
 

  

 

 

 

Decoupled Voltage Sensitivity Analysis  

for Cluster-Oriented Smart Grid Operations 

Author: 

Sasiphong Leksawat 

Student ID: 1306097 

 

 

A thesis submitted in partial fulfillment of the  

requirements of the 

University of Bolton 

for the degree of  

Doctor of Philosophy 

 

 

This research work was carried out 

In collaboration with 

South Westphalia University of Applied Sciences 

Department of Electrical Engineering 

Soest, Germany 

 

February 2022 

 

  



  

  

 



  

  

Abstract 

The power systems of today use “smart grids” to improve grid operations and energy 

efficiency. State-of-the-art technologies and advanced control mechanisms have meant the 

renewable energy sources (RESs) can now be increasingly integrated into power grids. The 

grid integration of the RESs makes power generation more sustainable but concurrently 

causes bidirectional energy flow. This can lead to imbalances between phases. Instability 

during grid operations is consequently concerned, such as overcurrent in power lines and 

over/under bus voltages. In the power systems, distribution grids are especially affected, since 

they were not originally designed to handle power generation. The traditional grid operation, 

which is a centralised architecture, is therefore impractical for smart grids. Accordingly, an 

active distribution network is required.  

In this thesis, an impedance network model and a method for decoupled voltage sensitivity 

analysis are proposed. Their key contribution to the academic community in the field of smart 

grids is to enable distributed steady-state analysis based on a clustering power systems 

approach (CPSA), resulting in decentralised active operations in distributed areas of the smart 

grids. The voltage sensitivity analysis proposed in this thesis examines the response of voltage 

magnitude and angle in relation to bus current in sequence systems, active power, and reactive 

power. The results from the analysis therefore indicate that there are impacts between buses in 

term of the voltage magnitudes, which can be further used for power management and voltage 

regulation.  

The proposed analysis method is derived from a mathematical description of complex bus 

voltage, based on the proposed impedance model. It requires only measurement data gathered 

from the phasor measurement unit, without the information from grid topology. The required 

measurement data consist of bus voltages, bus currents, and the line currents of the connecting 

line between the distributed areas. As the foundation of the proposed method, first, the 

impedance model for each distributed area is determined from the measurement data. Only 

bus impedances between buses of concern are produced in this step. The impedance model is 

further used together with the measured voltage of the concerned bus in the sensitivity 

analysis. The proposed analysis method is devised to deal with both balanced and unbalanced 

grid conditions.  

The accuracy of the proposed analysis method was verified by simulations in three case 

studies. The results from the first two case studies demonstrated the accurate voltage 

sensitivity analysis in all selected grid cases under the balanced and unbalanced grid 

conditions, including the case of the measurement errors up to the maximum of 1% total 

vector error. Use of the outcome from voltage sensitivity analysis for regulating voltage 

profile was then examined in the third case study. Once verification was achieved, the 



  

  

proposed analysis method enabled decoupled voltage sensitivity analysis by using only the 

measurement data. This makes the proposed method suitable for further use in smart grids.  

Further research is recommended, which should give consideration to possible additional 

measurement errors, dynamic characteristics of the power grid, and the implementation of the 

proposed method. 
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1. Introduction 

Electrical power systems, especially in Europe, are currently in an energy transition phase that 

enables sustainable energy generation, together with efficient energy utilisation. The outcome 

of the energy transition is to achieve zero-carbon in energy generation processes, which will 

change the energy supply structure. Renewable energy source based distributed generating 

units are replacing bulk fossil-fuels, and nuclear based power plants. The energy supply 

structure gradually becomes bidirectional rather than conventional unidirectional, as a result. 

The power systems were, however, not designed for a bidirectional structure, so there is a 

main challenge for the energy transition: Modernisation of the power systems is required. The 

smart grid concept is considered in this thesis as a potential solution to the challenges. 

This chapter provides the background of this thesis. First, the outlook for present-day power 

systems is provided. The electrical energy transition and the expected grid modernisation are 

discussed. Then, the problem statement and motivation for carrying out this research are 

sequentially delivered to explain why this research was conducted. Next, the research aim and 

objectives are presented. Other research contributions are also included to highlight the 

original contributions of this research to the literature. Research limitations are subsequently 

indicated. Lastly, the structural outline of this thesis is given. 

1.1 Power Systems Outlook 

With the responsibility to generate and deliver electricity to end users, power systems play an 

important role in many respects. For example, the power systems of a country are 

economically driven and quality of life enhancer. Existing power systems have been in 

operation for decades, after the first power plant was launched in the 19th century [1]. 

Recently, the power systems have faced various technical and non-technical challenges, for 

example, grid aging; increased energy demands; and especially, environmental concerns. 

Climate change and global warming are well-known non-technical challenges facing the 

industry, which widely affect human society.  

Attempts to reduce greenhouse gas emissions is now discussed worldwide. Conventional 

power systems and base power plants generate significant amounts of greenhouse gases, since 

fossil fuels are used as the primary source of energy. Nuclear power has also been used also 

for energy generation as a comparatively cleaner energy source, but many incidents caused by 

failures of nuclear power plants such as the nuclear disaster in Fukushima, Japan in 2011 [2], 

caught the public attention, highlighting the fact that this type of energy is not sustainable. 

The failure of a nuclear power plant can lead to devastating consequences. Therefore, 

transitioning conventional energy sources to clean, sustainable energy, known as energy 

transition, is needed for conventional power systems all over the world [3].  



2 1. Introduction 

  

This research considers renewable energy sources (RESs) as the key to effective energy 

transition. However, RESs pose technical challenges to the ability of power systems to work 

efficiently. Unlike conventional energy sources, locations of RESs are dispersed. 

Traditionally, the electrical energy flow is unidirectional in a top-down direction. Starting 

from the generation system, conventional power plants generate electrical energy to power 

grids. Then, the transmission system transmits the energy to the distribution system, which 

finally delivers the energy to end users. The RESs, in contrast, are not connected specifically 

to the generation system. They can also be in the transmission and distribution systems as 

well. This means that the electrical energy can also flow in a bottom-up direction, resulting in 

a bi-directional energy flow. The big challenge here is that power systems were not initially 

designed to support power generation in this way. Consequently, modernisation of the power 

system is required at the same time as the energy transition [4]. The current situation of the 

energy transition and the power systems is discussed in the following subsections.  

1.1.1 Energy Transition 

The energy transition of conventional energy generation towards environmental-friendly and 

sustainable energy is now an international issue in power engineering circles, with discussions 

focusing on the need for energy to be produced in a sustainable and efficient way. As reported 

in World Energy Outlook 2021 by the International Energy Agency (IEA) [5], the Paris 

Agreement on climate change led to the decision by member countries to ensure that average 

global temperature increases should not exceed 2 ˚C, and efforts to limit the temperature 

increase to 1.5 ˚C are pursued with consideration of Net Zero Emissions by 2050 scenario.  

Two core components of the energy transition are expanding the use of RESs and improving 

energy efficiency. The RESs are a promising means of reducing greenhouse gas emissions, 

and using energy efficiently results in a reduction of electricity generation. Hence, renewable 

sources of energy are going to be the main sources of energy in power systems, and the 

energy must be used more efficiently in the meantime. In Europe, targets to increase the share 

of renewable energy consumption to replace the consumption of the energy from conventional 

power plants have been announced in the 2030 and 2050 energy strategies [6, 7].  

Next, this thesis discusses the energy transition in Germany, since Germany is one of the 

leading countries in using RESs [8]. Currently available RESs are biomass, hydro energy, 

geothermal, wind energy, and solar radiation energy [9]. Figure 1.1 depicts the development 

of the installed power generation capacity of RESs in Germany from 1990 to 2018 [10]. The 

installed capacity of the RESs in Germany has significantly increased in recent decades. 

Meanwhile, the installed capacity of bulk power plants, i.e. thermal and nuclear power plants, 

has continuously reduced [11]. In 2018, the share of renewable energy of gross energy 

consumption achieved 37.8%, while the share of renewable energy in total electricity 

generation reached 35% [10, 11].  
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The installed generation capacity of RESs in Germany will continue to increase in the next 

few years at least. With goals to guarantee an ongoing expansion of RESs, the German 

government released the Renewable Energy Sources Act in 2014 [12]. By 2025, 2035, and 

2050, the share of renewable energy in gross electricity consumption is targeted to reach 40% 

to 45%, 55% to 60%, and 80%, respectively. Meanwhile, the share of renewable energy in 

final energy consumption is expected to reach 18%, 30%, 45%, and 60% by 2020, 2030, 

2040, and 2050, respectively. 

 

Figure 1.1: Installed power generation capacity of RESs in Germany from 1990 to 2018 [10]  

Alongside the expanding use of RESs, the energy transition is also concerned with an 

improvement of energy efficiency – meaning that the energy must be used more efficiently. A 

key measure to improve energy efficiency is reducing energy consumption. In Germany, 

according to the Green Paper on Energy Efficiency [13], primary energy consumption is 

targeted to reduce by 20% by 2020 and by 50% by 2050 compared with 2008. Also, gross 

electricity consumption is targeted to reduce by 10% by 2020 and by 25% by 2050 compared 

with 2008.  

Integrating RESs as distributed generation (DG) units to the power system also poses new 

challenges, since RESs-based DG units can be connected to the power grid at any level. The 

connection of DG is not restricted only to the upstream generation system, but the DG can 

also be connected to the distribution level. In 2017, the highest percentage of the total 

installation capacity of photovoltaic and wind energy systems has been installed in the 

distribution networks [12]. According to the Bundesnetzagentur [14], medium and low 

voltage distribution networks carry approximately 64% of the total RESs, and the low-voltage 

level alone accommodates 22% of the total RESs.  

Technical issues such as the reliability and stability of the power grid must be taken into 

account in the energy transition, which leads to high penetration of RESs and new paradigms 
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of grid operations. Today power industries around the world also have to work within tight 

environmental and economic constraints, while ensuring reliability of their energy supply at 

the same time. Therefore, power systems must be modernised to accommodate state-of-the-art 

technologies and to facilitate the energy transition. 

1.1.2 Grid Modernisation towards Sustainable Power Systems 

As sustainable power systems providing net zero emission are widely expected, new advanced 

technologies are continuously being integrated into the present-day power systems. Thus, 

power systems are nowadays being modernised to cope with global situations and 

technological trends. In this section, an overview of the modern, sustainable power systems is 

provided, as illustrated in Figure 1.2.  

In modern power systems, the utilisation of DG units based on RESs is currently prevalent 

throughout power grids and is likely to continue increasing [15]. As a result of environmental 

concerns, electric vehicles (EVs) have gradually attracted attention in private and public 

sectors as well. They are becoming a more popular means of transport, and are also used as 

controllable loads and distributed sources when they are connected to the power grid [16]. In 

addition, power electronic devices are important elements of modern power systems [17, 18]. 

For example, smart inverters can enhance grid operations through reactive power 

compensation and power quality enhancement [19–21]. Also, the inverters are used as a grid-

interface for DG units and EVs. 

220 / 380 kV

Trans-

former

Industrial 

Plant

Offshore 

wind park

3~

3~
3~

3~

3~
3~

3~

3~
3~

10 - 30 kV=
3~

Micro 

CHP PV farm

Fuel cell

3~

3~
3~

3~

3~
3~3~

3~

3~
=

NISSAN

3~
=

e

Electric

Car

3~
=

3~
=

3~
=

Home PV

3~
=

Battery

3~
=

3~
=

3~
=

10 / 20 / 30 kV

400 V

3~
=

3~
=

3~
=

3~

3~
3~

3~

3~
3~

110 kV

3~

3~
=

Hydro

power plant

Coal

power plant

  

Figure 1.2: Modern, sustainable power systems [22] 
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Besides grid integration of RESs-based DG units, changes of customer requirements and grid 

aging affect existing power systems. Currently, customers require highly reliable, secure, and 

efficient power systems with expected high quality supply [23], including resilience against 

climate change, extreme weather, and cyber-attack. The requirements of users of the power 

systems, therefore, constantly change. Each interruption of electricity supply could lead to 

malfunction of electronic devices and high costs through losses for industrial customers. 

Whereas the demand of electrical energy increases, existing grid infrastructure and 

components are getting older and outdated. The increase of energy flow and aging 

components in the grid have been concerned on grid infrastructure. The existing infrastructure 

may not be able to handle changed-pattern energy flow in the long run.  

Modernisation of the power systems has led to the introduction of smart grids, which are 

considered as key research for the modern power systems [24–28]. There are several impacts 

of the smart grid on the power systems. Some examples of the impacts are as follows.  

• First, smart grids can integrate and manipulate diverse grid components, e.g., sensors, 

smart meters, and intelligent electronic devices. Information and communication 

technologies (ICTs) are incorporated into the power grids to make the grid smart and 

intelligent [29–31]. With the ICTs, the power grids are also perceived as a digital 

platform equipped with communication protocols [32].  

• Second, with advanced technologies, smart grids will considerably improve grid 

operation and control, particularly in distribution systems. Applying the smart grid 

concept will enhance grid visibility and active control at the distribution level [33].  

• Third, smart grids are especially going to play an important role in handling the 

growth of intermittent RESs-based DG units in a sustainable, efficient, and secure 

way. The smart grids widen the flexibility in operation and control strategies for the 

power grids and increases the opportunities for utilities in coping with the intermittent 

nature of RESs. To make a power grid smart, the entire power system will be able to 

handle bidirectional power and information flows. In addition to the traditional top-

down direction, the power and information flows can take place in bottom-up direction 

from the distribution to the transmission systems.  

Owing to the smart grids concept, the RESs, which mostly reside in the distribution level, 

have more opportunity to participate in grid operation and control. Both users and grid 

utilities can have benefits from this concept. 

1.2 Problem Statement 

The energy transition stimulated an increase of RESs-based DG units, including energy 

storage devices in the modern power systems. Some consumers owning DG units will change 

to be active customers – so-called prosumers – who can feed power back to the grid and 
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perhaps bid their resources to the electricity market. This means that electrical power 

generation is decentralised from the generation systems to the downstream distribution 

networks. This generation scenario raises concerns over grid stability [34–37]. Since 

distribution networks were not originally designed to offer power generation, connecting DG 

units to the power systems has impacted the control and operational management, safety, and 

reliability. One of the impacts is that the power can be transferred in reverse from the 

distribution networks to upstream systems when the power in-feed is higher than local 

demand. Also, high share in power generation of RESs-based DG units can affect voltage and 

frequency in the power grids [38]. As a consequence, centralised control and stabilisations of 

the power grid by the transmission systems is no longer practical for future power systems 

[39, 40]. Figure 1.3 depicts the main differences between conventional and modern power 

grids. The power systems were originally designed to transfer electrical power in a 

unidirectional top-down direction, whereas the modern power systems must be able to handle 

electrical power flow in bidirectional way. 

Unidirectional 

supply process

Active control

Passive control

Bidirectional 

supply process

Active control

Active control

Conventional

Power Systems

Modern

Power Systems  

Figure 1.3: Differences between conventional and modern power grids [41] 

Traditionally, the active control approach is conducted at the transmission level, and the 

passive control approach is used at the distribution level. Nonetheless, in the modern power 

grids, the active control should be decentralised or expanded from the transmission system to 

the distribution systems so that DG units residing in this grid level can participate in grid 

control and stabilization [42–45]. The transmission systems operators (TSOs) are generally 

responsible for monitoring and controlling state variables of the power grids, e.g. frequency 

and voltage. In contrast, distribution systems are passively operated by a fit and forget 

approach [46]. That is, distribution system operators (DSOs) design grid operations of 

distribution systems to fit with anticipated operational scenarios at the planning stage [47]. 

The fit and forget approach is therefore inappropriate for accommodating intermittent RESs-
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based DG units; the status quo of the available generation from RESs cannot be efficiently 

included to the grid control.  

Advanced functionalities of the modern power grids rely on grid visibility and observability, 

which is low in present-day distribution networks. The increasing availability of measurement 

data permits unprecedented visibility and observability to the grid. The measurement data are 

a key to advanced grid operations. Nowadays, data can be gathered from heterogeneous 

sources, e.g., a sensor, a smart meter, and a phasor measurement unit (PMU). Although the 

deployment of the PMU is more common in transmission systems at the moment, an attempt 

to deploy the PMU in the distribution systems is in progress [48–50].  

Additionally, the conventional methods for engineering analysis are complex, and they 

normally deal with a large amount of data from the complete grid of concern. As a 

consequence, a high-performance processor for the control unit is required. Since low-voltage 

grids will increasingly participate in grid control, novel engineering analysis methods must 

allow decoupling analysis and simple usage. This will facilitate the decentralisation of grid 

operations from upstream levels down to the grid user in a low-voltage grid to allow active 

operations in lower grid levels. Besides, decoupling, simple analysis methods also enhance 

the realisation of online analysis, which can actively reflect actual grid conditions. Together 

with the novel analysis methods, the use of limited measurement data from the PMU must 

also be taken into account to show that it can enhance the possibility of developing the new 

methods in this thesis, as they provide specific information of magnitude and angle of the grid 

state variables, voltage and current.  

1.3 Motivation 

The development of active distribution networks based on smart grids is critical for power 

systems. To accommodate a large amount of RESs and to provide a high quality of services 

create new challenges to power systems providers. The concept of smart grids is developed to 

deal with integrating the RESs to power systems, and this concept is now considered to be a 

promising means for modern power systems [51–53]. By using advanced technologies, the 

smart grid is aimed to modernise the power grid to cope with requirements of the power grid 

of the future. Among generation, transmission, and distribution systems, the major impact of 

grid modernisation takes place at the distribution level. The change of energy supply structure 

consequently requires a revision of the traditional grid control architecture towards a 

decentralised structure. Alongside the transmission systems, active distribution networks are 

expected to have advanced functionalities, e.g., proactive operations, online grid analysis, and 

smart distribution automation [54–57].  

To allow seamless integration of RESs, clustering power systems approach (CPSA) has been 

developed by the research group from the Laboratory of Power Systems and Power 
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Economics at South Westphalia University of Applied Sciences, Soest, Germany [58–61]. 

The CPSA is used as the foundation for developing new contributions to knowledge, and it is 

one of proposed solutions to the smart grid. The ability for transmission and distribution 

levels to cooperate is considered, including consistency and interoperability of the whole 

power systems. Thus, the CPSA is aimed to create consistent interconnected active-controlled 

areas in the entire power systems in the bottom-up direction, starting from the distribution 

level. Further detail of the CPSA is provided in Section 2.2. 

To realise the smart grid concept, the existing conventional central grid operations must be 

adapted within the decentralisation paradigm. As the conventional operations and 

technologies in the transmission systems are still the core of the power systems, the CPSA 

allows the coexistence between the newly developed operational methods and the 

conventional ones, regardless of grid level. By taking the features from the CPSA, the 

characteristics of grid operations similar to interconnected grids from the transmission level 

should be brought to the distribution grids. Especially, together with measurement data, the 

CPSA can be adopted to develop advanced operational strategies for leveraging the dispersed 

RESs.  

The property required from a PMU measurement is that the data measured at different buses 

are synchronised to the same point in time at each sampling, giving opportunities for 

observing and analysing grid conditions [62–65]. Exploiting the online measurement data will 

smarten grid operations and analyses of the smart grids. Hence, the advance in measurement 

and control techniques facilitates the development of smart, advanced functions, e.g. power 

dispatch management the RESs, operational optimisation, situation awareness support, and 

self-healing operations. Potential service disruptions and disturbances can be alleviated 

accordingly. This therefore paves the way for efficient exploitation of RESs and achievement 

of the energy transition. 

1.4 Research Aim and Objectives 

The aim of this thesis is to develop a novel method of decoupled voltage sensitivity analysis 

by using only measurement data. It is developed for steady-state analysis in conjunction with 

the CPSA, to allow decoupled analysis individually in each distributed area at the distribution 

level. The developed voltage sensitivity analysis examines the response of voltage magnitude 

and angle in relation to bus current in sequence systems, active power, and reactive power. To 

do so, bus impedance parameters, representing an impedance network model, are utilised as 

the foundation of the analysis method, because the impedance model provides the relationship 

between buses of a power grid. 

This method is expected to enhance online automation in future smart grids. The results will 

demonstrate a promising way to support power dispatch management and control of the 
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widespread DG units in voltage profile adjustment. To achieve the aim, the following 

objectives were fulfilled: 

• To develop a method to construct a network model from measurement data for describing 

distributed areas based on the CPSA. Since power grids are likely to operate on a 

decentralised structure in the future, distributed controlled areas can be expected. In this 

thesis, the underlying power grid is defined as several cluster areas in accordance with the 

principle of the CPSA. Traditionally, the network model can be built from topological 

data to describe the whole grid. Instead, a method to construct a distributed network 

model from measurement data is developed in this thesis, and the measurement data are 

assumed to be gathered from phasor measurement by PMU. The resulting distributed 

network model is able to allow steady-state grid analysis in the decentralised structure to 

achieve the stated aim.  

• To derive a method for the decoupled voltage sensitivity analysis. Based on the developed 

network model, the decoupled voltage sensitivity analysis can be realised. However, a 

primary requirement of the sensitivity analysis is that it still requires only measurement 

data. A method for the decoupled voltage sensitivity analysis, which can fulfil this 

requirement, is thus proposed and derived. As a result, the proposed method allows each 

cluster area to perform individual voltage sensitivity analysis in a steady-state condition.  

1.5 Research Contributions 

This research work contributes original knowledge to the academic community in the field of 

smart grids. A novel method of decoupled steady-state voltage sensitivity analysis is 

developed for decentralised grid operations based on the principle of the CPSA. By applying 

the CPSA, consistent decentralised grid structure and operations can be acquired in an entire 

power system. The contributions of the research are listed as follows: 

• Proposal of a method to determine the network model by using only local measurements 

for describing distributed areas under the CPSA. Without using information of grid 

topology, the network model is built from up-to-date information about the status of a 

power grid, obtained from the phasor measurement by PMU. Only buses of concern are 

taken into account. The model can be used to describe both the entire power grid and 

distributed areas, which operate under either a balanced or unbalanced condition. For the 

case of the distributed areas, the CPSA is applied to form a network of distributed areas 

known as cluster areas. 

• Proposal of a flexible, modular, and scalable voltage sensitivity analysis method. Such a 

method for decoupled voltage sensitivity analysis requires only the predetermined 

network model, together with phasor measurement of relevant bus voltage. The analysis 
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is thus conducted on up-to-date information about the status of a power grid. Regardless 

of voltage levels, the proposed method is applicable for both the entire power grid and 

individual distributed area, which operates under either balanced or unbalanced 

conditions. As a result, the sensitivity of voltage magnitude or angle in relation to active 

and reactive powers is acquired under a balanced grid condition, and the sensitivity of 

voltage magnitude or angle in relation to currents in sequence systems is obtained under 

an unbalanced grid condition. 

• Enhancement of decentralised grid operations and interaction strategy between 

distributed areas under the CPSA. Since the methods for determining a network model 

and performing voltage sensitivity analysis require only measurement data, the sensitivity 

analysis is executed on a light-weight algorithm. Especially with the application of the 

CPSA, the data used during the analysis is even smaller, as the cluster areas are 

distributed from the whole grid area. In addition, together with the CPSA, the proposed 

methods are developed in such a way that cooperation is achieved between 

interconnected distributed areas. Cooperation will play a more important role in the future 

since grid operations currently tend towards a decentralisation structure.  

• Providing the analysis results that can be used together with power dispatch management 

for voltage profile regulation. The results from the analysis can be further used as the 

setpoints or reference values for active controllable elements. Owing to the proposed 

analysis method, the results are divided into two categories for balanced and unbalanced 

grid conditions. For feeding to controllable units, the setpoints or reference values of 

active and reactive powers are computed under a balanced grid condition, while that of 

symmetrical-component bus currents for controllable units under an unbalanced grid 

condition. 

Figure 1.4 depicts the overview of the stated contributions. For a power grid or cluster area, 

measurement data from each bus of concern are sent to the analysing or control unit of that 

grid or area for determination of the network model and the voltage sensitivity analysis. After 

the sensitivity analysis is complete, the results, depending on the grid condition, can be used 

as the setpoint or reference value in order to achieve the expected voltage profile regulation.  
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Figure 1.4: Overview of the research contributions 

In summary, the contributions facilitate the transformation of the conventional power grids to 

smart, efficient, sustainable power grids of the future. 

1.6 Research Limitations 

The intended voltage sensitivity analysis methods require time-synchronized measurement 

data of voltage and current phasors. This means that at a particular point in time, both data of 

bus voltage and bus current magnitudes, together with their corresponding phase angle must 

be available for any required node with consistent data. Currently, only PMU is the 

measurement device that can provide these time-synchronized data. Therefore, deployment of 

PMU in the power grid is a prerequisite. Since the proposed analysis methods are aimed to be 

used at any grid levels from transmission to distribution levels, the availability of PMU in the 

power grid must be considered. 

In the transmission level, the data are likely to be sufficient for the analysis, as PMUs have 

been deployed in this grid level [66–68]. However, PMUs are presently not yet widely 

available at the distribution level. Development of these devices are still in progress [69–71]. 

That is, the fruits of this research are more likely to be seen in the future.  

This limitation does not imply that the proposed methods are not feasible in reality. There are 

other options to fulfil the input requirements to perform the proposed analysis methods; the 

key concern is to generate time synchronized phasor data. Apart from PMUs, smart meters are 

a viable option [72, 73]. Although smart meters do not provide phase angle data, their 

measurements can be processed in state estimation and load flow calculation in order to result 

in the complete phasor datasets, which are suitable for the proposed methods. 

Another assumption made in this research is that the coupling between sequence systems is 

neglected in the derivation of the analysis methods, as the cable layout is assumed to be 
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symmetrical.  Although unsymmetrical layout of power lines and power cables exists in 

practice, the conductors of power cables are shielded, and power lines are transposed in many 

practical cases [74].  

1.7 Thesis structure 

This thesis contains the content of the proposed voltage sensitivity method. The related 

components are arranged in six main chapters. The structure of this thesis including the 

overview of each chapter is provided as follows: 

• Chapter 1: Introduction. The outlook of current situations of the power systems is first 

elucidated. Then, the problem statement and the motivation of this PhD project are 

provided. The aim and objectives of the research are subsequently defined. The primary 

contributions of the conducted research are stated. The outline of the thesis is finally 

provided in the end of the chapter. 

• Chapter 2: State-of-the-Art. The theories and technologies relevant to the research in this 

thesis are stated in this chapter. First, the introduction to smart grids is provided. Then, 

related technologies such as phasor measurement units and ICTs are discussed. 

Afterwards, an overview of the clustering power systems approach is provided as the 

foundation of this thesis. 

• Chapter 3: Impedance Network Model for Cluster-Based Decentralised Power Grids. In 

this chapter, the impedance model used to describe a power grid either as the entire grid 

or as distributed areas is elaborated. It is called bus impedance parameters developed on 

the basis of the theory of the bus impedance matrix. This chapter therefore starts with an 

introduction to the impedance model. The Thévenin’s theorem, which is an important 

component of this thesis, is also included. After that, a discussion of how the bus 

impedance parameters of a single area were determined is presented. Finally, the 

integration process of the impact between distributed areas to the predetermined bus 

impedance parameters is shown. 

• Chapter 4: Voltage Sensitivity Analysis for Cluster-Based Decentralised Power Grids. 

This chapter begins by discussing various related research articles on voltage sensitivity 

analysis. Then, the utilisation of the impedance parameters is explained in the 

formulation of the model for the analysis method; the bus impedance parameters 

determined in the previous chapter are further discussed in this chapter. Next, the 

derivation of the proposed method for analysing voltage magnitude and angle sensitivity 

is delineated. The options for deciding the method are given for balanced and unbalanced 

grid conditions. Lastly, the application of the results from the analysis is elucidated.  
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• Chapter 5: Verification of the Proposed Network Model and Voltage Sensitivity Analysis 

Method. The impedance network model and the proposed voltage sensitivity analysis 

method are verified by simulations in this chapter. The accuracy of the proposed method 

is examined in two case studies. The first case is a medium-voltage grid based on IEEE 

37-bus test feeder and an exemplified mesh grid. The second case is performed on a  

low-voltage grid whose topology is taken from a part of a real distribution grid. The 

impact of the clustering power systems approach is also stated in the second case study. 

Finally, in the last case study, an application of the sensitivity analysis for voltage profile 

regulation is exemplified. 

• Chapter 6: Conclusion and future work. The conclusion of this thesis is drawn in this 

chapter, where the whole thesis is summarised. Also, anticipated future work that can be 

further developed from this thesis are given.  
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2. State of the Art 

This chapter presents state-of-the-art technologies relevant to this thesis. Two main features of 

smart grids are examined here. First, an overview of smart grids and related technologies is 

provided. Information and communication technologies and a phasor measurement unit are 

discussed as technologies related to the smart grids. Roles of the related technologies in the 

smart grids are reviewed. Second, the clustering power systems approach and its applications 

are explained. This approach aims to be a means to the realisation of the smart grids. The 

main features of this approach are decentralising grid operations and a control structure. It 

also has coexisting newly developed grid operations with the conventional ones. 

2.1 Smart Grids 

Today’s power grids face many challenges in different respects. Mainly, they must 

accommodate the growth of intermittent RESs deployment and handle increased expectations 

and needs of society [75–78]. Thus, present-day power grids are gradually becoming smarter, 

and the concept of smart grids is being used to deal with the technical and environmental 

challenges in a sustainable, efficient, and secure way [79]. The concept of smart grids is 

currently the focus of research and development to operate future power systems [80]. The 

developed research which has been carried out for this thesis will add to the body of literature 

on smart grids. It is hoped this will benefit the progress towards smart grids. Next, this section 

provides an overview of smart grids. 

2.1.1 Overview 

Basically, the concept of smart grids is variously described in the literature [81]. Any 

definition is generally dependent on the outcomes required from, or the purposes of 

developing smart grids. Among the various definitions, the unifying feature is that the smart 

grids will benefit the whole existing power grid from generation and transmission, down to 

distribution systems – including customers. With respect to the expected functionalities of 

smart grids, a definition released by the European Commission is provided as follows: 

“A Smart Grid is an electricity network that can cost efficiently integrate the behaviour and 

actions of all users connected to it – generators, consumers and those that do both – in order 

to ensure economically efficient, sustainable power system with low losses and high levels of 

quality and security of supply and safety” [57].  

To realise the stated goals from the definition, the smart grid, therefore, requires the 

coordination between different sectors and technologies. Bidirectional power flow and 

information flow are inevitable. Along with the direction of the power flow in the power grid, 

the direction of the information flow also changes in the smart grid [53]. The bidirectional 
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information flow, from two-way communication, is required to enable the smart grid. For this 

reason, information and communication technologies (ICTs) are indispensable. The 

information of power systems – e.g. historical data; grid state; component condition; or 

commands for smart devices – adds intelligence to the smart grid. With the ICTs, the power 

grid can effectively accommodate intelligent devices and new advanced operational functions 

available in the future. New grid components such as smart meters, control, and intelligent 

devices are integrated to the power grid from utilities at facilities or at the grids – e.g. 

substations and control centres – to consumers in industrial, commercial, and residential areas 

[82, 83]. Additionally, reliable and real-time information becomes the key factor in the smart 

grid for reliable power transfer from the generating units to the end-users. Thus, sensing and 

measurement technologies are implemented to support fast diagnosis and precise response in 

advanced grid monitoring and control [61], [79], [84]. 

In the same manner as the definitions, the functionalities of the smart grid vary in different 

regions, depending on desired purposes and grid conditions. The common aim of the 

functionalities is to strengthen the power grid. The smart grid is expected to provide new 

functionalities and intelligent operations to the power grid. The European Commission 

mentions the functionalities of a smart grid as follows:  

“A Smart Grid employs innovative products and services together with intelligent monitoring, 

control, communication, and self-healing technologies in order to: 

• Better facilitate the connection and operation of generators of all sizes and 

technologies.  

• Allow consumers to play a part in optimising the operation of the system. 

• Provide consumers with greater information and options for how they use their 

supply.  

• Significantly reduce the environmental impact of the whole electricity supply system. 

• Maintain or even improve the existing high levels of system reliability, quality and 

security of supply. 

• Maintain and improve the existing services efficiently. 

• Foster market integration towards European integrated market.” [57] 

Accordingly, smart grids introduce new attributes of functionalities to the power grid, such as 

bi-directional energy flows, two-way communication, and advanced control processes. A 

comparison between the conventional grid and smart grid is presented in Table 2.1 [85].  
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Table 2.1: Comparison between existing grid and intelligent grid [85]  

Conventional Grid Smart Grid 

Consumers are uninformed and non-

participative with power system 

Informed, involved, and active consumers - 

demand response and distributed energy 

resources 

Dominated by central generation- many 

obstacles exist for distributed energy 

resources interconnection 

Many distributed energy resources with 

plug-and-play convenience focus on 

renewables 

Limited wholesale markets, not well 

integrated - limited opportunities for 

consumers 

Mature, well-integrated wholesale markets, 

growth of new electricity markets for 

consumers 

Focus on outages - slow response to power 

quality issues 

Power quality is a priority with a variety of 

quality/price options - rapid resolution of 

issues 

Little integration of operational data with 

asset management - business process silos 

Greatly expanded data acquisition of grid 

parameters - focus on prevention, 

minimizing impact to consumers 

Responds to prevent further damage- focus 

is on protecting assets following fault 

Automatically detects and responds to 

problems - focus on prevention, minimizing 

impact to consumer 

Vulnerable to malicious acts of terror and 

natural disasters 

Resilient to attack and natural disasters with 

rapid restoration capabilities 

 

With advanced technologies and automation processes, the smart grid is a modernised version 

of a conventional power grid. Recently, operational initiatives and related advanced functions 

for smart grids have been extensively studied [24, 78, 82, 86–89]. Several aspects of the smart 

grid are expressed, for example, anticipated trends and developments, state-of-the-art 

implementation of the smart grid concept, and the emerging functionalities. To realise the 

smart grid, all sectors of the power systems, including utilities and customers, need to play a 

part. As mentioned, the ICTs are an important factor to connect and coordinate different 

sectors. In the next section, roles of the ICTs are therefore discussed in more detail. 
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2.1.2 Information and Communication Technologies 

The smart grid is a modern, intelligent power grid, which is incorporated by advanced 

technologies and functionalities to improve the reliability, efficiency, and sustainability of the 

power grid. The key to realise the smart grid is the information exchange among various 

domains [90]. In particular, the smart grid is expected to accommodate a large number of 

RESs. It therefore requires the information to handle the decentralisation paradigm of grid 

operations and enable interoperability between different entities [91, 92]. To this end, the 

information and communication technologies (ICTs) are a crucial component that connects all 

domains of the smart grid operations. Figure 2.1 illustrates a conceptual model of the roles of 

ICTs across smart grid domains according to the NIST Framework and Roadmap for Smart 

Grid Interoperability Standards [93]. With the ICTs, the development of intelligent operations 

and functionalities to realise the smart grid is facilitated.  

 

Figure 2.1: Conceptual model of smart grid domains [93] 

This conceptual model consists of 7 domains: Markets, Operations, Service Provider, 

Generation, Transmission, Distribution, and Customer. Bidirectional information exchange 

among all domains is defined. Additionally, bidirectional power flows between electrical 

system domains are indicated. The existing actors and elements of each domain can be 

mapped into the conceptual model as shown in Figure 2.2 [93], in which information flows 

among the domains are also presented. The interactions, information networks, and possible 

communication paths are suggested.  
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Figure 2.2: Communication paths mapped on the conceptual smart grid domains [93] 

In Figure 2.2, there are six primary components, which are domains, information networks, 

actors, gateway roles, intra-domain and inter-domain communication paths. Each domain 

represents a group of organisations, systems, devices, or actors involving similar objectives 

and types of services. Information exchange and sharing are carried out through an 

information network between computers or devices. The information networks illustrated in 

this diagram include a wide area network (WAN), field area network (FAN), premises 

networks, and the Internet. The WAN generally transfers data between remote locations, 

while the FAN normally transfers data between devices residing in the neighbourhood area 

[94, 95]. The premises network in this context is a network within the customer domain, 

which can be a private one or provided by a utility. The Internet, on the other hand, is a public 

network that is ubiquitously used and is the most pervasive and cost-effective network.  

Together with a number of available standards for the internet protocol, the Internet is thus a 

reasonable choice for communication in the smart grid [26]. Actors in this context represent 

services, applications, and devices that can make decisions and exchange information with 

other actors. The communication between actors in different domains is executed through the 

corresponding interface, represented by the gateway role. The communication within a 

domain or across domains can be conducted directly between actors or through an information 

network. Existing communication technologies for these networks are, for example, ZigBee, 

wireless mesh, cellular network communication, and powerline communication [53, 75].  



20 2. State of the Art 

  

In conjunction with the ICTs, enhanced sensing and metering technologies are essential to 

grid monitoring, protection, and control in smart grids [96–98]. They are data sources 

necessary for intelligent operations, which basically would be unfeasible without having 

proper data and information. In this thesis, the information of measured voltage and currents 

phasors are the primary requirements. A phasor measurement unit, which is a contemporary 

measurement device, is currently an attractive technology [99]. It is expected to be deployed 

throughout the power systems to measure synchronised phasors and the frequency in real time 

[100]. The PMU is therefore discussed more in details in the next section. 

2.1.3 Phasor Measurement Unit (PMU) 

Smart grids consist of multiple technologies. Sensing and metering technologies are a part of 

the smart grids that enables intelligent grid monitoring, protection, and control. In this thesis, 

the PMU is taken into account, since it produces phasor measurements of voltages and 

currents, which are the primary requirement for developing the proposed decoupled voltage 

sensitivity method. An overview of the PMU aspects relevant to this thesis is thereby 

provided as follows. 

The PMU is a device that offers synchronised phasor measurements of voltage and current 

signals, frequency, and rate of change of frequency, which are captured in real time at a high 

rate [101, 102]. Recently, the PMU has been increasingly deployed across transmission and 

distribution grids [103], [104], [105]. At the distribution level, it can alternatively be called a 

micro PMU (μPMU), which performs the same tasks [105–107]. According to IEC/IEEE 

60255-118-1 [108], at 50 Hz, a required reporting rate of the PMU ranges from 10, 25, 50, 

and 100 frames per second. Different from the traditional root mean square (RMS) 

measurement, both the magnitude and phase angle of voltages and currents can be measured 

by the PMU. Each synchronised phasor measurement, also referred to as a synchrophasor, is 

obtained together with a timestamp synchronised to the global positioning system (GPS) 

based on the coordinated universal time (UTC) [108]. Figure 2.3 illustrates voltage, current, 

and UTC time signals as the inputs for generating synchrophasors by the PMU. The 

synchronisation process is outside the scope of this thesis, so it is not mentioned here, but can 

be found in [108]. 

Synchrophasor PMU

Voltage 

Current

UTC time

 

Figure 2.3: Inputs for synchrophasor generation 



2. State of the Art 21 

  

The timestamp of PMU measurements allows synchronisation of synchrophasors gathered 

from different utilities. Also, the PMU can generate the information on the up-to-date state of 

the power systems for either steady-state or dynamic conditions [103]. The data and 

information from the PMUs can be used, for example, to describe the power grid, to anticipate 

emerging events, and to conduct corrective actions [109–111]. As a result, power system 

protection, monitoring, and control are more advanced than before, especially for wide area 

monitoring systems (WAMS). References [112–116] show that in conjunction with selecting 

optimal locations for the installation, the PMU enhances accurate observability and visibility 

of the entire grid to grid operators. Hence, this gives opportunities to grid operators to smarten 

grid operations and improve the quality of service.  

One point of concern, however, is the accuracy of the measurement. The practical 

synchronisation of PMU measurements is not perfect, and the measurement data can be error 

prone [117], [118]. According to IEC/IEEE 60255-118-1 [108], a measure to evaluate the 

accuracy of the PMU is total vector error (TVE). It is the normalised difference between the 

reference synchrophasor and the measured value at the same point of time from the tested 

unit. According to IEC/IEEE 60255-118-1 [108], the TVE is defined as 

 𝑇𝑉𝐸(𝑡) = √
(�̂�𝑅𝑒(𝑡)−𝑋𝑅𝑒(𝑡))2+(�̂�𝐼𝑚(𝑡)−𝑋𝐼𝑚(𝑡))2

(𝑋𝑅𝑒(𝑡)−𝑋𝐼𝑚(𝑡))2
. (2.1) 

At the report time t, X̂Re(t) and X̂Im(t) are real and imaginary components of the measured 

sample, and XRe(t) and XIm(t) are real and imaginary components of the reference sample. 

From Eq. (2.1), both magnitude and phase angle errors are considered in the TVE. 

The TVE of 1% is set as the maximum permissible error. It can be perceived as a circle 

covering the end of a phasor. This criterion is depicted in Figure 2.4. The measurement 

conforms to the criterion if the sample, or captured phasor, is inside the circle. Regarding this 

circle, the maximum error of the phasor magnitude can occur when there is no error in the 

phase angle. Similarly, the maximum error of the phasor angle is 0.57°, which is 0.01 radian, 

for synchrophasors in 50 Hz system can occur when there is no error in the phasor magnitude 

[108]. This phase error is equivalent to a time error of ± 31 µs. The PMU measurements are 

possible for both steady-state and dynamic applications. In this thesis, the steady-state PMU 

measurements are assumed to be used for steady-state analysis, where the frequency of the 

measured signals is constant during the measurement process. 
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Figure 2.4: 1% TVE Criterion [108] 

The basic details of a PMU related to this thesis are delineated in this section. The PMU plays 

an important role in collecting measurement data of voltage and current phasors for active 

operations in the smart grids. Nevertheless, alternative measurement sources besides the PMU 

must be known, since this thesis also focuses on the distribution level. The number of 

available PMUs may not be enough for the active operations. The μPMU at the distribution 

level is still under development [119]. In the next section, the concept of the smart meter is 

introduced, as it is more common to collect measurement data in the distribution grids.  

2.1.4 Smart Meter 

The increase of intermittent RESs, such as PV, at customer locations can cause imbalances 

between demand and supply, as well as unbalanced power distribution among phases of 

power cables, as the power generation of RESs typically fluctuates. This creates the need for 

information to be unified among grid users to ensure grid stability, especially at the 

distribution level, in which the observability is low. Utilities have little information about 

real-time situations within their grids.  

Power grids at the distribution level are currently being developed with the smart grid concept 

in mind. Smart grids employ advanced ICTs and control technologies to form an intelligent 

power system from generation, transmission, and distribution, to consumer/prosumer levels 

[120]. In a smart grid, smart meters play a vital role in collecting grid variables information, 

thus enhancing grid observability [121]. Figure 2.5 shows an example of the location of smart 

meters in a power grid [122]. A smart meter is connected generally at the building level 

(Home Area). It allows two-way communication between the meters and their corresponding 

grid utility to transfer data of energy consumption [123]. 
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Figure 2.5: An example of the location of smart meters in a power grid [122] 

The smart meters provide data of energy usage at periodic interval measurements, which can 

be configured from daily, hourly, every 15 minutes, or every 5 minutes [90]. Fundamentally, 

they measure voltage V(t) and current I(t) waveforms at specified sampling rates, which can 

be used to calculate root mean square (RMS) values over the interval t0 < t < t0+T from the 

starting time t0 in the period T. Accordingly, RMS voltage 

𝑉𝑅𝑀𝑆 = √
1

T
∫ 𝑉(𝑡)2𝑑𝑡

𝑡0+T

𝑡0
  (2.2) 

and RMS current 

𝐼𝑅𝑀𝑆 = √
1

T
∫ 𝐼(𝑡)2𝑑𝑡

𝑡0+T

𝑡0
  (2.3) 

can be determined, as shown in Eqs. (2.2) and (2.3), respectively [122]. Depending on 

capabilities of a smart meter, one or more of the following measurements can be gathered at 

every interval [122]: 

• RMS voltage (VRMS) 

• RMS current (IRMS) 

• Instantaneous power factor 

• Instantaneous active power 

• Instantaneous reactive power 

• Apparent power 

• Energy consumption 

With the smart meters, provision of data from DG units and flexible demand is possible. The 

smart meters therefore provide benefits to both customers and utilities [124]. For a customer, 

a smart meter can remotely transfer information of energy consumption to the utility. By 

analysing the information, optimal energy consumption can be realized. Also, billing can be 

presented without human intervention. For a grid utility, data from smart meters can be used 

in various power system functions such as demand side management, planning for optimal 

utilization of RES, and energy forecast at for a consumer or even at grid level [125, 126]. 

In this thesis, the smart meter is not a primary option. It delivers RMS values with low 

resolution requirements based on the power quality standard [127, 128], since it is mainly 

developed for a billing function related to the energy consumption [120, 124]. Synchronized 

measurements are currently not an objective of smart meters. For the developed methods in 
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this thesis time synchronized measurement of states with high accuracy of phase relation is a 

must, and only a PMU can provide these data at the moment. These data can be used to 

determine the impedance model of a considered power grid and sensitivities of voltage 

magnitudes and phase angles. Next, an approach used in this thesis to define a physical 

structure of the smart grids is presented. It is known as the “clustering power systems 

approach”. 

2.2 Clustering Power Systems Approach (CPSA) 

Power systems are now modernised using the smart grid concept, which requires the 

integration of state-of-the-art technologies, an operational paradigm, and an advanced control 

mechanism. The conventional operational structure and related technologies are, however, 

mature and well established. They cannot be changed immediately in a single step. Thus, a 

newly developed control scheme for the smart grids should comply with the traditional 

control scheme of the conventional power systems. The CPSA is proposed as a solution to 

the smart grids by the research group from the Laboratory of Power Systems and Power 

Economics [129], South Westphalia University of Applied Sciences, Soest, Germany. The 

idea of this approach is to coexist grid operations between the transmission and distribution 

systems and define flexible, consistent grid structures in entire power systems.  

The structure of this section is as follows. First, research related to the CPSA is discussed to 

point out the originality of the CPSA and the reason why this approach is used in this thesis. 

Then, the concept of clustering power systems is detailed. Next, the self-similarity principle 

used together with the CPSA is examined. How this approach can lead to a well-defined grid 

structure and anticipate the expansion of active operations from the transmission system to 

the distribution system is also discussed. Finally, the latest status of the research on the 

CPSA, which are relevant to this thesis, is given. 

2.2.1 Related Research 

In parallel to the CPSA, several approaches have been proposed to enable smart grids or 

active operations in distribution networks. Among the proposed approaches, two of them, 

microgrid and the cellular power grid, are based on principles similar to the CPSA. To point 

out the originality of the CPSA, an overview of the microgrid is provided, and the cellular 

power grid is discussed in this section accordingly. 

First, the microgrid is a mini version of the power grid, which is designed for small 

communities in distribution networks [130–133]. Hence, a microgrid can be defined, for 

example, in a local area, such as a village, a university, industrial site, a building, or a 

residential unit [134–138]. It consists of groups of loads and Distributed Energy Sources 

(DERs) composed of DG units and energy storage systems. Fundamentally, the microgrid is 

expected to be able to operate in either grid-connected mode, when it is connected to the main 
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power grid, or in islanding mode, when it is disconnected from to the main power grid. An 

overview of microgrid is portrayed in Figure 2.6 [139]. 

 

Figure 2.6: An overview of microgrid [139] 

The microgrid is connected to the main power grid at the point of common coupling (PCC), 

which can connect and disconnect the microgrid from the main grid. Since the microgrid is 

expected to operate in a similar manner to the main power grid, a controller is available in 

each microgrid for grid control and operation, protection, and to maintain stability [140, 141]. 

Also, participation by the energy market is another feasible feature of the microgrid. With the 

availability of local energy sources, the microgrid is able to provide ancillary services and 

also stimulate energy price reduction by means of the energy market [142]. Moreover, to 

enable the anticipated functionalities of the microgrid, required information can potentially be 

gathered from grid elements or other microgrids. Exchanging information between networked 

microgrids allows possible coordination between microgrids [143–145].  

At the moment, many aspects of the microgrid approach are being investigated. Research 

studies on some functionalities of the microgrid are briefly discussed here to give an 

overview. In [42], voltage control is decentralised based on the voltage level: high voltage, 

medium voltage, and low voltage. There, each level is considered as a microgrid. Reference 

[146] proposes using microgrid, labelled as a group of DERs, for system restoration. In [147–

149], the microgrid is used for managing DERs with self-healing capabilities. Each microgrid 

is solely assumed to be an area with sufficient DERs to maintain power balance, without other 

specific criteria for the decentralisation. 

Next, the cellular power grid is discussed, as it has the potential to handle the distributed 

generation [150, 151]. The principle underlying this approach is to define an energy cell to 

PCC 
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balance power generation and consumption from the lowest possible level [152]. According 

to [150], three main cell types are categorised by size as household cell, business cell, and 

industry cell, where the household is the smallest cell. By applying this approach, multiple 

cells are defined on the physical power grids. Figure 2.7 shows a structure of a network of 

cellular power grids [153]. The cellular network is formed throughout the power systems. 

Region

Region

Region

Region

Transmission grid

Cells

 

Figure 2.7: Structure of a network of cellular power grids [153] 

Similar to the microgrid, the cellular power grid is expected to be able to operate in both 

isolated and grid-connected scenarios [150]. Accordingly, the balance of power generation 

and consumption is expected to be possible in each cell. The components of a cell displayed 

in Figure 2.8 [150] are detailed as follows. 

In a cell, there are five energy entities: Generation, Load, Network, Storage, and Converter. 

As their name implies, Generation represents the generated energy flowing into the cell, 

while Load indicates the energy drawn from the cell. In case of excessive energy, the energy 

can be exchanged with the main power grid or other cells as represented by the Network 

entity [154, 155]. Otherwise, the energy can be stored locally at Storage [156, 157]. 

Converter in this context is designated for the conversion of electrical energy to another form 

such as gas or heat [158]. Communication flow and energy flow are assumed to relate to the 

entities.  

The energy transportation is conducted through primary and secondary technologies. In the 

energy transfer process, primary technologies refer any apparatus directly involving the 

distribution and transport of the electric energy such as component in the substation i.e. 

transformer, switchgear, busbar, or feeder [159]. Secondary technologies refer any 

technology that are indirectly involved in the energy supply process such as grid security, 

voltage regulation, or measurement [159]. 
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Figure 2.8: Components of an energy cell [150] 

To conclude, the forms of microgrid and the cellular power grid are oriented by geographical 

areas, designed as mini grids. Both microgrid and cellular power grids have the potential to 

handle the penetration of distributed generations. They allow decentralisation of grid 

operations and control. Self-sufficient power generation and consumption are expected in the 

specified microgrid or cell.  

The CPSA, in contrast, is not limited to a complete physical area of generation, 

transmission/distribution, and consumption of energy. Two major differences of the CPSA 

and the other approaches are stated as follows. First, a cluster area can be created on the 

underlying power grid ranging from a node (for example, a DG unit) up to a group of grid 

components (for example, an area with loads, connection lines, and DG units). It is not 

specific to a bus, substation, or group of components. Also, a clear border and, if necessary, a 

hierarchical level is defined for each area. This provides high flexibility to the smart grids, 

depending on the choice of grid operations. Second, with the creation of cluster areas, the 

CPSA brings interconnected grid characteristics from the transmission systems down to the 

distribution level. This results in a consistent grid structure and the operation in the entire 

power system, facilitating seamless grid integration of DG units accordingly. 

In the following section, the concept of clustering power systems is discussed. It shows how 

cluster areas are created on the power systems. Main ideas and key contributions of the 

CPSA are also provided.  

2.2.2 Concept of Clustering Power Systems 

As the share of RES in the energy market increases, advanced grid operation and control are 

crucial, so the RESs need to participate in power system control. A critical aspect of power 

systems in terms of dealing with the RESs is the distribution network, because it was not 

originally designed to handle power generation. By adopting the concept of smart grid, the 
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distribution network is smartened and can evolve to be a brand-new active distribution 

network [142, 160, 161]. Together with the transmission system, the active distribution 

network should play an active role in control and monitoring of the power systems, such as 

for optimising operational schedules and power dispatch. The benefits obtained from the 

active roles of distribution system operators (DSOs) and their coordination with transmission 

system operators (TSOs) are discussed in [34] and [162]. The primary idea of the CPSA is 

therefore to provide an opportunity for distribution networks to use the hierarchical control 

scheme and actions defined in grid code of ENTSO-E [163], i.e. primary, secondary, and 

tertiary controls in this context. To this end, the primary principle of this approach is to 

enable distributed active-controlled areas in the entire power system by expanding the active 

control scheme and actions from the transmission downwards to the distribution systems.  

In order to expand the active control scheme and actions, the grid structure characteristics of 

the transmission grids is taken into account. The transmission grids are composed of multiple 

interconnected grids, which should be incorporated to the rest of the power grid. To do so, 

grid elements on the underlying power grid are defined into several areas, thereafter called 

“cluster areas” [60]. As the transmission grids are in the form of interconnected grids, the 

cluster areas are also in the form of interconnected cluster areas to acquire the characteristics 

of the transmission grids. Figure 2.9 exemplifies the application of the CPSA to create a 

network of cluster areas for the entire power system [164].  

According to the CPSA, a network of cluster areas is created in a bottom-up direction to 

consider the grid elements from the smallest possible scale [165, 166]. A cluster area can be 

defined at any place that requires to be actively controlled. Regardless of grid hierarchy, it 

can be located, for instance, at a residential unit in local area or at utility level in a regional 

area. In Figure 2.9, this network spans from the consumers or prosumers, who not only 

consumes but also produces electrical energy, upwards to the DSO level and ultimately to the 

upstream TSO level. As a result, multilevel interconnected cluster areas are built. With this 

way of defining areas based on the CPSA, a consistent grid structure throughout the power 

grid can be acquired. Also, the CPSA does not build up a new grid structure, but rather it 

makes use of existing power grids. The complexity is thus not added to the power grids. 
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Figure 2.9: The entire power system with the application of the CPSA [164] 

Each cluster area, additionally, is monitored by a smart grid cluster controller (SGCC), in 

which operational functionalities can be implemented and information of grid elements can be 

manipulated as a platform for decentralised operations [164, 165]. Depending on the 

operational purposes, the SGCC can manipulate data and perform engineering analyses for 

each cluster area. Once control functions are implemented in the SGCC, active-controlled 

functionalities for the corresponding cluster area can be activated [167–169]. The functions of 

the SGCC are not fixed, since the CPSA is aimed to be flexibly applied at any grid level. The 

implementation of the functions depends on requirements of the concerned grid level, which 

can be in the distribution or transmission systems. Accordingly, the functions of the SGCC 

can be comparable to that of an energy management system (EMS) for cluster areas located in 

a transmission system. Similarly, they can be compared to that of a distribution management 

system (DMS) for cluster areas in a distribution network. 

This concept, together with the background of the CPSA, have been delineated in this section 

to provide a basic understanding of this approach. In order to utilise the CPSA, the diversity 

and complexity of components and infrastructure in the power systems, nevertheless, must be 

dealt with. To reduce the diversity and complexity, the self-similarity principle is introduced 

in the following section. 
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2.2.3 Self-Similarity Principle  

Each cluster area, as a result of the CPSA, is composed of various grid components. When 

considering at an electrical bus or node, similar categories can be seen from the grid 

components, which thereby can be categorised as a node component and a connecting 

component. Accordingly, the self-similarity principle is taken into account in the CPSA. To 

describe a cluster area, a cluster fractal model is developed as depicted in Figure 2.10 [170]. 

The model indicates the definition and relation of the cluster areas. The node elements are, for 

example, generating units, loads, and storage systems, while the connecting elements are, for 

example, transformers and cables [170]. According to this model, each cluster area is 

managed and controlled by an SGCC. This means, under the CPSA, the management of data 

flow or command with grid components is also decentralised besides the grid operations 

[167]. In addition, the hierarchical structure of the power systems is also mimicked in the 

model. Depending on the underlying power grid, the interconnections among cluster areas are 

classified into a hierarchical structure – superordinate, ordinate, and subordinate levels. This 

hierarchy is developed to permit consistency in the structuring of the network of cluster areas 

throughout the power systems. 
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Figure 2.10: Cluster fractal model [170] 

Generally, power systems contain multiple electrical levels of the power grids. With the 

technology advancement, the power grids accommodate a variety of components. To cope 

with the complexity of the grid structure, a sufficient grid management is required. To this 

end, the CPSA in combination with the cluster fractal model is a potential solution, as 

portrayed in Figure 2.11 [171]. Note that the hierarchical level is neglected in this figure since 

only the management of grid components is focused on. Each cluster area is described by the 

cluster fractal model. From Figure 2.11, grid components in the network of cluster areas can 

be repetitively considered as a single grid component by a self-similar description. Only one 
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model is required to build cluster areas, hence significantly diminishing structural complexity 

of the power grid. 
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Figure 2.11: Overview of the self-similarity property [171] 

In order to enable the operation based on the CPSA concept for future smart grids, 

coordination and interoperation among interconnected cluster areas are also required. For this 

reason, each SGCC has a communication capability for interaction with other SGCCs [165, 

172]. Similar to the description of each cluster area, the communication strategy between 

cluster areas are also indicated as displayed in Figure 2.12 [172]. It mimics the physical 

interconnection between cluster areas. 

The cluster communication model describes the interconnections between the SGCCs. The 

Internet is the communication medium between SGCCs and is secured by virtual private 

network technology. Each area has its own private network, since it is expected to perform 

grid operations and manipulate data independently. Moreover, intelligent electronic device 

(IED) in this context represents communication capability of grid elements.  
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Figure 2.12: Cluster communication model [172] 

The self-similarity principle as the cluster fractal model has been elaborated in this section. 

Together with the CPSA, the cluster fractal model eases the description of the complex 

modern power systems. Each cluster area resulted from the CPSA can be described in a self-

similarity manner and repetitive process for the whole network. Thus, an all-encompassing 

model can be simply used to manage all the power systems. In the following section, recent 

research findings based on the CPSA are discussed.  

2.2.4 Recent Research on the CPSA 

Key advantages of the CPSA are discussed here in terms of two aspects. The first one is the 

control and functionality aspect. Due to the creation of the network of cluster areas, the CPSA 

permits a coherent approach for each of structure, operation, and control of the decentralised 

active power systems. The connections of cluster areas result in a cluster network that 

establishes the operational characteristics of interconnected grids in the entire power system. 

The CPSA thus gives an opportunity to the distribution networks to adopt the hierarchical 

control scheme and functionalities, i.e. primary, secondary, and tertiary controls, from the 

transmission system. This guarantees compliance of grid operation in the entire power system. 

Thus, the concept of the CPSA can close the gap of grid operations between transmission and 

distribution levels, allowing seamless integration and power management of DG units in 

power systems. This is a sustainable way to decentralise active grid control and operations. To 

provide some examples, references [58], [60], and [173] present how the conventional control 

scheme is adopted and utilised in the multilevel cluster areas. As a result, the cluster control 

applications enable power grids to be stabilized in a bottom-up direction from the unit level 

up to the transmission level, not only in top-to-down stabilisation. The CPSA is therefore 

modelled to support the increase of the number of DG units residing in low voltage grids, 

which has changed the structure of the power generation. According to the hierarchical 
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control scheme, interconnected cluster areas can exchange power to deal with disturbances 

which might occur in any cluster area. On the other hand, a cluster area can operate 

independently in island mode when it is disconnected from the main grid. The principle of the 

CPSA eases the complexities of future electrical systems and meanwhile retains stability and 

secure operations. 

The second aspect is about data management. Conventionally, the relevant data of a power 

system are stored at the central control centre of supervisory control and data acquisition 

(SCADA) system. However, the existence of advanced technologies for smart functions in 

power systems causes massive data to be transferred within and between the power systems, 

and the participation of smart appliances will add additional data besides grid components to 

power systems. Hence, the traditional power systems require a change of data management as 

well as control systems towards smart, distributed infrastructure [50, 174]. By applying the 

CPSA, data storage is decentralised, as each cluster area is supposed to manage and 

manipulate data individually. The decentralisation of data storage offers more efficient data 

manipulation, together with flexibility, compared to centralised storage to cope with a 

massive data flow [39, 175–177]. A lot of research based on the CPSA has been published in 

many publications such as [58–61] and [165, 168, 178]. 

Thus far, the CPSA has been introduced; and the principles and applications of the CPSA are 

delineated. In this thesis, an impedance network model and a method for decoupled voltage 

sensitivity analysis are proposed, in conjunction with the application of the CPSA. This 

thesis adopts the distributed grid structure of the cluster areas, which can result in a strong 

step to further develop and realise the smart grids. 

2.3 Summary 

This chapter reviews the state-of-the-art technologies relevant to this thesis. As the intention 

of this thesis is to contribute intelligent operations for future smart grids, a general overview 

of the smart grids is given, and related technologies are first discussed. For this thesis, the 

PMU is regarded as a core element by which the measurement of synchrophasors can be 

executed. The measurement data are required in the process of generating the proposed 

impedance model and performing the proposed decoupled voltage sensitivity analysis. 

Afterwards, the CPSA, the foundation of this thesis, is elaborated. The originality of this 

approach is discussed in comparison with two related concepts, which are microgrid and 

cellular power grids. These concepts are proposed to cope with the penetration of distributed 

generations and enable decentralisation of grid operation and control. Both microgrid and 

cellular power grid are formed by defining physical areas on the power grids with the 

potential energy balance between generators, energy storages, and loads in the areas. The 

CPSA, nonetheless, is not restricted to these elements, unlike the microgrid and cellular 

power grid concepts. It allows the creation of distributed areas, named here as cluster areas, 
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from a node or bus to handle the decentralisation of active control. Key differences between 

the CPSA and microgrid and cellular power grid are summarised in Table 2.2.  

 

Table 2.2: Differences between CPSA, Microgrid, and Cellular power grid 

 

 
CPSA 

Microgrid and  

Cellular power grid 

Creation of 

distributed areas 

From a node to a group of 

electrical components or a 

physical a area 

Physical areas with balance in 

generation and consumption 

Expected 

characteristics 

Interconnected grids like in a 

transmission system.  

Individual areas with possibility 

 

The principle of the CPSA is then presented as an approach on which this thesis relies. Each 

cluster area is described in terms of the cluster fractal model. This model simplifies the 

description of the cluster areas, and also the whole power system adopted by the CPSA. 

Lastly, the advantages of the CPSA and an explanation of the published research are 

provided to exemplify the features of this approach.  

In Chapter 3 and Chapter 4, the proposed impedance model and the proposed method for 

decoupled voltage sensitivity analysis are presented respectively. They will showcase the use 

of the CPSA, which is outlined in this chapter. As a contribution to the development of the 

CPSA, the proposed impedance model and analysis method will support the distributed 

characteristic of the cluster areas for the smart grid operations. 
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3. Impedance Network Model for Cluster-Based 

Decentralised Power Grids 

To perform grid operations, insight knowledge into the underlying power grid is essential. A 

grid model is generally used to study the power systems. For steady-state analyses, two 

prominent models used to describe a power grid are the admittance model and the impedance 

model [179]. Which model to use depends on the type of analysis that will be carried out. In 

this thesis, the network model proposed for cluster-based decentralised power grids is based 

on the impedance model. It is developed to be utilised in conjunction with the clustering 

power systems approach (CPSA) to enable decoupled voltage sensitivity analysis in which the 

change of bus voltage at one bus caused by the change of bus current deviation from another 

bus is analysed. As the operations of a future power grid or smart grid tend towards 

decentralisation, they entail interoperation among fractions of the power grid. The CPSA 

defines decentralised areas as “cluster areas” on the power grid. Accordingly, to describe the 

characteristics of bus voltages in voltage sensitivity analysis, the proposed model must be able 

to be determined separately, or in a decoupled way, in each cluster area.  

In this chapter, the first section introduces the impedance model. Bus impedance matrix and 

Thévenin’s theorem are presented, since they are the basis of the proposed network model. 

The second section details a bus impedance parameters matrix, which is the proposed 

impedance model. Step by step determination of the impedance parameters is also discussed. 

The determination encompasses the analyses of both a single area and multiple areas. Finally, 

the third section summarises this chapter. 

3.1 Introduction to Network Models 

Two fundamental network models used in power systems analysis are known as admittance 

and impedance models. The admittance model describes bus currents of the power grid in the 

term of bus voltages. In contrast, the impedance model generally describes bus voltages of the 

power grid in the term of bus currents. They are in the form of a bus admittance matrix and a 

bus impedance matrix, which are the mathematical inverse of each other [180]. Albeit the 

impedance model is the foundation for the proposed decoupled voltage sensitivity analysis, 

both network models are introduced in this section to clarify their characteristics. The 

relationship between the bus admittance and bus impedance matrices is also pointed out. After 

that, a basic description of the Thévenin’s theorem is provided. The Thévenin’s theorem is an 

important technique that works in conjunction with the impedance model. It provides a key 

feature that is beneficial to the determination of the proposed network model, i.e. bus 

impedance parameters.  
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3.1.1 Bus Admittance and Bus Impedance Matrices 

The bus admittance matrix [Ybus] and bus impedance matrix [Zbus] are essential tools in the 

field of electrical engineering for power system analyses. They mathematically describe the 

voltage-current relationship of a power network. Using either one of the models depends on 

the type of the analysis, as they have different characteristics. For instance, the matrix [Ybus] is 

favourably used in load flow calculations, while the matrix [Zbus] is widely utilised in fault 

calculations and contingency analysis [181, 182]. Based on the topological connections 

between buses, matrices [Ybus] and [Zbus] can be determined. Since the aim of this section is to 

introduce the basic network models, only an overview of [Ybus] and [Zbus] is given. The 

formation of the matrices [Ybus] and [Zbus] can be found in literature such as [179, 180].  

To envision the overview of [Ybus] and [Zbus], Figure 3.1 depicts an exemplified n-port 

network of an n-bus power grid. Represented by ports, bus numbers run from 1, 2, to n, and 

number 0 denotes the reference of this network.  

1

2

n

V1

V2

Vn

I1

I2

In0

0

0

Network Model

Described by 

[Ybus] or [Zbus]

.

.

.

 

Figure 3.1: An exemplified n-port network 

First of all, the matrix [Ybus] is taken into account. It can be obtained from nodal equations of 

the power grid. Since there are n buses in this example, n nodal equations can be constructed. 

As a result, the set of the nodal equations of this network is  

 [

𝐼1
𝐼2
⋮
𝐼𝑛

] = [

𝑌11 𝑌12 ⋯ 𝑌1𝑛

𝑌21 𝑌22 ⋯ 𝑌2𝑛

⋮ ⋮ ⋱ ⋮
𝑌𝑛1 𝑌𝑛2 ⋯ 𝑌𝑛𝑛

]

[
 
 
 
𝑉1

𝑉2

⋮
𝑉𝑛]

 
 
 
. (3.1) 

Evidently, bus currents are described as a linear function of bus voltages in Eq. (3.1). The 

subscript of bus current I, bus voltage V, and admittance Y indicates its bus number. For this 

n-node network, the impact of bus voltages Vi (i ϵ {1, 2, …, n}) on bus currents Ii (i ϵ {1, 2, 

…, n}) is represented by the bus admittance matrix  

 [𝑌𝑏𝑢𝑠] = [

𝑌11 𝑌12 ⋯ 𝑌1𝑛

𝑌21 𝑌22 ⋯ 𝑌2𝑛

⋮ ⋮ ⋱ ⋮
𝑌𝑛1 𝑌𝑛2 ⋯ 𝑌𝑛𝑛

]. (3.2) 
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In Eq. (3.2), according to literature such as [179], the diagonal elements, Yij (i, j ϵ {1, 2, …, 

n}; i = j), are known as self-admittances or driving-point admittances. These admittances 

represent the impact of bus voltages on bus currents at the same bus. Similarly, the off-

diagonal elements, i.e. Yij (i, j ϵ {1, 2, …, n}; i ≠ j), are called mutual admittances or transfer 

admittances. Thus, these admittances express the linear impact of bus voltages on bus currents 

at all other buses.  

To observe the impact of bus currents Ii (i ϵ {1, 2, …, n}) on bus voltages Vi (i ϵ {1, 2, …, n}), 

Eq. (3.1) can be rearranged to 

 

[
 
 
 
𝑉1

𝑉2

⋮
𝑉𝑛]

 
 
 
= [

𝑌11 𝑌12 ⋯ 𝑌1𝑛

𝑌21 𝑌22 ⋯ 𝑌2𝑛

⋮ ⋮ ⋱ ⋮
𝑌𝑛1 𝑌𝑛2 ⋯ 𝑌𝑛𝑛

]

−1

[

𝐼1
𝐼2
⋮
𝐼𝑛

]. (3.3) 

Inverting the matrix [Ybus] results in the matrix [Zbus]; Eq. (3.3) therefore can be written as 

 

[
 
 
 
𝑉1

𝑉2

⋮
𝑉𝑛]

 
 
 
= [

𝑍11 𝑍12 ⋯ 𝑍1𝑛

𝑍21 𝑍22 ⋯ 𝑍2𝑛

⋮ ⋮ ⋱ ⋮
𝑍𝑛1 𝑍𝑛2 ⋯ 𝑍𝑛𝑛

] [

𝐼1
𝐼2
⋮
𝐼𝑛

]. (3.4) 

From Eq. (3.4), the bus impedance matrix  

 [𝑍𝑏𝑢𝑠] = [

𝑍11 𝑍12 ⋯ 𝑍1𝑛

𝑍21 𝑍22 ⋯ 𝑍2𝑛

⋮ ⋮ ⋱ ⋮
𝑍𝑛1 𝑍𝑛2 ⋯ 𝑍𝑛𝑛

] (3.5) 

provides the impact of bus currents on bus voltages of the n-node network in Figure 3.1. 

Similar to the case of the matrix [Ybus], the diagonal elements in Eq. (3.5), i.e. Zii (i ϵ {1, 2, …, 

n}; i = j) are known as self-impedances or driving-point impedances, representing the impact 

of bus currents on bus voltages at the same bus. The off-diagonal elements, i.e. Zij (i, j ϵ {1, 2, 

…, n}; i ≠ j), are called mutual impedances or transfer impedances. These impedances 

indicate the impact of bus currents on bus voltages at all other buses. 

The matrix [Zbus] is adapted in this thesis to be used in the proposed voltage sensitivity 

analysis, which is delineated in Chapter 4. This property of network voltage representation 

according to [Zbus] is used in order to examine the impact of bus current injected into each bus 

on network voltages. It allows analysis of voltage change at each bus due to the change of 

current, which can be inferred to extracted or fed-in active and reactive powers. Another big 

advantage of [Zbus] is that it provides information of Thévenin impedance from the diagonal 

elements of [Zbus], permitting a great contribution to the proposed voltage sensitivity analysis. 

The basic principle of Thévenin’s theorem and its relation to [Zbus] is presented in the next 

section. 
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3.1.2 Thévenin’s Theorem and Its Relation to Bus Impedances 

Thévenin’s theorem is an essential circuit analysis technique for circuit calculation. It is 

typically used in linear direct current (dc) and alternating current (ac) circuits [183, 184]. This 

theorem simplifies and converts the original network containing voltage sources or current 

sources and linear impedances into an equivalent circuit across a pair of terminals of concern. 

This equivalent circuit is named as the Thévenin equivalent circuit which is composed of a 

Thévenin equivalent voltage source VTh and a Thévenin impedance ZTh. Thereby, the 

Thévenin equivalent circuit gives the characteristic of its original circuit at the concerned 

terminals. A powerful advantage of this equivalent circuit is that the change between the 

concerned terminals can be observed without recalculating the whole circuit. This provides an 

immense benefit to network calculation in term of ease of calculation. 

To showcase the application of the Thévenin’s theorem, Figure 3.2 illustrates an example of 

converting a circuit to its Thévenin equivalent circuit. In this example, the Thévenin 

equivalent circuit looking into terminals A and B is considered.  

A

Z2

V1

Z3

B

A

ZTh

B

VTh

+-

Z1

+-

(a) (b)

V2
+-

 

Figure 3.2: An example of the application of Thévenin’s theorem:  

(a) Original circuit; (b) Thévenin equivalent circuit 

Figure 3.2(a) displays the original circuit consisting of a voltage source V1 and three 

impedances: Z1, Z2, and Z3. As the change between terminals A and B is considered, the 

Thévenin equivalent circuit looking into terminals A and B is determined. In Figure 3.2(b), the 

components of the original circuit inside the blue dash square are represented as the Thévenin 

equivalent circuit by a series connection of a Thévenin equivalent voltage source VTh and a 

Thévenin impedance ZTh. The voltage source VTh is the open-circuit voltage measured across 

terminals A and B, serving as the original voltage across these terminals in the equivalent 

circuit, while the impedance ZTh is the overall impedance of the original circuit considered at 

these terminals. The polarity of the source VTh depends on the direction of current flow 

through the impedance between the terminals of concern in the original network [185]. In this 

case, the current is assumed to flow from terminal A to terminal B. Similarly, the impedance 

ZTh is the equivalent impedance measured across terminals A and B in the direction of looking 

into the circuit of the network. Furthermore, the impedance ZTh can be manually calculated as 
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well. To this end, the internal voltage source is initially short-circuited, as the ideal internal 

impedance of the voltage source is zero. Then, manual calculation of the impedance ZTh can 

be performed. The use of Thévenin’s theorem can be expanded to network analyses of power 

grids. The same calculation technique executed in the example in Figure 3.2 can be utilised to 

acquire the Thévenin impedance ZTh with respect to the reference point of each bus. The 

electrical components of a power grid such as generating sources, loads, transformers, power 

cables or transmission lines can be converted into a single-line diagram to perform as an 

original circuit. The aforementioned technique to calculate the impedance ZTh is not shown in 

detail here as it is not directly relevant. 

In this thesis, the technique to obtain the impedance ZTh of each bus from the matrix [Zbus] is 

of interest. The impedance ZTh of each bus equals to its corresponding self-impedance in the 

matrix [Zbus] [179]. To demonstrate this technique, the principle of fault analysis using bus 

impedance matrix is adopted, so bus voltages and currents are separately considered as the 

present-state and initial quantities. Starting from the present-state quantities, based on the 

network equation of the n-bus network from Eq. (3.4), the present-state bus voltages matrix 

 [𝑉] = [𝑍𝑏𝑢𝑠][𝐼] (3.6) 

is described in terms of the matrix [Zbus] and the present-state bus currents matrix [I]. For the 

initial quantities, before reaching the state of bus voltages [V] and bus currents [I], the initial 

bus voltage matrix  

 [𝑉0] = [𝑍𝑏𝑢𝑠][𝐼
0]. (3.7) 

is described in terms of the matrix [Zbus] and the initial bus currents matrix [I 0] in the same 

manner as Eq. (3.6). Subsequently, when a linear characteristic of a power grid is assumed, 

the change in bus voltages [ΔV] and bus currents [ΔI] can be explained by using the 

superposition theorem [179, 180]. The bus voltage matrix [V] and the bus current matrix [I] 

can be expressed as the algebraic sum of their initial value and the change 

 [𝑉] = [𝑉0] + [∆𝑉] (3.8) 

and 

 [𝐼] = [𝐼0] + [∆𝐼]. (3.9) 

Substituting Eq. (3.9) into Eq. (3.6), the voltage matrix [V] can be considered as the product 

of the matrix [Zbus] and the algebraic sum of initial bus current matrix [I 0] and the matrix of 

current change [ΔI]. Hence, Eq. (3.6) becomes 

 [𝑉] = [𝑍𝑏𝑢𝑠] ∙ ([𝐼0] + [∆𝐼]) (3.10) 

which equals to 

 [𝑉] = [𝑍𝑏𝑢𝑠][𝐼
0] + [𝑍𝑏𝑢𝑠][∆𝐼]. (3.11) 
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In Eq. (3.11), the product of [Zbus][I 
0] equals to [V 0], as illustrated in Eq. (3.7). Thus, by 

mapping [V 0] in Eq. (3.7) to Eq. (3.11) , the present-state bus voltages matrix 

 [𝑉] = [𝑉0] + [𝑍𝑏𝑢𝑠][∆𝐼] (3.12) 

is described as the initial voltage plus the change of bus voltage caused by current change. In 

the following, an example of the impact of current change is given. Assuming only bus 

current Ii at bus i where i ϵ {1, 2, …, n} is changed, whereas the rest of bus current change 

equals to zero. Based on Eq. (3.12), bus voltage Vi at bus i can be understood as 

  𝑉𝑖 = 𝑉𝑖
0 + 𝑍𝑖𝑖 ∙ ∆𝐼𝑖. (3.13) 

According to [179], Eq. (3.13) can be depicted, as shown in Figure 3.3. The circuit in Figure 

3.3 is noticeably comparable with the Thévenin equivalent circuit shown in Figure 3.2(b). 

Grid Model

[Zbus]

0

i

Vi ΔIi

Reference

+
-Vi

0

Zii

 

Figure 3.3: Circuit diagram depicting the impact of current change on bus voltage [179] 

Since the characteristic of the Thévenin circuit can be inferred from Figure 3.3, for an n-bus 

power grid, the Thévenin impedance 

 𝑍𝑇ℎ,𝑖 = 𝑍𝑖𝑖 (3.14) 

at bus i where i ϵ {1, 2, …, n} can be obtained from the diagonal elements Zii of that 

matrix [Zbus].  

The Thévenin’s theorem is used in this thesis to assist the proposed voltage sensitivity 

analysis in decentralised areas, i.e. cluster areas. The Thévenin impedance ZTh is employed to 

represent the overall bus impedance at border buses between two interconnected cluster areas. 

As the bus impedances matrix of each cluster area is calculated, Thévenin impedance ZTh at 

each bus can be selected. Thus, exchanging characteristics between cluster areas can be 

performed.  

3.2 Impedance Model for Cluster-Based Decentralised Power Grids 

The impedance model presented in this section is developed and proposed for the analysis of 

the power grid under the CPSA, where the power grid is defined into various cluster areas. 
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The proposed impedance model is named here as bus impedance parameters. To clarify, first 

of all, the definition of the bus impedance parameters is discussed. The relationship between 

the bus impedance parameters and the bus impedance matrix is indicated. Next, the 

determination of the bus impedance parameters in each cluster area is described, and it is 

furthermore related to the process of converting the bus impedance parameters into 

symmetrical components to cope with the unbalanced grid condition and the process of 

integrating the influence between interconnected cluster areas when multiple cluster areas are 

involved. Thus, the determination procedure can be conducted for either a single area or 

multiple areas, enabling decoupled calculation of the bus impedance parameters. 

3.2.1 Bus Impedance Parameters 

The impedance model is chosen in this thesis to gain insight into the manner of voltage 

characteristics for network analysis under the CPSA. Theoretically, a power network is 

described in the form of a bus impedance matrix [Zbus], based on the impedance model. The 

matrix [Zbus] can be calculated by using information of grid topology, i.e. the arrangement of 

buses, cable type, and cable length. Depending on the choice of preference, [Zbus] can be built 

by either converting from bus admittances or constructing from scratch. Both building 

procedure of the matrix [Zbus], however, need the complete information of grid topology, 

resulting in the full-scale matrix dimension. For this reason, to generate the matrix [Zbus] 

requires a considerable amount of the resource in the computing unit. The operations of the 

power grid in the future, nevertheless, tend towards decentralisation, in which the controlling 

units are smaller and have less performance compared with that of the central control centres 

[142, 186, 187]. To build the network model for decentralised operation and analysis with 

consideration of the limited performance of the computing unit, the amount of required 

information should be reduced.  

In this thesis, to decrease the amount of required information, only buses of concern and their 

local measurements of bus voltages and bus currents are used to build the impedance network 

model without knowledge about the grid topology. Since the network model resulted from 

this process is based on the impedance, but different size from the matrix [Zbus], calling it the 

matrix [Zbus] can be misleading. This resulted impedance model is hence named as bus 

impedance parameters, thereafter denoted by [Zpar] when they are in the form of a matrix. The 

matrix [Zpar] is supposed to represent only the voltage-current relationship between buses of 

concern; the elements relevant to the junction bus(es) are not included. It is introduced here as 

a reduced version of the matrix [Zbus], which can be reduced to be the same as the matrix 

[Zpar] by using node elimination theory such as Kron’s reduction technique [179]. 

Before moving on to the description of the bus impedance parameters, two key differences 

between the matrices [Zpar] and [Zbus] must be emphasised. The first one is the building 

process of the matrices. The matrix [Zpar] is expected to be determined by using only local 
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measurements of bus voltages and bus currents without knowledge about the grid topology. 

The second difference is the elements of the matrices. The matrix [Zpar] possesses only bus 

impedances of the specific buses of concern, whereas the matrix [Zbus] consists of bus 

impedances of every single bus of a power grid.  

To envision the physical difference between the matrices [Zpar] and [Zbus], a 5-bus radial grid 

is displayed as an example in Figure 3.4. Bus 1 is assigned as an unconcerned bus, whereas 

the rest are concerned. It must be noted that since the aim of this example is only to 

demonstrate the difference of the matrices of the network model, all quantitative values of this 

grid are not provided, and the determination of the matrices is not discussed. 
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Figure 3.4: Exemplified 5-bus radial grid 

The matrices [Zbus] and [Zpar] of the grid in Figure 3.4 are presented in Figure 3.5(a) and 

Figure 3.5(b), respectively. The dimension of the matrix [Zbus] in Figure 3.5(a) is 5×5 because 

all buses are taken into account. However, bus 1 is omitted out of the matrix [Zpar] because 

only bus 2 to bus 4 are the buses of concern. The dimension of the matrix [Zpar] Figure 3.5(b) 

is 4×4 accordingly. In addition, it must be noted that the subscript of each element in Figure 

3.5(a) and Figure 3.5(b) indicates the bus number, not the position of the matrix element. 

More details of the matrix [Zpar] is given later in this section. 

(a) (b)  

Figure 3.5: Comparison between the matrices [Zpar] and [Zbus]  

To conclude, an important advantage of the matrix [Zpar] is that the up-to-date network model 

based on the matrix [Zpar] can be updated in real time from the measurement data. 

Nevertheless, building an up-to-date matrix [Zbus] requires the information of up-to-date grid 

topology, which normally takes longer than the time to collect measurement data. The matrix 

[Zpar] is, thus, more suitable than the matrix [Zbus] in an online analysis, which focuses on the 
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latest state of the grid. Meanwhile, both matrices [Zpar] and [Zbus] can be used for an offline 

analysis since they can also be built by using historical data. 

The derivation of the matrix [Zpar] is demonstrated in the following. If n buses are concerned, 

a power grid – or a cluster area when the CPSA is considered – is seen as an n-port network 

as portrayed in Figure 3.6. This figure is the extended version of the exemplified n-bus 

network in Figure 3.1. Both bus voltages and currents are assumed to be measured 

concurrently. The measurement at each point in time is stamped as time t. Number 0 denotes 

the reference point for bus voltages.  
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Figure 3.6: An n-port power network representing n buses of concern 

To examine the impact of the change of bus currents on bus voltages, for the sake of 

simplicity, the bus impedance parameters describing only the relationship between bus 1 and 

bus 2 are taken into account as an example. Based on Figure 3.6, the two-port network 

between bus 1 and bus 2 is illustrated in Figure 3.7. During time period T, the change of bus 

currents ΔI1
T and ΔI2

T at bus 1 and bus 2 leads to the change of voltages at each bus ΔV1
T and 

ΔV2
T, respectively.  
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Figure 3.7: Two-port network of bus 1 and bus 2 

Since the impedance model is selected to describe the power network, the change of bus 

voltages ΔV1
T and ΔV2

T in Figure 3.7 can be described in terms of bus currents ΔI1
T and ΔI2

T. 

By considering time period T1, the change of bus voltages and bus currents can be described 

in network equations as 

 ∆𝑉1
T1 = 𝑍11 ∙ ∆𝐼1

T1 + 𝑍12 ∙ ∆𝐼2
T1 (3.15) 

 ∆𝑉2
T1 = 𝑍21 ∙ ∆𝐼1

T1 + 𝑍22 ∙ ∆𝐼2
T1. (3.16) 
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∆𝑉1
T1 and ∆𝑉2

T1in Eqs. (3.15) and (3.16) express the change of bus voltage of bus 1 and bus 2, 

respectively, during the period T1. This means that both voltages are influenced by the 

currents ∆𝐼1
T1 from bus 1 and ∆𝐼2

T1 from bus 2. Accordingly, the impedances Z11, Z12, Z21, and 

Z22 are bus impedance parameters between bus 1 and bus 2. The impedances Z11 and Z22 

represent self-impact of the current change at bus 1 and bus 2, respectively. On the other 

hand, the impedances Z12 and Z21 represent the impact of current change at one bus on the 

voltage change at the other bus, which is between bus 1 and bus 2. 

To determine the impedances Z11, Z12, Z21, and Z22, only Eq. (3.15) and Eq. (3.16) are not 

enough. The number of equations is still less than the number of unknown variables at the 

moment. In this case, one more set of network equations for another time period is required. 

By considering time period T2, new network equations are 

 ∆𝑉1
T2 = 𝑍11 ∙ ∆𝐼1

T2 + 𝑍12 ∙ ∆𝐼2
T2 (3.17)  

 ∆𝑉2
T2 = 𝑍21 ∙ ∆𝐼1

T2 + 𝑍22 ∙ ∆𝐼2
T2. (3.18) 

Eq. (3.17) and Eq. (3.18) describe the change of bus voltages, ∆𝑉1
T2 and ∆𝑉2

T2, caused by the 

change of bus currents ∆𝐼1
T2 and ∆𝐼2

T2 during the period T2 at bus 1 and bus 2. At this point, 

the number of equations equals to the number of the bus impedance parameters between bus 1 

and bus 2. Since the equations of voltage change are linear, Eqs. (3.15) to (3.18) can be 

arranged as the matrix  

 [
∆𝑉1

T1 ∆𝑉1
T2

∆𝑉2
T1 ∆𝑉2

T2
] = [

𝑍11 𝑍12

𝑍21 𝑍22
] [

∆𝐼1
T1 ∆𝐼1

T2

∆𝐼2
T1 ∆𝐼2

T2
] (3.19) 

to solve this equation system. The matrix [Zpar], thus, can be determined by multiplying the 

inverse of the matrix of current change on both sides in Eq. (3.19), as illustrated in 

 [
𝑍11 𝑍12

𝑍21 𝑍22
] = [

∆𝑉1
T1 ∆𝑉1

T2

∆𝑉2
T1 ∆𝑉2

T2
] [

∆𝐼1
T1 ∆𝐼1

T2

∆𝐼2
T1 ∆𝐼2

T2
]

−1

. (3.20) 

Eq. (3.20) shows the determination of the matrix [Zpar] between bus 1 and bus 2. The matrix is 

square, and the dimension of the matrix, i.e. the number of rows or column, reflexes the 

number of buses. By applying the same procedure, Eq. (3.20) can be expanded to any power 

grid with n number of ports, which represent buses of concern. Thus, the matrix  

 

[
 
 
 
𝑍11 𝑍12 ⋯ 𝑍1𝑛

𝑍21 𝑍22 ⋯ 𝑍2𝑛

⋮
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⋮
𝑍𝑛2

⋱
⋯

⋮
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=
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 ∆𝑉1

T1 ∆𝑉1
T2 ⋯ ∆𝑉1

T𝑛
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T1

⋮

∆𝑉𝑛
T1
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T2

⋯
⋱
…

∆𝑉2
T𝑛

⋮

∆𝑉𝑛
T𝑛]

 
 
 
 

∙
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 ∆𝐼1

T1 ∆𝐼1
T2 ⋯ ∆𝐼1

T𝑛

∆𝐼2
T1

⋮

∆𝐼𝑛
T1
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⋯
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∆𝐼2
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⋮

∆𝐼𝑛
T𝑛]

 
 
 
 
−1

 (3.21) 
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provides the general equation system for the n-port power network or cluster area, depicted in 

Figure 3.6. In turn, Eq. (3.21) can be understood in a short form as 

 [𝑍𝑝𝑎𝑟] = [∆𝑉Τ][∆𝐼Τ]
−1

. (3.22) 

where [ΔV 
T] is the matrix of bus voltage changes, and [ΔI 

T] is the matrix of bus current 

changes. All the matrices are square, and their dimension depends on the number of ports or 

buses of concern, which is n × n in this context. 

Based on the general equation system in Eq. (3.21), the determination of the bus impedance 

parameters of n-port power network requires the information bus voltage and current changes 

for n time periods at each bus. To solve the system of linear equations and allow the system to 

have one unique solution, linear independency of rows and columns in both matrices of bus 

voltage and bus current changes in Eq. (3.21) must be ensured. That is, the matrix rank of 

both matrices must match, and both matrices must have full rank. A rank tells the number of 

linearly independent row or column vectors in the matrix [188]. For example, the rank of the 

matrix [ΔV 
T] and matrix [ΔI 

T] must be 2 and n for Eq. (3.20) and Eq. (3.21), respectively. 

3.2.2 Determination of Bus Impedance Parameters 

The matrix [Zpar] is expected to be available for either single-area power grid or cluster areas 

under the CPSA. The method of determining the matrix [Zpar] is developed to be the same for 

any case. The local measurement of bus voltages and currents from concerned buses are 

employed. In the following, the determination of the matrix [Zpar] is delineated. First of all, 

the concept of the CPSA for the cluster areas must be taken into account, as it is applied on 

the underlying power grid. The overview of this concept is depicted in Figure 3.8, in which 

the CPSA creates m cluster areas to the exemplified n-port network. The matrix [Zpar] of each 

cluster area is, accordingly, designated as [Zpar,Cj] where j ϵ {1, 2, …, m}. That is, the matrix 

[Zpar] of the entire grid is divided into m matrices from [Zpar,C1] to [Zpar,Cm]. Under the CPSA, 

multiple cluster areas are interconnected as a network. Each cluster area collects measurement 

data only from the data sources residing in its boundary. 
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Figure 3.8: An n-port power network with m cluster areas 
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The cluster areas are generally interconnected as a network, as a result from the CPSA. At 

least, there is one border zone overlapping between two adjacent cluster areas looked from the 

grid view. It must be noted that in order to demonstrate the determination of the matrix [Zpar], 

only one border zone is demonstrated in this section as an example.  

Figure 3.9 illustrates a border zone between two cluster areas, cluster 1 and cluster 2. 

Sequentially, Figure 3.10 displays the border zone considered by each cluster area. Observed 

from Figure 3.9 and Figure 3.10, bus g and bus f are in the border zone of cluster 1 and 

cluster 2, respectively. These two buses are also members of both cluster areas, but they are 

regarded differently in each area. Bus g is considered as the external bus – called “border bus” 

thereafter – of cluster 1, because it is the decoupling point in the area of cluster 2. Bus f is 

considered as the border bus of cluster 2 because it is the decoupling point in the area of 

cluster 1. In each cluster area, other buses besides the border bus are known as internal buses. 
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Figure 3.9: An example of the border zone between two cluster areas 
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Figure 3.10: An example of the border zone looked from each cluster area 
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Under the CPSA, grid operations are decentralised from the entire grid to multiple cluster 

areas. This is also applied to the data management. For this reason, each cluster area collects 

measurement data only from the data sources residing in its boundary. In this thesis, the 

constraints of data collection from internal buses and the border bus are different. They are 

defined as follows. 

Collection of voltage data: 

• Phasors of bus voltages from all buses of concern (Either internal or border buses) 

Collection of current data: 

• Phasors of bus currents flowing into or out of the power grid from the internal buses of 

concern 

• Phasors of line current(s) flowing in the cable pertaining to the border bus in the 

direction of flowing into the cluster area  

After the data are collected, the matrix [Zpar] can be determined. Based on Eq. (3.21), bus 

voltage and bus current changes are required. Since the matrix [Zpar] is a square matrix, if a 

cluster area is regarded as an n-port network, the dimension of the matrix [Zpar] is n × n. 

Hence, the information of bus voltage and bus current changes must come from n time 

periods to perform matrix operations. Aside from ensuring mathematical conditions for matrix 

operations during the calculation, up-to-date matrix [Zpar] is also essential. In the calculation 

of bus voltage and bus current changes, the latest possible measured voltage and current are 

thus referred as the reference time point. Accordingly, at least n+1 number of data sets of bus 

voltages and bus currents are required to ensure n × n matrix dimension.  

If Tk is the time period between time t(n+1) and time tk where k ϵ {1, 2, …, n}, the change of 

bus voltages Δ𝑉T𝑘 at bus i during the time period Tk is 

 Δ𝑉𝑖
T𝑘 = 𝑉

𝑖

𝑡(𝑛+1) − 𝑉𝑖
𝑡𝑘  (3.23) 

and the change of bus currents Δ𝐼T𝑘 at bus i or at the border bus g whose adjacent bus is 

designed as bus f during the time period Tk is 

 Δ𝐼𝑖
T𝑘 = {

𝐼
𝑖

𝑡(𝑛+1) − 𝐼𝑖
𝑡𝑘   if 𝑖 𝜖 {1, 2, … , 𝑛}

𝐼
𝑙𝑖𝑛𝑒,𝑔𝑓

𝑡(𝑛+1) − 𝐼𝑙𝑖𝑛𝑒,𝑔𝑓
𝑡𝑘   if 𝑖 = 𝑔; 𝑔 ≠ 𝑓;  𝑔, 𝑓 𝜖 {1, 2, … , 𝑛}

. (3.24) 

Bus voltage 𝑉
𝑖

𝑡(𝑛+1)
, bus current 𝐼

𝑖

𝑡(𝑛+1)
, and line current 𝐼

𝑙𝑖𝑛𝑒,𝑔𝑓

𝑡(𝑛+1)
 are measured at the latest 

possible time t(n+1), whereas bus voltage 𝑉𝑖
𝑡𝑘 , bus current 𝐼𝑖

𝑡𝑘 , and line current 𝐼𝑙𝑖𝑛𝑒,𝑔𝑓
𝑡𝑘  are 

measured at the time tk. The subscript i, g, and f denotes the bus number where i, g, f ϵ {1, 2, 

…, n}. Accordingly, when the voltage Δ𝑉𝑖
T𝑘 and current Δ𝐼𝑖

T𝑘 from Eq. (3.23) and Eq. (3.24) 
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are related to the newest data, i.e. 𝑉
𝑖

𝑡(𝑛+1)
 and 𝐼

𝑖

𝑡(𝑛+1)
 or 𝐼

𝑙𝑖𝑛𝑒,𝑔𝑓

𝑡(𝑛+1)
, bus impedance parameters 

reflecting the most recent situation of the power grid can be acquired.  

Thus far, the utilisation of the local measurements, bus voltages and bus currents, to 

determine the matrix [Zpar] has been clarified. To this end, substituting the change of bus 

voltage Δ𝑉𝑖
T𝑘 and the change of bus current Δ𝐼𝑖

T𝑘 in Eq. (3.21) results in the general form of 

matrix of bus voltage change 

[∆𝑉Τ] =  

[
 
 
 
 ∆𝑉1

T1 ∆𝑉1
T2 ⋯ ∆𝑉1

T𝑛

∆𝑉2
T1

⋮

∆𝑉𝑛
T1

∆𝑉2
T2

⋮

∆𝑉𝑛
T2

⋯
⋱
…

∆𝑉2
T𝑛

⋮

∆𝑉𝑛
T𝑛]

 
 
 
 

 

=

[
 
 
 
 𝑉1

𝑡(𝑛+1) − 𝑉1
𝑡1 𝑉1

𝑡(𝑛+1) − 𝑉1
𝑡2 ⋯ 𝑉1

𝑡(𝑛+1) − 𝑉1
𝑡𝑛

𝑉2

𝑡(𝑛+1) − 𝑉2
𝑡1 𝑉2

𝑡(𝑛+1) − 𝑉2
𝑡2 ⋯ 𝑉2

𝑡(𝑛+1) − 𝑉2
𝑡𝑛

⋮ ⋮ ⋱ ⋮

𝑉𝑛

𝑡(𝑛+1) − 𝑉𝑛
𝑡1 𝑉𝑛

𝑡(𝑛+1) − 𝑉𝑛
𝑡2 ⋯ 𝑉𝑛

𝑡(𝑛+1) − 𝑉𝑛
𝑡𝑛]

 
 
 
 

 (3.25) 

and the general form of matrix of bus current change  

[∆𝐼Τ] =

[
 
 
 
 ∆𝐼1

T1 ∆𝐼1
T2 ⋯ ∆𝐼1

T𝑛

∆𝐼2
T1

⋮

∆𝐼𝑛
T1

∆𝐼2
T2

⋮

∆𝐼𝑛
T2

⋯
⋱
…

∆𝐼2
T𝑛

⋮

∆𝐼𝑛
T𝑛]

 
 
 
 

 

=

[
 
 
 
 𝐼1

𝑡(𝑛+1) − 𝐼1
𝑡1 𝐼1

𝑡(𝑛+1) − 𝐼1
𝑡2 ⋯ 𝐼1

𝑡(𝑛+1) − 𝐼1
𝑡𝑛

𝐼2
𝑡(𝑛+1) − 𝐼2

𝑡1 𝐼2
𝑡(𝑛+1) − 𝐼2

𝑡2 ⋯ 𝐼2
𝑡(𝑛+1) − 𝐼2

𝑡𝑛

⋮ ⋮ ⋱ ⋮

𝐼𝑛
𝑡(𝑛+1) − 𝐼𝑛

𝑡1 𝐼𝑛
𝑡(𝑛+1) − 𝐼𝑛

𝑡2 ⋯ 𝐼𝑛
𝑡(𝑛+1) − 𝐼𝑛

𝑡𝑛]
 
 
 
 

. (3.26) 

Since the bus impedance parameters are based on the impedance model, the bus impedance 

parameters matrix  

[𝑍𝑝𝑎𝑟] =

[
 
 
 
𝑍11 𝑍12 ⋯ 𝑍1𝑛

𝑍21 𝑍22 ⋯ 𝑍2𝑛

⋮
𝑍𝑛1

⋮
𝑍𝑛2

⋱
⋯

⋮
𝑍𝑛𝑛]

 
 
 

 

= [

𝑅11 𝑅12 ⋯ 𝑅1𝑛

𝑅21 𝑅22 ⋯ 𝑅2𝑛

⋮ ⋮ ⋱ ⋮
𝑅𝑛1 𝑅𝑛2 ⋯ 𝑅𝑛𝑛

] + 𝑗 [

𝑋11 𝑋12 ⋯ 𝑋1𝑛

𝑋21 𝑋22 ⋯ 𝑋2𝑛

⋮ ⋮ ⋱ ⋮
𝑋𝑛1 𝑋𝑛2 ⋯ 𝑋𝑛𝑛

] (3.27) 

can be divided to resistance and reactance parts. 
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Same as the case of matrix [Zbus], the diagonal elements 𝑍𝑖𝑖 (i ϵ {1, 2, …, n}) of [Zpar] 

describe the impact of current change on voltage change at the same bus. This also applies to 

the resistances Rii and reactances Xii, where i ϵ {1, 2, …, n}. Also, off-diagonal elements Zij (i, 

j ϵ {1, 2, …, n}; i ≠ j) describe the impact of current change at one bus on voltage change at 

another bus. Again, this also applies to the resistances Rij and reactance Xij, where i, j ϵ {1, 2, 

…, n} and i ≠ j. 

To summarise, the matrix [Zpar] is determined by using only measured bus voltages and 

currents. How to prepare the measured bus voltages and bus currents for calculating the 

matrix [Zpar] is shown in Eq. (3.25) and Eq. (3.26), respectively. The matrix [Zpar] is 

composed of resistance and reactance parts, as illustrated in Eq. (3.27). Up to this point, the 

determination of the bus impedance parameters is valid if the condition of the power grid is 

balanced. However, an unbalanced grid condition can happen during grid operations, 

especially at the distribution level. The effect of an unbalanced condition therefore must be 

considered. A powerful method used to cope with this effect is the symmetrical components.  

3.2.3 Determination of Bus Impedance Parameters in Sequence Systems 

Grid condition in power systems is generally maintained to stay balanced. If the three-phase 

system is concerned, a set of state variables, such as voltages and currents, consists of three 

phase components [189]. Under a balanced condition, the magnitude of all components is 

identical, and meanwhile the angle displacement between adjacent phasors is equal at 120º. 

Nonetheless, the condition of power systems is not always balanced. Especially, in low-

voltage distribution networks, the grid accommodates single-phase loads and DG units, which 

adversely cause an unbalanced condition. Consequently, the magnitudes of phasors are 

different, and/or the angle displacements between adjacent phasors are not equal at 120º. To 

tackle the unbalanced condition in the grid, the symmetrical components technique is used in 

this thesis for the determination of bus impedance parameters. Based on this technique, a 

three-phase unbalanced phasor is equal to the summation of its symmetrical components from 

three sequence systems: positive, negative, and zero sequences [181]. Each sequence is 

independent from other sequences. This means that the change of current in one sequence 

does not cause voltage change in another sequence. In this section, the conversion of the 

original bus impedance parameters into zero-, positive-, and negative-sequence bus 

impedance parameters is taken into account. In the following context, the three-phase system 

is denoted here as phase a, b, and c, while zero, positive, and negative sequences are 

designated by 0, 1, and 2, respectively. 

First, the calculation of the symmetrical components of bus voltages and currents is discussed. 

To convert the phasor of each phase into the symmetrical components is normally referred to 

phase a. The relationship between the change of bus voltage at each phase and their 

symmetrical components  
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 [

∆𝑉𝑎

∆𝑉𝑏

∆𝑉𝑐

] = [

1 1 1
1 𝑎2 𝑎

1 𝑎 𝑎2
] [

∆𝑉(0)

∆𝑉(1)

∆𝑉(2)

] (3.28) 

where a is a complex operator at the value of ej120º can be described. The voltages ΔVa, ΔVb, 

and ΔVc are the change of bus voltage at phase a, b, and c. The voltages ΔV(0), ΔV(1), and ΔV(2) 

are the change of bus voltage in zero, positive, and negative sequence, respectively. The 

coefficient matrix  

 [𝐴] = [

1 1 1
1 𝑎2 𝑎

1 𝑎 𝑎2
]. (3.29) 

is defined. On the other hand, the symmetrical components can be converted back to phase 

components. By multiplying the inverse of [A] in Eq. (3.29) to both sides of Eq. (3.28), the 

change of bus voltage in sequence systems  

 [

∆𝑉(0)

∆𝑉(1)

∆𝑉(2)

] =
1

3
[

1 1 1
1 𝑎 𝑎2

1 𝑎2 𝑎
] [

∆𝑉𝑎
∆𝑉𝑏

∆𝑉𝑐

] (3.30) 

can be resolved. The inverse of the coefficient matrix [A] is denoted by 

 [𝐴]
−1

=
1

3
[

1 1 1
1 𝑎 𝑎2

1 𝑎2 𝑎
]. (3.31) 

In the same manner as the case of bus voltages, the relationship between the change of bus 

current at each phase and their symmetrical components  

 [

∆𝐼𝑎
∆𝐼𝑏
∆𝐼𝑐

] = [

1 1 1
1 𝑎2 𝑎

1 𝑎 𝑎2
] [

∆𝐼(0)

∆𝐼(1)

∆𝐼(2)

] (3.32) 

can be described. The currents ΔIa, ΔIb, and ΔIc are the change of bus current at phase a, b, 

and c, and the currents ΔI(0), ΔI(1), and ΔI(2) are the change of bus current in zero, positive, and 

negative sequence, respectively. By multiplying the inverse of [A] in Eq. (3.31) to both sides 

of Eq. (3.32), the change of bus current in sequence systems  

 [

∆𝐼(0)

∆𝐼(1)

∆𝐼(2)

] =
1

3
[

1 1 1
1 𝑎 𝑎2

1 𝑎2 𝑎
] [

∆𝐼𝑎
∆𝐼𝑏
∆𝐼𝑐

] (3.33) 

can be calculated. Eqs. (3.30) and (3.33) are then employed here to convert three-phase bus 

voltages and currents into the symmetrical components in sequence systems, since the 

measured data are in phase components. Accordingly, the bus impedance parameters in the 
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sequence systems can be determined. By applying Eq. (3.30) to [ΔVT] from Eq. (3.25), the 

matrices of the change of bus voltages – [ΔVT(0)], [ΔVT(1)], and [ΔVT(2)] – in the sequence 

systems can be computed. In the same way, by applying Eq. (3.33) to [ΔIT] from Eq. (3.26), 

and the matrices of the change of bus currents in the sequence systems – [ΔIT(0)], [ΔIT(1)], and 

[ΔIT(2)] – can be obtained. Since the sequence systems are independent, the determination of 

the bus impedance parameters separately for each sequence is possible. The matrices of zero-

sequence bus impedance parameters  

 [𝑍𝑝𝑎𝑟
(0)

] =

[
 
 
 
 ∆𝑉1

T1(0)
∆𝑉1

T2(0)
⋯ ∆𝑉1

T𝑛(0)

∆𝑉2
T1(0)

⋮

∆𝑉𝑛
T1(0)

∆𝑉2
T2(0)

⋮

∆𝑉𝑛
T2(0)

⋯
⋱
…

∆𝑉2
T𝑛(0)

⋮

∆𝑉𝑛
T𝑛(0)

]
 
 
 
 

∙

[
 
 
 
 ∆𝐼1

T1(0)
∆𝐼1

T2(0)
⋯ ∆𝐼1

T𝑛(0)

∆𝐼2
T1(0)

⋮

∆𝐼𝑛
T1(0)

∆𝐼2
T2(0)

⋮

∆𝐼𝑛
T2(0)

⋯
⋱
…

∆𝐼2
T𝑛(0)

⋮

∆𝐼𝑛
T𝑛(0)

]
 
 
 
 
−1

 (3.34) 

positive-sequence bus impedance parameters 

 [𝑍𝑝𝑎𝑟
(1)

] =

[
 
 
 
 ∆𝑉1

T1(1)
∆𝑉1

T2(1)
⋯ ∆𝑉1

T𝑛(1)

∆𝑉2
T1(1)

⋮

∆𝑉𝑛
T1(1)

∆𝑉2
T2(1)

⋮

∆𝑉𝑛
T2(1)

⋯
⋱
…

∆𝑉2
T𝑛(1)

⋮

∆𝑉𝑛
T𝑛(1)

]
 
 
 
 

∙

[
 
 
 
 ∆𝐼1

T1(1)
∆𝐼1

T2(1)
⋯ ∆𝐼1

T𝑛(1)

∆𝐼2
T1(1)

⋮

∆𝐼𝑛
T1(1)

∆𝐼2
T2(1)

⋮

∆𝐼𝑛
T2(1)

⋯
⋱
…

∆𝐼2
T𝑛(1)

⋮

∆𝐼𝑛
T𝑛(1)

]
 
 
 
 
−1

 (3.35) 

and negative-sequence bus impedance parameters 

 [𝑍𝑝𝑎𝑟
(2)

] =

[
 
 
 
 ∆𝑉1

T1(2)
∆𝑉1

T2(2)
⋯ ∆𝑉1

T𝑛(2)

∆𝑉2
T1(2)

⋮

∆𝑉𝑛
T1(2)

∆𝑉2
T2(2)

⋮

∆𝑉𝑛
T2(2)

⋯
⋱
…

∆𝑉2
T𝑛(2)

⋮

∆𝑉𝑛
T𝑛(2)

]
 
 
 
 

∙

[
 
 
 
 ∆𝐼1

T1(2)
∆𝐼1

T2(2)
⋯ ∆𝐼1

T𝑛(2)

∆𝐼2
T1(2)

⋮

∆𝐼𝑛
T1(2)

∆𝐼2
T2(2)

⋮

∆𝐼𝑛
T2(2)

⋯
⋱
…

∆𝐼2
T𝑛(2)

⋮

∆𝐼𝑛
T𝑛(2)

]
 
 
 
 
−1

 (3.36) 

can be determined. Eqs. (3.34) to (3.36) illustrate general equations to calculate the bus 

impedance parameters in each sequence separately. It must be noted that if the condition of 

the grid is balanced, the matrix [Zpar] from a normal calculation is equal to the matrix [𝑍𝑝𝑎𝑟
(1)

], 

since zero- and negative- sequence components of bus voltages and currents are of zero 

magnitude. Otherwise, all matrices [𝑍𝑝𝑎𝑟
(0)

], [𝑍𝑝𝑎𝑟
(1)

], and [𝑍𝑝𝑎𝑟
(2)

] must be taken into account. 

In this section, the determination of the matrix [Zpar] in sequence systems is presented. This 

step is applied to the process of calculating the change of bus voltages and bus currents 

delivered in the previous section, which is Section 3.2.2. To summarise, Figure 3.11 depicts 

the determination of the matrix [Zpar] with consideration of cluster areas, which are called 

decentralised power grids in the general term. The sequence matrices [𝑍𝑝𝑎𝑟,𝐶𝑗
(0)

], [𝑍𝑝𝑎𝑟,𝐶𝑗
(1)

], and 

[𝑍𝑝𝑎𝑟,𝐶𝑗
(2)

] are acquired at the end of the process depicted in Figure 3.11. The subscript Cj is 

specified as number of cluster areas where j ϵ {1, 2, …, m}. 
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[Vi,Cj,abc]
tn+1

[Vi,Cj,abc]
tk

+
- [ΔVi,Cj,abc]

Tk

[A]-1

[Ii,Cj,abc]
tn+1

[Ii,Cj,abc]
tk

+
-

[ΔIi,Cj,abc]
Tk

[A]-1

Note:

If the subscript of the external 

border bus is denoted by g, 

when i = g whose adjacent bus is f

[ΔIg,Cj,abc] = [Iline,Cj,gf]-[Iline,Cj,gf]  

where i ꞓ {1, 2,…, f, g,   n};

           k ꞓ {1, 2,…, n+1}

tn+1 tkTk

[Zpar,Cj] = [ΔVi,Cj   ][ΔIi,Cj  ]
-1Tk(0)

[Zpar,Cj] = [ΔVi,Cj   ][ΔIi,Cj  ]
-1

[Zpar,Cj] = [ΔVi,Cj   ][ΔIi,Cj  ]
-1

[ΔIi,Cj   ]
Tk(0)

[ΔIi,Cj   ]
Tk(1)

[ΔIi,Cj   ]
Tk(2)

[ΔVi,Cj   ]
Tk(0)

[ΔVi,Cj   ]
Tk(1)

[ΔVi,Cj   ]
Tk(2)

× 

× 

Tk(0)

Tk(1) Tk(1)

Tk(2) Tk(2)

(0)

(1)

(2)

 

Figure 3.11: Flowchart of determination of bus impedance parameters in cluster area 

So far, if the target of the analysis is only for the entire power grid as one single area, the 

determination of the matrix [Zpar] is done in this section. Nevertheless, if the target is for 

decentralised areas, i.e. cluster areas, the influence of interconnected areas must be 

considered. The determination of the matrix [Zpar] needs one more step to integrate with the 

influence from interconnected areas. The integration is stated in the next section. 

3.2.4 Integration of the Influence of Interconnected Cluster Areas 

Decentralised operations generally mean that the manipulation of grid operation is distributed 

from the centre. Instead of controlling the entire grid from the control centre, the operations 

are separately performed in multiple local areas of the grid. Since the power grid in each 

region is synchronised, the influence of interconnected decentralised areas, i.e. cluster areas in 

this context, must be considered when they exist. After that, each cluster area can perform the 

analysis independently. This means that the determination of the matrix [Zpar] will be 

incorrect without consideration of the influence of interconnected cluster areas.  

This section delineates a successive step from the previous section for the determination of 

the matrix [Zpar]. As an approach to enable decentralised operations, the CPSA creates 

interconnected cluster areas in the distribution level to imitate the characteristics of the 

interconnected grids from the transmission level. The influence of interconnected grids can be 

obtained at the border in the form of bus impedances [179]. For this reason, the influence of 

interconnected cluster areas can be integrated at the border of each cluster area as well. In this 

thesis, the Thévenin’s theorem is chosen to produce a model representing the influence of 

interconnected cluster areas. Based on the Thévenin’s theorem, the components of an original 

circuit can be represented by an equivalent voltage source and an equivalent impedance, 

known as Thévenin equivalent voltage source VTh and Thévenin impedance ZTh, respectively, 
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as discussed in Section 3.1.2. However, the voltage source VTh is not involved here. To correct 

the matrix [Zpar] determined separately in each cluster area, the interconnected cluster areas 

have to exchange their impedance ZTh looking into their cluster area from the border bus and 

then integrate the impedance ZTh to their existing matrix [Zpar]. In the following, first, the 

selection and exchange method of Thévenin impedance is introduced. Afterwards, the 

modification method for the integration of the influence of interconnected cluster areas is 

exemplified. It must be noted that these methods are applicable for each sequence system, if 

the matrix [Zpar] are individually available in zero- and negative- sequence components. 

Nonetheless, the sequence systems are not mentioned thereafter to ease the explanation. 

Selection and Exchange of Thévenin Impedance 

The Thévenin impedance in this context represents the behaviour of the interconnected cluster 

areas at the border bus. Typically, there are two methods to obtain the values of Thévenin’s 

impedances. The first one is using Thévenin’s theorem to calculate the impedances directly. 

The other one is acquiring from the diagonal elements of bus impedance matrix [Zbus], which 

in this context can be bus impedance parameters [Zpar]. In this thesis, the method of acquiring 

the Thévenin impedance from the diagonal elements is employed. Since grid topology is 

assumed to be unknown, the direct calculation of the impedances by using Thévenin’s 

theorem is not possible.  

Two cluster areas from Figure 3.9 are used to give an example and assumed to be located on 

an n-bus network. Figure 3.12 illustrates the exchange of the impedance ZTh from cluster 1 to 

cluster 2. The bus number in cluster 1 runs from 1, …, f, g, while the bus number in cluster 2 

is run from f, g, …, n. The matrices [Zpar,C1] and [Zpar,C2] have already been predetermined. 

According to Figure 3.12, the border zone is composed of bus f and bus g where the exchange 

of in the impedance ZTh happens. The circle around the bus name indicates the border of each 

cluster area. Thus, bus f is the border bus of cluster 2. This means cluster 2 requires the 

Thévenin impedance ZTh,C1, i.e. Zff,C1, at bus f from cluster 1 to be integrated.  

.

.

.

1

0

g

0

f

0[Zpar,C1]

Grid Model 
of 

Cluster 1
.
.
.

g

0

n

0

f

0 [Zpar,C2]

Grid Model 
of 

Cluster 2Zff,C1= ZTh,C1

Border zone

 

Figure 3.12: Exchange of the Thévenin impedance from cluster 1 to cluster 2 

In turn, Figure 3.13 illustrates the exchange of the impedance ZTh from cluster 2 to cluster 1. 

bus g is the border of cluster 1. It can be seen that bus g is the border of cluster 1 in this case. 
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Therefore, cluster 1 requires the Thévenin impedance ZTh,C2, i.e. Zgg,C2, at bus g from cluster 2 

to be integrated. 

.

.

.

1

0

f-1

0

g

0[Zpar,C1]

Grid Model 
of 

Cluster 1
.
.
.

g+1

0

n

0

g

0 [Zpar,C2]

Grid Model 
of 

Cluster 2ZTh,C2= Zgg,C2

Border zone

 

Figure 3.13: Exchange of the Thévenin impedance from cluster 2 to cluster 1 

The Thévenin impedance is selected from the diagonal element of the required bus. For the 

sake of the explanation, bus impedance parameters of cluster 1  

 [𝑍𝑝𝑎𝑟,𝐶1] =

[
 
 
 
𝑍11,𝐶1 ⋯ 𝑍1𝑓,𝐶1 𝑍1𝑔,𝐶1

⋮ ⋱ ⋮ ⋮
𝑍𝑓1,𝐶1 ⋯ 𝑍𝑓𝑓,𝐶1 𝑍𝑓𝑔,𝐶1

𝑍𝑔1,𝐶1 ⋯ 𝑍𝑔𝑓,𝐶1 𝑍𝑔𝑔,𝐶1]
 
 
 

 (3.37) 

and bus impedance parameters of cluster 2 

 [𝑍𝑝𝑎𝑟,𝐶2] =

[
 
 
 
𝑍𝑓𝑓,𝐶2 𝑍𝑓𝑔,𝐶2 ⋯ 𝑍𝑓𝑛,𝐶2

𝑍𝑔𝑓,𝐶2 𝑍𝑔𝑔,𝐶2 ⋯ 𝑍𝑔𝑛,𝐶2

⋮ ⋮ ⋱ ⋮
𝑍𝑛𝑓,𝐶2 𝑍𝑛𝑔,𝐶2 ⋯ 𝑍𝑛𝑛,𝐶2]

 
 
 

 (3.38) 

are assigned. For cluster 1, since bus g is the border, the impedance ZTh,C2 required from 

cluster 2 is selected from the self-impedance Zgg,C2 of the matrix [Zpar,C2] in Eq. (3.38). For 

cluster 2, bus f is the border, so the impedance ZTh,C1 required from cluster 1 is selected from 

the self-impedance Zff,C1 of the matrix [Zpar,C1] in Eq. (3.37). To summarise, the impedances 

ZTh,C1 and ZTh,C2 are 

 𝑍𝑇ℎ,𝐶1 = 𝑍𝑓𝑓,𝐶1 (3.39) 

 𝑍𝑇ℎ,𝐶2 = 𝑍𝑔𝑔,𝐶2. (3.40) 

Figure 3.14 and Figure 3.15 display how the impedances ZTh,C1 and ZTh,C2 represent their 

cluster area. The impedance ZTh,C1 in Figure 3.14 is seen from bus f into cluster 1, and the 

impedance ZTh,C2 in Figure 3.15 is seen from bus g into cluster 2. To give an example, the grid 

topology in these two figures is assumed to be connected in a radial formation for simplicity 

purposes. The sequence notation is not defined at the phase impedances, as only their phase 

quantities are involved before being converted to the symmetrical components. Moreover, all 

voltage or current sources are left out, because this description emphasises the calculation of 

Thévenin impedance. 
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Figure 3.14: The Thévenin impedance looking from bus f into cluster 1 
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ng g+1
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Figure 3.15: The Thévenin impedance looking from bus g into cluster 2 

The impedances ZTh,C1 and ZTh,C2 can be then exchanged after they have already been selected 

and prepared. The next step is to integrate the impedances to the predetermined bus 

impedance parameters. In this case, the impedance ZTh,C1, which is Zff,C1, will be integrated to 

the impedance Zff,C2 of the matrix [Zpar,C2], and the impedance ZTh,C2, which is Zgg,C2, will be 

integrated to the impedance Zgg,C1 of the matrix [Zpar,C1]. 

Bus Impedance Modification Method 

This modification method allows the impedance ZTh to be integrated into the existing matrix 

[Zpar] of the cluster area. That is, the matrix [Zpar] will be updated or modified to include the 

impact of ZTh. The updated matrix [Zpar] will function as though the impedance ZTh is 

practically added to the grid. For this reason, the modification method depends on the addition 

of a new element to the existing grid. Knowing how the impedance ZTh is added to the 

existing grid is indispensable. In this case, the impedance ZTh is known that it is connected 

from the border bus to the reference point, as the impedance ZTh is its self-impedance looking 

into another cluster area. Considering back to the case of Figure 3.12, the integration of the 

impedance ZTh,C2 to the border bus of cluster 1 and ZTh,C1 to the border bus of cluster 2 are 

depicted in Figure 3.16 and Figure 3.17, respectively. 
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Figure 3.16: Integrating the Thévenin impedance from cluster 2 to the border bus of cluster 1 
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Figure 3.17: Integrating the Thévenin impedance from cluster 1 to the border bus of cluster 2 

Accordingly, the modification is executed in the condition that a new impedance is added 

from an existing bus to the reference. The modification method in the following explanation is 

adapted from [179, 180]. The modification of the matrix [Zpar,C1] of cluster 1 is discussed as 

an example. Figure 3.18 portrays how the impedance ZTh,C2 is added to bus g. Bus g´ is a 

pretend bus acting as a new bus connected to bus g. As the impedance ZTh,C2 is connected 

between bus g and the reference, bus g´ is short-circuited to the reference. 

g

0

Vg

Reference

ZTh,C2

Ĩg´

[Zpar,C1,s]

Grid Model 
of 

Cluster 1
Ṽg´

g´

Ig+Ĩg´

 

Figure 3.18: Adding the impedance ZTh,C2 to bus g  

The addition of the impedance ZTh,C2 to bus g introduces an additional current Ĩg´ flowing from 

bus g´. Consequently, bus voltage Vg at bus g is impacted, and the current flowing from bus g 

to the grid becomes the initial current Ig plus the current Ĩg´. Bus voltage Vg caused by the 

addition of current 𝐼𝑔´ to the existing grid is 

 𝑉𝑔 = (𝐼𝑔 + 𝐼𝑔´) ∙ 𝑍𝑔𝑔,𝐶1 = 𝐼𝑔𝑍𝑔𝑔,𝐶1 + 𝐼𝑔´𝑍𝑔𝑔,𝐶1. (3.41) 
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As the initial quantities, the term Ig∙Zgg,C1 equals the initial voltage Vg
0
, which exists before the 

impedance ZTh,C2 is added. Afterwards, replacing the voltage Vg
0
 in Eq. (3.41) yields 

 𝑉𝑔 = 𝑉𝑔
0 + 𝐼𝑔´𝑍𝑔𝑔,𝐶1. (3.42) 

The voltage Vg is the combination of the initial voltage Vg
0
 and the change of bus voltage 

caused by the current Ĩg´ flowing through the self-impedance Zgg,C1 of bus g. Next, bus g´ is 

regarded as it is connected further from bus g. By extending from Eq. (3.42), bus voltage Ṽg´ 

therefore is understood as 

 �̃�𝑔´ = 𝑉𝑔 + 𝐼𝑔´𝑍𝑇ℎ,𝐶2. (3.43) 

In Eq. (3.43), the voltage Vg and the term Ĩg´ZTh,C2 constitute bus voltage Ṽg´. Then, 

substituting the voltage Vg from Eq. (3.42) to Eq. (3.43) yields 

 �̃�𝑔´ = 𝑉𝑔
0 + 𝐼𝑔´𝑍𝑔𝑔,𝐶1 + 𝐼𝑔´𝑍𝑇ℎ,𝐶2. (3.44) 

The term of voltage Vg
0
 in Eq. (3.44) can be then expanded to its initial network equation of 

voltage at bus g to describe voltage Ṽg´. Meanwhile, the term of the current Ĩg´ can be 

combined. This results in 

 �̃�𝑔´ = 𝐼1𝑍𝑔1,𝐶1 + ⋯+ 𝐼𝑓𝑍𝑔𝑓,𝐶1 + 𝐼𝑔𝑍𝑔𝑔,𝐶1 + 𝐼𝑔´(𝑍𝑔𝑔,𝐶1 + 𝑍𝑇ℎ,𝐶2). (3.45) 

In Eq. (3.45), the current Ĩg´ from bus g´ is added to the initial network equation in which the 

bus number runs from 1, 2, …, g. Now, the number of buses becomes g´. Since the matrix of 

bus impedances is symmetry, additional row and column are added to build a new set of 

network equations. Based on Eq. (3.45), new set of network equations is 

 

 

  (3.46) 

 

 

where new elements are covered in the red dashed boundary. Up to this point, the impact of 

the impedance ZTh,C2 is still not integrated into the matrix [Zpar,C1] of cluster 1; only the bus 

impedances related to bus g´ are added to the network questions in Eq. (3.46). In the 

following, the integration process is delineated.  

To integrate the impedance ZTh,C2 into the matrix [Zpar,C1] bus g´ will be eliminated. The 

elimination starts from considering the voltage Ṽg´. Since bus g´ is short-circuited to the 

reference, the voltage Ṽg´ equals to zero. 

 �̃�𝑔´ = 0 (3.47) 
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As a consequence, the bus impedances related to bus g´ can be eliminated by using Kron’s 

reduction technique [179]. For cluster 1, the matrix [Zpar,C1] in Eq. (3.37) therefore can be 

modified element by element to include the influence from cluster 2 by using the following 

modifying equation. 

 𝑍𝑖𝑗,𝐶1
𝑓𝑖𝑛𝑎𝑙

= 𝑍𝑖𝑗,𝐶1 −
𝑍𝑖(𝑔+1)𝑍(𝑔+1)𝑗

𝑍𝑔𝑔+𝑍𝑇ℎ
 (3.48) 

where i, j ϵ {1, 2, …, g} and bus g is the border bus. Hence, the final matrix of bus impedance 

parameters  

 [𝑍𝑝𝑎𝑟,𝐶1] =

[
 
 
 
 𝑍11,𝐶1

𝑓𝑖𝑛𝑎𝑙
⋯ 𝑍1𝑓,𝐶1

𝑓𝑖𝑛𝑎𝑙
𝑍1𝑔,𝐶1

𝑓𝑖𝑛𝑎𝑙

⋮ ⋱ ⋮ ⋮

𝑍𝑓1,𝐶1
𝑓𝑖𝑛𝑎𝑙

⋯ 𝑍𝑓𝑓,𝐶1
𝑓𝑖𝑛𝑎𝑙

𝑍𝑓𝑔,𝐶1
𝑓𝑖𝑛𝑎𝑙

𝑍𝑔1,𝐶1
𝑓𝑖𝑛𝑎𝑙

⋯ 𝑍𝑔𝑓,𝐶1
𝑓𝑖𝑛𝑎𝑙

𝑍𝑔𝑔,𝐶1
𝑓𝑖𝑛𝑎𝑙

]
 
 
 
 

 (3.49) 

is obtained after the modification. Based on Eq. (3.48), the influence of cluster 2 in the form 

of ZTh,C2 is integrated to all bus impedances, as shown in Eq. (3.49). This integration process 

can be applied to the matrix [Zpar] of any cluster area, utilising the modifying equation. 

Eq. (3.48) is, however, specific for this example. In order to clarify how to use this equation, 

regardless of the presented example, the modifying equation in general case of a cluster with 

n number of buses is 

 𝑍𝑖𝑗
𝑓𝑖𝑛𝑎𝑙

= 𝑍𝑖𝑗 −
𝑍𝑖(𝑛+1)𝑍(𝑛+1)𝑗

𝑍𝑔𝑔+𝑍𝑇ℎ
 (3.50) 

where i, j ϵ {1, 2, …, n} and bus g is the border bus. Afterwards, by using Eq. (3.50), the final 

matrix 

 [𝑍𝑝𝑎𝑟] =

[
 
 
 
 𝑍11

𝑓𝑖𝑛𝑎𝑙
𝑍12

𝑓𝑖𝑛𝑎𝑙
⋯ 𝑍1𝑛

𝑓𝑖𝑛𝑎𝑙

𝑍21
𝑓𝑖𝑛𝑎𝑙

𝑍22
𝑓𝑖𝑛𝑎𝑙

⋯ 𝑍2𝑛
𝑓𝑖𝑛𝑎𝑙

⋮ ⋮ ⋱ ⋮

𝑍𝑛1
𝑓𝑖𝑛𝑎𝑙

𝑍𝑛2
𝑓𝑖𝑛𝑎𝑙

⋯ 𝑍𝑛𝑛
𝑓𝑖𝑛𝑎𝑙

]
 
 
 
 

 (3.51) 

in the case of n number of buses in which the impedance ZTh, is newly integrated to bus g can 

be computed. This section provides the last step that enables the decoupled determination of 

the matrix [Zpar], which will not be completed without considering the influence of its 

interconnected cluster areas. The Thévenin impedance ZTh is employed to represent the 

influence of each cluster. It can be selected from a self-impedance in the predetermined 

matrix [Zpar], depending on which bus is connected to the interconnected cluster areas.  

Eqs. (3.39) and (3.40) show the selection of the impedance ZTh. Subsequently, the selected 

impedance ZTh needs to be exchanged between the interconnected cluster areas. In turn, the 

exchanged impedance ZTh will be integrated to the predetermined matrix [Zpar]. Eq. (3.50) is 

the general equation for updating each element in the matrix [Zpar] where i, j ϵ {1, 2, …, n}. 

As a result of the integration, Eq. (3.51) illustrates a general final matrix [Zpar] after the 
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original predetermined matrix is updated. The matrix [Zpar], then, is ready-to-use for the 

voltage sensitivity analysis presented in the next chapter. Finally, the method presented in this 

section can be applied to each sequence individually, if the predetermined matrix [Zpar] is in 

the sequence systems.  

3.3 Summary 

The impedance model proposed for network analysis of cluster-based decentralised power 

grids is proposed in this chapter. The aim of this model is to enable decoupled voltage 

sensitivity analysis based on the CPSA. It allows analysing the change of bus voltages caused 

by the change of bus currents. The proposed impedance model is comprised of bus impedance 

parameters [Zpar]. It is developed on the basis of a bus impedance matrix [Zbus]. The difference 

between the matrices [Zpar] and [Zbus] is that the matrix [Zpar] solely accommodates bus 

impedances of the buses of concern in the power grid or cluster area, while the matrix [Zbus] 

contains bus impedances of all buses. Therefore, if all buses are relevant for the analysis, the 

matrices [Zpar] and [Zbus] will be identical. 

The determination of the matrix [Zpar] requires only local measurements of bus voltages and 

bus currents without knowledge about the grid topology. The method of determining the 

matrix [Zpar] is developed in such a way that the matrix [Zpar] can be calculated individually 

for each cluster area when the CPSA is taken into account. This provides an advantage that 

the measured data can be directly exploited and manipulated by each cluster area. Besides, the 

matrix [Zpar] can be realised in sequence systems so that it can deal with both balanced and 

unbalanced conditions of the power grid.  

When the CPSA or cluster areas are also considered, the determination of the matrix [Zpar] 

described above needs an additional step. The influence of interconnected cluster areas must 

be aware. Accordingly, the Thévenin impedance ZTh from the Thévenin’s theorem is used to 

transfer the influence or the characteristic from a cluster to integrate to its interconnected bus, 

and vice versa. It is subsequently integrated into the predetermined [Zpar] by using the bus 

impedance modification method. The original elements are recalculated to include the impact 

of the impedance ZTh, resulting in [Zpar]. Once this integration process is accomplished, the 

matrix [Zpar] of each cluster area is ready to be further utilised.  

Finally, the matrix [Zpar] is built using an uncomplicated method. It provides, in addition, an 

up-to-date impedance model for either balanced or unbalanced grid conditions and also 

supports the distributed characteristics of cluster areas from the CPSA. In the next chapter, the 

bus impedance parameters of the matrix [Zpar] are leveraged in voltage sensitivity analysis, 

which is expected to be decoupled for each cluster area.  
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4. Voltage Sensitivity Analysis for Cluster-Based 

Decentralised Power Grids 

The advent of DG technologies has provided great benefits to power systems in operational 

and environmental aspects. At the same time, nevertheless, the integration of the DG units 

into the power grids poses technical challenges to power system operations, as stated in 

Chapter 1. In this chapter, a method for decoupled voltage sensitivity analysis is proposed for 

steady-state analysis of voltage magnitude and voltage angle sensitivities. This proposed 

analysis method is the consecutive process after the determination of bus impedance 

parameters [Zpar], presented in Chapter 3. In this thesis, the proposed method for the 

sensitivity analysis embraces the flexibility constraint of the CPSA. Essentially, as the 

primary constraint, only local synchrophasor measurements of bus voltages and currents are 

required. Different from using the classical method for voltage sensitivity analysis, the 

topology of a power grid is assumed to be unknown and is not included in the analysis.  

For a power grid, the resulting sensitivity values represent the effects and strength of the 

concerned buses on the specified condition of their power grid in the manner of voltage 

magnitude and angle [190], which indicates the response of voltage magnitude or angle to the 

deviation of another electrical parameter of interest. The primary intention of this chapter is to 

utilise the outcome of voltage sensitivity analysis for specifying power or current setpoints to 

facilitate the participation of DG units in grid operations. The proposed method is intended to 

be feasible for any grid level from distribution to transmission systems and are devised 

specifically for both unbalanced and balanced grid conditions.  

Normally, the voltage sensitivity analysis is also concerned with the analysis and study of the 

response from the generators under fault or short circuit circumstances that can potentially 

happen in the power grids. Either power electronic interfaced or non-power electronic 

interfaced DG units can contribute current during a fault. In a balanced fault, only a positive 

sequence current will contribute. In an unbalanced fault, additionally, negative or zero 

sequence currents can contribute in response to a fault [191–193]. Hence, to enable maximum 

usability of the outcome from the proposed analysis method, the sensitivity of voltage 

magnitude and angle in relation to sequence currents is provided in this thesis. With this 

analysis, the proposed method enables the analysis for both unbalanced and balanced grid 

conditions. Depending on analysis purposes, the state of a power grid can be analysed; the 

allocation of DG can be studied; and the participation of the DG in grid operations, which is 

the main target here, can be facilitated.  

In addition, the complex components of the sequence currents are beneficial to the sensitivity 

analysis, since they are the fundamental components. They can be further used or related to 
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other parameters such as phase powers or phase currents when required. In this thesis, based 

on the sensitivities in relation to the sequence currents, an option for analysing the voltage 

sensitivity in relation to active and reactive powers is given for a balanced grid condition. The 

expected outcomes from the proposed analysis method are listed as follows: 

For the unbalanced grid condition 

• Sensitivity of voltage magnitude at phase a, b, and c in relation to real and 

imaginary components of bus current in zero, positive, and negative sequence 

systems 

• Sensitivity of voltage angle at phase a, b, and c in relation to real and imaginary 

components of bus current in zero, positive, and negative sequence systems 

For the balanced grid condition 

• Sensitivity of phase voltage magnitude in relation to active and reactive powers 

• Sensitivity of phase angle in relation to active and reactive powers 

As a main contribution that the sensitivity values can be used together with the power 

dispatch management for voltage profile regulation, Figure 4.1 illustrates the use of current or 

power setpoints. Based on the sensitivity values, setpoints or reference values for active 

controllable elements can be determined. For feeding to controllable units Ci where bus 

number i ϵ {1, 2, …, n}, the setpoints or reference values of active and reactive powers Pset,i 

and Qset,i are computed under the balanced grid condition, while that of complex symmetrical-

component bus currents 𝐼𝑠𝑒𝑡:𝑅𝑒,𝑖
(𝑠)

 and 𝐼𝑠𝑒𝑡:𝐼𝑚,𝑖
(𝑠)

 are computed under the unbalanced grid 

condition. 

.

.

.
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[Zpar,C1] C#2
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Figure 4.1: Use of setpoints determined from the outcomes of voltage sensitivity analysis 

The terms of bus impedance parameter matrix [Zpar,Ci], where i ϵ {1, 2, …, n}, are shown in 

Figure 4.1 to emphasise that they are used in conjunction with the proposed voltage 

sensitivity analysis, which allows decoupled analysis as well. Hence, the proposed analysis 

method is applicable for the analysis in either a whole grid or cluster-based grids. 
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The structure of this chapter is provided as follows. First, the related research on voltage 

sensitivity analysis is discussed, where the classical analysis method and new developed 

methods from another research are explored. Second, the formulation of the voltage models 

for voltage sensitivity analysis is delineated, as it is the foundation to develop the voltage 

sensitivity analysis method. Third, after the models have been described, the derivations of 

the sensitivity of voltage magnitude and angle under the unbalanced grid condition are 

presented. Fourth, the voltage sensitivity analysis for the unbalanced grid condition is further 

derived to provide the sensitivity analysis of voltage magnitude and angle under the balanced 

grid condition. Lastly, the applications of outcomes from the voltage sensitivity analysis for 

voltage profile regulation are discussed.  

4.1 Related Research 

This section reviews research related to voltage sensitivity analysis in order to fill the gap in 

the literature. First, the classical method and other research on voltage sensitivity analysis are 

described to give an overview on the existing analysis methods. Then, the fundamental of 

state estimation, which is an alternative to voltage sensitivity analysis, is reviewed, as the 

proposed methods can also estimate voltage magnitude and angle. Lastly, the selection criteria 

to develop the proposed analysis methods are presented. The research gap from related work 

is discussed. As a result, this review will indicate the development of a novel voltage 

sensitivity analysis in this thesis. 

4.1.1 Voltage Sensitivity Analysis 

This section discusses research related to this thesis. There are now many available methods 

of voltage sensitivity analysis, developed for different situations. Classically, the sensitivities 

of voltage magnitude and angle can be obtained from the inverse of the Jacobian matrix, 

resulting from the load flow calculation process. Hence, the complete grid topology 

information, such as cable data and connection between buses, is required to generate the 

Jacobian matrix. To perform a load flow calculation, node parameters depending on bus types 

are also needed such as voltage magnitude |V| and phase angle δ, active power P and reactive 

power Q. To envision the load flow calculation process, based on the system of load flow 

equations [194], voltage sensitivity coefficients can be determined from the inverse of the 

Jacobian matrix, which is shown in 

 [
[∆𝛿]

[∆|𝑉|]
] = [

[𝐽𝑃𝛿] [𝐽𝑃𝑉]

[𝐽𝑄𝛿] [𝐽𝑄𝑉]
]

−1

[
[∆𝑃]
[∆𝑄]

] (4.1) 

where the change of voltage magnitude [Δ|V|], phase angle [Δδ], active power [ΔP] and 

reactive power [ΔQ] can be grouped into the matrix form.  
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Accordingly, the Jacobian matrix  

 

 

 

  (4.2) 

 

 

 

is the term of the coefficient matrix whose components can also be grouped as submatrices. 

For the load flow calculation, there must be at least one reference or slack bus [180]. If bus 1 

is assumed to be a slack, the Jacobian matrix can be envisioned as shown in Eq. (4.2). 

Evidently, the Jacobian matrix provides the relationship between the change of active and 

reactive powers, ΔP and ΔQ, and the change of voltage magnitude and phase angle, Δ|V| and 

Δδ. Hence, the sensitivities of voltage magnitude and angle in relation to active and reactive 

powers can be computed. This method is obviously involved with multiple processes and a 

considerable amount of data, which depends on the power grid size. A larger grid will 

consequently lead to a computation based on a larger size of the Jacobian matrix.  

In addition to the classical method, there are also other proposed methods that reduce the 

computational complexity in the analysis. Two categories of analysis methods are considered 

in this context. The first category is the voltage sensitivity analysis methods that are derived 

from the information of the topological structure and line parameters. Voltage sensitivity 

analysis methods in [195–202] are proposed only for the radial grid topology, and the 

unbalanced condition is not considered. On the other hand, the methods in [203, 204] consider 

the unbalanced grid condition, and the grid topology is not fixed. The second category is the 

voltage sensitivity analysis methods that utilise only measurement data. Thus, these methods 

allow online analyses, as they do not require topological information. The methods proposed 

in [205–208] use the PMU measurement to compute the relationship between voltage change 

(magnitude and angle) and power change (active and reactive powers). Nonetheless, the 

possible grid condition for the analysis is not mentioned here. Furthermore, the voltage 

sensitivity analysis in [209] uses measurement data of smart meters. Thereby, only the 

sensitivity of voltage magnitude is discussed; the sensitivity of voltage angle is not included. 

Although the analysis method proposed in this thesis also belongs to the second category in 

which only voltage and current measurements from PMU are used, the contribution is that 

this method is applicable for both balanced and unbalanced conditions and any type of grid 

topology. The proposed method also works with decoupled analysis when local areas, i.e. 

cluster areas based on the CPSA, are considered.  
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4.1.2 State Estimation 

To ensure stability of power systems, grid state variables, i.e., magnitudes and phase angles of 

voltages and currents, as well as active and reactive powers, are concerned. In real-time power 

system monitoring and control, the control centre of a grid utility receives a large amount of 

measurement data such as active and reactive, bus voltages, line and bus currents, including 

switches and breakers status [210, 211]. These data are further used to monitor the status of 

the power grid and to conduct control actions in accordance with objectives of the operation. 

However, since these data are gathered from measurements, errors and noises must be taken 

into account to leverage the data efficiently. 

State estimation is an important tool to monitor grid state variables and concurrently to cope 

with measurement errors. [212, 213]. Typically, the state estimation is aimed to provide an 

accurate and complete set of voltage magnitudes and phase angles [214, 215]. With statistical 

and optimization algorithms, it can filter bad data out [212]; it can also deal with random 

measurement noises and with incomplete information [216–218]; and it can handle false data 

attacks [219]. 

For power system state estimation, an estimates matrix [G] for a linearized system can be 

determined by Eq. (4.3), and subsequently state vectors [xe] of estimated values at iteration k 

can be determined by Eq. (4.4) [220]. The state vectors in [xe] are complex node voltages in 

the considered power network. The matrix [H] represents the Jacobian matrix, while the 

matrix [R]-1 represents the covariance matrix. The nonlinear equations [h([xe])] can contain 

the equations of complex node voltage magnitudes and powers, as well as complex line 

powers between nodes. The matrix [zm] is defined to accommodate measurement data. In case 

measurements are obtained from PMU, complex node voltages are considered. The equation 

used in the matrix [h([xe])] depends on the vectors in [zm]. 

 [𝐺] = [𝐻([𝑥𝑒,𝑘])]
𝑇[𝑅]−1[𝐻([𝑥𝑒,𝑘])]     (4.3) 

[𝑥𝑒,𝑘+1] = [𝐺]−1[𝐻([𝑥𝑒,𝑘])]
𝑇[𝑅]−1 [[𝑧𝑚] − ℎ([𝑥𝑒,𝑘])] + [∆𝑥𝑒,𝑘+1]  (4.4) 

Figure 4.2 shows the workflow diagram of Eq. (4.4), which is the nonlinear state estimation 

[220]. In this workflow, the matrix [J]-1 is the product of the transposed Jacobian matrix 

[H[xe]
k]T and the covariance matrix [R]-1. At the beginning, the matrix [𝑥𝑒

0] of initial voltage 

vectors is indicated to calculate initial coefficients of the Jacobian matrix [H] and initial 

results of the nonlinear equations [h]. Then, the difference [zm-h(xe)
k] can be computed. 

Sequentially, the vector differences [∆𝑥𝑒
0] can be determined. Finally, the process is stopped 

when the differences [∆𝑥𝑒
𝑘] fulfil, i.e. lower than, the stopping criteria εx. 
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Figure 4.2: Overview of state estimation workflow [220] 

To estimate state variables, the state estimation requires existing measurement data together 

with grid topology data, including status of switching devices and line parameters. The results 

from state estimation subsequently can be used to determine other quantities (which cannot be 

measured or are missing from measurements) of power systems such as complex bus currents, 

power loss in the grid, and power consumption and generation at buses. Load flow calculation 

is a usual technique to determine these quantities [210]. 

Similar to the proposed analysis method, clearly, the state estimation can also be used to 

determine, or estimate, voltage magnitudes and angles caused by the change of bus powers or 

bus currents. Nonetheless, the change will be initially identified in the form of load profile, 

based on available measurement data, in which data of the entire concerned grid will be 

involved. Also, grid topology, line parameters, switching statuses are required to perform the 

state estimation. With these sets of data, the state estimator can generate estimated complex 

bus voltages of the entire grid.  

In contrast, the proposed analysis methods require only measurement data to calculate the 

complex bus voltages, without the knowledge of grid topology and a network model. In 

addition, the proposed methods also allow an analysis of a specific bus, thus simplifying the 

estimation of complex voltage caused by the change of bus power or bus current. 

Since measurement data are critical for the proposed methods, the state estimation can serve 

as a compensation to the proposed methods in the preparation of the measurement data. This 

can deal not only measurement noises and errors, but also the problem of lacking enough 

measurement devices can be mitigated.  

Currently, there are many research publications about the improvement of the state 

estimation, especially in distribution networks, where the observability is still low. In general, 
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the data sources of the state estimation in distribution level are smart meter, SCADA, PMU, 

and pseudo measurement. Ref. [221] presents a state estimation algorithm considering the 

uncertainty of line parameters and minimum number of smart meter measurement for near-

real-time monitoring. Ref. [222] proposes the use of advanced metering infrastructure (AMI) 

set-up and an approach for synthesising pseudo-measurement data to improve accuracy of 

state estimation. Based on the available real measurements, synthetic load profiles of non-

observable, or non-metered users, are created. Ref. [223] proposes a technique to generate 

synthetic measurements with different sets of measurements among phases in order to 

improve the estimation of phase angles. Moreover, uncertainty of network data and allocation 

of meters in the power grid are of concern. State estimation can allow the availability of a 

limited number of measurement devices. Refs. [214, 224–226] analyse optimal meter 

placement to enhance the accuracy of state estimation. 

With the help of state estimation, the measurement data therefore will be accurate to the state 

of the grid, as the state estimation solves errors and noises, including missing data, in a 

measurement. By using state estimation together with load flow calculation, bus voltage 

magnitudes and angles can be determined, as an alternative to only the PMU measurements. 

However, with this approach, topology data are needed. 

4.1.3 Selection Criteria 

Following the review of literature, including publications about related topics of the power 

systems and voltage sensitivity analysis, current problems and the research gap are identified 

in the form of selection criteria. By fulfilling these selection criteria, the method is expected to 

enable a voltage sensitivity analysis, which can support active operations at any grid level. 

The criteria to select the proposed method are summarized as follows.  

1. The analysis method must be applicable for an analysis at any grid level. Owing to the 

existence of RESs-based DG units in the distribution level, active operations will be 

expanded from the transmission down to the distribution systems, in the modern 

power systems. Accordingly, newly developed functions should be flexible for use at 

any grid level. The characteristics of different voltage levels, e.g. R/X ratio, should be 

overcome.  

2. The analysis method must not require grid topology data. In the transmission system, 

the information of grid topology is complete for performing a power system analysis. 

However, in the distribution system, the information of grid topology is typically 

incomplete. There is often a lack of up-to-date topology data, such as switching status 

and local changes [119]. Performing newly developed functions therefore should be 

feasible without using grid topology information. Due to the advancement of 

metrology, such as PMU and smart meters, measurement data can increase 
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observability in the power systems, including at the distribution level [70, 227]. Using 

measurement data to perform an analysis is therefore favourable in this thesis. 

3. The analysis method must require only measurement data of concerned buses to 

perform an analysis. In addition to what data are required, the amount of measurement 

data for a voltage sensitivity analysis is critical. An analysis should require only the 

data from the concerned buses, or controllable buses in the context of this thesis. 

Unlike the classical method, where the data of all buses are required to form the 

Jacobian matrix, newly developed methods should use less data than the complete data 

of the whole power grid. Especially when there is only specific measurement data, 

(e.g. voltages and currents), of concerned buses required, the amount of data in the 

analysis process significantly reduces. This also leads to faster analysing time. 

4. The analysis method must be possible for both balanced and unbalanced grid 

conditions. Under a balanced condition, only one phase is analysed in a voltage 

sensitivity analysis. The sensitivity of the magnitude and the sensitivity of phase angle 

caused by a change of bus power or bus current are equal for all phases, since all 

phases feed-in or extract power equally. Nevertheless, under an unbalanced condition, 

the voltage sensitivity is different on each phase. Fed-in or extracted power is different 

in each phase, causing unequal sensitivity of voltage magnitude and angle among 

phases. At the transmission level, the power grids are generally under a balanced 

condition. On the other hand, at the distribution level, the power grids are usually 

under an unbalanced condition. To achieve an analysis method that can be used at any 

grid level, the newly developed method therefore must be able to cope with both grid 

conditions. 

Selection criteria for the analysis requirements then are used to compare different existing 

methods which can be used to perform voltage sensitivity analysis. A comparison matrix is 

illustrated in Table 4.1. It shows the comparison between the classical method, state 

estimation, and related research. The classical method, which is based on the Jacobian matrix, 

and the state estimation clearly provide the same characteristics in the selection criteria. 

Although both can be applicable to any grid level and to all grid conditions, they do not 

satisfy the other two criteria. They require grid topology and data from all buses to compute 

the sensitivity values in the classical method and to estimate voltage in the state estimation, 

respectively. It is noteworthy that none of the related research satisfies all selection criteria. 

Also, none are declared to be possible for all grid conditions.  
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Table 4.1: Comparison matrix among different voltage sensitivity analysis methods 

Selection criteria Classical method State estimation Related research 

Applicable to any grid 

level 

Yes Yes Yes/No 

Executable without grid 

topology 

No No Yes/No 

Only data from 

concerned buses 

sufficient for the input 

No No No 

Possible for all grid 

conditions 

Yes Yes No 

In this thesis, therefore, the voltage sensitivity analysis methods are developed to meet all the 

criteria, indicated in Table 4.1. In the next section, the formulation of the voltage sensitivity 

analysis model is introduced. Characteristics and description of voltage change are provided.  

4.2 Formulation of the Voltage Sensitivity Analysis Model 

The voltage sensitivity analysis proposed in this thesis examines the response of voltage 

magnitude and angle in relation to bus current in sequence systems, active power, and reactive 

power. To do so, the predetermined bus impedance parameters are utilised as the foundation 

of the method for executing the proposed analysis in this section, since the impedance model 

matrix [Zpar] provides the relationship between buses of a power grid. In the following 

subsections, adapting the matrix [Zpar] to the required target of the analysis is shown first. The 

adapted version of the matrix [Zpar] is afterwards used to formulate the model of bus voltages. 

In the later section, the model will play an important role in the derivation of the proposed 

voltage sensitivity analysis. 

4.2.1 Utilisation of the Bus Impedance Parameters 

As the foundation of the proposed method of voltage sensitivity analysis, the bus impedance 

parameters from the matrix [Zpar] determined in Chapter 3 are further utilised here. Based on 

the impedance model, the matrix [Zpar] enables the analysis of the relationship between the 

change of bus voltages and the change of bus currents. The analysis is aimed to be feasible for 

any grid level and is applicable for both balanced and unbalanced conditions. For this reason, 

instead of considering bus currents, the relationship between phase voltages and sequence 

currents is analysed. Accordingly, the bus impedance parameters will be the intermediate 

entity, connecting phase voltages and symmetrical components of bus currents in sequence 
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systems. How the bus impedance parameters are prepared for the voltage sensitivity analysis 

is presented here: 

The definition of the bus voltage used in the analysis is worth discussing first. If an n-bus 

power grid is considered, the bus voltage  

 𝑉𝑖
𝑡𝑘 = 𝑉𝑖

𝑡𝑘−1 + ∆𝑉𝑖ℎ
T1  (4.5) 

of bus i at the latest time tk is regarded as the the combination of its initial voltage V i
tk-1

 at the 

time tk-1 and its voltage change ΔV ih
T1

 caused by bus h in the period T1 between times tk  

and tk-1, where k is a positive integer and i, h ϵ {1, 2, …, n}. For the simplicity purpose, the 

time and period indicators t and T will be left out, and the term of time tk-1 will be defined as 

the known value K. Hence, Eq. (4.5) is rewritten as 

 𝑉𝑖 = 𝑉𝑖
𝐾 + ∆𝑉𝑖ℎ. (4.6) 

This means that the voltage Vi is the expected voltage that happens after the known voltage 

Vi
K
 is added by the voltage change ΔVih. Since only measurement data are expected to be 

exploited during the voltage sensitivity analysis, the known voltage Vi
K
 is defined here as the 

measured voltage, which already existed at the time when the analysis was performed. 

Subsequently, to explore in more detail, the relationship between the bus voltage at bus i and 

the current change at bus h is examined, as depicted in Figure 4.3. The resistance Rih and 

reactance Xih are obtained from the bus impedance parameter Zih between bus i and bus h, and 

they will be discussed afterwards. 

θi 

Δδi 

θi 

θi 

RihΔIh 

XihΔIh 

ΔIh 

Vi

Vi
K

ΔVih

 

Figure 4.3: Phasor diagram of voltage Vi at bus i caused by current change at bus h 

For the next step, as three-phase system is focused, voltages Va,i, Vb,i, and Vc,i are assigned to 

bus i. The subscripts a, b, and c indicate the corresponding phase of each voltage. This 

notation is applied to the known voltage and the change of voltage as well. Thus, Eq. (4.6) can 

be written in the matrix form of three phase system as 

 [

𝑉𝑎,𝑖

𝑉𝑏,𝑖

𝑉𝑐,𝑖

] = [

𝑉𝑎,𝑖
𝐾

𝑉𝑏,𝑖
𝐾

𝑉𝑐,𝑖
𝐾

] + [

∆𝑉𝑎,𝑖ℎ

∆𝑉𝑏,𝑖ℎ

∆𝑉𝑐,𝑖ℎ

]. (4.7) 
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As mentioned at the beginning of this chapter, the proposed voltage sensitivity analysis 

proposed in this thesis examines the response of voltage magnitude and angle in relation to 

bus current in sequence systems. The terms of voltage changes in Eq. (4.7) are discussed in 

this step. They are converted here into symmetrical components to observe the impact from 

sequence currents on phase voltages. According to the conversion process in Section 3.2.3, 

applying Eq. (3.28) to the term of voltage changes in Eq. (4.7) yields 

 [

𝑉𝑎,𝑖

𝑉𝑏,𝑖

𝑉𝑐,𝑖

] = [

𝑉𝑎,𝑖
𝐾

𝑉𝑏,𝑖
𝐾

𝑉𝑐,𝑖
𝐾

] + [

1 1 1
1 𝑎2 𝑎

1 𝑎 𝑎2
] [

∆𝑉𝑖ℎ
(0)

∆𝑉𝑖ℎ
(1)

∆𝑉𝑖ℎ
(2)

] (4.8) 

where ∆𝑉𝑖ℎ
(0)

, ∆𝑉𝑖ℎ
(1)

, and ∆𝑉𝑖ℎ
(2)

 are designated for voltage changes in zero-, positive-, and 

negative-sequence systems, respectively. The coefficient matrix is obtained from the 

matrix [A] in Eq. (3.29). This matrix converts phase components into their symmetrical 

components. At this point, the term of sequence voltage changes in Eq. (4.8) can be 

subsequently converted into sequence currents to relate the impact of currents in symmetrical 

components on phase voltages. Since the current flow is independent in each of the sequence 

systems [181], the relationship between sequence voltages and currents can be expressed by 

 [

∆𝑉𝑖ℎ
(0)

∆𝑉𝑖ℎ
(1)

∆𝑉𝑖ℎ
(2)

] = [

𝑍𝑖ℎ
(0)

0 0

0 𝑍𝑖ℎ
(1)

0

0 0 𝑍𝑖ℎ
(2)

] [

∆𝐼ℎ
(0)

∆𝐼ℎ
(1)

∆𝐼ℎ
(2)

]. (4.9) 

The coupling between sequence systems is neglected because cable layout is assumed to be 

symmetrical here for the sake of simplicity. Now, the predetermined matrix [Zpar] plays a role. 

The impedances 𝑍𝑖ℎ
(0)

, 𝑍𝑖ℎ
(1)

, and 𝑍𝑖ℎ
(2)

 are picked up from the matrix [Zpar] in sequence systems. 

These impedances represent the impact of the change of sequence currents ΔIh
(0), ΔIh

(1), and 

ΔIh
(2) at bus h on bus voltages at bus i. Next, substituting Eq. (4.9) in Eq. (4.8) yields 

 [

𝑉𝑎,𝑖

𝑉𝑏,𝑖

𝑉𝑐,𝑖

] = [

𝑉𝑎,𝑖
𝐾

𝑉𝑏,𝑖
𝐾

𝑉𝑐,𝑖
𝐾

] + [

1 1 1
1 𝑎2 𝑎

1 𝑎 𝑎2
] [

𝑍𝑖ℎ
(0)

0 0

0 𝑍𝑖ℎ
(1)

0

0 0 𝑍𝑖ℎ
(2)

] [

∆𝐼ℎ
(0)

∆𝐼ℎ
(1)

∆𝐼ℎ
(2)

]. (4.10) 

Accordingly, the relationship between phase voltages and sequence currents is achieved. 

Multiplying the coefficient matrix [A] and matrix of sequence bus impedance parameters in 

Eq. (4.10) subsequently leads to 

 [

𝑉𝑎,𝑖

𝑉𝑏,𝑖

𝑉𝑐,𝑖

] = [

𝑉𝑎,𝑖
𝐾

𝑉𝑏,𝑖
𝐾

𝑉𝑐,𝑖
𝐾

] +

[
 
 
 �̃�𝑎,𝑖ℎ

(0)
�̃�𝑎,𝑖ℎ

(1)
𝑍𝑎,𝑖ℎ

(2)

�̃�𝑏,𝑖ℎ
(0)

�̃�𝑏,𝑖ℎ
(1)

𝑍𝑏,𝑖ℎ
(2)

�̃�𝑐,𝑖ℎ
(0)

�̃�𝑐,𝑖ℎ
(1)

𝑍𝑐,𝑖ℎ
(2)

]
 
 
 

[

∆𝐼ℎ
(0)

∆𝐼ℎ
(1)

∆𝐼ℎ
(2)

] (4.11) 
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In Eq. (4.11), the multiplication of the two coefficient matrices results in the converting bus 

impedance parameters, denoted by [�̃�𝑝𝑎𝑟,𝑖ℎ]. These impedances in the matrix [�̃�𝑝𝑎𝑟,𝑖ℎ] provide 

the relationship between phase voltages and the change of bus currents in sequence systems. 

The bus impedances �̃�𝑎,𝑖ℎ
(𝑠)

, �̃�𝑏,𝑖ℎ
(𝑠)

, and �̃�𝑐,𝑖ℎ
(𝑠)

 have the impact on their corresponding phase, 

where s ϵ {0, 1, 2}. The same as the matrix [Zpar], the matrix [�̃�𝑝𝑎𝑟,𝑖ℎ] consists of real and 

imaginary components, described as 

 

[
 
 
 �̃�𝑎,𝑖ℎ

(0)
�̃�𝑎,𝑖ℎ

(1)
�̃�𝑎,𝑖ℎ

(2)

�̃�𝑏,𝑖ℎ
(0)

�̃�𝑏,𝑖ℎ
(1)

�̃�𝑏,𝑖ℎ
(2)

�̃�𝑐,𝑖ℎ
(0)

�̃�𝑐,𝑖ℎ
(1)

�̃�𝑐,𝑖ℎ
(2)

]
 
 
 

=

[
 
 
 �̃�𝑎,𝑖ℎ

(0)
�̃�𝑎,𝑖ℎ

(1)
�̃�𝑎,𝑖ℎ

(2)

�̃�𝑏,𝑖ℎ
(0)

�̃�𝑏,𝑖ℎ
(1)

�̃�𝑏,𝑖ℎ
(2)

�̃�𝑐,𝑖ℎ
(0)

�̃�𝑐,𝑖ℎ
(1)

�̃�𝑐,𝑖ℎ
(2)

]
 
 
 

+ 𝑗

[
 
 
 �̃�𝑎,𝑖ℎ

(0)
�̃�𝑎,𝑖ℎ

(1)
�̃�𝑎,𝑖ℎ

(2)

�̃�𝑏,𝑖ℎ
(0)

�̃�𝑏,𝑖ℎ
(1)

�̃�𝑏,𝑖ℎ
(2)

�̃�𝑐,𝑖ℎ
(0)

�̃�𝑐,𝑖ℎ
(1)

�̃�𝑐,𝑖ℎ
(2)

]
 
 
 

. (4.12) 

The real part of [�̃�𝑝𝑎𝑟,𝑖ℎ] is denoted by [�̃�𝑖ℎ], which is the matrix of resistances �̃�𝑎,𝑖ℎ
(𝑠)

, �̃�𝑏,𝑖ℎ
(𝑠)

, 

and �̃�𝑐,𝑖ℎ
(𝑠)

 where s ϵ {0, 1, 2}. In the meantime, the imaginary part of [�̃�𝑝𝑎𝑟,𝑖ℎ] is denoted by 

[�̃�𝑖ℎ], which is composed of reactances �̃�𝑎,𝑖ℎ
(𝑠)

, �̃�𝑏,𝑖ℎ
(𝑠)

, and �̃�𝑐,𝑖ℎ
(𝑠)

 where s ϵ {0, 1, 2}. 

To prepare for the proposed voltage sensitivity analysis, the development of the converting 

bus impedance parameters [�̃�𝑝𝑎𝑟,𝑖ℎ] has been elaborated. As a result, the components of [�̃�𝑖ℎ] 

and [�̃�𝑖ℎ] are obtained in Eq. (4.12). In the next section, the matrix [�̃�𝑝𝑎𝑟,𝑖ℎ], including [�̃�𝑖ℎ] 

and [�̃�𝑖ℎ], is discussed in more detail, as they play an essential role in formulating the model 

of bus voltages for the sensitivity analysis.   

4.2.2 Models of Bus Voltages 

In order to analyse the characteristics of bus voltages and their corresponding angles, a model 

of bus voltage is of importance. This section discusses the voltage model that will be 

employed in the voltage sensitivity analysis, in which the relationship between phase voltages 

and the sequence currents is determined. In the following, the discussion continues from  

Eq. (4.11) in Section 4.2.1.  

To simplify the description, the matrices of bus voltages, known voltages, converting 

impedances, and the change of sequence currents in Eq. (4.11) are rewritten as 

 [𝑉𝑖] = [𝑉𝑖
𝐾] + [�̃�𝑝𝑎𝑟,𝑖ℎ][∆𝐼ℎ

(012)
] (4.13) 

where subscripts i, h ϵ {1, 2, …, n} are designated for an n-bus power grid. In Eq. (4.13), 

matrices of phase voltages and their known value are reduced into [Vi] and [ΔVi
K]. The matrix 

[ΔIh
(012)] is designated for the change of sequence currents. Similar to the case of phase 

voltages, sequence currents ΔIh
(s) at bus h are the combination of their known value ΔIh

K(s) and 

their current change ΔIh
(s), where s ϵ {0, 1, 2}. The sequence currents Ih

(0), Ih
(1), and Ih

(2) at 

bus h are from zero-, positive-, and negative-sequence, respectively. Since each sequence 

system is independent, the current Ih
(s) can be understood in the form of matrix  
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 [

𝐼ℎ
(0)

𝐼ℎ
(1)

𝐼ℎ
(2)

] = [

𝐼ℎ
𝐾(0)

𝐼ℎ
𝐾(1)

𝐼ℎ
𝐾(2)

] + [

∆𝐼ℎ
(0)

∆𝐼ℎ
(1)

∆𝐼ℎ
(2)

]. (4.14) 

Considering that the matrices in Eq. (4.14) are described as [Ih
(012)] and [Ih

K(012)], the matrix of 

current change [ΔIh
(012)] therefore can be understood as 

 [∆𝐼ℎ
(012)

] = [𝐼ℎ
(012)

] − [𝐼ℎ
𝐾(012)

]. (4.15) 

Subsequently, replacing Eq. (4.15) in Eq. (4.13) yields  

 [𝑉𝑖] = [𝑉𝑖
𝐾] + [�̃�𝑝𝑎𝑟,𝑖ℎ] [[𝐼ℎ

(012)
] − [𝐼ℎ

𝐾(012)
]]. (4.16) 

To analyse the sensitivity of bus voltage magnitude and angle, the complex from of all 

elements in Eq. (4.16) are further examined. First, phase voltages can be expressed as 

 [𝑉𝑖] = [𝑉𝑖:𝑅𝑒] + 𝑗[𝑉𝑖:𝐼𝑚]. (4.17) 

The matrices [Vi:Re] and [Vi:Im] in Eq. (4.17) contain real and imaginary components of the 

phase voltages in [Vi]. Meanwhile, the complex form of the known phase voltages is 

 [𝑉𝑖
𝐾] = [𝑉𝑖:𝑅𝑒

𝐾 ] + 𝑗[𝑉𝑖:𝐼𝑚
𝐾 ]. (4.18) 

The matrices [𝑉𝑖:𝑅𝑒
𝐾 ] and [𝑉𝑖:𝐼𝑚

𝐾 ] in Eq. (4.18) accommodate real and imaginary components of 

the known voltages in [Vi
K]. By applying the same notation, the matrices of complex sequence 

currents and their known values are 

 [𝐼ℎ
(012)

] = [𝐼ℎ:𝑅𝑒
(012)

] + 𝑗[𝐼ℎ:𝐼𝑚
(012)

] (4.19) 

and 

 [𝐼ℎ
𝐾(012)

] = [𝐼ℎ:𝑅𝑒
𝐾(012)

] + 𝑗[𝐼ℎ:𝐼𝑚
𝐾(012)

]. (4.20) 

The matrices [𝐼ℎ:𝑅𝑒
(012)

] and [𝐼ℎ:𝐼𝑚
(012)

] in Eq. (4.19) and [𝐼ℎ:𝑅𝑒
𝐾(012)

] and [𝐼ℎ:𝐼𝑚
𝐾(012)

] in Eq. (4.20), 

respectively, present the real and imaginary components for sequence currents and their 

known values. Besides voltages and currents, the matrix [�̃�𝑝𝑎𝑟,𝑖ℎ] is also available in the 

complex form as 

 [�̃�𝑝𝑎𝑟,𝑖ℎ] = [�̃�𝑖ℎ] + 𝑗[�̃�𝑖ℎ] (4.21) 

where resistance [�̃�𝑖ℎ] and reactance [�̃�𝑖ℎ] are referred to Eq. (4.12). Accordingly, Eq. (4.13) 

can be expanded in the complex form. Substituting Eq. (4.13) with Eqs. (4.17) to (4.21) yields 

 [𝑉𝑖:𝑅𝑒] + 𝑗[𝑉𝑖:𝐼𝑚] = [𝑉𝑖:𝑅𝑒
𝐾 ] + 𝑗[𝑉𝑖:𝐼𝑚

𝐾 ] 

 +[[�̃�𝑖ℎ] + 𝑗[�̃�𝑖ℎ]] [[[𝐼ℎ:𝑅𝑒
(012)

] + 𝑗[𝐼ℎ:𝐼𝑚
(012)

]] − [[𝐼ℎ:𝑅𝑒
𝑘(012)

] + 𝑗[𝐼ℎ:𝐼𝑚
𝐾(012)

]]]. (4.22) 
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Eq. (4.22) presents the complete description of complex phase voltages at bus i in the form of 

matrix. However, only current change at bus h is taken into account in Eq. (4.22). In practice, 

the current change can happen at more than one bus, and all the changes can affect phase 

voltages at bus i. In the following, only complex components of the phase voltage are 

examined. Together with calculating the product of [�̃�𝑖ℎ] and [�̃�𝑖ℎ] and the sequence currents 

𝐼ℎ:𝑅𝑒
(𝑠)

 and 𝐼ℎ:𝐼𝑚
(𝑠)

 of all n buses where i, h ϵ {1, 2, …, n}, the real component Vp,i:Re and the 

imaginary component Vp,i:Im of phase voltage, where phase p ϵ {a, b, c}, can be elaborated as 

 𝑉𝑝,𝑖:𝑅𝑒 + 𝑗𝑉𝑝,𝑖:𝐼𝑚 = 𝑉𝑝,𝑖:𝑅𝑒
𝐾 + 𝑗𝑉𝑝,𝑖:𝐼𝑚

𝐾   

  +∑ ∑ [[(�̃�𝑝,𝑖ℎ
(𝑠) 𝐼ℎ:𝑅𝑒

(𝑠) − �̃�𝑝,𝑖ℎ
(𝑠) 𝐼ℎ:𝐼𝑚

(𝑠) ) + 𝑗(�̃�𝑝,𝑖ℎ
(𝑠) 𝐼ℎ:𝑅𝑒

(𝑠) + �̃�𝑝,𝑖ℎ
(𝑠) 𝐼ℎ:𝐼𝑚

(𝑠) )] −2
𝑠=0

𝑛
ℎ=1

[(�̃�𝑝,𝑖ℎ
(𝑠)

𝐼ℎ:𝑅𝑒
𝐾(𝑠)

− �̃�𝑝,𝑖ℎ
(𝑠)

𝐼ℎ:𝐼𝑚
𝐾(𝑠)

) + 𝑗(�̃�𝑝,𝑖ℎ
(𝑠)

𝐼ℎ:𝑅𝑒
𝐾(𝑠)

+ �̃�𝑝,𝑖ℎ
(𝑠)

𝐼ℎ:𝐼𝑚
𝐾(𝑠)

)]]. (4.23) 

Here, Eq. (4.23) demonstrates how the bus voltages Vp,i:Re and Vp,i:Im at bus i are affected by 

sequence currents of all n buses. At phase a, the known real- and imaginary-component 

voltages 𝑉𝑝,𝑖:𝑅𝑒
𝐾  and 𝑉𝑝,𝑖:𝐼𝑚

𝐾  are combined to the products of the resistive and reactive 

components �̃�𝑝,𝑖ℎ
(𝑠)

 and �̃�𝑝,𝑖ℎ
(𝑠)

 and the sequence currents 𝐼ℎ:𝑅𝑒
(𝑠)

 and 𝐼ℎ:𝐼𝑚
(𝑠)

, as well as the known 

currents 𝐼ℎ:𝑅𝑒
𝐾(𝑠)

 and 𝐼ℎ:𝐼𝑚
𝐾(𝑠)

, where s ϵ {0, 1, 2}. From this point, all elements in Eq. (4.23) are in 

the real and imaginary parts. The real-component voltage  

 𝑉𝑝,𝑖:𝑅𝑒 = 𝑉𝑝,𝑖:𝑅𝑒
𝐾 + ∑ ∑ [(�̃�𝑝,𝑖ℎ

(𝑠) 𝐼ℎ:𝑅𝑒
(𝑠) − �̃�𝑝,𝑖ℎ

(𝑠) 𝐼ℎ:𝐼𝑚
(𝑠) ) − (�̃�𝑝,𝑖ℎ

(𝑠)
𝐼ℎ:𝑅𝑒
𝐾(𝑠)

− �̃�𝑝,𝑖ℎ
(𝑠)

𝐼ℎ:𝐼𝑚
𝐾(𝑠)

)]2
𝑠=0

𝑛
ℎ=1  (4.24) 

and imaginary-component voltage  

 𝑉𝑝,𝑖:𝐼𝑚 = 𝑉𝑝,𝑖:𝐼𝑚
𝐾 + ∑ ∑ [(�̃�𝑝,𝑖ℎ

(𝑠) 𝐼ℎ:𝑅𝑒
(𝑠) + �̃�𝑝,𝑖ℎ

(𝑠) 𝐼ℎ:𝐼𝑚
(𝑠) ) − (�̃�𝑝,𝑖ℎ

(𝑠)
𝐼ℎ:𝑅𝑒
𝐾(𝑠)

+ �̃�𝑝,𝑖ℎ
(𝑠)

𝐼ℎ:𝐼𝑚
𝐾(𝑠)

)]2
𝑠=0

𝑛
ℎ=1  (4.25) 

can be individually deduced, where p ϵ {a, b, c}. It can be interpreted from Eqs. (4.24) and 

(4.25) that both complex-component voltages Vp,i:Re and Vp,i:Im are a function of the currents 

𝐼ℎ:𝑅𝑒
(𝑠)

 and 𝐼ℎ:𝐼𝑚
(𝑠)

, as resistance �̃�𝑝,𝑖ℎ
(𝑠)

, reactance �̃�𝑝,𝑖ℎ
(𝑠)

, and other known voltages and currents are 

constant. In this thesis, Eqs. (4.24) and (4.25) are the models for the derivation of the 

proposed method for voltage sensitivity analysis.  

So far, the model for voltage sensitivity analysis has been formulated. As the target of the 

sensitivity analysis is to observe the sensitivity of phase voltages to the change of sequence 

currents, the bus impedance parameters from Chapter 3 are adapted to relate the phase and 

sequence quantities. The matrix [�̃�𝑝𝑎𝑟,𝑖ℎ] of converting bus impedance parameters is acquired 

as a result, if phase voltages at bus i and sequence currents at bus h are observed. Then, the 

models of real- and imaginary-component voltages are deduced. By extracting all elements of 

the phase voltages, converting impedances, and sequence currents into the complex form, the 

models describing phase voltages are created. The models of complex-component voltages 
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Vp,i:Re and Vp,i:Im are illustrated in Eqs. (4.24) and (4.25), respectively. They will be leveraged 

in the following section to derive the proposed method of voltage sensitivity analysis.  

4.3 Methods for Voltage Sensitivity Analysis under an Unbalanced 

Grid Condition 

This section presents the methods proposed for voltage magnitude and angle sensitivity 

analyses in relation to bus currents in sequence systems. These methods are meant to be 

applicable for power grids under an unbalanced condition. Focused on the three-phase system, 

the sensitivities of voltage magnitude and angle at each phase a, b, and c with regard to the 

sequence currents are sequentially derived in the following subsections. The derivations 

illustrate that the impact of the sequence currents on voltage magnitude and angle at different 

buses can be studied by using only measurement data. Apart from the bus impedance 

parameters, a mere measured voltage is required to complete a sensitivity analysis. 

4.3.1 Voltage Magnitude Sensitivity in Relation to Sequence Currents 

Voltage magnitude is one of the state variables that is controlled during the grid operation. In 

continental Europe, the state of power grids in transmission systems is considered as normal 

if, for instance, the voltage magnitude of all buses is in the range of 0.90 to 1.118 pu at the 

defined reference voltages between 110 kV to 300 kV [228]. Also, in low-voltage distribution 

networks, the permissible range of voltage magnitude is ±10% of the nominal value [46]. In 

this section, the proposed method for analysing the sensitivity of voltage magnitude to 

individual real and imaginary components of sequence currents is deduced on the basis of 

Eqs. (4.24) and (4.25). In the following, the analysis of bus voltage at phase a is discussed as 

per the example, while the analysis of bus voltage at other phases can be performed in the 

same way. Starting from the fundamental voltage description, for an n-bus grid, the bus 

voltage Va,i (i 𝜖 {1, 2, …, n}) at phase a of bus i is considered in the complex form as  

 𝑉𝑎,𝑖 = 𝑉𝑎,𝑖:𝑅𝑒 + 𝑗𝑉𝑎,𝑖:𝐼𝑚. (4.26) 

Based on Eq. (4.26), the magnitude |Va,i| of the voltage Va,i is  

 |𝑉𝑎,𝑖| = √𝑉𝑎,𝑖:𝑅𝑒
2 + 𝑉𝑎,𝑖:𝐼𝑚

2 . (4.27) 

Eq. (4.27) provides a general way to determine the magnitude of a complex number or a 

vector. Next, the relationship between the magnitude |Va,i| and sequence currents at bus h can 

be related by substituting Eqs. (4.24) and (4.25) in Eq. (4.27). This yields 

 |𝑉𝑎,𝑖| = √
(𝑉𝑎,𝑖:𝑅𝑒

𝐾 + ∑ ∑ [(�̃�𝑎,𝑖ℎ
(𝑠)

𝐼ℎ:𝑅𝑒
(𝑠)

− �̃�𝑎,𝑖ℎ
(𝑠)

𝐼ℎ:𝐼𝑚
(𝑠) ) − (�̃�𝑎,𝑖ℎ

(𝑠)
𝐼ℎ:𝑅𝑒
𝐾(𝑠)

− �̃�𝑎,𝑖ℎ
(𝑠)

𝐼ℎ:𝐼𝑚
𝐾(𝑠)

)]2
𝑠=0

𝑛
ℎ=1 )

2

+ (𝑉𝑎,𝑖:𝐼𝑚
𝐾 + ∑ ∑ [(�̃�𝑎,𝑖ℎ

(𝑠)
𝐼ℎ:𝑅𝑒
(𝑠)

+ �̃�𝑎,𝑖ℎ
(𝑠)

𝐼ℎ:𝐼𝑚
(𝑠) ) − (�̃�𝑎,𝑖ℎ

(𝑠)
𝐼ℎ:𝑅𝑒
𝐾(𝑠)

+ �̃�𝑎,𝑖ℎ
(𝑠)

𝐼ℎ:𝐼𝑚
𝐾(𝑠)

)]2
𝑠=0

𝑛
ℎ=1 )

2. (4.28) 
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According to Eq. (4.28), the terms of resistance �̃�𝑎,𝑖ℎ
(𝑠)

 and reactance �̃�𝑎,𝑖ℎ
(𝑠)

, where s ϵ {0, 1, 2} 

and i, h 𝜖 {1, 2, …, n}, are obtained from the predetermined bus impedance parameters. 

Concurrently, the known voltages and known sequence currents are obtained from 

measurement data. For this reason, the resistance, reactance, and known quantities are 

regarded as constant. Hence, the magnitude |Va,i| in Eq. (4.28) can be understood as a function  

|𝑉𝑎,𝑖| = 𝑓(𝐼1:𝑅𝑒
(0)

, 𝐼1:𝑅𝑒
(1)

, 𝐼1:𝑅𝑒
(2)

, … , 𝐼𝑛:𝑅𝑒
(0)

, 𝐼𝑛:𝑅𝑒
(1)

; 𝐼𝑛:𝑅𝑒
(2)

, 𝐼1:𝐼𝑚
(0)

, 𝐼1:𝐼𝑚
(1)

, 𝐼1:𝐼𝑚
(2)

… , 𝐼𝑛:𝐼𝑚
(0)

, 𝐼𝑛:𝐼𝑚
(1)

, 𝐼𝑛:𝐼𝑚
(2)

) (4.29) 

which consists of real and imaginary parts of sequence currents. At this point, the sensitivity 

of voltage magnitude |Va,i| to sequence currents can be derived by taking derivative with 

respect to any sequence current. As an example, taking derivative of Eq. (4.28) with respect to 

positive-sequence current at bus 1 is conducted. First, the sensitivity of the magnitude |Va,i| to 

real-component sequence current 𝐼1:𝑅𝑒
(1)

 is demonstrated. Differentiating |Va,i| in Eq. (4.28) with 

respect to the current 𝐼1:𝑅𝑒
(1)

 results in 

𝜕|𝑉𝑎,𝑖|

𝜕𝐼1:𝑅𝑒
(1) =

�̃�𝑎,𝑖1
(1)

(𝑉𝑎,𝑖:𝑅𝑒
𝐾 +∑ ∑ [(�̃�𝑎,𝑖ℎ

(𝑠)
𝐼ℎ:𝑅𝑒
(𝑠)

−�̃�𝑎,𝑖ℎ
(𝑠)

𝐼ℎ:𝐼𝑚
(𝑠)

)−(�̃�𝑎,𝑖ℎ
(𝑠)

𝐼ℎ:𝑅𝑒
𝐾(𝑠)

−�̃�𝑎,𝑖ℎ
(𝑠)

𝐼ℎ:𝐼𝑚
𝐾(𝑠)

)]2
𝑠=0

𝑛
ℎ=1 )

√
(𝑉𝑎,𝑖:𝑅𝑒

𝐾 +∑ ∑ [(�̃�𝑎,𝑖ℎ
(𝑠)

𝐼ℎ:𝑅𝑒
(𝑠)

−�̃�𝑎,𝑖ℎ
(𝑠)

𝐼ℎ:𝐼𝑚
(𝑠)

)−(�̃�𝑎,𝑖ℎ
(𝑠)

𝐼ℎ:𝑅𝑒
𝐾(𝑠)

−�̃�𝑎,𝑖ℎ
(𝑠)

𝐼ℎ:𝐼𝑚
𝐾(𝑠)

)]2
𝑠=0

𝑛
ℎ=1 )

2

+(𝑉𝑎,𝑖:𝐼𝑚
𝐾 +∑ ∑ [(�̃�𝑎,𝑖ℎ

(𝑠)
𝐼ℎ:𝑅𝑒
(𝑠)

+�̃�𝑎,𝑖ℎ
(𝑠)

𝐼ℎ:𝐼𝑚
(𝑠)

)−(�̃�𝑎,𝑖ℎ
(𝑠)

𝐼ℎ:𝑅𝑒
𝐾(𝑠)

+�̃�𝑎,𝑖ℎ
(𝑠)

𝐼ℎ:𝐼𝑚
𝐾(𝑠)

)]2
𝑠=0

𝑛
ℎ=1 )

2

  

 +
�̃�𝑎,𝑖1

(1)
(𝑉𝑎,𝑖:𝐼𝑚

𝐾 +∑ ∑ [(�̃�𝑎,𝑖ℎ
(𝑠)

𝐼ℎ:𝑅𝑒
(𝑠)

+�̃�𝑎,𝑖ℎ
(𝑠)

𝐼ℎ:𝐼𝑚
(𝑠)

)−(�̃�𝑎,𝑖ℎ
(𝑠)

𝐼ℎ:𝑅𝑒
𝐾(𝑠)

+�̃�𝑎,𝑖ℎ
(𝑠)

𝐼ℎ:𝐼𝑚
𝐾(𝑠)

)]2
𝑠=0

𝑛
ℎ=1 )

√
(𝑉𝑎,𝑖:𝑅𝑒

𝐾 +∑ ∑ [(�̃�𝑎,𝑖ℎ
(𝑠)

𝐼ℎ:𝑅𝑒
(𝑠)

−�̃�𝑎,𝑖ℎ
(𝑠)

𝐼ℎ:𝐼𝑚
(𝑠)

)−(�̃�𝑎,𝑖ℎ
(𝑠)

𝐼ℎ:𝑅𝑒
𝐾(𝑠)

−�̃�𝑎,𝑖ℎ
(𝑠)

𝐼ℎ:𝐼𝑚
𝐾(𝑠)

)]2
𝑠=0

𝑛
ℎ=1 )

2

+(𝑉𝑎,𝑖:𝐼𝑚
𝐾 +∑ ∑ [(�̃�𝑎,𝑖ℎ

(𝑠)
𝐼ℎ:𝑅𝑒
(𝑠)

+�̃�𝑎,𝑖ℎ
(𝑠)

𝐼ℎ:𝐼𝑚
(𝑠)

)−(�̃�𝑎,𝑖ℎ
(𝑠)

𝐼ℎ:𝑅𝑒
𝐾(𝑠)

+�̃�𝑎,𝑖ℎ
(𝑠)

𝐼ℎ:𝐼𝑚
𝐾(𝑠)

)]2
𝑠=0

𝑛
ℎ=1 )

2

. (4.30) 

From Eq. (4.30), the multiplier term of the positive-sequence resistance �̃�𝑎,𝑖1
(1)

 is actually the 

real-component voltage Va,i:Re from Eq. (4.24), and meanwhile the multiplier term of the 

positive-sequence reactance �̃�𝑎,𝑖1
(1)

 is the imaginary-component voltage Va,i:Im from Eq. (4.25). 

Moreover, the denominator term of Eq. (4.30) is literally the magnitude |Va,i| from Eq. (4.28). 

When all these conditions are adopted, Eq. (4.30) can be therefore rewritten as 

 
𝜕|𝑉𝑎,𝑖|

𝜕𝐼1:𝑅𝑒
(1) =

�̃�𝑎,𝑖1
(1)

𝑉𝑎,𝑖:𝑅𝑒+�̃�𝑎,𝑖1
(1)

𝑉𝑎,𝑖:𝐼𝑚

|𝑉𝑎,𝑖|
. (4.31) 

The resistance �̃�𝑎,𝑖1
(1)

 and reactance �̃�𝑎,𝑖1
(1)

 appear, as they provide the connection between bus 

voltage at phase a of bus i and the positive-sequence currents at bus 1. The sensitivity of the 

magnitude |Va,i| to the real-component sequence current 𝐼ℎ:𝑅𝑒
(1)

 is, nonetheless, not yet 

accomplished because the unknown variables, i.e. the complex-component voltages Va,i:Re and 

Va,i:Im, and the magnitude |Va,i| still exist in Eq. (4.31). The operation under the steady-state 

condition is then taken into account. Generally, the voltage magnitude at each bus varies 

slightly from time to time under the normal steady-state condition. The complex-component 
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voltages Va,i:Re and Va,i:Im, and the magnitude |Va,i| in Eq. (4.31) therefore are approximated to 

their known values 𝑉𝑎,𝑖:𝑅𝑒
𝐾 , 𝑉𝑎,𝑖:𝐼𝑚

𝐾 , and |𝑉𝑎,𝑖
𝐾 |, respectively. This yields  

 
𝜕|𝑉𝑎,𝑖|

𝜕𝐼1:𝑅𝑒
(1) =

�̃�𝑎,𝑖1
(1)

𝑉𝑎,𝑖:𝑅𝑒
𝐾 +�̃�𝑎,𝑖1

(1)
𝑉𝑎,𝑖:𝐼𝑚

𝐾

|𝑉𝑎,𝑖
𝐾 |

. (4.32) 

Eq. (4.32) demonstrates the equation to determine the sensitivity of the magnitude |Va,i| to the 

real-component sequence current 𝐼1:𝑅𝑒
(1)

 at bus 1. In general, the same procedure, which is 

carried out for Eq. (4.32), can be executed for any phase p ϵ {a, b, c}, for any sequence s ϵ {0, 

1, 2}, and for any bus i, h ϵ {1, 2, …, n}. Accordingly, in a general case for any sequence and 

any bus, the sensitivity  

 𝑆𝑉𝐼𝑠:𝑅𝑒,𝑝,𝑖ℎ =
𝜕|𝑉𝑝,𝑖|

𝜕𝐼ℎ:𝑅𝑒
(𝑠) =

�̃�𝑝,𝑖ℎ
(𝑠)

𝑉𝑝,𝑖:𝑅𝑒
𝐾 +�̃�𝑝,𝑖ℎ

(𝑠)
𝑉𝑝,𝑖:𝐼𝑚

𝐾

|𝑉𝑝,𝑖
𝐾 |

 (4.33) 

of phase voltage magnitude |Vp,i| in relation to the real-component sequence current 𝐼ℎ:𝑅𝑒
(𝑠)

 at 

bus h is obtained, where s ϵ {0, 1, 2}, p ϵ {a, b, c}, and i, h ϵ {1, 2, …, n}. The unit of the 

sensitivity SVIs:Re,p,ih, from Eq. (4.33) is Volt per Ampere (V/A). The resistance, reactance, and 

known voltage define the different sensitivity values between phases. To select each element 

in conjunction with the related buses i and h during the sensitivity analysis, the resistance and 

reactance must comply with both the target phase p ϵ {a, b, c} and the sequence s ϵ {0, 1, 2}, 

whereas the voltage magnitude must comply solely with the target phase.  

Next, the impact of the imaginary-component sequence current 𝐼1:𝐼𝑚
(1)

 is investigated. The bus 

voltage at phase a of bus i and positive-sequence current at bus 1 are still in the example, so 

the sensitivity of the magnitude |Va,i| to the current 𝐼1:𝐼𝑚
(1)

 is discussed in this investigation. This 

sensitivity can be determined in the same manner as the case of the current 𝐼1:𝑅𝑒
(1)

. Hence, 

differentiating |Va,i| in Eq. (4.28) with respect to the current 𝐼1:𝐼𝑚
(1)

 yields 

𝜕|𝑉𝑎,𝑖|

𝜕𝐼1:𝐼𝑚
(1) =

−�̃�𝑎,𝑖1
(1)

(𝑉𝑎,𝑖:𝑅𝑒
𝐾 +∑ ∑ [(�̃�𝑎,𝑖ℎ

(𝑠)
𝐼ℎ:𝑅𝑒
(𝑠)

−�̃�𝑎,𝑖ℎ
(𝑠)

𝐼ℎ:𝐼𝑚
(𝑠)

)−(�̃�𝑎,𝑖ℎ
(𝑠)

𝐼ℎ:𝑅𝑒
𝐾(𝑠)

−�̃�𝑎,𝑖ℎ
(𝑠)

𝐼ℎ:𝐼𝑚
𝐾(𝑠)

)]2
𝑠=0

𝑛
ℎ=1 )

√
(𝑉𝑎,𝑖:𝑅𝑒

𝐾 +∑ ∑ [(�̃�𝑎,𝑖ℎ
(𝑠)

𝐼ℎ:𝑅𝑒
(𝑠)

−�̃�𝑎,𝑖ℎ
(𝑠)

𝐼ℎ:𝐼𝑚
(𝑠)

)−(�̃�𝑎,𝑖ℎ
(𝑠)

𝐼ℎ:𝑅𝑒
𝐾(𝑠)

−�̃�𝑎,𝑖ℎ
(𝑠)

𝐼ℎ:𝐼𝑚
𝐾(𝑠)

)]2
𝑠=0

𝑛
ℎ=1 )

2

+(𝑉𝑎,𝑖:𝐼𝑚
𝐾 +∑ ∑ [(�̃�𝑎,𝑖ℎ

(𝑠)
𝐼ℎ:𝑅𝑒
(𝑠)

+�̃�𝑎,𝑖ℎ
(𝑠)

𝐼ℎ:𝐼𝑚
(𝑠)

)−(�̃�𝑎,𝑖ℎ
(𝑠)

𝐼ℎ:𝑅𝑒
𝐾(𝑠)

+�̃�𝑎,𝑖ℎ
(𝑠)

𝐼ℎ:𝐼𝑚
𝐾(𝑠)

)]2
𝑠=0

𝑛
ℎ=1 )

2

  

 +
�̃�𝑎,𝑖1

(1)
(𝑉𝑎,𝑖:𝐼𝑚

𝐾 +∑ ∑ [(�̃�𝑎,𝑖ℎ
(𝑠)

𝐼ℎ:𝑅𝑒
(𝑠)

+�̃�𝑎,𝑖ℎ
(𝑠)

𝐼ℎ:𝐼𝑚
(𝑠)

)−(�̃�𝑎,𝑖ℎ
(𝑠)

𝐼ℎ:𝑅𝑒
𝐾(𝑠)

+�̃�𝑎,𝑖ℎ
(𝑠)

𝐼ℎ:𝐼𝑚
𝐾(𝑠)

)]2
𝑠=0

𝑛
ℎ=1 )

√
(𝑉𝑎,𝑖:𝑅𝑒

𝐾 +∑ ∑ [(�̃�𝑎,𝑖ℎ
(𝑠)

𝐼ℎ:𝑅𝑒
(𝑠)

−�̃�𝑎,𝑖ℎ
(𝑠)

𝐼ℎ:𝐼𝑚
(𝑠)

)−(�̃�𝑎,𝑖ℎ
(𝑠)

𝐼ℎ:𝑅𝑒
𝐾(𝑠)

−�̃�𝑎,𝑖ℎ
(𝑠)

𝐼ℎ:𝐼𝑚
𝐾(𝑠)

)]2
𝑠=0

𝑛
ℎ=1 )

2

+(𝑉𝑎,𝑖:𝐼𝑚
𝐾 +∑ ∑ [(�̃�𝑎,𝑖ℎ

(𝑠)
𝐼ℎ:𝑅𝑒
(𝑠)

+�̃�𝑎,𝑖ℎ
(𝑠)

𝐼ℎ:𝐼𝑚
(𝑠)

)−(�̃�𝑎,𝑖ℎ
(𝑠)

𝐼ℎ:𝑅𝑒
𝐾(𝑠)

+�̃�𝑎,𝑖ℎ
(𝑠)

𝐼ℎ:𝐼𝑚
𝐾(𝑠)

)]2
𝑠=0

𝑛
ℎ=1 )

2

.  (4.34) 

In Eq. (4.34), the multiplier term of the positive-sequence reactance �̃�𝑎,𝑖1
(1)

 is the real-

component voltage Va,i:Re, while the multiplier term of the positive-sequence resistance �̃�𝑎,𝑖1
(1)
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is the imaginary-component voltage Va,i:Im. The denominator term is the magnitude |Va,i|. 

When all these conditions are adopted, Eq. (4.34) thus can be rewritten as 

 
𝜕|𝑉𝑎,𝑖|

𝜕𝐼1:𝐼𝑚
(1) =

−�̃�𝑎,𝑖1
(1)

𝑉𝑎,𝑖:𝑅𝑒+�̃�𝑎,𝑖1
(1)

𝑉𝑎,𝑖:𝐼𝑚

|𝑉𝑎,𝑖|
. (4.35) 

Again, by considering the assumption that the analysis is performed under the normal steady-

state condition, the complex component voltages Va,i:Re and Va,i:Im, and the magnitude |Va,i| in 

Eq. (4.35) are approximated to their known values 𝑉𝑎,𝑖:𝑅𝑒
𝐾 , 𝑉𝑎,𝑖:𝐼𝑚

𝐾 , and |𝑉𝑎,𝑖
𝐾 |, respectively. This 

yields 

 
𝜕|𝑉𝑎,𝑖|

𝜕𝐼1:𝐼𝑚
(1) =

−�̃�𝑎,𝑖1
(1)

𝑉𝑎,𝑖:𝑅𝑒
𝐾 +�̃�𝑎,𝑖1

(1)
𝑉𝑎,𝑖:𝐼𝑚

𝐾

|𝑉𝑎,𝑖
𝐾 |

. (4.36) 

Eq. (4.36) portrays the equation to determine the sensitivity of the magnitude |Va,i| in relation 

to the imaginary-component sequence current 𝐼1:𝐼𝑚
(1)

 at bus 1. Likewise, not only phase a and 

positive sequence can be considered, but the same procedure carried out for Eq. (4.36) can 

also be executed for any phase p ϵ {a, b, c}, for any sequence s ϵ {0, 1, 2}, and for any bus i, 

h ϵ {1, 2, …, n}. For this reason, in the general case for any sequence and any bus, the 

sensitivity  

 𝑆𝑉𝐼𝑠:𝐼𝑚,𝑝,𝑖ℎ =
𝜕|𝑉𝑝,𝑖|

𝜕𝐼ℎ:𝐼𝑚
(𝑠) =

−�̃�𝑝,𝑖ℎ
(𝑠)

𝑉𝑝,𝑖:𝑅𝑒
𝐾 +�̃�𝑝,𝑖ℎ

(𝑠)
𝑉𝑝,𝑖:𝐼𝑚

𝐾

|𝑉𝑝,𝑖
𝐾 |

 (4.37) 

of phase voltage magnitude |Vp,i| in relation to the imaginary-component sequence current 

𝐼ℎ:𝐼𝑚
(𝑠)

 at bus h is acquired, where s ϵ {0, 1, 2}, p ϵ {a, b, c}, and i, h ϵ {1, 2, …, n}. The unit of 

the sensitivity SVIs:Im,p,ih from Eq. (4.37) is Volt per Ampere (V/A). The phase index of 

equation elements must comply with the corresponding phase of concern, together with the 

related buses i and h during the sensitivity analysis. The sequence of the resistance and 

reactance indicates that the target sequence current and the voltage magnitude must comply 

with the target phase. 

In this section, the derivations of the equations for analysing voltage magnitude sensitivity are 

demonstrated. The equations are derived on the basis of voltage magnitude description in 

Eq. (4.28), in which the magnitude is recognised as a function of real and imaginary 

components of sequence currents. Eventually, Eqs. (4.33) and (4.37) present the general 

equations to analyse the sensitivities SVIs:Re,p,ih and SVIs:Im,p,ih of the phase voltage magnitude 

|Vp,i| at bus i in relation to the sequence current at bus h, where s ϵ {0, 1, 2}, p ϵ {a, b, c}, and 

i, h ϵ {1, 2, …, n}. The unit of the resulted sensitivity values is V/A. As a result, it can be 

concluded that these equations show that only the measurement data are required for the 

sensitivity analysis as defined.  
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Apart from analysing the sensitivity of bus voltage magnitudes, the sensitivity of the bus 

voltage angle can also be examined. In the next section, a method for studying the impact of 

real and imaginary parts of sequence currents on the angle of phase voltages is discussed.  

4.3.2 Voltage Angle Sensitivity in Relation to Sequence Currents 

The voltage angle is a crucial state variable, which is monitored during the grid operation. The 

angle difference across a power grid is considered in operational security [229]. It indicates 

the stress level of that grid, and it is related to the synchronisation of generation units and 

synchronous machines. In this section, the proposed method for analysing the sensitivity of 

the bus voltage angle in relation to real and imaginary components of sequence currents is 

presented. This sensitivity indicates to what extent the angle will change, as a result of the 

adjusting sequence currents. As is the case of voltage magnitude, the proposed method for 

analysing the voltage angle is based on the real- and imaginary-component voltages from 

Eqs. (4.24) and (4.25). Also, the bus voltage at phase a of bus i is presented as an example of 

the analysis, whereas the analysis of other phases can be performed in the same way.  

Initially, the description of the voltage angle defined for its analysis is given. Adapted from 

the definition of the bus voltage stated in Eq. (4.7), at phase a of bus i in an n-bus grid, the 

voltage Va,i consists of the known voltage 𝑉𝑎,𝑖
𝐾  and the change of bus voltage ΔVa,ih caused by 

the change of current at bus h where i, h ϵ {1, 2, …, n}. If this description is expanded to the 

context of the voltage angle δa,i, the voltage ΔVa,ih is assumed to provoke the change of 

voltage angle Δδa,i. The phasor diagram of Va,i,  𝑉𝑎,𝑖
𝐾 , and ΔVa,ih is portrayed in Figure 4.4.  

Δδa,i 

Va,i

Va,i

ΔVa,ih

K

 

Figure 4.4: Phasor diagram portraying a change voltage angle at phase a 

To examine the angle Δδa,i, the angle of the voltage Va,i is denoted by δa,i, and the angle of the 

voltage 𝑉𝑎,𝑖
𝐾  is denoted by 𝛿𝑎,𝑖

𝐾 . Matching with the definition of the bus voltage, the angle  

 𝛿𝑎,𝑖 = 𝛿𝑎,𝑖
𝐾 + ∆𝛿𝑎,𝑖 (4.38) 

is described as the combination of its known angle 𝛿𝑎,𝑖
𝐾  and the angle Δδa,i. According to 

Eq. (4.38), the role of the known angle 𝛿𝑎,𝑖
𝐾  can be implied to act as the initial state of the 

angle δa,i before any angle change Δδa,i happens. The angle 𝛿𝑎,𝑖
𝐾  therefore can be regarded as 

the reference point during the sensitivity analysis. For the sake of simplicity, it is presumed to 

be zero in this investigation. 

 𝛿𝑎,𝑖
𝐾 = 0 (4.39) 
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Since the angle 𝛿𝑎,𝑖
𝐾  is presumably equal to zero, this means, based on Eq. (4.38), the angle 

change  

 ∆𝛿𝑎,𝑖 = 𝛿𝑎,𝑖 − 𝛿𝑎,𝑖
𝐾 = 𝛿𝑎,𝑖 (4.40) 

is equal to the angle 𝛿𝑎,𝑖. Considering the voltage Va,i = Va,i:Re + jVa,i:Im according to 

Eq. (4.26), the trigonometry tangent rule can be used to describe the angle δa,i in terms of 

complex-component voltages Va,i:Re and Va,i:Im. The angle δa,i, therefore, is 

 𝛿𝑎,𝑖 = 𝑎𝑟𝑐𝑡𝑎𝑛 (
𝑉𝑖,𝐼𝑚

𝑉𝑖,𝑅𝑒
). (4.41) 

The models of voltage components are used again in this step. Substituting the models of the 

voltages Va,i:Re and Va,i:Im from Eqs. (4.24) and (4.25) to Eq. (4.41) yields 

 𝛿𝑎,𝑖 = 𝑎𝑟𝑐𝑡𝑎𝑛
𝑉𝑎,𝑖:𝐼𝑚

𝐾 +∑ ∑ [(�̃�𝑎,𝑖ℎ
(𝑠)

𝐼ℎ:𝑅𝑒
(𝑠)

+�̃�𝑎,𝑖ℎ
(𝑠)

𝐼ℎ:𝐼𝑚
(𝑠)

)−(�̃�𝑎,𝑖ℎ
(𝑠)

𝐼ℎ:𝑅𝑒
𝐾(𝑠)

+�̃�𝑎,𝑖ℎ
(𝑠)

𝐼ℎ:𝐼𝑚
𝐾(𝑠)

)]2
𝑠=0

𝑛
ℎ=1

𝑉𝑎,𝑖:𝑅𝑒
𝐾 +∑ ∑ [(�̃�𝑎,𝑖ℎ

(𝑠)
𝐼ℎ:𝑅𝑒
(𝑠)

−�̃�𝑎,𝑖ℎ
(𝑠)

𝐼ℎ:𝐼𝑚
(𝑠)

)−(�̃�𝑎,𝑖ℎ
(𝑠)

𝐼ℎ:𝑅𝑒
𝐾(𝑠)

−�̃�𝑎,𝑖ℎ
(𝑠)

𝐼ℎ:𝐼𝑚
𝐾(𝑠)

)]2
𝑠=0

𝑛
ℎ=1

. (4.42) 

Eq. (4.42) demonstrates the angle δa,i, when the impact of all sequence currents in an n-bus 

grid is included. It is crucial to emphasise again that the terms of the resistance �̃�𝑎,𝑖ℎ
(𝑠)

 and the 

reactance �̃�𝑎,𝑖ℎ
(𝑠)

 are predetermined, while the known values indexed by subscript K are 

obtained from measurement data. These terms are regarded as constant accordingly. The 

angle δa,i in Eq. (4.42) can be considered as a function  

 𝛿𝑎,𝑖 = 𝑓(𝐼1:𝑅𝑒
(0)

, 𝐼1:𝑅𝑒
(1)

, 𝐼1:𝑅𝑒
(2)

, … , 𝐼𝑛:𝑅𝑒
(0)

, 𝐼𝑛:𝑅𝑒
(1)

; 𝐼𝑛:𝑅𝑒
(2)

, 𝐼1:𝐼𝑚
(0)

, 𝐼1:𝐼𝑚
(1)

, 𝐼1:𝐼𝑚
(2)

… , 𝐼𝑛:𝐼𝑚
(0)

, 𝐼𝑛:𝐼𝑚
(1)

, 𝐼𝑛:𝐼𝑚
(2)

) (4.43) 

which is composed of real and imaginary parts of sequence currents. The sensitivity of the 

angle δa,i to sequence currents can be derived. Taking the derivative of Eq. (4.42) with respect 

to positive-sequence current at bus 1 is shown as an example. Thus, the real- and imaginary-

component sequence current 𝐼1:𝑅𝑒
(1)

 and 𝐼1:𝐼𝑚
(1)

 are counted. First, by applying derivative of 

arctan [188], differentiating the angle 𝛿𝑎,𝑖 in Eq. (4.42) with respect to the current 𝐼1:𝑅𝑒
(1)

 yields 

 
𝜕𝛿𝑎,𝑖

𝜕𝐼1:𝑅𝑒
(1) =

1

1+(𝑉𝑎,𝑖:𝐼𝑚 𝑉𝑎,𝑖:𝑅𝑒⁄ )
2 ∙

�̃�𝑎,𝑖1
(1)

𝑉𝑎,𝑖:𝑅𝑒−�̃�𝑎,𝑖
(1)

𝑉𝑎,𝑖:𝐼𝑚

𝑉𝑎,𝑖:𝑅𝑒
2 . (4.44) 

To shorten the visualisation, the complex-component voltages Va,i:Re and Va,i:Im are directly 

presented in Eq. (4.44) to replace their full description. Eq. (4.44) subsequently can be further 

arranged into 

 
𝜕𝛿𝑎,𝑖

𝜕𝐼1:𝑅𝑒
(1) =

�̃�𝑎,𝑖1
(1)

𝑉𝑎,𝑖:𝑅𝑒−�̃�𝑎1,𝑖1
(1)

𝑉𝑎,𝑖:𝐼𝑚

𝑉𝑎,𝑖:𝑅𝑒
2 +𝑉𝑎,𝑖:𝐼𝑚

2 . (4.45) 
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The denominator in Eq. (4.45) is the square of voltage magnitude |Va,i|. Thus, Eq. (4.45) can 

be equally written as 

 
𝜕𝛿𝑎,𝑖

𝜕𝐼1:𝑅𝑒
(1) =

�̃�𝑎,𝑖1
(1)

𝑉𝑎,𝑖:𝑅𝑒−�̃�𝑎1,𝑖1
(1)

𝑉𝑎,𝑖:𝐼𝑚

|𝑉𝑎,𝑖|
2 . (4.46) 

By considering the assumption that the analysis is performed under a normal steady-state 

condition, the complex-component voltages Va,i:Re and Va,i:Im as well as the magnitude |Va,i| in 

Eq. (4.46) are approximated to their known values 𝑉𝑖,𝑅𝑒
𝐾 , 𝑉𝑖,𝐼𝑚

𝐾 , and |𝑉𝑖
𝐾 |, respectively. This 

yields 

 
𝜕𝛿𝑎,𝑖

𝜕𝐼1:𝑅𝑒
(1) =

�̃�𝑎,𝑖1
(1)

𝑉𝑎,𝑖:𝑅𝑒
𝐾 −�̃�𝑎,𝑖1

(1)
𝑉𝑎,𝑖:𝐼𝑚

𝐾

|𝑉𝑎,𝑖
𝐾 |

2 . (4.47) 

Eq. (4.47) illustrates the sensitivity of the angle δa,i to the real-component sequence current 

𝐼1:𝑅𝑒
(1)

 at bus 1. Then the general equation for this sensitivity analysis can be determined. The 

same procedure carried out for Eq. (4.47) can be applied to any phase p ϵ {a, b, c}, to any 

sequence s ϵ {0, 1, 2}, and to any bus i, h ϵ {1, 2, …, n}. Hence, in a general case for any 

sequence and any bus, the sensitivity  

 𝑆𝛿𝐼𝑠:𝑅𝑒,𝑝,𝑖ℎ =
𝜕𝛿𝑝,𝑖

𝜕𝐼ℎ:𝑅𝑒
(𝑠) =

�̃�𝑝,𝑖ℎ
(𝑠)

𝑉𝑝,𝑖:𝑅𝑒
𝐾 −�̃�𝑝,𝑖ℎ

(𝑠)
𝑉𝑝,𝑖:𝐼𝑚

𝐾

|𝑉𝑝,𝑖
𝐾 |

2  (4.48) 

of phase angle δp,i in relation to the real-component sequence current 𝐼ℎ:𝑅𝑒
(𝑠)

 at bus h is 

obtained, where s ϵ {0, 1, 2}, p ϵ {a, b, c}, and i, h ϵ {1, 2, …, n}. The unit of the sensitivity 

SδIs:Re,p,ih from Eq. (4.48) is Radian per Ampere (rad/A). To use this equation for the 

sensitivity analysis, selecting each element for the related buses i and h is essential. The 

resistance and reactance must comply with both the target phase p and the sequence s, 

whereas the voltage magnitude must comply only with the target phase. 

After the case of the real-component sequence current, the sensitivity of voltage angle in 

relation to imaginary-component sequence current is investigated. The impact of the current 

in the positive sequence at bus 1 is still used as the example. By performing the same 

derivation process, the sensitivity of the angle δa,i to the imaginary-component sequence 

current 𝐼ℎ:𝐼𝑚
(1)

 is conducted. Thereby, differentiating δa,i in Eq. (4.42) with respect to 𝐼ℎ:𝐼𝑚
(1)

 

results in 

 
𝜕𝛿𝑎,𝑖

𝜕𝐼1:𝐼𝑚
(1) =

1

1+(𝑉𝑎,𝑖:𝐼𝑚 𝑉𝑎,𝑖:𝑅𝑒⁄ )
2 ∙

�̃�𝑎,𝑖1
(1)

𝑉𝑎,𝑖:𝑅𝑒+�̃�𝑎,𝑖1
(1)

𝑉𝑎,𝑖:𝐼𝑚

𝑉𝑎,𝑖:𝑅𝑒
2 . (4.49) 
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The denominator of Eq. (4.49) can be subsequently organised into  

 
𝜕𝛿𝑎,𝑖

𝜕𝐼1:𝐼𝑚
(1) =

�̃�𝑎,𝑖1
(1)

𝑉𝑎,𝑖:𝑅𝑒+�̃�𝑎,𝑖1
(1)

𝑉𝑎,𝑖:𝐼𝑚

𝑉𝑎,𝑖:𝑅𝑒
2 +𝑉𝑎,𝑖:𝐼𝑚

2 . (4.50) 

Converting the denominator of Eq. (4.50) to the square of magnitude |Va,i| of the voltage Va,i 

yields 

 
𝜕𝛿𝑎,𝑖

𝜕𝐼1:𝐼𝑚
(1) =

�̃�𝑎,𝑖1
(1)

𝑉𝑎,𝑖:𝑅𝑒+�̃�𝑎1,𝑖1
(1)

𝑉𝑎,𝑖:𝐼𝑚

|𝑉𝑎,𝑖|
2 . (4.51) 

Afterwards, the complex-component voltages Va,i:Re and Va,i:Im, along with the magnitude |Va,i| 

in Eq. (4.51) can be approximated as their known values 𝑉𝑎,𝑖:𝑅𝑒
𝐾 , 𝑉𝑎,𝑖:𝐼𝑚

𝐾 , and |𝑉𝑎,𝑖
𝐾 | under the 

assumption of a steady-state condition. Eq. (4.51) therefore becomes 

 
𝜕𝛿𝑎,𝑖

𝜕𝐼1:𝐼𝑚
(1) =

�̃�𝑎,𝑖1
(1)

𝑉𝑎,𝑖:𝑅𝑒
𝐾 +�̃�𝑎,𝑖1

(1)
𝑉𝑎,𝑖:𝐼𝑚

𝐾

|𝑉𝑎,𝑖
𝐾 |

2 . (4.52) 

Eq. (4.52) expresses the sensitivity of the angle δa,i to the current 𝐼1:𝐼𝑚
(𝑠)

. Based on the same 

procedure carried out for Eq. (4.47), the general equation for this sensitivity analysis for any 

phase p ϵ {a, b, c}, any sequence s ϵ {0, 1, 2}, and any bus i, h ϵ {1, 2, …, n} can be defined. 

Hence, in the general case for any sequence and any bus, the sensitivity  

 𝑆𝛿𝐼𝑠:𝐼𝑚,𝑝,𝑖ℎ =
𝜕𝛿𝑝,𝑖

𝜕𝐼ℎ:𝐼𝑚
(𝑠) =

�̃�𝑝,𝑖ℎ
(𝑠)

𝑉𝑝,𝑖:𝑅𝑒
𝐾 +�̃�𝑝,𝑖ℎ

(𝑠)
𝑉𝑝,𝑖:𝐼𝑚

𝐾

|𝑉𝑝,𝑖
𝐾 |

2  (4.53) 

phase angle δp,i in relation to the imaginary-component sequence current 𝐼ℎ:𝑅𝑒
(𝑠)

 at bus h is 

acquired, where s ϵ {0, 1, 2}, p ϵ {a, b, c}, and i, h ϵ {1, 2, …, n}. The unit of the sensitivity 

SδIs:Im,p,ih, from Eq. (4.53) is also Radian per Ampere (rad/A). Similarly, the phase index of the 

equation elements must comply with the corresponding phase of concern during the 

sensitivity analysis between the related buses i and h. The sequence of the resistance and 

reactance indicates the target sequence current.  

At this point, the derivations of the equations for the analysis of voltage angle sensitivity have 

been entirely presented. Eq. (4.42) is the key equation to investigate the sensitivity of the 

voltage angle. For each individual phase, the voltage angle is perceived as a function of real 

and imaginary components of sequence currents. Eventually, Eqs. (4.48) and (4.53) provide 

general equations to analyse the sensitivities SδIs:Re,p,ih and SδIs:Im,p,ih of voltage angles δp,i to the 

sequence currents, where s ϵ {0, 1, 2}, p ϵ {a, b, c}, and i, h ϵ {1, 2, …, n}. The unit of the 

resulting sensitivity values is rad/A. These equations show that only the measurement data are 

required for the sensitivity analysis. 
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In the next section, an alternative method of voltage sensitivity analysis under the balanced 

grid condition is provided. Rather than observing the impact of sequence currents, the impact 

of active and reactive powers on voltage magnitude and angle is investigated. The equations 

for the sensitivity analysis in this section are further used to establish the relationship between 

bus voltage and the active or reactive powers. 

4.4 Methods for Voltage Sensitivity Analysis under a Balanced Grid 

Condition 

Balanced and unbalanced grid conditions have different influences on the power grid. In the 

balanced condition, voltage phasors of a bus are equal in magnitude, and the angle 

displacement between adjacent phasors are also identical. Accordingly, studying only one 

phase – usually phase a – is therefore sufficient to characterise the bus voltage magnitude and 

angle. By considering the positive sequence, the methods for voltage sensitivity analysis in 

the unbalanced grid condition from the previous section can be used in the case of the 

balanced condition. The impact of the positive-sequence current, which is equivalent to the 

phase current in this case, on the phase voltage can be analysed. Nevertheless, studying the 

impact of active and reactive powers is commonly preferable, as it is more straightforward to 

describe bus powers than currents. In this section, a method for analysing the sensitivity of the 

voltage magnitude and angle in relation to active and reactive powers is proposed. Before this 

method is presented, first of all, the relation between the complex components of bus current 

and active and reactive powers is pointed out. This step is to relate the impact of sequence 

currents on the sensitivity analysis methods from Sections 4.3.1 and 4.3.2 to the impact of 

active and reactive powers.  

4.4.1 The Relationship between the Bus Current and the Three-Phase 

Powers 

The apparent power is ordinarily supplied from electric utilities to the power systems. It is the 

magnitude of a complex power that is composed of active and reactive powers. In this thesis, 

the characteristics of three-phase powers also is investigated for the proposed voltage 

sensitivity analysis under the balanced grid condition. Since the relationship between the bus 

voltage and the bus current is covered in the previous section, the relationship between bus 

voltage and the active and reactive powers can be done by investigating the bus current. The 

relationship between the bus current and the three-phase powers is therefore stated as follows.  

Power flow in the power grid is generally in the form of complex power. In this section, the 

complex power flowing through the buses is taken into account. To begin with, Figure 4.5 

portrays an expression of complex power at bus h.  
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h
Sh,G

Sh,L Power 

grid...
Sh = Ph+jQh

 

Figure 4.5: Expression of complex power at bus h  

Complex power, basically, can be fed into or extracted from the power grid. In Figure 4.5, the 

generator represents the generation of a fed-in power Sh,G, and the load represents the 

consumption of the extracted power Sh,L. In the n-bus power grid, the complex power  

 𝑆ℎ = 𝑃ℎ + 𝑗𝑄ℎ (4.54) 

at bus h is therefore composed of active power Ph and reactive power Qh, where h ϵ {1, 2, …, 

n}. If the fed-in power Sh,G is higher than the extracted power Sh,L, the power Sh flows into the 

grid. On the other hand, if the extracted power Sh,L is higher than the fed-in power Sh,G, the 

power Sh flows out of the grid. Next, to explore the relationship between bus current and the 

three-phase powers, the complex power of each phase is considered. For the three-phase 

system, the complex power  

 𝑆ℎ = 𝑆𝑎,ℎ + 𝑆𝑏,ℎ + 𝑆𝑐,ℎ (4.55) 

is the sum of the complex power from all phases [182]. The phase complex powers Sa,h, Sb,h, 

and Sc,h in Eq. (4.55) belong to phase a, b, and c, respectively. In relation to voltage and 

current quantities, the complex power  

 𝑆ℎ = 𝑉𝑎,ℎ𝐼𝑎,ℎ
∗ + 𝑉𝑏,ℎ𝐼𝑏,ℎ

∗ + 𝑉𝑐,ℎ𝐼𝑐,ℎ
∗  (4.56) 

is the product of bus voltage and the conjugate of its corresponding bus current [230]. Phase 

voltages Va,h, Vb,h, and Vc,h, and phase currents Ia,h, Ib,h, and Ic,h. are complex quantities of their 

corresponding phase at bus h in Eq. (4.56). Taking into account the balanced condition, the 

complex power from each phase is equal. The complex power  

 𝑆ℎ = 3𝑉𝑝,ℎ𝐼𝑝,ℎ
∗  (4.57) 

is therefore a triple complex phase power, where p ϵ {a, b, c}. In conjunction with Eq. (4.54), 

Eq. (4.57) can be expanded to the complex form, as shown in  

 𝑃ℎ + 𝑗𝑄ℎ = 3(𝑉𝑝,ℎ:𝑅𝑒 + 𝑗𝑉𝑝,ℎ:𝐼𝑚) ∙ (𝐼𝑝,ℎ:𝑅𝑒 + 𝑗𝐼𝑝,ℎ:𝐼𝑚)
∗
. (4.58) 
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Eq. (4.58) establishes the relationship between bus currents and the three-phase active and 

reactive powers Ph and Qh. To describe the bus currents in the term of the powers Ph and Qh, 

Eq. (4.58) can be rearranged to  

 𝐼𝑝,ℎ:𝑅𝑒 + 𝑗𝐼𝑝,ℎ:𝐼𝑚 =
(𝑃ℎ+𝑗𝑄ℎ)∗

3(𝑉𝑝,ℎ:𝑅𝑒+𝑗𝑉𝑝,ℎ:𝐼𝑚)
∗. (4.59) 

In turn, Eq. (4.59) equals to 

 𝐼𝑝,ℎ:𝑅𝑒 + 𝑗𝐼𝑝,ℎ:𝐼𝑚 =
𝑃ℎ−𝑗𝑄ℎ

3(𝑉𝑝,ℎ:𝑅𝑒−𝑗𝑉𝑝,ℎ:𝐼𝑚)
. (4.60) 

After that, multiplying and dividing the conjugate of the denominator Vp,h:Re – jVp,h:Im to 

Eq. (4.60) results in 

 𝐼𝑝,ℎ:𝑅𝑒 + 𝑗𝐼𝑝,ℎ:𝐼𝑚 =
(𝑃ℎ𝑉𝑝,ℎ:𝑅𝑒+𝑄ℎ𝑉𝑝,ℎ:𝐼𝑚)+𝑗(−𝑄ℎ𝑉𝑝,ℎ:𝑅𝑒+𝑃ℎ𝑉𝑝,ℎ:𝐼𝑚)

3|𝑉𝑝,ℎ|
2 . (4.61) 

Under the steady-state condition, the voltage in Eq. (4.61) can be approximated to its known 

value 𝑉𝑝,ℎ
𝐾  from the measurement data, since the change of bus voltages is mainly small. 

Eq. (4.61) therefore can be presented as 

 𝐼𝑝,ℎ:𝑅𝑒 + 𝑗𝐼𝑝,ℎ:𝐼𝑚 ≈
(𝑃ℎ𝑉𝑝,ℎ:𝑅𝑒

𝐾 +𝑄ℎ𝑉𝑝,ℎ:𝐼𝑚
𝐾 )+𝑗(−𝑄ℎ𝑉𝑝,ℎ:𝑅𝑒

𝐾 +𝑃ℎ𝑉𝑝,ℎ:𝐼𝑚
𝐾 )

3|𝑉𝑝,ℎ
𝐾 |

2 . (4.62) 

Eq. (4.62) shows that the relationship between complex-component currents Ip,h:Re and Ip,h:Im 

and powers Ph and Qh depends on the complex-component voltages 𝑉𝑝,ℎ:𝑅𝑒
𝐾  and 𝑉𝑝,ℎ:𝐼𝑚

𝐾  and 

square of the known magnitude |𝑉𝑝,ℎ
𝐾 |. As these voltages are known constants, both the real-

component current Ip,h:Re and the imaginary-component current Ip,h:Im are a function of the 

powers Ph and Qh. By investigating the real and imaginary components of Eq. (4.62) 

separately, first of all, the current Ip,h:Re can be expressed as 

 𝐼𝑝,ℎ:𝑅𝑒 = 𝑓(𝑃ℎ, 𝑄ℎ) =
𝑃ℎ𝑉𝑝,ℎ:𝑅𝑒

𝐾 +𝑄ℎ𝑉𝑝,ℎ:𝐼𝑚
𝐾

3|𝑉𝑎,ℎ
𝐾 |

2 . (4.63) 

From Eq. (4.63), the change of the real-component current Ip,h:Re caused by the active power 

Ph depends on real-component voltage 𝑉𝑝,ℎ:𝑅𝑒
𝐾  and the square of the magnitude |𝑉𝑝,ℎ

𝐾 |. By 

differentiating the current Ip,h:Re with respect to the active power Ph, this relationship can be 

mathematically derived as the sensitivity 

 𝑆𝐼:𝑅𝑒𝑃,ℎℎ =
𝜕𝐼𝑝,ℎ:𝑅𝑒

𝜕𝑃ℎ
=

𝑉𝑝,ℎ:𝑅𝑒
𝐾

3|𝑉
𝑝,ℎ
𝐾

|
2 (4.64) 

of the real-component phase current Ip,h:Re in relation to active power Ph, where h ϵ {1, 2, …, 

n} and p ϵ {a, b, c}. 
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Meanwhile, the change of the real-component current Ip,h:Re caused by the reactive power Qh 

depends on the imaginary-component voltage 𝑉𝑝,ℎ:𝐼𝑚
𝐾  and the square of the magnitude |𝑉𝑝,ℎ

𝐾 |. 

Likewise, by differentiating the current Ip,h:Re with respect to the reactive power Qh, this 

relation can be derived as the sensitivity 

 𝑆𝐼:𝑅𝑒𝑄,ℎℎ =
𝜕𝐼𝑝,ℎ:𝑅𝑒

𝜕𝑄ℎ
=

𝑉𝑝,ℎ:𝐼𝑚
𝐾

3|𝑉
𝑝,ℎ
𝐾

|
2 (4.65) 

of the real-component phase current Ip,h:Re in relation to the reactive power Qh, where h ϵ {1, 

2, …, n} and p ϵ {a, b, c}. In the following, besides the real component, the investigation of 

the imaginary component of Eq. (4.62) can also be carried out in the same way. Hence, based 

on Eq. (4.62), the imaginary-component current Ip,h:Im equals to 

 𝐼𝑝,ℎ:𝐼𝑚 = 𝑓(𝑃ℎ, 𝑄ℎ) =
−𝑄ℎ𝑉𝑝,ℎ:𝑅𝑒

𝐾 +𝑃ℎ𝑉𝑝,ℎ:𝐼𝑚
𝐾

3|𝑉𝑝,ℎ
𝐾 |

2 . (4.66) 

The relationship of the active power Ph and the reactive power Qh to the current Ip,h:Im shown 

in Eq. (4.66) contradicts their relation to the current Ip,h:Re presented in Eq. (4.63). Without 

stating the common impact from the square of the magnitude |𝑉𝑝,ℎ
𝐾 |, the change of the current 

Ip,h:Im caused by the active power Ph depends on the imaginary-component voltage 𝑉𝑝,ℎ:𝐼𝑚
𝐾 . By 

differentiating the current Ip,h:Im in Eq. (4.66) with respect to the active power Ph, this relation 

can be mathematically derived as the sensitivity 

 𝑆𝐼:𝐼𝑚𝑃,ℎℎ =
𝜕𝐼𝑝,ℎ:𝐼𝑚

𝜕𝑃ℎ
=

𝑉𝑝,ℎ:𝐼𝑚
𝐾

3|𝑉
𝑝,ℎ
𝐾

|
2 (4.67) 

of the imaginary-component phase current Ip,h:Im in relation to the active power Ph, where h ϵ 

{1, 2, …, n} and p ϵ {a, b, c}. Concurrently, the change of the current Ip,h:Im resulted from the 

reactive power Qh depends on real-component voltage 𝑉𝑝,ℎ:𝑅𝑒
𝐾  and the square of the magnitude 

|𝑉𝑝,ℎ
𝐾 |. By differentiating the current Ip,h:Im with respect to the reactive power Qh, this 

relationship can be derived as the sensitivity 

 𝑆𝐼:𝐼𝑚𝑄,ℎℎ =
𝜕𝐼𝑝,ℎ:𝐼𝑚

𝜕𝑄ℎ
= −

𝑉𝑝,ℎ:𝑅𝑒
𝐾

3|𝑉
𝑝,ℎ
𝐾

|
2 (4.68) 

of the imaginary-component phase current Ip,h:Im in relation to the reactive power Qh, where  

h ϵ {1, 2, …, n} and p ϵ {a, b, c}. Together with the sensitivities SI:ReP,hh and SI:ReQ,hh from 

Eqs. (4.64) and (4.65), the impact of the powers Ph and Qh on the complex-component 

currents Ip,h:Re and Ip,h:Im are thoroughly investigated in an n-bus power grid. The equations for 

sensitivity analysis derived in this section refer only to phase a. In fact, it must be noted that 

this derivation procedure can be performed in the same way for other phases as well. 
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The derived equations in this section, moreover, can be related to the analyses of voltage 

magnitude and angle sensitivities. As the magnitude and angle of bus voltage are found to be 

functions of real and imaginary components of sequence currents, the magnitude |Vp,i| and 

angle δp,i at bus i can be related to the impact of the active and reactive powers Ph and Qh 

bus h. How to relate the equations for sensitivity analysis is delineated, starting from the 

active power in the following section. 

4.4.2 Voltage Magnitude Sensitivity in Relation to Three-Phase Powers 

An option to examine the sensitivity of bus voltage magnitude to the three-phase active and 

reactive powers is derived under the balanced condition of the power grid in this section. 

Accordingly, the sensitivity analyses of phase magnitude in relation to the real and imaginary 

components of positive-sequence currents are discussed in the derivation process. An n-bus 

power grid is assumed for deriving the relationship between the voltage magnitude at bus i 

and the powers at bus h, where i, h ϵ {1, 2, …, n}. From this point, the sensitivities of voltage 

magnitude to active power and reactive power are consecutively presented.  

To this end, relevant equations for sensitivity analysis discussed previously in this chapter are 

applied here. The sensitivity of bus voltage magnitude in relation to sequence currents is 

discussed in Section 4.3.1. According to Eq. (4.29), voltage magnitude |Va,i| at phase a is a 

function of real- and imaginary-component sequence currents from all n buses. Nonetheless, 

since the balanced condition is considered in this section, voltage magnitude |Va,i| is described 

in general form as |Vp,i|, where p ϵ {a, b, c}, and only the currents of positive sequence take 

part. When the relationship between voltage magnitude |Vp,i| at bus i and sequence currents at 

bus h under the balanced condition is considered, the magnitude |Vp,i| is understood as 

 |𝑉𝑝,𝑖| = 𝑓(𝐼ℎ:𝑅𝑒
(1)

, 𝐼ℎ:𝐼𝑚
(1)

). (4.69) 

The positive sequence currents 𝐼ℎ:𝑅𝑒
(1)

, and 𝐼ℎ:𝐼𝑚
(1)

 are, in turn, equivalent to phase currents Ip,h:Re 

and Ip,h:Im in this context, if they are transformed with respect to their corresponding phase of 

concern p ϵ {a, b, c}. Eq. (4.69) therefore equals to  

 |𝑉𝑝,𝑖| = 𝑓(𝐼𝑝,ℎ:𝑅𝑒 , 𝐼𝑝,ℎ:𝐼𝑚). (4.70) 

Subsequently, the relationship between the magnitude |Vp,i| and active power Ph and reactive 

power Qh can be determined. From Section 4.4.1, the currents Ip,h:Re and Ip,h:Im are functions of 

Ph and Qh, as provided in Eq. (4.63) and Eq. (4.66) respectively. Substituted by Eq. (4.63) and 

Eq. (4.66), the magnitude |Vp,i| in Eq. (4.70) therefore can be regarded as a composite function 

 |𝑉𝑝,𝑖| = 𝑓 (𝐼𝑝,ℎ:𝑅𝑒(𝑃ℎ, 𝑄ℎ), 𝐼𝑝,ℎ:𝐼𝑚(𝑃ℎ, 𝑄ℎ)). (4.71) 
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Based on Eq. (4.71), the sensitivity SVP,ih of the magnitude |Vp,i| in relation to the power Ph as 

well as the sensitivity SVQ,ih of the magnitude |Vp,i| in relation to the power Qh can be 

determined. Since Eq. (4.71) is a composite function, the “Chain Rule” from the theory of 

differentiation can be employed to determine the sensitivities SVP,ih and SVQ,ih. In the 

following, the derivation of the sensitivity SVP,ih is first presented. Applying the Chain Rule in 

taking the derivative of Eq. (4.71) with respect to Ph yields 

 
𝜕|𝑉𝑝,𝑖|

𝜕𝑃ℎ
=

𝜕|𝑉𝑝,𝑖|

𝜕𝐼𝑝,ℎ:𝑅𝑒
∙
𝜕𝐼𝑝,ℎ:𝑅𝑒

𝜕𝑃ℎ
+

𝜕|𝑉𝑝,𝑖|

𝜕𝐼𝑝,ℎ:𝐼𝑚
∙
𝜕𝐼𝑝,ℎ:𝐼𝑚

𝜕𝑃ℎ
. (4.72) 

The derivatives ∂|Vp,i|/∂Ip,h:Re and ∂|Vp,i|/∂Ip,h:Im can be obtained from Eqs. (4.33) and (4.37), 

while the derivatives ∂Ip,h:Re/∂Ph and ∂Ip,h:Im/∂Ph can be acquired from Eqs. (4.64) and (4.67). 

Then, substituting all derivatives in Eq. (4.72) by their equations yields 

 
𝜕|𝑉𝑝,𝑖|

𝜕𝑃ℎ
=

�̃�𝑝,𝑖ℎ
(1)

𝑉𝑝,𝑖:𝑅𝑒
𝐾 +�̃�𝑝,𝑖ℎ

(1)
𝑉𝑝,𝑖:𝐼𝑚

𝐾

|𝑉𝑝,𝑖
𝐾 |

∙
𝑉𝑝,ℎ:𝑅𝑒

𝐾

3|𝑉𝑝,ℎ
𝐾 |

2 +
−�̃�𝑝,𝑖ℎ

(1)
𝑉𝑝,𝑖:𝑅𝑒

𝐾 +�̃�𝑝,𝑖ℎ
(1)

𝑉𝑝,𝑖:𝐼𝑚
𝐾

|𝑉𝑝,𝑖
𝐾 |

∙
𝑉𝑝,ℎ:𝐼𝑚

𝐾

3|𝑉𝑝,ℎ
𝐾 |

2. (4.73) 

Eq. (4.73) provides an equation to calculate the sensitivity of voltage magnitude to active 

power. However, this equation can be extensively simplified under the assumption that bus 

voltages are close to their nominal voltage VN in the normal circumstances of a balanced 

power grid. Based on this assumption, the known voltages 𝑉𝑖
𝐾 and 𝑉ℎ

𝐾 can be approximated to 

the voltage VN. The real-component voltages 𝑉𝑝,𝑖:𝑅𝑒
𝐾  and 𝑉𝑝,ℎ,𝑅𝑒

𝐾  of bus i and h as well as the 

imaginary-component voltages 𝑉𝑝,𝑖:𝐼𝑚
𝐾  and 𝑉𝑝,ℎ:𝐼𝑚

𝐾  are therefore replaced by VN:Re and VN:Im. 

That is, the magnitudes |𝑉𝑝,𝑖
𝐾 | and |𝑉𝑝,ℎ

𝐾 | are replaced by |VN| as well. For this reason, Eq. (4.73) 

becomes 

 
𝜕|𝑉𝑝,𝑖|

𝜕𝑃ℎ
=

�̃�𝑝,𝑖ℎ
(1)

𝑉𝑁:𝑅𝑒+�̃�𝑝,𝑖ℎ
(1)

𝑉𝑁:𝐼𝑚

|𝑉𝑁|
∙

𝑉𝑁:𝑅𝑒

3|𝑉𝑁|
2 +

−�̃�𝑝,𝑖ℎ
(1)

𝑉𝑁:𝑅𝑒+�̃�𝑝,𝑖ℎ
(1)

𝑉𝑁:𝐼𝑚

|𝑉𝑁|
∙

𝑉𝑁:𝐼𝑚

3|𝑉𝑁|
2. (4.74) 

Subsequently, Eq. (4.74) can be rearranged to 

 
𝜕|𝑉𝑝,𝑖|

𝜕𝑃ℎ
=

�̃�𝑝,𝑖ℎ
(1)

(𝑉𝑁:𝑅𝑒)
2+�̃�𝑝,𝑖ℎ

(1)
𝑉𝑁:𝑅𝑒𝑉𝑁:𝐼𝑚−�̃�𝑝,𝑖ℎ

(1)
𝑉𝑁:𝑅𝑒𝑉𝑁:𝐼𝑚+�̃�𝑝,𝑖ℎ

(1)
(𝑉𝑁:𝐼𝑚)2

3|𝑉𝑁|
3 . (4.75) 

The term relevant to reactance �̃�𝑝,𝑖ℎ
(1)

 in Eq. (4.75) can be then eliminated. This yields 

 
𝜕|𝑉𝑝,𝑖|

𝜕𝑃ℎ
=

�̃�𝑝,𝑖ℎ
(1)

((𝑉𝑁:𝑅𝑒)
2+(𝑉𝑁:𝐼𝑚)2)

3|𝑉𝑁|
3 . (4.76) 

The term (VN:Re)
2 + (VN:Im)2 in Eq. (4.76) is mathematically equivalent to the square of the 

magnitude |VN|, i.e. |VN|2. After replacing |VN|2 in Eq. (4.76), the sensitivity  

 𝑆𝑉𝑃,𝑖ℎ =
𝜕|𝑉𝑝,𝑖|

𝜕𝑃ℎ
=

�̃�𝑝,𝑖ℎ
(1)

3|𝑉𝑁|
 (4.77) 
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of the magnitude |Vp,i| in relation to the power Ph is obtained. Eq. (4.77) shows that this 

sensitivity depends proportionally on the resistance �̃�𝑎,𝑖ℎ
(1)

 of the bus impedance parameters in 

[�̃�𝑝𝑎𝑟,𝑖ℎ], where p ϵ {a, b, c} and i, h ϵ {1, 2, …, n}. The unit of this sensitivity is Volt per 

Watt (V/W). 

Next, the derivation of the sensitivity SVQ,ih is presented. Eq. (4.71) is still taken into account 

here. In this step, the derivative is taken to Eq. (4.71) with respect to Qh with the application 

of Chain Rule. This yields 

 
𝜕|𝑉𝑝,𝑖|

𝜕𝑄ℎ
=

𝜕|𝑉𝑝,𝑖|

𝜕𝐼𝑝,ℎ:𝑅𝑒
∙
𝜕𝐼𝑝,ℎ:𝑅𝑒

𝜕𝑄ℎ
+

𝜕|𝑉𝑝,𝑖|

𝜕𝐼𝑝,ℎ:𝐼𝑚
∙
𝜕𝐼𝑝,ℎ:𝐼𝑚

𝜕𝑄ℎ
. (4.78) 

As mentioned before, the derivatives ∂|Vp,i|/∂Ip,h:Re and ∂|Vp,i|/∂Ip,h:Im can be obtained from  

Eqs. (4.33) and (4.37). The derivatives ∂Ip,h:Re/∂Qh and ∂Ip,h:Im/∂Qh can be taken, however, 

from Eqs. (4.65) and (4.68). As a result, Eq. (4.78) becomes 

 
𝜕|𝑉𝑝,𝑖|

𝜕𝑄ℎ
=

�̃�𝑝,𝑖ℎ
(1)

𝑉𝑝,𝑖:𝑅𝑒
𝐾 +�̃�𝑝,𝑖ℎ

(1)
𝑉𝑝,𝑖:𝐼𝑚

𝐾

|𝑉𝑝,𝑖
𝐾 |

∙
𝑉𝑝,ℎ:𝐼𝑚

𝐾

3|𝑉𝑝,ℎ
𝐾 |

2 +
−�̃�𝑝,𝑖ℎ

(1)
𝑉𝑝,𝑖:𝑅𝑒

𝐾 +�̃�𝑝,𝑖ℎ
(1)

𝑉𝑝,𝑖:𝐼𝑚
𝐾

|𝑉𝑝,𝑖
𝐾 |

∙
−𝑉𝑝,ℎ:𝑅𝑒

𝐾

3|𝑉𝑝,ℎ
𝐾 |

2 . (4.79) 

For the same reason as in the case of active power, the nominal voltage VN can substitute the 

known phase voltage 𝑉𝑝,𝑖
𝐾 . Thus, replacing the nominal voltage VN including its complex 

components VN:Re and VN:Im to the terms of voltages 𝑉𝑝,𝑖
𝐾  and its complex components 𝑉𝑝,𝑖:𝐼𝑚

𝐾  

and 𝑉𝑝,ℎ:𝐼𝑚
𝑘  in Eq. (4.79) results in 

 
𝜕|𝑉𝑝,𝑖|

𝜕𝑄ℎ
=

�̃�𝑝,𝑖ℎ
(1)

𝑉𝑁:𝑅𝑒+�̃�𝑝,𝑖ℎ
(1)

𝑉𝑁:𝐼𝑚

|𝑉𝑁|
∙

𝑉𝑁:𝐼𝑚

3|𝑉𝑁|
2 +

−�̃�𝑝,𝑖ℎ
(1)

𝑉𝑁:𝑅𝑒+�̃�𝑝,𝑖ℎ
(1)

𝑉𝑁:𝐼𝑚

|𝑉𝑁|
∙
−𝑉𝑁:𝑅𝑒

3|𝑉𝑁|
2 . (4.80) 

Eq. (4.80) can be then rearranged to 

 
𝜕|𝑉𝑝,𝑖|

𝜕𝑄ℎ
=

�̃�𝑝,𝑖ℎ
(1)

(𝑉𝑁:𝐼𝑚)2+�̃�𝑝,𝑖ℎ
(1)

𝑉𝑁:𝑅𝑒𝑉𝑁:𝐼𝑚−�̃�𝑝,𝑖ℎ
(1)

𝑉𝑁:𝑅𝑒𝑉𝑁:𝐼𝑚+�̃�𝑝,𝑖ℎ
(1)

(𝑉𝑁:𝑅𝑒)
2

3|𝑉𝑁|
3 . (4.81) 

The term relevant to resistance �̃�𝑝,𝑖ℎ
(1)

 in Eq. (4.81) then can be removed. This yields  

 
𝜕|𝑉𝑝,𝑖|

𝜕𝑄ℎ
=

�̃�𝑝,𝑖ℎ
(1)

((𝑉𝑁:𝑅𝑒)
2+(𝑉𝑁:𝐼𝑚)2)

3|𝑉𝑁|
3 . (4.82) 

The term (VN:Re)
2 + (VN:Im)2 in Eq. (4.82) is mathematically equivalent to the square of the 

magnitude |VN|, i.e. |VN|2. Once |VN|2 is replaced in Eq. (4.82), the sensitivity  

 𝑆𝑉𝑄,𝑖ℎ =
𝜕|𝑉𝑝,𝑖|

𝜕𝑄ℎ
=

�̃�𝑝,𝑖ℎ
(1)

3|𝑉𝑁|
 (4.83) 
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of the magnitude |Vp,i| in relation to the power Qh is characterised. Eq. (4.83) shows that this 

sensitivity is proportional to the reactance �̃�𝑝,𝑖ℎ
(1)

 of the bus impedance parameters in [�̃�𝑝𝑎𝑟,𝑖ℎ], 

where p ϵ {a, b, c} and i, h ϵ {1, 2, …, n}. The unit of this sensitivity is Volt per var (V/var). 

The method for analysing the sensitivity of voltage magnitude is deduced in this section. As a 

result, Eqs. (4.77) and (4.83) provide the methods to calculate magnitude sensitivity values, 

requiring solely a resistance �̃�𝑝,𝑖ℎ
(1)

 or a reactance �̃�𝑝,𝑖ℎ
(1)

 from the matrix [�̃�𝑝𝑎𝑟,𝑖ℎ] together with 

the predefined nominal voltage VN of the power grid. Finally, this method is noticeably in line 

with the impact of R/X ratio in droop control [231]. At the low-voltage level where R/X ratio 

is high, voltage magnitude is mainly impacted by the active power. On the other hand, at 

higher voltage levels where R/X ratio is low, voltage the magnitude is primarily impacted by 

the reactive power.  

In addition to the voltage magnitude sensitivity to the powers, the deduction of the voltage 

angle sensitivity can also be executed. The following section explains how to deduce the 

voltage angle sensitivity in relation to three-phase powers. 

4.4.3 Voltage Angle Sensitivity in Relation to Three-Phase Powers 

Under the balanced condition of the power grid, an option to examine the sensitivity of the 

voltage angle to the three-phase active and reactive powers is given in this section. The 

sensitivity analysis of the phase angle in relation to the real and imaginary components of the 

positive-sequence currents is discussed. Again, an n-bus power grid is assumed for deriving 

the relationship between the voltage angle at bus i and the powers at bus h, where i, h ϵ {1, 2, 

…, n}. Next, the sensitivities of the voltage angle in relation to the active power and the 

reactive power are consecutively introduced. 

The sensitivity of the bus voltage angle in relation to the sequence currents is discussed in 

Section 4.3.2. Voltage angle δa, at phase a given in Eq. (4.43) is a function of the real- and 

imaginary-component sequence currents from all n buses to cope with the unbalanced grid 

condition. However, the balanced condition is considered in this section. The voltage angle 

δa,i is described here as δp,i, where p ϵ {a, b, c}, and only the positive-sequence currents are 

involved. To begin with, if the relationship between the voltage angle δp,i, at bus i and the 

sequence currents at bus h is considered, the angle δp,i is understood therefore as 

 𝛿𝑝,𝑖 = 𝑓 (𝐼ℎ:𝑅𝑒

(1)
, 𝐼ℎ:𝐼𝑚

(1)
). (4.84) 

The positive sequence currents 𝐼ℎ:𝑅𝑒
(1)

, and 𝐼ℎ:𝐼𝑚
(1)

 are equivalent to the phase currents Ip,h:Re and 

Ip,h:Im in this context, if they are transformed with respect to their corresponding phase of 

concern p ϵ {a, b, c}. In other words, Eq. (4.84) equals to 

 𝛿𝑝,𝑖 = 𝑓(𝐼𝑝,ℎ:𝑅𝑒, 𝐼𝑝,ℎ:𝐼𝑚). (4.85) 
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Based on Eq. (4.85), the angle δp,i can be related to active power Ph and reactive power Qh. 

The currents Ip,h:Re and Ip,h:Im are functions of Ph and Qh, as provided in Eq. (4.63) and 

Eq. (4.66), regarding to Section 4.4.1. By substituting Eq. (4.63) and Eq. (4.66) to Eq. (4.85), 

the angle δp,i can be regarded as a composite function 

 𝛿𝑝,𝑖 = 𝑓 (𝐼𝑝,ℎ:𝑅𝑒(𝑃ℎ, 𝑄ℎ
), 𝐼𝑝,ℎ:𝐼𝑚(𝑃ℎ, 𝑄ℎ

)). (4.86) 

In the following, Eq. (4.86) is used as the basis for deriving the sensitivity SPhiP,ih of the angle 

δp,i in relation to the power Ph as well as the sensitivity SPhiQ,ih of the angle δp,i in relation to 

the power Qh. First, the derivation of the sensitivity SPhiP,ih is demonstrated. It takes the 

derivative, based on the Chain Rule, to Eq. (4.86) with respect to Ph. This results in 

 
𝜕𝛿𝑝,𝑖

𝜕𝑃ℎ
=

𝜕𝛿𝑝,𝑖

𝜕𝐼𝑝,ℎ:𝑅𝑒
∙
𝜕𝐼𝑝,ℎ:𝑅𝑒

𝜕𝑃ℎ
+

𝜕𝛿𝑝,𝑖

𝜕𝐼𝑝,ℎ:𝐼𝑚
∙
𝜕𝐼𝑝,ℎ:𝐼𝑚

𝜕𝑃ℎ
. (4.87) 

The derivatives ∂δp,i/∂Ip,h:Re and ∂δp,i/∂Ip,h:Im are defined Eqs. (4.48) and (4.53), and the 

derivatives ∂Ip,h:Re/∂Ph and ∂Ip,h:Im/∂Ph can be acquired from Eqs. (4.65) and (4.68). Next, all 

derivatives in Eq. (4.87) can be substituted by their equations. This yields 

 
𝜕𝛿𝑝,𝑖

𝜕𝑃ℎ
=

�̃�𝑝,𝑖ℎ
(1)

𝑉𝑝,𝑖:𝑅𝑒
𝐾 −�̃�𝑝,𝑖ℎ

(1)
𝑉𝑝,𝑖:𝐼𝑚

𝐾

|𝑉𝑝,𝑖
𝐾 |

2 ∙
𝑉𝑝,ℎ:𝑅𝑒

𝐾

3|𝑉𝑝,ℎ
𝐾 |

2 +
�̃�𝑝,𝑖ℎ

(1)
𝑉𝑝,𝑖:𝑅𝑒

𝐾 +�̃�𝑝,𝑖ℎ
(1)

𝑉𝑝,𝑖:𝐼𝑚
𝐾

|𝑉𝑝,𝑖
𝐾 |

2 ∙
𝑉𝑝,ℎ:𝐼𝑚

𝐾

3|𝑉𝑝,ℎ
𝐾 |

2. (4.88) 

Under the balanced grid condition, the sensitivity of the voltage angle is presumably identical 

for all phases because the spatial distance between phases is equal and all phase angles shift 

equally in response to the load situation. Additionally, for the same reason as mentioned in 

Section 4.4.2 regarding determining the sensitivities SVP,ih and SVQ,ih, the nominal voltage VN 

can substitute the known bus voltages 𝑉𝑝,𝑖
𝐾  and 𝑉𝑝,ℎ

𝐾 . The terms of known voltages 𝑉𝑝,𝑖
𝐾  and 𝑉𝑝,ℎ

𝐾  

and their complex components 𝑉𝑝,𝑖:𝑅𝑒
𝐾 , 𝑉𝑝,𝑖:𝐼𝑚

𝐾 , 𝑉𝑝,ℎ:𝑅𝑒
𝐾 , and 𝑉𝑝,ℎ:𝐼𝑚

𝐾  in Eq. (4.88) are, thus, 

replaced by the nominal voltage VN including its complex components VN:Re and VN:Im. This 

leads to  

 
𝜕𝛿𝑝,𝑖

𝜕𝑃ℎ
=

�̃�𝑝,𝑖ℎ
(1)

𝑉𝑁:𝑅𝑒−�̃�𝑝,𝑖ℎ
(1)

𝑉𝑁:𝐼𝑚

|𝑉𝑁|
2 ∙

𝑉𝑁:𝑅𝑒

3|𝑉𝑁|
2 +

�̃�𝑝,𝑖ℎ
(1)

𝑉𝑁:𝑅𝑒+�̃�𝑝,𝑖ℎ
(1)

𝑉𝑁:𝐼𝑚

|𝑉𝑁|
2 ∙

𝑉𝑁:𝐼𝑚

3|𝑉𝑁|
2. (4.89) 

Afterwards, Eq. (4.89) can be rearranged to 

 
𝜕𝛿𝑝,𝑖

𝜕𝑃ℎ
=

�̃�𝑝,𝑖ℎ
(1)

(𝑉𝑁:𝑅𝑒)
2−�̃�𝑝,𝑖ℎ

(1)
𝑉𝑁:𝑅𝑒𝑉𝑁:𝐼𝑚+�̃�𝑝,𝑖ℎ

(1)
𝑉𝑁:𝑅𝑒𝑉𝑁:𝐼𝑚+�̃�𝑝,𝑖ℎ

(1)
(𝑉𝑁:𝐼𝑚)2

3|𝑉𝑁|
4 . (4.90) 

The terms related to the resistance �̃�𝑎,𝑖ℎ
(1)

 in Eq. (4.90) can be consequently eliminated, 

resulting in  

 
𝜕𝛿𝑝,𝑖

𝜕𝑃ℎ
=

�̃�𝑝,𝑖ℎ
(1)

((𝑉𝑁:𝑅𝑒)
2+(𝑉𝑁:𝐼𝑚)2)

3|𝑉𝑁|
4 . (4.91) 
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In Eq. (4.91), the term (VN:Re)
2 + (VN:Im)2 equals to |VN|2, which is the square of voltage 

magnitude. By replacing |VN|2 in Eq. (4.91), the sensitivity  

 𝑆𝑃ℎ𝑖𝑃,𝑖ℎ =
𝜕𝛿𝑝,𝑖

𝜕𝑃ℎ
=

�̃�𝑝,𝑖ℎ
(1)

3|𝑉𝑁|
2 (4.92) 

of the angle δp,i to the active power Ph is acquired. Eq. (4.92) shows that this sensitivity is 

proportional to the reactance �̃�𝑝,𝑖ℎ
(1)

 of the bus impedance parameters in [�̃�𝑝𝑎𝑟,𝑖ℎ], where p ϵ {a, 

b, c} and i, h ϵ {1, 2, …, n}. The unit of this sensitivity is Radian per Watt (rad/W). 

From this point, the derivation of the sensitivity SPhiQ,ih is shown. It is still based on 

Eq. (4.86). This means that the similar derivation process is executed. Hence, taking 

derivative to Eq. (4.86) with respect to Qh yields 

 
𝜕𝛿𝑝,𝑖

𝜕𝑄ℎ
=

𝜕𝛿𝑝,𝑖

𝜕𝐼𝑝,ℎ:𝑅𝑒
∙
𝜕𝐼𝑝,ℎ:𝑅𝑒

𝜕𝑄ℎ
+

𝜕𝛿𝑝,𝑖

𝜕𝐼𝑝,ℎ:𝐼𝑚
∙
𝜕𝐼𝑝,ℎ:𝐼𝑚

𝜕𝑄ℎ
. (4.93) 

Identical to the case of SPhiP,ih, the derivatives ∂δp,i/∂Ip,h:Re and ∂δp,i/∂Ip,h:Im can be obtained 

from Eqs. (4.48) and (4.53). To relate the currents Ip,h:Re and Ip,h:Im to reactive power Qh, the 

derivatives ∂Ip,h:Re/∂Qh and ∂Ip,h:Im/∂Qh can be taken from Eqs. (4.64) and (4.68). Accordingly, 

Eq. (4.93) becomes  

 
𝜕𝛿𝑝,𝑖

𝜕𝑄ℎ
=

�̃�𝑝,𝑖ℎ
(1)

𝑉𝑝,𝑖:𝑅𝑒
𝐾 −�̃�𝑝,𝑖ℎ

(1)
𝑉𝑝,𝑖:𝐼𝑚

𝐾

|𝑉𝑝,𝑖
𝐾 |

2 ∙
𝑉𝑝,ℎ:𝐼𝑚

𝐾

3|𝑉𝑝,ℎ
𝐾 |

2 +
�̃�𝑝,𝑖ℎ

(1)
𝑉𝑝,𝑖:𝑅𝑒

𝐾 +�̃�𝑝,𝑖ℎ
(1)

𝑉𝑝,𝑖:𝐼𝑚
𝐾

|𝑉𝑝,𝑖
𝐾 |

2 ∙
−𝑉𝑝,ℎ:𝑅𝑒

𝐾

3|𝑉𝑝,ℎ
𝐾 |

2 .  (4.94) 

Again, the nominal voltage 𝑉𝑁 can substitute the bus voltages in Eq. (4.94) under the normal 

grid operation. Replacing the voltage 𝑉𝑁 to the terms of bus voltages in Eq. (4.94) results in 

 
𝜕𝛿𝑝,𝑖

𝜕𝑄ℎ
=

�̃�𝑝,𝑖ℎ
(1)

𝑉𝑁:𝑅𝑒−�̃�𝑝,𝑖ℎ
(1)

𝑉𝑁:𝐼𝑚

|𝑉𝑁|
2 ∙

𝑉𝑁:𝐼𝑚

3|𝑉𝑁|
2 +

�̃�𝑝,𝑖ℎ
(1)

𝑉𝑁:𝑅𝑒+�̃�𝑝,𝑖ℎ
(1)

𝑉𝑁:𝐼𝑚

|𝑉𝑁|
2 ∙

−𝑉𝑁:𝑅𝑒

3|𝑉𝑁|
2 . (4.95) 

Eq. (4.95) can be subsequently rearranged to 

 
𝜕𝛿𝑝,𝑖

𝜕𝑄ℎ
=

−�̃�𝑝,𝑖ℎ
(1)

(𝑉𝑁:𝐼𝑚)2+�̃�𝑝,𝑖ℎ
(1)

𝑉𝑁:𝑅𝑒𝑉𝑁:𝐼𝑚−�̃�𝑝,𝑖ℎ
(1)

𝑉𝑁:𝑅𝑒𝑉𝑁:𝐼𝑚−�̃�𝑝,𝑖ℎ
(1)

(𝑉𝑁:𝑅𝑒)
2

3|𝑉𝑁|
4 . (4.96) 

The terms of reactance �̃�𝑎,𝑖ℎ
(1)

 in Eq. (4.96) can be eliminated. This yields 

 
𝜕𝛿𝑝,𝑖

𝜕𝑄ℎ
=

−�̃�𝑝,𝑖ℎ
(1)

((𝑉𝑁:𝑅𝑒)
2+(𝑉𝑁:𝐼𝑚)2)

3|𝑉𝑁|
4 . (4.97) 

In Eq. (4.97), the term (VN:Re)
2 + (VN:Im)2 equals to |VN|2, which is the square of voltage 

magnitude. By replacing |VN|2 in Eq. (4.97), the sensitivity  

 𝑆𝑃ℎ𝑖𝑄,𝑖ℎ =
𝜕𝛿𝑝,𝑖

𝜕𝑄ℎ
=

−�̃�𝑝,𝑖ℎ
(1)

3|𝑉𝑁|
2. (4.98) 
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of the angle δi to the reactive power Qh is obtained. Eq. (4.98) illustrates that this sensitivity is 

proportional to the reactance −�̃�𝑝,𝑖ℎ
(1)

 of bus impedance parameters in [�̃�𝑝𝑎𝑟,𝑖ℎ], where p ϵ {a, 

b, c} and i, h ϵ {1, 2, …, n}. The unit of this sensitivity is Radian per Watt (rad/var). 

The methods for analysing the sensitivity of voltage angle are derived in this section. 

Eqs. (4.92) and (4.98), as a result, provide the methods to compute angle sensitivity. The 

derived methods solely require a phase resistance, e.g. �̃�𝑝,𝑖ℎ
(1)

, or a reactance, e.g. �̃�𝑝,𝑖ℎ
(1)

, from 

the matrix [�̃�𝑝𝑎𝑟,𝑖ℎ] together with the predefined nominal voltage VN of the grid. Providing the 

same outcomes as the case of magnitude sensitivity, this method evidently conforms to the 

impact of R/X ratio in droop control. In the low-voltage level where the R/X ratio is high, the 

voltage angle is greatly impacted by the reactive power. In contrast, at the higher voltage 

levels where the R/X ratio is low, the voltage angle is more impacted by the active power.  

In the next section, applications of voltage sensitivity analysis are discussed. They focus on 

using calculated sensitivity values, resulting from the proposed analysis methods, for 

regulating voltage profile.  

4.5 Applications of Voltage Sensitivity Analysis 

Sensitivity values resulting from voltage sensitivity analysis allow the regulation of voltage 

magnitude and an angle caused by a change of sequence currents, active power, or reactive 

power. The primary target of the voltage sensitivity analysis in this thesis is to use the resulted 

sensitivity values to regulate the voltage profile to stay within the desired permissible range. 

The calculated setpoints, or reference values, can be implemented in a controlling device, 

such as an inverter, to define the amount of the output that affects the target voltage 

magnitude in such a way that can bring the voltage magnitude from its initial value to the 

expected value. In the following subsections, the calculation of the setpoints from the 

sensitivity values is demonstrated for both voltage magnitude and angle cases. 

4.5.1 Use of Sensitivity Values for Regulating the Voltage Magnitude 

The use of voltage magnitude sensitivity values for regulating voltage magnitude in both 

balanced and unbalanced grid conditions is presented in this section. For the unbalanced grid 

condition, the target is to compute a setpoint of a desired sequence current. For the balanced 

grid condition, in the meantime, the target is to compute the setpoint of active or reactive 

powers. The computed setpoint value can be further implemented to achieve the target phase 

voltage at the expected magnitude.  

To showcase the use of voltage magnitude sensitivity values in the unbalanced grid condition, 

calculating the setpoint for regulating the magnitude of phase voltage is exemplified as 

follows. Based on Eqs. (4.33) and (4.37), the sensitivities SVIs:Re,p,ih and SVIs:Im,p,ih of phase 
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voltage magnitude |Vp,i| at bus i to real- and imaginary-component of sequence currents 𝐼ℎ:𝑅𝑒
(𝑠)

 

and 𝐼ℎ:𝐼𝑚
(𝑠)

 at bus h from are taken into account, where s ϵ {0, 1, 2}, p ϵ {a, b, c}, and i, h ϵ {1, 

2, …, n}. This example shows the calculation of the setpoint currents 𝐼𝑠𝑒𝑡,ℎ:𝑅𝑒
(𝑠)

 and 𝐼𝑠𝑒𝑡,ℎ:𝐼𝑚
(𝑠)

 in 

a general case for all sequence systems. First, the setpoint 𝐼𝑠𝑒𝑡,ℎ:𝑅𝑒
(𝑠)

 of the real-component 

sequence current 𝐼ℎ:𝑅𝑒
(𝑠)

 is focused on. The sensitivity SVIs:Re,p,ih is approximated to the ratio of 

the phase voltage change Δ|Vp,i| of the phase magnitude |Vp,i| to the change Δ𝐼ℎ:𝑅𝑒
(𝑠)

 of sequence 

current 𝐼ℎ:𝑅𝑒
(𝑠)

, given by 

 𝑆𝑉𝐼𝑠:𝑅𝑒,𝑝,𝑖ℎ ≈
∆|𝑉𝑝,𝑖|

∆𝐼ℎ:𝑅𝑒
(𝑠) . (4.99) 

To calculate the setpoint 𝐼𝑠𝑒𝑡,ℎ:𝑅𝑒
(𝑠)

, Eq. (4.99) can be rearranged to begin with 

 ∆𝐼ℎ:𝑅𝑒
(𝑠) =

∆|𝑉𝑝,𝑖|

𝑆𝑉𝐼𝑠:𝑅𝑒,𝑎,𝑖ℎ
. (4.100) 

The change Δ𝐼ℎ:𝑅𝑒
(𝑠)

 of sequence current 𝐼ℎ:𝑅𝑒
(𝑠)

 at bus h is defined as the difference between the 

setpoint 𝐼𝑠𝑒𝑡,ℎ:𝑅𝑒
(𝑠)

 and its initial value 𝐼𝑖𝑛𝑖,ℎ:𝑅𝑒
(𝑠)

. Similarly, the magnitude change Δ|Vp,i| is 

defined as the difference between the magnitude |Vp,exp,i| of expected phase voltage at bus i 

and the initial phase magnitude |Vp,ini,i| of its initial voltage. The terms ∆𝐼ℎ:𝑅𝑒
(𝑠)

 and Δ|Vp,i| in 

Eq. (4.100) therefore can be expanded to 

 ∆𝐼ℎ:𝑅𝑒
(𝑠) = 𝐼𝑠𝑒𝑡,ℎ:𝑅𝑒

(𝑠) − 𝐼𝑖𝑛𝑖,ℎ:𝑅𝑒
(𝑠)

 (4.101) 

and 

 ∆|𝑉𝑝,𝑖| = |𝑉𝑝,𝑒𝑥𝑝,𝑖| − |𝑉𝑝,𝑖𝑛𝑖,𝑖|. (4.102) 

Next, substituting Eqs. (4.101) and (4.102) for ∆𝐼ℎ:𝑅𝑒
(𝑠)

 and Δ|Vp,i| in Eq. (4.100) yields 

 𝐼𝑠𝑒𝑡,ℎ:𝑅𝑒
(𝑠) − 𝐼𝑖𝑛𝑖,ℎ:𝑅𝑒

(𝑠) =
|𝑉𝑝,𝑒𝑥𝑝,𝑖|−|𝑉𝑝,𝑖𝑛𝑖,𝑖|

𝑆𝑉𝐼𝑠:𝑅𝑒,𝑝,𝑖ℎ
. (4.103) 

The setpoint current 𝐼𝑠𝑒𝑡,ℎ:𝑅𝑒
(𝑠)

 can be obtained now. By moving the initial current 𝐼𝑖𝑛𝑖,ℎ:𝑅𝑒
(𝑠)

 in 

Eq. (4.103) to the right side, the setpoint current  

 𝐼𝑠𝑒𝑡,ℎ:𝑅𝑒
(𝑠) =

|𝑉𝑝,𝑒𝑥𝑝,𝑖|−|𝑉𝑝,𝑖𝑛𝑖,𝑖|

𝑆𝑉𝐼𝑠:𝑅𝑒,𝑝,𝑖ℎ
+ 𝐼𝑖𝑛𝑖,ℎ:𝑅𝑒

(𝑠)
 (4.104) 

is obtained from this process to achieve the expected phase magnitude |Vp,exp,i| at bus i. 

Eq. (4.104) illustrates the calculation of the setpoint current 𝐼𝑠𝑒𝑡,ℎ:𝑅𝑒
(𝑠)

 of real-component 

sequence current 𝐼ℎ:𝑅𝑒
(𝑠)

 at bus h to achieve the expected phase magnitude |Vp,exp,i| at bus i where 

s ϵ {0, 1, 2}, p ϵ {a, b, c}, and i, h ϵ {1, 2, …, n}. 
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Additionally, the setpoint current 𝐼𝑠𝑒𝑡,ℎ:𝐼𝑚
(𝑠)

 of the imaginary-component sequence current 𝐼ℎ:𝐼𝑚
(𝑠)

 

can be calculated by the identical procedure to case of 𝐼𝑠𝑒𝑡,ℎ:𝑅𝑒
(𝑠)

. The sensitivity SVIs:Im,p,ih, from 

Eq. (4.37) for the imaginary-component sequence current 𝐼ℎ:𝐼𝑚
(𝑠)

 is used accordingly. For the 

considered initial current 𝐼𝑖𝑛𝑖,ℎ:𝐼𝑚
(𝑠)

, the setpoint current  

 𝐼𝑠𝑒𝑡,ℎ:𝐼𝑚
(𝑠) =

|𝑉𝑝,𝑒𝑥𝑝,𝑖|−|𝑉𝑝,𝑖𝑛𝑖,𝑖|

𝑆𝑉𝐼𝑠:𝐼𝑚,𝑝,𝑖ℎ
+ 𝐼𝑖𝑛𝑖,ℎ:𝐼𝑚

(𝑠)
 (4.105) 

can be calculated to achieve the expected phase magnitude |Vp,exp,i| at bus i. Eq. (4.105) 

portrays the calculation of the setpoint 𝐼𝑠𝑒𝑡,ℎ:𝐼𝑚
(𝑠)

 of imaginary-component sequence current 

𝐼ℎ:𝐼𝑚
(𝑠)

 at bus h to achieve the expected phase magnitude |Vp,exp,i| at bus i where s ϵ {0, 1, 2}, p ϵ 

{a, b, c}, and i, h ϵ {1, 2, …, n}. At this point, all equations for calculating the setpoint 

currents 𝐼𝑠𝑒𝑡,ℎ:𝑅𝑒
(𝑠)

 and 𝐼𝑠𝑒𝑡,ℎ:𝐼𝑚
(𝑠)

 of any sequence system have been presented. The use of voltage 

magnitude sensitivity values in the balanced grid condition is demonstrated next.  

As the magnitude is identical for all phases in the balanced grid condition, the target phase 

voltage of any phase can be considered. The sensitivities SVP,ih and SVQ,ih from Eqs. (4.77) and 

(4.83) are employed. Active and reactive powers are therefore three-phase quantities. 

Beginning with the regulating voltage magnitude by adjusting active power, in accordance 

with the sensitivity SVP,ih, the change of active power causes the change of voltage magnitude. 

The sensitivity SVP,ih is approximated to the ratio of the change Δ|Vp,i| of the phase magnitude 

|Vp,i| at bus i to the change ΔPh of active power at bus h, which is 

 𝑆𝑉𝑃,𝑖ℎ ≈
∆|𝑉𝑝,𝑖|

∆𝑃ℎ
=

|𝑉𝑝,𝑒𝑥𝑝,𝑖|−|𝑉𝑝,𝑖𝑛𝑖,𝑖|

𝑃𝑠𝑒𝑡,ℎ−𝑃𝑖𝑛𝑖,ℎ
. (4.106) 

In Eq. (4.106), the voltage change Δ|Vi| is the difference between the expected magnitude 

|Vp,exp,i| and the initial magnitude |Vp,ini,i|. Meanwhile, the power ΔPh is the difference between 

active power setpoint Pset,h and initial active power value Pini,h. To leverage the sensitivity 

SVP,ih, Eq. (4.106) is subsequently rearranged to  

 𝑃𝑠𝑒𝑡,ℎ − 𝑃𝑖𝑛𝑖,ℎ =
|𝑉𝑝,𝑒𝑥𝑝,𝑖|−|𝑉𝑝,𝑖𝑛𝑖,𝑖|

𝑆𝑉𝑃,𝑖ℎ
. (4.107) 

After moving the initial active power Pini,h to the right side of Eq. (4.107), the active power 

setpoint  

 𝑃𝑠𝑒𝑡,ℎ =
|𝑉𝑝,𝑒𝑥𝑝,𝑖|−|𝑉𝑝,𝑖𝑛𝑖,𝑖|

𝑆𝑉𝑃,𝑖ℎ
+ 𝑃𝑖𝑛𝑖,ℎ (4.108) 

at bus h for the expected magnitude |Vp,exp,i| at bus i can be calculated. Based on the same 

procedure carried out for Eq. (4.108), the sensitivity SVQ,ih can also be used to accomplish the 

expected phase magnitude |Vp,exp,i|. With consideration of the initial reactive power Qini,h, the 

reactive power setpoint  
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 𝑄𝑠𝑒𝑡,ℎ =
|𝑉𝑝,𝑒𝑥𝑝,𝑖|−|𝑉𝑝,𝑖𝑛𝑖,𝑖|

𝑆𝑉𝑄,𝑖ℎ
+ 𝑄𝑖𝑛𝑖,ℎ (4.109) 

at bus h therefore can be calculated to achieve the expected phase magnitude |Vp,exp,i| at bus i. 

Eqs. (4.108) and (4.109) display the calculation of the active and reactive power setpoints 

Pset,h and Qset,h at bus at bus h for the expected phase magnitude |Vp,exp,i| where p ϵ {a, b, c} 

and i, h ϵ {1, 2, …, n}. 

Thus far, the available sensitivity values resulting from Sections 4.3.1 and 4.4.2 are 

continuously used: How to compute the setpoint parameters based on the available sensitivity 

values in the unbalanced or balanced grid conditions have been demonstrated. The resulting 

setpoints respond to the defined expected voltage magnitude of the target voltage in order to 

keep bus voltage in the permissible range. Later on, they can be implemented in a controlling 

device of controllable units. 

4.5.2 Use of Sensitivity Values for Regulating the Voltage Angle 

In this section, the use of voltage angle sensitivity values for regulating the voltage angle in 

both balanced and unbalanced grid conditions is examined. A setpoint of a desired sequence 

current is computed in the unbalanced grid condition, whereas a setpoint of the active power 

or the reactive power is computed in the balanced grid condition. The computed setpoint 

value is expected to be implemented later on to meet the target voltage angle at the expected 

angle. 

For the unbalanced grid condition, the setpoint of a sequence current is calculated for 

regulating the angle of the target phase voltage. The expected angle of the target voltage is 

thus defined. To demonstrate the use of voltage angle sensitivity values, calculation of the 

setpoint for regulating the phase voltage angle is presented as an example. Accordingly, the 

sensitivities SδIs:Re,p,ih and SδIs:Im,p,ih of the phase voltage angle δp,i at bus i to real- and 

imaginary-component of sequence currents 𝐼ℎ:𝑅𝑒
(𝑠)

 and 𝐼ℎ:𝐼𝑚
(𝑠)

 at bus h from Eqs. (4.48) and 

(4.53) are considered, where s ϵ {0, 1, 2}, p ϵ {a, b, c}, and i, h ϵ {1, 2, …, n}. This example 

shows the calculation of the setpoint currents 𝐼𝑠𝑒𝑡,ℎ:𝑅𝑒
(𝑠)

 and 𝐼𝑠𝑒𝑡,ℎ:𝐼𝑚
(𝑠)

 in a general case for all 

sequence systems. As the first case, the setpoint 𝐼𝑠𝑒𝑡,ℎ:𝑅𝑒
(𝑠)

 of the real-component sequence 

current 𝐼ℎ:𝑅𝑒
(𝑠)

 is focused on. The sensitivity SδIs:Re,p,ih is approximated to the ratio of the angle 

change Δδp,i of the phase angle δp,i to the change Δ𝐼ℎ:𝑅𝑒
(𝑠)

 of sequence current 𝐼ℎ:𝑅𝑒
(𝑠)

, which is 

 𝑆𝛿𝐼𝑠:𝑅𝑒,𝑝,𝑖ℎ ≈
∆𝛿𝑝,𝑖

∆𝐼
ℎ:𝑅𝑒
(𝑠) . (4.110) 

To calculate the setpoint 𝐼𝑠𝑒𝑡,ℎ:𝑅𝑒
(𝑠)

, Eq. (4.110) can be initially rearranged to  

 ∆𝐼ℎ:𝑅𝑒
(𝑠) =

∆𝛿𝑝,𝑖

𝑆𝛿𝐼𝑠:𝑅𝑒,𝑝,𝑖ℎ
. (4.111) 
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While the change Δ𝐼ℎ:𝑅𝑒
(𝑠)

 of sequence current 𝐼ℎ:𝑅𝑒
(𝑠)

 at bus h is the difference between the 

setpoint 𝐼𝑠𝑒𝑡,ℎ:𝑅𝑒
(𝑠)

 and its initial value 𝐼𝑖𝑛𝑖,ℎ:𝑅𝑒
(𝑠)

 as displayed in Eq. (4.101), the phase angle 

change Δδp,i is defined as the difference between the expected phase angle δp,exp,,i of at bus i 

and the initial phase voltage angle δp,ini,,i. Thus, the term Δδp,i in Eq. (4.111) can be expanded 

to 

 ∆𝛿𝑝,𝑖 = 𝛿𝑝,𝑒𝑥𝑝,𝑖 − 𝛿𝑝,𝑖𝑛𝑖,𝑖. (4.112) 

Sequentially, Eqs. (4.101) and (4.112) can be substituted for ∆𝐼ℎ:𝑅𝑒
(𝑠)

 and Δδp,i in Eq. (4.111). 

This yields 

 𝐼𝑠𝑒𝑡,ℎ:𝑅𝑒
(𝑠) − 𝐼𝑖𝑛𝑖,ℎ:𝑅𝑒

(𝑠) =
𝛿𝑝,𝑒𝑥𝑝,𝑖−𝛿𝑝,𝑖𝑛𝑖,𝑖

𝑆𝛿𝐼𝑠:𝑅𝑒,𝑝,𝑖ℎ
. (4.113) 

The setpoint current 𝐼𝑠𝑒𝑡,ℎ:𝑅𝑒
(𝑠)

 can be obtained at this point. By moving the initial current 

𝐼𝑖𝑛𝑖,ℎ:𝑅𝑒
(𝑠)

 in Eq. (4.113) to the right side, the setpoint current  

 𝐼𝑠𝑒𝑡,ℎ:𝑅𝑒
(𝑠) =

𝛿𝑝,𝑒𝑥𝑝,𝑖−𝛿𝑝,𝑖𝑛𝑖,𝑖

𝑆𝛿𝐼𝑠:𝑅𝑒,𝑝,𝑖ℎ
+ 𝐼𝑖𝑛𝑖,ℎ:𝑅𝑒

(𝑠)
. (4.114) 

for the expected phase angle δp,exp,,i of bus i is determined. Eq. (4.114) illustrates the 

calculation of the setpoint current 𝐼𝑠𝑒𝑡,ℎ:𝑅𝑒
(𝑠)

 of real-component sequence current 𝐼ℎ:𝑅𝑒
(𝑠)

 at bus h 

to achieve the expected phase angle δp,exp,,i at bus i where s ϵ {0, 1, 2} p ϵ {a, b, c}, and  

i, h ϵ {1, 2, …, n}. 

Based on the identical procedure to case of 𝐼𝑠𝑒𝑡,ℎ:𝑅𝑒
(𝑠)

, the setpoint current 𝐼𝑠𝑒𝑡,ℎ:𝐼𝑚
(𝑠)

 of the 

imaginary-component sequence current 𝐼ℎ:𝐼𝑚
(𝑠)

 can be computed. Therefore, the sensitivity 

SδIs:Im,p,ih from Eq. (4.53) for the imaginary-component sequence current 𝐼ℎ:𝐼𝑚
(𝑠)

 is used. For the 

considered initial current 𝐼𝑖𝑛𝑖,ℎ:𝐼𝑚
(𝑠)

, the setpoint current  

 𝐼𝑠𝑒𝑡,ℎ:𝐼𝑚
(𝑠) =

𝛿𝑝,𝑒𝑥𝑝,𝑖−𝛿𝑝,𝑖𝑛𝑖,𝑖

𝑆𝛿𝐼𝑠:𝐼𝑚,𝑝,𝑖ℎ
+ 𝐼𝑖𝑛𝑖,ℎ:𝐼𝑚

(𝑠)
 (4.115) 

can be calculated to achieve the expected angle δp,exp,,i at bus i. Eq. (4.115) shows the 

calculation of the setpoint 𝐼𝑠𝑒𝑡,ℎ:𝐼𝑚
(𝑠)

 of imaginary-component sequence current 𝐼ℎ:𝐼𝑚
(𝑠)

 at bus h to 

achieve the expected phase angle δp,exp,,i at bus i where s ϵ {0, 1, 2}, p ϵ {a, b, c}, and i, h ϵ {1, 

2, …, n}. At this point, all equations for calculating the setpoint currents 𝐼𝑠𝑒𝑡,ℎ:𝑅𝑒
(𝑠)

 and 𝐼𝑠𝑒𝑡,ℎ:𝐼𝑚
(𝑠)

 

of any sequence system have been shown. Subsequently, the use of voltage magnitude angle 

values in the balanced grid condition is expressed. 

For the balanced grid condition, the sensitivity of the voltage angle is equal for all phases. In 

this case, the setpoint of active or reactive powers is calculated for regulating the target 

voltage angle at the expected phase angle δp,exp,i. The sensitivities SPhiP,ih and SPhiQ,ih from 
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Eqs. (4.92) and (4.98) are used. The sensitivity SPhiP,ih, is first considered; the change of active 

power leads to the change in the voltage angle. The sensitivity SPhiP,ih is approximated to the 

ratio of a change Δδi of the phase anlge δp,i at bus i to the change ΔPh of active power at bus h, 

which is 

 𝑆𝑃ℎ𝑖𝑃,𝑖ℎ ≈
∆𝛿𝑖

∆𝑃ℎ
=

𝛿𝑝,𝑒𝑥𝑝,𝑖−𝛿𝑝,𝑖𝑛𝑖,𝑖

𝑃𝑠𝑒𝑡,ℎ−𝑃𝑖𝑛𝑖,ℎ
. (4.116) 

In Eq. (4.116), the angle change Δδp,i is the difference between the expected phase angle 

δp,exp,i and the initial phase angle δp,ini,i. Concurrently, the power ΔPh is the difference between 

active power setpoint Pset,h and initial active power value Pini,h. To leverage the sensitivity 

SPhiP,ih, Eq. (4.116) is rearranged to  

 𝑃𝑠𝑒𝑡,ℎ − 𝑃𝑖𝑛𝑖,ℎ =
𝛿𝑝,𝑒𝑥𝑝,𝑖−𝛿𝑝,𝑖𝑛𝑖,𝑖

𝑆𝑃ℎ𝑖𝑃,𝑖ℎ
. (4.117) 

From this point, the initial active power Pini,h can be moved to the right side of Eq. (4.117). 

The setpoint active power  

 𝑃𝑠𝑒𝑡,ℎ =
𝛿𝑝,𝑒𝑥𝑝,𝑖−𝛿𝑝,𝑖𝑛𝑖,𝑖

𝑆𝑃ℎ𝑖𝑃,𝑖ℎ
+ 𝑃𝑖𝑛𝑖,ℎ (4.118) 

at bus h for the expected phase angle δp,exp,i at bus i can be then calculated. Following the 

procedure executed for Eq. (4.118), the sensitivity SPhiQ,ih can be used to achieve the expected 

phase angle δp,exp,i. With consideration of the initial reactive power Qini,h, the setpoint reactive 

power 

 𝑄𝑠𝑒𝑡,ℎ =
𝛿𝑝,𝑒𝑥𝑝,𝑖−𝛿𝑝,𝑖𝑛𝑖,𝑖

𝑆𝑃ℎ𝑖𝑄,𝑖ℎ
+ 𝑄𝑖𝑛𝑖,ℎ. (4.119) 

at bus h can be computed for the expected phase angle δp,exp,i at bus i. Eqs. (4.118) and (4.119) 

illustrate the calculation of the active and reactive power setpoints Pset,h and Qset,h at bus h for 

the expected phase angle δp,exp,i where p ϵ {a, b, c} and i, h ϵ {1, 2, …, n}. 

The available angle sensitivity values resulting from Sections 4.3.2 and 4.4.3 are 

demonstrated so far. The calculations of the setpoint parameters based on the available 

sensitivity values in the unbalanced or balanced grid conditions have been explained in detail. 

The defined expected voltage angle of the target voltage can be achieved on the basis of the 

resulting setpoints.  

4.6 Summary 

The derivation of the proposed methods for decoupled voltage sensitivity analysis is presented 

in this chapter. These proposed methods require only measurement data, without involving 

with substantial information of grid topology. The predetermined [Zpar] is transformed to the 

converting bus impedance parameters [�̃�𝑝𝑎𝑟,𝑖ℎ] to relate the impedance network model to the 

sensitivity analysis. The voltage models are then formulated from [�̃�𝑝𝑎𝑟,𝑖ℎ] for the derivation 
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of the proposed analysis method. Thereby, the sensitivities of the voltage magnitude and 

angle are analysed for either balanced or unbalanced grid conditions. The sensitivities are 

analysed with respect to real and imaginary components of sequence currents in the case of an 

unbalanced condition and with respect to active and reactive powers in the case of a balanced 

condition. According to the derivation, the elements of the matrix [�̃�𝑝𝑎𝑟,𝑖ℎ] are used in 

conjunction with the measured bus voltages to compute the sensitivity values. Where s ϵ {0, 

1, 2}, p ϵ {a, b, c}, and i, h ϵ {1, 2, …, n}, the outcomes from the proposed analysis method 

are listed as follows: 

For the unbalanced grid condition 

• SVIs:Re,p,ih : Sensitivity of the voltage magnitude at phase a, b, and c in relation to the 

real-component of the bus current in zero, positive, and negative sequence systems 

(Eq. (4.33))  

• SVIs:Im,p,ih : Sensitivity of the voltage magnitude at phase a, b, and c in relation to the 

imaginary-component of the bus current in zero, positive, and negative sequence 

systems (Eq. (4.37)) 

• SδIs:Re,p,ih : Sensitivity of the voltage angle at phase a, b, and c in relation to the real-

component of the bus current in zero, positive, and negative sequence systems  

(Eq. (4.48)) 

• SδIs:Im,p,ih : Sensitivity of the voltage angle at phase a, b, and c in relation to the 

imaginary-component of the bus current in zero, positive, and negative sequence 

systems (Eq. (4.53)) 

For the balanced grid condition 

• SVP,ih : Sensitivity of the voltage magnitude in relation to the active power  

(Eq. (4.77)) 

• SVQ,ih : Sensitivity of the voltage magnitude in relation to the reactive power  

(Eq. (4.83)) 

• SPhiP,ih  : Sensitivity of the phase angle in relation to the active power (Eq. (4.92)) 

• SPhiQ,ih  : Sensitivity of the phase angle in relation to the reactive power (Eq. (4.98)) 

Next, the applications of the results from the voltage sensitivity analysis are shown. How the 

sensitivity values are used to calculate power or current setpoint is delineated. Where s ϵ {0, 

1, 2}, p ϵ {a, b, c}, and i, h ϵ {1, 2, …, n}, the expected voltage magnitude |Vp,exp,i| at bus i can 

be achieved by using real- and imaginary-component current setpoints 𝐼𝑠𝑒𝑡,ℎ:𝑅𝑒
(𝑠)

 and 𝐼𝑠𝑒𝑡,ℎ:𝐼𝑚
(𝑠)

 at 

bus h provided in Eqs. (4.104) and (4.105) for the unbalanced grid condition or using active 

and reactive power setpoints Pset,h and Qset,h provided in Eqs. (4.108) and (4.109) for the 

balanced grid condition. Likewise, the expected phase angle δp,exp,i  at bus i can be achieved by 

using real- and imaginary-component current setpoints 𝐼𝑠𝑒𝑡,ℎ:𝑅𝑒
(𝑠)

 and 𝐼𝑠𝑒𝑡,ℎ:𝐼𝑚
(𝑠)

 at bus h provided 
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in Eqs. (4.114) and (4.115) for the unbalanced grid condition or using active and reactive 

power setpoints Pset,h and Qset,h provided in Eqs. (4.118) and (4.119) for the balanced grid 

condition. 

Finally, since the results from the voltage sensitivity analysis give the voltage-current or 

voltage-power impact between buses of interest, they can be further used in many situations, 

such as using as a parameter in the optimization calculation; setting reference parameters for 

the controlling algorithm; and used to examine the grid strength. Before the proposed analysis 

method is employed, it should be verified. In the next chapter, therefore, the method of 

voltage sensitivity analysis, together with the proposed impedance model, are verified by 

simulations in different case studies. Both the accuracy and an application of the voltage 

sensitivity analysis are discussed. 
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5. Verification of the Proposed Network Model and Voltage 

Sensitivity Analysis Method 

In this thesis, the proposed network model and the proposed voltage sensitivity analysis 

method for grid monitoring and operations based on the CPSA are verified by simulations 

through three case studies. The purpose of the verification is to prove their accuracy and 

usability. The verification of the proposed impedance network model and analysis method is 

performed in a consecutive process. The impedance model, known as a bus impedance 

parameters matrix [Zpar], gives the voltage-current characteristics of the considered power 

grid, as stated in Chapter 3. Then, the proposed voltage sensitivity analysis method is 

conducted by leveraging the bus impedance parameters, as stated in Chapter 4. Before 

entering into the case studies, an overview of the verification is worth providing. The 

verification is concentrated mainly on the distribution level, because this level is the primary 

aim of the CPSA – the foundation of this thesis. As the proposed method is claimed to be 

flexible, the case studies are designed to cover different voltage levels, topology types, and 

grid conditions. The case studies are described as follows: 

• The first case study, Case Study 1, represents a general power grid, in which the 

proposed analysis method is conducted on the entire grid area. The purpose of this 

case study is to verify the proposed impedance model and analysis method in general. 

The medium-voltage (MV) distribution grid is focused on in this case study, and two 

exemplified power grids are used accordingly. The first grid is a MV radial grid 

modified from an IEEE 37-bus feeder [232]. The second grid is a MV mesh grid 

adapted from a 14-bus system – an example from DIgSILENT PowerFactory [233].  

• The second case study, Case Study 2, represents a power grid, to which the CPSA is 

applied, thereafter named as the “cluster-based power grid”. The purpose of this case 

study is to show the contribution of the proposed method in decentralised grid 

operations based on the CPSA. A low-voltage (LV) power grid is focused on in this 

case study. The power grid for the simulation is an exemplified LV radial grid, which 

is modified from the distribution grid in Borchen-Etteln from Westfalen Weser Netz. 

Based on the principle of the CPSA, four cluster areas are defined on this grid. 

• The third case study, Case Study 3, showcases an application of using the results from 

the proposed voltage sensitivity analysis. The cluster-based low voltage grid from 

Case Study 2 is further used in this case study. Regulations of voltage magnitude and 

angle based on the calculated sensitivity values are simulated.  

Before moving on to Section 5.1, every procedure executed during the verification of the 

proposed impedance model and sensitivity analysis method is clarified first. The preparation 
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of the input data for simulations is explained; an overview of the verification process is 

afterwards given; and finally, abbreviations used throughout this chapter are provided. 

Preparation for Simulating the Proposed Method 

The inputs – measured bus voltages, bus currents, and line currents – for the simulations of 

the proposed method are generated by Load Flow Calculation function in PowerFactory, as 

shown in Figure 5.1(a). Also, the references for the verification purpose are obtained from 

voltage sensitivity analysis, in the Load Flow Sensitivities function, by PowerFactory, as 

shown in Figure 5.1(b). In Figure 5.1, the bus number is denoted by i of a power grid with n 

buses of concern, where i ϵ {1, 2, …, n}. Active and reactive power inputs are based on the 

original data from each simulated grid. They are then expanded to multiple sets by using a 

random function in MATLAB to ensure linear independency of the resulting voltages and 

currents.  

Start

i =1

i = n+1

End

Active and reactive 

power inputs 

(set i)

Load flow calculation

by PowerFactory

Active and reactive 

power inputs 

(set n+1)

Voltage sensitivity analysis

by PowerFactory

Reference sensitivity 

analysis results 

Bus voltages, bus currents, 

and line currents

(set i) 

Yes

No

i =i+1

Start

End

(a) (b)
 

Figure 5.1: Roles of DIgSILENT PowerFactory in the verification process  

(a) Generation of bus voltages, bus currents, and line currents  

(b) Generation of sensitivity values as the reference for comparison 
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As a result, n+1 numbers of data sets of voltage and current measurement are gathered as the 

inputs for the proposed method. The reference sensitivity values are computed from the last 

data set, which is assumed to be the latest available measurement data. 

Simulations of the Proposed Method 

The measured voltages and currents are used as the inputs for the proposed method. The 

proposed voltage sensitivity analysis is conducted in MATLAB. Figure 5.2 portrays the 

simulation process. In this figure, the generation of the impedance model matrix [Zpar] is 

included to the process of performing voltage sensitivity analysis. Thereby, both bus 

impedance parameters and the results from the sensitivity analysis are collected in this step. 

Bus voltages, bus 

currents, and line currents

(all sets) 

Voltage sensitivity analysis

by the proposed method

Sensitivity analysis 

results 

End

Start

Bus impedance 

parameters [Zpar] 

 

Figure 5.2: Process of results generation from the proposed method 

As a result, the matrix [Zpar] is generated for each of the sequence systems, as stated in 

Chapter 3. The results of the voltage sensitivity analysis are produced for both unbalanced and 

balanced grid conditions, as stated in Chapter 4. 

Accuracy Verification 

The accuracy of the proposed impedance model and sensitivity results from the proposed 

analysis method is verified in the first two case studies by comparing with their reference 

values. First, the proposed impedance model is compared with the bus impedance matrix, 

which is the conventional impedance model. The verification of the impedance model is to 

prove the correctness of the bus impedance parameters matrix [Zpar], determined from 

measured bus voltages and currents. Based on the same power grid, the correctness is verified 

from the difference between the elements of the matrix [Zpar] and their references, which are 

the corresponding elements of bus impedance matrix [Zbus]. Second, the results from the 
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proposed analysis method are compared with the results from the Load Flow Sensitivities 

function of DIgSILENT PowerFactory, which employs the classical method that performs the 

voltage sensitivity analysis through the Jacobian matrix obtained from the load flow 

calculation process.  

Generally, the elements of the model matrix and the results from the proposed method are the 

square of the number of concerned buses. For n number of buses, n×n elements of the matrix 

[Zpar] and n×n results from each sensitivity analysis type are obtained. For this reason, in 

order to cope with the enormous amount of data in the verification, the matrix [Zpar] and the 

results from the proposed method are verified in two aspects. In the first aspect, the mean of 

absolute percent differences is evaluated to observe the overall magnitude of mismatch 

between the calculated results and their reference. In the second aspect, the percent 

differences are plotted in a histogram to envision the overview of the differences between the 

calculated results and their reference. The mean of percent differences is also shown together 

with the plotted histogram. Details of the verification process can be found in Appendix A. 

Measurement Error Experiment  

Apart from the correctness of the proposed method, a big factor that can cause a deviation in 

the outcome of the proposed voltage sensitivity analysis is the measurement data. The 

accuracy of the data gathered from measurement units, which are the PMU in this context, 

must be therefore taken into account. As the practical synchronisation of PMU measurements 

is not perfect, the measurement data can be error prone [117]. According to IEC/IEEE 60255-

118-1 [108], a measure to evaluate the accuracy of the PMU is total vector error (TVE), 

discussed in Section 2.1.3. It is the normalised difference between the reference 

synchrophasor and the measured value at the same point in time from the tested unit. 

Since 1.0% TVE is the maximum permissible error defined in IEC/IEEE 60255-118-1, the 

TVE levels of 0.2%, 0.4%, 0.6%, 0.8%, and 1.0% are added to the original measured data of 

each case study. The original measured data are defined as containing 0% TVE. Figure 5.3 

illustrates the process of adding errors based on the TVE to the original measurement data. 

 

Add TVE

{0.2%, 0.4%, 0.6%, 0.8% ,1.0%}

Bus voltages, bus currents, 

and line currents with errors

(all sets) 

Bus voltages, bus currents, 

and line currents

(all sets) 
 

Figure 5.3: Adding errors based on TVE to the original measurement data  

Based on the specified TVE levels, magnitude error and phase angle error are randomly added 

to the original measurement data. The TVE levels are ensured by using Eq. (2.1) to check if 

the data with errors comply with the defined TVE. The measured data, i.e. input data, added 
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with the TVE are then added to the process in Figure 5.2 to calculate the sensitivity values. 

Afterwards, the calculated sensitivity values are compared with their reference again. 

Abbreviation Used in This Chapter 

The abbreviations of all sensitivity analysis types are listed in Table 5.1 for the analysis in an 

unbalanced condition, and in Table 5.2 for the analysis in a balanced condition. The tables 

also include a description of calculated values from the sensitivity analysis and the units; 

these abbreviations are used throughout this chapter. According to the proposed method from 

Section 4.3, the sensitivity of voltage under the unbalanced grid condition is analysed with 

respect to a sequence current. In this verification, the unit of voltage magnitude sensitivity is 

Per Unit per Ampere (pu/A), while the unit of voltage angle sensitivity is Degree per Ampere 

(deg/A). The number 0, 1, and 2 are designated for zero-, positive, and negative- sequence, 

respectively.  

Next, the sensitivity of voltage under a balanced grid condition is analysed with respect to 

active and reactive powers, owing to the proposed method from Section 4.4. Depending on 

the considered kind of power, the units of voltage magnitude sensitivity are available in Per 

Unit per Megawatt (pu/MW) and Per Unit per Megavar (pu/Mvar). Mega is used as the prefix 

for the unit to compensate too-small sensitivity values. Similarly, the units of voltage angle 

sensitivity are available in Degree per Megawatt (deg/MW) and Degree per Megavar 

(deg/Mvar). 
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Table 5.1: Description of voltage sensitivity analysis types for an unbalanced grid 

condition 

Abbreviation Description Unit 

Svir,0 
Sensitivity of voltage magnitude in relation to real part of 

zero-sequence current 

[pu/A] 

Svir,1 
Sensitivity of voltage magnitude in relation to real part of 

positive-sequence current 

Svir,2 
Sensitivity of voltage magnitude in relation to real part of 

negative-sequence current 

Svii,0 
Sensitivity of voltage magnitude in relation to imaginary part 

of zero-sequence current 

Svii,1 
Sensitivity of voltage magnitude in relation to imaginary part 

of positive-sequence current 

Svii,2 
Sensitivity of voltage magnitude in relation to imaginary part 

of negative-sequence current 

Sphiir,0 
Sensitivity of voltage angle in relation to real part of zero-

sequence current 

[deg/A] 

Sphiir,1 
Sensitivity of voltage angle in relation to real part of positive-

sequence current 

Sphiir,2 
Sensitivity of voltage angle in relation to real part of 

negative-sequence current 

Sphiii,0 
Sensitivity of voltage angle in relation to imaginary part of 

zero-sequence current 

Sphiii,1 
Sensitivity of voltage angle in relation to imaginary part of 

positive-sequence current 

Sphiii,2 
Sensitivity of voltage angle in relation to imaginary part of 

negative-sequence current 

 

Table 5.2: Types of voltage sensitivity analysis under a balanced grid condition 

Abbreviation Description Unit 

Svp Sensitivity of voltage magnitude in relation to active power pu/MW 

Svq Sensitivity of voltage magnitude in relation to reactive power pu/Mvar 

Sphip Sensitivity of voltage angle in relation to active power deg/MW 

Sphiq Sensitivity of voltage angle in relation to reactive power deg/Mvar 

 

Thus far, the overview of this chapter has been provided. In the following subsections, the 

three case studies are discussed. Thereby, the results of each case study are examined to verify 

the bus impedance parameters and the proposed analysis method. 
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5.1 Case Study 1: Entire Grid 

This study case is designed to verify the proposed impedance model and voltage sensitivity 

analysis method in a general case when the entire power grid is considered. Two important 

topological connections of the MV power grid are simulated. The first one is a radial grid 

modified from the IEEE 37-bus feeder [232], and the other one is an exemplified mesh grid 

adopted from the 14-bus system example in DIgSILENT PowerFactory [233]. 

To begin with, the modified IEEE 37-bus test feeder is depicted in Figure 5.4. Its nominal 

voltage is 10 kV. The buses, seen as nodes, in blue colour are buses of concern, thereafter 

called “active buses”. With regards Figure 5.4, there are 25 active buses in this case study. 

The active buses are controllable buses from which measurement data can be collected and to 

which a command can be sent. The modified IEEE 37-bus grid is connected to an external 

grid at bus 799, whose nominal voltage is 20 kV. The type of the three-phase transformer Tr1, 

connected between bus 799 and bus 701 is 25 MVA 20/10 kV with the vector group Yd5. The 

load connection is in delta configuration. The complete configuration of the modified IEEE 

37-bus test feeder can be found in Appendix B.  
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Figure 5.4: Modified IEEE 37-bus test feeder 
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The other power grid for the simulation is depicted in Figure 5.5. There are 10 active buses 

out of 12 total buses in this grid. The nominal voltage of this grid is 10 kV, and the nominal 

voltage of the external grid connected to this grid at bus 100 is 20 kV. The type of the three-

phase transformer Tr#1, connected between bus 100 to bus 101 is 25 MVA 20/10 kV with 

Yd0 vector group. The complete configuration of this mesh grid can be found in Appendix C. 
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Figure 5.5: Exemplified mesh grid 

In the verification of the matrix [Zpar], both matrices [Zpar] and [Zbus] are determined in 

sequence systems, i.e. zero, positive, and negative sequence. The matrix [Zpar] is determined 

from measured voltages and currents collected from simulations of multiple operational 

scenarios by PowerFactory, while the matrix [Zbus] is manually computed from the topology 

data, which describe the same grid for calculating the matrix [Zpar].  

To perform the verification, measured bus voltages and currents are obtained from simulating 

the load flow calculation of each aforementioned grid in PowerFactory. The modified IEEE 

37-bus feeder requires 26 data sets of their measured bus voltages and currents with one 

unique timestamp per data set, since it accommodates 25 active buses. Since an operational 

scenario for load flow calculation provides a set of bus voltages and currents with a unique 

timestamp, load flow calculations of 26 different operational scenarios are executed to get the 

measurement data. In the same manner, the exemplified mesh grid requires 11 data sets, since 

it contains 10 active buses. Thus, the measurement data are generated from 11 operational 

scenarios.  

Based on the measurement data gathered from load flow calculations, the proposed 

impedance model and proposed voltage sensitivity analysis method are analysed in the 

following subsections. 
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5.1.1 Analysis of the Proposed Impedance Model 

The impedance model is normally in the form of a matrix, for example, the matrix [Zbus], 

which expresses the voltage-current relationship between buses. The dimension of the 

impedance model reflects the number of buses of the considered power grid. In this section, 

the matrix [Zpar] that is proposed as the impedance model for the proposed voltage sensitivity 

analysis is verified. The accuracy, representing the percent differences between the proposed 

matrix [Zpar] and the reduced matrix [Zbus], is discussed. The modified IEEE 37-bus test feeder 

accommodates 25 active buses, so its matrix [Zpar] contains 625 elements. Also, the 

exemplified mesh grid accommodates 10 active buses; as a result, its matrix [Zpar] contains 

100 elements. Since the matrix [Zbus], which is the reference in this context, contains the full 

scale of the power grids, the matrix [Zbus] is reduced to match with the size of the matrix [Zpar] 

by using Kron’s reduction technique [179], as explained in the Bus Impedance Modification 

Method in Section 3.2.4. Accordingly, the dimension of the matrix [Zbus] is reduced from 

37×37 to 25×25 for the modified IEEE 37-bus test feeder and reduced from 12×12 to 10×10 

for the exemplified mesh grid. 

In the following, the matrix [Zpar] is investigated in three aspects. First, the histogram of the 

percent differences between all 625 corresponding elements of the matrices [Zbus] and [Zpar] is 

demonstrated. The results show how close the elements of the matrix [Zpar] are in comparison 

to that of the matrix [Zbus], although they are determined by different methods. Then, the 

mean of absolute percent differences is presented to show the quality of the results from 

different inputs and cases. The descriptions of the histogram and the result differences are 

provided in Appendix A. Lastly, the numerical data of some selected elements from the 

matrices [Zpar] and [Zbus] are given as an example. 

Owing to the configuration of the two power grids, there is no contact to earth in the 

configuration for either of them. Hence, only bus impedance parameters in positive and 

negative sequences are taken into account. For the case of the modified IEEE 37-bus test 

feeder, Figure 5.6 and Figure 5.7 show the histogram of the percent differences between all 

625 corresponding elements of the matrices [Zbus] and [Zpar] in positive and negative 

sequences. To verify the bus impedance parameters, both matrices [Zpar] and [Zbus] are divided 

into resistance and reactance, i.e. real and imaginary parts, in the comparison. According to 

Figure 5.6, the mean of the percent differences in the case of resistance is 0.062% and 0.101% 

for positive and negative sequences, respectively. Similarly, according to Figure 5.7, the mean 

of the percent differences in the case of reactance is 0.027% and 0.031% for positive and 

negative sequences. The mean values are close to zero, as plotted in a dash line. Hence, high 

accuracy can be obtained for the determination of the matrix [Zpar] in general.  
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Figure 5.6: Histogram of percent differences of the whole bus resistances for the case of the 

modified IEEE 37-bus test feeder 

 

Figure 5.7: Histogram of percent differences of the whole bus reactances for the case of the 

modified IEEE 37-bus test feeder 
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Next, the mean of absolute percent differences is discussed. To demonstrate the accuracy in 

terms of only magnitude of the differences, the comparison of mean absolute percent 

differences in sequence systems for the case of the modified IEEE 37-bus test feeder is 

depicted in Figure 5.8. The mean is computed from the differences between 625 

corresponding elements of the matrices [Zbus] and [Zpar].  

 

Figure 5.8: Illustration of mean absolute percent differences of bus impedances for the case of 

the modified IEEE 37-bus test feeder 

The comparison shows that the mean values between the corresponding elements of the two 

matrices are very close for both positive and negative sequences. This means that for the case 

of the modified IEEE 37-bus test feeder, the absolute percent difference of the resistance of its 

matrices [Zbus] and [Zpar] is 0.132% in positive sequence and 0.142% in negative sequence. 

The difference is even lower in the case of the reactance, where the difference is only 0.041% 

in positive sequence and 0.031% in negative sequence, since the reactance is more dominant 

in the used cable type. To give more insight into the mean differences, the selected bus 

resistances Ri,j and reactances Xi,j in positive and negative sequences are provided in Table 

5.3, where subscripts i and j indicate a bus number. The data in this table are taken from the 

original data, which are used to compute the mean illustrated in Figure 5.8. Evidently, the 

overall calculated resistance and reactance are close to their reference. 
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Table 5.3: Comparison of the selected bus impedances in the modified IEEE 37-bus test 

feeder with their reference 

Parameter Positive sequence Negative sequence 

[Ohm] Reference Calculation Reference Calculation 

R702,725 0.053490 0.053581 0.053490 0.053564 

R709,725 0.053490 0.053529 0.053490 0.053637 

R712,725 0.053490 0.053599 0.053490 0.053566 

R713,725 0.071661 0.071757 0.071661 0.071731 

R714,725 0.097908 0.098015 0.097908 0.097986 

R718,725 0.097908 0.098028 0.097908 0.097997 

R720,725 0.138287 0.138378 0.138287 0.138359 

R722,725 0.138287 0.138374 0.138287 0.138364 

R724,725 0.138287 0.138373 0.138287 0.138369 

R725,725 0.198857 0.198925 0.198857 0.198902 

X702,725 0.436482 0.436541 0.436482 0.436598 

X709,725 0.436482 0.436414 0.436482 0.436533 

X712,725 0.436482 0.436531 0.436482 0.436598 

X713,725 0.446134 0.446214 0.446134 0.446265 

X714,725 0.460076 0.460195 0.460076 0.460221 

X718,725 0.460076 0.460208 0.460076 0.460221 

X720,725 0.481525 0.481674 0.481525 0.481699 

X722,725 0.481525 0.481692 0.481525 0.481712 

X724,725 0.481525 0.481685 0.481525 0.481712 

X725,725 0.513699 0.513885 0.513699 0.513891 

 

Next, the case of exemplified mesh grid is observed. High accuracy still can be obtained for 

the determination of the matrix [Zpar] for this grid. Similar to the case of the modified IEEE 

37-bus test feeder, Figure 5.9 and Figure 5.10 illustrate the histogram of the percent 

differences between all 100 corresponding elements of the matrices [Zbus] and [Zpar] in 

positive and negative sequences, with the mean value plotted in a dash line The resistance and 

reactance are separately compared as well. As illustrated in Figure 5.9, the mean of the 

percent differences in the case of resistance is 0.029% and 0.032% for positive and negative 

sequence, respectively. Similarly, as illustrated in Figure 5.10, the mean values of the percent 

differences in the case of reactance are very close to zero at 0.01492% and 0. 01497% for 

positive and negative sequence, respectively. That is, the calculated resistances and reactances 

are generally close to their reference. 
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Figure 5.9: Histogram of percent differences of the whole bus resistances for the case of  

the exemplified mesh grid 

 

Figure 5.10: Histogram of percent differences of the whole bus reactances for the case of  

the exemplified mesh grid 
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The following section examines the accuracy in terms of the size of the differences. Thereby, 

the mean of the absolute differences between 100 corresponding elements of the matrices 

[Zbus] and [Zpar] is compared, as depicted in Figure 5.11. The resistance and reactance are also 

compared separately.  

 

Figure 5.11: Illustration of mean relative percent differences of bus impedances for the case of 

the exemplified mesh grid 

For the case of the exemplified mesh grid, the outcomes are similar to that of the modified 

IEEE 37-bus test feeder. The absolute percent difference is 0.029% in the positive sequence 

and 0.032% in the negative sequence for the case of resistance, and 0.015% in both positive 

and negative sequences for the case of reactance. Hence, according to the comparisons, the 

proposed matrix [Zpar] is applicable for both radial and mesh topology types. Subsequently, 

the selected bus resistances Ri,j and reactances Xi,j in the positive and negative sequences, 

where subscripts i and j indicate bus number, are provided in Table 5.4 to show how close the 

calculated resistances and reactances are to their reference.  
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Table 5.4: Comparison of the selected bus impedances in the exemplified mesh grid with 

their reference 

Parameter Positive sequence Negative sequence 

[Ohm] Reference Calculated Reference Calculated 

R102,104 0.023985 0.023991 0.023985 0.023995 

R103,104 0.033836 0.033842 0.033836 0.033845 

R104,104 0.040438 0.040444 0.040438 0.040448 

R105,104 0.030481 0.030487 0.030481 0.030490 

R106,104 0.025401 0.025408 0.025401 0.025411 

R107,104 0.020322 0.020328 0.020322 0.020332 

R108,104 0.023925 0.023932 0.023925 0.023934 

R109,104 0.020567 0.020574 0.020567 0.020576 

R110,104 0.018888 0.018895 0.018888 0.018897 

R111,104 0.017365 0.017372 0.017365 0.017373 

X102,104 0.416613 0.416676 0.416613 0.416676 

X103,104 0.421730 0.421791 0.421730 0.421793 

X104,104 0.425208 0.425269 0.425208 0.425271 

X105,104 0.419889 0.419951 0.419889 0.419952 

X106,104 0.417110 0.417171 0.417110 0.417173 

X107,104 0.414330 0.414391 0.414330 0.414393 

X108,104 0.416431 0.416493 0.416431 0.416493 

X109,104 0.414414 0.414476 0.414414 0.414477 

X110,104 0.413406 0.413468 0.413406 0.413468 

X111,104 0.412408 0.412470 0.412408 0.412471 

 

At this point, the proposed impedance model has been successfully verified. That is, the bus 

impedance parameters [Zpar] can be determined by using only measured voltages and currents, 

while low absolute percent differences of the model in comparison to the reduced matrix 

[Zbus] is acquired. In the next section, the calculated matrix [Zpar] is further used in the 

proposed voltage sensitivity analysis method. The verification of the proposed analysis 

method is then carried out. 
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5.1.2 Analysis of Results from the Proposed Analysis Method 

The proposed voltage sensitivity analysis method is based on the predetermined impedance 

model [Zpar]. The outcomes of the analysis therefore indicate the impact between buses in 

terms of voltage change. For this reason, the mean of absolute relative percent differences of 

all voltage sensitivity values is also used in this verification to present the accuracy of the 

proposed method in comparison to the reference values from PowerFactory, which utilises the 

classical method.  

In this section, the modified IEEE 37-bus test feeder and the exemplified mesh grid are 

further utilised for simulations of voltage sensitivity analysis. The proposed method is 

verified for both unbalanced and balanced grid conditions. The results from the proposed 

method are investigated in three aspects. First the mean of absolute percent differences of 

each sensitivity type is delivered to explore the quality of the results from different inputs and 

sensitivity types. Then the histogram of the percent differences between all corresponding 

sensitivity values in positive sequence is demonstrated for all sensitivity types, as an example 

to present an overview of the total results. The descriptions of the histogram and the result 

differences are provided in Appendix A. Finally, the original sensitivity values of the selected 

buses are then shown.  

5.1.2.1 Results of Sensitivity Analysis in an Unbalanced Grid Condition 

In the unbalanced condition, performing the proposed voltage sensitivity analysis yields the 

sensitivity of bus voltage at phase a, b, and c in relation to the complex sequence current. To 

facilitate the explanation, the accuracy is determined by the mean differences between the 

sensitivity values from the proposed method and their reference from the classical method. 

Starting from the modified IEEE 37-bus test feeder, the mean of absolute percent differences 

of all sensitivity types – Svir,1, Svir,2, Svii,1, Svii,2, Sphiir,1, Sphiir,2, Sphiii,1, Sphiii,2 – is 

displayed in Figure 5.12. The calculations of the sensitivities Svir, Svii, Sphiir, and Sphiii are 

executed respectively by Eq. (4.33), Eq. (4.37), Eq. (4.48), and Eq. (4.52), and the phase and 

sequence can be selected in these equations accordingly. 

These are the sensitivities of voltage magnitude and angle in relation to the complex sequence 

current, regardless of phase notation. Descriptions of all sensitivity types is given in Table 

5.1. The accuracy is inferred by the mean of absolute relative percent differences. Based on 

Figure 5.12, high accuracy of the results can be achieved by the proposed method. The mean 

is within the range of 0.509% to 1.213%. It must be noted that the sensitivity of bus voltage to 

zero-sequence current is excluded from this investigation, since the zero sequence 

components are unavailable for this grid.  

 



5. Verification of the Proposed Network Model and Voltage Sensitivity Analysis Method 117 

  

 

Figure 5.12: Illustration of mean absolute percent differences of sensitivity values in the 

modified IEEE 37-bus test feeder case 

In addition, the percent differences of whole data are also discussed to supplement the 

accuracy. In this grid case, there are 625 sensitivity values for each sensitivity type, since 

there are 25 buses of concern. However, as the aim of the following results is to support the 

accuracy of the proposed method, only the charts showing the results in the positive sequence 

are presented here. The rest can be found in Appendix B. 

Beginning with the sensitivities of voltage magnitude, Figure 5.13 and Figure 5.14 show the 

histogram charts of percent differences, respectively, in the case of sensitivity Svir,1 and 

Svii,1 in phase a, b, and c. As illustrated in Figure 5.13, for phase a, b, and c, the means of the 

percent differences of the sensitivity Svir,1 for each phase are 1.092%, 1.039%, -0.303%. 

Similarly, as illustrated in Figure 5.14, for phase a, b, and c, the means of the percent 

differences of the sensitivity Svii,1 for each phase are -0.753%, 0.577%, and -0.115%. Hence, 

the sensitivities Svir,1 and Svii,1 at any phase are clearly accurate. The mean values are close 

to zero, as plotted in dash lines.  
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Figure 5.13: Histogram of the whole result differences in Svir,1 of the modified IEEE 37-bus 

test feeder case 

 

Figure 5.14: Histogram of the whole result differences in Svii,1 of the modified IEEE 37-bus 

test feeder case 
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Continuing with the sensitivities of the voltage angle, Figure 5.15 and Figure 5.16 display the 

charts of percent differences respectively, in the case of sensitivity Sphiir,1 and Sphiii,1 in 

phase a, b, and c. As portrayed in Figure 5.15, for phase a, b, and c, the means of the percent 

differences of the sensitivity Sphiir,1 for each phase are 0.802%, -0.603%, and 0.121%.  

 

Figure 5.15: Histogram of the whole result differences in Sphiir,1 of the modified IEEE 37-

bus test feeder case 

Likewise, as portrayed in Figure 5.16, for phase a, b, and c, the means of the percent 

differences of the sensitivity Sphiii,1 for each phase are -1.087%, -1.086%, and 0.288%. 

According to Figure 5.15 and Figure 5.16, the sensitivities Sphiir,1 and Sphiii,1 at any phase 

are clearly accurate. The means are close to zero, as plotted in dash lines. Additionally, since 

the sensitivity analysis is individually executed for each phase, the distribution of the result 

differences is varied, as shown in Figure 5.13 to Figure 5.16. Further analysis of the variation 

of the histograms is discussed later in this section. 
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Figure 5.16: Histogram of the whole result differences in Sphiii,1 of the modified IEEE 37-

bus test feeder case 

Apart from the accuracy and the histogram, the comparison of original sensitivity values is 

also explored. To show the accuracy of the proposed method, the sensitivities of bus voltage 

magnitude and angle at bus 742 in relation to real and imaginary sequence current at bus 713 

are selected as an example. In Figure 5.17 to Figure 5.20, the outcomes from voltage 

sensitivity analysis of bus 742 are plotted alongside with their reference. All sensitivities are 

available for all phases a, b, and c. 

Voltage magnitude sensitivity is examined at the unit of pu/A. Figure 5.17 illustrates the 

comparison of the sensitivity values of the sensitivities Svir,1 and Svir,2. They infer the extent 

to which the voltage magnitude at each phase of bus 742 is altered in relation to a real 

component of sequence currents at bus 713. Similarly, Figure 5.18 displays the comparison of 

the sensitivity values from the proposed method to their reference for the sensitivities Svii,1 

and Svii,2. These sensitivities indicate a change of the voltage magnitude at each phase of 

bus 742 in relation to an imaginary component of sequence currents at bus 713. The 

comparisons in both Figure 5.17 and Figure 5.18 show that the sensitivity values from the 

proposed method are very close to their reference. Accordingly, high accuracy is obtained in 

both magnitude and direction at the precision of 10-5 pu/A. The sensitivity values are placed 

in the table inside each figure. 
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Figure 5.17: Calculated sensitivity values of voltage magnitude at bus 742 to the real 

component of bus current at bus 713 in comparison with the reference 

 

Figure 5.18: Calculated sensitivity values of voltage magnitude at bus 742 to the imaginary 

component of bus current at bus 713 in comparison with the reference  

Subsequently, voltage angle sensitivity is examined at the unit of deg/A. Figure 5.19 depicts 

the comparison of voltage angle sensitivity values of the sensitivities Sphiir,1 and Sphiir,2. 

They indicate how wide the voltage angle alteration is at each phase of bus 742, which is 

altered in relation to the real component of sequence currents at bus 713. Figure 5.20 depicts 

the comparison of voltage angle sensitivity values of the sensitivities Sphiii,1 and Sphiii,2, 
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which indicate a change of the voltage angle at each phase of bus 742 in relation to the 

imaginary component of sequence currents at bus 713. The comparisons clearly show high 

accuracy in both magnitude and direction of the sensitivity values from the proposed method. 

The original values can be observed from the table inside each figure. 

 

Figure 5.19: Calculated sensitivity values of voltage angle at bus 742 to the real component of 

bus current at bus 713 in comparison with the reference  

 

Figure 5.20: Calculated sensitivity values of voltage angle at bus 742 to the imaginary 

component of bus current at bus 713 in comparison with the reference  

Sphiir,1 Sphiir,2

Reference result (phase a) -0.003532028 -0.003639668
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Calculated result (phase b) -0.003520346 0.004166671

Reference result (phase c) -0.003478343 -0.000540701
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The comparisons of voltage magnitude and angle sensitivity in Figure 5.17 to Figure 5.20 

prove that the sensitivity values calculated by the proposed method are highly accurate. The 

original calculated values are just slightly different from their reference. 

The verification of the proposed method is subsequently conducted for the exemplified mesh 

grid. Same as the case of the modified IEEE 37-bus test feeder, the accuracy of all sensitivity 

types is analysed without zero sequence, because the connection to earth is unavailable in this 

grid configuration. Figure 5.21 depicts the mean of absolute percent differences of voltage 

sensitivity for this power grid. The mean of absolute percent differences of each sensitivity 

type is plotted in each column, which is determined from the difference of all sensitivity 

values of that sensitivity type from all phases in comparison to their reference from the 

classical method.  

 

Figure 5.21: Illustration of mean absolute percent differences of sensitivity values in the 

exemplified mesh grid case 

The chart in Figure 5.21 shows high accuracy of the results from the proposed method. The 

sensitivities Svir,1 and Sphiii,1 have a clearly higher mean difference than the others at 

7.554% and 6.420%, respectively, but their impact is nonetheless low. This can happen 

because the original values of these sensitivity types are small numbers; and a slight 

difference of these values can look like a high difference when expressed as a percentage. The 

original sensitivity values are provided later in this section. 

Before seeing the original sensitivity values, the percent differences, without absolute, of 

whole data are also presented to support the comparison in Figure 5.21. For this grid case, 

there are 100 sensitivity values for each sensitivity type, since there are 10 buses of concern. 
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Nonetheless, as the following results are provided as supplementary information, only the 

charts depicting the differences in the positive sequence are provided. The rest can be found 

in Appendix C. 

Starting from the sensitivities of voltage magnitude, Figure 5.22 and Figure 5.23 demonstrate 

the charts of percent differences, respectively, in the case of sensitivity Svir,1 and Svii,1 in 

phase a, b, and c. As depicted in Figure 5.22, for phase a, b, and c, the mean values of the 

percent differences of the sensitivity Svir,1 for each phase are -11.258%, -4.394%, and  

-7.010%. Similarly, as depicted in Figure 5.23, for phase a, b, and c, the mean values of the 

percent differences of the sensitivity Svii,1 for each phase are -0.189%, -0.236%, and 0.098%. 

The mean for each sensitivity type is plotted in a dash line. 

 

Figure 5.22: Histogram of the whole result differences in Svir,1 of the exemplified mesh grid 
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Figure 5.23: Histogram of the whole result differences in Svii,1 of the exemplified mesh grid 

From Figure 5.22 and Figure 5.23, the sensitivities Svir,1 and Svii,1 at any phase are accurate. 

Although the mean in the case of Svir,1 at phase a reaches -11.258%, the original sensitivity 

values are relatively small. The impact is thus low.  

Continuing with the sensitivities of voltage angle, Figure 5.24 and Figure 5.25 demonstrate 

the charts of percent differences, respectively, in the case of sensitivity Sphiir,1 and Sphiii,1 

in phases a, b, and c. As demonstrated in Figure 5.24, for phases a, b, and c, the mean values 

of the percent differences of the sensitivity Sphiir,1 for each phase are 0.177%, 0.234%, and  

-0.099% respectively. Then, as demonstrated in Figure 5.25, for phase a, b, and c, the mean 

values of the percent differences of the sensitivity Sphiii,1 for each phase are 9.124%, 

4.037%, and 6.100%. 
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Figure 5.24: Histogram of the whole result differences in Sphiir,1 of the exemplified  

mesh grid 

 

Figure 5.25: Histogram of the whole result differences in Sphiii,1 of the exemplified  

mesh grid 
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According to Figure 5.24 and Figure 5.25, the sensitivities Sphiir,1 and Sphiii,1 at any phase 

are obviously accurate. Only the mean in the case of Sphiii,1 at phase a is slightly higher than 

others at 9.124%. The impact of this difference is, however, still comparatively low, since the 

original sensitivity values are small. Additionally, as can be seen in Figure 5.22 to Figure 

5.25, the distribution of the result differences from each phase is varied, as is the case of the 

modified IEEE 37-bus test feeder, since the sensitivity analysis is individually executed for 

each phase. Further analysis of the variation of the histograms is discussed later in this 

section. 

At this point, the original sensitivity values are depicted. The self-sensitivity values at bus 104 

of the exemplified mesh grid are selected for this discussion. Beginning with voltage 

magnitude sensitivity, the unit used for Figure 5.26 and Figure 5.27 is pu/A. The sensitivities 

Svir,1 and Svir,2 in Figure 5.26 indicate the extent to which the size of the voltage magnitude 

at each phase of bus 104 is altered in relation to the real component of sequence currents at its 

own bus. Likewise, the sensitivities Svii,1 and Svii,2 in Figure 5.27 express the change of the 

voltage magnitude at each phase of bus 104 in relation to the imaginary component of 

sequence currents at its own bus. The comparisons of the results show that high accuracy of 

the sensitivity values can be obtained from the proposed methods, as they are very close to 

their reference. The precision of the results is approximately 10-5 pu/A.  

 

 

Figure 5.26: Calculated self-sensitivity values of voltage magnitude at bus 104 to the real 

component of bus current at its bus in comparison to the reference 
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Calculated result (phase a) 7.43E-06 7.64E-06
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Figure 5.27: Calculated self-sensitivity values of voltage magnitude at bus 104 to the 

imaginary component of bus current at its bus in comparison to reference 

Next, the self-sensitivity values of the voltage angle at bus 104 are investigated in Figure 5.28 

and Figure 5.29, where the unit of deg/A is used. The comparison for the sensitivities Sphiir,1 

and Sphiir,2 is illustrated in Figure 5.28, in which the impact of the real-component sequence 

currents can be observed. In addition, the impact of the imaginary-component sequence 

currents can be explored from Sphiii,1 and Sphiii,2 in Figure 5.29. Similar to the case of 

voltage magnitude, only slight differences of the results in comparison to their reference can 

be noticed.  
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Figure 5.28: Calculated self-sensitivity values of voltage angle at bus 104 to the real 

component of bus current at its bus in comparison to the reference 

 

 

Figure 5.29: Calculated self-sensitivity values of voltage angle at bus 104 to the imaginary 

part of bus current at its bus in comparison to the reference  

According to Figure 5.26 to Figure 5.29, the original calculated values slightly differ from 

their reference. That is, the sensitivity values from the proposed method are also accurate for 

the power grid with mesh topology.  
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Before moving to the next section, a point on the histograms illustrated in this section is worth 

discussing. The histograms, presented in Figure 5.13 to Figure 5.16 and Figure 5.22 to Figure 

5.25, are not aligned together; and mostly they have shifted from each other. There are two 

factors to be considered here. The first factor is the results from the analysis themselves, and 

the second factor is the impact of the angle of phase voltages.  

For the first factor, the sensitivity values depend directly on the operational state or scenario. 

Among phases, the unbalanced loads cause different loading and voltage magnitude, so the 

sensitivity values are slightly different between phases as well. The sensitivity values in this 

case study are also relatively small, in the range of ×10-5 to ×10-3. When the percent 

difference is determined to plot the histogram, the distribution of the sensitivity analysis in 

different phases can vary accordingly. For the second factor, the complex voltages directly 

play a role in the voltage sensitivity analysis process, as seen in Eqs. (4.33), (4.37), (4.48), 

and (4.52). To clarify, the shift among the distributions is further examined on the modified 

IEEE 37-bus test feeder case by adjusting the reference angle for the simulation. The angle is 

adjusted by adding ±30º, ±60º, and ±120º to the original reference angle, which is 0º, used in 

this case study. It must be noted that this further analysis focuses only on the overview of the 

response from the proposed analysis method, so only the histograms in the case of Svir,1 of 

are presented. Figure 5.30 to Figure 5.32 show the histograms for the case of ±30º, ±60º, and 

±120º, respectively. The rest of the histograms can be found in Appendix E. 

(a) (b)  

Figure 5.30: Histogram of the whole result differences in Svir,1 of the modified IEEE 37-bus 

test feeder case; (a) Reference angle -30º; (b) Reference angle +30º 

To examine the impact of the phase shift, the plots in Figure 5.30 to Figure 5.32 are compared 

with Figure 5.13, which displays the original histograms for the sensitivity Svir,1. 

Accordingly, the comparison indicates that the phase angle affects the outcome of voltage 

sensitivity analysis, and the distribution of the histograms varies as the reference angle 

changes. In Figure 5.30(a) and Figure 5.30(b), for the case of ±30º, the histograms are clearly 

different from the histograms in Figure 5.13. However, in the case of ±60º and ±120º shown 
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in Figure 5.31 and Figure 5.32, the histograms of two from three phases and their mean are 

closely aligned, while that of a phase is separated, since the vectors in ±60º and ±120º cases 

are relevant to the vectors in the reference case. By considering adding angle ±120º first, the 

vectors of bus voltages are only shifted to replace the position of the adjacent phase. 

Meanwhile, the histograms in the case of adding ±60º have an inverse relationship to the case 

of ±120º. The vectors in the case of -60º are the negative of that of the case +120º, and the 

vectors in the case of +60º are the negative of that of the case -120º. Hence, the position, i.e. 

angle, of the vectors clearly affects the outcome of the sensitivity analysis. Lastly, this angle 

shift effect is also applicable to explain the variation of the histograms in the case of the 

exemplified mesh grid. 

(a) (b)  

Figure 5.31: Histogram of the whole result differences in Svir,1 of the modified IEEE 37-bus 

test feeder case; (a) Reference angle -60º; (b) Reference angle +60º 

(a) (b)  

Figure 5.32: Histogram of the whole result differences in Svir,1 of the modified IEEE 37-bus 

test feeder case; (a) Reference angle -120º; (b) Reference angle +120º 
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The proposed method for voltage sensitivity analysis has been verified in this section for 

power grids in an unbalanced condition. The results are highly accurate for both radial and 

mesh grid topologies. In addition to the sensitivity values for the unbalanced condition, the 

proposed method also offers an alternative of voltage sensitivity analysis for the balanced grid 

condition. Other results with consideration of the balanced condition are examined in the next 

section to continue verifying the proposed method. 

5.1.2.2 Results of Sensitivity Analysis in a Balanced Grid Condition 

The method for voltage sensitivity analysis discussed in this thesis is also possible for a 

balanced grid condition. Thereby, the sensitivities of voltage magnitude and angle in relation 

to active and reactive powers – Svp, Svq, Sphip, and Sphiq – are analysed. A full description 

of each sensitivity type is provided in Table 5.2. To verify the proposed method for the 

balanced grid condition, the same grids used for the simulation under the unbalanced grid 

condition are employed in this section. Loads and generations in the power grids are set to be 

equal for all phases accordingly.  

First, the modified IEEE 37-bus test feeder depicted in Figure 5.4 is investigated. The mean 

difference between results from the proposed method and the classical method in each 

sensitivity type is plotted in Figure 5.33, which shows the accuracy of the proposed method. 

The mean of the absolute percent differences is small for all sensitivity types in this case. 

 

Figure 5.33: Illustration of mean absolute percent differences of sensitivity values in the 

modified IEEE 37-bus test feeder case in balanced condition 
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Subsequently, the percent differences, without absolute, of whole data are stated to 

supplement the accuracy of the proposed method. The result differences are plotted in a 

histogram, as illustrated in Figure 5.34 and Figure 5.35. The mean values of result differences 

for all sensitivities Svp, Svq, Sphip, and Sphiq are 2.630%, 0.550%, 0.306%, and  

-2.300% respectively, and are plotted in a dash line. Thus, all sensitivity types give accurate 

outcomes. The mean values are close to zero. Additionally, the sensitivity analysis results 

from the proposed method can be observably paired. The characteristics of the results from 

Svp and Sphiq displayed in Figure 5.34 are similar because they are based on the resistance of 

the bus impedance parameters, as shown in Eqs. (4.77) and (4.98). Likewise, the results from 

Svq and Sphip displayed in Figure 5.35 have similar characteristics, since both of them are 

based on the reactance of the bus impedance parameters as provided in Eqs. (4.83) and (4.92). 

However, the mean values of the sensitivities Svp and Sphiq are comparatively higher than 

that of the sensitivities Svq and Sphip, since the mean of absolute percent differences of the 

reactances is higher than that of the resistances. Their sensitivity values are also much 

smaller, consequently affecting the calculation of percent differences. 

 

Figure 5.34: Histogram of the whole result differences in Svp and Sphiq of the modified  

IEEE 37-bus test feeder case 
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Figure 5.35: Histogram of the whole result differences in Svq and Sphip of the modified  

IEEE 37-bus test feeder case 

Identical to the verification in the unbalanced grid condition, original sensitivity values are 

demonstrated in addition to the mean difference. The comparison of voltage magnitude 

sensitivities Svp and Svq is portrayed in Figure 5.36. The plotted sensitivity values are self-

sensitivity of voltage magnitude at bus 713 in relation to active and reactive powers at its own 

bus. The units are given together with their name under each respective column. The unit of 

Svp is pu/MW, and the unit of Svq is pu/Mvar. Both calculated sensitivity values from the 

proposed method are noticeably close to their reference. In this grid case, the reactive power 

has more impact on voltage magnitude than the active power, because the reactance is 

dominant. 
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Figure 5.36: Calculated sensitivity values of voltage magnitude at bus 713 in relation to active 

and reactive powers at its bus in comparison to their reference 

The comparison of voltage angle sensitivities Sphip and Sphiq is then depicted in Figure 5.37. 

Self-sensitivity is still considered. The calculated sensitivity values of the voltage angle at 

bus 713 in relation to active and reactive powers at its own bus are plotted together with their 

reference. The unit of Sphip is deg/MW, and the unit of Sphiq is deg/Mvar. They are shown 

with their name under each respective column. Obviously, both calculated angle sensitivity 

values from the proposed method are precise. Since reactance is dominant in this grid case, 

the voltage angle is more sensitive to the active power [231].  

 

Figure 5.37: Calculated sensitivity values of voltage angle at bus 713 in relation to active and 

reactive powers at its bus in comparison to their reference 
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The accuracy and some examples of voltage sensitivity values in radial grid topology have 

been presented. Next, the proposed method is verified with mesh grid topology. The 

exemplified mesh grid depicted in Figure 5.5 is investigated accordingly. The mean of 

absolute percent differences of the calculated sensitivity values from the proposed method is 

plotted in Figure 5.38.  

 

Figure 5.38: Illustration of mean absolute percent differences of sensitivity values in the 

exemplified mesh grid case in the balanced condition 

Svp and Sphiq have a relatively higher difference than the other two sensitivities. Stated in  

Eqs. (4.77) and (4.98), both Svp and Sphiq are proportional to the same entity, which is the 

resistive part of the bus impedance parameters. Hence, a similar shape of the result 

distribution in their sensitivity analysis can be expected. In addition, the sensitivity values in 

this grid case is very small. A slight deviation of the number can lead to a high number in 

percentage terms.  

Next, to support this verification, the percent differences, without absolute, of whole data are 

explored. The sensitivities Svp and Sphiq are portrayed in Figure 5.39, while the sensitivities 

Svq and Sphip are portrayed in Figure 5.40. For this grid case, these sensitivity types are 

plotted separately, because their distribution varied significantly. They cannot be explored 

when they all are shown together. According to Figure 5.39 and Figure 5.40, the mean of 

sensitivities Svp, and Sphiq is 8.549% and -9.841%, respectively. The mean of sensitivities 

Svq, and Sphip is 0.295% and 0.179%.  
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Figure 5.39: Histogram of the whole result differences in Svp and Sphiq of the exemplified 

mesh grid case 

 

Figure 5.40: Histogram of the whole result differences in Svq and Sphip of the exemplified 

mesh grid case 
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The characteristics of the results from Svp and Sphiq are similar, because they are based on 

the resistance of the bus impedance parameters, as shown in Eqs. (4.77) and (4.98). Likewise, 

the results from Svq and Sphip have similar characteristics, since both of them are based on 

the reactance of the bus impedance parameters as provided in Eqs. (4.83) and (4.92). 

However, the mean values of the sensitivities Svp and Sphiq are higher than that of the 

sensitivities Svq and Sphip. This reflects the higher accuracy of the reactances over the 

resistances. Additionally, the sensitivity values of Svp and Sphiq are much smaller, 

consequently affecting the calculation of relative differences.  

As an example, the original sensitivity values are thus presented together with the mean 

difference to clarify the small number issue. Figure 5.41 illustrates the comparison of voltage 

magnitude sensitivities Svp and Svq. The sensitivity values of voltage magnitude at bus 109 in 

relation to active and reactive powers at bus 104 are plotted. The units are given together with 

their name under each respective column, at which pu/MW is the unit of Svp, and pu/Mvar is 

the unit of Svq. The calculated sensitivity values of Svp and Svq from the proposed method are 

visibly close to their reference. As the reactance is more dominant in this grid, the reactive 

power has more impact on voltage magnitude than the active power. 

 

Figure 5.41: Calculated sensitivity values of voltage magnitude at bus 109 in relation to active 

and reactive powers at bus 104 in comparison to their reference 

Regarding to the Svp issue in Figure 5.38, the sensitivity Svp is 0.00021 pu/MW from the 

proposed method and 0.00023 pu/MW from the reference in Figure 5.41. That is, though the 

mean difference is 8.549%, it is within the range of ×10-4 to ×10-5 pu/MW, which is relatively 

insignificant. 
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Next, the comparison of voltage angle sensitivities Sphip and Sphiq is portrayed in Figure 

5.42. The calculated sensitivity values of the voltage angle at bus 109 in relation to active and 

reactive powers at bus 104 are plotted together with their reference. The unit of Sphip is 

deg/MW, and the unit of Sphiq is deg/Mvar. Obviously, the calculated angle sensitivity values 

from the proposed method are precise in this example. According to the chart, the voltage 

angle is more sensitive to the active power, complying with the characteristics of this 

reactance-dominant grid. 

 

Figure 5.42: Calculated sensitivity values of voltage angle at bus 109 in relation to active and 

reactive powers at bus 104 in comparison to their reference 

Concerning the Sphiq issue in Figure 5.38, the sensitivity Sphiq is -0.011 deg/Mvar from the 

reference and -0.012 deg/Mvar from the proposed method in Figure 5.42. This means that 

although the mean difference is 9.841%, it is within the range of ×10-2 to ×10-3 deg/Mvar, 

which is also relatively insignificant. 

In this section, the proposed method for voltage sensitivity analysis has been verified by 

simulations of the entire grid case, in which radial and mesh MV grids are investigated. The 

unbalanced and balanced grid conditions are both taken into account. The verification 

indicates that the proposed method allows high accuracy in voltage sensitivity analysis by 

using only measurement data of bus voltages and currents. As the next step, measurement 

errors are considered to exist in measured bus voltages and currents. The response of the 

proposed method to measurement errors is examined in the next section. 
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5.1.3 Impact of Measurement Errors 

In this section, the input data for performing voltage sensitivity analysis in Section 5.1.2 are 

further employed for simulations in both unbalanced and balanced grid conditions. To 

investigate the impact of measurement errors on the proposed method, five levels of 0.2%, 

0.4%, 0.6%, 0.8%, and 1.0% TVE have been added to the initial input data that contain 0% 

TVE. The results from these five levels of TVE are subsequently analysed. For the 

unbalanced condition, the mean of absolute percent differences of voltage magnitude and 

angle sensitivities in relation to sequence currents are compared. Identical to the verification 

in Section 5.1.2, the mean difference is the comparison between the calculated values from 

the proposed method and the reference from DIgSILENT PowerFactory. The following 

results in this experiment are demonstrated for both the modified IEEE 37-bus test feeder and 

the exemplified mesh grid sequentially. Figure 5.43 and Figure 5.44 portray the investigation 

in the case of voltage magnitude sensitivities Svir,1 and Svir,2 of the two grids. 

 

Figure 5.43: Mean values of absolute differences of Svir in the modified IEEE 37-bus test 

feeder with a different TVE 
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Figure 5.44: Mean values of absolute differences of Svir,1 in the exemplified mesh grid with  

a different TVE 

Figure 5.45 and Figure 5.46 portray the investigation in the case of voltage magnitude 

sensitivities Svii,1 and Svii,2 in relation to the imaginary component of sequence currents. 

 

Figure 5.45: Mean values of absolute differences of Svii,1 in the modified IEEE 37-bus test 

feeder with a different TVE 
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Figure 5.46: Mean values of absolute differences of Svii,1 in the exemplified mesh grid with  

a different TVE 

Obviously, the mean of absolute percent differences increases as the TVE increases. 

Nevertheless, this error is still low when the sensitivity values are used, since the sensitivity 

values from these two grids are at the range around ×10-5 pu/A. 

The same experiment procedure was conducted to investigate voltage angle sensitivities 

Sphiir,1 and Sphiir,2 in relation to the real component of the sequence current. These 

sensitivities are depicted in Figure 5.47 and Figure 5.48.  

 

Figure 5.47: Mean values of absolute differences of Sphiir,1 in the modified IEEE 37-bus test 

feeder with a different TVE 
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Figure 5.48: Mean values of absolute differences of Sphiir,1 in the exemplified mesh grid 

with a different TVE 

Figure 5.49 and Figure 5.50 depict the investigation of voltage angle sensitivities Sphiii,1 and 

Sphiii,2 in relation to the imaginary component of sequence current. 

 

 

Figure 5.49: Mean values of absolute differences of Sphiii,1 in the modified IEEE 37-bus test 

feeder with a different TVE 
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Figure 5.50: Mean values of absolute differences of Sphiii,1 in the exemplified mesh grid with  

a different TVE 

As happened in the case of voltage magnitude sensitivities, the mean of absolute percent 

differences increased in conjunction with the increase of the TVE. The differences in the case 

of Svir,1 and Svir,2 have similar characteristics to the case of Sphii,1 and Sphii,2. Also, the 

differences in the case of Svii,1 and Svii,2 have similar characteristics to the case of Sphir,1 

and Sphir,2. This complies with the proposed method for voltage sensitivity analysis, since 

they share the same relationship between the bus impedance parameters and the complex 

voltage in their calculation process, which can be explored from the pair of Eqs. (4.33) and 

(4.53) as well as the pair of Eqs. (4.37) and (4.48) in Chapter 4. 

The results from the experiments show that the proposed method can still produce trustful 

sensitivity analysis when the TVE is in the range defined in the standard of PMU 

measurement. In case that the TVE exceeds the permissible limit, the mean of absolute 

percent differences will continue increasing, according to the simulation results.  

Next, the impact of measurement error for the balanced grid condition is investigated. For the 

balanced grid condition, TVE is also added to the initial input, containing 0% TVE, in the 

same way as that for the unbalanced grid condition. The range of the TVE is still from 0.2%, 

0.4%, 0.6%, 0.8%, and 1.0% TVE. The comparison of mean difference of all sensitivity types 

in modified IEEE 37-bus test feeder and the exemplified mesh grid with different TVE are 

shown in Figure 5.51 and Figure 5.52, respectively. Since the proposed method for the 

balanced condition consists of only four sensitivities – Svp, Svq, Sphip, and Sphiq, the mean 

differences of all sensitivities are plotted in the same chart. 

6
.4

2

0
.4

4

6
.3

5

0
.7

2

6
.4

7

1
.0

7

7
.5

6

2
.0

0

9
.0

2

3
.0

1

1
1
.7

0

3
.9

8

0.00

2.00

4.00

6.00

8.00

10.00

12.00

14.00

Sphiii,1 Sphiii,2

[%]

Type of sensitivity

0% 0.2% 0.4% 0.6% 0.8% 1.0%



5. Verification of the Proposed Network Model and Voltage Sensitivity Analysis Method 145 

  

 

Figure 5.51: Mean values of absolute differences of all sensitivity types for the balanced grid 

condition in the modified IEEE 37-bus test feeder with a different TVE 

 

 

Figure 5.52: Mean values of absolute differences of all sensitivity types for the balanced grid 

condition in the exemplified mesh grid with a different TVE 
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The mean differences in Figure 5.51 and Figure 5.52 demonstrate that raising the TVE leads 

to an increase in the difference between the results from the proposed method and their 

reference from PowerFactory. However, the increased differences are still acceptable.  

Thus far, Case Study 1 has been discussed. The proposed method is successfully verified that 

it can be efficiently used in the entire grid structure. The modified IEEE 37-bus test feeder 

and the exemplified mesh grid are employed in the experiments for verification. The 

unbalanced and balanced grid conditions have been covered. High accuracy of voltage 

sensitivity analysis is acquired. In addition, the measurement errors based on TVE are 

explored to study their impact of the errors on the results from the proposed method.  

In the next section, Case Study 2 is presented. The proposed method is used in a cluster-based 

grid located in the low-voltage level, which is an important part of the distribution grid. The 

cluster-based grid is defined on an exemplified radial low-voltage grid. Thereby, the 

contribution of the proposed method to the CPSA is explored. This will clearly demonstrate 

the key benefit of the proposed method over other methods for voltage sensitivity analysis. 
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5.2 Case Study 2: Cluster-Based Grid 

The proposed method for voltage sensitivity analysis is developed with the purpose that it can 

leverage advantages of decentralised grid operations offered by the CPSA, thus facilitating 

future smart grids. This case study aims to verify that the proposed method is applicable to 

allow the decoupled voltage sensitivity analysis, while the accuracy is still ensured at the 

same time. Since the CPSA is stressed on the low-voltage distribution level, an exemplified 

cluster-based low-voltage radial grid, thereafter called as “cluster-based grid”, is used in the 

simulations of this case study, which is depicted in Figure 5.53. The topological information 

of this grid is adapted from an actual distribution grid in Borchen-Etteln from Westfalen 

Weser Netz. In the simulations, the nominal voltage is 400 V. The type of transformer Tr#1 is 

0.4 MVA 20/0.4 kV Dyn5. Bus 100 is set as the reference bus, and bus 1 is a junction. The 

rest of the buses are connected to a load, which can be considered as a generator when it feeds 

powers back to the grid. An online simulation under the steady-state condition is executed to 

generate data of unbalanced bus voltages, bus currents, and line currents. Each data set is 

gathered at a specified time. The grid from Figure 5.53 is grouped into four cluster areas, 

denoted by Cluster 1, Cluster 2, Cluster 3, and Cluster 4. The overlapped areas between 

Cluster 1 and Cluster 2 to Cluster 4 are their border areas. Cluster 1 therefore consists of bus 

102, 103, 106, 107, 111, and 112. Cluster 2 is composed of buses 102 to 105. Cluster 3 is 

composed of buses 106 to 110. Lastly, Cluster 4 is composed of buses 111 to 116. The 

complete configuration of this cluster-based grid is provided in Appendix D. 
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Figure 5.53: Cluster-based low-voltage radial grid 
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To perform the verifications, measurement data of bus voltages, bus currents, and line 

currents in the border areas are obtained from the load flow calculation of the cluster-based 

grid in PowerFactory. The required data sets for each cluster area are varied, depending on 

their number of active buses. Cluster 1 to Cluster 4 respectively require 7, 5, 6, and 7 data 

sets. Each data set is resulted from each operational scenario of the input for the load flow 

calculation and is assigned for one unique timestamp. In the following subsections, first, the 

impedance model is investigated. Afterwards, the proposed analysis method is analysed under 

the unbalanced and balanced grid conditions. Finally, the impact of measurement errors on the 

voltage sensitivity analysis under the CPSA is discussed. 

5.2.1 Analysis of the Proposed Impedance Model 

The impedance model, or bus impedance parameters [Zpar] in this context, needs to be 

determined in each cluster area. Thus, the decoupled voltage sensitivity analysis can be 

performed, once the matrix [Zpar] of each cluster area is available. In this section, the bus 

impedance parameters, in the matrix [Zpar], with consideration of cluster areas based on the 

CPSA are verified. The mean of absolute percent differences is demonstrated for all cluster 

areas to observe the accuracy. The difference is obtained from the comparison between each 

element in the matrix [Zpar] with their reference, which is the corresponding element from the 

matrix [Zbus] calculated manually from the exemplified grid in Figure 5.53. Here, the matrix 

[Zpar] is investigated in three aspects. First, the histogram of the percent differences between 

all 225 corresponding elements of the matrices [Zbus] and [Zpar] is discussed. The results 

demonstrate how close the elements of the matrix [Zpar] are in comparison to that of the 

matrix [Zbus], albeit they are determined by different methods. Afterwards, the mean of the 

absolute percent differences of all elements in the matrix is presented to show the quality of 

the results from different inputs and cases. The descriptions of the histogram and the result 

differences can be found in Appendix A. Lastly, the numerical data of some selected elements 

from the matrices [Zpar] and [Zbus] are provided as an example. To verify the bus impedance 

parameters, both matrices [Zpar] and [Zbus] are divided into resistance and reactance in the 

zero, positive, and negative sequences.  

This analysis starts by observing the distribution of the results, presented in the histogram of 

the percent differences between all corresponding elements of the matrices [Zbus] and [Zpar] in 

the entire grid of the cluster-based low-voltage radial grid. In turn, the resulted impedances of 

the entire grid case are compared with that of the cluster-based grid case. Figure 5.54 and 

Figure 5.55 portray the histogram of the percent differences in the case of resistance and 

reactance in the sequence systems. In Figure 5.54, the mean of the percent differences of 

resistance is -0.255%, -0.128%, and -0.081%, as plotted in dash lines for the zero, positive 

and negative sequences, respectively. Similarly, in Figure 5.55, the mean of the percent 
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differences of reactance is -0.092%, 0.001%, and 0.01% for the zero, positive and negative 

sequences. Thus, high accuracy can be obtained from the determination of the matrix [Zpar].  

 

Figure 5.54: Histogram of percent differences of the whole bus resistances for the case of  

the cluster-based power grid 

 

Figure 5.55: Histogram of percent differences of the whole bus reactances for the case of  

the cluster-based power grid 
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In the cluster-based grid, integrating the influence of neighbouring cluster areas is required to 

complete the determination of the matrix [Zpar] in each cluster area before comparing with the 

matrix [Zbus]. When the buses of any cluster area can be considered as internal or external 

buses, the influence of a neighbouring cluster area is obtained from the self-impedance, which 

is also a Thévenin impedance in this context, of the external bus looking into that cluster area. 

Thus, the Thévenin impedance must be exchanged between the neighbouring cluster areas. To 

simplify the explanation, Table 5.5 presents the buses of each cluster area according to Figure 

5.53. An external bus is located at the decoupling point between cluster areas. 

Table 5.5: Bus category in each cluster area 

Cluster name Internal bus External bus 

Cluster 1 102; 106; 111 103; 107; 112 

Cluster 2 103; 104; 105 102 

Cluster 3 107; 108; 109; 110 106 

Cluster 4 112; 113; 114; 115; 116 111 

 

Regarding this impedance requesting process, an example of exchanging the Thévenin 

impedance between cluster areas is envisioned in Figure 5.56. The bus impedance parameters 

matrices of Cluster 1 to Cluster 4 are denoted by [Zpar,C1] to [Zpar,C4]. The subscript C1 to C4 

are designated for Cluster 1 to Cluster 4, respectively. Based on the bus connections depicted 

in Figure 5.53, Cluster 1 therefore requires the Thévenin impedances Z103,C2, Z107,C3, and 

Z112,C4 looking into Cluster 2, Cluster 3 and Cluster 4 from bus 103, bus 107, and bus 112, 

respectively. Likewise, Cluster 2, Cluster 3, and Cluster 4 require the Thévenin impedances 

Z102,C1, Z106,C1, and Z111,C1 looking into Cluster 1 from bus 102, bus 106, and bus 111. 

Z102,C1

102

103

102

103

Z103,C2[Zpar,C2]

Grid Model 
of 

Cluster 2
106 107

106 107

Z106,C1 Z107,C3

111

112
[Zpar,C1]

Grid Model 
of 

Cluster 1

Z111,C1

Z112,C4

111

112

[Zpar,C3]

Grid Model 
of 

Cluster 3

[Zpar,C4]

Grid Model 
of 

Cluster 4

 

Figure 5.56: Exchange of the Thévenin impedance among cluster areas 
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After the Thévenin impedance is exchanged and integrated into all relevant cluster areas, the 

resistance and reactance of the bus impedance parameters are separately explored to observe 

the accuracy. Figure 5.57 and Figure 5.58 respectively display the mean differences of bus 

resistance and reactance of the cluster-based power grid in different grid cases. The mean 

differences between the corresponding elements of the matrices [Zbus] and [Zpar,C1] to [Zpar,C4] 

are shown in the zero, positive, and negative sequences. 

 

Figure 5.57: Illustration of mean differences of the bus resistances for the cluster-based power 

grid in different grid cases 

 

Figure 5.58: Illustration of mean differences of the bus reactances for the cluster-based power 

grid in different grid cases 
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The mean difference of both resistances and reactances is mainly increased in the zero 

sequence. Shown Figure 5.57 and Figure 5.58, though the mean differences are increased, 

they are still within 1%. That is, high accuracy of the impedance model in each cluster area 

can be achieved in this simulation. A part of the original resistance Rij and reactance Xij of bus 

impedance parameters in comparison to their reference is given in Table 5.6 to Table 5.9 for 

Cluster 1 to Cluster 4, respectively. The resistance Rij and the reactance Xij describe the 

voltage-current relationship between the bus number indicated in the subscripts i and j. In this 

context, the subscript i represents number of the target bus at which its voltage magnitude or 

angle is subject to a change caused by adjusting current at bus j.   

Table 5.6: Selected bus resistances and reactances in Cluster 1 with their reference  

Parameter Zero sequence Positive sequence Negative sequence 

[Ohm] Reference Calculation Reference Calculation Reference Calculation 

R102,112 0.004800 0.004796 0.004801 0.004800 0.004801 0.004804 

R103,112 0.004800 0.004795 0.004801 0.004799 0.004801 0.004804 

R106,112 0.004800 0.004793 0.004801 0.004804 0.004801 0.004804 

R107,112 0.004800 0.004792 0.004801 0.004807 0.004801 0.004804 

R111,112 0.051720 0.051362 0.016626 0.016537 0.016626 0.016535 

R112,112 0.078054 0.077501 0.023210 0.023120 0.023210 0.023118 

X102,112 0.023515 0.023520 0.023515 0.023513 0.023515 0.023526 

X103,112 0.023515 0.023520 0.023515 0.023512 0.023515 0.023526 

X106,112 0.023515 0.023521 0.023515 0.023513 0.023515 0.023526 

X107,112 0.023515 0.023523 0.023515 0.023510 0.023515 0.023524 

X111,112 0.053072 0.053007 0.030904 0.030902 0.030904 0.030913 

X112,112 0.065908 0.065756 0.034113 0.034111 0.034113 0.034120 

 

Table 5.7: Selected bus resistances and reactances in Cluster 2 with their reference 

Parameter Zero sequence Positive sequence Negative sequence 

[Ohm] Reference Calculation Reference Calculation Reference Calculation 

R102,105 0.082882 0.082280 0.024480 0.024336 0.024480 0.024326 

R103,105 0.112582 0.111754 0.031905 0.031762 0.031905 0.031750 

R104,105 0.138322 0.137299 0.038340 0.038197 0.038340 0.038184 

R105,105 0.194752 0.193302 0.052447 0.052306 0.052447 0.052291 

X102,105 0.072702 0.072540 0.035811 0.035815 0.035811 0.035824 

X103,105 0.087178 0.086907 0.039430 0.039435 0.039430 0.039444 

X104,105 0.099724 0.099358 0.042567 0.042572 0.042567 0.042580 

X105,105 0.127230 0.126656 0.049443 0.049449 0.049443 0.049456 
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Table 5.8: Selected bus resistances and reactances in Cluster 3 with their reference 

Parameter Zero sequence Positive sequence Negative sequence 

[Ohm] Reference Calculation Reference Calculation Reference Calculation 

R106,110 0.019697 0.019584 0.008555 0.008532 0.008555 0.008529 

R107,110 0.108467 0.107690 0.030748 0.030729 0.030748 0.030721 

R108,110 0.132227 0.131273 0.036688 0.036670 0.036688 0.036661 

R109,110 0.169253 0.168022 0.045944 0.045927 0.045944 0.045917 

R110,110 0.208853 0.207325 0.055844 0.055828 0.055844 0.055817 

X106,110 0.032899 0.032873 0.025861 0.025863 0.025861 0.025875 

X107,110 0.076168 0.075820 0.036678 0.036680 0.036678 0.036691 

X108,110 0.087749 0.087315 0.039573 0.039575 0.039573 0.039586 

X109,110 0.105796 0.105227 0.044085 0.044087 0.044085 0.044098 

X110,110 0.125098 0.124385 0.048910 0.048912 0.048910 0.048923 

 

Table 5.9: Selected bus resistances and reactances in Cluster 4 with their reference 

Parameter Zero sequence Positive sequence Negative sequence 

[Ohm] Reference Calculation Reference Calculation Reference Calculation 

R111,116 0.051720 0.051364 0.016626 0.016540 0.016626 0.016540 

R112,116 0.078054 0.077499 0.023210 0.023123 0.023210 0.023123 

R113,116 0.106764 0.105993 0.030387 0.030301 0.030387 0.030301 

R114,116 0.127158 0.126233 0.035486 0.035399 0.035486 0.035399 

R115,116 0.147156 0.146081 0.040485 0.040399 0.040485 0.040399 

R116,116 0.193290 0.191867 0.052019 0.051932 0.052019 0.051932 

X111,116 0.053072 0.052990 0.030904 0.030904 0.030904 0.030904 

X112,116 0.065908 0.065734 0.034113 0.034113 0.034113 0.034113 

X113,116 0.079901 0.079627 0.037611 0.037611 0.037611 0.037611 

X114,116 0.089842 0.089495 0.040096 0.040096 0.040096 0.040096 

X115,116 0.099589 0.099172 0.042533 0.042533 0.042533 0.042533 

X116,116 0.122076 0.121493 0.048155 0.048155 0.048155 0.048155 

 

The proposed impedance model determined individually in each cluster area has been 

successfully verified. Accordingly, the bus impedance parameters can be calculated by using 

only measured voltages and currents. The influence between cluster areas is included by 

integrating the Thévenin impedance representing each cluster area to the predetermined bus 

impedance parameters. Finally, high accuracy of the model still can be ensured.  

In the next section, the matrices [Zpar,C1] to [Zpar,C4] are used to perform voltage sensitivity 

analysis in their individual area. The verification of the decoupled voltage sensitivity analysis 

method is thus carried out. 
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5.2.2 Analysis of Results from the Proposed Analysis Method 

The proposed voltage sensitivity analysis is executed after the impedance model [Zpar] is 

determined. In this section, the results from the proposed method are verified in three aspects 

for both unbalanced and balanced grid conditions. First, the mean of absolute percent 

differences of each sensitivity type for cluster-based grid is discussed. Same as Section 5.1.2, 

the mean of absolute percent differences of all voltage sensitivity values is used to show the 

quality of the results from different inputs and cases. Then, the histogram of the percent 

differences between all corresponding sensitivity values in the positive sequence is examined 

for all sensitivity types, as an example to envision the overview of total results. The mean of 

absolute percent differences and the histogram of the results differences is compared among 

the entire grid and cluster areas to study the impact of the CPSA applied to the radial grid in 

Figure 5.53. The descriptions of the histogram and the result differences can be found in 

Appendix A. Finally, the original sensitivity values of the selected buses are provided.  

5.2.2.1 Results of Sensitivity Analysis in an Unbalanced Grid Condition 

In this section, all sensitivity types in an unbalanced condition are taken into account. It must 

be noted, however, that the mean of absolute percent differences in this context is the mean 

from all phases a, b, and c for both voltage magnitude and angle sensitivities to observe the 

accuracy. Figure 5.59 and Figure 5.60 illustrate the voltage magnitude sensitivity in relation 

to real and imaginary components of a sequence current, respectively. The mean calculated 

from the entire grid case is portrayed together with that of the cluster-based grid case.  

 

Figure 5.59: Mean values of absolute result differences of voltage magnitude sensitivity in 

relation to real-component sequence currents in different grid cases 
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Figure 5.60: Mean values of absolute result differences of voltage magnitude sensitivity in 

relation to imaginary-component sequence currents in different grid cases 

Also, Figure 5.61 and Figure 5.62 display mean difference of the voltage angle sensitivity in 

relation to real and imaginary components of a sequence current in different grid cases.  

 

 

Figure 5.61: Mean values of absolute result differences of voltage angle sensitivity in relation 

to real-component sequence currents in different grid cases 
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Figure 5.62: Mean values of absolute result differences of voltage angle sensitivity in relation 

to imaginary-component sequence currents in different grid cases 

Regards the charts in Figure 5.59 to Figure 5.62, high accuracy is achieved for all sensitivity 

analyses as the mean differences are small for either the case of voltage magnitude or angle 

sensitivities. Generally, the cluster-based cases enable better mean difference in comparison 

to the entire grid, even though the mean differences in some cluster areas are slightly high. 

The highest mean difference occurs however at a mere value of 5.24% in Svir,0 of Cluster 3 

in Figure 5.59. This highest mean is not significant when the original sensitivity values are 

considered.  

In order to provide supplementary information for the accuracy of the proposed method, the 

percent differences, without absolute, of whole data are moreover discussed. In this case 

study, 225, 36, 16, 25, and 36 sensitivity values of each sensitivity type are considered for the 

entire grid, cluster 1, cluster 2, cluster 3, and cluster 4, respectively. Nevertheless, as the aim 

of the following results is to support the observed accuracy, only the charts showing the 

results in the positive sequence for phase a are presented here. The rest can be found in 

Appendix D. 

Beginning with the sensitivities of voltage magnitude, Figure 5.63 and Figure 5.64 show the 

histograms of percent differences, respectively, in the case of sensitivity Svir,1 and Svii,1 at 

phase a. As illustrated in Figure 5.63, the mean values of the percent differences of the 

sensitivity Svir,1 are -0.733%, -0.885%, -1.463%, 1.745%, and -1.899% for the entire grid to 

cluster 4 cases, respectively. Similarly, from Figure 5.64, for phase a, the Mean values of the 

percent differences of the sensitivity Svii,1 are -0.213%, 0.056%, -0.222%, -0.358%, and  

-0.761%. Thus, the sensitivities Svir,1 and Svii,1 at phase a are accurate in general. For any 

grid case, the mean values are close to zero, as plotted in dash lines. 
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Figure 5.63: Histogram of the whole result differences in Svir,1 for phase a of the cluster-

based grid in different grid cases (RF: Relative frequency) 
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Figure 5.64: Histogram of the whole result differences in Svii,1 for phase a of the cluster-

based grid in different grid cases (RF: Relative frequency) 

Continuing with the sensitivities of the voltage angle, Figure 5.65 and Figure 5.66 display the 

charts of percent differences, respectively, in the case of sensitivity Sphiir,1 and Sphiii,1 at 

phase a. As displayed in Figure 5.65, the mean values of the percent differences of the 

sensitivity Sphiir,1 are 1.889%, 0.975%, 0.716%, -0.505%, and 1.513% for the entire grid to 

cluster 4 cases, respectively. Likewise, as displayed in Figure 5.66, the mean values of the 

percent differences of the sensitivity Sphiii,1 are 2.329%, 1.732%, 1.797%, -2.664%, and 

2.356%. Accordingly, the sensitivities Sphiir,1 and Sphiii,1 at phase a are accurate. For any 

grid case, the mean values are around zero. 

According to Figure 5.63 and Figure 5.66, accurate and stable sensitivity values are produced 

by the proposed method. The difference of the calculated sensitivity values and the results 

from PowerFactory is small. This supports the verification of the proposed method and proves 

that it can analyse voltage magnitude and angle sensitivities for both entire grid analysis and 
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decoupled analysis in each cluster area. The slight deviation of the distribution of the result 

differences in each cluster area from the entire grid case can be caused by a slight numerical 

error in the matrix modification process in the decoupled analysis after being updated by the 

Thévenin impedance. Also, the histograms are based on a different amount of data in each 

grid case. However, the accuracy of the calculated sensitivity values is still clearly ensured. 

For the rest, the results are provided in Appendix D. 

 

Figure 5.65: Histogram of the whole result differences in Sphiir,1 for phase a of the cluster-

based grid in different grid cases (RF: Relative frequency) 
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Figure 5.66: Histogram of the whole result differences in Sphiii,1 for phase a of the cluster-

based grid in different grid cases (RF: Relative frequency) 

To envision the accuracy of the calculated sensitivity values, the comparison of original 

sensitivity values is discussed in addition to the mean of absolute percent differences. The 

values are presented for all phases a, b, and c, since the grid condition is unbalanced. The 

sensitivity values of bus voltage magnitude and angle at bus 102 in relation to real and 

imaginary sequence currents at bus 105 are chosen for this discussion. In Figure 5.67 and 

Figure 5.68, the outcomes from voltage sensitivity analysis of bus 102 are shown together 

with their reference. Voltage magnitude sensitivity is examined at the unit of pu/A. Figure 

5.67 portrays the comparison of the sensitivity values of Svir,0, Svir,1, and Svir,2. These 

values indicate the extent to which the voltage magnitude at each phase of bus 102 is changed 

in relation to real component of sequence currents at bus 105. In the same manner, Figure 

5.68 illustrates the comparison of the calculated sensitivity values to their reference for Svii,0, 

Svii,1, and Svii,2. These sensitivities tell a change of the voltage magnitude at each phase of 

bus 102 in relation to an imaginary component of a sequence current at bus 105. The 

comparisons in both Figure 5.67 and Figure 5.68 show high precision of the calculated 
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sensitivity values. High accuracy is achieved in both magnitude and direction at the precision 

of 10-4 pu/A. The original sensitivity values are provided in the table inside each figure.  

 

Figure 5.67: Calculated sensitivity values of voltage magnitude at bus 102 to the real 

component of a bus current at bus 105 in comparison with their reference 

 

Figure 5.68: Calculated sensitivity values of voltage magnitude at bus 102 to the imaginary 

component of a bus current at bus 105 in comparison with their reference 
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Now, original values of the voltage angle sensitivities are investigated, as shown in Figure 

5.69 and Figure 5.70. The unit of these sensitivities are deg/A. The comparison of Sphiir,0 

,Sphiir,1, and Sphiir,2, in which the impact of real-component sequence currents, is provided 

in Figure 5.69. Also, the comparison for Sphiii,0, Sphiii,1, and Sphiii,2 is given in Figure 5.70 

to explore the impact of imaginary-component sequence currents on the voltage angle. Similar 

to the case of voltage magnitude, slight differences between the calculated results and their 

reference can be noticed. 

 

Figure 5.69: Calculated sensitivity values of the voltage angle at bus 102 to the real 

component of a bus current at bus 105 in comparison with their reference 
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-0.03

-0.02

-0.01

0

0.01

0.02

0.03

[deg/A]



5. Verification of the Proposed Network Model and Voltage Sensitivity Analysis Method 163 

  

 

Figure 5.70: Calculated sensitivity values of the voltage angle at bus 102 to the imaginary 

component of a bus current at bus 105 in comparison with their reference 

The charts in Figure 5.67 to Figure 5.70 have shown that the original calculated values are 

slightly different from their reference. Accordingly, the sensitivity values from the proposed 

method are also applicable and accurate for the cluster-based power grid.  

The proposed method for voltage sensitivity analysis has been verified for cluster-based 

power grids in the unbalanced condition. The results are accurate for decoupled voltage 

sensitivity analysis in cluster areas. To completely verify the proposed method, in the next 

section, the proposed method is verified for decoupled voltage sensitivity analysis in the 

balanced grid condition.  

5.2.2.2 Results of Sensitivity Analysis in a Balanced Grid Condition 

The method for voltage sensitivity analysis is now explored in the balanced grid condition. 

Voltage magnitude and angle sensitivities in relation to active and reactive powers – Svp, Svq, 

Sphip, and Sphiq – are analysed accordingly. A full description of each sensitivity type is 

provided in Table 5.2. The proposed method is further verified in this section by using the 

same cluster-based grid used for the experiment in the unbalanced grid condition. As well, the 

accuracy of the sensitivity analysis is inferred from the mean difference between results from 

the proposed method and the classical method. The mean difference of each sensitivity type is 

plotted, as illustrated in Figure 5.71. Still, the different grid cases are considered. Unlike the 

results in the unbalanced condition, the mean differences of all sensitivity types in the 

balanced condition are clearly improved for cluster areas. 

Sphiii,0 Sphiii,1 Sphiii,2

Reference result (phase a) -0.026884936 -0.009740567 -0.009508796

Calculated result (phase a) -0.026668196 -0.009663754 -0.009665309

Reference result (phase b) 0.018334436 -0.009575321 0.000606572

Calculated result (phase b) 0.018491833 -0.009915469 0.000789567

Reference result (phase c) 0.008849577 -0.009563282 0.008867159

Calculated result (phase c) 0.008476032 -0.009541021 0.008814967
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Figure 5.71: Mean values of absolute result differences of sensitivity values among different 

grid cases in the low-voltage radial grid in a balanced condition 

Next, the percent differences, without absolute, of whole data are discussed to support the 

analysis of result differences. Figure 5.72 to Figure 5.75 depict the histogram of the result 

differences in the case of Svp, Svq, Sphip, and Sphiq, respectively. In each figure, the chart 

shows the result differences in each grid case together. As Figure 5.72 to Figure 5.75 contain 

several plots, the mean values of all plots are listed respectively in Table 5.10. They are 

shown in the figures as dash lines.  

Table 5.10: Mean difference of each grid case in Figure 5.72 to Figure 5.75 

Sensitivity 

type 

Mean difference of each grid case [%] 

Entire grid Cluster 1 Cluster 2 Cluster 3 Cluster 4 

Svp 6.709 6.379 2.742 3.664 3.018 

Svq 1.742 1.585 1.710 1.688 1.622 

Sphip 1.586 1.390 1.491 1.751 1.664 

Sphiq -4.198 -4.134 0.404 -0.382 0.192 

 

By considering the figures together with the mean values, the proposed method allows 

accurate sensitivity analysis for all sensitivity types. The mean values are close to zero. 

Furthermore, similar to the case of the balanced grid condition in Section 5.1.2.2, the 

sensitivity analysis results from the proposed method can be paired. Bus resistances and 

reactances play a direct role in the analysis under the balanced grid condition. The 

characteristics of the results from Svp and Sphiq are similar, because they are based on the 
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resistance of the bus impedance parameters, as shown in Eqs. (4.77) and (4.98). Concurrently, 

the results from Svq and Sphip have similar characteristics, because they are based on the 

reactance of the bus impedance parameters, as shown in Eqs. (4.83) and (4.92). Also, the 

mean values of the sensitivities Svp and Sphiq are comparatively higher than that of the 

sensitivities Svq and Sphip. This is due to higher accuracy of the reactances in comparison 

with the accuracy of the resistances obtained from the matrix [Zpar] depicted in Figure 5.54 

and Figure 5.55. Nonetheless, the sensitivity values of Svp and Sphiq are much smaller, 

consequently affecting the calculation of percent differences. Lastly, a slight deviation of the 

distribution of the result differences in each cluster area from the entire grid case can be 

caused by slight numerical errors in the matrix modification process of the decoupled 

analysis. The histograms are also determined from different amounts of data in each grid case. 

However, the calculated sensitivity values are still clearly accurate.  

 

Figure 5.72: Histogram of the whole result differences in Svp of the cluster-based grid  

(RF: Relative frequency) 
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Figure 5.73: Histogram of the whole result differences in Svq of the cluster-based grid  

(RF: Relative frequency) 
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Figure 5.74: Histogram of the whole result differences in Sphip of the cluster-based grid  

(RF: Relative frequency) 
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Figure 5.75: Histogram of the whole result differences in Sphiq of the cluster-based grid  

(RF: Relative frequency) 

To give more insight into the calculated sensitivity values, the original sensitivity values are 

demonstrated besides the mean difference. Figure 5.76 depicts the comparison of voltage 

magnitude sensitivities Svp and Svq. The sensitivity values in this figure are self-sensitivity of 

voltage magnitude at bus 105 in relation to active and reactive powers at its own bus. The 

units of Svp is pu/MW, and the unit of Svq is pu/Mvar, as provided together with name under 

its respective columns. Regards Figure 5.76, the calculated values are very close to their 

reference. The difference is 0.01 pu/MW for Svp, whereas the difference is 0.006 pu/Mvar for 

Svq. In this cluster-based grid, the active power has more impact on voltage magnitude than 

the reactive power since resistance is dominant. 
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Figure 5.76: Calculated sensitivity values of voltage magnitude at bus 105 to active and 

reactive powers at its bus in comparison to reference results 

Subsequently, the comparison of voltage angle sensitivities Sphip and Sphiq is shown, as 

portrayed in Figure 5.77. These sensitivities are self-sensitivity of the voltage angle at bus 105 

in relation to active and reactive powers at its own bus. The units are deg/MW and deg/Mvar 

for Sphip and Sphiq, which are indicated together with the column name. Obviously, the 

calculated values of Sphip and Sphiq are precise. Since reactance is dominant in this grid case, 

the voltage angle is more sensitive to the active power. The difference is around 0.4 deg/MW 

for Sphip and 0.2 deg/Mvar for Sphiq. Moreover, there is a point that corresponds to the case 

of magnitude sensitivities. As the resistance is more dominant in this cluster-based grid, the 

voltage angle is more sensitive to the reactive power. 
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Figure 5.77: Calculated sensitivity values of the voltage angle at bus 105 to active and 

reactive powers at its bus in comparison to reference results 

In this section, the proposed method for voltage sensitivity analysis has been verified by 

simulations of the entire grid case, in which radial and mesh MV grids are investigated. The 

unbalanced and balanced grid conditions are both taken into account. The verification 

indicates that the proposed method allows high accuracy in voltage sensitivity analysis by 

using only measurement data of bus voltages and currents. As the next step, measurement 

errors are considered to exist in measured bus voltages and currents. The response of the 

proposed method to measurement errors is examined in the next section. 

5.2.3 Impact of Measurement Errors 

As experimented in Case Study 1, the impact of measurement errors is investigated in this 

case study as well through simulations. The TVE is therefore taken into account. The input 

data for voltage sensitivity analysis in Section 5.2.2 are still used in this simulation for both 

unbalanced and balanced grid conditions. Five levels of 0.2%, 0.4%, 0.6%, 0.8% and 1.0% 

TVE are added to the existing input data, which are regarded as 0% TVE to investigate the 

impact of measurement errors. The results from these five levels of TVE are explored as 

follows. The mean differences of each sensitivity type with TVE are compared to observe the 

outcome from the proposed method. For the unbalanced condition, the accuracy from mean of 

absolute percent differences of voltage magnitude and angle sensitivities in relation to a 

sequence current are discussed. To give the overview of the investigation, only the mean 

differences in the positive sequence are demonstrated in this section. The results of other 

sequences are provided in Appendix D. The comparisons in the case of voltage magnitude 

sensitivities Svir,1 and Svii,1 are, respectively, portrayed in Figure 5.78 and Figure 5.79.  
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Figure 5.78: Mean values of absolute differences of Svir,1 in each grid case at different  

levels of TVE 

 

Figure 5.79: Mean values of absolute differences of Svii,1 in each grid case at different  

levels of TVE 

The mean differences for both sensitivities Svir,1 and Svii,1 increase as the TVE increases. 

However, at 1.0% TVE, which is the limit of error defined in IEC/IEEE 60255-118-1 [108], 

the mean values of the result differences show that the results from the proposed method 

deviate from their reference only slightly at the maximum of 2.64%. This has low impact as 

the original values are in the range of ×10-4. Next, the comparisons in the case of voltage 

angle sensitivities Sphiir,1 and Sphiii,1 are depicted in Figure 5.80 and Figure 5.81. 
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Figure 5.80: Mean values of absolute differences of Sphiir,1 in each grid case at different  

levels of TVE 

 

Figure 5.81: Mean values of absolute differences of Sphiii,1 in each grid case at different  

levels of TVE 

The proposed method also successfully handles the measurement errors for the sensitivities 

Sphiir,1 and Sphiii,1. Mostly, the mean differences of these sensitivities rise following the 

increase of the TVE. So far, the results from the simulations verify that the proposed method 

is able to produce precise sensitivity analysis provided that the TVE is in the range 0 to 1.0%.  
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The impact of the measurement errors for the balanced grid condition is subsequently 

investigated. The same range of the TVE is applied in this simulation. The mean differences 

in different grid cases are analysed for each sensitivity type – Svp, Svq, Sphip, and Sphiq – 

individually. The result comparison in the case of voltage magnitude sensitivities Svp and Svq 

is portrayed in Figure 5.82 and Figure 5.83. After that, the result comparisons in the case of 

voltage angle sensitivities Sphip and Sphiq are displayed in Figure 5.84 and Figure 5.85. 

 

Figure 5.82: Mean values of absolute differences of Svp of each grid case at different  

levels of TVE 

 

Figure 5.83: Mean values of absolute differences of Svq of each grid case at different  

levels of TVE 
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Figure 5.84: Mean values of absolute differences of Sphip of each grid case at different  

levels of TVE 

 

Figure 5.85: Mean values of absolute differences of Sphiq of each grid case at different  

levels of TVE 

According to the result comparisons, all sensitivity types respond similarly to the increase of 

TVE. In some grid cases, the mean difference with 1.0% TVE is lower than the differences in 

other TVE levels. This can occur, because the sensitivities for the balanced grid condition 

depend solely on the predetermined bus impedance parameters, as stated in Eq. (4.77), 

Eq. (4.83), Eq. (4.92), and Eq. (4.98) for Svp, Svq, Sphip, and Sphiq. The bus impedance 

parameters in cluster-based grid is related to the integration process of Thévenin impedance. 
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Since the impedance parameters are small, the integration process can lead to slight 

fluctuation in the calculation of relative percent differences, which are then used to determine 

the mean difference. 

Finally, Case Study 2 has been discussed. The verification is performed by the simulation on 

the exemplified low-voltage radial grid under the unbalanced and balanced grid conditions. 

By adding a step for the integration of the influence between interconnected cluster areas 

obtained from Thévenin impedance, individual bus impedance parameters of each cluster area 

can be determined. After that, using the proposed voltage sensitivity analysis method in 

cluster-based grid is carried out. Owing to the demonstrated results, high accuracy of voltage 

sensitivity analysis is achieved. Furthermore, the measurement errors based on TVE are 

analysed to observe their impact on sensitivity analysis from the proposed method. The results 

show that the proposed method is able to deal with the measurement errors in the cluster-

based grid. In conclusion, the decoupled voltage sensitivity analysis based on the CPSA is 

successfully verified. The proposed network model and the analysis method reliably perform 

in the cluster-based grid, as they perform in the entire grid case in Case Study 1.  

Case Study 3 is subsequently examined in the next section. Selected applications of the 

proposed voltage sensitivity analysis are examined. Since decentralised operation based on 

the CPSA is the focus of this thesis, the cluster-based grid from this case study is continued in 

Case Study 3. Based on the calculated sensitivity values, regulation of voltage profile can be 

carried out.  

5.3 Case Study 3: Applications of the Proposed Voltage Sensitivity 

Analysis 

The proposed impedance model and method for voltage sensitivity analysis are successfully 

verified in Case Studies 1 and 2. Their correctness and accuracy have been proved. In this 

thesis, the proposed voltage sensitivity analysis is designed to adapt to different grid 

conditions. If the power grid is in the unbalanced condition, the sensitivity of voltage 

magnitude and angle in relation to complex sequence currents is provided. If the power grid is 

in the balanced condition, the sensitivity of voltage magnitude and angle in relation to active 

and reactive powers is delivered. In this section, as the next step, the results, i.e. sensitivity 

values, from sensitivity analysis are further utilised. Some applications that can leverage the 

sensitivity values are discussed in Case Study 3.  

Two experiments are conducted in this case study to examine voltage magnitude and angle 

regulations based on the sensitivity values. The CPSA is also taken into account, so the 

experiments are performed on the cluster-based low-voltage grid depicted in Figure 5.53 from 

Case Study 2. The cluster-based grid is still composed of four cluster areas. In the 

experiments, each cluster area performs voltage sensitivity analysis individually in both 
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unbalanced and balanced grid conditions. To demonstrate applications of the proposed 

voltage sensitivity analysis, the voltage regulation is simulated in DIgSILENT PowerFactory. 

Two scenarios – adjusting from a single bus and adjusting from multiple coordinated buses – 

are defined, as listed in Table 5.11. Bus 105 is chosen as the target for voltage magnitude and 

angle regulation by the selected controlled bus(es).  

Table 5.11: Simulation scenarios 

Scenario Target bus Controlled bus 

Single bus 105 105 

Coordinated buses 105 103, 104, 105 

 

In this case study, the controlled buses are assumed to be capable of controlling their output 

sequence currents in the case of an unbalanced condition and controlling active and reactive 

powers in the case of a balanced condition. Bus 105 itself is the controlled bus in the single 

bus scenario, while buses 103, 104, and 105 are the controlled buses in the coordinated buses 

scenario. In practice, this control can be realised through intelligent devices such as inverters 

[234–236]. The algorithm for doing so is, however, not discussed, since it is outside of the 

scope of this thesis. 

5.3.1 Experiment on Sensitivity Value in Voltage Magnitude Regulation 

Voltage magnitude is a controlled state variable of power grids. In low-voltage grids, the 

permissible range is nominal voltage (VN) ±10%. This simulation is aimed to demonstrate the 

use of the sensitivity values to regulate the voltage profile. To regulate the voltage magnitude, 

the sensitivity values are set as the setpoint of current or power output at their corresponding 

controlled buses.  

In this experiment, bus 105 in Cluster 2 is defined as the target for the regulation and set to 

have high fed-in power. The results from magnitude regulation are first in the balanced grid 

condition, where the response on voltage regulation on the whole grid is also observed. Then, 

the results from the unbalanced grid condition are discussed. In this case, the response of the 

voltage regulation in Cluster 2 is shown. The regulation is performed in two operational 

scenarios: single bus and coordinated buses. 

To perform the experiment of the balanced grid condition, the initial voltage magnitude |Vini| 

at bus 105 is 1.088 pu. A corrective action is assumed to be executed to avoid the magnitude 

to exceed 1.10 pu or +10% of the nominal voltage. The target is set to reduce the magnitude 

of bus 105 to the expected magnitude |Vexp| at 1.075 pu. That is, the magnitude change Δ|V| is 

required at -0.013 pu. For convenience, voltage magnitude information of the target bus is 

summarised in Table 5.12.  
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Table 5.12: Voltage magnitude information of the target bus in a balanced grid simulation 

Target bus Initial magnitude 

|Vini|  

[pu] 

Expected magnitude 

|Vexp|  

[pu] 

Required magnitude 

Δ|V| 

[pu] 

105 1.088 1.075 -0.013 

 

Regards the proposed analysis method, the sensitivities Svp and Svq are offered for regulation 

of the voltage magnitude in relation to active and reactive powers. This experiment begins 

with using the sensitivity Svp for adjusting active power P to regulate the magnitude of the 

target bus. The sensitivity values of Svp and the required active power ΔP are summarised in 

Table 5.13. To overcome the required magnitude Δ|V|, the required power ΔP is the amount of 

active power that must be added to the existing power P at the controlled bus(es). In the single 

bus scenario, the power ΔP is determined only for bus 105 to handle the whole magnitude 

Δ|V| at -0.013 pu. In the coordinated buses scenario, the magnitude Δ|V| is equally covered by 

bus 103 to bus 105. Accordingly, the magnitude Δ|V| of -0.0043 pu, which is one third of  

-0.013 pu, is defined for each coordinated bus. In the simulation, the power ΔP is calculated 

for the controlled bus(es).  

Table 5.13: Use of Svp for voltage regulation 

Scenario 
Controlled 

bus 

Required  

magnitude Δ|V| 

[pu] 

Sensitivity  

value 

[pu/MW] 

Required  

ΔP  

[MW] 

Single bus 105 -0.013 0.2770 -0.0469 

Coordinated 

buses 

103 

-0.0043 

0.1685 -0.0255 

104 0.2025 -0.0212 

105 0.2770 -0.0155 

 

Figure 5.86 illustrates the response of all voltage magnitudes in relation to adjusting active 

power. By adjusting active power, the magnitude |Vfin| of 1.075 pu and the magnitude |Vfin| of 

1.076 pu are achieved at bus 105 from single and coordinated buses scenarios, respectively. 

The voltage magnitudes of the rest of the buses in this grid are also reduced, since they are 

sensitive to the active power P of the controlled buses as well. However, the effect is 

comparatively smaller in this simulation. 
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Figure 5.86: Regulating voltage magnitude using Svp 

* Using only bus 105; ** Coordination of buses 103, 104, and 105 

This experiment then proceeds to using the sensitivity Svq for adjusting reactive power Q to 

regulate the target magnitude. The sensitivity values of Svq and the required reactive power 

ΔQ are provided in Table 5.14. To achieve the required magnitude Δ|V|, the power ΔQ is the 

amount of the reactive power required to add to the existing power Q at the controlled bus(es). 

The allocation of the magnitude Δ|V| is the same as aforementioned in the case of the 

sensitivity Svp.  

Table 5.14: Use of Svq for voltage regulation 

Scenario 
Controlled 

bus 

Required  

magnitude Δ|V| 

[pu] 

Sensitivity  

value 

[pu/Mvar] 

Required  

ΔQ  

[Mvar] 

Single bus 105 -0.013 0.2612 -0.0498 

Coordinated 

buses 

103 

-0.0043 

0.2083 -0.0206 

104 0.2248 -0.0191 

105 0.2612 -0.0165 

 

Figure 5.87 displays the response of all voltage magnitudes in relation to adjusting reactive 

power. By adjusting reactive power, the magnitude |Vfin| of 1.074 pu is acquired from both 

single and coordinated buses scenarios. The target magnitude |Vtar| is therefore fulfilled, as the 

difference between |Vtar| and |Vfin| is very small at 0.001 pu. Similar to the case of Svp, the 
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voltage magnitudes of other buses are also affected by adjusting the power Q. In this case, 

nonetheless, the effect is higher, as the amount of Q is required more than P to fulfil |Vtar|. 

 

Figure 5.87: Regulating voltage magnitude using Svq 

* Using only bus 105; ** Coordination of buses 103, 104, and 105 

Figure 5.86 and Figure 5.87, hence, showcase voltage magnitude regulation based on the 

sensitivity values resulting from voltage sensitivity analysis in the balanced grid condition. 

The magnitude regulation can be executed by either a single bus or multiple buses. The target 

magnitude |Vtar| can be achieved in all scenarios. Table 5.15 shows maximum loading of the 

cables in Cluster 1. The loading decreases as a result of the new active and reactive power 

setpoints of each corresponding bus. 

Table 5.15: Maximum line loading in magnitude regulation using Svp and Svq  

*fbus : From bus, tbus: To bus 

Cable 

(fbus – tbus*) 

Initial loading  

[%] 

Final loading [%] 

Using Svp Using Svq 

Single bus Coordinated 

buses 

Single bus Coordinated 

buses 

101-102 97.760 83.836 80.303 91.185 90.459 

102-103 86.517 70.621 66.703 78.818 78.075 

103-104 63.110 47.397 50.514 56.170 57.623 

104-105 34.348 20.555 29.142 29.722 31.561 
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The same procedure is also applied to simulate this grid in the unbalanced condition. In this 

simulation, the initial situation of the cluster-based grid is nonetheless set to be different from 

the situation in the balanced condition. The purpose here is to keep voltage magnitude around 

the nominal voltage. Regulation of the voltage magnitude |Va| at phase a of bus 105 is 

examined as an example. The initial magnitude |Va,ini| is set to 1.015 pu, and the expected 

magnitude |Va,exp| is defined at 1.010 pu. Accordingly, -0.005 pu of the magnitude change Δ|V| 

is required. For convenience, voltage magnitude information of the target bus is summarised 

in Table 5.16.  

Table 5.16: Voltage magnitude information of the target bus in the simulation under an 

unbalanced grid condition 

Target bus Initial magnitude  

|Va,ini|  

[pu] 

Expected magnitude  

|Va,exp|  

[pu] 

Required magnitude 

Δ|V| 

[pu] 

105 1.015 1.010 -0.005 

 

The proposed analysis method for the unbalanced grid condition provides the sensitivity of 

the voltage magnitude in relation to the real and imaginary components of a sequence current. 

The sensitivities Svir,0, Svir,1, and Svir,2 are used for adjusting the real component IRe of a 

sequence current, and the sensitivities Svii,0, Svii,1, and Svii,2 are used for adjusting the 

imaginary component IIm of a sequence current, where 0, 1, and 2 denote zero, positive, and 

negative sequence respectively. 

First, the results from adjusting the real-component current IRe at the control buses is 

presented. The sensitivity values of Svir,0, Svir,1, and Svir,2 and the required real-component 

currents ΔIRe are summarised in Table 5.17. The current ΔIRe is the amount of current that 

must be added to the existing current IRe at the controlled bus(es) to overcome the required 

magnitude Δ|V|. In the single bus scenario, the current ΔIRe is determined only for bus 105 to 

deal with the whole magnitude Δ|V| at -0.005 pu. In the coordinated buses scenario, the 

magnitude Δ|V| is assigned equally to bus 103 to bus 105. The magnitude Δ|V| of -0.00167 pu 

is allocated to the controlled bus. Besides, it must be noted that only the final magnitudes in 

Cluster 2, in which bus 105 resides, are presented here for brevity, and the response of the 

entire grid is shown in the balanced grid condition. 
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Table 5.17: Use of Svir,0, Svir,1, and Svir,2 for voltage magnitude regulation 

Scenario Controlled 

bus 

Target  

magnitude Δ|Va| 

[pu] 

Sensitvity 

type 

 

Sensitivity 

value 

[pu/A] 

Required  

current ΔIRe 

[A] 

Single bus 105 -0.005 

Svir,0 -0.00099 -5.05050 

Svir,1 -0.00030 -16.66667 

Svir,2 -0.00030 -16.66667 

Coordinated 

buses 

103 -0.00167 

Svir,0 -0.00061 -2.73770 

Svir,1 -0.00020 -8.35 

Svir,2 -0.00020 -8.35 

104 -0.00167 

Svir,0 -0.00073 2.28767 

Svir,1 -0.00024 6.95833 

Svir,2 -0.00024 6.95833 

105 -0.00167 

Svir,0 -0.00099 1.68687 

Svir,1 -0.00030 5.56667 

Svir,2 -0.00030 5.56667 

 

Figure 5.88 illustrates the results from using sensitivities in Table 5.17. The expected 

magnitude |Va,exp| is succeeded by all scenarios. Using Svir,0, Svir,1, and Svir,2 yields final 

magnitude |Va,fin| at around 1.01 pu. Table 5.18 shows maximum loading among three phases 

of the cables in Cluster 1 in this voltage magnitude regulation. The loading changes from the 

initial condition as a result of the new sequence current setpoints of each corresponding bus. 
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Figure 5.88: Regulating voltage magnitude using Svir 

* Using only bus 105; ** Coordination of buses 103, 104, and 105 

 

Table 5.18: Maximum line loading in magnitude regulation using Svir,0, Svir,1, and Svir,2 

*fbus : From bus, tbus: To bus 

Cable 

(fbus – 

tbus*) 

Initial 

loading  

[%] 

Final loading [%] 

Using Svir,0 Using Svir,1 Using Svir,2 

Single 

bus 

Coordinated 

buses 

Single 

bus 

Coordinated 

buses 

Single 

bus 

Coordinated 

buses 

101-102 8.853 7.426 6.928 8.083 8.062 8.027 8.847 

102-103 18.297 15.876 15.308 18.374 18.348 18.294 18.345 

103-104 17.616 12.854 13.850 17.688 17.670 17.568 17.647 

104-105 7.102 7.891 7.307 2.008 5.260 11.495 8.394 

 

Using the sensitivities Svii,0, Svii,1, and Svii,2 for adjusting the imaginary component IIm of a 

sequence current is subsequently examined. Table 5.19 shows the sensitivity values of Svii,0, 

Svii,1, and Svii,2, and the required current ΔIIm. With these sensitivities, the current ΔIIm is the 

amount of the imaginary-component current required to achieve the required magnitude Δ|Va|. 

It is then added to the existing current IIm at the controlled bus(es). Lastly, the allocation of the 

magnitude Δ|Va| in each scenario is the same as previously provided in Table 5.17. 
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Table 5.19: Use of Svii,0, Svii,1, and Svii,2 for voltage magnitude regulation 

Scenario Controlled 

bus 

Target  

magnitude Δ|V| 

[pu] 

Sensitvity 

type 

 

Sensitivity 

value 

[pu/A] 

Required  

current ΔIIm 

[A] 

Single bus 105 -0.005 

Svii,0 0.000054 -92.59259 

Svii,1 0.000071 -70.42254 

Svii,2 0.000072 -69.44444 

Coordinated 

buses 

103 -0.00167 

Svii,0 0.000082 -20.36585 

Svii,1 0.000078 -21.41026 

Svii,2 0.000078 -21.41026 

104 -0.00167 

Svii,0 0.000073 -22.87671 

Svii,1 0.000076 -21.97368 

Svii,2 0.000076 -21.97368 

105 -0.00167 

Svii,0 0.000054 -30.92592 

Svii,1 0.000071 -23.52113 

Svii,2 0.000072 -23.19444 

 

Figure 5.89 illustrates the results from using sensitivities Svii,0, Svii,1, and Svii,2. Accurate 

final magnitude |Va,fin| is produced by almost all sensitivities. Except only the use of Svii,0 of 

the sole bus 105, the magnitude |Va,fin| is 1.0067 pu that is too low from the expected 

magnitude |Va,exp|. However, the magnitude |Va,fin| from this sensitivity Svii,0 is improved to 

1.0092 pu when the coordinated buses take place, where the required current to achieve the 

target magnitude is shared among buses 103 to 105. This means that higher sensitivity value 

or low required current is more preferable to lower sensitivity values or higher required 

currents. Table 5.20 shows maximum loading among three phases of the cables in Cluster 1 in 

this voltage magnitude regulation. The loading noticeably increases from the initial condition, 

since the sensitivities Svii,0, Svii,1, and Svii,2 are small, thus having low impact on voltage 

magnitude. The required current ΔIIm for the new setpoint of each corresponding bus is 

apparently large, as also provided in Table 5.19. 
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Figure 5.89: Regulating voltage magnitude using Svii 

* Using only bus 105; ** Coordination of buses 103, 104, and 105 

Table 5.20: Maximum line loading in magnitude regulation using Svii,0, Svii,1, and Svii,2 

Cable 

(fbus – 

tbus) 

Initial 

loading  

[%] 

Final loading [%] 

Using Svii,0 Using Svii,1 Using Svii,2 

Single 

bus 

Coordinated 

buses 

Single 

bus 

Coordinated 

buses 

Single 

bus 

Coordinated 

buses 

101-102 8.853 81.600 64.422 23.069 22.142 23.019 22.143 

102-103 18.297 108.902 88.885 30.980 30.133 30.927 30.135 

103-104 17.616 94.617 54.603 27.745 20.701 29.707 20.787 

104-105 7.102 94.191 29.900 26.302 11.519 28.652 13.928 

 

Regulating voltage magnitude based on the sensitivity values in the unbalanced grid condition 

is successfully demonstrated in Figure 5.88 and Figure 5.89. The magnitude regulation 

evidently can be accurately executed by either a single bus or coordinated buses. However, in 

the case that using a single bus requires a high sequence current, using coordinated buses is 

preferable. Basically, the expected magnitude |Va,exp| can be achieved in all scenarios in both 

balanced and unbalanced grid conditions. In the next section, the experiment of using the 

sensitivity values in a voltage angle regulation is then discussed. The same scenarios as used 

in this section are still taken into account. As the voltage magnitude regulation based on the 

sensitivity values is succeeded, an accurate regulation of the voltage angle is expected. 
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5.3.2 Experiment on Sensitivity Value in Voltage Angle Regulation 

The proposed voltage sensitivity analysis method also produces voltage angle sensitivity 

values. Hence, this section is devoted to an experiment on a voltage angle regulation based on 

the outcome from angle sensitivities. This experiment is conducted using simulations. To 

regulate the angle, the sensitivity values are set as the reference of current or power output at 

their corresponding active buses. 

The cluster-based low voltage grid with four cluster areas from Section 5.3.1 is also used 

here. In this experiment, bus 105 in Cluster 2 is defined as the target for the regulation. The 

target angle in this context is the angle of phase a for both balanced and unbalanced 

conditions. First, the results of a voltage angle regulation are delineated in the balanced grid 

condition, including the response of the entire grid. Afterwards, the results of the angle 

regulation in the unbalanced condition are discussed. Adopted from Section 5.3.1, the angle 

regulation is examined in a single bus and coordinated buses scenarios. 

For the experimental purpose, the voltage angle δa at phase a of bus 105 is intentionally set to 

deviate for +0.3˚ (deg), called deviated angle Δδa thereafter. In the simulation, the initial 

angle δa,ini. at bus 105 is -147.86˚. The expected angle δa,exp therefore is 147.56º. The voltage 

angle information of the target bus is summarised in Table 5.21. 

Table 5.21: Voltage angle information of the target bus in a balanced grid simulation 

Target bus Initial angle δa,ini 

[deg] 

Expected angle δa,exp 

[deg] 

Deviated angle Δδa 

[deg] 

105 -147.86 -147.56 +0.30 

 

According to the proposed analysis method, the sensitivities Sphip and Sphiq are provided for 

regulating the voltage angle in relation to active and reactive powers. To begin with, adjusting 

active power P to regulate phase angle δa of the target bus is simulated. Thus, the sensitivity 

Sphip is used. Table 5.22 provides the sensitivity values of Sphip and the required active 

power ΔP, which is the amount of active power that must be added to the existing power P at 

the controlled bus(es) to achieve the angle Δδa. The power ΔP is determined only for bus 105 

to handle the angle Δδa at +0.3º in the single bus scenario. Then, the power ΔP in the 

coordinated buses scenario is determined for bus 103 to bus 105, each of which is to equally 

handle +0.1º of the angle Δδa in order to achieve +0.3º in total.  

  



186 5. Verification of the Proposed Network Model and Voltage Sensitivity Analysis Method 

  

Table 5.22: Use of Sphip for a voltage angle regulation 

Scenario 
Controlled 

bus 

Target angle 

Δδa  

[deg] 

Sensitivity  

value 

[deg/MW] 

Required 

power ΔP  

[MW] 

Single bus 105 +0.30 14.9632 0.0200 

Coordinated 

buses 

103 

+0.10 

12.2260 0.0082 

104 13.0527 0.0077 

105 14.9632 0.0067 

 

Figure 5.90 depicts the response of the voltage angle δa at phase a of bus 105 in relation to 

adjusting active power P. The final angle δa,fin, is -147.54º at bus 105 in both single and 

coordinated buses scenarios. This means that the expected angle δa,exp is achieved with only 

0.02º error. Similar to the case of voltage magnitude regulation, the rest of the buses are also 

affected by the required ΔP of the controlled buses, but the effect is comparatively smaller 

than that of bus 105, which is the target bus. 

 

Figure 5.90: Regulating the voltage angle using Sphip 

* Using only bus 105; ** Coordination of buses 103, 104, and 105 

In the next step, adjusting reactive power Q based on the sensitivity Sphiq to regulate phase 

angle δa of the target bus is simulated. The sensitivity values of Sphiq and the required 

reactive power ΔQ are listed in Table 5.23. The power ΔQ is the amount of reactive power 

that must be added to the existing power Q at the controlled bus(es) to achieve the angle Δδa. 
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The allocation of the angle Δδa in the single bus and coordinated buses scenarios is carried out 

in the same manner as the case of the sensitivity Sphip. 

Table 5.23: Use of Sphiq for a voltage angle regulation 

Scenario 
Controlled 

bus 

Target  

Δδa,exp 

[deg] 

Sensitivity  

value 

[deg/Mvar] 

Required  

ΔQ  

[Mvar] 

Single bus 105 +0.30 -15.8722 -0.0189 

Coordinated 

buses 

103 

+0.10 

-9.8925 -0.0101 

104 -11.7564 -0.0085 

105 -15.8722 -0.0063 

 

Figure 5.91 depicts the response of the angle δa at phase a of bus 105 in relation to adjusting 

the reactive power Q. Similar to the simulation in the case of the sensitivity Sphip, the 

expected angle δa,exp is achieved with only 0.03º error, as the final angle δa,fin, at bus 105 is  

-147.53º in both single and coordinated buses scenarios. Also, the rest of the buses are slightly 

affected. 

 

Figure 5.91: Regulating the voltage angle using Sphiq 

* Using only bus 105; ** Coordination of buses 103, 104, and 105 
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Regulation of the voltage angle based on the sensitivity values in the balanced grid condition 

is shown in Figure 5.90 and Figure 5.91 for Sphip and Sphiq, respectively. The angle 

regulation can be performed by either a single bus or coordinated buses. As a result, the 

expected angle δa,exp can be achieved in all scenarios. Table 5.24 shows maximum loading of 

the cables in Cluster 1 in this voltage angle regulation. New loadings in the case of Sphip and 

Sphiq change in different direction from the initial condition because the sensitivities Sphip 

and Sphiq have an opposite sign or impact on the voltage angle. The required power P and Q 

for the new setpoints of each corresponding bus are provided in Table 5.22 and Table 5.23. 

Table 5.24: Maximum line loading in angle regulation using Sphip and Sphiq  

Cable 

(fbus – tbus) 

Initial loading  

[%] 

Final loading [%] 

Using Sphip Using Sphiq 

Single bus Coordinated 

buses 

Single bus Coordinated 

buses 

101-102 97.760 103.956 104.827 94.905 94.033 

102-103 86.517 93.727 94.746 83.036 82.004 

103-104 63.110 70.430 68.288 59.676 60.453 

104-105 34.348 41.762 36.682 30.979 33.172 

 

The experiment in the unbalanced condition is also executed on the cluster-based grid using 

the same procedure. The same expected angle δa,exp is also applied. Thus, the deviated phase 

angle Δδa is still +0.3˚. For convenience, the voltage angle information of the target bus is 

summarised in Table 5.25. As an example, regulating the angle δa at phase a of bus 105 is 

investigated.  

Table 5.25: Voltage angle information of the target bus in an unbalanced grid simulation 

Target bus Initial angle δa,ini 

[deg] 

Expected angle δa,exp 

[deg] 

Deviated angle Δδa 

[deg] 

105 -149.85 -149.55 +0.30 

 

For the unbalanced grid condition, the proposed analysis method produces the sensitivity of 

the voltage angle in relation to real and imaginary components of a sequence current. Defined 

that the zero, positive, and negative sequences are respectively denoted by 0, 1, and 2, the 

sensitivities Sphiir,0, Sphiir,1, and Sphiir,2 are used for adjusting the real component IRe of a 

sequence current, and the sensitivities Sphiii,0, Sphiii,1, and Sphiii,2 are used for adjusting the 

imaginary component IIm of a sequence current.  
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In the following, the results from adjusting the current IRe in the simulation are presented first. 

The sensitivity values of Sphiir,0, Sphiir,1, and Sphiir,2 and the required real-component 

currents ΔIRe are summarised in Table 5.26. The current ΔIRe is the amount of current that 

must be added to the existing current IRe at the controlled bus(es) to acquire the required 

angle Δδa. In the single bus scenario, the current ΔIRe is determined only for bus 105 to deal 

with the whole angle Δδa at +0.30º. In the coordinated buses scenario, the expected angle 

δa,exp at bus 105 is still +0.30º, but the angle Δδa is equally divided and assigned to each 

controlled bus. The angle Δδa of +0.10º is therefore allocated to bus 103 to bus 105. Besides, 

it must be noted that only the final angles in Cluster 2 are shown, as the response of the whole 

grid is shown in the simulation of the balanced grid condition. 

 

Table 5.26: Use of Sphiir,0, Sphiir,1, and Sphiir,2 for a voltage angle regulation 

Scenario Controlled 

bus 

Deviated  

angle Δδa 

[deg] 

Sensitvity 

type 

 

Sensitivity 

value 

[deg/A] 

Required  

current ΔIRe 

[A] 

Single bus 105 +0.30 

Sphiir,0 -0.00301 -99.66777 

Sphiir,1 -0.00401 -74.81297 

Sphiir,2 -0.00402 -74.62686 

Coordinated 

buses 

103 +0.10 

Sphiir,0 -0.00462 -21.64502 

Sphiir,1 -0.00441 -22.67574 

Sphiir,2 -0.00440 -22.72727 

104 +0.10 

Sphiir,0 -0.00412 -24.27184 

Sphiir,1 -0.00428 -23.36448 

Sphiir,2 -0.00427 -23.41920 

105 +0.10 

Sphiir,0 -0.00301 -33.22259 

Sphiir,1 -0.00401 -24.93766 

Sphiir,2 -0.00402 -24.87562 

 

Figure 5.92 portrays the results from using sensitivities Sphiir,0, Sphiir,1, and Sphiir,2. The 

expected angle δa,exp is achieved in almost all scenarios, except only the case of the sensitivity 

Sphiir,0. The final angle δa,fin resulting from Sphiir,0 is -149.67˚ instead of -149.55˚ in the 

single bus scenario. Nevertheless, the final angle δa,fin from the sensitivity Sphiir,0 is 

improved to -149.60˚ in the coordinated buses scenario, where the required real-component 
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zero sequence current is shared among buses 103 to 105. This means that, according to the 

results, higher sensitivity value or low required current is more preferable to lower sensitivity 

values or higher required current. Table 5.27 shows maximum loading among three phases of 

the cables in Cluster 1 in this voltage angle regulation. The loading noticeably increases from 

the initial condition, since the sensitivities Sphiir,0, Sphiir,1, and Sphiir,2 are small, therefore 

having low impact on the voltage angle. The required current ΔIRe for the new setpoints of 

each corresponding bus is large, as provided in Table 5.26. 

 

Figure 5.92: Regulating the voltage angle using Sphiir 

* Using only bus 105; ** Coordination of buses 103, 104, and 105 

Table 5.27: Maximum line loading in angle regulation using Sphiir,0, Sphiir,1, and Sphiir,2 

Cable 

(fbus – 

tbus) 

Initial 

loading  

[%] 

Final loading [%] 

Using Sphiir,0 Using Sphiir,1 Using Sphiir,2 

Single 

bus 

Coordinated 

buses 

Single 

bus 

Coordinated 

buses 

Single 

bus 

Coordinated 

buses 

101-102 8.853 90.761 73.199 28.654 28.087 28.619 28.090 

102-103 18.297 112.401 92.212 40.421 39.763 40.382 39.766 

103-104 17.616 113.255 71.832 36.204 28.309 36.163 28.300 

104-105 7.102 98.169 32.783 30.077 14.822 28.599 13.303 
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Subsequently, using the sensitivities Sphiii,0, Sphiii,1, and Sphiii,2 for adjusting the 

imaginary component IIm of a sequence current is analysed. The sensitivity values of Sphiii,0, 

Sphiii,1, and Sphiii,2 and the required current ΔIIm are provided in Table 5.28, in which the 

allocation of the angle Δδa in each scenario is the same as stated in the case of Sphiir,0, 

Sphiir,1, and Sphiir,2. The current ΔIIm is the amount of the imaginary-component current 

required to achieve the required angle Δδa, which is expected to be added to the existing 

current IIm at the controlled bus(es).  

In contrast to the adjusting real-component current ΔIRe, the case of using sensitivities 

Sphiii,0, Sphiii,1, Sphiii,2 enables a quite stable final angle δa,fin at -149.53º and -149.54º, as 

portrayed in Figure 5.93. Owing to the results presented in this section, regulating the voltage 

angle based on the sensitivity values in the unbalanced grid condition clearly yields an 

accurate outcome. The angle regulation can be executed by either a single bus or coordinated 

buses. Lastly, it must be noted that if using a single bus requires a high sequence current, 

using multiple buses is preferable. Table 5.29 shows maximum loading among three phases of 

the cables in Cluster 1 in this voltage angle regulation. The loading changes from the initial 

condition as a result of the new sequence current setpoints of each corresponding bus. 

Table 5.28: Use of Sphiii,0, Sphiii,1, and Sphiii,2 for a voltage angle regulation 

Scenario Controlled 

bus 

Deviated  

angle Δδa 

[deg] 

Sensitvity 

type 

Sensitivity 

value 

[deg/A] 

Required  

current ΔIRe 

[A] 

Single bus 105 +0.30 

Sphiii,0 -0.05606 -5.35140 

Sphiii,1 -0.01702 -17.62632 

Sphiii,2 -0.01701 -17.63668 

Coordinated 

buses 

103 +0.10 

Sphiii,0 -0.03407 -2.93513 

Sphiii,1 -0.01148 -8.71080 

Sphiii,2 -0.01148 -8.71080 

104 +0.10 

Sphiii,0 -0.04096 -2.44141 

Sphiii,1 -0.01321 -7.57002 

Sphiii,2 -0.01322 -7.56430 

105 +0.10 

Sphiii,0 -0.05606 -1.78380 

Sphiii,1 -0.01702 -5.87544 

Sphiii,2 -0.01701 -5.87889 
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Figure 5.93: Adjusting the voltage angle using Sphiii 

* Using only bus 105; ** Coordination of buses 103, 104, and 105 

Table 5.29: Maximum line loading in angle regulation using Sphiii,0, Sphiii,1, and Sphiii,2 

Cable 

(fbus – 

tbus) 

Initial 

loading  

[%] 

Final loading [%] 

Using Sphiii,0 Using Sphiii,1 Using Sphiii,2 

Single 

bus 

Coordinated 

buses 

Single 

bus 

Coordinated 

buses 

Single 

bus 

Coordinated 

buses 

101-102 8.853 9.056 9.190 10.371 11.111 10.371 11.110 

102-103 18.297 21.454 22.755 18.899 19.546 18.899 19.545 

103-104 17.616 16.846 16.859 17.654 17.657 17.579 17.596 

104-105 7.102 6.829 6.628 9.771 7.629 12.027 8.629 

 

In conclusion, the expected angle δa,exp can be achieved in all scenarios in both balanced and 

unbalanced grid conditions, as shown in Figure 5.90 to Figure 5.93. Clearly, the angle 

regulation can be precisely performed in either case of a single bus or coordinated buses. 

Nevertheless, using multiple buses is preferable in the case that using a single bus requires a 

high sequence current. 
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5.4 Summary 

The proposed network model, or bus impedance parameters, and the method for voltage 

sensitivity analysis are successfully verified in this chapter through simulations in three case 

studies: entire grid, cluster-based grid, and applications of voltage sensitivity analysis. To 

examine the flexibility of the proposed method, three grids with different grid topological 

types and voltage levels are employed in the simulations. Case Studies 1 and 2 are developed 

to verify the accuracy and usability of the proposed network model and analysis method, 

while Case Study 3 is aimed to demonstrate some applications of the proposed voltage 

sensitivity analysis.  

In Case Study 1, a modified IEEE 37-bus test feeder and an exemplified mesh grid are used. 

Both of them are defined to reside in the medium-voltage level. This case study is targeted for 

the use of the proposed method in the entire grid case. The bus impedance parameters and the 

proposed analysis method are therefore examined on the entire power grid structure. For each 

grid in the case studies, the matrix of bus impedance parameters is compared with the bus 

impedance matrix, i.e. the reference, which is manually calculated from the information of 

grid topology. Then, the bus impedance parameters are further used in the proposed analysis 

method. The sensitivity values resulted from the proposed analysis method are compared with 

the sensitivity values, or reference values, calculated by the classical method in DIgSILENT 

PowerFactory. The accuracy of the bus impedance parameters and the outcome from 

proposed analysis method is observed from the percent differences between them and their 

reference. The percent differences are then portrayed in the form of histograms to examine the 

overall characteristics. The examination of the results shows that the proposed model and the 

proposed method are accurate. The mean of the percent differences is close to zero for any 

type of the analysis. In the case of the proposed analysis method, moreover, the characteristics 

of the histograms or the distribution of the overall results from the proposed method is based 

on two factors: the variation of the sensitivity values from each analysis and the phase angle 

of the voltage vectors. From the experiments, these factors together can impact the height and 

the alignment of the distribution of the analysis results among different phases when the 

results are compared with their reference. However, importantly, the accuracy of the 

sensitivity analysis is still ensured, as the dispersion of the histograms is small, and their mean 

is close to zero. Finally, the impact of measurement errors based on the TVE is analysed from 

0% to 1% TVE. As a result, the proposed method can still provide accurate analysis. The TVE 

higher than 1% is not examined in this thesis, as 1% TVE is the maximum permissible error 

for PMU measurement defined in IEC/IEEE 60255-118-1 standard [108].  

In Case Study 2, a radial low voltage grid adapted from a real power grid is used. It is 

defined as a cluster-based grid consisting of four cluster areas based on the CPSA. This case 

study is targeted for the use of the proposed method in the cluster-based grid case, in which 

the decoupled voltage sensitivity analysis is required to be performed. Percent differences 
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between the calculated values and their reference are plotted in the form of histograms to 

examine both the bus impedance parameters and the proposed analysis method. The plots of 

the histograms show that high accuracy of the results can be obtained, since the dispersion is 

small and the mean values close to zero. Especially when the mean of absolute percent 

differences is considered, the accuracy of the proposed method is mostly improved in the 

cluster-based grid. In addition, the histograms of the outcome from the proposed method in 

the case of the entire grid is compared to that of each cluster area in the cluster-based grid. As 

a result, the characteristics of the histograms is similar in both grid cases. The slight deviation 

between the histograms from each grid case can be caused by the numerical error during the 

impedance matrix modification to update the impact of the interconnected cluster areas in the 

decoupled analysis. Finally, the impact of measurement errors is also analysed in the range of 

0% to 1% TVE, and the proposed method still provides accurate analysis for the inputs 

containing errors. This case study not only verifies the proposed network model and the 

analysis method for decoupled analysis, but also showcases an advantage of using the CPSA 

on the power grid.  

In Case Study 3, voltage magnitude and angle regulations based on sensitivity values are 

presented. The cluster-based grid from Case Study 2 is used for the simulation in this case 

study. The expected magnitude and angle are defined to represent various circumstances. The 

sensitivity values are used to calculate new setpoints for the relevant controlled buses. 

Thereby, required sequence currents are determined for an unbalanced grid condition, and 

required active or reactive powers are determined for a balanced grid condition. The results 

show that sensitivity values allow accurate regulation of voltage magnitude and angle. The 

sensitivity values can be used for the case of single bus and coordinated buses in order to 

regulate the voltage profile. This case study thus verifies the further utilisation of the outcome 

from the proposed analysis method in the aspect of voltage magnitude and angle regulations.  

To conclude, the proposed network model and analysis method allow decoupled voltage 

sensitivity analysis, which contributes an option for decentralised grid operations to the 

CPSA. They are flexible and scalable for different grid structures and grid voltage levels. The 

proposed analysis method, together with the proposed network model, requires only 

measurement data of bus voltages and currents to perform voltage sensitivity analysis. Since 

complete grid topology is not required like in the classical method, light-weight algorithm for 

future monitoring and control of smart grids is acquired. 
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6. Conclusion and Recommendations on Future Work 

To cope with the challenges of grid modernisation, in which bidirectional energy supply 

structure is emerged while grid reliability, efficiency, and stability must be met, the concept of 

smart grids is introduced. A clustering power systems approach (CPSA) is presented as a 

solution to smart grids by the research group from the Laboratory of Power Systems and 

Power Economics, South Westphalia University of Applied Sciences, Soest, Germany. 

Therefore, the CPSA is used as the foundation of this thesis to facilitate decentralisation of 

grid operations and control. The key idea of the CPSA is to define grid elements on the 

underlying power grid into several areas, named as cluster areas. The aim of this approach is 

to enable distributed active-controlled areas in the entire power systems, and to coexist grid 

operations between the transmission and distribution systems.  

In this thesis, an impedance model and a proposed method of decoupled voltage sensitivity 

analysis are proposed, to enhance online decentralised grid operations and an interaction 

strategy between distributed areas under the CPSA. The proposed model and method were 

developed in conjunction with the CPSA to further improve the philosophy of clustering 

power systems and leverage its benefits. The key points of this thesis are concluded in this 

chapter. In the following sections, the conclusion of this thesis is drawn and a 

recommendation on future work is subsequently given. 

6.1 Conclusion 

The primary aim of this thesis is to propose a method of decoupled steady-state voltage 

sensitivity analysis by using only measurement data, which are voltage and current phasors 

obtained from PMU in this context. The method is focused on the distribution level, which is 

critical for the realisation of the smart grids. Together with the CPSA, the key contribution of 

this thesis is a flexible, modular, and scalable voltage sensitivity analysis method that enables 

decoupled analysis in each individual distributed area, i.e. a cluster area. To perform the 

sensitivity analysis, determining the impedance network model and executing the proposed 

method are conducted as a sequential process. Initially, the impedance model, known as a bus 

impedance parameters matrix [Zpar], is determined by using measured data. Then, the 

sensitivity analysis is performed in conjunction with the bus impedance parameters to 

generate voltage magnitude and angle sensitivity values. To summarise this thesis, the 

conclusion is divided into three main aspects: the impedance network model, the proposed 

voltage sensitivity analysis method, and the application of the sensitivity values. The three 

aspects are discussed in detail as follows. 
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First, the bus impedance parameter matrix [Zpar] describes the voltage-current characteristics 

between buses or terminals. The principle of the matrix [Zpar] is based on the theory of the bus 

impedance matrix [Zbus]. The difference between the matrices [Zpar] and [Zbus] is that the 

matrix [Zpar] only consists of bus impedances of the buses of concern in the power grid or a 

cluster area. The matrix [Zbus], in contrast, contains bus impedances of all buses. For this 

reason, for the same power grid, the matrix [Zpar] is comparable to the smaller version of the 

matrix [Zbus] when the elements of unconcerned buses in the matrix [Zbus] are eliminated. To 

cope with both balanced and unbalanced grid conditions, bus impedances of the matrix [Zpar] 

are described in the sequence systems, which are zero, positive, and negative sequences. In 

addition, to determine the matrix [Zbus] of a cluster area, the influence of a cluster area is 

represented by the Thévenin impedance ZTh at the decoupling bus looking into that area. The 

Thévenin impedance ZTh represents the influence of each cluster area.  

Second, using only measurement data is still the primary requirement of the sensitivity 

analysis. The method for voltage sensitivity analysis is derived from a devised mathematical 

description of bus voltage. The proposed method uses measured voltage phasors, together 

with the corresponding bus impedance parameters to perform the sensitivity analysis of the 

concerned buses. As a result, only measurement data are needed throughout the process, from 

determining the impedance model to performing the sensitivity analysis. The proposed 

method is available for both balanced and unbalanced grid conditions to analyse voltage 

magnitude and angle sensitivities. For an unbalanced condition, voltage magnitude and angle 

sensitivities in relation to the real and imaginary components of a sequence current are 

obtained. Thus, the impact of the currents in each sequence can be studied and further used. 

For a balanced grid condition, voltage magnitude and angle sensitivities in relation to active 

and reactive powers can be obtained. The impact of active and reactive powers flowing 

through each bus is therefore observed.  

The verification of the proposed network model and the proposed voltage sensitivity analysis 

method is conducted through simulations in 3 case studies. The first case study is to examine 

the proposed model and analysis method in the entire grid case, which is common for the 

power system study. The second case study is to examine the proposed model and analysis 

method in a cluster-based grid, which is based on the CPSA. In this case study, the key 

features of the proposed model and analysis method are discussed, as they allow decoupled 

analysis. The third case study showcases the application of the outcome from the sensitivity 

analysis to facilitate the voltage profile regulation from the DG units.  

In the verification, the matrix [Zpar] is first predetermined in each cluster area by using only 

local measured voltage and current phasors. Afterwards, the predetermined matrix [Zpar] can 

be updated by including the impedance ZTh of the neighbouring cluster areas. Once this 

integration process is accomplished, the matrix [Zpar] of each cluster area is ready to be 

further utilised. Subsequently, the correctness of the calculated [Zpar] is verified by comparing 
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it with the reduced matrix [Zbus], which is computed from grid topology information. Kron’s 

reduction technique is used to reduce the size of the matrix [Zbus] to the size of [Zpar] for 

comparison purposes. For the case of the cluster-based grid, the matrix [Zpar] of each cluster 

area is a submatrix of the full matrix of the power grid. Next, the verification of the proposed 

method is the continuous process from the verification of the impedance model. The proposed 

method can perform steady-state voltage sensitivity analysis in either the entire grid case or 

the cluster-based grid case, which represents a decentralised operation. The sensitivity values 

resulted from the proposed analysis method are compared with their references, which are 

sensitivity values calculated by the classical method in DIgSILENT PowerFactory.  

As a result, the first and second case studies demonstrate that only the measured bus voltages 

and currents are required to determine the proposed network model and to execute the 

proposed analysis method. As the verification in this thesis seeks to confirm the theory of the 

proposed method, the measurement data are assumed to be ideal in the simulation, hence 

containing no noise and possible errors. The proposed model and analysis method are 

applicable for different grid topologies and grid voltage levels, proving its flexibility, 

modularity, and scalability characteristics. With these characteristics, the proposed model and 

analysis method are suitable for smart grid operations, especially in the distribution level 

where more DG units will reside in the future. The proposed method yields accurate outcome 

from the steady-state voltage sensitivity analysis in either the entire grid case or cluster-based 

grid case, which represents decentralised operation. Thus, the accuracy of decoupled voltage 

sensitivity analysis is verified. Additionally, the proposed analysis method is investigated 

with the consideration of measurement error based on TVE. The verification demonstrates 

that the method can cope with a measurement error of 0% to 1% TVE. The maximum of 1% 

TVE is added to the measurement error, because it is the maximum permissible measurement 

error of PMU.  

After the accuracy is verified, the application of voltage sensitivity analysis is afterwards 

examined in the third case study. Regulation of the voltage magnitude and angle by using the 

outcome of the sensitivity analysis is demonstrated. Thereby, the expected magnitude and 

angle are defined to imitate miscellaneous circumstances. For regulating the voltage 

magnitude or angle, the resulted sensitivity values are used to compute the required sequence 

currents in the unbalanced grid condition and required active or reactive powers in the 

balanced grid condition. Hence, current or power setpoints for the specific controlled buses 

can be assigned. The results from voltage regulation illustrate that the resulted sensitivity 

values allow accurate regulation of voltage magnitude and angle. In practice, controllable 

loads and generators are the potential entities that can utilise the computed setpoints. Hence, 

the proposed method is considered as a promising way to actively support voltage profile 

regulation by means of power dispatch management and control of the pervasive distributed 

generation.  
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Finally, according to the proposed method, using only measurement data to determine the bus 

impedance parameters and to the voltage sensitivity analysis allows a light-weight algorithm, 

since the complete grid topology is not required. For the implementation of the proposed 

method, up-to-date measurement data are preferable as they reflect the latest grid status. 

Hence, this enhances simple distributed grid monitoring and control, and makes the proposed 

network model and voltage sensitivity analysis method more preferable to the classical 

method for future smart grids.  

6.2 Recommendations on Future Work 

The proposed method presented in this thesis can be regarded as a theoretical development of 

decoupled voltage sensitivity analysis, based on the CPSA. For practical implementation in 

the future, the proposed method still needs further research, which is listed in this section as 

follows: 

• Consideration of other potential measurement errors. Apart from the TVE, the 

measurement data contain other types of errors such as random noise. The errors 

should be further investigated, since bad data affect accuracy. This includes the use of 

estimated data from state estimation in the sensitivity analysis. 

• Use of practical real-time measurement data from PMU. The utilisation of PMU and 

its measurement quality requires extensive further research to ensure practical use of 

the measurement data, which may include real-time data collection. 

• Further research of the proposed method with a dynamic measurement. The proposed 

method is examined with static measurement data in this thesis. Thus, as a next step, 

the use of data from the dynamic measurement could also be researched in order to 

develop the proposed method for various operational situations. 

• Validation of the proposed method on practical power grids. The proposed method is 

verified by simulations in this thesis. In the future, it should be validated in the 

physical environment. 

• Experiments of the sensitivity results in other applications. The experiments 

conducted in this thesis demonstrate the utilisation of the sensitivity values to define 

the current or power output at certain controlled buses for regulating voltage profile. 

In future research, experiments could also be conducted to examine the utilisation of 

the sensitivity values with other operational applications. For instance, an optimisation 

for scheduling can adopt the sensitivity values to support criteria or constraints, or the 

control algorithm of inverters could consider the sensitivity values in the 

determination of the reference parameters. 
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Appendix A: Histogram and Mean Values 

This appendix provides an explanation of the results illustration and the terms of mean used in 

in Chapter 5 of this thesis. First, the illustration of the results in the form of histogram is 

explained. How the histogram is used is delineated. Afterwards, the terms of average or mean 

of result differences and mean of absolute result differences are declared. 

A.1 Histogram 

Numerical data distribution can be accurately illustrated by a histogram, representing an 

approximation of the probability distribution for a continuous variable. Further detail about 

the histogram can be found in literature such as [A1]. In this thesis, the histogram is used in 

the verification of the proposed model and voltage sensitivity analysis method. It illustrates 

the number of result differences in comparison between the results from the proposed method 

and the results from a commercial software. To clarify how the histogram is used, Figure A.1 

present an example of a histogram. The total amount of data in this example is 625. 

 

Figure A.1: An example of a histogram 

Y axis presents the number of data, also called as frequency, falling in the range shown in X 

axis. For example, based on Figure A.1, the frequency or the number of data falling in the 

range between -0.05 to 0 is 100, which is the highest frequency in this chart. In addition, for 

an analysis purpose, only the frequency itself cannot tell the meaningful proportion of the 

plotted data. Thus, the histogram can also be shown in the form of relative frequency 



234 Appendix A 

  

 𝑅𝑒𝑙𝑎𝑡𝑖𝑣𝑒 𝐹𝑟𝑒𝑞𝑢𝑒𝑛𝑐𝑦 =  
𝐹𝑟𝑒𝑞𝑢𝑒𝑛𝑐𝑦

𝑇𝑜𝑡𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑑𝑎𝑡𝑎
  (A.1) 

which can be interpreted as probabilities as well [A1]. Based on Figure A.1, Figure A.2 

displays the histogram whose Y axis is now in relative frequency, determined by Eq. (A.1). 

The highest frequency, which is 100, represents 16% of total data. That is to say, 16% of total 

data is in the range of -0.05 to 0. 

 

Figure A.2: An example of a histogram in relative frequency 

A2. Mean Values 

In the results evaluation of this thesis in Chapter 5, two kinds of average or mean are 

employed: The first one is mean of differences of results and the second one is mean of 

absolute differences of results to observe the differences in the term of its magnitude. To 

make it clear, the term of result differences is clarified to begin with. A result difference 

 ∆𝑥𝑖ℎ =
𝑥𝑟𝑒𝑓,𝑖ℎ−𝑥𝑖ℎ

𝑥𝑟𝑒𝑓,𝑖ℎ
× 100% (A.2) 

is referred to the percent difference between a calculated result xih and its reference xref,ih. The 

subscripts i and h of the result difference Δxih indicate bus i and bus h in an n-bus grid, where 

i, h ϵ {1, 2, …, n}. Then, based on Eq. (A.2), the mean of result differences 

 𝜇 =
1

𝑁
∑ ∑ ∆𝑥𝑖ℎ

𝑛
ℎ=1

𝑛
𝑖=1  (A.3) 
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can be computed, where N is the total number of results (n×n). Figure A.3 displays the mean 

of result differences (a blue dash line) based on the histogram from Figure A.2. 

 

Figure A.3: Illustration of the mean of result differences 

Next, the mean of absolute result differences is introduced. The arithmetic mean shown in 

Figure A.3 is not applicable for some verification scenarios. Comparison of result differences 

from different sampled results such as different sensitivity types or sequence systems is not 

suitable, since the positive and negative differences cancelled each other out. The overall size 

of result differences cannot be observed in positive. The mean of absolute result differences is 

hence used to compare the means, representing the quality of the proposed method from 

different samples. Based on the same expression as Eq, (A.2), the term of absolute result 

differences is clarified. An absolute result difference 

 |∆𝑥𝑖ℎ| = |
𝑥𝑟𝑒𝑓,𝑖ℎ−𝑥𝑖ℎ

𝑥𝑟𝑒𝑓,𝑖ℎ
| × 100% (A.4) 

is referred to an absolute difference between a calculated results xih and its reference xref,ih. 

As well, the subscripts i and h of the absolute percent difference |Δxih| indicate bus i and bus h 

in an n-bus grid, where i, h ϵ {1, 2, …, n}. Accordingly, considering Eq. (A.4), the mean of 

absolute differences  

 |𝜇| =
1

𝑁
∑ ∑ |∆𝑥𝑖ℎ|𝑛

ℎ=1
𝑛
𝑖=1  (A.5) 

can be calculated, where N is the total number of results (n×n). If the same data set as 

Figure A.2 is used, all the values on the negative side will be on the positive side. Figure A.4 
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illustrates the mean of absolute result differences (a blue dash line) on the same data set as 

Figure A.2.  

 

Figure A.4: Illustration of the mean of absolute result differences 

To conclude, the difference between the mean of differences of results and the mean of 

absolute differences of results has been clarified and also illustrated in Figure A.3 and 

Figure A.4. The determination of these two mean types is shown in Eqs. (A.3) and (A.5). The 

next section shows the utilisation of the histogram and the mean values in this thesis. 

A.3 Verification Process 

This section provides the description of the verification process executed in Case Studies 1 

and 2 in Chapter 5. Figure A.5 shows the verification process for the impedance model. The 

matrix [Zbus] is initially computed from the topology data of the power grid. However, it 

contains bus impedances of all buses. The matrix [Zbus] has to be reduced by the modification 

method, discussed in Section 3.2.4 so that it is equal to the matrix [Zpar] in size for the 

verification. The corresponding elements are compared to observe the difference between the 

matrices [Zbus] and [Zpar] by Eqs. (A.2) and (A.4). To verify the proposed impedance model, 

xref,ih is the reference value from the matrix [Zbus], and xih is the calculated value from the 

matrix [Zpar] between bus i and bus h. From the analysis process of the corresponding 

elements of the matrices [Zpar] and [Zbus], the outcomes are shown in two aforementioned 

aspects: Mean of the absolute percent differences and charts of data distribution in various 

cases.  
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Mean absolute 

percent differences

(all i, h ϵ {1, 2,    n})

Histogram chart

(all i, h ϵ {1, 2,    n})

Reference bus 

impedances (xref) 

Bus impedance 

parameters (x) 

Bus impedance matrix

[Zbus] 

Reduce [Zbus] to 

the size of  [Zpar]  

 

Figure A.5: Analysis process for the proposed impedance model 

As a successive step, the results from PowerFactory are then regarded as reference values, 

since PowerFactory employs the classical method. Figure A.6 shows this verification process 

of the proposed voltage sensitivity analysis. To verify the proposed voltage sensitivity 

analysis, the outcomes from the proposed method are compared to observe their difference by 

using Eqs. (A.2) and (A.4). The comparison is based on the absolute percent difference |Δxih| 

and the percent difference Δxih of the sensitivity values between bus i and bus h in an n-bus 

grid, where i, h ϵ {1, 2, …, n}. Thus, xref,ih is the reference value from PowerFactory, and xih is 

the calculated value from the proposed method. Identical to the case of the impedance model, 

the outcomes are presented in two aforementioned aspects: Mean of the absolute percent 

differences and charts of data distribution in various cases. 

Mean absolute 

percent difference

(all i, h ϵ {1, 2,    n})

Histogram chart

(all i, h ϵ {1, 2,    n})

Reference sensitivity 

analysis results (xref) 

Sensitivity analysis 

results (x) 

 

Figure A.6: Analysis process for the results from the proposed method 

A.3 References for This Appendix 

[A1] E. Kreyszig, Advanced engineering mathematics, 9th ed. New Delhi: Wiley-India, 2013. 
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Appendix B: Additional Information of Modified IEEE 37-

Bus Test Feeder 

This appendix delivers the additional information, which is not covered in the main content 

for the modified IEEE 37-bus test feeder in Case Study 1. First, the configurations of this grid 

are provided. Then, active and reactive powers data used as the inputs in the simulations are 

shown. Finally, the additional results are demonstrated to complete the presented results of 

the verification in Chapter 5. 

B.1 Grid Configurations 

In Case Study 1, IEEE 37-Bus Test Feeder is modified for the simulation of the proposed 

voltage sensitivity analysis method in medium voltage grid at the nominal voltage of 10 kV 

and the frequency of 50 Hz. The topological information of this modified grid is provided in 

Table B.1. 

Table B.1: Grid connection information 

From bus To bus Length [km] Element Type 

799 701 - 25 MVA 20/10 kV 

701 702 0.2926 NA2XSY 3x240sm 6/10kV 

702 703 0.4023 NA2XSY 3x240sm 6/10kV 

702 705 0.1219 NA2XSY 3x185sm 6/10kV 

702 713 0.1097 NA2XSY 3x185sm 6/10kV 

703 727 0.0732 NA2XSY 3x185sm 6/10kV 

703 730 0.1829 NA2XSY 3x240sm 6/10kV 

704 714 0.0244 NA2XSY 3x185sm 6/10kV 

704 720 0.2438 NA2XSY 3x185sm 6/10kV 

705 742 0.0975 NA2XSY 3x185sm 6/10kV 

706 725 0.0853 NA2XSY 3x185sm 6/10kV 

707 722 0.0366 NA2XSY 3x185sm 6/10kV 

707 724 0.2316 NA2XSY 3x185sm 6/10kV 

708 709 0.0975 NA2XSY 3x185sm 6/10kV 

708 732 0.0975 NA2XSY 3x185sm 6/10kV 

708 733 0.0975 NA2XSY 3x185sm 6/10kV 

709 730 0.0610 NA2XSY 3x240sm 6/10kV 

709 731 0.1829 NA2XSY 3x185sm 6/10kV 

709 775 0.1000 NA2XSY 3x240sm 6/10kV 

710 735 0.0610 NA2XSY 3x185sm 6/10kV 

710 736 0.3901 NA2XSY 3x185sm 6/10kV 

713 704 0.1585 NA2XSY 3x185sm 6/10kV 

711 740 0.0610 NA2XSY 3x185sm 6/10kV 

711 741 0.1219 NA2XSY 3x185sm 6/10kV 
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712 705 0.0732 NA2XSY 3x185sm 6/10kV 

714 718 0.1585 NA2XSY 3x185sm 6/10kV 

720 706 0.2804 NA2XSY 3x185sm 6/10kV 

720 707 0.1829 NA2XSY 3x185sm 6/10kV 

727 744 0.0853 NA2XSY 3x185sm 6/10kV 

733 734 0.1707 NA2XSY 3x185sm 6/10kV 

734 710 0.1585 NA2XSY 3x185sm 6/10kV 

734 737 0.1951 NA2XSY 3x185sm 6/10kV 

737 738 0.1219 NA2XSY 3x185sm 6/10kV 

738 711 0.1219 NA2XSY 3x185sm 6/10kV 

744 728 0.0610 NA2XSY 3x185sm 6/10kV 

744 729 0.0853 NA2XSY 3x185sm 6/10kV 

 

The parameters of each element stated in Table B.1 are provided in Table B.2 to Table B.4. 

These parameters are set in PowerFactory for the simulations. The rest of parameters other 

than provided here are set by default from the standard library in PowerFactory. 

Table B.2: Parameters of 25 MVA 20/10 kV transformer 

Parameter Description Value Unit 

HV bus Bus on high voltage side 799 - 

LV bus  Bus on low voltage side 701 - 

Rated Power - 25 MVA 

Vector group - Yd5 - 

 

Table B.3: Parameters of NA2XSY 3x240sm 6/10kV cable 

Parameter Description Value Unit 

r 1, 2 sequence resistance per length 0.1266 Ohm/km 

x  1, 2 sequence reactance per length 0.0848 Ohm/km 

r0  Zero sequence resistance per length 0.5063 Ohm/km 

x0 Zero sequence reactance per length 0.3393 Ohm/km 

B 1, 2 sequence susceptance per length 157.0796 μS/km 

B0 Zero sequence susceptance per length 167.4469 μS/km 

 

Table B.4: Parameters of NA2XSY 3x185sm 6/10kV cable 

Parameter Description Value Unit 

r 1, 2 sequence resistance per length 0.1656 Ohm/km 

x  1, 2 sequence reactance per length 0.0880 Ohm/km 

r0  Zero sequence resistance per length 0.6625 Ohm/km 

x0 Zero sequence reactance per length 0.3519 Ohm/km 

B 1, 2 sequence susceptance per length 141.3717 μS/km 

B0 Zero sequence susceptance per length 150.1053 μS/km 
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B.2 Inputs for Simulations 

This section delivers the inputs used for the simulations in Case Study 1 for the modified 

IEEE 37-bus test feeder. There are 25 buses with 26 states, which represent different 

operational scenarios. First, Table B.5(a) to Table B.5(f) show the inputs for the unbalanced 

grid condition. Active and reactive powers in phase a, b, and c are represented by P1 and Q1; 

P2 and Q2; and P3 and Q3, respectively. The generation process of these inputs is shown in 

Appendix F.  

Table B.5(a): Inputs for the simulation of the modified IEEE 37-bus test feeder in unbalanced 

grid condition 

 

P1 [kW] Q1 [kvar] P2 [kW] Q2 [kvar] P3 [kW] Q3 [kvar] P1 [kW] Q1 [kvar] P2 [kW] Q2 [kvar] P3 [kW] Q3 [kvar]

1 114.48 46.25 -217.68 -86.28 238.16 94.94 120.90 60.21 120.05 40.63 -297.71 -133.85

2 109.00 57.28 301.44 115.57 -259.55 -128.27 332.93 136.91 -114.65 -42.34 120.45 43.41

3 -344.16 -184.65 287.04 174.34 -337.58 -202.11 80.66 38.33 142.38 60.46 -190.32 -80.05

4 -108.64 -42.62 284.56 107.34 235.18 142.26 -94.51 -33.40 -278.94 -166.74 -330.79 -194.74

5 -148.34 -70.79 -180.39 -92.26 -138.43 -61.10 349.55 179.57 177.22 88.73 134.05 49.95

6 -141.54 -73.93 -162.34 -75.70 -217.31 -127.86 180.25 104.07 -288.24 -178.59 110.54 66.59

7 -118.25 -52.52 89.68 55.28 236.68 114.73 -98.13 -37.33 120.32 52.03 -235.36 -145.78

8 -118.63 -67.42 305.55 122.16 -287.36 -129.35 -338.59 -195.17 192.40 77.55 162.75 87.55

9 126.53 52.68 100.50 49.08 -198.06 -110.81 89.17 33.70 301.38 108.19 -163.71 -84.04

10 174.14 95.74 157.75 83.77 233.15 79.71 168.37 64.23 277.77 145.81 -124.10 -67.46

11 -206.09 -114.69 -282.52 -134.89 -167.15 -68.66 -305.16 -149.13 -127.85 -60.32 -121.09 -53.43

12 166.01 79.35 113.95 45.17 171.23 88.28 -300.83 -121.35 175.42 77.19 124.81 68.71

13 -232.96 -91.38 -182.19 -79.33 157.37 85.20 124.14 47.27 -121.53 -69.61 220.73 73.64

14 -117.31 -59.35 -280.80 -109.69 -181.19 -65.87 -102.16 -52.35 -112.93 -37.73 106.78 46.35

15 142.59 63.83 273.94 95.78 -233.04 -120.29 -98.78 -46.15 -210.81 -130.49 140.95 61.43

16 -232.83 -133.19 151.51 68.84 -188.29 -116.09 104.09 49.90 100.34 56.98 103.66 41.31

17 214.73 94.20 -263.51 -132.05 -254.39 -148.67 -305.11 -165.32 -341.46 -168.44 -254.51 -153.08

18 -311.14 -168.20 218.12 90.28 -193.54 -86.34 122.24 43.49 -104.87 -49.09 -324.72 -180.25

19 -331.70 -110.28 -116.52 -64.33 -280.67 -131.81 248.54 127.13 -119.98 -66.25 -267.79 -128.94

20 348.90 173.87 -161.06 -82.50 108.75 60.09 -172.23 -61.97 -263.81 -87.18 -180.40 -67.51

21 166.27 87.41 266.67 106.79 146.03 74.94 136.44 66.71 193.91 96.83 204.15 67.29

22 319.02 146.74 299.11 126.10 -115.18 -66.07 -267.29 -136.26 -155.13 -93.88 -100.99 -45.72

23 282.75 104.15 -186.60 -81.36 -86.51 -35.20 256.72 109.43 -120.23 -51.35 -262.61 -161.15

24 327.42 128.13 262.67 136.95 321.38 127.72 244.48 93.51 343.43 191.16 190.41 68.75

25 -289.60 -124.87 -310.25 -177.55 -231.34 -113.46 201.60 114.75 123.80 66.83 151.70 60.56

26 290.36 96.04 130.55 65.33 252.28 150.66 300.09 112.23 -107.61 -59.37 131.28 63.26

P1 [kW] Q1 [kvar] P2 [kW] Q2 [kvar] P3 [kW] Q3 [kvar] P1 [kW] Q1 [kvar] P2 [kW] Q2 [kvar] P3 [kW] Q3 [kvar]

1 202.77 73.45 312.44 165.69 -306.68 -120.74 331.38 142.99 -231.92 -83.43 -278.84 -110.62

2 116.60 58.44 121.57 69.50 147.77 70.05 -294.36 -145.06 247.74 87.40 313.56 151.64

3 -96.71 -53.70 -129.31 -65.02 -103.93 -40.37 -127.64 -46.42 -168.51 -86.14 107.87 60.32

4 -202.05 -122.91 -104.42 -42.55 -194.10 -106.74 98.10 50.03 93.81 50.91 -151.39 -58.33

5 -226.22 -132.91 181.74 64.97 208.18 88.95 -301.64 -132.24 124.92 50.59 -174.20 -102.74

6 -155.89 -75.62 129.97 62.88 278.43 105.52 172.58 59.23 -347.15 -120.88 82.45 27.12

7 -135.90 -57.86 124.18 64.48 109.02 65.06 -141.82 -76.47 215.22 117.37 256.87 104.86

8 -105.20 -56.12 238.66 96.44 -109.12 -37.17 -282.62 -118.27 -222.56 -115.80 317.40 152.06

9 88.64 54.64 -262.18 -149.30 311.16 132.47 315.14 129.27 -227.61 -124.51 258.99 127.14

10 295.28 130.13 -190.17 -93.34 -299.95 -179.92 -225.59 -128.72 226.88 111.58 106.41 58.23

11 -279.84 -159.35 -125.31 -57.78 -129.18 -45.02 -344.12 -159.94 -188.06 -64.41 92.50 31.60

12 -241.98 -115.80 -288.16 -108.62 -330.12 -112.84 271.14 163.67 248.47 147.32 95.73 51.16

13 -98.53 -34.89 193.62 84.14 -322.40 -166.17 157.18 67.75 348.36 164.69 125.05 62.22

14 -162.71 -80.30 -154.39 -87.77 134.35 62.11 -246.98 -107.53 -112.77 -60.64 -182.71 -86.77

15 309.17 115.48 107.24 37.72 86.11 33.57 -244.00 -142.57 289.79 167.97 93.13 37.29

16 276.65 140.05 285.13 130.00 117.08 70.20 287.51 105.01 98.51 49.85 -151.86 -77.28

17 343.64 126.13 -177.26 -77.96 -181.13 -67.80 -301.41 -173.26 -300.65 -160.29 -184.94 -66.52

18 -233.37 -121.40 194.92 101.18 157.24 89.89 -306.89 -144.78 -98.87 -46.29 -126.25 -74.22

19 241.64 141.30 -94.06 -50.05 126.12 48.46 -335.94 -205.14 -338.66 -193.34 341.79 127.15

20 118.53 59.76 -101.15 -61.83 175.37 67.02 123.51 48.24 290.91 163.71 202.01 88.99

21 -208.86 -107.58 246.62 123.71 119.22 57.45 -154.77 -70.73 -125.02 -58.22 -112.41 -56.60

22 225.27 75.43 94.67 36.78 -110.26 -52.77 94.95 48.49 -342.89 -123.47 257.47 150.23

23 -119.94 -40.29 -94.25 -41.50 186.49 97.25 -108.86 -48.19 80.69 34.38 80.85 49.72

24 -272.19 -146.36 266.47 88.11 340.89 121.04 127.54 66.52 -113.97 -41.91 111.12 57.98

25 122.15 43.03 -271.60 -123.76 100.69 42.88 128.97 42.39 261.47 107.95 195.66 120.37

26 -273.30 -108.06 -275.26 -131.85 217.93 72.34 -144.39 -61.25 80.52 40.25 -186.55 -91.85

State

State

702 709

712 713
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Table B.5(b): Inputs for the simulation of the modified IEEE 37-bus test feeder in unbalanced 

grid condition 

 

  

P1 [kW] Q1 [kvar] P2 [kW] Q2 [kvar] P3 [kW] Q3 [kvar] P1 [kW] Q1 [kvar] P2 [kW] Q2 [kvar] P3 [kW] Q3 [kvar]

1 -271.00 -105.09 -219.34 -93.61 266.01 105.25 344.49 119.78 100.19 42.81 -295.84 -105.25

2 256.91 90.45 -98.39 -54.50 301.93 144.13 -190.79 -89.35 167.45 70.79 -339.65 -115.97

3 324.44 144.30 226.81 84.37 101.02 53.99 -152.78 -68.51 -346.40 -193.09 -211.29 -127.84

4 -232.32 -77.47 101.64 40.92 -145.41 -55.71 349.05 156.41 92.88 37.13 -311.51 -168.65

5 192.65 86.12 298.14 173.73 346.51 209.17 147.09 79.70 252.39 99.87 82.46 27.56

6 -316.65 -159.67 201.21 111.17 158.67 89.70 -218.39 -79.19 -315.42 -181.37 -209.73 -113.77

7 88.70 48.43 235.60 110.27 -242.69 -132.03 121.09 74.41 -121.07 -62.64 341.00 204.38

8 -278.73 -107.57 186.21 89.67 -208.49 -86.73 -138.84 -79.86 91.89 47.76 113.38 59.36

9 135.59 47.88 257.23 86.72 191.84 89.05 -323.77 -152.87 246.75 97.70 -92.81 -49.35

10 -252.40 -86.96 119.53 47.99 113.27 50.82 291.66 172.65 305.62 159.91 229.78 102.71

11 -313.00 -180.15 118.11 65.57 -326.22 -179.90 -200.71 -122.32 103.54 48.49 -128.64 -65.42

12 115.10 65.84 -344.19 -205.26 114.29 65.70 -329.30 -175.71 -98.40 -50.19 140.98 65.12

13 -263.37 -91.36 117.89 46.46 335.14 186.39 -267.64 -95.27 87.07 29.59 -306.46 -150.37

14 -129.03 -57.58 262.45 111.55 175.30 104.43 -199.91 -84.87 314.98 134.39 -274.99 -116.89

15 -229.28 -108.01 -108.87 -38.58 329.84 124.59 -121.86 -54.14 -309.41 -126.63 -243.44 -86.51

16 -349.89 -154.63 -147.02 -75.22 289.77 107.14 312.77 186.71 -252.57 -146.96 -170.12 -91.58

17 236.00 78.38 -298.90 -164.96 98.10 42.05 -329.17 -183.86 214.26 82.66 243.54 115.43

18 291.84 114.14 286.93 118.75 178.00 99.14 -123.10 -65.73 182.81 97.95 162.65 70.52

19 -115.61 -41.45 -113.18 -57.81 256.21 115.55 -243.05 -123.89 178.55 84.40 318.20 124.25

20 -130.50 -61.00 286.15 135.39 162.97 87.46 -329.09 -194.70 161.17 97.12 188.82 79.79

21 -131.12 -70.31 96.31 55.64 -252.52 -125.72 275.37 115.96 -132.27 -72.55 -325.70 -131.29

22 -177.28 -88.65 -108.20 -36.72 -265.76 -153.21 332.61 127.87 -329.63 -172.89 317.03 119.30

23 251.06 137.82 -341.52 -159.01 -142.65 -79.80 98.49 41.76 288.85 174.93 316.43 172.87

24 335.53 195.28 -189.30 -110.81 237.64 144.58 -128.37 -52.94 -349.32 -174.73 -295.86 -169.08

25 -221.43 -89.79 229.20 108.98 -347.02 -187.47 297.97 123.63 301.03 140.46 -267.82 -140.95

26 149.61 67.77 -226.78 -126.24 -207.36 -101.99 132.54 81.71 -143.52 -48.67 -130.57 -46.28

P1 [kW] Q1 [kvar] P2 [kW] Q2 [kvar] P3 [kW] Q3 [kvar] P1 [kW] Q1 [kvar] P2 [kW] Q2 [kvar] P3 [kW] Q3 [kvar]

1 -121.90 -68.08 233.32 140.14 291.29 119.91 -246.81 -151.50 -98.47 -48.92 300.76 174.60

2 86.16 45.78 120.98 54.33 -269.95 -160.96 -82.15 -37.44 148.31 76.11 -280.23 -161.48

3 -101.44 -56.20 264.96 143.82 -227.41 -136.80 132.63 70.21 -232.74 -135.13 111.57 44.12

4 -177.30 -87.55 -97.92 -59.68 282.48 112.23 -146.83 -58.75 -245.82 -141.99 -202.95 -113.58

5 184.65 106.05 219.24 110.20 -153.58 -95.00 348.45 126.95 323.87 198.95 -244.38 -147.15

6 189.39 65.75 346.62 199.63 -231.02 -130.00 280.12 141.50 341.02 168.40 306.51 173.69

7 -98.36 -51.42 108.84 61.35 -188.43 -103.06 317.30 104.50 314.83 149.72 -275.88 -98.55

8 -133.47 -79.70 -106.57 -46.20 104.83 44.54 320.83 123.67 -169.12 -79.65 231.28 124.82

9 254.20 86.44 266.75 116.94 -305.85 -120.29 -336.13 -150.31 305.97 186.23 -146.09 -69.95

10 -252.99 -139.45 191.86 90.74 168.34 73.75 -102.64 -40.96 98.35 38.51 -286.19 -95.82

11 -126.32 -76.65 -130.86 -63.70 133.40 65.76 175.26 58.67 266.16 117.06 -136.26 -65.18

12 120.64 71.69 313.44 192.63 149.99 61.00 279.48 159.93 -186.23 -85.23 268.51 124.86

13 -234.00 -117.18 157.77 58.21 112.05 51.39 -273.42 -137.55 315.55 132.44 -133.87 -75.04

14 -104.75 -47.31 -312.63 -166.92 -127.90 -52.83 -150.33 -76.36 91.95 47.18 309.23 160.93

15 196.77 113.81 301.45 133.02 99.79 45.01 -178.90 -61.06 -91.09 -51.26 201.70 97.36

16 231.45 115.07 -239.40 -93.87 -162.95 -88.61 -212.80 -125.84 -188.41 -84.37 136.36 67.73

17 162.88 76.42 -98.72 -35.12 -237.01 -139.21 113.32 44.38 124.23 48.31 294.75 104.32

18 -139.08 -52.47 -132.41 -52.26 265.62 130.24 -98.11 -48.64 323.24 150.05 -149.42 -63.04

19 100.70 56.02 -91.69 -47.52 -108.84 -52.61 -191.26 -85.71 -117.35 -49.83 -110.37 -47.98

20 -169.45 -88.61 -336.07 -131.89 115.98 64.88 311.31 124.29 273.45 114.56 168.00 96.80

21 336.48 167.64 -249.23 -151.89 163.27 75.35 331.33 117.52 170.85 75.88 -203.51 -118.52

22 -114.41 -41.93 217.13 122.77 222.44 122.41 -220.57 -78.00 -93.63 -44.12 -160.26 -84.70

23 -179.73 -97.94 92.83 40.06 229.70 139.19 -252.84 -83.99 -116.36 -68.19 174.38 107.41

24 155.87 83.27 171.16 76.96 310.45 169.17 -106.35 -37.88 -114.47 -70.44 97.58 46.00

25 -97.25 -40.92 164.78 61.84 170.45 69.18 -197.11 -99.28 -250.01 -115.76 338.03 175.79

26 201.32 93.33 222.44 110.43 184.50 96.22 -190.44 -76.60 -118.95 -60.79 -130.71 -45.38

State

720

722 724

State
714
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Table B.5(c): Inputs for the simulation of the modified IEEE 37-bus test feeder in unbalanced 

grid condition 

 

  

P1 [kW] Q1 [kvar] P2 [kW] Q2 [kvar] P3 [kW] Q3 [kvar] P1 [kW] Q1 [kvar] P2 [kW] Q2 [kvar] P3 [kW] Q3 [kvar]

1 195.95 114.11 239.50 110.21 83.56 46.89 85.81 48.89 -237.26 -106.36 -214.14 -99.34

2 -281.29 -169.37 248.80 132.45 287.60 163.36 240.86 106.46 -258.28 -103.47 179.44 90.34

3 -155.28 -87.66 306.44 118.68 -179.23 -96.18 -315.91 -176.24 -183.26 -91.32 118.02 66.28

4 117.48 61.98 207.95 85.89 97.38 42.86 -191.19 -111.50 152.76 88.29 88.59 43.27

5 -91.51 -42.46 177.16 109.45 345.62 179.57 -206.30 -125.04 -285.91 -101.48 152.26 82.91

6 -241.17 -92.74 -342.97 -138.89 310.26 120.13 224.66 90.74 -83.73 -28.93 302.01 147.97

7 -223.58 -77.53 -124.52 -71.93 105.05 51.34 -233.60 -99.02 -312.33 -161.20 -250.63 -107.96

8 -243.00 -114.49 312.90 144.01 190.07 70.92 261.12 117.61 100.52 37.46 -210.23 -119.25

9 343.43 125.46 87.01 29.03 294.57 133.45 349.47 164.88 109.65 45.41 220.54 127.38

10 86.74 34.21 -123.90 -76.46 309.09 117.64 116.70 71.34 251.42 86.06 -187.33 -69.53

11 349.96 203.62 99.02 49.90 -181.69 -110.88 -126.62 -58.74 -105.80 -40.66 181.78 80.29

12 -212.29 -108.21 -303.76 -151.44 191.79 96.34 346.53 118.79 142.89 73.16 99.15 45.82

13 347.08 199.00 -95.87 -57.60 -115.01 -42.00 133.35 51.45 335.02 161.76 286.19 132.50

14 239.23 114.73 201.90 98.41 219.62 118.37 -109.91 -56.55 183.18 80.97 117.83 61.08

15 -248.40 -152.28 113.46 67.71 -337.19 -178.55 196.57 76.98 137.99 55.66 250.43 101.79

16 226.60 90.79 -262.26 -109.40 -299.01 -144.88 -201.25 -72.31 -323.88 -116.07 208.83 126.38

17 -124.20 -55.21 -233.27 -123.85 -204.35 -110.13 237.49 93.07 108.30 46.03 -176.06 -91.06

18 82.43 39.20 317.28 157.53 -181.67 -103.47 -103.86 -55.43 -84.96 -38.12 210.82 97.45

19 -236.49 -138.25 214.10 105.18 -181.80 -80.76 193.36 84.83 -240.65 -81.79 -229.35 -98.20

20 152.63 83.48 217.32 106.66 -153.68 -67.92 109.12 64.46 286.28 171.47 270.27 125.61

21 215.88 73.49 109.27 56.65 169.02 103.41 120.45 46.57 -258.13 -146.62 111.37 56.71

22 -265.85 -127.42 164.61 54.15 -160.75 -73.81 282.89 131.20 -104.47 -42.83 -120.11 -65.21

23 -330.87 -160.42 -99.64 -43.95 288.50 126.46 -219.98 -120.34 320.55 152.46 -143.29 -60.20

24 119.34 64.89 174.96 105.67 116.27 69.89 117.48 69.86 105.71 38.29 -317.95 -126.74

25 166.98 89.18 147.82 84.54 -226.73 -83.62 -218.70 -122.48 -198.62 -97.06 -158.83 -58.76

26 200.54 70.98 -317.65 -164.27 318.45 134.80 208.91 121.86 212.15 71.47 -168.01 -73.15

P1 [kW] Q1 [kvar] P2 [kW] Q2 [kvar] P3 [kW] Q3 [kvar] P1 [kW] Q1 [kvar] P2 [kW] Q2 [kvar] P3 [kW] Q3 [kvar]

1 -161.09 -76.91 196.56 92.09 -163.64 -56.61 312.55 144.46 119.45 50.53 284.00 171.80

2 -129.11 -51.79 183.44 62.65 92.57 51.08 316.16 152.50 -249.68 -98.81 233.58 87.57

3 -108.90 -66.41 -274.61 -158.37 98.99 34.15 122.91 47.36 139.26 47.23 -118.11 -54.29

4 298.99 174.41 102.82 47.76 134.59 64.90 212.32 112.15 -201.29 -95.67 144.08 66.20

5 162.36 99.40 -219.99 -93.68 111.60 55.98 -175.46 -64.93 89.40 45.78 -144.83 -74.45

6 223.97 87.60 -329.31 -141.13 -335.72 -186.06 -294.01 -157.88 119.80 45.80 -219.45 -107.19

7 149.74 79.80 349.29 130.31 -117.70 -43.97 272.87 117.65 182.99 105.35 259.08 125.71

8 -315.79 -113.57 -123.42 -75.46 -217.48 -112.06 -140.12 -86.66 -151.26 -74.36 -298.32 -117.79

9 -311.26 -110.41 325.88 196.78 165.86 98.82 147.25 77.99 344.35 198.11 291.64 147.07

10 -226.35 -78.96 -95.89 -45.74 138.05 73.33 -134.45 -66.73 -158.87 -89.46 149.99 68.07

11 90.75 45.15 -251.14 -131.16 -98.41 -39.63 -251.00 -136.19 -247.11 -123.49 -244.14 -108.90

12 -296.85 -168.79 -193.03 -91.59 283.26 109.46 117.72 47.67 225.17 109.73 116.89 55.76

13 103.02 60.08 -162.30 -69.08 124.85 75.53 -301.25 -175.95 -318.83 -107.84 346.47 177.11

14 141.07 69.10 -233.25 -123.46 -200.33 -107.81 318.71 120.68 225.14 99.52 -149.93 -64.34

15 -133.72 -80.59 -279.94 -94.32 -116.77 -45.35 125.24 49.96 266.98 91.26 -111.12 -56.15

16 150.01 56.09 317.64 140.09 -109.56 -52.43 -182.26 -78.63 -286.14 -115.58 81.98 45.61

17 -123.42 -71.16 -115.94 -40.29 -83.46 -34.64 -80.28 -41.38 -245.68 -88.77 -317.02 -127.83

18 257.07 131.62 348.18 154.58 -105.16 -53.45 169.58 63.38 -341.10 -209.18 111.29 63.07

19 -340.82 -144.43 -101.16 -61.15 266.78 148.79 226.07 129.25 -178.61 -62.93 -111.65 -59.24

20 200.06 102.13 87.61 44.27 295.29 171.68 86.27 48.60 -345.58 -192.10 -239.00 -125.99

21 241.99 98.96 -258.88 -127.37 155.69 84.94 -298.12 -101.91 207.21 119.57 -280.75 -140.77

22 -282.94 -106.50 -107.72 -37.06 -119.92 -65.33 152.91 76.90 277.96 95.12 -268.69 -102.74

23 326.07 124.88 327.67 152.01 273.02 138.48 -167.25 -76.42 227.25 112.38 319.62 126.51

24 -98.48 -42.65 -335.14 -204.46 -243.25 -148.72 320.79 131.32 -190.61 -114.04 108.75 47.44

25 101.86 48.74 -349.31 -137.67 -286.70 -144.74 104.76 44.87 124.03 46.55 -295.98 -163.49

26 -99.81 -34.47 98.97 52.42 -262.77 -159.15 -265.68 -132.87 -318.39 -195.12 245.91 129.42

727

728 729

725
State

State
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Table B.5(d): Inputs for the simulation of the modified IEEE 37-bus test feeder in unbalanced 

grid condition 

 

  

P1 [kW] Q1 [kvar] P2 [kW] Q2 [kvar] P3 [kW] Q3 [kvar] P1 [kW] Q1 [kvar] P2 [kW] Q2 [kvar] P3 [kW] Q3 [kvar]

1 -106.87 -63.99 314.46 189.41 160.64 91.73 112.08 60.07 122.84 43.29 -206.46 -91.02

2 174.03 82.23 -327.00 -125.41 327.17 108.12 131.24 70.36 -125.14 -46.00 332.65 190.67

3 -80.56 -30.73 -245.56 -132.74 178.73 71.10 -103.91 -37.00 -292.56 -123.89 332.63 190.39

4 -140.95 -85.32 -248.08 -90.30 195.21 99.53 167.00 100.94 -123.14 -61.63 234.17 124.78

5 233.88 92.61 216.29 116.36 -180.65 -101.19 -220.82 -94.11 -304.37 -118.99 303.84 135.45

6 -246.13 -151.77 -329.60 -168.26 272.11 140.15 -303.90 -147.07 -234.38 -88.50 159.35 86.72

7 -221.06 -119.59 -85.78 -32.35 -276.38 -139.22 -208.61 -100.14 318.17 181.51 136.40 73.50

8 257.23 144.41 198.18 97.29 -115.16 -69.15 -254.51 -126.79 234.63 123.23 -81.95 -29.98

9 -120.06 -40.31 210.02 101.48 213.51 83.86 180.27 69.29 -275.32 -128.14 345.12 116.01

10 314.02 186.94 -166.13 -71.68 250.52 149.62 349.31 171.84 329.70 188.19 184.44 69.84

11 219.43 92.04 -231.79 -126.44 85.03 30.99 -113.85 -47.51 111.80 55.23 -122.06 -59.25

12 246.85 97.11 80.82 31.41 348.96 129.02 -337.92 -172.86 155.96 89.09 -302.26 -112.15

13 -184.82 -97.52 -332.34 -109.48 148.56 87.78 127.67 75.21 -204.38 -93.63 189.55 80.20

14 -117.11 -40.09 -122.69 -50.33 -292.76 -175.84 -243.76 -125.54 310.90 124.73 88.24 30.44

15 310.16 123.80 99.36 34.98 166.92 83.77 103.30 49.47 99.88 43.88 93.41 51.45

16 -112.44 -55.62 -307.64 -129.93 114.51 41.98 98.15 41.67 -344.74 -208.20 238.61 84.71

17 -192.10 -97.75 159.27 70.51 -126.97 -58.62 -143.96 -87.56 332.28 142.80 250.77 102.58

18 192.26 118.60 273.33 96.83 -338.45 -114.56 179.25 100.24 278.10 121.64 318.11 139.41

19 113.31 58.61 -320.71 -130.68 308.82 143.22 -139.65 -53.88 138.40 83.83 -88.07 -49.33

20 84.63 51.45 -307.73 -177.85 -217.66 -116.56 105.90 52.10 -296.46 -120.56 -241.86 -94.09

21 -142.00 -54.20 -127.80 -48.60 -295.80 -116.30 -98.78 -51.25 135.16 82.53 -242.85 -122.17

22 -347.30 -209.70 -240.66 -80.68 107.98 52.98 -342.17 -172.87 -306.09 -111.32 108.62 55.95

23 -180.38 -103.53 -312.11 -152.32 -120.14 -53.81 -271.32 -126.64 -170.18 -72.12 334.84 164.35

24 257.16 85.54 -154.02 -54.22 97.55 54.98 168.19 82.70 125.17 74.62 306.52 167.97

25 -161.11 -85.11 266.34 126.52 287.31 174.88 -110.25 -62.57 -332.73 -176.52 112.35 51.56

26 314.79 149.42 107.12 45.64 -307.95 -183.41 -217.50 -83.02 -254.82 -148.61 -176.63 -59.93

P1 [kW] Q1 [kvar] P2 [kW] Q2 [kvar] P3 [kW] Q3 [kvar] P1 [kW] Q1 [kvar] P2 [kW] Q2 [kvar] P3 [kW] Q3 [kvar]

1 278.41 99.30 117.01 48.20 -275.14 -169.20 -263.23 -147.87 289.13 154.19 -319.23 -112.53

2 328.07 109.33 104.40 47.99 267.90 154.68 320.83 174.41 -234.06 -137.00 -177.71 -89.43

3 89.00 44.01 -140.28 -57.36 -189.70 -102.96 -258.26 -140.80 -164.05 -67.88 -254.14 -115.06

4 85.94 32.55 -158.60 -95.66 -152.12 -77.12 -326.05 -193.49 -211.58 -74.77 302.29 129.89

5 113.36 60.12 -340.66 -173.26 -180.71 -97.08 -117.71 -61.06 -342.32 -178.46 -283.37 -112.45

6 259.80 155.31 -100.63 -36.86 176.62 87.73 -176.62 -73.60 -284.84 -167.39 -306.48 -114.61

7 253.64 83.67 307.76 114.12 -335.24 -177.84 -146.06 -74.29 138.42 79.98 136.80 68.37

8 -272.94 -149.45 -149.69 -52.32 -346.75 -201.76 145.22 80.72 -133.95 -50.05 -100.85 -42.37

9 -198.32 -89.58 -168.49 -89.31 -300.73 -164.28 -126.90 -59.45 264.99 129.34 -109.16 -43.98

10 -148.47 -52.77 -267.81 -159.37 -175.15 -83.79 199.83 120.58 -91.42 -51.80 236.18 116.48

11 188.51 103.76 120.61 58.54 265.90 104.74 193.12 114.26 -256.15 -141.51 -313.37 -140.84

12 158.70 83.46 107.40 63.89 -296.52 -98.66 -150.50 -78.12 -156.02 -66.32 -310.01 -133.25

13 -153.73 -62.24 304.44 113.53 296.03 127.96 210.69 72.81 105.56 42.81 320.06 184.30

14 -133.75 -63.97 -223.10 -131.96 -263.35 -149.45 -188.80 -112.63 289.30 141.30 96.34 52.78

15 -152.04 -79.81 249.22 110.64 154.83 90.30 -233.78 -84.46 200.61 71.21 345.34 166.85

16 -100.19 -52.53 -119.63 -63.37 -222.32 -103.09 -326.25 -157.79 182.09 81.80 -236.88 -133.86

17 272.64 110.25 212.86 113.98 -155.56 -92.16 -114.11 -62.99 -269.78 -151.12 320.71 159.62

18 322.18 190.70 -220.13 -83.24 82.57 31.85 195.27 105.50 215.48 83.72 137.34 54.10

19 118.53 70.97 280.17 130.16 -347.65 -135.36 187.43 85.10 107.26 61.66 -98.67 -42.84

20 316.80 108.75 -111.75 -54.74 -322.78 -129.92 -88.66 -51.57 344.14 122.51 -279.40 -153.49

21 249.58 89.89 286.54 127.50 279.72 113.50 -271.51 -159.67 -340.63 -137.21 -186.21 -114.55

22 -187.44 -97.55 -134.43 -74.20 -308.20 -126.18 162.34 95.62 249.92 89.03 -316.99 -142.16

23 -147.53 -87.63 166.63 98.69 106.77 58.99 -191.12 -116.77 -265.16 -148.48 -336.47 -146.06

24 -249.51 -130.05 103.17 53.99 -145.60 -57.00 -130.72 -78.96 317.43 159.34 116.00 59.40

25 329.28 141.22 241.07 115.50 298.44 150.71 330.31 133.19 -144.31 -63.44 311.16 114.38

26 -103.24 -36.92 -251.11 -145.46 148.35 55.34 -347.97 -145.57 112.79 37.14 181.75 88.93

State
733

730 731

732

State
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Table B.5(e): Inputs for the simulation of the modified IEEE 37-bus test feeder in unbalanced 

grid condition 

 

  

P1 [kW] Q1 [kvar] P2 [kW] Q2 [kvar] P3 [kW] Q3 [kvar] P1 [kW] Q1 [kvar] P2 [kW] Q2 [kvar] P3 [kW] Q3 [kvar]

1 -91.65 -37.45 257.03 152.23 -257.94 -92.22 195.72 66.13 -191.80 -99.03 -341.45 -167.71

2 295.43 100.13 -113.50 -48.55 282.98 138.33 289.20 107.44 254.78 132.31 -83.96 -50.15

3 -161.54 -69.43 308.51 120.88 327.19 107.71 -289.44 -149.20 205.88 70.78 -106.91 -55.37

4 -182.97 -83.46 -253.94 -86.52 318.29 194.94 -168.29 -101.25 -196.82 -113.52 348.19 166.31

5 266.71 131.19 -344.19 -132.86 -113.04 -41.45 -274.75 -126.08 165.29 81.08 349.97 118.61

6 258.09 151.42 252.23 93.12 218.42 107.58 -80.18 -34.98 -292.57 -99.63 -171.90 -86.22

7 243.47 119.75 -143.91 -66.80 253.31 146.58 206.97 113.46 179.93 63.65 85.21 33.36

8 102.72 44.23 -274.46 -97.85 207.47 91.43 149.94 66.85 136.21 83.94 256.93 93.58

9 340.54 172.68 115.49 68.61 -116.47 -61.24 122.82 49.48 280.83 172.57 96.22 37.11

10 -199.65 -104.99 -222.25 -132.34 -143.03 -84.83 -236.26 -104.46 -129.82 -65.17 88.38 43.05

11 199.78 112.99 142.17 60.47 336.37 176.40 -95.79 -42.34 -251.21 -152.21 -334.21 -135.49

12 -164.94 -93.68 -100.73 -59.03 232.17 101.48 322.82 175.14 -242.37 -91.42 -342.17 -210.86

13 -337.31 -190.44 -99.66 -44.42 -307.74 -178.62 -268.96 -107.27 -116.15 -45.08 154.26 81.22

14 -185.41 -109.09 176.84 59.48 148.99 62.10 115.77 62.78 -148.15 -72.59 262.46 147.74

15 344.87 154.22 301.52 161.34 226.73 110.04 -321.40 -110.09 -155.59 -68.49 264.29 118.13

16 -122.72 -41.92 135.23 62.78 197.02 97.10 -232.68 -117.85 -291.56 -160.87 204.16 108.46

17 345.23 116.63 -151.83 -81.83 80.34 37.27 85.16 42.52 88.78 38.46 -211.23 -119.71

18 -192.92 -71.01 181.57 96.18 206.03 91.37 -95.61 -50.16 -323.06 -177.33 94.24 35.36

19 140.18 57.97 -220.10 -98.31 119.16 65.40 307.47 167.93 88.80 33.41 89.72 37.74

20 180.19 73.52 -159.19 -59.61 214.36 104.10 114.41 39.50 -327.23 -164.30 124.69 66.27

21 180.34 68.94 -251.27 -140.91 125.33 47.08 -121.63 -65.14 -121.47 -44.12 82.85 28.79

22 191.85 105.29 -234.56 -121.43 232.58 99.56 -314.75 -173.46 100.47 35.91 -161.32 -73.97

23 -283.84 -151.41 263.62 148.25 107.32 51.47 105.93 64.31 311.47 113.58 -331.45 -166.83

24 -268.83 -91.76 -245.68 -122.97 -200.48 -81.78 95.82 51.85 -339.83 -162.83 -322.25 -182.20

25 101.37 53.87 -221.64 -107.72 287.08 170.47 287.93 169.79 -162.35 -72.76 -81.70 -46.54

26 88.65 33.79 201.85 82.06 263.05 129.93 191.00 78.75 145.37 85.91 -317.77 -196.03

P1 [kW] Q1 [kvar] P2 [kW] Q2 [kvar] P3 [kW] Q3 [kvar] P1 [kW] Q1 [kvar] P2 [kW] Q2 [kvar] P3 [kW] Q3 [kvar]

1 258.16 107.67 -90.59 -46.43 83.84 48.28 98.06 41.32 -104.75 -43.63 -131.42 -61.98

2 -181.72 -93.80 -342.34 -183.92 307.57 121.34 263.21 95.53 -99.52 -34.98 -249.64 -97.14

3 -108.89 -49.99 -103.77 -50.68 111.69 69.19 120.39 53.77 -100.48 -42.27 -130.46 -48.55

4 180.11 72.45 -334.28 -110.05 -215.52 -103.68 209.35 114.65 -162.30 -79.68 266.79 103.66

5 260.50 110.08 211.37 72.75 162.28 88.35 -295.20 -168.04 266.82 122.39 -323.22 -129.70

6 -112.79 -39.15 -120.83 -47.14 -181.00 -97.41 -105.62 -35.36 113.67 47.95 327.22 120.58

7 177.98 72.56 326.94 111.26 268.09 118.10 335.57 170.96 111.79 65.99 -339.46 -207.56

8 283.01 162.30 120.26 63.62 -183.26 -90.98 -332.60 -149.48 -301.87 -117.89 -87.28 -29.24

9 128.81 62.36 273.89 100.94 135.26 60.70 -273.21 -96.83 -138.26 -67.65 -120.81 -44.71

10 342.03 184.81 123.81 64.35 91.92 47.39 -330.99 -147.71 -149.69 -64.51 161.94 71.51

11 -245.68 -92.19 -94.12 -53.72 179.46 97.92 -215.12 -124.58 254.54 92.93 114.41 48.51

12 126.85 55.43 105.89 58.49 -86.46 -50.23 -268.10 -149.65 -167.84 -71.92 283.07 98.10

13 160.77 69.13 312.54 144.15 -214.44 -102.83 206.49 72.27 -149.93 -92.54 121.66 61.24

14 -249.48 -146.96 -342.42 -168.83 -102.87 -49.27 -321.72 -156.50 229.27 123.59 174.28 62.61

15 -260.55 -117.95 -181.33 -75.54 -182.85 -85.93 -223.86 -109.34 110.31 51.93 83.89 28.07

16 -264.54 -138.27 -304.59 -118.09 -146.98 -72.49 334.95 158.97 -290.93 -131.00 138.58 69.42

17 -294.41 -150.40 151.56 60.26 165.25 73.29 -188.69 -68.60 197.26 93.57 -233.38 -129.14

18 300.39 170.89 126.82 66.55 185.02 95.66 -118.40 -57.91 -142.31 -87.39 -94.80 -42.38

19 261.98 101.00 -293.98 -170.88 104.33 58.97 -313.66 -188.35 -187.82 -89.02 -290.51 -132.49

20 -135.72 -47.19 151.35 87.64 -310.69 -189.44 -226.46 -91.98 -206.88 -127.20 320.64 197.86

21 -294.76 -106.74 -284.97 -149.03 -207.18 -75.27 256.30 125.36 257.86 100.09 -129.51 -61.38

22 -150.67 -68.62 129.93 63.15 -265.99 -161.28 120.33 69.20 119.38 48.99 264.10 126.46

23 -309.52 -156.50 -246.93 -119.93 232.18 125.82 189.96 102.85 -209.98 -103.42 337.46 120.00

24 -297.17 -183.52 -164.97 -83.20 232.59 140.32 -265.68 -145.23 -186.33 -75.37 -165.70 -94.98

25 183.83 111.54 -146.02 -87.15 152.83 90.90 341.54 185.06 284.64 131.41 252.66 115.34

26 -103.58 -49.58 259.20 105.10 -99.10 -34.02 153.06 53.43 87.56 46.79 -322.31 -199.24

State

735 736

737 738

State
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Table B.5(f): Inputs for the simulation of the modified IEEE 37-bus test feeder in unbalanced 

grid condition 

 

  

P1 [kW] Q1 [kvar] P2 [kW] Q2 [kvar] P3 [kW] Q3 [kvar] P1 [kW] Q1 [kvar] P2 [kW] Q2 [kvar] P3 [kW] Q3 [kvar]

1 235.39 92.78 -134.30 -51.16 -136.07 -64.22 -202.09 -96.29 -234.41 -109.57 86.11 37.91

2 101.63 37.04 273.36 147.62 -277.24 -117.62 -141.39 -81.23 286.47 103.34 -347.13 -184.35

3 -180.13 -97.71 244.36 112.53 -195.82 -119.56 268.75 119.64 215.79 130.47 219.72 97.17

4 -211.47 -98.46 -184.52 -62.45 -114.24 -59.60 -290.38 -168.71 -269.47 -116.46 -342.60 -155.02

5 -291.93 -179.40 -95.00 -35.75 335.92 155.72 192.98 68.66 -135.84 -57.54 158.72 62.26

6 99.09 53.35 -309.89 -130.02 -150.55 -79.78 -180.71 -73.83 107.98 37.41 289.02 106.29

7 -267.42 -96.25 -343.22 -149.10 114.37 63.23 -277.85 -98.15 -268.48 -92.26 327.10 136.92

8 210.37 96.24 253.96 100.45 211.93 98.77 250.54 96.06 116.72 45.55 -209.52 -98.18

9 -322.18 -148.51 -291.75 -114.89 110.48 43.44 208.54 128.53 -97.04 -36.37 -120.39 -51.48

10 -342.58 -128.03 82.68 43.50 -177.14 -62.46 209.42 111.71 -123.74 -71.20 96.50 45.38

11 244.89 94.12 251.03 154.14 -90.39 -34.72 -293.12 -158.94 95.23 50.70 239.87 122.34

12 250.81 145.86 141.81 66.41 149.27 53.88 176.45 103.99 262.62 106.00 277.59 159.89

13 -245.31 -148.60 122.06 67.94 320.78 148.48 -102.11 -38.72 257.32 157.13 -252.22 -140.98

14 222.93 82.56 155.47 81.21 294.72 102.33 -293.48 -98.64 223.49 136.25 107.88 63.33

15 -165.60 -83.93 247.54 125.27 259.03 157.73 100.77 47.91 -259.90 -85.77 -331.41 -187.85

16 308.91 179.42 -116.98 -52.10 209.57 87.88 242.50 113.86 119.68 67.18 107.23 64.69

17 278.46 155.90 -317.47 -120.73 -270.22 -120.37 -262.69 -124.49 -244.42 -106.57 283.96 103.93

18 -227.06 -122.10 -217.48 -80.98 146.71 83.21 270.16 143.90 -101.94 -50.65 -91.46 -38.11

19 103.61 42.14 278.99 96.72 107.49 45.56 331.77 155.76 -323.49 -176.99 -192.85 -113.31

20 188.11 100.84 118.85 43.46 -121.13 -44.42 -292.63 -167.46 256.27 138.79 -240.58 -136.74

21 230.35 141.53 -234.32 -137.98 184.72 110.96 -117.24 -55.66 101.09 35.58 270.69 138.94

22 259.98 100.27 -303.13 -127.58 326.44 114.07 211.66 117.94 303.37 113.53 299.78 125.34

23 -97.52 -32.34 -236.11 -104.56 -312.96 -140.31 -173.05 -86.18 189.07 112.29 -220.03 -114.30

24 268.63 90.25 329.22 198.05 -185.64 -99.43 275.53 152.93 -114.00 -66.62 316.77 172.24

25 130.55 59.28 -122.57 -49.36 120.27 56.15 -258.25 -97.50 118.45 51.41 100.61 59.55

26 -217.52 -100.43 188.97 101.31 214.01 127.77 320.32 194.24 115.02 58.45 253.57 100.48

P1 [kW] Q1 [kvar] P2 [kW] Q2 [kvar] P3 [kW] Q3 [kvar] P1 [kW] Q1 [kvar] P2 [kW] Q2 [kvar] P3 [kW] Q3 [kvar]

1 87.07 28.99 -342.86 -114.09 223.94 79.16 -85.02 -37.22 -210.89 -75.61 121.02 55.94

2 112.12 56.38 -328.27 -154.54 128.98 65.10 273.17 125.73 -128.18 -65.23 -121.33 -48.63

3 -321.38 -164.52 -138.30 -66.70 -89.97 -45.63 156.90 90.83 -342.83 -173.80 110.18 57.79

4 -97.71 -50.20 232.18 125.29 -168.75 -81.68 -82.15 -37.70 -118.22 -68.67 -319.15 -195.04

5 253.49 146.19 -118.64 -55.13 289.58 107.69 267.86 119.74 235.49 114.09 168.58 63.58

6 -113.66 -57.68 -263.49 -141.36 148.26 52.26 -90.86 -49.51 216.74 111.90 215.13 113.79

7 -103.44 -49.84 -162.84 -99.05 180.02 89.37 -320.18 -185.23 -115.79 -62.43 240.66 123.57

8 -181.54 -98.86 -274.09 -134.65 -226.60 -100.00 104.11 49.73 247.35 99.49 282.81 114.27

9 -207.15 -91.21 253.82 107.90 244.73 98.95 -81.15 -44.69 -91.59 -53.75 158.63 55.18

10 280.05 125.82 -112.28 -47.58 161.35 84.91 312.99 187.40 -207.55 -98.24 291.14 170.76

11 -330.83 -140.07 -290.80 -133.79 187.09 83.39 -346.80 -210.77 213.40 80.82 268.18 117.46

12 187.63 103.66 315.40 162.77 197.70 113.72 327.83 196.73 -97.57 -50.77 139.53 83.67

13 -176.88 -86.15 327.57 199.05 99.11 54.24 246.86 120.95 -333.43 -175.20 -108.55 -54.68

14 113.50 60.59 -184.93 -85.27 -325.36 -182.69 202.96 96.07 -131.33 -44.77 100.34 34.99

15 213.36 94.25 256.60 140.01 -101.47 -51.58 201.07 75.46 -120.19 -64.53 -328.82 -149.47

16 319.17 106.95 277.51 149.21 165.24 89.94 -242.02 -131.12 -85.20 -47.74 -276.99 -167.12

17 -196.87 -78.94 125.00 60.02 228.91 113.99 -165.13 -102.16 -178.05 -62.29 120.30 66.21

18 -101.08 -51.96 -103.02 -54.38 -103.26 -42.49 311.98 147.18 -95.65 -41.83 343.90 145.99

19 -334.99 -166.23 165.64 66.05 -300.99 -168.32 -184.64 -83.12 -110.85 -56.61 -134.71 -46.67

20 -98.56 -46.28 -161.50 -65.52 158.57 95.51 264.27 137.39 323.94 165.53 302.37 161.11

21 128.07 55.72 89.58 49.32 242.96 146.11 -85.75 -42.33 103.62 50.49 -99.92 -50.79

22 135.40 54.10 -142.93 -74.62 316.26 175.79 -270.56 -105.40 -85.23 -45.26 -109.04 -47.09

23 81.90 41.77 113.56 62.19 -282.75 -110.78 115.30 68.93 -216.55 -74.16 324.71 200.62

24 -107.37 -45.92 177.91 86.62 309.41 109.05 184.20 110.89 138.34 51.26 126.50 63.60

25 119.69 65.22 -133.52 -66.37 187.98 99.11 98.42 38.42 -145.47 -70.28 262.89 119.30

26 95.83 55.92 -248.47 -88.93 -167.21 -84.45 149.05 82.43 160.94 95.19 -149.37 -54.76

State

State

741

742 775

740
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Table B.6(a) and Table B.6(b) show the inputs for the balanced grid condition. Active and 

reactive powers, P and Q, are per phase. The generation process of these inputs is shown in 

Appendix F.  

Table B.6(a): Inputs for the simulation of the modified IEEE 37-bus test feeder in balanced 

grid condition 

 

  

P [kW] Q [kvar] P [kW] Q [kvar] P [kW] Q [kvar] P [kW] Q [kvar] P [kW] Q [kvar] P [kW] Q [kvar]

1 -109.00 -36.65 143.15 69.48 84.86 37.45 -114.55 -66.69 89.24 44.31 92.34 40.75

2 -86.94 -47.12 -177.94 -96.64 129.60 49.33 103.95 63.59 173.27 84.20 127.30 55.05

3 140.51 64.33 -93.40 -53.36 -89.24 -52.92 84.89 33.32 98.06 49.54 -100.57 -60.77

4 -156.02 -72.38 181.65 62.17 127.00 58.29 109.29 66.38 115.57 42.26 -93.22 -52.23

5 95.94 43.27 -90.55 -37.02 114.75 52.87 -160.03 -69.79 -133.74 -49.67 84.25 48.47

6 173.35 80.94 -110.67 -38.29 179.37 85.76 111.77 55.52 -140.36 -62.59 172.89 61.10

7 102.75 56.02 102.73 44.65 -116.10 -57.72 113.27 44.66 -181.03 -98.09 -93.81 -45.03

8 -178.54 -103.48 155.93 88.95 -107.85 -36.71 173.23 90.73 109.21 59.19 102.98 44.69

9 117.60 48.92 139.19 75.51 -97.11 -55.50 148.92 91.30 83.74 46.43 -91.75 -39.97

10 -128.29 -78.17 91.22 55.13 -183.72 -85.86 -147.26 -82.72 -85.41 -36.27 82.91 49.60

11 115.82 45.71 128.00 77.84 102.05 45.71 177.82 75.16 156.81 63.22 -180.10 -100.86

12 -102.84 -52.50 127.53 69.54 85.66 52.41 -142.09 -66.84 181.72 70.52 142.53 77.54

13 92.05 35.51 -83.25 -47.84 -102.28 -45.33 -137.76 -51.37 132.33 52.04 111.16 39.84

14 -136.69 -46.32 154.10 66.70 -88.85 -34.04 -187.95 -77.85 -130.80 -72.23 -141.92 -79.32

15 167.32 84.68 -83.31 -30.17 -91.07 -46.78 -117.85 -69.83 112.30 44.37 -186.50 -103.26

16 -100.35 -60.77 177.56 93.31 -114.53 -57.49 -124.13 -42.04 132.23 59.10 133.16 57.67

17 -171.08 -68.31 141.47 83.94 -135.84 -81.15 90.75 37.59 90.69 50.63 86.20 38.05

18 -182.58 -81.58 -158.07 -62.82 -162.18 -74.77 -94.83 -58.42 147.39 76.28 107.01 45.47

19 100.46 48.40 -132.94 -65.57 -157.85 -58.76 -145.26 -62.79 172.44 85.79 102.34 39.24

20 174.88 81.32 -159.35 -68.49 177.17 100.08 -95.72 -46.75 103.02 49.88 126.24 52.73

21 -113.22 -60.82 90.19 38.88 -83.82 -49.85 -152.90 -93.36 -185.45 -87.68 162.96 100.16

22 128.84 53.04 -176.39 -89.32 129.57 73.85 149.75 88.28 -145.76 -76.88 109.82 50.55

23 -120.66 -63.92 -89.54 -39.23 -115.38 -50.26 -154.06 -92.37 -183.58 -99.51 -161.04 -57.33

24 -160.16 -59.01 185.85 82.85 -188.15 -78.30 113.09 51.27 174.40 74.11 121.30 72.24

25 85.38 45.30 113.73 54.27 97.75 43.65 130.02 72.52 -85.73 -30.14 -82.67 -38.75

26 -97.00 -38.46 159.02 90.49 -104.18 -51.39 -186.43 -108.54 140.75 64.37 103.84 36.62

P [kW] Q [kvar] P [kW] Q [kvar] P [kW] Q [kvar] P [kW] Q [kvar] P [kW] Q [kvar] P [kW] Q [kvar]

1 -142.13 -66.00 131.81 70.54 -157.08 -83.02 -173.08 -90.67 -145.22 -76.54 96.28 54.68

2 88.08 54.42 -123.99 -67.55 -167.34 -84.74 -175.59 -71.13 -124.98 -51.06 92.72 38.93

3 -159.58 -58.32 178.96 69.59 -115.39 -69.08 108.78 43.53 -174.10 -91.11 155.42 67.62

4 129.69 49.89 -91.34 -48.25 145.03 86.85 -107.43 -65.76 -109.96 -51.48 104.25 62.96

5 -114.48 -46.13 -138.01 -51.36 85.25 51.21 -159.16 -96.44 -178.02 -65.28 -124.81 -64.48

6 -145.08 -57.88 100.99 55.38 157.95 57.31 102.91 54.89 -165.69 -63.37 -164.38 -80.02

7 185.29 96.28 -186.43 -75.12 185.32 62.91 129.16 51.06 -172.75 -95.86 -175.48 -70.77

8 121.08 70.16 -179.61 -81.35 -111.60 -57.44 143.26 64.01 167.08 83.95 99.25 57.63

9 148.16 77.85 -146.74 -90.25 -137.29 -73.59 -125.43 -41.99 -115.17 -44.48 117.78 57.52

10 113.97 50.42 -141.89 -60.38 86.37 40.52 -85.84 -49.61 92.02 53.32 -124.01 -74.51

11 115.46 40.67 122.65 75.50 -105.28 -41.87 -93.57 -42.17 -99.37 -40.58 -88.73 -35.42

12 89.41 53.21 -83.71 -36.07 156.27 61.85 95.95 51.56 178.38 66.12 -102.20 -52.54

13 -144.68 -59.93 152.92 56.62 -127.60 -47.85 134.82 80.53 128.17 62.00 -170.28 -94.85

14 -83.68 -50.64 -96.45 -48.56 152.49 60.37 175.87 65.17 162.90 75.62 -173.26 -103.69

15 84.29 34.44 151.01 67.42 89.87 55.55 -158.45 -72.62 93.74 35.51 -160.99 -96.42

16 148.79 73.59 129.62 59.58 122.66 43.70 -128.63 -69.32 115.51 38.59 112.68 39.87

17 -141.31 -85.90 90.13 50.41 -107.55 -66.15 -99.21 -57.07 -96.13 -38.29 -137.46 -77.73

18 88.66 33.86 -151.46 -60.59 -187.77 -114.92 188.50 99.69 -136.41 -71.74 -133.05 -45.75

19 143.87 82.90 88.92 48.29 -143.81 -60.77 -108.17 -65.12 -158.50 -76.68 -187.93 -99.40

20 -104.77 -61.75 -90.96 -32.27 83.77 39.66 165.89 72.98 -148.61 -82.01 124.51 42.67

21 93.46 51.17 -98.91 -53.43 -184.18 -87.92 -133.00 -73.79 175.26 84.39 84.65 44.69

22 122.19 65.47 -167.62 -79.45 82.01 39.67 -137.20 -56.02 -181.72 -108.86 82.47 49.73

23 -141.40 -64.17 -127.81 -67.81 -123.72 -74.53 187.86 101.45 161.09 97.47 128.14 57.92

24 104.50 45.22 -109.40 -60.90 117.10 65.42 178.27 90.40 87.36 38.91 147.91 69.29

25 -189.98 -63.27 -99.97 -47.13 161.52 95.11 103.17 62.42 143.98 64.89 -95.59 -34.49

26 85.16 28.19 -154.90 -91.60 -184.08 -61.17 82.99 50.76 -82.58 -49.41 -157.37 -89.14

702

724
State

720
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Table B.6(b): Inputs for the simulation of the modified IEEE 37-bus test feeder in balanced 

grid condition 

 

 

  

P [kW] Q [kvar] P [kW] Q [kvar] P [kW] Q [kvar] P [kW] Q [kvar] P [kW] Q [kvar] P [kW] Q [kvar]

1 139.05 66.70 -165.75 -72.90 143.68 84.42 105.87 50.72 -132.02 -77.37 161.51 56.23

2 -106.55 -36.63 -122.53 -63.05 161.39 73.18 -89.05 -46.88 -105.71 -46.90 -86.98 -41.72

3 183.32 100.33 167.80 98.71 -151.61 -67.06 93.15 31.18 -159.58 -77.40 -145.00 -72.46

4 150.65 71.81 -163.34 -54.92 -168.60 -62.61 -106.70 -35.37 127.46 76.84 -117.27 -63.02

5 120.83 43.41 139.56 66.87 -114.85 -41.79 -137.77 -50.18 -83.04 -39.66 -113.02 -55.71

6 -138.42 -77.90 -165.45 -79.77 95.76 58.01 -180.92 -74.78 -185.77 -99.53 -83.92 -33.71

7 -186.29 -72.05 134.31 71.58 -99.10 -40.42 -153.18 -66.87 113.61 42.91 -103.15 -59.32

8 -139.59 -81.41 108.89 61.79 172.13 64.79 -100.39 -41.75 161.40 99.64 100.14 61.47

9 90.75 45.54 135.54 50.85 -176.32 -86.30 160.44 80.59 -156.44 -88.55 175.32 74.22

10 -163.97 -60.85 173.68 95.25 188.56 113.13 -84.12 -43.11 144.60 53.41 -121.14 -55.01

11 154.90 65.79 -147.55 -69.84 110.07 65.58 103.06 57.91 -129.31 -72.66 -131.30 -66.77

12 168.60 81.80 -185.10 -86.93 98.12 55.60 -96.93 -35.77 -184.15 -98.51 171.00 61.22

13 -109.91 -49.77 150.07 51.26 -154.51 -62.12 150.93 52.65 89.37 47.17 172.29 84.56

14 -89.41 -53.57 -88.43 -48.46 -183.04 -93.41 133.92 46.40 174.37 68.91 -115.61 -41.34

15 -189.30 -105.18 -163.92 -90.00 87.39 33.79 -159.86 -94.58 134.64 62.47 -171.65 -83.28

16 -115.38 -70.72 -168.63 -90.56 -182.80 -106.14 -167.76 -101.41 -92.86 -36.31 137.41 48.61

17 -85.55 -32.55 -162.37 -75.98 120.77 50.24 108.48 62.53 122.27 73.00 -158.62 -67.40

18 -127.08 -78.26 -149.69 -77.59 -138.63 -80.42 -99.36 -47.35 -86.48 -49.19 -91.24 -39.02

19 113.95 53.55 183.40 101.68 -128.76 -49.32 -164.13 -98.70 -84.12 -37.60 -84.36 -52.18

20 168.68 99.21 -121.36 -52.57 180.06 84.88 99.71 61.53 176.17 106.22 95.20 45.02

21 86.92 39.91 93.77 51.59 -146.35 -50.09 99.18 59.07 88.91 36.71 -159.52 -81.15

22 -126.33 -56.74 154.53 52.87 141.63 84.96 168.79 76.54 138.07 62.77 93.77 41.95

23 172.83 71.15 -131.25 -63.66 -180.39 -63.43 95.47 57.76 121.55 48.10 -158.29 -74.70

24 -174.58 -93.76 124.52 62.83 -115.80 -60.62 -85.52 -37.50 -155.88 -89.98 -162.32 -91.29

25 100.31 35.86 -93.81 -43.62 182.10 109.65 88.42 40.90 116.30 48.20 -84.14 -39.50

26 177.59 71.17 -115.46 -52.16 -125.92 -42.89 185.70 111.48 -95.52 -39.03 -124.94 -46.87

State
730729 735733732731

P [kW] Q [kvar] P [kW] Q [kvar] P [kW] Q [kvar] P [kW] Q [kvar] P [kW] Q [kvar] P [kW] Q [kvar] P [kW] Q [kvar]

1 -188.81 -95.74 158.14 52.51 182.94 90.91 154.44 64.82 122.55 49.75 -109.34 -64.02 -180.44 -83.02

2 -159.98 -73.18 -182.77 -109.20 86.35 36.90 84.17 30.90 -143.66 -67.91 186.39 87.50 181.89 65.62

3 136.02 74.26 132.63 70.51 -124.25 -73.87 86.88 50.10 -84.40 -48.53 130.40 75.67 163.11 98.65

4 -185.11 -84.72 165.08 90.52 -159.02 -66.13 89.42 50.65 -161.02 -56.82 105.17 57.94 103.31 48.36

5 -155.77 -71.64 98.53 55.42 -152.75 -89.42 156.13 57.60 -156.42 -88.30 161.89 77.08 -187.37 -115.98

6 -113.10 -66.46 122.98 49.87 -125.49 -60.90 -82.88 -41.03 177.33 108.98 84.85 33.18 184.54 106.89

7 167.14 100.12 -90.68 -47.33 -85.87 -47.28 -97.99 -55.87 101.43 46.16 -99.71 -41.92 -97.47 -49.73

8 97.40 59.54 132.13 76.51 -94.98 -43.51 92.89 38.87 -84.72 -38.42 162.10 78.47 -94.08 -52.47

9 -186.18 -107.10 -188.29 -108.47 -87.94 -49.19 -116.79 -43.02 119.86 59.11 -131.02 -47.81 84.47 40.06

10 -115.27 -55.03 -143.56 -52.42 97.45 33.56 -165.73 -65.61 89.12 40.70 -150.64 -52.10 82.39 44.21

11 -143.73 -54.92 -168.05 -58.41 -82.77 -49.92 -100.73 -38.44 106.58 44.65 108.06 53.49 180.13 76.27

12 -123.89 -66.65 -149.70 -71.76 -187.11 -106.88 -136.68 -64.72 136.76 69.76 -128.65 -69.87 155.30 71.34

13 -183.59 -104.48 176.14 108.31 -181.77 -81.53 104.37 58.88 98.32 44.87 -152.18 -53.89 -87.59 -48.72

14 149.35 90.00 153.86 78.00 -94.30 -51.12 136.40 64.88 82.50 41.68 -123.61 -60.00 160.68 96.87

15 133.43 46.36 -157.05 -92.27 185.07 107.99 -86.79 -33.11 -85.51 -50.24 -118.31 -43.82 -96.43 -59.68

16 123.08 68.27 108.57 37.51 92.26 52.56 99.05 55.73 -163.56 -86.05 -188.58 -106.21 -178.20 -101.51

17 147.45 66.09 -180.76 -99.03 168.97 58.10 -123.02 -51.78 169.97 80.06 -135.12 -79.66 -116.22 -56.58

18 133.49 75.41 -154.44 -56.38 -112.20 -60.66 -87.27 -32.74 -86.17 -50.51 110.83 65.05 -113.15 -51.01

19 -161.06 -89.47 -145.66 -53.10 -120.28 -66.96 -114.46 -56.36 -87.52 -52.36 185.60 85.96 -91.29 -53.62

20 -97.76 -40.36 104.89 42.26 160.95 70.48 148.52 73.59 -182.97 -99.28 -128.52 -63.47 -84.85 -49.60

21 -183.30 -106.04 155.57 56.01 136.99 84.75 128.36 44.75 84.50 36.59 98.60 51.22 119.62 64.10

22 -189.69 -73.58 154.81 95.26 -95.34 -57.12 -155.37 -69.50 181.29 90.00 183.24 75.01 -101.85 -60.76

23 -188.32 -112.04 -83.43 -28.61 161.76 86.89 -173.62 -68.27 -123.92 -60.04 -83.88 -41.67 175.95 89.71

24 -149.73 -50.28 137.41 82.43 -87.84 -49.22 89.71 45.92 128.42 77.61 -117.75 -49.95 -125.63 -68.41

25 -153.90 -67.71 -124.08 -67.47 -90.07 -38.50 128.55 68.63 -161.97 -97.24 93.30 32.94 128.89 57.57

26 85.72 46.64 182.17 88.84 -88.02 -37.49 150.58 78.02 134.64 71.28 92.41 35.93 168.18 94.42

State
775742741740738737736
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B.3 Additional Results 

In Section 5.1.2, only the charts of the trend of the whole result differences for this sensitivity 

analysis in positive sequence are presented. In this appendix, the charts displaying the plots 

from the sensitivity analysis in negative sequence are provided additionally. The histogram of 

result differences for voltage magnitude sensitivity analysis are displayed in Figure B.1 and 

Figure A.2, while the histogram of result differences for voltage angle sensitivity analysis are 

displayed in Figure B.3 and Figure B.4. The mean values of all phases are provided in 

Table A.7. 

Table A.7: Mean of result differences of each grid sensitivity type (unit: [%]) 

Sensitivity type 
Mean 

Phase a Phase b Phase c 

Svir,2 0.008 2.753 0.006 

Svii,2 -1.397 0.439 -0.021 

Sphiir,2 1.341 -0.548 -0.412 

Sphiii,2 -0.059 -2.936 -0.084 

 

Figure B.1: Histogram of the whole result differences in Svir,2 of the modified IEEE 37-bus 

test feeder case 
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Figure B.2: Histogram of the whole result differences in Svii,2 of the modified IEEE 37-bus 

test feeder case 

 

Figure B.3: Histogram of the whole result differences in Sphiir,2 of the modified IEEE 37-bus 

test feeder case 
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Figure B.4: Histogram of the whole result differences in Sphiii,2 of the modified IEEE 37-bus 

test feeder case 

Identical to the case of positive sequence stated in Section 5.1.2, the sensitivities Svir can be 

paired to Sphiii and Svii can be paired to Sphir. Based on the proposed analysis method in 

Chapter 4, their characteristics are the opposite of each other. Besides, the histograms in 

Figure B1 to Figure B4 illustrate that high accuracy of the results from the proposed method 

is still achievable in the case of the sensitivity in relation to complex negative sequence 

current.  

 

  



252 Appendix B 

  

 



Appendix C 253 

  

Appendix C: Additional Information of Exemplified Mesh 

Grid 

This appendix provides the additional information, which is not covered in the main content, 

for the exemplified mesh grid in Case Study 1. First, the configurations of this grid are given. 

Next, active and reactive powers data used as the inputs in the simulations are shown. Lastly, 

the additional results are demonstrated to complete the presented results of the verification in 

Chapter 5. 

C.1 Grid Configurations 

A mesh grid modified from 14-bus system example in PowerFactory is also simulated in Case 

Study 1 to investigate the application of the proposed voltage sensitivity analysis method. The 

simulation is executed at the nominal voltage of 10 kV and the frequency of 50 Hz. The 

topological information of this modified grid is provided in Table C.1. The transformer 

parameters are shown in Table C.2. The cable parameters can be found in Table B.3 and 

Table B.4, since the elements used in this grid are identical to that of Modified IEEE 37-Bus 

Test Feeder. The rest of parameters other than provided here are set by default from the 

standard library in PowerFactory.  

Table C.1: Cable connection information 

From bus To bus Length [km] Element Type 

100 101 - 25 MVA 20/10 kV 

101 102 0.20 NA2XSY 3x240sm 6/10kV 

101 107 0.10 NA2XSY 3x240sm 6/10kV 

102 103 0.20 NA2XSY 3x185sm 6/10kV 

103 104 0.10 NA2XSY 3x185sm 6/10kV 

103 105 0.20 NA2XSY 3x185sm 6/10kV 

104 105 0.10 NA2XSY 3x185sm 6/10kV 

105 108 0.10 NA2XSY 3x185sm 6/10kV 

106 105 0.10 NA2XSY 3x185sm 6/10kV 

107 106 0.10 NA2XSY 3x185sm 6/10kV 

108 101 0.20 NA2XSY 3x240sm 6/10kV 

108 109 0.20 NA2XSY 3x185sm 6/10kV 

109 110 0.10 NA2XSY 3x185sm 6/10kV 

110 101 0.30 NA2XSY 3x240sm 6/10kV 

110 111 0.25 NA2XSY 3x185sm 6/10kV 

111 101 0.20 NA2XSY 3x240sm 6/10kV 
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Table C.2: Parameters of 25 MVA 20/10 kV transformer 

Parameter Description Value Unit 

HV bus Bus on high voltage side 100 - 

LV bus  Bus on low voltage side 101 - 

Rated Power - 25 MVA 

Vector group - Yd5 - 

C.2 Inputs for Simulation 

This section delivers the inputs used for the simulations in Case Study 1 for the exemplified 

mesh grid. There are 10 buses with 11 states, which represent different operational scenarios. 

First, Table C.3(a) and Table C.3(b) show the inputs for the unbalanced grid condition. Active 

and reactive powers in phase a, b, and c are represented by P1 and Q1; P2 and Q2; and P3 

and Q3, respectively. The generation process of these inputs is shown in Appendix F. 

Table C.3(a): Inputs for the simulation of the exemplified mesh grid in unbalanced  

grid condition 

 

  

P1 [kW] Q1 [kvar] P2 [kW] Q2 [kvar] P3 [kW] Q3 [kvar] P1 [kW] Q1 [kvar] P2 [kW] Q2 [kvar] P3 [kW] Q3 [kvar]

1 -214.47 -111.73 -188.51 -68.81 164.13 63.58 109.80 49.19 -211.49 -91.77 -164.05 -64.74

2 210.00 95.72 98.41 45.33 197.01 57.11 152.92 69.05 150.90 72.15 110.06 46.03

3 211.70 77.43 174.60 86.76 -181.55 -51.75 179.50 45.42 136.01 65.14 106.05 38.10

4 -185.32 -89.58 197.82 106.74 95.33 46.45 -112.80 -53.12 -159.94 -62.09 -174.55 -47.02

5 -103.13 -36.19 -94.50 -43.50 -106.61 -53.92 -196.30 -88.82 130.37 54.22 -218.42 -74.03

6 123.87 36.21 -142.27 -53.93 -171.40 -48.58 145.48 61.59 110.04 34.53 156.02 60.50

7 -138.75 -54.76 122.71 32.28 101.05 35.39 -127.04 -41.39 178.19 92.74 154.14 70.28

8 151.27 52.31 196.84 103.98 109.74 58.75 175.13 87.60 110.40 30.12 -102.10 -33.41

9 110.27 32.34 96.76 24.05 -159.96 -40.37 -115.92 -30.48 192.50 64.63 -204.09 -88.07

10 -114.22 -54.23 212.77 107.18 99.58 38.87 171.90 88.87 -102.54 -51.49 104.01 38.85

11 -145.19 -52.65 -164.76 -45.86 216.97 82.68 -170.57 -69.45 -119.72 -32.12 -171.24 -43.82

P1 [kW] Q1 [kvar] P2 [kW] Q2 [kvar] P3 [kW] Q3 [kvar] P1 [kW] Q1 [kvar] P2 [kW] Q2 [kvar] P3 [kW] Q3 [kvar]

1 176.03 62.25 148.93 52.92 208.23 45.23 163.77 45.74 103.08 34.64 -103.26 -44.62

2 191.66 78.71 -102.99 -48.97 -193.27 -102.66 -206.12 -109.30 -102.12 -22.82 -113.56 -45.71

3 202.92 81.87 181.03 69.98 -210.03 -58.32 -140.70 -43.29 -194.22 -58.48 -160.28 -39.33

4 168.32 38.38 -103.38 -33.05 188.15 52.22 122.97 27.61 -213.27 -76.86 -112.78 -60.41

5 -219.62 -113.52 -94.53 -34.08 -150.86 -79.37 -96.90 -42.93 -96.48 -22.08 -211.69 -105.11

6 -219.13 -101.12 -97.52 -35.77 -217.50 -82.79 212.40 74.36 -142.09 -74.37 -101.75 -41.12

7 -195.51 -80.49 -155.75 -64.77 168.18 38.87 149.58 66.26 -124.87 -58.02 -126.66 -48.33

8 -147.00 -53.96 -196.05 -92.48 -180.66 -81.18 113.00 54.20 -139.54 -29.29 213.24 111.61

9 -213.62 -55.59 -201.13 -83.92 186.36 53.89 -136.29 -40.48 -172.15 -52.04 109.52 37.61

10 -101.26 -41.00 188.75 101.35 -193.29 -70.07 -148.29 -47.51 -108.21 -43.60 176.97 45.15

11 -124.50 -51.62 -154.71 -55.70 -121.28 -35.86 188.24 86.92 135.34 45.40 -105.74 -53.89

P1 [kW] Q1 [kvar] P2 [kW] Q2 [kvar] P3 [kW] Q3 [kvar] P1 [kW] Q1 [kvar] P2 [kW] Q2 [kvar] P3 [kW] Q3 [kvar]

1 -111.42 -43.94 -107.66 -42.30 191.70 86.90 -152.68 -40.59 -125.40 -47.49 -184.28 -79.67

2 -141.54 -71.51 101.55 44.29 -120.98 -40.99 131.77 69.80 141.80 68.14 -172.62 -60.81

3 215.87 108.66 190.39 90.77 -186.35 -64.34 174.99 66.67 -216.18 -79.33 -219.72 -103.71

4 110.45 29.08 157.94 60.68 113.35 43.68 211.64 43.24 -115.26 -57.68 -102.91 -38.32

5 -148.95 -53.92 -200.58 -92.00 185.01 59.81 -159.75 -62.58 198.35 104.23 -97.22 -20.65

6 -182.87 -85.16 -141.94 -73.96 -122.40 -48.19 152.90 40.06 107.01 35.80 -175.24 -47.65

7 106.60 28.32 -113.78 -58.76 -208.26 -83.09 103.55 53.90 -101.31 -36.48 126.71 58.34

8 171.79 89.99 182.11 94.89 -180.14 -71.32 -107.17 -22.45 -94.97 -45.47 -214.98 -71.99

9 174.36 71.21 -102.41 -43.32 -198.55 -46.55 96.81 23.29 -133.49 -56.61 -186.49 -81.78

10 173.34 55.60 -152.83 -77.31 147.35 63.24 -95.22 -35.68 206.23 72.79 206.60 43.34

11 -162.96 -72.38 107.34 44.32 -106.17 -53.89 122.38 50.97 214.96 81.17 213.24 110.19

State

State

State

102 103

104 105

106 107
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Table C.3(b): Inputs for the simulation of the exemplified mesh grid in unbalanced  

grid condition 

 

Table C.4 subsequently provides the inputs for the simulation in balanced grid condition. 

Active and reactive powers P and Q, shown in the table, are per phase. The generation process 

of these inputs is shown in Appendix F. In this case, the inputs at the same bus of all states are 

set to have the same sign. 

Table C.4: Inputs for the simulation of the exemplified mesh grid in balanced grid condition 

 

P1 [kW] Q1 [kvar] P2 [kW] Q2 [kvar] P3 [kW] Q3 [kvar] P1 [kW] Q1 [kvar] P2 [kW] Q2 [kvar] P3 [kW] Q3 [kvar]

1 -149.91 -70.52 -111.03 -23.83 -131.86 -27.42 141.09 61.44 99.58 30.82 122.62 56.94

2 167.18 75.23 147.20 63.42 143.49 68.41 -104.31 -35.90 -204.93 -104.42 171.56 35.75

3 -196.36 -48.28 168.94 78.92 98.42 41.98 -192.38 -44.91 181.41 66.02 -133.74 -65.39

4 102.75 26.41 108.10 28.14 161.38 53.24 145.68 51.88 -109.98 -45.83 -107.34 -28.65

5 164.17 48.23 -196.20 -56.76 -162.74 -84.96 118.45 54.56 107.44 34.13 187.58 99.58

6 146.87 35.12 198.26 80.76 129.87 40.45 -199.32 -96.24 112.72 52.62 136.16 60.76

7 -180.33 -88.42 -204.99 -105.53 -205.30 -86.19 -186.26 -77.13 130.51 67.05 -152.28 -47.36

8 -111.39 -43.41 101.57 38.06 164.33 47.20 214.85 114.37 -116.01 -47.62 152.75 53.16

9 -121.89 -43.14 -186.72 -91.10 130.00 56.18 -94.90 -24.76 -198.10 -69.23 -138.54 -68.30

10 -100.02 -24.49 -113.56 -43.74 204.88 92.21 -213.72 -76.85 -106.22 -53.47 -142.32 -32.29

11 104.47 35.66 167.59 73.65 -194.36 -40.86 -204.93 -99.04 -206.60 -84.69 -218.29 -83.27

P1 [kW] Q1 [kvar] P2 [kW] Q2 [kvar] P3 [kW] Q3 [kvar] P1 [kW] Q1 [kvar] P2 [kW] Q2 [kvar] P3 [kW] Q3 [kvar]

1 -149.60 -54.63 109.21 43.79 94.26 34.34 -111.80 -48.46 114.89 32.89 -200.41 -42.05

2 102.00 46.34 98.60 26.72 -127.04 -36.63 -113.20 -50.58 181.90 77.85 206.01 62.45

3 196.33 43.07 -217.90 -62.71 -171.31 -36.15 172.65 76.53 -164.40 -86.33 -175.70 -49.20

4 190.77 48.15 132.90 64.86 115.18 29.57 170.90 48.70 128.29 55.61 -139.80 -45.65

5 -98.90 -48.18 204.89 96.47 101.04 48.54 -107.16 -41.28 192.51 57.99 132.40 48.26

6 -110.03 -59.34 184.59 96.90 150.28 79.69 -113.44 -44.08 -164.24 -81.15 -180.48 -55.86

7 -132.71 -43.06 -188.28 -67.78 -177.01 -72.65 199.24 60.07 -136.48 -33.47 97.38 38.59

8 -204.51 -54.08 -120.72 -36.26 -120.10 -64.37 147.44 74.70 -94.97 -42.74 141.97 37.69

9 151.06 76.62 -152.26 -59.64 -179.69 -72.50 146.54 51.94 189.17 84.54 200.08 104.27

10 -183.05 -96.85 110.89 59.02 178.17 40.50 205.14 90.65 94.40 45.60 144.99 31.75

11 -120.34 -43.75 111.56 23.21 -125.40 -58.98 96.83 43.13 -142.44 -43.33 149.96 76.88

State

State

108 109

110 111

P [kW] Q [kvar] P [kW] Q [kvar] P [kW] Q [kvar] P [kW] Q [kvar] P [kW] Q [kvar]

1 -95.92 -38.14 150.94 45.24 -115.36 -29.98 145.46 49.32 -100.84 -38.94

2 -98.52 -38.75 167.62 46.53 -111.58 -29.50 131.82 41.43 -105.32 -31.69

3 -100.10 -41.46 128.88 47.82 -123.50 -43.63 218.83 92.01 -91.23 -35.64

4 -101.77 -27.37 202.09 63.30 -134.55 -52.32 141.00 40.87 -145.42 -60.53

5 -109.05 -33.73 168.29 63.99 -115.46 -34.48 139.63 42.10 -129.22 -38.50

6 -108.99 -36.63 237.94 81.10 -115.76 -34.67 199.92 81.50 -145.96 -46.10

7 -103.05 -38.87 168.26 48.01 -97.49 -29.54 227.33 77.70 -99.81 -30.72

8 -105.06 -42.08 194.48 64.01 -91.47 -27.66 181.99 68.27 -145.27 -46.65

9 -143.58 -46.62 138.52 51.75 -107.41 -44.02 204.32 69.08 -137.68 -49.53

10 -132.19 -33.48 165.76 62.89 -109.05 -34.24 138.43 50.27 -124.64 -45.43

11 -123.34 -49.32 139.34 49.35 -129.22 -45.53 234.41 84.49 -116.40 -33.59

P [kW] Q [kvar] P [kW] Q [kvar] P [kW] Q [kvar] P [kW] Q [kvar] P [kW] Q [kvar]

1 158.09 58.55 -112.22 -36.08 209.50 53.14 -122.05 -45.21 201.62 50.70

2 217.74 54.71 -140.49 -55.95 217.57 91.70 -143.12 -51.69 183.34 67.92

3 214.69 84.03 -134.05 -56.19 166.00 56.43 -143.94 -36.56 169.39 43.51

4 222.27 70.97 -124.26 -38.06 194.07 80.11 -127.56 -33.46 192.32 71.50

5 180.68 59.23 -100.61 -37.39 189.06 55.07 -98.27 -30.94 210.06 57.66

6 196.28 71.65 -147.44 -46.86 183.61 46.45 -103.07 -26.09 190.02 67.23

7 234.11 94.64 -105.92 -38.73 153.01 63.63 -100.93 -30.08 186.22 67.17

8 173.28 73.16 -145.47 -47.11 149.84 39.50 -92.51 -34.54 190.03 74.57

9 127.20 45.72 -103.43 -43.72 174.20 73.73 -96.42 -30.61 181.42 73.80

10 224.01 89.09 -112.41 -30.31 147.33 46.20 -126.99 -49.30 129.91 49.09

11 195.74 59.86 -95.25 -27.77 216.53 63.84 -146.38 -55.63 206.35 63.09

111
State

State
102 103 104 105 106

107 108 109 110
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C.3 Additional Results 

In Section 5.1.2, only the charts of the trend of the whole result differences for this sensitivity 

analysis in positive sequence are presented. In this appendix, the charts displaying the plots 

from the sensitivity analysis in negative sequence are provided additionally. The results 

differences for voltage magnitude sensitivity analysis are illustrated in Figure B.1 and 

Figure B.3. The mean values of all sensitivity types shown in this section are provided in 

Table C.5. They are shown in dash line in the figures. 

 

Table C.5: Mean result differences of each grid sensitivity type (unit: [%]) 

Sensitivity type 
Mean 

Phase a Phase b Phase c 

Svir,2 -0.873 -0.355 0.242 

Svii,2 -0.040 -0.056 0.487 

Sphiir,2 0.016 0.030 -0.495 

Sphiii,2 0.717 0.343 -0.261 

 

Figure C.1: Histogram of the whole result differences in Svir,2 of the exemplified mesh grid 
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Figure C.2: Histogram of the whole result differences in Svii,2 of the exemplified mesh grid 

 

Figure C.3: Histogram of the whole result differences in Sphiir,2 of the exemplified mesh grid 
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Figure C.4: Histogram of the whole result differences in Sphiii,2 of the exemplified mesh grid 

The sensitivities Svir,2 can be paired to Sphiii,2 and Svii,2 can be paired to Sphir,2 in the case 

of negative sequence, identical to the case of positive sequence in Chapter 5. Based on the 

proposed analysis method in Chapter 4, their characteristics are the opposite of each other. 

Also, the histograms in Figure C1 to Figure C4 demonstrate that the results from the proposed 

method in this case still achieve high accuracy. The dispersion of the histograms is small, and 

the mean values are close to zero. 
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Appendix D: Additional Information of Cluster-Based Grid 

This appendix delivers the additional information, which is not covered in the main content 

for the exemplified mesh grid in Case Study 2 and Case Study 3. First, the configurations of 

this grid are provided. Then, active and reactive powers data used as the inputs in the 

simulations are shown. Finally, the additional results are demonstrated to complete the 

presented results of the verification in Chapter 5. 

D.1 Grid Configurations  

A radial power grid from an actual distribution grid in Borden-Etteln provided by Westfalen 

Weser Netz is adapted for the simulations. The clustering power systems approach is applied 

to this grid to form a cluster-based grid to examine the decoupled voltage sensitivity analysis 

by the proposed method. The simulation is executed at the nominal voltage of 400 V and the 

frequency of 50 Hz. The topological information of this modified grid is provided in 

Table D.1. 

Table D.1: Cable connection information 

From bus To bus Length [km] Element Type 

100 101 - 0.4 MVA 20/0.4 kV 

101 111 0.0926 NAYY 4x240SE 0.6/1kV 

101 102 0.1541 NAYY 4x240SE 0.6/1kV 

101 106 0.0294 NAYY 4x240SE 0.6/1kV 

111 112 0.0399 NAYY 4x185SE 0.6/1kV 

112 113 0.0435 NAYY 4x185SE 0.6/1kV 

113 114 0.0309 NAYY 4x185SE 0.6/1kV 

114 115 0.0303 NAYY 4x185SE 0.6/1kV 

115 116 0.0699 NAYY 4x185SE 0.6/1kV 

102 103 0.0450 NAYY 4x185SE 0.6/1kV 

103 104 0.0390 NAYY 4x185SE 0.6/1kV 

104 105 0.0855 NAYY 4x185SE 0.6/1kV 

106 107 0.1345 NAYY 4x185SE 0.6/1kV 

107 108 0.0360 NAYY 4x185SE 0.6/1kV 

108 109 0.0561 NAYY 4x185SE 0.6/1kV 

109 110 0.0600 NAYY 4x185SE 0.6/1kV 

 

The parameters of each element in Table D.1 can be found in Table D.2 to Table D.4. The rest 

of parameters other than provided here are set by default from the standard library in 

PowerFactory. 
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Table D.2: Parameters of 0.4 MVA 20/0.4 kV transformer 

Parameter Description Value Unit 

HV bus Bus on high voltage side 100 - 

LV bus Bus on low voltage side 101 - 

Rated Power - 0.4 MVA 

Vector group - Dyn5 - 

 

Table D.3: Parameters of NAYY 4x240SE 0.6/1kV cable 

Parameter Description Value Unit 

r 1, 2 sequence resistance per length 0.1267 Ohm/km 

x 1, 2 sequence reactance per length 0.0798 Ohm/km 

r0 Zero sequence resistance per length 0.5067 Ohm/km 

x0 Zero sequence reactance per length 0.3192 Ohm/km 

B 1, 2 sequence susceptance per length 273.3186 μS/km 

B0 Zero sequence susceptance per length 132.7951 μS/km 

 

Table D.4: Parameters of NAYY 4x185SE 0.6/1kV cable 

Parameter Description Value Unit 

r 1, 2 sequence resistance per length 0.1650 Ohm/km 

x 1, 2 sequence reactance per length 0.0804 Ohm/km 

r0 Zero sequence resistance per length 0.6600 Ohm/km 

x0 Zero sequence reactance per length 0.3217 Ohm/km 

B 1, 2 sequence susceptance per length 260.7522 μS/km 

B0 Zero sequence susceptance per length 121.2341 μS/km 
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D.2 Inputs for Simulations 

This section delivers the inputs used for the simulations in Case Study 2 for the cluster-based 

grid. There are 15 buses with 16 states, which represent different operational scenarios. First, 

Table D.5(a) to Table D.5(c) show the inputs for the unbalanced grid condition. Active and 

reactive powers in phase a, b, and c are represented by P1 and Q1; P2 and Q2; and P3 and 

Q3, respectively. The generation process of these inputs is shown in Appendix F. 

Table D.5(a): Inputs for the simulation of the cluster-based grid in unbalanced grid condition 

 

  

P1 [kW] Q1 [kvar] P2 [kW] Q2 [kvar] P3 [kW] Q3 [kvar] P1 [kW] Q1 [kvar] P2 [kW] Q2 [kvar] P3 [kW] Q3 [kvar]

1 -6.13 -2.37 -5.77 -3.45 3.10 1.24 -3.74 -1.17 -4.72 -2.20 -7.35 -2.72

2 2.63 1.23 -4.50 -1.97 -4.22 -1.24 -3.93 -2.03 7.31 4.50 -4.88 -2.19

3 3.41 0.89 -3.06 -1.20 -6.09 -3.71 6.75 2.20 3.66 1.98 3.07 1.57

4 -5.74 -2.71 -3.84 -1.32 -6.17 -3.42 3.15 1.32 6.47 3.42 -2.84 -1.24

5 -4.11 -2.33 -4.18 -2.26 -6.36 -1.52 4.99 2.09 -3.60 -1.57 -5.62 -2.00

6 4.59 1.95 -3.08 -1.89 4.52 1.07 -6.50 -2.25 -5.17 -2.82 -5.13 -1.58

7 3.24 0.78 -5.17 -2.96 -3.02 -1.39 -3.16 -1.03 -5.75 -2.87 5.36 2.73

8 -6.29 -2.37 -7.67 -2.52 -6.64 -2.05 -7.10 -1.87 3.15 1.07 3.41 1.74

9 -3.44 -1.65 3.90 0.87 4.41 1.09 3.96 2.27 -4.94 -2.34 -6.27 -3.13

10 -3.24 -1.72 -6.09 -2.95 -5.84 -2.17 4.44 1.41 -4.33 -2.60 4.59 1.72

11 2.92 0.85 5.63 1.17 5.64 2.76 7.03 3.90 -7.81 -3.77 -3.18 -0.90

12 -7.77 -1.85 -3.10 -1.57 2.77 1.32 3.92 2.39 3.05 1.37 -3.05 -1.01

13 2.93 1.43 -4.07 -2.33 3.18 1.48 4.28 2.47 7.55 2.28 4.49 1.24

14 7.19 4.29 4.95 2.40 -5.51 -2.03 6.24 3.58 6.20 3.18 -3.19 -0.89

15 -6.72 -3.74 4.96 2.06 5.42 2.46 -2.99 -1.72 -7.90 -2.40 -7.83 -4.38

16 4.79 1.97 -5.91 -2.29 2.92 0.68 -3.10 -0.75 3.61 1.50 -7.10 -2.06

P1 [kW] Q1 [kvar] P2 [kW] Q2 [kvar] P3 [kW] Q3 [kvar] P1 [kW] Q1 [kvar] P2 [kW] Q2 [kvar] P3 [kW] Q3 [kvar]

1 7.52 2.54 -7.26 -3.30 -6.29 -3.90 2.85 1.26 -3.85 -2.35 -4.45 -2.70

2 5.24 2.34 3.93 2.03 6.35 3.28 -5.29 -1.25 6.18 2.88 -3.61 -1.58

3 6.50 3.15 -7.78 -4.46 -4.69 -2.83 3.41 0.79 -6.08 -2.54 -3.81 -1.02

4 -7.19 -4.31 -4.51 -2.33 2.98 1.38 7.98 2.75 -6.11 -2.35 3.56 1.72

5 3.76 2.05 7.69 4.32 2.87 0.91 -6.42 -3.11 2.70 1.64 3.97 2.06

6 -4.11 -1.74 5.18 2.63 3.41 0.87 7.46 4.52 3.24 1.15 7.91 4.26

7 3.68 1.75 -5.08 -2.95 -4.00 -1.71 -6.51 -2.66 -6.06 -3.40 7.33 4.03

8 6.56 1.72 4.19 1.25 -3.04 -0.95 -5.77 -2.40 3.63 1.47 -3.80 -1.84

9 -3.52 -2.11 -6.35 -1.41 -3.03 -1.26 3.76 1.86 6.13 2.44 -5.68 -2.29

10 5.20 2.40 3.56 1.94 7.81 2.63 -6.46 -1.77 5.39 1.76 7.03 3.70

11 -5.98 -2.55 6.28 2.24 -7.31 -4.51 -7.02 -2.75 -4.83 -2.90 -4.54 -1.78

12 2.84 1.63 6.80 4.12 -3.24 -1.46 3.91 1.53 -4.22 -1.21 3.21 1.00

13 3.53 1.50 -3.82 -1.51 5.50 2.93 -7.67 -3.96 -5.80 -2.81 7.03 4.11

14 4.57 1.31 -2.76 -1.03 3.13 1.60 7.82 4.65 -3.23 -1.55 -6.92 -2.40

15 -4.32 -2.38 4.15 2.52 -4.29 -0.96 3.07 1.59 -4.08 -2.06 -4.91 -1.87

16 -4.84 -2.74 4.45 2.75 6.82 3.73 -3.51 -1.89 -4.64 -1.95 -3.48 -1.57

P1 [kW] Q1 [kvar] P2 [kW] Q2 [kvar] P3 [kW] Q3 [kvar] P1 [kW] Q1 [kvar] P2 [kW] Q2 [kvar] P3 [kW] Q3 [kvar]

1 7.19 3.06 -3.68 -1.53 7.03 4.15 -5.21 -2.10 3.18 0.74 -3.37 -2.02

2 -6.84 -2.09 -6.50 -3.86 -6.55 -2.79 4.88 2.96 -7.72 -4.41 6.48 3.92

3 3.19 1.14 3.41 1.81 3.10 1.45 6.67 3.99 6.79 2.96 -4.40 -1.35

4 -5.20 -3.14 -3.73 -2.14 -3.68 -1.45 6.32 3.20 -3.16 -0.70 -3.20 -1.52

5 -7.61 -4.33 -3.64 -1.52 4.63 1.94 3.16 1.85 -7.30 -2.79 2.81 1.36

6 2.96 1.59 -7.18 -3.05 2.88 1.56 3.86 2.16 -6.72 -2.66 -7.26 -3.14

7 6.11 3.26 6.41 3.82 -4.87 -2.84 6.98 3.42 7.98 3.61 -5.22 -1.40

8 3.28 1.84 -3.11 -0.65 -2.68 -1.65 -3.40 -2.06 6.40 2.63 -6.58 -3.13

9 6.08 3.27 -7.07 -3.76 6.27 3.76 -4.52 -1.61 3.38 0.87 -6.81 -2.72

10 -5.54 -2.90 6.86 3.49 4.69 2.38 3.58 1.38 -7.68 -3.74 6.68 3.92

11 3.46 0.81 -4.62 -2.38 -5.61 -1.82 -4.45 -2.49 -4.13 -2.23 -7.60 -3.82

12 -5.91 -2.95 3.37 2.04 -6.11 -3.07 3.46 2.07 -3.03 -1.43 6.07 3.46

13 -4.53 -2.34 3.94 1.70 -3.55 -1.40 -7.43 -3.54 -6.81 -3.57 2.69 1.44

14 -7.78 -3.71 -5.60 -2.97 6.35 1.32 7.94 3.61 3.45 1.59 -6.64 -3.23

15 4.42 2.27 7.52 3.58 4.22 1.61 -5.52 -3.03 -4.09 -1.60 -2.71 -1.43

16 7.43 2.48 3.98 0.94 3.61 1.54 3.29 0.92 -3.19 -1.37 3.19 1.74

State

State

State

102 103

104 105

106 107
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Table D.5(b): Inputs for the simulation of the cluster-based grid in unbalanced grid condition 

 

  

P1 [kW] Q1 [kvar] P2 [kW] Q2 [kvar] P3 [kW] Q3 [kvar] P1 [kW] Q1 [kvar] P2 [kW] Q2 [kvar] P3 [kW] Q3 [kvar]

1 3.60 1.75 4.42 2.09 -3.67 -1.07 -4.21 -1.66 -6.77 -2.29 3.09 1.90

2 5.60 3.41 3.39 1.16 -5.71 -2.43 7.93 3.30 -6.25 -3.18 -6.67 -3.76

3 -5.50 -1.57 3.02 0.81 4.57 1.18 7.81 2.34 4.06 1.77 -5.60 -2.59

4 6.76 2.70 -3.86 -2.36 -5.87 -2.91 7.57 1.74 3.68 1.20 -6.04 -1.99

5 4.95 1.44 4.45 2.55 7.84 1.91 4.00 2.37 -3.53 -1.46 -7.56 -2.78

6 3.04 1.33 -6.07 -2.85 -7.80 -1.93 4.71 1.27 -6.05 -1.41 -4.73 -1.67

7 7.64 4.71 -7.98 -2.64 -7.52 -3.06 -3.99 -1.66 -3.33 -1.86 -5.24 -2.39

8 3.38 0.85 3.34 1.44 5.65 3.31 2.87 1.59 5.60 1.45 -3.70 -0.93

9 -5.39 -2.56 3.16 1.06 6.32 3.10 -4.72 -2.56 -3.20 -1.08 -6.39 -1.34

10 6.29 2.17 3.21 1.80 3.40 1.78 4.62 1.65 5.06 2.63 7.98 1.96

11 6.34 3.60 4.33 1.61 5.05 2.66 5.34 2.15 -4.46 -1.74 2.76 1.26

12 -4.24 -1.30 7.13 2.81 2.83 1.53 -7.03 -2.86 3.68 1.67 -3.35 -0.87

13 -4.08 -1.05 7.33 4.53 3.03 1.88 -5.34 -1.19 6.62 3.81 -5.00 -2.42

14 6.08 1.97 6.84 2.34 -5.71 -1.53 -5.55 -2.27 -5.48 -2.31 -3.62 -1.45

15 -2.69 -0.90 3.25 0.68 2.64 1.21 3.49 2.04 -2.84 -0.63 -3.21 -1.34

16 -7.38 -3.52 7.11 4.10 -7.39 -3.03 4.70 2.64 -6.64 -3.08 7.12 2.08

P1 [kW] Q1 [kvar] P2 [kW] Q2 [kvar] P3 [kW] Q3 [kvar] P1 [kW] Q1 [kvar] P2 [kW] Q2 [kvar] P3 [kW] Q3 [kvar]

1 -4.58 -2.57 4.22 2.31 3.53 0.96 -3.35 -1.23 7.24 3.54 3.92 1.70

2 3.96 1.46 3.25 1.89 -3.24 -0.84 3.35 1.28 -7.62 -3.87 3.19 1.92

3 3.23 0.89 -7.93 -3.29 5.73 2.53 4.85 2.61 3.12 1.01 -5.28 -1.55

4 3.88 1.30 -4.54 -2.38 -6.26 -2.69 -4.36 -1.96 -7.47 -4.08 4.56 1.84

5 -4.28 -2.31 -3.48 -2.07 7.70 1.99 -7.48 -1.82 -2.90 -0.67 4.69 1.71

6 -4.02 -1.98 -6.24 -3.53 6.01 2.46 6.03 3.23 2.86 0.70 -3.87 -1.48

7 -5.74 -2.83 -7.11 -4.28 -3.92 -1.28 -3.57 -1.95 6.08 2.99 -7.61 -2.98

8 -6.79 -3.58 -3.07 -1.13 3.39 1.28 3.94 2.07 3.50 1.75 6.12 1.42

9 -4.56 -2.29 -3.56 -1.15 -4.35 -1.97 6.75 2.20 -4.94 -1.79 5.24 2.93

10 -3.74 -2.21 5.89 1.83 -6.93 -3.77 -4.71 -2.37 6.86 2.42 2.72 1.22

11 3.03 1.39 3.05 1.61 2.86 1.14 7.97 3.19 5.21 1.64 4.48 1.32

12 7.89 3.62 5.81 1.54 5.90 3.28 6.01 3.34 3.35 1.35 5.49 2.43

13 -7.66 -4.67 -3.08 -1.22 5.17 2.85 5.50 3.24 6.77 3.97 -4.03 -1.34

14 4.51 1.74 -7.83 -4.82 7.37 2.09 3.88 1.99 -3.58 -1.50 6.96 3.88

15 6.86 4.11 -7.94 -3.96 -4.00 -2.30 3.12 1.69 -3.95 -2.39 2.92 1.06

16 6.39 3.59 -6.01 -2.57 -3.32 -1.27 -3.36 -0.87 3.43 1.14 -4.55 -1.16

P1 [kW] Q1 [kvar] P2 [kW] Q2 [kvar] P3 [kW] Q3 [kvar] P1 [kW] Q1 [kvar] P2 [kW] Q2 [kvar] P3 [kW] Q3 [kvar]

1 -6.05 -2.60 5.83 2.22 7.29 3.05 6.70 2.60 3.91 1.63 -4.89 -1.77

2 -3.46 -1.81 7.12 4.05 -6.89 -2.38 3.03 1.85 -4.09 -2.46 -3.85 -2.26

3 -7.50 -2.25 2.77 1.00 -3.99 -2.39 7.26 1.83 -7.76 -2.16 6.84 3.65

4 -5.29 -1.68 -5.68 -2.22 3.81 1.69 3.42 1.55 3.45 0.98 -7.85 -1.91

5 3.99 2.09 3.23 1.96 2.65 1.43 -4.99 -2.16 -7.56 -3.79 -6.41 -2.88

6 6.46 2.55 -5.62 -1.77 2.97 1.49 -6.77 -2.23 -4.82 -1.06 -3.34 -0.91

7 -3.86 -2.26 -3.08 -0.65 -3.45 -1.45 3.16 1.58 -5.71 -1.33 6.09 1.97

8 -7.67 -2.86 6.24 2.90 5.23 1.78 -3.29 -1.29 -3.21 -0.68 -5.44 -3.34

9 6.86 3.42 -3.45 -1.72 -4.61 -2.19 4.30 2.17 5.22 2.95 7.22 2.37

10 -2.95 -1.10 7.11 4.29 3.79 1.66 5.11 2.61 3.54 2.19 7.64 2.79

11 6.93 3.58 -3.52 -1.91 7.07 4.07 -3.21 -1.23 -4.22 -2.25 -3.50 -0.98

12 -4.06 -1.50 4.38 1.79 -4.03 -2.20 3.41 1.59 -4.50 -2.24 7.82 3.20

13 4.29 2.06 3.06 1.23 5.76 2.98 -5.53 -3.23 -7.06 -3.80 -6.53 -2.55

14 -7.79 -3.75 -6.79 -3.61 5.45 2.51 7.32 3.94 -5.94 -1.99 5.13 2.98

15 2.75 1.51 -3.05 -1.16 -6.51 -3.49 2.75 0.61 4.66 2.52 2.95 1.61

16 -4.02 -1.40 7.10 4.25 -6.11 -3.23 -4.69 -1.69 -6.93 -3.19 3.45 2.10

State

State

State

108 109

110 111

112 113
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Table D.5(c): Inputs for the simulation of the cluster-based grid in unbalanced grid condition 

 

 

  

P1 [kW] Q1 [kvar] P2 [kW] Q2 [kvar] P3 [kW] Q3 [kvar] P1 [kW] Q1 [kvar] P2 [kW] Q2 [kvar] P3 [kW] Q3 [kvar]

1 -3.27 -1.34 7.64 3.42 -6.59 -2.00 7.35 1.53 6.82 2.28 4.62 1.79

2 -4.08 -1.59 -6.85 -3.90 -4.86 -3.00 6.25 3.02 -3.25 -1.29 7.94 4.24

3 -4.55 -2.24 6.78 3.45 6.72 3.84 -5.92 -1.78 4.31 0.97 -7.00 -2.06

4 -2.64 -1.02 -7.30 -4.09 7.66 3.43 3.03 0.70 -5.55 -1.81 -2.98 -0.88

5 -5.82 -1.56 -6.52 -2.64 7.93 3.25 -4.46 -1.19 -7.25 -2.99 -6.87 -3.15

6 7.21 3.83 3.57 1.35 -3.84 -1.99 6.83 2.01 3.47 1.60 4.70 2.26

7 7.28 3.79 -3.56 -1.77 -4.49 -2.09 -7.02 -2.58 4.26 2.21 6.94 1.58

8 3.10 1.79 -4.17 -2.50 -5.75 -2.76 5.45 3.05 -4.44 -1.49 -6.96 -4.30

9 -7.99 -3.43 5.55 3.35 4.92 2.82 -5.91 -3.17 3.46 2.03 2.84 1.36

10 6.84 2.08 -4.38 -2.63 4.62 1.08 4.64 2.16 -4.21 -2.45 3.23 1.44

11 4.19 2.16 3.29 1.96 -5.73 -2.83 -5.22 -3.19 5.71 1.97 4.22 1.66

12 -7.11 -2.28 -3.06 -1.88 -3.39 -1.01 -5.51 -2.90 -3.61 -1.79 -4.40 -2.62

13 7.96 3.70 -4.49 -0.99 -7.45 -4.51 -5.41 -1.17 4.39 1.79 3.22 1.84

14 -4.23 -1.78 5.99 2.06 3.87 1.82 7.72 3.94 3.60 1.86 -5.62 -2.13

15 5.71 1.21 3.45 1.16 5.37 3.19 -3.42 -1.41 7.57 2.68 3.88 2.11

16 -3.06 -1.11 -7.15 -4.35 6.35 3.24 3.62 1.44 -5.59 -2.76 4.38 2.54

114 115
State

P1 [kW] Q1 [kvar] P2 [kW] Q2 [kvar] P3 [kW] Q3 [kvar]

1 -7.48 -3.81 -5.25 -3.24 -5.17 -1.06

2 -6.01 -3.17 -6.89 -3.37 -4.73 -1.53

3 2.73 1.25 -5.11 -1.63 -7.90 -1.66

4 6.41 2.51 6.83 3.15 7.14 3.18

5 5.20 1.63 -5.39 -3.16 2.84 1.64

6 -6.38 -2.66 -2.85 -0.89 -3.03 -1.38

7 -7.22 -4.41 6.91 2.60 2.88 0.98

8 4.07 1.29 -5.67 -2.61 -3.96 -1.47

9 -2.81 -1.48 -3.22 -1.38 -4.01 -1.11

10 -2.65 -0.80 3.41 1.47 7.86 2.62

11 -4.24 -1.55 3.13 1.22 -2.92 -1.15

12 -4.12 -1.65 3.99 1.53 4.96 2.60

13 6.91 3.34 -4.79 -2.65 4.04 2.03

14 -3.20 -1.91 -2.91 -0.91 5.55 1.65

15 4.98 1.02 5.59 3.09 -4.73 -2.29

16 -5.78 -2.17 7.19 3.41 -4.59 -2.72

116
State
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Table D.6 then provides the inputs for the simulation in balanced grid condition. Active and 

reactive powers P and Q, shown in the table, are per phase. The generation process of these 

inputs is shown in Appendix F. In this case, the inputs at the same bus of all states are set to 

have the same sign. 

Table D.6: Inputs for the simulation of the cluster-based grid in balanced grid condition 

 

P [kW] Q [kvar] P [kW] Q [kvar] P [kW] Q [kvar] P [kW] Q [kvar] P [kW] Q [kvar]

1 -6.57 -2.54 13.92 5.12 -7.42 -2.00 15.75 4.80 -7.66 -2.52

2 -6.78 -2.21 12.49 4.71 -7.22 -1.95 14.12 5.49 -5.99 -2.28

3 -5.87 -1.65 11.29 4.08 -7.42 -2.05 10.79 4.41 -5.45 -1.90

4 -8.19 -3.26 8.48 2.91 -8.17 -3.21 15.34 5.99 -7.41 -2.93

5 -8.48 -2.93 12.00 4.59 -5.08 -2.15 15.58 4.49 -8.88 -3.65

6 -7.90 -2.44 12.13 4.25 -8.95 -3.69 10.66 4.22 -7.98 -3.02

7 -5.52 -2.15 12.14 5.12 -5.35 -1.64 10.02 2.77 -5.45 -2.15

8 -5.38 -1.56 12.05 4.88 -8.60 -3.25 11.59 3.47 -5.70 -1.61

9 -5.37 -1.79 11.38 4.64 -5.95 -2.34 13.92 3.85 -6.29 -1.96

10 -5.78 -1.48 13.24 4.56 -8.24 -3.36 8.78 3.70 -5.35 -1.99

11 -6.77 -1.86 13.77 3.63 -7.46 -2.75 14.26 5.55 -8.06 -2.56

12 -6.27 -1.87 13.33 4.93 -6.12 -2.29 10.17 3.67 -7.06 -2.58

13 -7.58 -2.08 11.95 3.14 -7.60 -2.49 9.03 3.26 -5.67 -1.92

14 -7.97 -2.99 8.77 3.32 -8.55 -3.63 15.59 6.07 -7.32 -2.96

15 -6.33 -1.94 14.48 5.67 -6.52 -2.69 14.55 4.03 -5.85 -1.86

16 -8.27 -2.91 11.16 4.57 -8.47 -2.85 9.01 3.72 -5.62 -1.97

P [kW] Q [kvar] P [kW] Q [kvar] P [kW] Q [kvar] P [kW] Q [kvar] P [kW] Q [kvar]

1 11.51 4.12 -7.56 -2.01 13.10 3.74 -6.33 -1.69 15.77 4.36

2 14.23 5.14 -6.60 -1.71 13.81 4.12 -6.95 -1.81 10.92 4.26

3 8.87 3.07 -5.72 -2.23 13.68 4.38 -8.92 -3.72 11.48 4.05

4 13.56 4.56 -8.47 -3.11 13.32 5.61 -8.78 -2.37 14.97 4.05

5 8.48 3.04 -8.56 -2.72 10.76 2.70 -5.61 -1.56 8.72 2.89

6 12.65 3.71 -7.04 -2.66 13.98 4.14 -8.98 -3.81 15.67 6.58

7 10.99 3.96 -5.91 -1.57 14.23 5.33 -7.51 -2.92 12.19 4.67

8 10.87 4.26 -8.71 -3.46 13.42 5.63 -5.33 -1.42 10.62 4.11

9 13.74 4.39 -5.80 -1.79 9.48 3.34 -6.78 -2.39 11.93 4.69

10 13.58 3.60 -7.69 -3.15 10.44 3.48 -6.22 -2.21 13.67 4.31

11 14.36 5.68 -6.88 -2.60 10.51 3.59 -6.79 -2.82 9.53 3.21

12 12.68 3.71 -8.37 -2.46 15.99 6.18 -6.09 -2.10 12.50 4.93

13 11.64 4.24 -5.10 -2.06 14.29 4.14 -5.96 -2.18 12.94 3.28

14 9.51 3.29 -6.81 -2.57 13.60 4.09 -8.83 -3.28 9.22 3.89

15 9.33 2.51 -6.68 -1.99 14.67 4.53 -8.36 -3.55 15.62 4.99

16 15.02 5.44 -5.19 -1.97 10.93 3.14 -8.53 -2.54 9.68 3.98

P [kW] Q [kvar] P [kW] Q [kvar] P [kW] Q [kvar] P [kW] Q [kvar] P [kW] Q [kvar]

1 -6.53 -2.15 8.43 2.79 -7.25 -2.22 13.32 3.79 -8.69 -2.81

2 -6.30 -2.18 15.76 5.01 -7.40 -2.41 8.34 2.59 -6.68 -2.29

3 -5.36 -1.58 8.75 2.90 -7.48 -1.91 15.60 5.12 -7.64 -2.25

4 -6.08 -1.75 13.25 5.11 -7.60 -2.94 11.57 3.98 -6.68 -2.31

5 -8.59 -2.34 10.97 3.45 -5.53 -2.11 11.44 4.44 -8.74 -3.50

6 -7.71 -2.57 12.47 3.40 -6.01 -2.03 13.98 4.33 -7.85 -2.71

7 -6.99 -2.94 14.80 5.42 -7.76 -2.02 9.96 3.37 -8.81 -2.53

8 -6.84 -1.78 14.37 5.42 -6.53 -2.53 13.94 3.84 -8.66 -3.10

9 -7.20 -1.96 13.79 5.54 -7.24 -2.46 10.28 4.17 -5.73 -2.30

10 -6.32 -2.55 12.57 3.97 -5.79 -1.92 8.49 2.36 -7.67 -2.42

11 -5.75 -1.82 11.08 3.77 -8.14 -2.84 12.90 3.29 -5.39 -2.06

12 -5.46 -2.28 15.02 4.35 -7.48 -2.61 11.03 4.06 -8.94 -3.28

13 -7.34 -2.04 13.97 4.80 -5.92 -2.25 14.55 5.76 -7.97 -2.90

14 -6.46 -2.16 8.54 3.39 -5.36 -2.13 8.41 2.93 -5.85 -2.38

15 -5.30 -2.00 8.33 2.46 -8.93 -3.48 15.06 5.37 -7.47 -1.93

16 -6.32 -2.59 14.81 4.01 -7.59 -2.64 8.65 3.47 -6.34 -1.64

State
107 108 109 110 111

State
102 103 104 105 106

State
112 113 114 115 116
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Aside from the verification of the accuracy from the proposed voltage sensitivity analysis, the 

use of results from the analysis are demonstrated in Case Study 3. Regulations of voltage 

magnitude and angle are simulated on both unbalanced and balanced grid conditions. The 

inputs for the initial condition before the regulations are provided in Table D.7 and Table D.8. 

The active and reactive powers are then combined with the calculated required powers stated 

in Case Study 3. 

Table D.7: Inputs for the simulations of voltage magnitude and angle regulation in  

unbalanced grid condition 

 

 

Table D.8: Inputs for the simulations of voltage magnitude and angle regulation in  

balanced grid condition 

 

 

 

Bus P1 [kW] Q1 [kvar] P2 [kW] Q2 [kvar] P3 [kW] Q3 [kvar]

102 4.79 1.97 -5.91 -2.29 2.92 0.68

103 -3.10 -0.75 3.61 1.50 -7.10 -2.06

104 -4.84 -2.74 4.45 2.75 6.82 3.73

105 -3.51 -1.89 -4.64 -1.95 -3.48 -1.57

106 7.43 2.48 3.98 0.94 3.61 1.54

107 3.29 0.92 -3.19 -1.37 3.19 1.74

108 -7.38 -3.52 7.11 4.10 -7.39 -3.03

109 4.70 2.64 -6.64 -3.08 7.12 2.08

110 6.39 3.59 -6.01 -2.57 -3.32 -1.27

111 -3.36 -0.87 3.43 1.14 -4.55 -1.16

112 -4.02 -1.40 7.10 4.25 -6.11 -3.23

113 -4.69 -1.69 -6.93 -3.19 3.45 2.10

114 -3.06 -1.11 -7.15 -4.35 6.35 3.24

115 3.62 1.44 -5.59 -2.76 4.38 2.54

116 -5.78 -2.17 7.19 3.41 -4.59 -2.72

Bus P1 [kW] Q1 [kvar] P2 [kW] Q2 [kvar] P3 [kW] Q3 [kvar]

102 -18.50 -8.96 -18.50 -8.96 -18.50 -8.96

103 -15.33 -9.10 -15.33 -9.10 -15.33 -9.10

104 -19.40 -10.47 -19.40 -10.47 -19.40 -10.47

105 -22.50 -13.94 -22.50 -13.94 -22.50 -13.94

106 3.00 1.69 3.00 1.69 3.00 1.69

107 2.06 1.23 2.06 1.23 2.06 1.23

108 1.76 0.88 1.76 0.88 1.76 0.88

109 -5.80 -3.31 -5.80 -3.31 -5.80 -3.31

110 -5.78 -2.24 -5.78 -2.24 -5.78 -2.24

111 -6.26 -2.18 -6.26 -2.18 -6.26 -2.18

112 -5.97 -3.46 -5.97 -3.46 -5.97 -3.46

113 4.10 1.85 4.10 1.85 4.10 1.85

114 -5.39 -2.28 -5.39 -2.28 -5.39 -2.28

115 -2.42 -1.00 -2.42 -1.00 -2.42 -1.00

116 -5.73 -3.50 -5.73 -3.50 -5.73 -3.50
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D.3 Additional Results for Accuracy Verification 

In Section 5.2.2, only the charts comparing the trend of the whole result differences for the 

sensitivity analysis in positive sequence at phase a are presented for all defined grid cases. In 

this appendix, instead of continuing showing the comparison among different grid cases, the 

histograms of the whole result differences in all phases of the entire grid case are 

demonstrated because the results produced by decoupled analysis in cluster areas are clarified 

in Chapter 5 that they are accurate around the results of the entire grid case. The charts 

displaying the plots from the sensitivity analysis in zero and negative sequences are further 

provided here. The mean values of all sensitivity types shown in this section are provided in 

Table D.9. They are plotted in dash line in the figures. 

Table D.9: Mean of result differences of each grid sensitivity type (unit: [%]) 

Sensitivity type 
Mean 

Phase a Phase b Phase c 

Svir,0 -0.656 -0.243 0.920 

Svir,2 -1.423 0.633 -0.197 

Svii,0 0.441 -1.522 0.802 

Svii,2 0.157 -1.026 -0.671 

Sphiir,0 0.101 1.639 -0.525 

Sphiir,2 1.720 0.540 0.081 

Sphiii,0 2.986 0.164 0.324 

Sphiii,2 3.018 -1.443 -0.111 

 

The result differences for the case of sensitivities Svir,0 and Svir,1 for all phases are portrayed 

in Figure D.1 and Figure D.2. 
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Figure D.1: Histogram of the whole result differences in Svir,0 of the cluster-based grid 

 

Figure D.2: Histogram of the whole result differences in Svir,2 of the cluster-based grid 

The result differences for the case of sensitivities Svii,0 and Svii,2 for all phases are portrayed 

in Figure D.3 and Figure D.4.  
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Figure D.3: Histogram of the whole result differences in Svii,0 of the cluster-based grid 

 

Figure D.4: Histogram of the whole result differences in Svii,2 of the cluster-based grid 

The result differences for the case of sensitivities Sphiir,0 and Sphiir,2 for all phases are 

portrayed in Figure D.5 and Figure D.6. 
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Figure D.5: Histogram of the whole result differences in Sphiir,0 of the cluster-based grid 

 

Figure D.6: Histogram of the whole result differences in Sphiir,2 of the cluster-based grid 

The result differences for the case of sensitivities Sphiii,0 and Sphiii,2 for all phases are 

portrayed in Figure D.7 and Figure D.8. 
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Figure D.7: Histogram of the whole result differences in Sphiii,0 of the cluster-based grid 

 

Figure D.8: Histogram of the whole result differences in Sphiii,2 of the cluster-based grid 

Owing to the proposed method, the sensitivities Svir can be paired to Sphiii and Svii can be 

paired to Sphir in the case of negative and zero sequences, identical to the case of positive 

sequence shown in the Case Study 2. The histograms in Figure C1 to Figure C8, together with 

the results from the Case Study 2, show that the results from the proposed method possess 

high accuracy for any complex sequence current. The dispersion of the histograms is small, 

and the mean values are close to zero. 
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D.4 Additional Results for Experiment on Measurement Errors 

In Section 5.2.3, only the charts comparing the trend of the whole result differences for the 

sensitivity analysis in positive sequence are presented. In this appendix, the charts displaying 

the plots from the sensitivity analysis in zero and negative sequences are shown additionally. 

For any type of the analysis, the mean of the result differences increases as the TVE level 

increases, as occurred with the result differences in the positive sequence.  

Starting from voltage magnitude sensitivity analysis, the mean of result differences for the 

sensitivities Svir,0 and Svir,2 are illustrated in Figure D.9 and Figure D.10. 

 

 

Figure D.9: Mean of absolute result differences of Svir,0 in each grid case at  

different levels of TVE 
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Figure D.10: Mean of absolute result differences of Svir,2 in each grid case at  

different levels of TVE 

Next, mean of the result differences for the sensitivities Svii,0 and Svii,2 are illustrated in 

Figure D.11 and Figure D.12. 

 

Figure D.11: Mean of absolute differences of Svii,0 in each grid case at  

different levels of TVE 
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Figure D.12: Mean of absolute differences of Svii,2 in each grid case at  

different levels of TVE 

For voltage angle sensitivity analysis, mean of result differences for the sensitivities Sphiir,0 

and Sphiir,2 are illustrated in Figure D.13 and Figure D.14. 

 

 

Figure D.13: Mean of absolute differences of Sphiir,0 in each grid case at  

different levels of TVE 
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Figure D.14: Mean of absolute differences of Sphiir,2 in each grid case at  

different levels of TVE 

For voltage angle sensitivity analysis, mean of result differences for the sensitivities Sphiir,0 

and Sphiir,2 are illustrated in Figure D.15 and Figure D.16. 

 

Figure D.15: Mean of absolute differences of Sphiii,0 in each grid case at  

different levels of TVE 
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Figure D.16: Mean of absolute differences of Sphiii,2 in each grid case at  

different levels of TVE 
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Appendix E: Analysis of the Impact Phase Angle on the 

Proposed Method 

This appendix provides the additional results of analysing the impact of phase angle on the 

outcome of the proposed method. This analysis is conducted to investigate the characteristics 

of the histograms of the results from the proposed analysis method in Case Study 1, since the 

histograms among different phases in this case study are shifted from each other in the same 

sensitivity analysis under the unbalanced grid condition. Based on Eqs. (4.31), (4.35), (4.46), 

and (4.51), the complex voltages are understood to play a direct role in the voltage sensitivity 

analysis. For the clarification purpose, the shift among the distributions is further examined 

on the modified IEEE 37-bus test feeder case by adjusting reference angle for the simulation. 

The angle is adjusted by adding ±30º, ±60º, and ±120º to the original reference angle, which 

is 0º, used in this case study.  

In Chapter 5, only the results for the sensitivity Svir,1 are provided and discussed. Therefore, 

the rest of the results are shown in this appendix. The histograms resulted from the adjusting 

the reference angle are depicted in Figure E1 to Figure E6 for the sensitivities Svii,1, Sphiir,1, 

Sphiii,1, Svir,2, Svii,2, and Sphiir,2, respectively. All figures contain the charts from adding 

±30º, ±60º, and ±120º. In the meantime, the histograms for Sphiii,2 are divided into Figure E7 

and Figure E8, since the charts in the case of ±120˚ require more space.  

By observing the histograms in each figure, the characteristics of the histograms are clearly 

affected by the phase angle. The characteristics can be divided here into two parts for the 

cases related positive sequence, which are Svii,1, Sphiir,1, and Sphiii,1, and negative sequence 

current, which are Svir,2, Svii,2, Sphiir,2, and Sphiii,2.  

For the sensitivity types related to positive sequence, the histograms in the case of adding 

±30º are clearly different from the histograms in the case of adding ±60º and ±120º. However, 

the histograms in the case of ±60º and ±120º are relevant. They have inverse relationship 

between each other. For instance, in the case of Svii,1, the histograms in Figure E1(c) are 

identical to the histograms in Figure E1(f), whereas the histograms in Figure E2(d) are 

identical to the histograms in Figure A3(e). This relationship is related to the angle of the 

vectors of both cases. The vectors in the case of -60º are the negative of that of the case 

+120º, and the vectors in the case of +60 º are the negative of that of the case -120º. The phase 

angle thus affects the outcome of the voltage sensitivity analysis. These characteristics can 

also be observed in Figure E2 and Figure E3 for the sensitivities Sphiir,1, and Sphiii,1. 
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For the sensitivity types related to negative sequence, nonetheless, the distribution of all 

histograms varies. This happens because, in addition to the impact of phase angle shift, the 

outcome of the sensitivities Svir,2, Svii,2, Sphiir,2, and Sphiii,2 are different in for each target 

voltage and angle at phase a, b, or c. The histograms related to negative sequence can be seen 

in Figure E4 to Figure E8. 

To conclude, the characteristics of the histograms or the distribution of the final results from 

the proposed method are based on two factors: the variation of the sensitivity values from 

each analysis and the phase angle of the voltage vectors. From the experiments, these factors 

together can impact the height and the alignment of the distribution of the analysis results 

among different phases when the results are compared with their reference. However, the 

accuracy of the sensitivity analysis obviously still can be ensured, as the dispersion of the 

histograms are small and their mean is close to zero. 
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(a) (b)

(c) (d)

(e) (f)  

Figure E.1: Histogram of the whole result differences in Svii,1 of the modified IEEE 37-bus 

test feeder case; (a) Reference angle -30º; (b) Reference angle +30º; (c) Reference angle -60º; 

(d) Reference angle +60º; (e) Reference angle -120º; (f) Reference angle +120º 
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(a) (b)

(c) (d)

(e) (f)

 

Figure E.2: Histogram of the whole result differences in Sphiir,1 of the modified IEEE 37-bus 

test feeder case; (a) Reference angle -30º; (b) Reference angle +30º; (c) Reference angle -60º; 

(d) Reference angle +60º; (e) Reference angle -120º; (f) Reference angle +120º 
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(a) (b)

(c) (d)

(e) (f)

 

Figure E.3: Histogram of the whole result differences in Sphiii,1 of the modified IEEE 37-bus 

test feeder case; (a) Reference angle -30º; (b) Reference angle +30º; (c) Reference angle -60º; 

(d) Reference angle +60º; (e) Reference angle -120º; (f) Reference angle +120º 
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(a) (b)

(c) (d)

(e) (f)

 

Figure E.4: Histogram of the whole result differences in Svir,2 of the modified IEEE 37-bus 

test feeder case; (a) Reference angle -30º; (b) Reference angle +30º; (c) Reference angle -60º; 

(d) Reference angle +60º; (e) Reference angle -120º; (f) Reference angle +120º 
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(a) (b)

(c) (d)

(e) (f)

 

Figure E.5: Histogram of the whole result differences in Svii,2 of the modified IEEE 37-bus 

test feeder case; (a) Reference angle -30º; (b) Reference angle +30º; (c) Reference angle -60º; 

(d) Reference angle +60º; (e) Reference angle -120º; (f) Reference angle +120º 
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(a) (b)

(c) (d)

(e) (f)  

Figure E.6: Histogram of the whole result differences in Sphiir,2 of the modified IEEE 37-bus 

test feeder case; (a) Reference angle -30º; (b) Reference angle +30º; (c) Reference angle -60º; 

(d) Reference angle +60º; (e) Reference angle -120º; (f) Reference angle +120º 
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(a) (b)

(c) (d)

 

Figure E.7: Histogram of the whole result differences in Sphiii,2 of the modified IEEE 37-bus 

test feeder case; (a) Reference angle -30º; (b) Reference angle +30º; (c) Reference angle -60º; 

(d) Reference angle +60º 
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(a)

(b)

Figure E.8: Histogram of the whole result differences in Sphiii,2 of the modified IEEE 37-bus 

test feeder case; (e) Reference angle -120º; (f) Reference angle +120º 
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Appendix F: Generation Process of Inputs for Load Flow 

Calculation  

This appendix provides the process of the generation of active and reactive powers inputs for 

the load flow calculation in DIgSILENT PowerFactory. Bus voltages and currents resulted 

from the calculation are referred as the measurement data in this thesis. This process is used 

for the case studies in Chapter 5. For the load flow calculation, the buses of concern in the 

case studies are set as the buses with known active and reactive powers, which are randomly 

generated to represent the amount of load or generation at different time instants. Figure F.1 

illustrates the generation process of the inputs. 

 

START

END
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data set

t = 1
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t, Qi

t 
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pf = {k ϵ           pf          Qi
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t)2)
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Figure F.1: Generation process of inputs for load flow calculation 

 

Owing to the requirement for determining the bus impedance parameters stated in Chapter 3, 

the number of inputs required to be generated is n+1 data sets for n+1 time instants, where n 

is the number of buses in the power grid. In Figure F.1, the initial data set is first acquired 

from the existing active and reactive power data. The initial data set is first stored in the input 
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as the first data set. After that, the random generation process starts. In this process, active 

power Pi
t is randomly generated to begin with. The reactive power Qi

t is then calculated from 

the active power Pi
t and the random power factor pf. The active power Pi

t in the new data set 

is related to the active power from the previous set Pi
t-1, based on the multiplier k. Both the 

multiplier k and the power factor pf are a real number in the range of -2 to 2 (-2   k   2) and 

(0.85   pf   0.95), respectively. They are generated by the function rand for producing 

random values in MATLAB [F1]. Once n+1 numbers of the input data sets are achieved, the 

process is finished.  
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