws0
N
1+ 23/21 Zs'0Ws'0
where (f(r))s denotes the average of f(r) over all configurations in the state s

_ Jdrfwe e

(FE)x = (F@)o + Y LFE))s = (F(r))o] : (3.A4)

<f(r>>3 - fdr e_ﬁU(""ys) ) (3A5)
while z,y and w,y are defined by
dr e=PU(s) T dt ps(t
Zgs! = f re — M (3A6)

= S W .
[ dr e=PU) TS depe(t)
Notice that the quantity z in Eq. (3.26) corresponds to zjo in the above notation.

Appendix 3.B Michaelis-Menten kinetics and sin-

gle enzyme kinetics

In this Appendix, we briefly review the Michaelis-Menten kinetics [3.34] and
the single-enzyme kinetics. In the two-state dimer model, the cascade reaction
in Eq. (3.A1) reduces to the Michaelis-Menten reaction [see Eq. (3.14)]. In the

ensemble of enzymatic experiments, the corresponding kinetic equations become

de

d_tE = k_icgs — kicgcs,
degs _ ) ki +k (3.B1)
o = kicecs — (k—1 + Feat)Crs, :

de

d_tP = kcatCESa

where cg and cg were defined before, whereas cgg and cp are the concentrations
of substrate-enzyme complex and product, respectively. By replacing the con-
centrations of the chemical species with the probability distributions, we obtain
the kinetic equations for a single enzyme as in Eq. (3.17). In the steady sate,
dcgs/dt = 0, the enzymatic velocity is given by

o dCP o VmaXCS

V=—"=——"— 3.B2
dt KM—FCs’ ( )

where Viax = keat(cE + Cgs) is the maximum enzymatic velocity and Ky =

(k_1 + keat) /K1 is the Michaelis constant defined in Eq. (3.23).
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For a single-enzyme, the corresponding reaction velocity can be obtained
from the inverse of the total waiting time during one catalytic cycle. With the

use of Eq. (3.20), this velocity becomes

1 1 . kcat Cg

o - : 3.B3
W Wo + W1 KM + cg ( )

which is termed the single-molecule Michaelis-Menten equation [3.32]. Compar-

ison of Egs. (3.B2) and (3.B3) yields the relation

% 1
—_ = — 3.B4
CE + CES W ( )

This relation originates from the equivalence between the average over a single
molecule’s long-time trace and that over a large ensemble of identical molecules,

i.e., the ergodicity [3.32, 3.33].

Appendix 3.C Derivation of 7,
In this Appendix, we present the derivation of 7, in Eq. (3.24). Using

Eq. (3.21), we calculate (r7) in Eq. (3.8) as
n¢ [ dr [Tye BU0) 4 I/T e AU 1)}

Ty [ dr [e=BUr0) 4 ye—ﬂU(r 1] (3.C1)
With the use of Eq. (3.A4) for N = 1, we obtain
ng 2 2 2 vV
Te = Z (<Ty>0 + |:<Ty>1 — <T’y>0] 1T ZV) . (3C2)

Since n{(rz)o/4 = no and n{(rz)1/4 = m, we obtain Eq. (3.24). The viscosity
of a Fraenkel dimer solution 7, is given by Eq. (3.11).

Next we calculate 7, in Eq. (3.25) as

andrrze*ﬁU(’”’l) an drrte=BU1)
= 4 fdre—ﬂU(”ﬁl) 12 fo dr r2e—BU(r,1)"

(3.C3)

For a harmonic potential, the integration of " can be generally expressed as

gm(p7 q) = / dr rme—p(r—q)Q
0

/ du (u + q)"e "

q

[
NE

m! m—n > n_—pu?
)ln'q / duu"e . (3.C4)

(m —n)n! a

3
i
=)
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The last integral can be further performed as follows.

0 2 & 2
/ duu™e P +/ duu™e P

p~ (/2 pq? o0
= |(=D" / d ¢TI et / d t et
0 0

—(n+1)/2 oo o)
_pr [[1 + (_1)"]/ dt t( /21—t _ (_1)n/ dt t(n+1)/2—16—t:| ‘
2 0 P>
(3.C5)
Finally, ¢..(p, q¢) becomes
1 m‘ n m—n
gm(P;q) = 5 mﬁ D

D

G R

where ['(z) = [;~ dtt*'e~  and ['(z, o) = [ dt t"'e~" are the gamma function

and the incomplete gamma function of the second kind, respectively [3.31].

Appendix 3.D Hydrodynamic interactions be-

tween two spheres

In this Appendix, we present the calculation of Eq. (3.35) for the Fraenkel
dimer model. With the assumption that the fluid is isotropic, the Oseen tensor
becomes 0,5/ (6mnr). Substituting it into Eq. (3.35) yields

_ 1 [ dripo(r)/r
67ns [ dr(r)

By taking m = 1,2 in g,,(p, q), Eq. (3.C6), the dimensionless combination (h is

(3.D1)

obtained as

agi(el) a e ¢+ /e[l + erf (1/€)]

M) = ol )~ Toe e+ el + /@[ + ot (Vo)

(3.D2)

For large dimers, a/{y < 1, the hydrodynamic effects become negligible. The

limiting behavior of A for the Hookean, ¢ < 1, and stiff Fraenkel dimers, ¢ > 1,
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is given, respectively, by

2a €
f_ ; e K 1,

Ch(e)=¢ (3.D3)
a 1

A — 1.
LWitilg 7
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Chapter 4

Lateral Diffusion Induced by

Enzymes in a Biomembrane f

4.1 Introduction

Biomembranes that consist of lipid bilayers can be regarded as thin two-
dimensional (2D) fluids, and membrane protein molecules as well as lipid molecules
are allowed to move laterally [4.1, 4.2]. These membrane inclusions are subject
to the thermal motion of lipid molecules, leading to random positional fluctu-
ations. Such a Brownian motion plays important roles in various life processes
such as transportation of materials or reaction between chemical species [4.3]. In
order to describe lateral diffusion of membrane proteins, a drag coefficient of a
cylindrical disc moving in a 2D fluid sheet has been theoretically studied in var-
ious membrane environments [4.4-4.10]. The obtained drag coefficient was used
to estimate the diffusion coefficients of membrane proteins through Einstein’s
relation under the assumption that the system is in thermal equilibrium [4.11].

In recent experiments, however, it has been shown that motions of parti-
cles inside cells are dominantly driven by random nonthermal forces rather than

thermal fluctuations [4.12, 4.13]. In these experimental works, they found that

TThe material presented in this chapter was published in: Y. Hosaka, K. Yasuda, R.
Okamoto, and S. Komura, Phys. Rev. E 95, 052407 (2017).
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nonthermal forces in biological cells are generated by active proteins under-
going conformational changes with a supply of adenosine triphosphate (ATP).
These active fluctuations lead to enhanced diffusion of molecules in the cyto-
plasm [4.14, 4.15]. Biomembranes also contain various active proteins which,
for example, act as ion pumps by changing their shapes to exert forces to the
adjacent membrane and solvent [4.2]. Lipid bilayers containing such active pro-
teins have been called “active membranes”, and their out-of-plane fluctuations
(deformations) have already been investigated both experimentally and theo-
retically [4.16-4.18]. However, lateral motions of inclusions in membranes that
are induced by active proteins have not yet been considered. Since such active
forces give rise to enhanced diffusion, one needs to take into account both active
nonthermal fluctuations as well as passive thermal ones to calculate diffusion in

membranes.

Recently, Mikhailov and Kapral discussed an enhanced diffusion due to non-
thermal fluctuating hydrodynamic flows which are induced by oscillating active
force dipoles [see Fig. 4.1(a)] [4.19, 4.20]. They calculated the active diffusion
coefficient of a passive particle immersed either in a three-dimensional (3D) cy-
toplasm or in a 2D membrane, and showed that it exhibits a logarithmic size
dependence for the 2D case. Moreover, a chemotaxis-like drift of a passive par-
ticle was predicted when gradients of active proteins or ATP are present [4.19].
Later Koyano et al. showed that lipid membrane rafts, in which active proteins
are concentrated, can induce a directed drift velocity near the interface of a
domain [4.21]. In these works, they considered membranes that are smaller in
size than the hydrodynamic screening length. Huang et al. performed coarse-
grained simulations of active protein inclusions in lipid bilayers [4.22, 4.23]. In
Ref. [4.23], they showed that active proteins undergoing conformational motions
not only affect the membrane shape but also laterally stir the lipid bilayer so
that lipid flows are induced. Importantly, the flow pattern induced by an immo-

bilized protein resembles the 2D fluid velocity fields that are created by a force



4.1. Introduction 119

dipole.

Following Refs. [4.19, 4.20], we assume that an active protein behaves as
an oscillating force dipole which acts on the surroundings to generate hydrody-
namic flows that can induce motions of passive particles in the fluid. In this
paper, we investigate active diffusion and drift velocity of a particle in “free”
and “confined” membranes which are completely flat and infinitely large. In the
free membrane case, a thin 2D fluid sheet is embedded in a 3D solvent having
typically a lower viscosity than that of the membrane. Whereas in the confined
case, which mimics a supported membrane [4.24], a membrane is sandwiched
by two rigid walls separated by a finite but small distance from it. For both
the free and confined membrane cases, we employ general mobility tensors that
take into account the hydrodynamic effects mediated by the surrounding 3D
solvent [4.25-4.28]. Using the general mobility tensors, we numerically calcu-
late the active diffusion coefficient and the drift velocity as a function of the
diffusing particle size for the entire length scales. Furthermore, several asymp-
totic expressions are also derived in order to compare with numerical estimates
and thermal contributions. Importantly, our result leads to characteristic length
scales describing a crossover from nonthermal to thermal diffusive behaviors for

large scales.

In the next section, we present the expressions for the active diffusion co-
efficient and the drift velocity in 2D membranes [4.19]. We also review the
general mobility tensors for the free and confined membrane cases [4.25-4.28].
Using these expressions, we calculate in Sec. 4.3 the active diffusion coefficient
for the two geometries. In Sec. 4.4, we compare the thermal diffusion coefficient
with the obtained nonthermal diffusion coefficient, and discuss the characteristic
crossover lengths. In Sec. 4.5, we obtain the drift velocities as a function of the
particle size. The summary of our work and some numerical estimates for the

obtained quantities are given in Sec. 4.6.
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Figure 4.1: (a) The conformational change of an oscillating force dipole repre-
senting an active protein. Within a turnover cycle of the force dipole separated
by a distance x(t), it exerts two oppositely directed forces +F(¢) at time ¢. The
integral intensity of a force dipole is S (see the text). (b) Schematic picture
showing a flat and infinitely large membrane of 2D viscosity 7, that is located
at z = 0. The membrane is surrounded by a bulk solvent of 3D viscosity 7s, and
the two flat walls are located at z = +h. The solvent velocity is assumed to
vanish at the surfaces of these walls. The “free membrane” and the “confined
membrane” cases correspond to the limits of A — oo and h — 0, respectively.
The yellow passive particle undergoes Brownian motion due to thermal and non-
thermal fluctuations. The latter contribution is induced by active force dipoles
which are homogeneously distributed in the membrane with a 2D concentration
Co.
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4.2 Active transport and mobility tensors in

membranes

4.2.1 Active diffusion coefficient

Active proteins in a 2D biological membrane, modeled as oscillating force
dipoles, produce nonequilibrium fluctuations and cause an enhancement of the
lateral diffusion of a passive particle. We assume that the spatially fixed force
dipoles are homogeneously and isotropically distributed in the membrane, and
they exert only in-plane lateral forces. The total diffusion coefficient is given
by D = Dt + Da, where Dy is the thermal contribution and determined by
Einstein’s relation (which will be discussed in Sec. 4.4), and D, is the active

nonthermal contribution given by [4.19]

SCO 2 8Ga5 (I‘) 8Ga5/(r)
Da = —Qg5/ 4.1
A o BBy /d r or. or., ) (4.1)

where r = (z,y) denotes a 2D vector and we have introduced a notation

Qﬂﬁ’w’ = %(555’577’ + 5/375,3’7’ + 5ﬁ7’(5ﬁ’v)- (4'2)
Throughout this paper, the summation over repeated greek indices is assumed.
In Eq. (4.1), S is the integral intensity of a force dipole, ¢¢ is the constant 2D
concentration of active proteins, and G,g(r) is the membrane mobility tensor

which will be discussed later separately.

Within a fluctuating “dimer model” as presented in Fig. 4.1(a), the mag-
nitude of a force dipole is given by m(t) = x(t)F(t), where z(t) is the dis-
tance between the two spheres and F'(t) is the magnitude of the oppositely di-
rected forces. The statistical average of the dipole magnitude vanishes, i.e.,
(m(t)) = 0, whereas the integral intensity S of a force dipole is given by
S = [77dt (m(t)m(0)) [4.19]. Since we assume that active proteins are homoge-
neously distributed in the membrane as shown in Fig. 4.1(b), it is sufficient to

consider only the isotropic diffusion as given by Eq. (4.1).

In deriving Eq. (4.1), the size of a dipole is assumed to be much smaller than
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the distance between the passive particle and active force dipoles [4.19]. At large
distances, almost any object that changes its shape would create a flow field that
corresponds to some force dipole. It should be noted, however, that the above
expression is not accurate when the distance between them becomes smaller. As
for the mobility tensor in 3D fluids, it is known that the Rotne-Prager mobility
tensor takes into account higher order corrections to the Oseen mobility tensor
and gives more accurate approximation at short distances [4.20]. Such a better
approximation has not been worked out so far for 2D fluid membranes, and
we shall only consider the lowest order contribution (see later calulations). In
the above, we have also assumed that force dipoles are spatially fixed in the
membrane. Since no forces are applied to fix the dipoles, such an approximation
is justified when the dynamics of force dipoles is much slower than that of the

passive particle.

4.2.2 Drift velocity

Although we have assumed above that ¢ is constant, active proteins are often
distributed inhomogeneously in the membrane due to heterogeneous structures
such as sphingolipid-enriched domains [4.29, 4.30]. According to the “lipid raft”
hypothesis, theses domains act as platforms for membrane signaling and traffick-
ing [4.31]. Hence it is also important to consider the effects of nonuniform spatial
distribution of active proteins and to see how it affects the lateral dynamics in

membranes.

When a spatial concentration gradient Ve of active protein is present, it
gives rise to an unbalanced induced forces between two points in the membrane.
Hence passive particles are subjected to a drift toward either lower or higher
concentration of active proteins, and a chemotaxis-like drift can occur. When the
absolute value of the concentration gradient |Ve| is assumed to be constant, the

induced drift velocity of a passive particle in the direction Ve is given by [4.19]

0?Gap(r) 0Gsp (r)
or,drs — Ory (r-n). (43)

V= —S|VC|956/77/ /d27"’fla
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Here, the unit vector n = Vc¢/|Ve| denotes the direction of the concentration
gradient of active proteins. We shall employ the above expression to obtain the
lateral drift velocity in a membrane by using the membrane mobility tensor as

discussed below.

4.2.3 Membrane mobility tensors

Since we discuss active diffusion in an infinitely large flat membrane, we use
the 2D membrane mobility tensor which also takes into account the hydrody-
namic effects of the surrounding 3D solvent. We consider a general situation
as depicted in Fig. 4.1(b), where a fluid membrane of 2D shear viscosity 7y, is
surrounded by a solvent of 3D shear viscosity 7. Furthermore, we consider the
case in which there are two walls located symmetrically at an arbitrary distance

h from the flat membrane [4.25-4.28].

We denote the in-plane velocity vector of the fluid membrane by v(r) and the
lateral pressure by p(r). Assuming that the incompressibility condition holds for

the fluid membrane, we write its hydrodynamic equations as

V-v=0, (4.4)

Vv —Vp+£f+F=0. (4.5)

The second equation is the 2D Stokes equation, where f; is the force exerted on
the membrane by the surrounding solvent, and F is any external force acting on
the membrane. If we denote the upper and lower solvents with the superscripts
+, the two solvent velocities v*(r, 2) and pressures p=(r, z) obey the following

hydrodynamic equations, respectively

A~

V-vE =0, (4.6)
1sV2vE — Vp* =0, (4.7)
where V stands for the 3D differential operator.

We assume that the surrounding solvent cannot permeate the membrane,

and impose the no-slip boundary condition between the membrane and the sur-
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rounding solvent at z = 0 [4.4, 4.5, 4.25-4.28]. Hence we require the conditions
vE(r,0) =0,  w,(r) = vi(r,0), (4.8)

where a = z,y. Furthermore, the solvent velocity vanishes at the walls located
at z = £h, i.e., vE(r,+h) = 0.
By solving the above coupled hydrodynamic equations in Fourier space with
k = (k;, k,) being the 2D wavevector, the 2D mobility tensor G,z(k) defined
through v, (k) = G,p(k)Fs(k) can be obtained as [4.25-4.28]
Sap — kaks

Gaplk) = T K2 + vk coth(kh)]’ (4.9)

where k = |k| and k, = kq/k, and the ratio of the two viscosities =1 = 7, /(2ns)
defines the Saffman-Delbriick (SD) hydrodynamic screening length [4.4, 4.5].
Notice that 7, and 7, have different dimensions, and v~! has a dimension of

length.

In order to perform analytical calculations, the two limiting cases of Eq. (4.9)
are considered, i.e., the “free membrane” case and the “confined membrane” case
corresponding to the limits of h — oo and h — 0, respectively [4.26-4.28]. For
the free membrane case, we take the limit kh > 1 in Eq. (4.9) and obtain the
following asymptotic expression

Grs(k) = % (4.10)
Hereafter, we shall denote the quantities for the free membrane case with the

superscript “F”. For the confined membrane case, on the other hand, we take

the opposite limit kh < 1 and obtain

Oup — kok
C k) = af alvB
Gaﬂ( ) nm(k2+/§2)’

where k=t = (h/v)'/? is the Evans-Sackmann (ES) screening length [4.7], and

(4.11)

we use the superscript “C” for the quantities related to the confined membrane

lis the geometric mean of v~!

case. We note that the ES screening length s~
and h so that we typically have k=1 < v71,

Taking the inverse Fourier transform of Eqs. (4.10) and (4.11), we obtain the
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mobility tensors in the real space for the two limiting cases as [4.26-4.28]

1 2 H;(vr) Yi(vr)
F . 1 1
Gop(r) = . {HO(V’I") — Yo(vr) + e R + - d0p
1 4 2H,(vr)  2Yi(vr) L
* A1 {_ 2 Ho(vr) + Yo(vr) | afs,
(4.12)
and
1 K (kr) 1
C(r) = K, ! Oa
Go‘ﬁ(r) 27N, [ o(r) + KT K272 p
1 2K (kr) 2 ..
+ o [—Ko(nr) - + /127“2} Tals, (4.13)

respectively, where we have used the notations r = |r| and 7, = r,/r. In the
above, H, () are the Struve functions, Y;,(z) the Bessel functions of the second
kind, and K, (z) the modified Bessel functions of the second kind. The physical
meaning of the above expressions was also discussed in Refs. [4.32-4.34]. We
note that if there is only one wall instead of two walls, the definition of the ES
length needs to be modified as k' — (2h/v)"/? [4.34]. In the next sections, we
shall use Egs. (4.12) and (4.13) to calculate the active diffusion coefficients and

the drift velocity.

4.3 Active diffusion coefficient

4.3.1 Free membranes

We first calculate the active diffusion coefficient for the free membrane case
by substituting Eq. (4.12) into Eq. (4.1). Since the integrand in Eq. (4.1) diverges
logarithmically at short distances, we need to introduce a small cutoff length /..
Physically, . is given by the sum of the size of a passive particle (undergoing
lateral Brownian motion) and that of a force dipole [4.20]. In the following,
we generally assume that force dipoles are smaller than the diffusing object
whose size is represented by /.. This is further justified when we consider lateral

diffusion of a passive object that is larger than the SD or ES screening lengths.

Introducing a dimensionless vector z = vr scaled by the SD length, we can
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Figure 4.2: The plot of the scaled active diffusion coefficient Dy as a function
of the scaled cutoff length 6 = v/, and € = k. for the free membrane case
[solid line, see Eq. (4.14)] and the confined membrane case [dashed line, see
Eq. (4.19)], respectively. Here Dy is scaled by Sco/(2567n2). The numbers
in this plot indicate the slope of the curves and represent the powers of the
algebraic dependencies.

write the active diffusion coefficient for the free membrane case as

DF Sco Qo //Oodgz aggﬁ(z)aggﬁ’(z)
A7 32r22, oo 5 0z, Dz

(4.14)

where § = vl is the dimensionless cutoff, and g};(z) = 4mnwmGh; is the corre-
sponding dimensionless mobility tensor [see Eq. (4.12)]. We have first evaluated
the above integral numerically. In Fig. 4.2, we plot the obtained DY as a function
of 6 = vl by the solid line. We see that the active diffusion coefficient depends
only weakly on the particle size at small scales, whereas it shows a stronger size
dependence described by a power-law behavior at large scales. The crossover

between these two behaviors is set by the condition § ~ 1.

In order to understand the above behaviors, we next discuss the asymptotic
behaviors of DY for both small and large § values. Expanding the mobility

tensor in Eq. (4.12) for vr < 1 and vr > 1, we have [4.34]

1

2
Gap(2) ~ <1n e 5) dap + ZaZp, (4.15)
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and

9np(2) = ~2aZs, (4.16)

respectively, where v &~ 0.5772 is Euler’s constant. By substituting Eqs. (4.15)

and (4.16) into Eq. (4.14), we can analytically obtain the asymptotic forms of

the active diffusion coefficient as a function of § = /..

As obtained in Ref. [4.19], we find for § < 1

SC() L
DY ~ —
A% oz

(4.17)

where a large cutoff length L is introduced because the integral in Eq. (4.14) also
diverges logarithmically at large distances. In order to match with the numerical
estimation, we obtain L ~ 0.682v~!. The above logarithmic dependence on £,
means that DY depends only weakly on the particle size. We also note that the
above expression contains only the membrane viscosity 7,,, and does not depend
on the solvent viscosity 7ns. This is because the hydrodynamics at small scales is

primarily dominated by the 2D membrane property.

In the opposite limit of 6 > 1, on the other hand, we show in the Appendix

A that the active diffusion coefficient becomes

5500 1
DY ~ —
AT 9562 02

(4.18)

which is an important result of this paper. This asymptotic expression decays as
1/¢% and depends now only on 7, indicating that the membrane lateral dynam-
ics is governed by the surrounding 3D fluid at large scales. From the obtained
asymptotic expressions in Egs. (4.17) and (4.18), the behavior of DY in Fig. 4.2
is explained as a crossover from a logarithmic dependence to an algebraic de-

pendence with a power of —2.
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4.3.2 Confined membranes

Next we consider the confined membrane case. With the use of Eq. (4.13)

the active diffusion coeflicient can be written as

Sco Ly 0955(W) 0955 (W)
DS = " Qupr | dPw 28 op 4.1
A 3271-2771211 BB vy /; w 811)7 aww/ ) ( 9)

where w = kr is a different dimensionless variable, € = x/. is a differently scaled
cutoff, and ggﬂ(w) = 47r77mGSﬁ is the corresponding dimensionless mobility ten-
sor [see Eq. (4.13)]. Performing the numerical integration of Eq. (4.19), we plot
in Fig. 4.2 the active diffusion coefficient DY as a function of € = /. by the
dashed line. For small € values, the behavior of D is similar to that of DY,

while DY decays much faster than DY for large € values.

To discuss these size dependencies, we use the asymptotic expressions of

Eq. (4.13) for kr < 1 and kr > 1 given by [4.34]

2

1
gSB(W) ~ (hl E -7 §> 5045 + UA)O/UAJQ, (420)

and

2 -
Jap(W) = —E(%B — 2Wap), (4.21)

respectively. Note that Eq. (4.20) is identical to Eq. (4.15) when w is replaced
by z. Hence, in the limit of ¢ < 1, the active diffusion coefficient for the confined

membrane case should be identical to Eq. (4.17) and is given by [4.19]

Se L

C 0

~ In —. 4.22
AR Somm L (422)

The large cutoff length should be taken here as L ~ 1.12x~!. As mentioned
before, the 2D hydrodynamic effect is more important at small scales, and D

is logarithmically dependent on the particle size.

In the large size limit of € > 1, on the other hand, we also show in the

Appendix A that DS asymptotically behaves as

C SCO h_2
AT 16mn2 47

(4.23)

which is another important result. The obtained expression decays as 1//(2
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which is much stronger than Eq. (4.18) for the free membrane case. According
to Eqgs. (4.22) and (4.23), the behavior of DY in Fig. 4.2 can be understood as
a crossover from a logarithmic dependence to an algebraic dependence with a

power of —4.

4.4 Total diffusion coefficient

Having obtained the active diffusion coefficients for the free and the con-
fined membrane cases, we now discuss the total lateral diffusion coefficients in
membranes by considering both thermal and nonthermal contributions. Con-
cerning the thermal diffusion coefficient DY for the free membrane case, we use

an empirical expression obtained by Petrov and Schwille [4.35, 4.36]

T 2 4 2 9 39 b1t
:kB ln——v—l——d—(s—ln—] {1—5—111—%—L , (4.24)
T

F
Dz(0) Arny, ) T 2 9 0 14 cpdh2

where kg is the Boltzmann constant, 7' is the temperature, and the four nu-
merical constants are chosen as ¢; = 0.73761, b; = 2.74819, ¢y = 0.52119, and
by = 0.51465 [4.36]. For the free membrane case, there is no exact analyti-
cal expression of the thermal diffusion coefficient which covers the entire size
range, except for the case where a 2D polymer chain is confined in a fluid mem-
brane [4.26]. Equation (4.24) is known to recover the correct asymptotic limits

of the thermal diffusion coefficients both for 6 < 1 [4.4, 4.5] and ¢ > 1 [4.6].

On the other hand, the thermal diffusion coefficient D for the confined
membrane case was explicitly calculated by Evans et al. [4.7] and also by Ra-

machandran et al. [4.8-4.11]. In this case, the resulting expression is given by

kT [ eKy(e)] !
D0 = |5+ 2]

AP (4.25)

In Fig. 4.3, we plot DY as a function of the particle size § by the solid line,
and DS as a function of ¢ by the dashed line for the whole size range. Their

asymptotic behaviors are separately discussed below.

When we consider the total diffusion coefficient D = Dt + Dja, we shall

neglected the contribution from thermal fluctuations of force dipoles. These
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Figure 4.3: The plot of the scaled thermal diffusion coefficient Dt as a function
of the scaled cutoff length 6 = v/f. and € = kl. for the free membrane case
[solid line, see Eq. (4.24)] and the confined membrane case [dashed line, see
Eq. (4.25)], respectively. Here Dr is scaled by kgT/(471ym). The numbers in
this plot indicate the slope of the curves and represent the powers of the algebraic
dependencies.

fluctuations can arise when force dipoles contain structural internal degrees of
freedom. However, such a contribution to the diffusion coefficient is small com-
pared to Dt because it should be proportional to the product of kg7 and the

concentration of force dipoles cg.

4.4.1 Free membranes

For the free membrane case, the total diffusion coefficient is given by DY =
DE + DX, where the active nonthermal contribution DY was discussed in the
previous section. Using Eqs. (4.24) and (4.17) in the limit of § < 1, we asymp-
totically have [4.4, 4.5]

ksT 2 Sco L
DY ~ 1 — In— 4.26
4mn, (n v, 7) * 32mn2, . ¢’ ( )

where both contributions are proportional to In(1/¢.).

For § > 1, on the other hand, we obtain from Eqs. (4.24) and (4.18) [4.6]

kT 1 1
16ns 0.~ 256mn2 (2

(4.27)

Since the (.-dependencies in Eq. (4.27) are different between the thermal and
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nonthermal contributions, we can introduce a new crossover length defined by

- 5500
- 167kgTn,

*

(4.28)

This length scale characterizes a crossover from the 1/¢?>-dependence to 1//.-
dependence. When /. < ¢* (but still v~! < £.), the nonthermal contribution
dominates over the thermal one, while in the opposite limit of /. > ¢* the

thermal contribution is of primary importance.

4.4.2 Confined membranes

In the case of confined membranes, the total diffusion coefficient now becomes
D¢ = DS + DY. In the limit of € < 1, we have from Eqs. (4.25) and (4.22) [4.7,
4.8]

l{BT 2 SCO L
D° ~ 1 - In — 4.29
47N, (n Kl 7) + 32712, " 0.’ (429)

where both contributions exhibit a logarithmic dependence on /. as in the free

membrane case.

In the opposite limit of € > 1, we find from Egs. (4.25) and (4.23) [4.7, 4.8]

]{TBT h SCO h2
D¢ ~ — —.
27 2 * 16mn?2 ¢2

S

(4.30)

Similar to the free membrane case, we can consider another characteristic length

defined by
Scoh \'?
= : 4.31
<8kBTns) ( )

This length scale characterizes a crossover from the 1/¢*-dependence to 1/¢%-
dependence. We note that ¢** is essentially the geometric mean of ¢* and h.

Numerical estimates of these two characteristic length scales will be discussed

in Sec. 4.6.

4.5 Drift velocity

4.5.1 Free membranes
In this section, we calculate the drift velocity V' of a passive particle due to

a concentration gradient of active force dipoles. For the free membrane case, we
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Figure 4.4: The plot of the scaled drift velocity V' as a function of the scaled
cutoff length § = v/l. and € = k/. for the free membrane case [solid line, see
Eq. (4.32)] and the confined membrane case [dashed line, see Eq. (4.35)], respec-
tively. Here V is scaled by S|V¢|/(1287n2). The numbers in this plot indicate
the slope of the curves and represent the powers of the algebraic dependencies.

substitute Eq. (4.12) into Eq. (4.3) and obtain

S|Vel * o . 0%ghs(2) 0g5g(z)
B Qg A2z g0 i . 4.32
v 16722 7 /5 = 02,0z5  Ozy (z-), (4:32)

where § = vl and gp4(z) = 47, Gl as before. Performing the numerical

integration of Eq. (4.32), we plot in Fig. 4.4 the drift velocity V¥ as a function
of 6§ by the solid line. Similar to the active diffusion coefficient DX, the drift
velocity V¥ depends weakly on the particle size at small scales, while it exhibits
a stronger size dependence at large scales. Such a crossover also occurs around

o~ 1.

We next discuss the asymptotic behaviors of V¥ for small and large ¢ values.

With the use of Eqs. (4.15) and (4.16), we show in the Appendix B that the

asymptotic behaviors of V for 6 << 1 and § > 1 are

S|Ve| L
Fx In — 4.
1% o ngc, (4.33)

and

p _ 135Ve| 1
2562 2

S

(4.34)
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respectively, where we choose L ~ 1.85v~!. Note that Eq. (4.33) was previously
derived in Ref. [4.19] for a 2D membrane, while Eq. (4.34) is a new result. As
we see in Egs. (4.33) and (4.34), there is a crossover from a logarithmic to an
algebraic dependence with a power of —2 when ¢ is increased. These behaviors

are consistent with the numerical plot in Fig. 4.4 for the free membrane case.

4.5.2 Confined membranes

Finally we calculate the drift velocity for the confined membrane case. Sub-
stituting Eq. (4.13) into Eq. (4.3), we now obtain

Ve _ S|V . //Ood2wﬁ 32955(“’) aggﬁ/(w)
167202, op . ¢ Ow,0ws  Owy

where € = kf. and ggﬂ(w) = 47r77mGS,3 as before. In Fig. 4.4, we present nu-

w - n), (4.35)

merically calculated VC as a function of € by the dashed line. As ¢ is increased,
we see a crossover from a logarithmic to an algebraic dependence, although V°

decays faster than V¥ at large scales.

The asymptotic behaviors of V¢ for small and large ¢ values can be dis-
cussed similarly. Using Eqs. (4.20) and (4.21), we obtain in the Appendix B the

asymptotic expressions of V© for e < 1 and € > 1 as

S|Ve| . L
VC ~ In — 4.36
3212 0 (4:36)

and

Ve ~ 3S|Ve| 1?
16w 4

S

(4.37)

respectively, and we choose L =~ 3.05x7! to coincide with the numerical integra-
tion. We note that Eqs. (4.33) and (4.36) are identical and depend only on 7y,

for small sizes [4.19].

From Fig. 4.4 and Egs. (4.33), (4.34), (4.36) and (4.37), we see that the drift
velocity V' is always positive. This means that passive particles move toward
higher concentrations of active proteins, and a chemotaxis-like drift takes place
in the presence of protein concentration gradients [4.19-4.21]. The dominant

viscosity dependence of V' switches from 7, to 7, as the particle size exceeds the
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Table 4.1: Summary of the asymptotic dependencies of the thermal diffusion
coefficient D, the active diffusion coefficient Dy, and the drift velocity V' on
the passive particle size ¢.. The numbers after the asymptotic expressions cor-
respond to the equation numbers in this paper.

Cases Limits Dt Da 1%
free membrane vle <1 In(1/6:;) (4.26) 1In(1/¢.) (4.17) In(1/6.) (4.33)
(hk > 1) vle>1  1/6, (4.27) /02 (4.18) 1/02 (4.34)
confined membrane xf. <1 1In(1/¢4.) (4.29) In(1/4.) (4.22) 1In(1/¢.) (4.36)
(hk < 1) Kle>1  1/62 (4.30) /04 (4.23) 1/04 " (4.37)

corresponding hydrodynamic screening length, namely, ! or k1.

4.6 Discussion and conclusion

In this paper, we have investigated lateral diffusion induced by active force
dipoles embedded in a biomembrane. In particular, we have calculated the active
diffusion coefficient and the drift velocity for the free and the confined membrane
cases by taking into account the hydrodynamic coupling between the membrane
and the surrounding bulk solvent. The force dipole model in Refs. [4.19, 4.20]
and the general membrane mobility tensors obtained in Refs. [4.25-4.28] have
been employed in our work. When the size of a passive diffusing particle is
small, the active diffusion coefficients for the free and the confined membranes
represent the same logarithmic size dependence, as shown in Egs. (4.17) and
(4.22), respectively [4.19]. In the opposite large size limit, we find algebraic
dependencies with powers —2 and —4 for the two cases, as given by Eqgs. (4.18)
and (4.23), respectively. These are the important outcomes of this paper and

are also summarized in Table 5.1 together with other asymptotic expressions.

In our work, we have assumed that the total diffusion coefficient is provided
by the sum of thermal and nonthermal contributions. For small particle sizes,
we have shown that both the total D¥ and D€ exhibit a logarithmic size depen-
dence [4.19], whereas different contributions have different size dependencies for
large particle sizes. From this result, we have obtained two characteristic length

scales that describe the crossover from nonthermal to thermal behaviors when
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the particle size is larger than the hydrodynamic screening length. The drift ve-
locity in the presence of a concentration gradient of active proteins exhibits the
same size dependencies as the active diffusion coefficient for the two membrane

geometries.

Here we give some numerical estimates of the obtained crossover length
scales. Using typical values such as kg7 ~ 4 x 10721 ], n, =~ 1073 Pa-s, h ~
107%m, S ~ 10712 J2-s, and ¢y ~ 10 m~2 [4.19], we obtain ¢* ~ 2 x 107 5m [see
Eq. (4.28)] and £** &~ 6 x 10~® m [see Eq. (4.31)]. On the other hand, the SD and
the ES screening lengths are typically v~ ~ 5 x 107" m and = ~ 2 x 10~%m,

respectively [4.4, 4.5, 4.7, 4.8]. Hence ¢* and ¢** are typically larger than v~!

L respectively. Moreover, the values of S and ¢y can vary significantly

and K~
in one membrane to another as pointed out in Ref. [4.19]. For example, when
active proteins are confined in raft domains [4.29-4.31], the 2D concentration
co can be much larger. When, for example, ¢y &~ 10 m™2 (while S is the same
as above) [4.21], the crossover length can be estimated as £* ~ 2 x 107> m and
0 ~ 2 x 107"m. If ¢* and ¢** are much larger than the screening lengths
v~ and k71, respectively, as in this case, the three different scaling regimes of
the total diffusion coefficient are expected as the particle size is increased, i.e.,
In(1/¢.) — 1/0?> — 1/¢. for the free membrane case, and In(1/£,) — 1/¢2 — 1/¢2
for the confined membrane case.

Momentum in a membrane is conserved over distances smaller than the hy-

Lor k1), whereas it leaks to the sur-

drodynamic screening length (either v~
rounding fluid beyond that length scale [4.32-4.34]. Within a membrane, the
velocity decays as In(1/r) at short distances, as shown in Egs. (4.15) and (4.20),
due to the momentum conservation in 2D. These 2D behaviors also lead to the
logarithmic dependence of the active diffusion coefficients in Eqgs. (4.17) and
(4.22). For the free membrane case, the velocity decays as 1/r at large scales as

shown in Eq. (4.16) due to the momentum conservation in the 3D bulk. This

behavior is reflected in the first term of Eq. (4.27) for the thermal diffusion
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coefficient [4.6]. As shown in Eq. (4.21), however, the velocity decays as 1/r?
at large scales for the confined membrane case. This behavior essentially arises
from the mass conservation in 2D while the total momentum is not conserved
due to the presence of the walls which break the translational symmetry of the
system [4.32-4.34]. The corresponding contribution is the first term of Eq. (4.30)

for the thermal diffusion coefficient [4.7, 4.8].

The active diffusion coefficient DY obtained in Eq. (4.18) for the free mem-
brane case essentially reflects the hydrodynamics of the surrounding bulk 3D
solvent. Hence our result can be compared with that in Ref. [4.19] obtained for

a purely 3D fluid system:

3D
3D~ ():S’Oc—ﬂ?ngélc’ (4.38)
which decays as 1//. and is different from Eq. (4.18). In fact, such a difference
arises from the different dimensions of the dipole concentrations, i.e., ¢q is the
2D concentration in our case, while ¢iP is the 3D concentration in Ref. [4.19)].

A similar comparison can be also made for the drift velocity of free membranes

in Eq. (4.34) and that in Ref. [4.19] for a 3D fluid system:

_SIver|

3D
R ) 4.
v 30mn2 L. (4.39)

The same reason holds for the different ¢.-dependence.

At this stage, we also comment that both the active diffusion coefficient Dy
and the drift velocity V' exhibit the same /.-dependence. Although the inte-
grands in Egs. (4.1) and (4.3) look apparently different, their physical dimen-
sions are identical because the first derivative of the mobility tensor in Eq. (4.1)
corresponds to the product of the second derivative and (r-n) in Eq. (4.3). This
is the simple reason that they exhibit the same /.-dependence. One can also
easily confirm that V' is positive when we make use of the membrane mobility
tensor, because the integrand in Eq. (4.3) is the product of the first and the
second derivatives of the mobility tensor which have opposite signs. This leads

to V > 0 indicating a chemotaxis-like drift as mentioned before.
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In this work, we have assumed that active proteins generate forces only in
the lateral directions. On the other hand, actual active motors such as bacteri-
orhodopsin can also exert forces to the surrounding solvent [4.16-4.18]. Although
we did not take into account such normal forces which induce membrane undu-
lation, consideration of normal forces as well as lateral ones will provide us with

a general understanding of active diffusion in biomembranes [4.37].

We have also assumed that the force dipoles are fixed in a membrane and are
distributed homogeneously. It would be interesting to consider the case when
active proteins can also move laterally in the membrane and even interact with
each other through a nematic-like interaction [4.38]. The full equation of motion
now involves potential-of-mean-force interactions in the multi-particle diffusion
equations that describe the combined motions of the passive particle and active
proteins in the membrane. Although the dynamics of the active protein con-
centration is essentially determined by a diffusion equation, it is a complicated
problem because not only thermal diffusion but also active nonthermal diffusion
should be taken into account. Our work is the first step toward such a full

description of very rich biomembrane dynamics.

Appendix 4.A Derivation of Egs. (4.18) and (4.23)

Since Egs. (4.17) and (4.22) have been obtained in Ref. [4.19], we show
here the derivation of Egs. (4.18) and and (4.23). Substituting Eq. (4.16) into
Eq. (4.14), we get

Sep  [* 0 (i) 0 (i
Dy = 4z gy 4.A1
A 872771%1/6 #3088 8&, ( z > aZW’ ( p ) ( )
where z = vr. Since
0 éai’g 1 3
6_2’7 ( z ) :;(50‘72/5 + 5572’&) - ;Zozz,é’zfy, (4.A2)

the integrand in Eq. (4.A1) becomes

(3 2@2,3 8 é’aﬁﬁ/ 1 1
a_( : )a( S ) = %0y 5l0yyzaze — 20ayzpzy + Sz
Y ol
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3
+ 8B 2y (4.A3)

By operating {23g:~+/, we have

0 (2423 0 ZaZp B 5
Qﬂﬁ’v7’82y< > >627/< B )—@ (4.A4)

After the integration, we obtain Eq. (4.18).

Similarly, we substitute Eq. (4.21) into Eq. (4.19) and obtain

DC SCO /oo d2w Qﬁﬁ/ 0 (6aﬁ — 2’LAUQUA)§> 0 ((5(15/ — Qwawﬂ/) ’

AT !
8722, 7 dw, w? Ow.y w?

(4.A5)

where w = kr. Since

0 [ Oap — 2w 2 8

we obtain

0 (Sag — 21@04@/5 0 (Saﬂ/ — Qwaﬁ]ﬁ/
ow., w? Ow. w2

4 4
= E‘Sﬁvéﬁ’w’ + E[éﬁﬂ’wvwv’ + dprqwpwy + dgywawy + 0y wawe

— 2(557wﬁ/w7/ —+ 5,8'7'106107)]- (4A7)

By operating €233,/, we have
0 (Sag — QUA}QUA),@) 0 (Sagl — QUAJQUA)Q/ 4
Q / ! —_ . 4A8
o ow., < w? ) Ow.y ( w? w" ( )

After the integration, we obtain Eq. (4.23).

Appendix 4.B Derivation of Eqgs. (4.34) and (4.37)

In this Appendix, we show the derivation of Eqgs. (4.34) and (4.37). Substi-

tuting Eq. (4.16) into Eq. (4.32), we obtain

VE=— d?2 Qg0 = -n). (4.B1
i [t gt (22) S (22 ). )

In the above, the derivatives are

0? 202 1 3
az 325 < > ﬁ) = ;((5045557 + 5a76,86) — ;(5%;2527 + (5552,127 + 50@»’«'525 + 5,ny2&ch
y

15
+ 0y52028) + 7 FaB2y 25, (4.B2)
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0? a2\ O [ Zsip
02,025 z 02y z

1
= _;[256’% (Oayzs + 0gy7a) = (Oay' Oy + Oarpy) 2]

and

- }[(5017’2,827 + 0y 202y = Oay2p%y — OpyZaZy

3

+ Oy 2a28) 2 — 20510 Za23%] — 10 7aZBE6 ey (4.B3)

By operating {23z, we have

82 20473,3 0 25?:‘5/ 132a
Q35 = ——. 4.B4
o 02,025 ( z ) 02y ( z > 826 ( )

After the integration, we obtain Eq. (4.34).

Next we substitute Eq. (4.21) into Eq. (4.35) and find
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By operating {2z, we find
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After the integration, we obtain Eq. (4.37).
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Chapter 5

Nonreciprocal Response of a

Two-Dimensional Fluid with

Odd Viscosity T

5.1 Introduction

Two-dimensional (2D) active chiral fluids have been predicted to have a new
rheological property called odd viscosity [5.1]. Over two decades ago, Avron has
shown that when time-reversal and parity symmetries are broken, the viscosity
tensor of a 2D isotropic fluid could have an anti-symmetric (odd) part that does
not result in dissipation [5.1, 5.2]. The origin of the odd viscosity is explained by
coarse-grained theories, such as Onsager’s reciprocal relations [5.1] and Green-
Kubo relations for viscosity coefficients [5.3-5.5]. Furthermore, in microscopic
approaches, it was shown that active chiral fluids composed of self-spinning
objects also exhibit odd viscosity [5.2, 5.6].

In order to observe odd viscosity in physical systems, several protocols have
been proposed. For incompressible fluids, it was predicted that odd viscosity

can emerge at a dynamical boundary that is subjected to no-stress boundary

TThe material presented in this chapter was published in: Y. Hosaka, S. Komura, and D.
Andelman, Phys. Rev. E 103, 042610 (2021).
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146 Chapter 5. Nonreciprocal Response of a 2D Fluid with Odd Viscosity

conditions [5.7, 5.8]. Experimentally, Soni et al. measured odd viscosity in active
chiral fluids by observing the boundary dynamics of a fluid [5.9]. Odd viscosity
has also been measured by using molecular dynamics simulations and its Green-

Kubo representation [5.4, 5.5].

In addition, more fundamental phenomena in active chiral systems, such
as responses to point forces or finite-size bodies, have been studied theoreti-
cally [5.7, 5.10-5.14]. Recently, the nonreciprocity of the point force response
was investigated in a 3D anisotropic fluid with odd viscosity [5.10] as well as
in an active solid material [5.11, 5.12]. As for the finite-size body response, lift
force was observed in active chiral granular media [5.13] and in a 2D fluid with
inertia [5.14], whereas no such force was found in the incompressible limit [5.7].
Despite these intensive findings, very little is known about the linear hydrody-

namic response of a 2D active chiral fluid.

In this paper, we discuss the hydrodynamic response of a 2D isotropic com-
pressible fluid with odd viscosity, which can be regarded as a 2D active chiral
fluid [5.1-5.3]. Taking into account the 3D bulk fluid coupled to the 2D fluid
layer and employing the lubrication approximation for the 3D fluid [5.15-5.17],
we analytically obtain the asymmetric mobility tensor of the 2D fluid in the
presence of odd viscosity. Because of such a nonreciprocal hydrodynamic re-
sponse, a perpendicular fluid flow develops and breaks the axial symmetry of
the flow with respect to the driving force. Extending the point force response,
we derive viscous forces on a rigid disk that moves laterally in the 2D active
chiral fluid. As a consequence of the nonreciprocal hydrodynamic response due

to odd viscosity, we find that lift force acts on the driven disk.

There are two reasons that motivated us to consider a 2D compressible fluid
with odd viscosity in contact with an underlying 3D fluid. As pointed out in
Ref. [5.7], the velocity field is independent of the odd viscosity in a 2D in-
compressible fluid, when nonslip boundary conditions are imposed on a moving

object. This means that the effects of odd viscosity cannot be directly seen in a
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Table 5.1: The components associated with the three viscosity coefficients nq
(dilatation), ns (shear), and 7, (odd) in the 7., tensor under index permuta-
tions [see Eq. (5.2)]. The + (—) sign denotes that the components are symmetric
(anti-symmetric) under a given index permutation. Components that include
even (odd) number of ¢;; are symmetric (anti-symmetric) under the parity trans-
formation in a 2D system (z — —x, y — y) [5.3].

Viscosity coefficients Components 1] kel ij< kl Parity
nd 0ijOke + + + +
Ns 5ik-5jé + 5,’g5jk- — 514]‘5/% + + + +
o €050 + €00k + €001 + €160 + + - -

2D incompressible fluid. Moreover, for a pure 2D fluid at low Reynolds number,
a linear relation between the velocity and the viscous drag force acting on a
translating disk cannot be obtained [5.18, 5.19]. This is known as the Stokes
paradox that originates from the constraint of momentum conservation in a pure
2D system. This paradox can be resolved, e.g., by considering momentum decay

to an underlying 3D fluid [5.20-5.25].

In the next section, we review the concept of the odd viscosity [5.1-5.3].
Then, we introduce in Sec. 5.3 the hydrodynamic equations for the 2D active
chiral fluid layer by taking into account the coupling to the underlying 3D bulk
fluid [5.15-5.17]. In Sec. 5.4, we derive the corresponding mobility tensor and
calculate the velocity fields induced by a point force or a force dipole. In Sec. 5.5,
we discuss the force and torque acting on a moving disk of a finite size. Finally,

a summary of our work and some further comments are given in Sec. 5.6.

5.2 0Odd viscosity

Here we briefly review the concept of odd viscosity and its contribution to
the fluid stress tensor in two dimensions [5.1-5.3]. First, the strain rate tensor
is defined as vk, = (Opve + Opvg)/2, where v; is the 2D velocity component,
0; = 0/0r; is the 2D differential operator component, and r = (z,y). The

general linear relation between vy, and the fluid stress tensor o;; is given by

Oij = NijkeVke, (5-1)
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where 7;j5¢ is the fourth-rank viscosity tensor. Throughout our work, we as-
sume summation over repeated indices. Notice that the choice of the Cartesian

coordinates is just done for convenience and is not a requirement.

In an isotropic fluid, rotational invariance of the system requires the symme-
try of the stress tensor under the exchange of indices ¢ <+ j, i.e., 0;; = 0. This
enforces the symmetry relation of the viscosity tensor 7k = njike, as inferred
from Eq. (5.1). Since vy is a symmetric tensor by definition, the symmetry under

the exchange k <+ ¢ always holds, leading to the symmetry relation 7;xe = 7;jex-

Extending the above symmetry argument, Avron introduced a new type
of index exchange ij <> k¢, which implies time-reversal transformation [5.1—-
5.3]. In light of such a pair exchange, the viscosity tensor can generally be
split into symmetric (even) and anti-symmetric (odd) parts 7k = 'r]iSW + n{?kg,
where nl-sj,d = n,g’eij and 77%1@@ = —77,?&-]-. The anti-symmetric term 77{}“ exists
as a consequence of broken time-reversal symmetry in a 2D fluid. Under the
assumption that o;; is isotropic, the general viscosity tensor can be written

as [5.2, 5.3]

Nijke =
Na0i;0ke + s (Oirdje + 056 — 03j0ke) + %?70 (€ikbje + €je0i + €005k + €10i0)
(5.2)
where 1q, 15, and 7, are 2D dilatational, shear, and odd viscosities, respectively,

d;; is the Kronecker delta, and ¢;; is the 2D Levi-Civita tensor with €,, = €,, =0

and €,y = —€,, = 1.

The above viscosity tensor 7;;, is symmetric under the parity transformation
in a 2D system (r — —x, y — y) [5.3], and hence it is parity-even. This
is because both o;; and vy, are parity-even in Eq. (5.1). On the other hand,
terms that include odd number of ¢;; are parity-odd. Hence, one concludes
from Eq. (5.2) that 7, exists only if both time-reversal and parity symmetries

are broken [5.2]. In Table 5.1, the above permutations of the viscosity-tensor
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components are summarized.

Substituting Eq. (5.2) into Eq. (5.1), we obtain the stress tensor of a 2D

compressible fluid with odd viscosity as

o5 = (Ma — Ns)0ijOkvi 4 1s(050; + Ojv;) + %T]O (83‘1}: + v} + (9}“1}1- + 8fvj) ,
(5.3)
where v = €;,v; is the velocity vector rotated clockwise by 7/2 and 0 = €;.0k.
Since the odd viscosity does not contribute to the energy dissipation, (0;v;)0;;,

the sign of 7, can be either positive or negative.

5.3 Active chiral fluid

We consider a 2D layer of an active chiral compressible fluid particularly
having odd viscosity, which is flat, thin, infinitely large and overlays a 3D bulk
fluid (e.g. water). Onme of the realizations of such a system is schematically
depicted in Fig. 6.1. The bulk fluid has a 3D shear viscosity n and is in contact
with an impermeable flat wall located at z = 0, where the fluid velocity vanishes.
In order to clearly see the odd viscosity effect [5.7], we suppose that the 2D fluid
layer is compressible, so that it has both 2D dilatational and shear viscosities,
na and 7, respectively. In physical systems, such a fluid can be realized by a
monolayer of amphiphiles that are loosely packed on the interface at z = h [5.15-
5.17]. More details on the physical realization of our model will be discussed in

Sec. 5.6.

In addition to the above viscosity coefficients, we assume that the 2D layer
has odd viscosity, n,, that is an important measure of how far the fluid departs
from passive fluids. We will not specifically focus on the origin of the odd
viscosity, but it can be attributed, for example, to self-spinning objects immersed
in the 2D fluid layer that break both time-reversal and parity symmetries [5.2,
5.26]. In this case, one has to assume that the active rotors are homogeneously
distributed in the 2D fluid layer and their concentration is small enough. Under

this condition, the 2D layer can be regarded as a layer of a continuum active
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Figure 5.1: Schematic sketch of an active chiral fluid characterized by odd vis-
cosity. An infinitely large, flat, and thin 2D fluid layer (green) (e.g., a monolayer
formed by amphiphiles) is located at z = h having 2D dilatational, shear, and
odd viscosities, 14, 15, and 7, respectively. The fluid interface is in contact with
air (z > h) and a 3D fluid underneath (0 < z < h) having a 3D shear viscosity
7. The 3D fluid is bounded by an impermeable flat wall located at z = 0, and
its velocity is assumed to vanish at z = 0. On the 2D fluid layer at z = h, both
time-reversal and parity symmetries are broken (e.g., due to the self-spinning
objects injecting energy into the fluid), giving rise to the possibility of an odd
viscosity, 7,, in the 2D layer.

chiral fluid with a constant odd viscosity, 7,.

For the 2D fluid layer introduced above, the momentum balance equation at

low Reynolds number can be written as
—VII+V.-o+f,+F =0, (5.4)

where V = (0,, 0,) stands for the 2D gradient operator, II is the 2D hydrostatic
pressure, o is the stress tensor given in Eq. (6.3) that includes the odd viscosity
Mo, T, 18 the force exerted on the 2D fluid layer by the underlying 3D bulk fluid,

and F is any other force density acting on the 2D fluid.

The bulk underneath the 2D fluid layer is a pure 3D fluid. We denote its
velocity field by the vector u(r, z) and the 3D hydrostatic pressure by p(r, z).

The corresponding Stokes equation is
nV?u — Vp =0, (5.5)

with 77 being the 3D shear viscosity of the bulk fluid and V being the 3D gradient
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operator. The incompressibility condition for u reads

V-u=0. (5.6)

In order to obtain f;,, we solve the hydrodynamic equations for the bulk fluid
in Egs. (5.5) and (5.6) [5.15-5.17]. The boundary conditions on the 3D bulk
velocity u(r, z) are the stick (nonslip) conditions at the bottom surface of the

bulk fluid (z = 0) and at its top surface (z = h):
u(r,0) =0, u(r,h) = v(r) (5.7

with v(r) being the in-plane velocity vector of the fluid layer at z = h. We now
use the lubrication approximation where the vertical component of the velocity,
U, is neglected compared to the in-plane components and the vertical pressure
gradient vanishes, i.e., dp/0z = 0. This assumption is justified as long as h is
smaller than any horizontal characteristic length scale of the bulk fluid velocity.
Under these assumptions, the 3D Stokes equation (5.5) reduces to

0? [ us

Uy

Taking into account the boundary conditions in Eq. (5.7), the above equation

can be integrated to give

22— zh
2n

Vp(r) + %V(r). (5.9)

Then, the force exerted on the 2D fluid layer by the bulk fluid beneath is calcu-

u(r,z) =

lated as [5.15-5.17]

ou h n
| =-ZVp--v. 5.10
x|, 5 VPV (5.10)

fi, =
Substituting the obtained f}, into Eq. (6.1), one can show that the hydrodynamic
equation for the active chiral layer is

h
—VIL+ V() + 0.V + V2V = ZVp — %v +F=0,  (5.11)

where the divergence of the in-plane velocity is given by the following rela-
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tion [5.15, 5.17]

h? 9
V= — . 5.12
V.v 677V D ( )

This relation can be derived by taking the divergence of Eq. (5.9) and integrating
over the lubrication layer (0 < z < h) under the incompressibility condition of
Eq. (5.6) and the boundary conditions of Eq. (5.7). The fourth term on the
left-hand-side of Eq. (5.11) indicates that odd viscosity contributes to the fluid

flow that is perpendicular to the one generated by shear viscosity [5.2].

5.4 Hydrodynamic response of a point force

5.4.1 Mobility tensor

We derive the mobility tensor for the hydrodynamic response of the 2D fluid
layer with odd viscosity. The second-rank mobility tensor G(r) connects the
force density F acting on the fluid layer at position r’ with its induced velocity

at position r:
v;(r) = /dQT/ Gij(r — ') F;(x"). (5.13)
In order to derive G;;(r), we solve the hydrodynamic equations (5.11) and (5.12)

in Fourier space and obtain Gj;[k|, where k = (k,, k,), and the square brackets

indicate a function in Fourier space. We introduce two orthogonal unit vectors
k = (ky/k,ky/k), k= (—ky/k k./k), (5.14)
with k = [k|.

In Appendix 5.A, we show that G;;[k] has the following expression
. T]s(k'2 + RQ)]%i];'j + (775 + 7]d)(k72 + )\2>l;}l]2‘j — 770]{7261']'

Giilk : 5.15
ilk] el 1) (2 + R2) (R %) 1 1 (5:15)
where
2 n 2 4n
K= =TT 5.16
hn h(ns + 1a) (5.16)

Note that the ratio, n/ns, gives the inverse length scale because the 2D viscosity,

ns, has the dimension of Pa-s-m, while that of 7 is Pa-s. The lengths scales, x~!
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5.4. Hydrodynamic response of a point force

Figure 5.2: Streamlines of the velocity v(z,y) rescaled by F/(27ns) and gener-

arrow) for (a) u = 1,/ns =0, (b) p =3, and (¢) p
(5.19)]. The blue arrows indicate the flow direction.

ated by a point force, F

Ma

and A1, correspond to the hydrodynamic screening lengths beyond which the
For simplicity sake, we hereafter assume

2D layer exchanges momentum with the underlying bulk fluid. Importantly, the

Figure 5.3: Streamlines of the velocity v(z,y) rescaled by Frl/(2mns) and gen-
erated by a force dipole as a function of kx and ky while keeping nq = 3ns. The
The above dimensionless parameter, p, is a measure of how far the 2D active

blue arrows indicate the flow direction.
numerator of Eq. (5.15) includes an anti-symmetric tensor e;;.
Eq. (5.15) and consider the following simplified mobility tensor

force dipole along the x

arrow) for (a) p

where
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Figure 5.4: Plots of the mobility coefficients rescaled by 27 as a function of xr
for various values of p. (a) The longitudinal mobility coefficient G, for u =0,
3, and 5 (black, red, and blue lines). (b) The transverse mobility coefficient G,
for =0, 3, and 5 (black, red, and blue lines). (c) The anti-symmetric mobility
coefficient G, for p = —3, 0, and 3 (red dashed, black solid, and red solid lines).

chiral fluid departs from the passive fluid, e.g., due to the self-spinning active

objects.

As shown in Appendix 5.B, the real space representation of the mobility

tensor can be obtained by the inverse Fourier transform of Eq. (5.17) [5.27]
Gij(r) = 01(7”)51']‘ + CQ(T)T’AZ'T’AJ' + Cg(T’)Eij, (519)

where T = r/r is a unit vector (r = |r|), and the three coefficients are given by

Cilr) = — /Ooodk:4( k(K + ) [4110(]{7“)—%(”)], (5.20)

~ 2, k? 4+ K2)2 4+ p2k? r
1 [ 3k(k* + Kk?) 2Jy (kr)
= dk —Jo(k 5.21
02(7") 275 /0 4(1{:2 i ,{2)2 =+ M2k4 [ JO( T) + kr ) ( )
1 o k3 Jo(kr)
=—— dk : 22
Gslr) 27 /0 A(k? + K2)? + p2k? (522)

In the above, J,(z) is the Bessel function of the first kind [5.28]. When 1, =0
(or p = 0), C5 vanishes and G;;(r) reduces to that of a 2D passive compressible
fluid, G?j(r), which we analytically derive in Appendix 5.B [see Eq. (5.B5)].
Hereafter, the superscript “0” denotes quantities when g = 0 (vanishing odd
viscosity). Under the exchange 7, <+ —n,, C; and Cy of Egs. (5.20) and (5.21)

remain unchanged, whereas C3 of Eq. (5.22) changes its sign.
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We briefly discuss the symmetry property of the mobility tensor obtained in
Eq. (5.19). From G% in Eq. (5.B5), one sees that the mobility tensor of passive

fluids satisfies the symmetry property G,?j = (Y, whereas for active chiral fluids,

Ju
such a symmetry does not hold, i.e., G;; # Gj; as shown in Eq. (5.19). This
asymmetry gives rise to the fluid velocity perpendicular to an applied force that

results from the nonreciprocal hydrodynamic response.

5.4.2 Velocity field

With the obtained mobility tensor, we first investigate the velocity field in-
duced by a point force acting on a 2D fluid layer with odd viscosity. Substituting
Eq. (5.19) into Eq. (5.13), we calculate the velocity field induced by a point force
at the origin, F = Fé,(r), with €, being a unit vector in the z-direction. The
obtained velocity field is plotted in Fig. 5.2 for p =0, 3, and —3. When p = 0,
we see axisymmetric streamlines that pass through the applied force (the black
horizontal arrow), as in Fig. 5.2(a). There are two vortices whose center is lo-
cated at (kx, ky) =~ (0,£2.0). They result from the nature of the 2D fluid layer

with the hydrodynamic screening length, 7.

When p is finite, however, a perpendicular flow in the y-direction starts to de-
velop and accordingly, the axial symmetry breaks down, as shown in Figs. 5.2(b)
and (c). This behavior results from the nonreciprocal hydrodynamic response
in the presence of the odd viscosity. When p = +£3, the vortices approach to the
positions (0,43.0), meaning that finite values of p causes an effective increase

in the hydrodynamic length, x~!.

We next calculate the flow field generated by a hydrodynamic force dipole
that is composed of two point forces directed oppositely to each other. When
a force dipole at the origin is directed along a given unit vector d, its induced

velocity field is given by [5.29]
Ui(I‘) = —F&Zk(‘?kGU (I‘)CZ]'. (523)

Here, F' is the force magnitude, /¢ is the distance between the two point forces,
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and the limit ¢ < r is assumed. In Fig. 5.3, we plot the force dipole along
the x-axis (i.e., d = é,) for p = 0, 3, and —3. When p = 0, the streamlines
have an axial symmetry along the x-direction as well as the y-direction, as
shown in Fig. 5.3(a). For u = %3, however, flows perpendicular to the applied
forces become dominant, and both mirror symmetries are broken, as shown in

Fig. 5.3(b) and (c).

5.4.3 Mobility coefficients

Next, we investigate each component of the mobility tensor in Eq. (5.19).
If we choose the x-axis, without loss of generality, along the r direction, i.e.,
r = re,, the longitudinal, transverse, and anti-symmetric mobility coefficients
are given by G, = C, + Oy, Gy, = C, and G,y = =G, = Cs, respectively.
The nonzero mobility coefficient G, is characteristic of the active chiral fluid
with finite odd viscosity, while G, and G, remain in the limit of 7, — 0. Note
that both G,, and G, also depend on 7, as seen in Egs. (5.20) and (5.21).

In Fig. 5.4, we plot G, Gy, and G, as a function of kr for various values of
1, while keeping nq = 3ns. We see that G, decreases monotonically with xr for
all the p values, as shown in Fig. 5.4(a). The decrease of G, is more enhanced
for lager u, whereas G, weakly depends on p for larger xr. This reflects the
fact that, for kr > 1, the 3D hydrodynamic effect becomes more important,
and G, is almost independent of the odd viscosity 7,. In Fig. 5.4(b), on the
other hand, G, takes negative values because the 2D fluid layer can flow in the
direction opposite to the applied force [5.23]. Such a behavior results from the
two vortices shown in Fig. 5.2.

The mobility coefficient G, describes the nonreciprocal hydrodynamic re-
sponse because it gives the relation between the applied force Fj and induced
velocity v,. When p = 0, G, is always zero as it should be, whereas for
p = %3, it exhibits nonmonotonic behavior, as shown in Fig. 5.4(c). This means
that when the system is active, an applied force in the 2D fluid layer generates

a perpendicular flow, giving rise to the broken mirror symmetry with respect to



5.5. Hydrodynamic response of a rigid disk 157

the force direction, even when the fluid layer is isotropic. When 7, is positive,
Gy takes negative (kr < 2) and positive values (kr > 2), corresponding to the
attractive and repulsive flows, respectively, and vice versa for negative 7,. These
flow patterns can lead to either convergence or dispersion of surrounding inclu-
sions, and the specific behavior depends on the hydrodynamic screening length,

kL

5.5 Hydrodynamic response of a rigid disk

5.5.1 Boundary integral equation

So far, we have discussed the hydrodynamic response induced by a point
force and a force dipole in a 2D fluid layer with odd viscosity using the mobility
tensor in Eq. (5.19). Here we generalize the discussion to the situation where the
response is induced by a finite-size body moving in the 2D fluid layer. For a pas-
sive fluid, the force acting on such a body can be calculated by using a boundary
integral equation that is based on the Lorentz reciprocal theorem [5.30, 5.31].
In Appendix 5.C, we first generalize this theorem for a 2D compressible fluid
with finite 7,. Then, in Appendix 5.D, we derive the corresponding boundary

integral equation that is used in the following analysis.

Consider a circular rigid disk of radius R, which translates and rotates in the
2D fluid. We assume that a no-slip boundary condition holds at the disk perime-
ter and further consider the limit of kR < 1. As detailed in Appendix 5.D, the
velocity at any point on the disk perimeter (R = Rr) can be expressed in terms

of the following boundary integral equation

Ul’ + Eiijij = —/ dS(R/) fj (Rl) Gji (R — R/) s (524)

u

where U and €2 are the lateral and angular velocities of the rigid disk, respec-
tively, and €, is the 3D Levi-Civita tensor. The right-hand-side of Eq. (5.24)
is a line integral over an unspecified closed curve C,, and ds(R’) indicates that

R’ is the integration variable. The boundary integral equation (5.24) relates
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the velocities of the disk moving in the 2D fluid layer with the accompanying

unknown force distribution f.

5.5.2 Translational and rotational frictions

Since the governing hydrodynamic equation (5.11) is linear in v, the transla-
tional motion is decoupled from the rotational one. Hence, the following linear

relations hold
Fil=-T.-U, T!=-AQ, (5.25)

where F{' = [, ds(R) fy(R') and T} = e, [ ds(R') R} fi(R’) are the force
and torque acting on the disk, respectively, while I' is the translational friction
tensor and A is the rotational friction coefficient. The minus signs in Eq. (5.25)
take into account that the force and torque act opposite to the velocities. Note
that A is a scalar because both T4 and € must point to the z-direction in a 2D

system.

Using the assumption |R’| < |R| in Eq. (5.24) [5.22], we obtain the expres-

sions for I and A as

G+ /2" +CE\ _oy i+ Cy2) '
2 2
A R (5.27)

~ G, — R(OC,JOR)’
See Appendix 5.E for the derivation. In the above, the arguments of the three
coefficients are omitted, C,, = C,(R) (n = 1,2, 3), in order to keep the notation
compact. For passive fluids, the translational friction tensor must be symmetric
and positive definite according to the requirement that the dissipated energy
is positive [5.32]. For the considered fluid with 7,, however, the translational
friction tensor is allowed to be asymmetric when C'5 is nonzero. Notice that the
energy dissipation calculated from Eq. (5.26) is U;l';;U; ~ (Cy + Co/2)U? and

the anti-symmetric part does not contribute to the dissipation.

For a disk translating with the velocity U = (U, 0), we have the viscous drag



5.5. Hydrodynamic response of a rigid disk 159

FH/(Qﬂvk)

0 1 1 1 1
01 02 03 04 05
KR
1 1 1 1
2k (b) HE5 -
p=3
1_ -
2
=0
S o =
3 S -
L1_1>\ _______ :u__?’_
\\\ ———
\\\\\\ ‘u:_5
2 = 5

Figure 5.5: Plots of the drag (I'y) and lift (I'y) coefficients rescaled by 277, as
a function of the rescaled disk radius xR. (a) The drag coefficient I') for u = 0,
3, and 5 (black, red, and blue solid lines). The dotted line represents the full
expression Il for the drag coefficient when p = 0 reported in Ref. [5.15] (see the

text for the specific expression). (b) The lift coefficient I'} for u = —5, —3, 0,
3, and 5 (blue dashed, red dashed, black solid, red solid, and blue solid lines).

and lift coefficients as I'| = I'y, and I'; = I'y,, respectively. In Fig. 5.5, we plot
Iy and I' ;| as a function of the dimensionless radius xR for various values of p.
We see that I'| increases monotonically with increasing the disk size for all p
values, as seen in Fig. 5.5(a). For a fixed disk size, I'|| is larger for larger y values.
The dotted line in Fig. 5.5(a) is the full analytical result for 4 = 0 (2D passive
compressible fluid) [5.15], T /(271) = §(kR)*Ks(kR)/Ko(kR), where K, () is
the modified Bessel function of the second kind [5.28]. Our result obtained by

using the boundary integral equation (5.24) coincides with the analytical one
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when kR < 1.

In Fig. 5.5(b), we see that I') shows both increasing and decreasing depen-
dencies on kR for positive and negative values of i, respectively. However, when
pw =0, I') is always zero, as it should be. Finite values of ') mean that the
disk translated along the z-axis presents a lift motion along the y-direction. For
a fixed disk size, the absolute value of I'| increases and the lift force is more

enhanced as the absolute value of p increases.

Assuming that the disk is rotating with velocity €2 = (0,0, (2), we obtain the
rotational friction coefficient A that is plotted in Fig. 5.6 as a function of kK R. We
see that A shows an increasing dependency on kR for all the p values. The dotted
line in Fig. 5.6 represents the full analytical expression for p = 0 (2D passive
incompressible fluid) [5.20], x?A°/(4mns) = (kR)* + $(kR)*Ko(kR)/K1(kR).
The solid black line and the dotted line coincide in the limit of kKR < 1, because
the disk rotation contributes neither to the compression nor to the expansion of

fluids.

Figure 5.6: Plot of the rotational friction coefficient (A) rescaled by 4mns/K>
as a function of the rescaled disk radius kR for p = 0, 3, and 5 (black, red,
and blue solid lines). The dotted line represents the full expression A° for the
rotational coefficient when 1 = 0 reported in Ref. [5.20] (see the text for the
specific expression).
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5.6 Discussion and conclusion

We have investigated the linear hydrodynamic response of a 2D fluid layer
with broken time-reversal and parity symmetries. Such a 2D active fluid presents
a special rheological property called odd viscosity, characterizing the deviation
of the system from a passive fluid. In our approach, we combine the concept of
the odd viscosity [5.1-5.3] and the hydrodynamic model of a 2D compressible
fluid derived by using the lubrication approximation [5.15-5.17]. In contrast
to well-studied 2D fluids characterized by a shear viscosity [5.20-5.25], the ad-
ditional odd viscosity 7, leads to anomalous flow behavior, i.e., nonreciprocal

hydrodynamic response.

In the case of a point force and a force dipole, the symmetry of the velocity
field in terms of the force direction is broken, generating flow perpendicular to
the applied force (see Figs. 5.2 and 5.3). We also analyzed the effects of the
odd viscosity on the mobility tensor, as derived in Eq. (5.19). In particular,
we investigated the behavior of the anti-symmetric mobility coefficient G, that
exists only for nonvanishing 7,, as shown in Eq. (5.22). As for the hydrody-
namic response of finite-size bodies, we have investigated the forces acting on
a translating and rotating disk in a 2D fluid layer, using the boundary integral
equation (5.24). We found that small disks (kR < 1) not only undergo a drag
force, but also a lift force, which cannot be seen in an isotropic passive fluid (see
Fig. 5.5) [5.1].

As a possible biological application, we can relate the 2D fluid layer to
a monolayer with a low concentration of active motor proteins, such as ion
pumps [5.33]. Rheological properties of these system can be investigated by sur-
face microrheology techniques [5.34]. For typical values such as n =~ 1072 Pa-s,
ns ~ 107%Pa-ssm, and h ~ 1nm, we find that the obtained drag and lift
forces could be observed in experiments using a sub-micrometer probe, i.e.,

R < 0.1 ym.

In this paper, we have considered a 2D compressible fluid, which is in contact
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with a 3D bulk fluid. Such a compressible 2D system can be realized by a dilute
Gibbs monolayer, which is composed of soluble amphiphiles that can dissolve
into the underlying bulk fluid [5.15, 5.16]. When the adsorption and desorp-
tion processes of soluble amphiphiles are instantaneous, surface concentration
gradients can be eliminated rapidly. This is the situation that we consider in
the present work. When the amphiphile is insoluble, on the other hand, the
concentration gradient is sustained, giving rise to a Marangoni flow [5.17, 5.35].
Although the Marangoni convection is outside the scope of this paper, it would
be interesting to investigate the effects of odd viscosity on such convective phe-

nomena.

In general, odd viscosity can depend on the density of self-spinning objects,
although such an effect was not considered in the present work. By using the
2D Faxén laws, effective shear viscosity of a fluid membrane with finite-size
suspensions was derived [5.22, 5.23]. Hence, it is of interest to see how the
nonreciprocal flow field of the 2D fluid with an odd viscosity 7, changes with
the rotor concentration. Moreover, for a passive fluid at equilibrium, the disk
drag coefficient is connected to its diffusion constant through Einstein’s relation.
However, such an evident relation does not exist in active chiral fluids and one
has to extend the fluctuation dissipation theorem [5.36-5.39]. These interesting

questions are left for future investigations.

Appendix 5.A Derivation of Eq. (5.15)

We derive the mobility tensor in Fourier space G[K] as given by Eq. (5.15).

The Fourier transform of v(r) is defined by

v(r) = /ﬂv[k] (k- r) (5.A1)
= | @y exp : :
with k = (k;, k), and similarly for the 3D pressure p(r) and the force density

F(r). In the Fourier space, Eq. (5.11) becomes

— nk?*v[K] — nak?*kk - v[k] — nok?(kk - v[k] — kk - v[k])
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— S hplldk - %v[k] +Fk| =0, (5.A2)
or equivalently
—nk?v[K] — nakv [k]k — nok?(vy [k]k — vy [k]k) — %k‘p[k]f{ - %V[k] +F[k] =0,
(5.A3)
where v [k] = k - v[k] and v, [k] = k - v[k]. For Eq. (5.12), we have
ikk - v[k] = ikvy[k] = —h—Qka[k]. (5.A4)

6n
In the derivation of Eq. (5.A2), we have assumed that the 2D fluid layer is quickly

equilibrated with the 3D bulk, and hence the 2D pressure is homogeneous in
space, i.e., VI =0 [5.15, 5.17].
Substituting Eq. (5.A4) into Eq. (5.A2) to eliminate p[k], we obtain

k2 v[k] — k2o (KK — nok? (v, [k — oy [K]K) — Loy (k] — Lv[k] + Flk] = 0.

h h
(5.A5)
Hence, F[k| can be written as
Filk s+ nq)k> +4n/h k2 vk
I\ [ (s ma)k* + dn/ U il ) (5.A6)
F [k] _nokQ nskz + U/h V1 [k]

Since the mobility tensor in the Fourier space satisfies the relation vk] = G[K] -

F[k], we obtain Eq. (5.15).

Appendix 5.B Derivation of Eq. (5.19) and G’(r)

Here we perform the inverse Fourier transform of G[k] in Eq. (5.15) to obtain
G(r). By calculating Gy;, G;;7:7;, and Gy €;5, we obtain [5.27]
d®k ne(k + £) + (ns + ma) (B + A?)
20, +Cy =
(2m)2 1 (1 + 1a) (K2 + #2) (K* + X?) + 02k
1= ns(k? + %) 4+ (s + na) (K* + 2?)
2m Jo 1s(ns + na) (K + £2) (K* + A?) + n2k

Ot O — / A’k ns(k* + K?) cos? 0 + (ns + na) (k* + A?)(1 — cos® 0)
) e 1s(0s + 1a) (k2 + £2) (K? + A2) + 13k

exp(ik - r)

JQ(]CT’), (5B1)

exp(ik - r)
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i o B2 4 ) Jo(kr) = Ji(kr)/ (kr)] + (g + na) (K2 + X*)Ji (kr) / (k)
on s (ns + 1a) (k2 + K2) (k2 + A2) + n2k* ,
(5.B2)
_ d2k n0k2 .
= / (27T)2 1s(1s + 1a) (k2 + 12) (k2 + \2) + n2k* p(ik - r)
_m K Jo(kr)
o dk ns(ns + na) (k% + £2) (k2 + N2) + n2k* (5.B3)

respectively, where 6 is the angle between the vectors k and r. Solving Eqs. (5.B1)
and (5.B2) when k = A, we obtain Egs. (5.20), (5.21), and (5.22).

Next, we analytically derive the mobility tensor G°(r) in the absence of the

odd viscosity, i.e., p = 0. In this case, we have from Eq. (5.15)
5y — b b,

Gy k + : 5.B4
M= )t (2 ) OBy

The real-space mobility tensor GY(r) can be obtained by assuming
G?j(r) = Bl (T’)(Sij + BQ(T’)’/’AZ'T‘AJ', (5B5)

with two coeflicients B; and Bs.
By calculating G and GY LTiTj, we have
k
2By + By = — + Jo(k
B / o ) )
1

K + ———Ky(A1r), 5.B6
= g Kalhr) & G E ) (5.0)

Bi+ By = o / AP R e ] G R |

~2m, [_ Kl/if 2+ (/{1)2] i 27T(77s1+ ) {KO(M i Kl/\(m - } '

Solving Egs. (5.B6) and (5.B7), we obtain
1 K (kr) 1 1 Ky (\r) 1
K _ _
271, [ olrr) + Kr (m’)?} - 21 (ns + na) [ Y (Ar)2 |’
(5.B8)

By(r) =

Ba(r) = 27:% [—Kg(m*) _

2Ky (wr) |2 }

KT (kr)?
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Ko(Ar) + — : (5.B9)

Appendix 5.C (Generalized Lorentz reciprocal

theorem

The Lorentz reciprocal theorem gives a relation regarding the resistance of
finite-size bodies moving in a passive fluid [5.31, 5.32]. Here we generalize this
theorem for a 2D compressible fluid with finite odd viscosity. Let unprimed
and primed symbols represent the variables for any two arbitrary types of flows

satisfying the following equations
Qjaij + bz = O, (9]02]- + b; = 0, (501)

where b and b’ are the arbitrary body force densities and the associated velocity
fields are given by v and v/, respectively. In the above, o;; is the stress tensor
in Eq. (6.3) that also includes the 2D isotropic pressure term, —II6;; (similarly

for o};). The divergence of oj,v; — 0;;v; becomes [5.40]

0;[(08 15 + 0y i;)v5] — 0; [(0s,45 — 0a,i5)V)]

= U;bj — ’Ujb;- - H'@ﬂ)j + H@ﬂ;} -+ QU;aiUAﬂ'j, (502)

where

05,5 = —1045 + (na — 1s)0450kvr + 1s(0jv; + Divy),
! (5.C3)
OAij = 57’]0 (éyvf + 8#); + 8]*'% + 8;‘1}]-) s

with 0;; = 0g,; + 04 ;. Integrating the above equation over the fluid area A, we

obtain the integral identity as

/ dsni(0§ ;5 + 0y 45)v — / dsni(0s,4j — oA,V
c c

— —/ dA Vb, +/ dAv;b); + / dAII'0v; — / dATIO;v; — 2/ dA V00 5,
A A A A A

(5.C4)

where C' denotes the curve bounding the area A and the unit vector n is directed

into that area. We note that Eq. (5.C4) is not invariant under the exchange of
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the unprimed and primed variables when 7, # 0. When 7, = 0, on the other
hand, Eq. (5.C4) reduces to the Lorentz reciprocal theorem for a 2D compressible
fluid [5.40].

Appendix 5.D Derivation of Eq. (5.24)

Here we derive the boundary integral equation in Eq. (5.24). When Il =

IT" = 0, we consider the following two types of unprimed and primed flows
8]‘0',‘]‘ = 0, ajO'Z{j + E’&(R — Rl) = O (5D1)

Suppose that a circular rigid disk is moving in the fluid area A, Eq. (5.C4) with
the use of Eq. (5.D1) becomes [5.30, 5.31]

/ ds(R) ni(0s,i5 — 0ai;)V; = / ds(R) ni(0s ;5 + 0y i) 05
Cd CVd

o / dA(R) v;0(R — R)), (5.D2)

where Cy is the circular curve bounding the moving disk, as schematically de-
picted in Fig. 5.7. The notations, ds(R) and dA(R), indicate that R is the
integration variable. Assuming a nonslip boundary condition at the disk perime-
ter and using the form of the point-force solution, vj(R) = Gi;(R — R')F}, we

obtain [5.31]

/A dA(R) v(R)S(R — R/) = — / ds(R) f;(R)G(R — R), (5.D3)

u

where C, denotes the domain of the unknown force distribution, f, and we have
assumed that the force distribution can be defined as f; = n;(0s;; — oaj).

Interchanging R and R/, we finally obtain Eq. (5.24).

Appendix 5.E Derivation of Egs. (5.26) and (5.27)

We derive the translational friction tensor I'" and the rotational friction coef-
ficient A in Egs. (5.26) and (5.27), respectively. If we assume |R/| < |R| [5.22],

the right-hand-side of Eq. (5.24) can be expanded up to first order in R’ as
8Gji(R)}

(5.E1)

Ut ey~ = [ ds(R) 5 (R) |Gatr) - RO

u
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R-R’ Nf(R’)

Figure 5.7: Sketch of the circular curve, C4, and the unspecified curve, C,,
with the accompanying unknown force distribution, f, while A is the fluid area
bounded by both C4q and C, (white area). The curves, Cq and C,, are param-
eterized by the vectors R and R/, respectively and the two arrows represent
the direction of the line integral. In the sketch, we have |R’| > |R| only for
presentation purposes. In actual calculations where the condition |R/| < |R] is
used, the two curves overlap with each other.

Integrating Eq. (5.E1) over the circular disk perimeter, Cy, parametrized by R,

we obtain the relation between the velocity and the force as

1
Vi=~%r o ds(R') f;(R) /Cd ds(R) Gji(R) = —[(Cy + C2/2)d;; — Cyeij] F,

(5.E2)
where F = fCu ds(R') f;(R’) is the force acting on the disk. In the above, the

integrals of the odd terms in R vanish because of the symmetry of the disk.

Hence, we obtain Eq. (5.26).

Next, we multiply both sides of Eq. (5.E1) by R and integrate over Cy

WRSEZZ']'Q]' :/ dS(R/) ;ﬁf] (R/)/C dS(R) RE%}%(]CR) (5E3)

We further multiply both sides of the above equation by €y, and obtain

- 1 601 02 803 / /o /
Qn - ﬁ [(ﬁ E) €Enkj ﬁenkzew} /;u dS(R> kf] (R ) : (5E4)

On the right-hand-side, the term with C5 represents the radial pressure acting
on the disk [5.1]. As this term does not contribute to the torque, it vanishes and

the relation between the angular velocity and the torque becomes

L (0C Oy
_2R(8R—R)T, (5.55)

where T = €4, fCu ds(R') R, fy (R) is the torque on the disk. Hence, we obtain



168 Chapter 5. Nonreciprocal Response of a 2D Fluid with Odd Viscosity

Eq. (5.27).
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Chapter 6

Hydrodynamic Lift of a
Two-Dimensional Liquid Domain

with Odd Viscosity |

6.1 Introduction

Biological membranes play an important role in various life-sustaining pro-
cesses such as the transportation of materials or the reaction between chemi-
cal species, which are essential for cellular metabolism and homeostasis [6.1].
Biomembranes are composed of two layers of lipid molecules, cholesterol, and
various types of proteins that can move laterally due to the membrane fluid-
ity [6.2]. Since lipid bilayers are extremely thin, as compared to their lateral
size, they have been modeled as two-dimensional (2D) fluids, and their trans-
port properties have been investigated both theoretically and experimentally.
For instance, the drag coefficient of a disk-like domain (protein) moving in a
2D fluid sheet has been studied for various membrane geometries [6.3—6.6]. Us-
ing fluorescence correlation spectroscopy, Ramadurai et al. measured the lateral

mobility of proteins in lipid bilayers and confirmed a logarithmic dependence of

TThe material presented in this chapter was published: Y. Hosaka, S. Komura, and D.
Andelman, Phys. Rev. E 104, 064613 (2021).
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the mobility on the protein size in agreement with predictions [6.7].

In an actual biological environment, the presence of active protein molecules
plays an important role because they induce nonequilibrium hydrodynamic ef-
fects to the surrounding fluid [6.8-6.11]. For example, there are active rotating
proteins such as ion pumps, that allow materials to pass through the mem-
brane [6.12, 6.13]. Their inherent nonequilibrium nature due to continuous
energy consumption violates the time-reversal symmetry and drives the mem-
brane into out-of-equilibrium situations [6.14]. In addition, rotating proteins
further break the parity symmetry because of their unidirectional motion, so
that the membrane with autonomous rotors can be viewed as an active chiral
system [6.15-6.18]. Moreover, active proteins are often inhomogeneously dis-
tributed in the membrane to form active protein-rich domains that are called
lipid rafts [6.19-6.21]. Due to the presence of such condensed active rotor pro-
teins, biomembranes can be regarded as a heterogeneous active chiral fluid rather

than just a uniform and passive 2D fluid.

Active chiral fluids are generally characterized by a peculiar rheological prop-
erty called odd viscosity [6.22], which accounts for the fluid flow perpendicular to
the velocity gradient and does not contribute to energy dissipation. It is known
that odd viscosity gives rise to anomalous hydrodynamic phenomena such as
surface waves [6.23] or topological edge modes [6.24-6.26] at fluid boundaries.
Furthermore, it leads to an instability of a viscous film [6.27, 6.28] and asym-
metric mobility [6.29]. In an incompressible fluid, however, the odd viscosity can
be absorbed into the hydrostatic pressure term [6.17, 6.22] and does not affect
the flow profile [6.30, 6.31]. To clearly see the odd viscosity effect, one should
include either the violation of the incompressibility condition or the appropriate

boundaries in 2D fluids [6.29, 6.30].

To reveal the odd viscosity effect, the hydrodynamic forces acting on various
objects have been studied in the presence of odd viscosity [6.29-6.32]. For a

laterally moving rigid disk, it was found that odd viscosity causes a hydrody-
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namic lift force for a compressible 2D fluid [6.29]. Moreover, odd viscosity is
responsible for the torque acting on objects with time-varying area such as an
expanding bubble with a no-stress boundary condition [6.30-6.32]. From the
experimental point of view, odd viscosity was measured for a fluid consisting of
self-spinning particles [6.33, 6.34]. Although odd viscosity may exist in biologi-
cal systems [6.17, 6.35], hydrodynamic responses in heterogeneous active chiral
fluids have not been discussed and the role of odd viscosity in biomembranes

remains largely unexplored.

In this paper, we discuss the hydrodynamic forces acting on a circular liquid
domain that moves laterally in a supported membrane in the presence of odd
viscosity [6.22]. To investigate active heterogeneous structures relevant to lipid
rafts in biomembranes, we consider a situation where the odd viscosity is differ-
ent between the inside and outside of the liquid domain. Taking into account
the momentum leakage from the 2D fluid to the underlying substrate [6.6, 6.36—
6.41], we analytically obtain the velocity field induced by the domain motion
and discuss its dependence on the odd viscosity difference. We then calculate
the drag and lift forces acting on a moving liquid domain. We show that a dis-
sipationless lift force acting on the domain emerges when only the odd viscosity
difference is present, while it vanishes when the odd viscosity is uniform in space.
We further obtain various limiting expressions of the drag and lift coefficients for
small and large domain sizes, which deviate from those obtained for the passive

case [6.6].

In the next section, we introduce the hydrodynamic equations for a 2D active
chiral fluid with momentum decay and show a general solution in the presence
of odd viscosity. In Sec. 6.3, we obtain the velocity field and stress tensor needed
to investigate the flow profile induced by the domain motion. In Sec. 6.4, we
calculate the hydrodynamic drag and lift forces acting on the liquid domain and
examine their limiting expressions, by changing either the domain size or odd

viscosity difference. A summary and further discussion are given in Sec. 6.5.
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Figure 6.1: Schematic drawing of a fluid membrane (blue), which is flat, thin,
incompressible, and supported by a rigid substrate (brown). The membrane
has a 2D even (shear) viscosity 7, odd viscosity 7,, and friction parameter .
A circular liquid domain (yellow) of radius R has a 2D even (shear) viscosity
7', odd viscosity 7., and friction parameter X'. The odd viscosity reflects the
presence of active rotor proteins (green) within the membrane that accumulate
inside the liquid domain. Hence, in general, n, can be different from .. The
liquid domain that moves laterally with a velocity U = (—U, 0) experiences a
hydrodynamic force F = (F, F,), where F, and F), are the drag and lateral lift
forces, respectively.

6.2 Two-dimensional hydrodynamic equations

with momentum decay

Biological membranes are formed as condensed lipid molecules with very
small area compressibility [6.42] and they have been modeled as incompress-
ible fluids [6.3-6.5]. For an incompressible 2D fluid in which momentum is
strictly conserved, one cannot obtain a linear relation between the velocity and
viscous force acting on an embedded object. This is the well-known Stokes’
paradox [6.43, 6.44]. One way to circumvent this problem is to introduce a mo-
mentum decay mechanism in the 2D fluid [6.5, 6.6]. Such a momentum leakage
occurs, for example, due to the friction between the supported membrane and

the underlying rigid substrate [6.45], as shown in Fig. 6.1.

Let us denote any 2D vector by r = (x,y) and the 2D velocity by v(r). The
steady-state linearized hydrodynamic equation for an active chiral fluid in the

low Reynolds number limit can be written as [6.6, 6.36-6.41]

V.-o—-Av=0. (6.1)
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Here, V = (0,, 0,) stands for the 2D gradient operator, o is the 2D fluid stress
tensor as given below in Eq. (6.3), and A is the friction parameter accounting for
the momentum decay (see also Sec. 6.5 later for an estimate of ). In addition,

we assume that the 2D fluid is incompressible satisfying the condition:
V-v=0. (6.2)

The Stokes’ paradox can be eliminated in the presence of the momentum decay
mechanism, and one can consistently solve the above hydrodynamic equations

under appropriate boundary conditions.

For an incompressible 2D fluid with odd viscosity, the stress tensor is given

by [6.17, 6.29, 6.46]
1
0ij = —pdy; + 1 (0;v; + 0;v5) + 3o (950 + Ov; + Tv; + O vy) (6.3)

where p is the 2D hydrostatic pressure with d;; being the Kronecker delta, n and
1o are the 2D even (shear) and odd viscosities, respectively, and v} = €;;v,; and
0F = €;;0; with €;; being the 2D Levi-Civita antisymmetric tensor (e,, = €,, =0
and €, = —€,, = 1). Hence, the vector v* is obtained by rotating v by /2 in

a clockwise direction.

In our work, we do not specify the microscopic origin of odd viscosity, but it
can be attributed, for example, to self-spinning objects representing active rotor
proteins [6.17, 6.35]. Their continuous energy consumption and autonomous
rotation break both time-reversal and parity symmetries, giving rise to odd
viscosity in a 2D fluid with active rotor proteins. Although even viscosity 7 is
always positive, odd viscosity 7, can be either positive or negative depending on
the protein rotational direction. Substituting Eq. (6.3) into Eq. (6.1), we obtain

the 2D hydrodynamic equation as
—Vp + V2V + 1, Vv — Av = 0, (6.4)
together with the incompressibility condition of Eq. (6.2).

Within an infinitely extended 2D fluid characterized by n, n,, and A\, we
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consider now a circular liquid domain of radius R having a 2D even (shear)
viscosity i’ and friction parameter X' [6.6], as schematically presented in Fig. 6.1.
Moreover, we assume that the fluid inside the domain has an odd viscosity 7.,
that can be different from 7,. The difference in the odd viscosities, 1, # 7.,
reflects the fact that active rotor proteins can accumulate and have a denser
concentration in the liquid domain [6.19]. In general, both 7, and 7, can be
either positive or negative. Notice that the domain perimeter is assumed to be
impermeable, so that the fluids inside and outside the domain do not mix with
each other [6.6]. In addition, we assume that the deformation of the circular
liquid domain can be neglected. This is justified when the line tension at the
domain boundary is large enough compared to the viscous force [6.6, 6.44].
Throughout this work, we adopt the notation convention that quantities
with prime refer to those inside the domain, while quantities without prime cor-
respond to those outside the domain. Any 2D fluid velocity can be expressed
as the sum of a gradient of a scalar potential ¢ and a curl of a vector poten-
tial A = (0,0, A), where the z-component, A, corresponds to the stream func-
tion [6.6, 6.43]. Then, the 2D velocities outside/inside the domain are expressed

as
v=-Vo+VxA v =-V¢+VxA" (6.5)
Substituting Eq. (6.5) into Eq. (6.2), we obtain
Vip =0, V3¢ =0, (6.6)

which are the 2D Laplace equations.

One can also show that Eq. (6.4) is satisfied if the outside/inside pressures

are given by
p =g —nok’A, p = 1KP¢ — A (6.7)
while A and A’ obey the 2D Helmholtz equations:

(V2-KkD)A=0, (V2-rHA =0. (6.8)
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Here, we have defined the inverse hydrodynamic screening lengths for the out-
side/inside fluids as x = (A\/n)"/? and &' = (N/n')"/2. As seen in Eq. (6.7),
the effect of odd viscosity can be taken into account through the modified pres-
sure [6.17, 6.22, 6.30, 6.32], reflecting the fact that the odd viscosity does not
contribute to the dissipation. In the next section, we shall derive the solutions
to Egs. (6.6) and (6.8) under the appropriate boundary conditions for a laterally

moving liquid domain.

6.3 The velocity field of a moving liquid domain

6.3.1 Velocity and stress tensor

For convenience, we use the 2D polar coordinates (r, 8) defined by x = r cos 6
and y = rsinf with the origin fixed at the domain center. First, we consider
the region outside the domain (r > R). Under the condition that the velocity
and pressure vanish at large distances r — 0o, we write down the solutions to

Egs. (6.6) and (6.8) as follows:

C C
¢ = —Lcosf+ —>sinb, (6.9)
r r
A = CyKy(kr)sin @ + Cy Ky (kr) cosf. (6.10)
Here, C4,---,C4 are unknown coefficients that will be determined from the

boundary conditions, and K7(z) is the first-order modified Bessel function of

the second kind [6.47].

From Eq. (6.5), the radial and tangential components of the velocity for

r > R are given by

Vyp = |:% — gKl(liT’)} sin 6 + |:g21 + @KI(HT)} COSH? (611)
r r

72 r

and

Vg = [Cl + CorKo(kr) + %Kl(w)] sin 6

r2

+ [_% + CyrKo(kr) + %Kl(mr)} cosf, (6.12)
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respectively. Then, with the use of Eq. (6.3), the two components of the stress

tensor can be obtained as

403 Cgl‘fz 204/{
O = — |7 —+ —
r3 r r

KQ(KJT))
+1 (4—6;1 + QCQKKQ(/W))} sin 0
r

4C C 2C
_ [77( 'y L + ZRKQ(W))

r3 r r

+16 ( 4733 + QCﬁKQ(W)H cos 0, (6.13)
and
O = — [77 (% + Cor? K, (kr) + 202HK2(“T))
+7 (-i—% QCMKQ (kr )] sin 6
_ [n (_47% 204K 1 (r) + Cir Kl(m))
+1o (—t—? - 2C2KK2 (kr )1 cos 6. (6.14)

Inside the domain (r < R), on the other hand, the solutions to Egs. (6.6)
and (6.8) under the condition that they are finite at the origin (r = 0) are given
by

¢ = Circosf + Cirsinb, (6.15)
A= CyL (k'r)sin@ + C I (k') cos 6. (6.16)
Here, C1,--- , C} are the other unknown coefficients, and [;(z) is the first-order

modified Bessel function of the first kind [6.47]. Although the general solutions
to Egs. (6.6) and (6.8) for ¢, ¢’, A, and A’ can be expressed as a series expansion
in terms of r and 0, we have kept only the smallest number of terms satisfying

the boundary conditions that will be discussed in the next subsection.

Then, the corresponding radial and tangential components of the velocity for

r < R become

!

v, = |—C4 — %[l(li/T):| sinf — [C’{ - %Il(m’r)} cos ), (6.17)
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and

vy = {Ci — Cyr'Io(Kk'r) + %[l(/i/'l"):| sin ¢

+ {—C’é — Oy Io(K'r) + %Il(m’r)} cos 0, (6.18)

respectively, and the two components of the stress tensor are given by

20/ / 20/ /
0y = — {?7/ (C;/;H’Qr 4 Tl Iz(/f’?“)) - 2l [g(n’r)] sin @
r r

r [¢]

- [7]’ (C{/f’zr — 205&/1}(%:’7”)) -1 2(/}%/[2(5’1”)] cos b, (6.19)
and
oy =— [77’05 (/1'2[1(/47“) - 27/4[0(/{’7’) + %Il(/f'r))
+n,C} (—2%6/[0(/4;’7“) + %Il(/ﬁ'r))l sin 6
— ln'C’fL (—27,1/[0(/1'7’) + K20 (K'r) + %Il(/i/’r’))
e (27’410(%%) _ %IIW))} cos 0. (6.20)
These velocities and stress tensor components for the inside and outside of the

domain should be connected through the appropriate boundary conditions at

the domain perimeter.

6.3.2 Boundary conditions at the liquid domain perime-

ter

As mentioned in the previous section, we consider the situation in which the
liquid domain is laterally moving with a constant velocity U = (=U,0). At
r = R, the radial component of the fluid velocity should be equal to the domain
velocity, while the tangential components of the fluid velocity and the stress

tensor should be continuous [6.6, 6.44]. These conditions are written as

v, = —U cos 0, (6.21)
v, = —U cos 0, (6.22)

vp = Vg, (6.23)
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O = Orp. (6.24)

Since we consider the circular liquid domain without deformation, there ex-
ists a finite line tension at the domain boundary, which dominates over a vis-
cous force. The line tension gives rise to the 2D Laplace pressure at the domain
perimeter, so that the normal stress condition inside and outside the domain
is automatically satisfied [6.6, 6.44]. Hence, one does not need the condition,
on = ol in addition to Egs. (6.21)-(6.24). Using the above boundary condi-
tions, we can determine the eight coefficients C1,---,Cy, C1, -+, C}, whose ex-
plicit expressions are provided in Appendix 6.A. Since each of Egs. (6.21)-(6.24)
includes both sinf and cos# that are orthogonal to each other, one boundary
condition provides two constraints. Therefore, the four boundary conditions

lead to eight constraints that are sufficient to determine the eight unknown

coefficients.

Notice that for the passive case without odd viscosity (1, = 7., = 0), the
coefficients, Cs, Cy, C%, and C}, in Egs. (6.9), (6.10), (6.15), and (6.16) are not
required to satisfy the boundary conditions of Egs. (6.21)-(6.24) [6.6]. This is
because the odd viscosity contributes to the fluid stress perpendicular to the
velocity gradient, as can be recognized in Eq. (6.3). More details on the passive

case will be summarized in Appendix 6.B.

6.3.3 Flow profile

Having fixed all the coefficients in Egs. (6.11), (6.12), (6.17), and (6.18), we
next investigate the fluid flow induced by the lateral translational motion of the
liquid domain. For simplicity, we assume n = 1" and A = X (or equivalently
k = «k’). In Fig. 6.2, the velocity field v — U is plotted for (a) n, = 7, =7
(uniform odd viscosity), (b) n, = n and n}, = 0 (vanishing odd viscosity inside the
domain), and (c) 17, = 0 and n, = n (vanishing odd viscosity outside the domain).
In Fig. 6.3, we also plot v — U for (a) n, = —n, =n and (b) —n, =n, =n. In

these plots, the domain size is fixed to kR = 0.1 (circular black line).
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) 2

Figure 6.2: Streamlines (black arrows) of the fluid velocity, v — U, as a function
of kx and ky when (a) 7, = 1, = n (uniform odd viscosity), (b) 7, = n and
n, = 0 (vanishing odd viscosity inside the domain), and (c¢) 7, = 0 and 7, =7
(vanishing odd viscosity outside the domain) [see Egs. (6.11), (6.12), (6.17), and
(6.18)]. The green (light gray) region represents fluids with nonvanishing odd
viscosity, while the white region represents vanishing odd viscosity. We also
have chosen n = 7', A = X, and ¢ = kR = 0.1. The domain moves laterally in
the negative z-direction with a velocity U = (=U,0). The circular black line
represents the domain perimeter.

When the odd viscosity is spatially uniform (1, = 7)), as in Fig. 6.2(a), we
see that the flow streamlines induced by the domain motion are symmetric with
respect to the direction of motion. Such a symmetric profile is also seen for the
passive case in which odd viscosity does not exist [6.6]. When n, # 7/, as in
Figs. 6.2(b) and 6.2(c), the flow inside the domain is rotated with respect to the
z-axis and the above symmetry breaks down. When 7, /1, < 0, as in Fig. 6.3, the
flow inside the domain is more rotated compared to Figs. 6.2(b) and 6.2(c). This
implies that the negative odd viscosity enhances the rotation in the flow field.
Figure 6.2(c) is relevant to a lipid domain enriched with active rotor proteins,
while Fig. 6.3 represents active proteins rotating oppositely inside and outside
the domain. In the next section, we show that such a flow-field asymmetry leads

to a lateral lift force acting on the domain.
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Figure 6.3: Streamlines (black arrows) of the fluid velocity, v — U, as a function
of kz and ky when (a) n, = —n, =n and (b) —n, = 1., = n [see the caption of
Fig. 6.2 for the other conditions]. The green (light gray) region represents fluids
with positive odd viscosity, while the blue (gray) region represents negative odd
viscosity.

6.4 Hydrodynamic forces acting on a moving
liquid domain

6.4.1 Drag and lift forces

For a liquid domain laterally moving with a velocity U = (=U, 0), the forces
acting in the z- and y- directions, F = (F,, F},), are given by [6.6, 6.44]

27 K
F, = R/ df (o, cosf — o,9sin0) = mn(kR)? {—% + Cﬁle,{R)} , (6.25)
0

and
o Cy  CyKi(kR
F, = R/ df (o, sinf + 0,9 cos ) = —mn(kR)? {—2 + w} , (6.26)
0 R R
respectively. In the above, the already determined coefficients C},--- ,Cy are

substituted as given in Appendix 6.A. In addition, the full expressions of F)

and F), are also given in Appendix 6.A.

For the sake of simplicity, we consider as before the case n =’ and A = X
(or equivalently k = £’) in Egs. (6.25) and (6.26). We introduce a dimensionless
domain radius, € = kR, and the arguments of the modified Bessel functions are
omitted as in K,, = K, (¢) and I, = I,,(¢) to keep the notations more compact.

Then, the expressions for the drag coefficient I'j = F,/U and the lateral lift
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107 107 10 10 10

Figure 6.4: Plots of (a) the rescaled drag coefficient I'j and (b) the rescaled lift
coefficient I'| as a function of the rescaled domain radius e = xR for various
values of the odd viscosity difference § = (1, — n))/n. In (a), § = 0.1 and
10 are presented by the solid black and dotted blue lines, respectively. In (b),
0 =0.1,1, and 10 are presented by the solid black, dashed red, and dotted blue
lines, respectively.

coefficient I'; = F,,/U become

L) _ i X ﬁ _ 52(K0[1 + K 1)K 1o (6.27)
471'7] n 4 KO 62(K0]1 + K1[2>2 + 4(5K0[2>2 ’ ’
and
r 20(eK115)?
— — GiSE) (6.28)

471'77 €2<K0[1 —|—K1[2)2 +4<5K0[2)2
In the above, we have introduced the dimensionless difference in odd viscosity,

0, between the inside and outside of the domain

o
=TT (6.29)
0
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Equations (6.27) and (6.28) are the main results of our work.

Both the drag I') and lift I"; coefficients depend on the odd viscosity differ-
ence 0, and are even and odd functions of d, respectively. As the domain moves
in the negative x-direction, it exhibits a lateral lift motion along the y > 0 di-
rection when ¢ > 0, and also along the y < 0 direction for § < 0. Notice that
the passive case without odd viscosity (n, = 7., = 0) is recovered by setting
d =0 [6.6] [see Eq. (6.B2) in Appendix 6.B for the specific expression]. For the
uniform case with 1, =71/ # 0 or § = 0, the drag coefficient I'; reduces to that
of the passive case [6.6], whereas the lift coefficient I"; vanishes. Since the lift
force does not exist for the passive case [6.3-6.6], the finite lift force reflects not
only the existence of odd viscosity, but also its difference (6 # 0) between the

inside and outside of the domain.

6.4.2 Dependence on the domain size ¢

To discuss the dependence of the drag coefficient I'|| and the lateral lift co-
efficient I'} on the domain size e for arbitrary d, it is useful to obtain their
asymptotic expressions in the small and large e limits. The dependence on ¢

will be separately discussed in the next subsection. For € < 1, they become

L - 4[In(2/€) — v + 1/4] + 6*[In(2/¢€) — 7]
47 4A[In(2/€) — v + 1/4]2 + 62[In(2/€) — ]2’

(6.30)

and

', - 0
47n - 8[In(2/€) — v + 1/4)% + 262[In(2/¢) — ~4]?’

where v ~ 0.5772 is Euler’s constant. Hence, both I'j and I') depend only

(6.31)

logarithmically on the rescaled domain size €. In the opposite limit of € > 1,

the asymptotic expressions become

r €2

ST (6.32)
and

I, )
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Here, I is proportional to €* and independent of §, while I'; is independent of

e and is determined solely by 6.

In Fig. 6.4, we plot I'j and I'; of Eqgs. (6.27) and (6.28), respectively, as
a function of the rescaled domain size ¢ = kR for various values of §. These
plots are consistent with the above asymptotic behaviors of I'j and I';. We
also see that the crossover between the two limiting cases is reasonably given
for e = 1. In Fig. 6.4(a), I} is slightly larger when 0 is increased, whereas it
hardly depends on ¢ for larger €. In Fig. 6.4(b), we see that the lift coefficient I' |
increases logarithmically for € < 1, while it becomes independent of the domain

size for € > 1.

Let us discuss the physical interpretation of the above limiting behaviors
of Iy and I'; [6.41, 6.48]. The momentum in the 2D fluid is conserved over
distances smaller than the hydrodynamic screening length, r < 7!, and the
stress decays as 1/r due to the momentum conservation. Since the stress scales
as o ~ nu/r, we have v ~ 1/n [6.48]. This explains the weak (logarithmic) size
dependence of I'j and I'; in Eqgs. (6.30) and (6.31), respectively. For larger length
scales, r > k!, the momentum is not conserved, and the only contribution to
the velocity is from mass conservation. In a 2D fluid, a mass monopole (source)
will create a velocity that decays as 1/r [6.48]. Hence, the velocity due to a
mass dipole (source and sink) decays as 1/r?, explaining the scaling I'j ~ €? in
Eq. (6.32). Such a strong size dependence is not observed for I'; in Eq. (6.33)
as the friction parameter A\ does not cause any momentum leakage along the

rotated velocity v*.

6.4.3 Dependence on the odd viscosity difference ¢

Next, we show how I'j and I'; depend on the odd viscosity difference  for
arbitrary e. The asymptotic expressions of Eqs. (6.27) and (6.28) for |0| < 1

are

FH _ 62 i €K1[1

~ _— 6.34
47T7] 4 KO[1 +K1[2’ ( )
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Figure 6.5: Plots of (a) the rescaled drag coefficient I'| and (b) the rescaled lift
coefficient I'; as a function of the odd viscosity difference § = (1, — 1)/ for
various values of the rescaled domain radius € = kR. In both plots, e = 0.1, 1,
and 10 are presented by the solid black, dashed red, and dotted blue lines,
respectively.

and

T K1 ?
LIRS Y (R STER (6.35)
47TT] KOII + Klfg

showing that I'j is independent of 6 and I', is proportional to only ¢. As

mentioned before, Eq. (6.34) coincides with the passive drag coefficient of a

liquid domain [6.6] [see Eq. (6.B2)].

When [§| > 1, on the other hand, we obtain
F” 62 €K1
— o~ —

~ — 6.36
47T77 4 KO ’ ( )
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and
2
;T_in ~ 2_15 (%) | (6.37)
Here, T' is also independent of 6, while I' | decays as 1/§. Interestingly, Eq. (6.36)
coincides with the result by Evans and Sackmann for the drag coefficient of a
rigid disk in a passive supported membrane [6.5].
In Fig. 6.5, we plot I'j and I'; in Egs. (6.27) and (6.28), respectively, as a
function of the odd viscosity difference ¢ for various values of €. As can be seen
in Fig. 6.5(a), I'| is almost independent of 6. However, Fig. 6.5(b) shows that

I'; changes nonmonotonically, in accordance with Eqgs. (6.35) and (6.37). The

maximum of I' | shifts to higher values of 9 as ¢ is increased.

6.5 Discussion and conclusion

In this paper, we have investigated the hydrodynamic forces acting on a 2D
liquid domain that moves laterally in a supported membrane characterized by an
odd viscosity. We combined the momentum decay mechanism of a 2D fluid [6.6,
6.36-6.41] with the concept of odd viscosity [6.22]. Since active rotor proteins
can accumulate inside the lipid domain, we have focused on the difference in odd
viscosity between the inside and outside of the domain. Taking into account the
momentum decay mechanism of the incompressible 2D fluid, we have analytically
obtained the fluid flow induced by a lateral domain motion. In the presence of
odd viscosity difference, the flow field due to the domain motion is rotated with
respect to its direction, as shown in Fig. 6.2.

Using the obtained flow field, we have calculated the hydrodynamic forces
acting on the moving domain. The resulting drag and lift coefficients are given
in Egs. (6.27) and (6.28). In contrast to the passive case that does not have an
odd viscosity [6.3-6.6], the existence of a lateral lift force is predicted when the
odd viscosity difference is present. We have discussed in detail the dependence
of the drag coefficient I')| and lift coefficient I} on the domain size € and the odd

viscosity difference 9. The appearance of a finite lift force indicates not only the
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existence of the odd viscosity, but also its asymmetry between the inside and

outside of the domain.

In addition to the asymmetry condition, 7, # 7., discussed in this work, we
briefly summarize other conditions for finite lift force in incompressible 2D fluids
with odd viscosity. For a laterally moving rigid disk with a nonslip boundary,
no lift was observed [6.30], while it was reported to exist within the Oseen
approximation [6.49]. For a bubble with a no-stress boundary condition, lift
and torque forces, respectively, emerge for a moving and expanding bubble [6.30—

6.32]. The forces of rigid disks and bubbles are discussed in more detail below.

Since the governing hydrodynamic equations (6.2) and (6.4) are linear in v,

the force F acting on a circular domain can be generally written as
F=-T 1, (6.38)

where I' is the domain friction tensor and U is the domain velocity in an arbi-
trary direction. Following a similar calculation as before, we find that I' can be

expressed as
Fij = F”(SU - FJ_EZ']', (639)

where the coefficients I'j and T', are, respectively, given by Egs. (6.27) and
(6.28) for the simple case (n =" and A = X), or Egs. (6.A4) and (6.A5) for the
general case (n # 1’ and A # X). When 6 = 0, the lift coefficient I'; vanishes
and the friction tensor satisfies the reciprocal relation I';; = I';;. According to
the Lorentz reciprocal theorem [6.50-6.52], such a reciprocal property is guar-
anteed for an arbitrarily shaped object in a passive fluid. When § # 0, the
hydrodynamic response becomes nonreciprocal, i.e., I';; # I';;, leading to a dis-
sipationless lift force. This is one of the distinctive features of an active chiral
fluid characterized by odd viscosity [6.29].

In Ref. [6.30], it was shown that a lift force does not exist for an object in an

incompressible 2D fluid with odd viscosity when nonslip boundary conditions

are imposed. This is the case when the boundary conditions include only the
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continuity of velocity as we have used in Eqs. (6.21)-(6.23). However, in the
case of a liquid domain, we also have employed the boundary condition for the
stress continuity as in Eq. (6.24). Then, the obtained lift force depends on the

odd viscosity difference 9.

Some numerical estimates of the physical quantities in the model can be
given [6.6]. For a fluid membrane supported by a rigid substrate, the friction
parameter in Eq. (6.1) can be identified as A = n/h, where 7, is the 3D
viscosity of the surrounding water and h is the thickness of a thin layer of
lubricating water between the membrane and the substrate [6.5]. Then, the
hydrodynamic screening length is given by = = (nh/n)"/2. For typical values
such as h ~ 10~%m, n, ~ 1073 Pa-s, and n ~ 107 Pa-s-m, we find k! ~ 10~ m.
Since the size of a lipid domain (raft) is roughly 10nm-100nm [6.19, 6.53], the
dimensionless domain size € = kR is estimated to be 0.1 < ¢ < 1. Hence,
the limiting expressions derived in Egs. (6.30) and (6.31) for € < 1 are the

appropriate ones for the drag and lift coefficients.

Next we discuss the value of the domain odd viscosity 7. for typical physi-
ological conditions. Consider the situation where disk-like active rotor proteins
concentrate only inside the domain, i.e., 7, = 0 and 7}, # 0, while n = 1’ as was
assumed above. In microscopic approaches [6.17, 6.35], it was shown that odd
viscosity is related to the angular-momentum density of rotor proteins through
the relation, n) ~ IT/¢. Here, I and T are the moment-of-inertia and torque

densities, respectively, and ( is the rotational friction coefficient of a rotor.

For an active rotor protein of radius a and mass m driven by the torque 7,
one can estimate [6.5, 6.34] I = mp/n, T = pr/(7a?), and ¢ = n'p/w, which
lead to 1, ~ mpr/(7n'a®). Here, p = Nmwa*/(wR?) is the area fraction of N
rotors inside the domain. Using typical values such as m ~ 1072 kg, p ~ 0.3,
7~ 107¥N-m, and @ ~ 1078m [6.1, 6.11, 6.15, 6.18] and assuming that the
domain is filled with water (' &~ 1072 Pa-s'm), we obtain 7, ~ 10~* Pa-s-m.

Then, the odd viscosity ratio is given by 6 = —n//n ~ —0.1 and the limiting
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expressions of Egs. (6.34) and (6.35) for |§| < 1 can be used here for the drag

and lift coefficients.

As a special case of a liquid domain, we discuss the hydrodynamic forces
acting on a circular bubble of radius R that moves laterally in an incompressible
2D fluid with odd viscosity. In Appendix 6.C, we obtain the drag and lift
coefficients by requiring that " = 0 and n/ = 0, while 1 and 7, for the outside
of the domain are kept finite. For a moving bubble, I'j and I'; depend on
the viscosity ratio p = n,/n. The asymptotic behaviors of the drag and lift
coefficients are similar to those of a liquid domain. In the previous studies, it
was reported that the effect of odd viscosity can be seen as a torque acting on
an expanding bubble [6.30-6.32]. Our results show that the forces due to odd

viscosity exist even for an undeformable object.

In the opposite limit ' — oo, the general drag and lift forces in Egs. (6.A4)
and (6.A5) reduce to those acting on a rigid disk. In this case, the drag coefficient
becomes identical to that for a passive supported membrane [6.5] as in Eq. (6.36),
while the lift coefficient vanishes. This is reasonable because the boundary
conditions at the disk perimeter can be constructed without the stress continuity
of Eq. (6.24) [6.6] and the odd viscosity does not enter in the forces on the
disk [6.30, 6.31].

When the odd viscosity is spatially uniform (§ = 0), it does not affect either
the velocity field or the forces acting on the domain. This implies that the effect
of odd viscosity can be seen in biomembranes when active rotor proteins concen-
trate locally inside specific domains and the odd viscosity becomes nonuniform.
It would be interesting to investigate experimentally the diffusion of such active
domains by using microrheology techniques [6.54]. When a membrane is in ther-
mal equilibrium, the drag coefficient can be connected to the diffusion coefficient
of the liquid domain through Einstein’s relation. In active fluids, however, such
a relation no longer holds and one needs to generalize the fluctuation-dissipation

theorem in the presence of active protein molecules [6.11, 6.55-6.60]. Through
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molecular-dynamics simulations of a particle diffusing in an active chiral fluid,
the applicability of Einstein’s relation was evaluated [6.59]. For the Langevin
equation with odd viscosity, the asymmetric diffusion tensor is obtained, and is
characterized by the ratio of the drag to lift coefficients [6.60]. A more detailed
discussion of such diffusion phenomena in the active chiral fluid will be given

elsewhere [6.60].

Appendix 6.A General drag and lift forces

The coefficients C4, - -+ ,Cy, C], - - - , C} are determined by the boundary con-
ditions in Eqgs. (6.21)-(6.24) and given by
Cy = —RU (K'RIy — 2I,) [n*R*K; +2(n — 1) (kRKo + 2K1)] D1 /(kD)
—'K*R¥U (kRKy + 2K,) I, D,/ (kD) — R*?UK,D,/D,
Cy =2U [2(n —n')(K'RIy — 2I;) + 7'k R*I;] D1/(kD) 4+ 2UD,/(kD), (6.A1)
Cy = —4n(no — ny)W*R'UKT I/ D,
Cy = —4n(n, —nl)k*R*UK I3 /D,
and
Cl=U [K0D2 PR P RAK2 I,
+2nkRK K1 (K RIy — 1) {2(n — /) (' RIy — 211) + /' k”R*11 }

+ {200 — 0) (K RIy — 2I,) + /s R*1,} K(ﬂ /D,

(6.A2)
Ch =2k R*UK D, /D,
Cy = —4n(n, — )k’ RRUK K, 1,15/ D,
Cy = 4n(n, — )k RPRUK K 1,/ D,
where
D = D} + KoDs,
Dy =2(n—n)(K'RIy — 2I)) Ko + k' R? (k' Ko, + nsK11,) , (6.A3)

Dy = 4(n, — )25 R2K 3.
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In the above, we have used the notations K, = K,(kR) = K,(¢) and I, =
I,(kK'R) = I,(¢'). In the main text, we consider the case n =7 and A = X’ (or

equivalently x = «’), and the function [,,(kR) = I,(¢) is written as I,,.

Substituting C; and Cy into Eq. (6.25) and C5 and Cy into Eq. (6.26), we
obtain the general drag and lift forces as

Fy

= Ue(6€'I,)*(eKo + 4K,) Ko /M
4mn

+ (Ue/4) [2(v — 1) Ko(211 — €'Iy) + € (K115 + v Kolb)]

x [{Ve/zfl o —1)(21, — e’IO)} (eKo + AK,) — €K, (21, — 6’10)] /M,

(6.A4)
and
H 2U6(ee' K115)* /M (6.A5)
47n ’

where v =1//n, § = (no —11;) /71, and
M = [2 (V — 1) KO (2[1 - E/Io) + E/ (€K1[2 + I/EIK()Il)]g + 4((56/[(0[2)2. (6A6)

When n = 7' and A = X (or equivalently v = 1 and € = €¢'), we obtain Eqs. (6.27)
and (6.28).

Appendix 6.B Drag and lift coefficients for a
2D liquid domain when 7, =7/ =
0

We summarize the passive case without odd viscosity, which was studied in
Ref. [6.6]. When 1, =7, = 0 (while v # 1 or n # 1), the coefficients, Cs, Cy, C%,
and C}, become zero, as can be seen in Egs. (6.A1)-(6.A3). Then, the scalar

and vector potentials in Egs. (6.9), (6.10), (6.15), and (6.16) reduce to

o= G cos, A=CyK(kr)sinf, ¢ =Circost, A =CyI (k'r)sinb,

r

(6.B1)
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respectively. Calculating the corresponding velocity fields and stress tensors and
applying the boundary conditions of Egs. (6.21)-(6.24), one can obtain the drag

and lift coefficients as

FH . 62 i EKl [I/ (4 + 6,2) [1 - 2V€,IO +2 (6/[0 - 2[1)] (6 B2)
drn 4 vK[(4+ €)1 — 2 ) + (2K + eKy) (¢1y — 21)’ '

and I'} = 0, respectively. When v =1 or n = 7/, Eq. (6.B2) coincides with the
drag coefficient derived in Eq. (6.34) for |§] < 1.

Appendix 6.C Drag and lift coefficients for a
2D bubble

We derive the hydrodynamic forces acting on a moving bubble of radius R.
By setting = 0 and 7, = 0 in Eqgs. (6.A4) and (6.A5), we obtain the drag and

lift coefficients as

F” B 62 i 2€K1 i 2[,62€K0K1
4y 4 2Ky + €K, (2K + K1) + 4(uko)? |’ (6.C1)
ry ZM(GKl)Z |

4 (2Ko + eK1)? 4+ 4(pKo)?’
with © = 1,/n. In the limits of ¢ < 1 and € > 1, we obtain respectively for

arbitrary pu

Uy In@/¢) =y +1/2+ p2[In(2/e) — 1]
4y [In(2/e) — v+ 1/2]2 + p2[In(2/€) — ~]?’

6.C2
o ) 6.2)
dn 2[In(2/€) — v + 1/2]2 4 2p?[In(2/€) — v]?’
and
I e
dnn 47
r (6.C3)
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Chapter 7

Concluding Remarks

7.1 Summary of the thesis

In recent years, to better understand the nonequilibrium complex phenomena
observed in living systems, modelings of biological nanomachines have been con-
ducted extensively. Experimental results demonstrate that biological nanoma-
chines or enzymes give rise to nonequilibrium transport phenomena such as
diffusion enhancement, chemotaxis, and substantial change in rheological prop-
erties. Although several theories have been proposed to treat these phenomena,
there has been no unifying theory that quantitatively accounts for the observed
results. Moreover, equilibrium concepts do not hold in living systems and hence
further developments in universal physical properties that characterize the sys-

tems are needed.

In Chap. 1, we have reviewed the general background on biological nanoma-
chines and relevant nonequilibrium phenomena in living systems that include
active transport in living cells, the rheology of the cytoplasm, and emergent
macroscopic behavior in active chiral systems. We then have provided a re-
view of several models of enzymatic molecules and the concept of nonreciprocity
that has attracted much attention recently. In the last part of the chapter, ex-

perimental and theoretical findings related to the peculiar transport coefficient

201



202 Chapter 7. Concluding Remarks

called odd viscosity have been illustrated.

In Chap. 2, we have discussed statistical properties of a single biological
nanomachine by using the active force dipole model. A dipole, consisting of
two domains connected with an elastic spring of its constant kg and natural
length /¢y, exhibits the conformational dynamics, where the enzyme-substrate
complex is characterized by the elastic spring of the constant k; and natural
length ¢;. First, we analytically calculated the force dipole magnitude m by
considering the four regimes that are determined by the competition between
the thermal energy kT and the elastic energies, kof3 and ki¢3. Then, we per-
formed numerical simulations of the Langevin equation where there is no explicit
hydrodynamics and the solvent effects are considered through the viscous fric-
tion and thermal noise terms. The statistical data reveal that equilibrium and
nonequilibrium properties of an active force dipole can be characterized by ex-
ponentially and oscillatory decaying correlation functions, respectively. To our
knowledge, the present work is the first study where hydrodynamic force dipoles
of mechanochemical enzymes have been systematically analyzed and order-of-
magnitude estimates for the intensity of such dipoles for characteristic enzymes

have been obtained.

In Chap. 3, we have considered force dipoles immersed in a solvent of vis-
cosity ns and discussed the effective shear viscosity of an enzymatic solution
Ne. Employing the Boltzmann distribution weighted by the waiting times of
enzymatic species in each catalytic cycle, we have obtained 7, as a function of
substrate concentration and its physical properties. As a result of the compe-
tition between the energy difference of the enzyme two internal states and the
substrate concentration, we have shown that the enzyme solution viscosity ex-
hibits a nonmonotonic behavior that depends on the physical properties of the
binding substrates. We emphasize that this work sheds light on the influence of

biological nanomachines on the rheological properties of suspending fluids.

In Chap. 4, we have discussed the hydrodynamic collective effects due to



7.1. Summary of the thesis 203

active force dipoles that are immersed in lipid bilayer membranes. Specifically,
the obtained diffusion coefficients D and drift velocities V' of a passive particle
were obtained in the enzyme solution for free and confined membrane geome-
tries. Since the model accounts for the bulk solvent, the hydrodynamic screening
lengths ! and k! enter in the results and give rise to the rich dependencies of
Dy and V on the probe size. Due to the interplay between the thermal and non-
thermal contributions to the diffusive dynamics, we have shown that the three
different scaling regimes of the total diffusion coefficient are expected with the
increasing particle size, i.e., In(f.) — 1/¢> — 1/{. for the free membrane case
and In(¢.) — 1/2 — 1/¢2 for the confined membrane case. These behaviors of
the diffusion coefficient would be observed in active membranes by tuning the

size of a probe particle with microrheology techniques.

In Chap. 5, we have discussed the hydrodynamic response of a point force and
a finite-size object in a 2D compressible fluid with odd viscosity. The viscosity
coefficient reflects that the time-reversal and parity symmetries are broken in
aqueous environments. Taking into account the hydrodynamic coupling to the
underlying bulk fluid, we have obtained the odd viscosity-dependent mobility
tensor G;;, which is responsible for the nonreciprocal hydrodynamic response to
a point force, i.e., G;; # Gj;. Furthermore, we have extended the point-force
response to a finize-size disk response, which moves laterally in the fluid and
demonstrated that the resistance tensor I';; exhibits the nonreciprocal relation,
I';; # I'ji. This nonreciprocity leads to a lift force on the disk in addition to the
drag one and would be observed in biological monolayers with active constituents

such as rotary motor proteins.

Finally in Chap. 6, we have discussed hydrodynamic forces acting on a 2D
liquid domain that moves laterally within an incompressible fluid membrane
in the presence of odd viscosity. Since active rotating proteins can accumulate
inside the domain, we have focused on the difference in odd viscosity between the

inside (n)) and outside (7,) of the domain. Taking into account the momentum



204 Chapter 7. Concluding Remarks

leakage from a 2D fluid to the underlying substrate, we have calculated the fluid
flow induced by the lateral domain motion, and derived the domain resistance
tensor that turned out to be nonreciprocal, i.e., I';; # I'j; only when 7, # 7.
As before, the nonreciprocal relation leads to a lift force on the domain. Our
results have shown that odd viscosity would be observed in biological membranes
in which rotating proteins are heterogeneously distributed, which is in sharp

contrast to the case of compressible fluids studied in Chap. 5.

7.2 Future prospects

For future work, the active force dipole model can be extended to active ro-
tating proteins that exert torque along their axes rather than force dipoles. Such
a theory can serve as a base to study the parity-breaking effects on the nonequi-
librium transport phenomena such as diffusion enhancement (see Chaps. 2-4)
and chemotaxis (see Chap. 4). It will be also useful to investigate how these
physical quantities are modified due to the concentration of biological nanoma-
chines. A possible approach is to consider stresses that are exerted by rigid

particles on surrounding fluids (see, e.g., Ref. [7.1]).

Furthermore, it is possible to consider active force dipoles to model cyto-
plasmic streaming that is directional flows observed mainly in plant cells and
plays roles in their growth [7.2]. By introducing force dipoles in the vicinity of
a cellular membrane and taking into account hydrodynamic flows induced by
the dipoles, one can obtain the macroscopic flow, which can be compared with
cytoplasmic streaming. In addition, the flow may exhibit unidirectional flows
that would depend on the order parameter defined by the average direction of
the dipoles. These edge currents have been observed in an odd-viscous fluid
(see Chaps. 5 and 6) and the odd transport coefficient is expected to play an

important role in the model.

In addition, it is possible to consider the bulk solvent effect on the resistance

tensor of a disk in a compressible fluid with odd viscosity. In Chap. 5, the
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obtained drag and lift forces are valid in the limit of kKR < 1 as we have ig-
nored the body force densities in the Lorentz reciprocal theorem. To obtain the
expressions for kR > 1, one has to consider other approaches, e.g., numerical
simulations of the boundary integral equations [7.3] or the full derivation of the
solutions of the hydrodynamic equations for a 2D chiral fluid [7.4].

More generally, it can be useful to reveal the existence of odd viscosity in
microscopic approaches. Numerically, active chiral systems with rotating con-
stituents have been investigated in light of phase separation dynamics [7.5] and
an inertial lift force [7.6]. However, there have been less studies that aim at
extracting the odd transport coefficient in such systems. On the other hand,
collective behavior of enzymes in active chiral media deserve attention as well.
In the presence of thermal noise, one has to consider the generalization of the
fluctuation-dissipation theorem as well as the Langevin equation with multi-
plicative noise when the friction coefficient depends on the position [7.7]. These

interesting questions are left for future investigations.
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