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I. INTRODUCTION

Many problems of the engineering sciences can be solved using the modern methods 

of equations of mathematical physics, particularly elliptic differential equations play 

essential role in solving heat and mass transfer problems in engineering processes. In 

this paper, a numerical approximation of the solution of heat conduction problem in 

circular plate with initial concentrated heat is constructed by using the Riesz means 

of the spectral decompositions. Solution of heat transfer problems are subjected to 

the distributional boundary conditions and initial conditions. 
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When an engineering process occur on the plate, the solution of the equations of 

mathematical physics can be solved by separation method but spectral expansions of 

the solution does not converge to the boundary function. This difficulty can be 

overcome by regularization of the spectral expansions. Regularization of the 

divergent series solution is accurate numerical interpretations of the solutions of the 

problems.
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➢ Spectral expansions of the distributions related to the Schrodinger operator 

was investigated in [1]. 

➢ The optimization of the regularization of the Fourier series corresponding 

to the distributions defined in the plate of vibration problem studied in [2], 

where  the regularization of the spectral decomposition of the distributions 

is used to obtain the solutions of the plate vibration problem at a fixed point 

of the plate with the initial time and critical index of the Riesz means. 
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The work [3] is devoted to the study on the approximations of distributions 

on a smooth manifold, where author has obtained the sufficient conditions for 

summability of the spectral decompositions corresponding to the distributions 

in weak topology. Localization problems of the spectral decompositions 

connected with periodic distributions are considered in [4] (Abdulkasim

Akhmedov et al 2021 J. Phys.: Conf. Ser. 1988 012085), where authors 

obtained sufficient conditions for the equiconvergence of the spectral 

decompositions of the distributions connected with the elliptic differential 

operator on the torus with Fourier integral in the classes of the Sobolev.



Slide |10ICOAIMS 2022 |PPROBLEM HISTORY

Precise conditions of the summability and localization of the spectral expansions 

associated with various partial differential operators are discussed in 

A.Rakhimov (2019) Localization of the Spectral Expansions Associated with the 

Partial Differential Operators, Mathematical Methods in Engineering, pp.217-233. 

The authors studied the problems in the spaces of both smooth functions and 

singular distributions related to spectral expansions of elliptic operators in the 

Sobolev spaces. All theorems are formulated in terms of the smoothness and degree 

of the regularizations.
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Further results in latter expanded to the more general spectral expansions in (Alimov & 

Rakhimov, Localization of Spectral Expansions of Distributions, 1996), (Rakhimov & 

Alimov, Localization of Spectral Expansions of Distributions in a Closed Domain, 1997), 

(Rakhimov, On the Localization of Multiple Trigonometric Series of Distributions, 

2000), (Rakhimov, Localization Conditions for Spectral Decompositions Related to 

Elliptic Operators from Class, 1996), (Rakhimov, Ahmedov, & Hishamuddin, On the 

Spectral Expansions of Distributions Connected with Schrodinger Operator, 2012), 

(Rakhimov, Spectral Decompositions of Distributions from Negative Sobolev Classes, 

1996), (Rakhimov, On the uniform convergence of Fourier series on a closed domain, 

2017), (Rakhimov, On the uniform convergence of Fourier series, 2016). We note that the 

results on the summability of the spectral decomposition connected with Fourier-Laplace 

series are obtained in (Ahmedov, Nurullah & Rakhimov, 2013).
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In this paper, a numerical approximation of the solution of heat conduction problem 

in circular plate with initial concentrated heat is constructed by using the Riesz

means of the spectral decompositions. Solution of heat transfer problems are 

subjected to the distributional boundary conditions and initial conditions. 
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1. Multiple Trigonometric Series

The basic objects of my study are functions of several variables which are 2π - periodic in 

each of these variables. Let consider a fundamental set, where our functions are defined, to 

be the N-dimensional cube

𝕋𝑁 = 𝐱 ∈ ℝ𝑁: −𝜋 < 𝑥𝑗 ≤ 𝜋, 𝑗 = 1,… ,𝑁

This cube can be identified in a natural way with an N-dimensional torus (i.e. the subset 

of ℂ𝑁 of the form 𝑒𝑖𝑥1 , 𝑒𝑖𝑥2 , … , 𝑒𝑖𝑥𝑁 , where 𝑥1, 𝑥2, … , 𝑥𝑁 ∈ ℝ𝑁, which in what 

follows we shall not distinguish from 𝕋𝑁.
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The fundamental harmonic with respect to which we take our expansion have in appearance 

exactly the same form as in the one-dimensional case: 𝑒𝑖𝐧∙𝐱 where, 𝑁 > 1, 𝐧 ∙ 𝐱 stands for 

the inner product

𝐧 ∙ 𝐱 = 𝑛1𝑥1 +⋯+ 𝑛𝑁𝑥𝑁, 𝐧 ∈ ℤ𝑁 , 𝐱 ∈ ℝ𝑁.

Here, as usual, ℤ𝑁 is the set of all vectors with integer components: 𝐧 = 𝑛1, … , 𝑛𝑁 is in 

ℤ𝑁 if 𝑛𝑗 = 0,±1,….

A multiple trigonometric series

෍

𝐧∈ℤ𝑁

𝑐𝑛𝑒
𝑖𝐧∙𝐱

where the coefficients 𝑐𝑛 are arbitrary complex numbers, looks exactly as an ordinary “one-

dimensional” series.

(1)
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The circular partial sum (or spherical if 𝑁 ≥ 3) ሚ𝑆𝑅 𝑥 takes the form

ሚ𝑆𝑅 𝐱 = ෍

𝐧 ≤𝑅

𝑐𝑛𝑒
𝑖𝐧∙𝐱

The series (1) is circularly convergent (or spherically if 𝑁 ≥ 3) if lim
𝑅→∞

ሚ𝑆𝑅 𝑥 exists.

(8)
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Forms of Convergence.
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The most important forms of convergence are uniform convergence, convergence at a fixed 

point, a. e. convergence, convergence in the metric 𝐿𝑝 𝕋𝑁 . Let us assume that the series (1) 

converges in a determined sense to a function 𝑓 𝑥 :

𝑓 𝐱 = ෍

𝐧∈ℤ𝑁

𝑐𝑛𝑒
𝑖𝐧∙𝐱

So far, we have not put any restrictions whatsoever on the coefficients 𝑐𝑛, which may have 

been arbitrary complex numbers. One of the first problems which arises in the sturdy of 

orthogonal series (to which also trigonometric series belong) is the problem of determining 

the coefficients.

(11)
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The solution to this problem depends on in which sense the series converges to f. If the type 

of convergence allows one to integrate the series term by term (for example, in the case of 

uniform convergence or convergence in 𝐿𝑝), then upon multiplying both members of (11) 

with 𝑒−𝑖𝐧∙𝐱 and integrating over 𝕋𝑁 we obtain 𝑐𝑛 = 𝑓𝑛, where the numbers

𝑓𝑛 = 2𝜋 −𝑁න
𝕋𝑁
𝑓 𝑥 𝑒−𝑖𝐧∙𝐱 𝑑𝐱

(12)

are referred to as the Fourier coefficients of 𝑓. It is clear that the Fourier coefficients exist 

only if 𝑓 ∈ 𝐿1 𝕋𝑁 , i. e. if 𝑓is a function summable over 𝕋𝑁 (with respect to the N-

dimensional Lebesgue measure). The Fourier coefficients 𝑓𝑛 of a function 𝑓 ∈ 𝐿1 𝕋𝑁 tend 

to zero as |n| → ∞ (Riemann Lebesgue theorem).
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With each function 𝑓 ∈ 𝐿1 𝕋𝑁 we can thus associate a multiple trigonometric series

𝑓 𝐱 ~ ෍

𝐧∈ℤ𝑁

𝑓𝑛𝑒
𝑖𝐧∙𝐱

(12)

termed the Fourier series of 𝑓. The sign ~ means that the series has been obtained in a purely 

formal way without any statements about its convergence. The following important problem 

arises now: must the Fourier series converge in some sense, and if this is the case, does it 

converge to the function 𝑓?
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2. DISTRIBUTIONS ON 𝕋𝑁

Slide |20|

We deal with the spectral expansions of the functions defined on the torus 𝕋𝑛, which

can be defined by 𝕋𝑛 = ℝ/2𝜋ℤ 𝑛 = ℝ𝑛/2𝜋ℤ𝑛. The torus 𝕋𝑛 often is identified

with the cube −𝜋, 𝜋 𝑛 ⊂ ℝ𝑛, where the measure on the torus is identified with the

restriction of the Euclidean measure on the cube. Functions on 𝕋𝑛 are the functions

on ℝ𝑛 that are 2𝜋-periodic in each of the coordinates.

We may identify functions on 𝕋𝑛 with 2𝜋ℤ𝑛 −periodic functions on ℝ𝑛.
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Let ℱℝn be the Euclidian Fourier transforms defined by

ℱℝn f 𝛏 ≔ 2π −N න

ℝn

e−i𝐱∙𝛏𝑓 𝐱 d𝐱.

and its inverse ℱℝn
−1 is given by 

𝑓 𝐱 = න

ℝn

e−i𝐱∙𝛏 ℱℝn𝑓 𝛏 d𝛏,

Let

ℱ𝕋n = f ↦ መf : C∞ 𝕋n →S ℤn

by the toroidal Fourier transform defined by

መ𝑓 𝐦 ≔ 2π −N න

𝕋n

e−i𝐱∙𝐦𝑓 𝐱 d𝐱.

Space L2 𝕋n is a Hilbert space with the inner product

u, v L2 𝕋n ≔ න

𝕋n

𝑢 𝐱 v 𝐱 d𝐱,

where തz is the complex conjugate of 𝑧 ∈ ℂ.
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The Fourier coefficients of u ∈ L2 𝕋n are

ොu 𝒎 = 2π −N න

𝕋n

e−𝑖𝒎⋅𝐱𝑢 𝒙 d𝐱, 𝐦 ∈ ℤn

and they are well-defined for all 𝐦 ∈ ℤn due to Hölder’s inequality and compactness of 𝕋n.

The system of functions  e𝑖𝐦⋅𝐱:𝐦 ∈ ℤn forms an orthonormal basis on L2 𝕋n . Thus the 

partial sums of the Fourier series

෍

𝐦∈ℤn

ොu 𝐦 ei𝐦⋅𝐱

converge to 𝑢 in the 𝐿2 −norm, so that we shall identify 𝑢 with its Fourier representation:

𝑢 𝐱 = ෍

𝐦∈ℤ𝑛

ො𝑢 𝐦 𝑒𝑖𝐦⋅𝐱
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3. SPECTRAL DECOMPOSITIONS.
In order to make the presentation as transparent as possible, we will begin our discussion with the 

classical Laplace operator

∆= ෍

𝑘=1

𝑁
𝜕2

𝜕𝑥𝑘
2 .

The operator Δ is considered in the Hilbert space  𝐿2 𝕋𝑁 as an unbounded operator with domain 

of definition 𝑐∞ 𝕋𝑁 .

As for any two functions 𝑢 and 𝑣 in the domain of definition holds,

∆𝑢, 𝑣 = 𝑢, ∆𝑣

∆𝑢, 𝑢 = − ∇𝑢, ∇𝑢 ≤ 0

The operator −∆ is symmetric and nonnegative. Consequently, by Friedrichs’s theorem (*) it has a 

nonnegative self-adjoint extension, which we denote by መ𝐴. It is not hard to see that this self-

adjoint extension is unique and coincides with the closure of −∆.

(*) (cf. Alimov, 

Il’in, and 

Nikishin

(1976/77))



ICOAIMS2022 Slide |24|

The operator መ𝐴 has in 𝐿2 𝕋𝑁 a complete orthonormal system of eigenfunctions

2𝜋 −𝑁/2𝑒𝑖𝑛𝑥 , 𝑛 ∈ ℤ𝑁,

corresponding to the eigenvalues 𝑛 2 , 𝑛 ∈ ℤ𝑁. Like every self-adjoint operator, the extension 

መ𝐴 has in view of von Neumann’s theorem a decomposition of unity 𝐸𝜆 with the aid of which it 

can be written in the form (cf. Alimov, Il’in, and Nikishin (1976/77))

መ𝐴 = න

0

∞

𝜆𝑑𝐸𝜆 .

It is easy to check that the operators 𝐸𝜆 have the form

𝐸𝜆𝑓 𝑥 = ෍

𝑛 2<𝜆

𝑓𝑛𝑒
𝑖𝑛𝑥 ,

where 𝑓𝑛 are the Fourier coefficients of the function 𝑓 ∈ 𝐿2 𝕋𝑁 defined with the help of the 

identity (12). As we have seen, the family 𝐸𝜆𝑓 called the spectral expansion of 𝑓, coincides with 

the spherical partial sums of the Fourier series (13).
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Let us now consider instead of the Laplace operator an arbitrary differential operator with 

constant coefficients

𝐷 = ෍

𝜶 ≤𝑚

𝑎𝜶𝐷
𝜶

(14)

where 𝜶 = 𝛼1, 𝛼2, … , 𝛼𝑁 is a multi-index, i.e. an element of ℤ𝑁 with non-negative 

coordinates, 𝜶 = 𝛼1 + 𝛼2⋯+ 𝛼𝑁, 𝐷𝜶 = 𝐷1
𝛼1𝐷2

𝛼2 ⋯𝐷𝑁
𝛼𝑁 , 𝐷𝑗 =

1

𝑖

𝜕

𝜕𝑥𝑗

We associate with each differential operator (14) its symbol, an algebraic polynomial in N 

variables:

𝐴 𝝃 = ෍

𝜶 ≤𝑚

𝑎𝜶𝝃
𝜶

where 𝝃 = 𝜉1, 𝜉2, … , 𝜉𝑁 , 𝛏𝜶 = 𝜉1
𝛼1𝜉2

𝛼2⋯𝜉𝑁
𝛼𝑁.
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A differential operator is called elliptic if its principal symbol

𝐴0 𝝃 = ෍

𝛂 =𝑚

𝑎𝛂𝝃
𝛂

(14)

is positive definite, i.e., if for any 𝝃 ∈ ℝ𝑁, 𝝃 ≠ 𝟎, we have 𝐴0 𝝃 > 0.

If the coefficients of the operator (14) are real, then 𝐴 𝐷 is symmetric, i.e.,

𝐴𝑢, 𝑣 = 𝑢, 𝐴𝑣 , 𝑢, 𝑣 ∈ 𝐶∞ 𝕋𝑁 .

If 𝐴 𝐷 is also elliptic then by the well-known Garding’s inequality (cf. Hormander

(1983-85), Vol. III) it is bounded from below

𝐴𝑢, 𝑢 ≥ 𝑐 𝑢, 𝑢 , 𝑐 ∈ ℝ1.
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Therefore, by Friedrichs’s theorem just mentioned, 𝐴 𝐷 has a self-adjoint extension መ𝐴

and

መ𝐴 = න

𝑐

∞

𝜆𝑑𝐸𝜆

where 𝐸𝜆 is the corresponding resolution of identity. As in the case of the Laplace 

operator, the eigenfunctions of መ𝐴 are the functions 2𝜋 −𝑁/2𝑒𝑖𝑛𝑥 while the eigenvalues 

equal 𝐴 𝑛 .

The spectral expansion of a function 𝑓 ∈ 𝐿2 𝕋𝑁 takes the form

𝐸𝜆 𝐴 𝑓 𝐱 = ෍

𝐴 𝐧 <𝜆

𝑓𝑛𝑒
𝑖𝐧∙𝐱

(16)
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We say that the spectral expansion (16) is summable to 𝑓 𝑥 by the Riesz method of order s 

if 

lim
𝜆→∞

𝐸𝜆
𝑠𝑓 𝐱 = 𝑓 𝐱 .

Let us note that the integral in (17) makes sense for any real 𝑠 ≥ 0 and even for complex s 

with 𝑅𝑒 𝑠 ≥ 0, thanks to which one can use interpolation theorems in the study of Riesz 

means.

If 𝐴 is elliptic operator then 𝐸𝜆𝑓 is given by (16). Inserting this into (17) gives

𝐸𝜆
𝑠𝑓 𝐱 = ෍

𝐴 𝐧 <𝜆

1 −
𝐴 𝐧

𝜆

𝑠

𝑓𝑛𝑒
𝑖𝐧∙𝐱 (18)
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❖ NUMERICAL APPROXIMATATION BY SPECTRAL DECOMPOSITIONS

Slide |29|



ICOAIMS2022

❖ MAIN RESULTS
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As a result, we obtain the solution of the wave problem

𝑢𝑡 = 𝑘 𝑢𝑟𝑟 +
1

𝑟
𝑢𝑟 +

1

𝑟2
𝑢𝜃𝜃 , 0 < 𝑟 < 1, 0 ≤ 𝜃 ≤

𝜋

2

with the given boundary conditions

𝑢 1, 𝜃, 𝑡 = 0, 0 ≤ 𝜃 ≤
𝜋

2
and initial conditions

𝑢 𝑟, 0, 𝑡 = 0, 𝑢𝜃 𝑟,
𝜋

2
, 𝑡 = 0, 0 < 𝑟 < 1

𝑢 𝑟, 𝜃, 𝑡 bounded

𝑢 𝑟, 𝜃, 0 = 𝑓 𝑟, 𝜃



 Separation of variables proceeds as follows.

 𝑢 = 𝑇 𝑡 Θ 𝜃 𝑅 𝑟

 Substituting this into the equation in (2.1), we have



𝑇′ 𝑡

𝑘𝑇 𝑡
=

Θ 𝜃 𝑅′′ 𝑟 +
1

𝑟
Θ 𝜃 𝑅′ 𝑟 +

1

𝑟2
Θ′′ 𝜃 𝑅 𝑟

Θ 𝜃 𝑅 𝑟
= −𝜆2



 This leads to the following equations:

 𝑇′ 𝑡 + 𝑘𝜆2𝑇 𝑡 = 0

 𝑟2𝑅′′ + 𝑟𝑅′ + 𝜆2𝑟2 − 𝜇2 𝑅 = 0

 Θ2 + 𝜇2Θ = 0

 with boundary conditions

 𝑅 0 < ∞, 𝑅 1 = 0



 Θ 0 = 0, Θ′
𝜋

2
= 0.

 First, we consider the equation for Θ:

 Θ2 + 𝜇2Θ = 0, Θ 0 = 0, Θ′
𝜋

2
= 0

 which gives

 𝜇𝑚 = 2𝑚 − 1 , 𝑇𝑚 𝑡 = Θm 𝜃 =
2

𝜋
sin 2𝑚 − 1 𝜃 .

 The eigenfunction Θ𝑚 𝜃 satisfy the orthogonality relations

 0׬
𝜋/2

Θ𝑚 𝜃 Θ𝑘 𝜃 𝑑𝜃 = 𝛿𝑚,𝑘 .
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𝐸𝜆
𝑠𝑢 𝑟, 𝜃, 𝑡 =

2

𝜋
෍

𝑚2+𝑛2<𝜆2
෍ 1−

𝑚2 + 𝑛2

𝜆2

𝑠

𝜅𝑚,𝑛𝐶𝑚,𝑛𝑒
−𝑘𝜆𝑚,𝑛

2 𝑡𝐽2𝑚−1 𝜆𝑚,𝑛𝑟 sin 2𝑚 − 1 𝜃

❖ MAIN RESULTS



ICOAIMS2022 Slide |35|

Table 1 Solution of the regularized series for different values of s (𝑠 = 0, 𝑠 = 1, 𝑠 = 2), 𝑥 =
𝜋

4
, 

𝑦 =
𝜋

4
and 𝑡 = 1.

Result from MATLAB



ICOAIMS2022 Slide |36|

Table 2 Solution of the regularized series for different values of s (𝑠 = 1.4, 𝑠 = 1.5, 𝑠 = 1.6), 𝑥 =

𝜋

4
, 𝑦 =

𝜋

4
and 𝑡 = 1.

Result from MATLAB 
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❖ CONCLUSIONS
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The solution of the vibration problems had a form of double Fourier series and it requires 

some regularizations. Based on the singularity, we considered the Reisz method of 

summation as regularization of the Fourier series solutions of the wave problems. To 

minimize the length of numerical calculations of the wave problems, we optimize the 

regularized Fourier series solutions.
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To optimize the regularization of the solutions of the plate vibration problems we found the 

minimum order of the Reisz means. The minimum order was 𝑠 >
𝑁−1

2
− 1. Therefore, a 

programming (MatLab) is used to obtain the numerical solutions. We found the optimization 

of the regularization of the series solutions at a fixed point of the plates at initial time and 

critical index. As it is estimated, we achieved the good convergence after critical point. 

Moreover, we studied optimization of the regularization of the Fourier series of rectangular 

plate vibration problem and a numerical method is used to find the series solution at a fixed 

point of the plate at initial time and critical index. Numerical approximations of the solution 

of the wave equation are constructed to verify the convergence theorem.
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