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In this paper we derive a continuum theory for a thermoviscoelastic composite using an entropy
production inequality proposed by Green and Laws, presented in Lagrangian description. The composite
is modeled as a mixture of a microstretch viscoelastic material of KelvineVoigt type and a microstretch
elastic solid. The strain measures and the basic laws are shown and the thermodynamic restrictions are
established. Then the linear theory is considered and the constitutive equations are given in both
anisotropic and isotropic cases. Finally, a uniqueness result is established within the framework of the
linear theory.
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1. Introduction

Several authors have developed theories in order to describe the
thermomechanical and chemical behavior of interacting continua,
for example Truesdell and Toupin (1960); Kelly (1964); Eringen and
Ingram (1965); Ingram and Eringen (1967); Green and Naghdi
(1965, 1968); Bowen and Wiese (1969); Bowen (1972); Atkin and
Craine (1976a, 1976b); Bedford and Drumheller (1983); Rajagopal
and Tao (1995); Ciarletta and Passarella (2001, 2003); D’Apice
et al. (2004); Passarella and Zampoli (2006, 2007a). Recently,
a great attention has been given to the theory of viscoelastic
mixtures, for example in Ieşan (2004, 2006); Ieşan and Nappa
(2008); Passarella and Zampoli (2007b) the authors use
a Lagrangian description for binary mixtures as in Bedford and
Stern (1972, 1971) and propose mathematical models which
include viscoelastic effects. In particular, in (2004, 2006), Ieşan
derives the basic equations and various qualitative properties of
solutions referred to mixtures where the individual components
are a porous elastic solid and a porous KelvineVoigt material. In
contrast with the theories of solid-fluid mixtures, in the present
theory the diffusive force depends on both relative displacement
and relative velocity. In 2008, Ieşan and Nappa develop a theory for
binary mixtures of viscoelastic materials and derive a nonlinear
constitutive relation generalizing Darcy’s law. Further, the authors
establish a stability result regarding materials which are not heat
conductors. In 2007b, Passarella and Zampoli study the spatial
behavior of solution of mixtures composed of a thermoelastic solid
and a viscous fluid; for these mixtures, the dissipation effects are
son SAS. All rights reserved.
connected with the viscosity rate of one constituent and with the
relative velocity vector.

A mixture consisting of a micropolar elastic solid and a micro-
polar KelvineVoigt material is studied by Ieşan in (2007). This
theory is generalized by Chiriţ�a and Galeş (2008) to the case of
microstretch thermoviscoelastic solids. In the case of microstretch
media, introduced by Eringen (1971, 1990, 1999), the material
points of the bodies can stretch and contract independently of their
translations and rotations.

Green and Lindsay (1972) have been the first authors to develop
a theory of thermoelasticity by discussing restrictions on the
constitutive equations on the basis of an entropy production
inequality proposed in Green and Laws (1972). For a thermoviscoe-
lastic composite, Ieşan and Scalia in (2011) adopt such an entropy
production inequality. This theory admits the possibility of second
sound and leads to a symmetric linear heat conduction tensor.

In the present paper, on one side we generalize the theory pre-
sented in Ieşan and Scalia (2011) to the case of microstretch
constituents and, on the other side, we also extend the thermo-
viscoelastic model of mixtures proposed by Chiriţ�a and Gales in
(2008) using the Green and Laws entropy production inequality. In
Section 2 we formulate a nonlinear theory for a thermoviscoelastic
compositemodeled as amixture of two components, amicrostretch
elastic solid and a microstretch KelvineVoigt material. By using the
entropy production inequality proposed by Green and Laws, we
establish in Section 3 thermodynamic restrictions in order to derive
the constitutive equations. Section 4 is devoted to the linearization
of the formulated theory, starting from themost general anisotropic
case and then specifying the results also for isotropic mixtures. In
the last section, in the context of the linear theory, a uniqueness
result is established for the general anisotropic case.
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2. Problem formulation

We investigate a thermoviscoelastic binary mixture of two
microstretch interacting materials s1 and s2 through a Lagrangian
description. We assume that the body occupies at time t0 the region
B of the Euclidean three-dimensional space, bounded by the
piecewise regular surface vB; this configuration B is taken as the
reference configuration. The motion of each constituent is referred
to the reference configuration in a fixed system of rectangular
Cartesian coordinates in the time interval I ¼ ½t0; t1Þ, where t1
could also tend to infinite; in the following we choose t0 ¼ 0
without loss of generality. Latin indices are understood to range
over the integers 1, 2, 3 while Greek indices range over 1,2; in both
cases, the usual summation convention is used. A superposed dot
denotes differentiation with respect to time, while f,K denotes the
derivative of f with respect to XK. All functions are assumed suffi-
ciently regular to ensure analysis to be valid.

Following Bedford and Stern (1971, 1972), we assume that the
deformable particles Pð1Þ and Pð2Þ of the constituents s1 and s2
occupy the same position X in the reference configuration; we
denote by x(a) (X, t) the position of the same particles PðaÞ at time t.

According to the theory of microstretch continua (see (Eringen,
1971, 1990, 1999)), each particle of the mixture can independently
rotate and stretch. To the particle PðaÞ is associated a vector XðaÞ at
X, so that particle’s rotation and stretch are completely described
by the transformations

x
ð1Þ
i ¼ c

ð1Þ
iK Xð1Þ

K ; x
ð2Þ
i ¼ c

ð2Þ
iK Xð2Þ

K ;

where cðaÞiK is the micromotion tensor of sa satisfying

jahdetcðaÞiK >0:

If we define the tensors cðaÞiK by

c
ð1Þ
iK h

1
j1
c
ð1Þ
iK ; c

ð2Þ
iK h

1
j2
c
ð2Þ
iK ;

then the mechanical behavior of the microstretch binary mixture is
characterized by

xðaÞi ¼ xðaÞi ðX;tÞ; c
ðaÞ
iK ¼ c

ðaÞ
iK ðX;tÞ; ja ¼ jaðX; tÞ; ðX;tÞ˛B� I:

The tensors cðaÞiK satisfy

c
ð1Þ
iK c

ð1Þ
iL ¼ dKL; c

ð1Þ
iK c

ð1Þ
jK ¼ dij; εLMNc

ð1Þ
lL c

ð1Þ
mMc

ð1Þ
nN ¼ εlmn;

cð2ÞiK cð2ÞiL ¼ dKL; cð2ÞiK cð2ÞjK ¼ dij; εLMNc
ð2Þ
lL cð2ÞmMcð2ÞnN ¼ εlmn; (1)

where dKL, dij are Kronecker deltas and εLMN, εlmn are alternating
symbols.

Following Chiriţ�a and Galeş (2008), we choose the following set
of strain measures

EKL ¼ xð1Þi;K c
ð1Þ
iL � dKL; GKL ¼ xð2Þi;K c

ð1Þ
iL � dKL;

2Gð1Þ
KL ¼ εLMNc

ð1Þ
iN c

ð1Þ
iM;K ; 2Gð2Þ

KL ¼ εLMNc
ð2Þ
iN c

ð2Þ
iM;K ;

Gð1Þ
K ¼ 1

j1
j1;K ; Gð2Þ

K ¼ 1
j2
j2;K ; 2Eð1Þ ¼ j21 � 1; 2Eð2Þ ¼ j22 � 1;

DK ¼ c
ð1Þ
iK

�
xð1Þi � xð2Þi

�
; DKL ¼ c

ð1Þ
iK c

ð2Þ
iL � dKL: (2)
It is convenient to use the tensor GKL instead of the Cosserat

deformation tensor Eð2ÞKL ¼ xð2Þi;K c
ð2Þ
iL � dKL, given that Eð2ÞKL can be

written as Eð2ÞKL ¼ GKMDML þ GKL þ DKL:

This set of strainmeasures is form-invariant under rigid motions
of the spatial frame of reference and it determines uniquely the
motion and micromotion to within a rigid motion.

We introduce

nð1Þi h�1
2
εijl

_c
ð1Þ
jK cð1ÞlK ; n

ð2Þ
i h�1

2
εijl

_c
ð2Þ
jK cð2ÞlK ; nð1Þh

1
j1

Dj1
Dt

; nð2Þh
1
j2

Dj2
Dt
(3)

and using Eqs. (1)e(3) we have

_xð1Þi;K þ εijlx
ð1Þ
j;K n

ð1Þ
k ¼ cð1ÞiL

_EKL; _xð2Þi;K þ εijlx
ð2Þ
j;K n

ð1Þ
k ¼ cð1ÞiL

_GKL;

n
ð1Þ
i;K ¼ c

ð1Þ
iL

_G
ð1Þ
KL ; n

ð2Þ
i;K ¼ c

ð2Þ
iL

_G
ð2Þ
KL ;

nð1Þ
;K ¼ _G

ð1Þ
K ; nð2Þ

;K ¼ _G
ð2Þ
K ;

nð1Þ ¼ 1
j21
_E
ð1Þ

; nð2Þ ¼ 1
j22
_E
ð2Þ

;

_xð1Þi � _xð2Þi þ εijm

�
xð1Þj �xð2Þj

�
nð1Þm ¼ cð1ÞiK

_DK ;

nð1Þj � nð2Þj ¼ εijmc
ð1Þ
jK cð2ÞmL

_DKL: (4)

We denote by r0a the mass density of sa at time t0 so that
r0 ¼ r01 þ r02. Furthermore, we associate to the particle PðaÞ the

inertia tensors IðaÞKL at time t0 and iðaÞkl at time t, anddecompose themas

IðaÞKL ¼ 1
2
JðaÞ0 dKL � JðaÞKL ; JðaÞ0 ¼ JðaÞKK ;

iðaÞkl ¼ 1
2
J ðaÞ

0 dkl � J ðaÞ
kl ; J ðaÞ

0 ¼ J ðaÞ
kk :

(5)

Moreover, sðaÞi and s(a) are the microstretch rotatory inertia and the
microstretch scalar inertia given by (see (Eringen, 1999)):

sð1Þi ¼ J ð1Þ
ij

�
_nð1Þj þ 2nð1Þj nð1Þ

�
þ εijmJ ð1Þ

mnn
ð1Þ
j nð1Þn ;

sð1Þ ¼ 1
2
J ð1Þ

0

�
_nð1Þ þ nð1Þnð1Þ

�
� J ð1Þ

ij n
ð1Þ
i n

ð1Þ
j ;

s
ð2Þ
i ¼ J ð2Þ

ij

�
_n
ð2Þ
j þ 2nð2Þj nð2Þ

�
þ εijmJ ð2Þ

mnn
ð2Þ
j n

ð2Þ
n ;

sð2Þ ¼ 1
2
J ð2Þ

0

�
_nð2Þ þ nð2Þnð2Þ

�
� J ð2Þ

ij nð2Þi nð2Þj :

(6)

In what follows we suppose that the mixture is chemically inert
and that the mass and the microinertia are conserved for each
constituent separately. For the mass conservation we have

J1r1 ¼ r01; J2r2 ¼ r02;

and for microinertia conservation we have

Jð1Þ0 ¼ J ð1Þ
0

j21
; Jð2Þ0 ¼ J ð2Þ

0

j22
; Jð1ÞKL ¼ 1

j21
J ð1Þ

kl c
ð1Þ
kK c

ð1Þ
lL ;

Jð2ÞKL ¼ 1
j22
J ð2Þ

kl c
ð2Þ
kK c

ð2Þ
lL ; (7)

where JahdetðvxðaÞi =vXKÞ.
Proceeding as in Chiriţ�a and Galeş (2008), we have the following

equations of motion
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Tð1ÞKi;K � Pð1Þi þ r01F
ð1Þ
i ¼ r01€x

ð1Þ
i ; Tð2ÞKi;K � Pð2Þi þ r02F

ð2Þ
i ¼ r02€x

ð2Þ
i ;

Mð1Þ
Ki;K � Rð1Þi þ r01G

ð1Þ
i ¼ r01s

ð1Þ
i ; Mð2Þ

Ki;K � Rð2Þi þ r02G
ð2Þ
i ¼ r02s

ð2Þ
i ;

Pð1Þ
K;K � gð1Þ þ r01L

ð1Þ ¼ r01s
ð1Þ; Pð2Þ

K;K � gð2Þ þ r02L
ð2Þ ¼ r02s

ð2Þ;

(8)

where the following relations are valid

Pð1Þi ¼ �Pð2Þi ; Rð1Þl ¼ �Rð2Þl þ εijl

h
TðaÞKi x

ðaÞ
j;K þ PðaÞi xðaÞj

i
: (9)

In the above relations, TðaÞ
Ki ;M

ðaÞ
Ki ;P

ðaÞ
K , g(a) are the first

PiolaeKirchhoff partial stress tensors, the partial couple stress
tensors, the partial microstress vectors and the partial microstress

functions, respectively; PðaÞi ;RðaÞi are the vector fields characterizing

the interaction between s1, s2; F
ðaÞ
i ;GðaÞ

i ; L(a) are the body force, the
body couple and the generalized body load per unit mass acting on
the constituent sa, respectively.

Now, as Ieşan and Scalia (2011) we adopt the entropy produc-
tion inequality proposed by Green and Laws (1972)

r0 _h � r0
S
F
þ
�
QK

F

�
;K

(10)

where h is specific entropy, S is the external heat supply per unit
mass and unit time and QK is

QK ¼ Q ð1Þ
K þ Q ð2Þ

K ;

whereQ ðaÞ
K is the heat flux vector associatedwith the constituent sa.

The function F is supposed strictly positive and is specified by
a constitutive equation.We denote by ε the internal energy function
of the mixture per unit mass and we use the second
PiolaeKirchhoff quantities implicitly defined by

TðaÞKi ¼ cð1ÞiL TðaÞKL ; MðaÞ
Ki ¼ cðaÞiL MðaÞ

KL ; Pð2Þi ¼ �cð1ÞiL PK ;

Rð2Þi ¼ �εiklc
ð1Þ
kK c

ð2Þ
lL RKL: (11)

We introduce the following local balance equation of energy

r0 _ε ¼ TðaÞKi
_xðaÞi;K þMðaÞ

Ki n
ðaÞ
i;K þPðaÞ

K nðaÞ
;K þ gðaÞnðaÞ þ PðaÞi

_xðaÞi þ RðaÞi nðaÞi

þ QK;K þ r0S;

and, by using Eqs. (4), (9) and (11), it becomes

r0 _ε ¼ Tð1ÞKL
_EKL þ Tð2ÞKL

_GKL þMðaÞ
KL

_G
ðaÞ
KL þPðaÞ

K
_G
ðaÞ
K þ 1

j2a
gðaÞ _E

ðaÞ

þ PK
_DK þRKL

_DKL þ QK;K þ r0S: ð12Þ

We remark that TðaÞKL ;M
ðaÞ
KL ;P

ðaÞ
K ; gðaÞ; PK ;RKL;QK ; h must be

prescribed by constitutive equations.
If we define

J ¼ r0ðε� hFÞ;

from Eqs. (10) and (12), we have
Tð1ÞKL
_EKL þ Tð2ÞKL

_GKL þMðaÞ
KL

_G
ðaÞ
KL þPðaÞ

K
_G
ðaÞ
K þ 1

j2a
gðaÞ _E

ðaÞ

þPK
_DK þRKL

_DKL þ
QKF;K

F
� _J� r0h

_F � 0:

(13)

3. Thermodynamic restrictions

We assume now that the constituent s1 is a microstretch
KelvineVoigt material, that the constituent s2 is a microstretch
elastic solid and that there are no kinematic constraints.

In what follows, we suppose that the constitutive functions for

J, F, TðaÞKL ;M
ðaÞ
KL ;P

ðaÞ
K ; gðaÞ; PK ;RKL;QK ; h depend on the constitutive

variables

S ¼
�
EKL; _EKL;GKL;G

ð1Þ
KL ;

_G
ð1Þ
KL ;G

ð2Þ
KL ;G

ð1Þ
K ; _G

ð1Þ
K ;Gð2Þ

K ; Eð1Þ; _E
ð1Þ

;

Eð2Þ;DK ;
_DK ;DKL;

_DKL; q; q;K ;
_q

�
;

where q is the absolute temperature. In details, we have

J ¼ JðSÞ; F ¼ FðSÞ; (14)

and

TðaÞKL ¼ TðaÞ
KL ðSÞ; MðaÞ

KL ¼MðaÞ
KL ðSÞ; PðaÞ

KL ¼PðaÞ
KL ðSÞ; gðaÞ ¼ gðaÞðSÞ;

PK ¼PKðSÞ; RKL ¼RKLðSÞ; QK ¼ QKðSÞ; hðaÞ ¼ hðaÞðSÞ:
(15)

The considered functions are independent on XK only for homo-
geneous mixtures.

Lemma 1. (Thermodynamic restrictions). Let the constitutive
assumptions (14) and (15) be satisfied and

vF

v _q
s0: (16)

Then, the entropy production inequality (13) implies that:

i) the functions J, F depend on the variables as follows

J ¼ J
�
EKL;GKL;G

ð1Þ
KL ;G

ð2Þ
KL ;G

ð1Þ
K ;Gð2Þ

K ; Eð1Þ; Eð2Þ;DK ;DKL; q; q;K ;
_q
�
;� �
F ¼ F q; _q ; ð17Þ

ii) the functions TðaÞKL ;M
ðaÞ
KL ;P

ðaÞ
K ; g(a), PK , RKL, h and QK are deter-

mined through the following equations

Tð1ÞKL ¼ vJ
vEKL

þT�KL; Mð1Þ
KL ¼ vJ

vG
ð1Þ
KL

þM�
KL; Pð1Þ

K ¼ vJ

vGð1Þ
K

þP�
K ;

1
j21
gð1Þ ¼ vJ

vEð1Þ
þ 1
j21
g�; PK ¼ vJ

vDK
þP�

K ; RKL ¼
vJ
vDKL

þR�
KL; (18)

Tð2ÞKL ¼ vJ
vGKL

; Mð2Þ
KL ¼ vJ

vGð2Þ
KL

; Pð2Þ
K ¼ vJ

vGð2Þ
K

;
1
j22
gð2Þ ¼ vJ

vEð2Þ
; (19)
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QK ¼ F
vJ=vq;K

vF=v _q
; r0h ¼ �vJ=v _q

vF=v _q
; (20)

where
T�KL ¼ T�KLðSÞ; M�
KL ¼ M�

KLðSÞ; P�
K ¼ P�

KðSÞ;
g� ¼ g�ðSÞ; P�

K ¼ P�
KðSÞ; R�

KL ¼ R�
KLðSÞ

(21)

satisfy the following reduced entropy inequality

T�KL _EKL þM�
KL

_G
ð1Þ
KL þP�

K
_G
ð1Þ
K þ 1

j21
g� _E

ð1Þ þ P�
K
_DK

þR�
KL

_DKL �
�
vJ
vq

þ r0h
vF
vq

�
_qþ 1

F
vF
vq

QKq;K � 0:
(22)

Proof. Taking into account Eq. (14), the inequality (13) becomes
�
Tð1Þ
KL �

�
vJ
vEKL

þ r0h
vF
vEKL

��
_EKL þ

�
Tð2ÞKL �

�
vJ
vGKL

þ r0h
vF
vGKL

��
_GKL þ

h
MðaÞ

KL �
�

vJ

vGðaÞ
KL

þ r0h
vF

vGðaÞ
KL

�i
_G
ðaÞ
KL

þ
"
PðaÞ

K �
�

vJ

vGðaÞ
K

þ r0h
vF

vGðaÞ
K

�#
_G
ðaÞ
K þ

"
1
j2a
gðaÞ �

�
vJ

vEðaÞ
þ r0h

vF

vEðaÞ

��
_E
ðaÞ þ

�
PK �

�
vJ
vDK

þ r0h
vF
vDK

��
_DK

þ
�
RKL �

�
vJ
vDKL

þ r0h
vF
vDKL

��
_DKL �

 
vJ

v _EKL
þ r0h

vF

v _EKL

!
€EKL �

0@ vJ

v _G
ð1Þ
KL

þ r0h
vF

v _G
ð1Þ
KL

1A €G
ð1Þ
KL

�
0@ vJ

v _G
ð1Þ
K

þ r0h
vF

v _G
ð1Þ
K

1A €G
ð1Þ
K �

 
vJ

v _E
ð1Þ þ r0h

vF

v _E
ð1Þ

!
€E
ð1Þ �

 
vJ

v _DK
þ r0h

vF

v _DK

!
€DK �

 
vJ

v _DKL
þ r0h

vF

v _DKL

!
€DKL

�
�
vJ
vq

þ r0h
vF
vq

�
_q�

�
vJ
vq;K

þ r0h
vF
vq;K

� QK

F
vF

v _q

�
_q;K �

�
vJ

v _q
þ r0h

vF

v _q

�
€q

þ QM

F

0@ vF
vEKL

EKL;M þ vF

v _EKL
_EKL;M þ vF

vGKL
GKL;M þ vF

vGðaÞ
KL

GðaÞ
KL;M þ vF

vGðaÞ
KL

GðaÞ
KL;M þ vF

vEðaÞ
EðaÞ;M þ vF

v _G
ð1Þ
KL

_G
ð1Þ
KL;M

þ vF

v _G
ð1Þ
K

_G
ð1Þ
K;M þ vF

v _E
ð1Þ

_E
ð1Þ
;M þ vF

vDK
DK;M þ vF

v _DK

_DK;M þ vF
vDKL

DKL;M þ vF

v _DKL

_DKL;M þ vF
vq

q;M þ vF
vq;K

q;KM

1A � 0:

(23)
We easily see that the expression on the left-hand side of the above
inequality is linear with respect to

_GKL;
_G
ð2Þ
KL ;

_G
ð2Þ
K ; _E

ð2Þ
; €EKL; €G

ð1Þ
KL ;

€G
ð1Þ
K ; €E

ð1Þ
; €DK ;

€DKL;
_q;K ;

€q; EKL;M;

_EKL;M;GKL;M;

GðaÞ
KL;M;GðaÞ

K;M; EðaÞ;M ; _G
ð1Þ
KL;M; _G

ð1Þ
K;M; _E

ð1Þ
;M ;DK;M; _DK;M;DKL;M; _DKL;M; q;KM:

To make the above inequality identically valid for every possible
choice of the given variables, the corresponding coefficients have to
vanish and this leads to Eqs. (17), (19) and (20), wherewe have used
Eq. (16). Moreover, the inequality (23) becomes

�
Tð1Þ
KL � vJ

vEKL

�
_EKL þ

"
Mð1Þ

KL � vJ

vGð1Þ
KL

#
_G
ð1Þ
KL þ

"
Pð1Þ

K � vJ

vGð1Þ
K

#
_G
ð1Þ
K

þ
"
1
j21
gð1Þ � vJ

vEð1Þ

#
_E
ð1Þ þ

�
PK � vJ

vDK

�
_DK

þ
�
RKL �

vJ
vDKL

�
_DKL �

�
vJ
vq

þ r0h
vF
vq

�
_qþ vF

vq

QK

F
q;K � 0:
The last inequality leads to Eq. (18) and Eq. (22), if we introduce the
functions T�

KL; M
�
KL; P

�
K ; g*, P�

K ; R�
KL as follows

T�KL ¼ Tð1ÞKL � vJ
vEKL

; M�
KL ¼ Mð1Þ

KL � vJ

vGð1Þ
KL

; P�
K ¼ Pð1Þ

K � vJ

vGð1Þ
K

;

1
j21
g� ¼ 1

j21
gð1Þ � vJ

vEð1Þ
; P�

K ¼ PK �
vJ
vDK

; R�
KL ¼ RKL�

vJ
vDKL

:

A consequence of previous Lemma is that the energy equation
(12) reduces to

T�KL _EKL þM�
KL

_G
ð1Þ
KL þP�

K
_G
ð1Þ
K þ 1

j21
g� _E

ð1Þ þ P�
K
_DK þR�

KL
_DKL

þ QK;K þ r0S ¼ r0 _hFþ
�
vJ
vq

þ r0h
vF
vq

�
_qþ vF

vq

QK

F
_q;K :

(24)
The system of field equations of the nonlinear theory consists
of the equations of conservation of microinertia (7), the equations
of motion (8), (9), the energy equation (24), the constitutive
equations (17)e(21), satisfying inequality (22), and the geometrical
equation (2).

In what follows, in addition to the hypothesis (16) we suppose
that (see Green and Lindsay, 1972)

Fðq;0Þ ¼ q; (25)

we can see that F is a generalized temperature function which
reduces to q in an equilibrated state. Consequently, it is

vFðq;0Þ
vq

¼ 1: (26)

Moreover, if we define

S0 ¼
�
EKL;0;GKL;G

ð1Þ
KL ;0;G

ð2Þ
KL ;G

ð1Þ
K ;0;Gð2Þ

K ; Eð1Þ;0; Eð2Þ;

DK ;0;DKL;0; q;0;0
�
;
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by virtue of the dissipation inequality (22) we arrive to

T*KLðS0Þ ¼ 0; M*
KLðS0Þ ¼ 0; P*

KðS0Þ ¼ 0;
g*ðS0Þ ¼ 0; P*

KðS0Þ ¼ 0; R*
KLðS0Þ ¼ 0;

(27)

and, using also Eq. (26), to

QKðS0Þ ¼ 0; r0hðS0Þ þ
vJðS0Þ

vq
¼ 0: (28)

4. Basic equations of linear theory

In this section we derive the linear theory for the model in
concern. To this end, in addition to the hypotheses (14)e(16) and
(25), we assume that all considered independent constitutive
variables are sufficiently small and we have (see (Eringen, 1971,
1990, 1999))

xðaÞi ¼ Xi þ uðaÞi ; cðaÞij ¼ dij þ εjik4
ðaÞ
k ; ja ¼ 1þ fðaÞ;

T ¼ q� q0; (29)

where Xi ¼ diKXK ;c
ðaÞ
ij ¼ djKc

ðaÞ
iK ;uðaÞi is the displacement vector,

4
ðaÞ
k the microrotation vector, fðaÞ the microstretch function asso-

ciated with the constituent sa and T the temperature variation from
the constant (uniform) absolute temperature q0 in the reference

configuration. Obviously, we have _q ¼ _T and q,i ¼ T,i. We assume
that

uðaÞi ¼ εu0ðaÞi ; 4
ðaÞ
i ¼ ε4

0ðaÞ
i ; fðaÞ ¼ εf0ðaÞ; T ¼ εT 0

where ε is a constant small enough to neglect its square and higher
powers and u0ðaÞi ;4

0ðaÞ
k ;f0ðaÞ and T 0 are independent of ε. With the

help of Eqs. (2), (3), (7) and (29), we get

n
ðaÞ
i ¼ _4

ðaÞ
i ; nðaÞ ¼ _f

ðaÞ
; J ðaÞ

0 ¼ JðaÞ0

�
1þ 2fðaÞ�;

J ðaÞ
ij ¼ JðaÞij

�
1� 2fðaÞ�� εrks

�
dirJ

ðaÞ
kj þ djrJ

ðaÞ
ik

�
4
ðaÞ
s

(30)

and the strain measures EKL;GKL;G
ðaÞ
KL ;G

ðaÞ
K ; EðaÞ;DK ;DKL become

eji ¼ uð1Þi;j þ εijk4
ð1Þ
k ; gji ¼ uð2Þi;j þ εijk4

ð1Þ
k ; gðaÞji ¼ 4

ðaÞ
i;j ; gðaÞi ¼ fðaÞ

;i ;

eðaÞ ¼ fðaÞ; di ¼ uð1Þi �uð2Þi ; Dij ¼ εijk

�
4
ð1Þ
k �4

ð2Þ
k

�
: (31)

If we denote

tðaÞji ¼ djKT
ðaÞ
Ki ; mðaÞ

ji ¼ djKM
ðaÞ
Ki ; pðaÞ

i ¼ diKP
ðaÞ
K ; pi ¼ diLPK ;

ri ¼ εikldkKdlLRKL;qi ¼ diKQK ;Di ¼ 4
ð1Þ
i �4

ð2Þ
i ; t�ji ¼ diKdjLT

�
KL;

m�
ij ¼ diKdjLM

�
KL;p

�
i ¼ diKP

�
K ;p

�
i ¼ diKP�

K ;r
�
i ¼ εikldkKdlLR�

KL;

(32)
Using Eqs. (3), (6), (29)e(32), the equations of motion (8) reduce to

tð1Þji;j � pi þ r01F
ð1Þ
i ¼ r01€u

ð1Þ
i ; tð2Þji;j þ pi þ r02F

ð2Þ
i ¼ r02u

€ ð2Þ
i ;

mð1Þ
ji;j þ εijk

h
tð1Þjk þ tð2Þjk

i
� ri þ r01G

ð1Þ
i ¼ r01J

ð1Þ
ij €4

ð1Þ
j ;

mð2Þ
ji;j þ ri þ r02G

ð2Þ
i ¼ r02J

ð2Þ
ij €4

ð2Þ
j ;

p
ð1Þ
j;j � gð1Þ þ r01L

ð1Þ ¼ 1
2
r01J

ð1Þ
0

€f
ð1Þ

; p
ð2Þ
j;j � gð2Þ

þr02L
ð2Þ ¼ 1

2
r02J

ð2Þ
0

€f
ð2Þ

;

(33)

and the energy equation (24) is

r0q0 _h ¼ qi;i þ r0S: (34)

Further, the inequality (22) can be written as

t�ij _eij þm�
ij _g

ð1Þ
ij þ p�

i _g
ð1Þ
i þ g� _eð1Þ þ p�i

_di þ r�i
_Di �

�
vJ
vT

þ r0h
vF
vT

�
_T

þ 1
F
vF
vT

qiT;i � 0:

(35)

In the linear case, taking into account Eq. (27), the functions
t�ij;m

�
ij;p

�
i ; g

�; p�i ; r
�
i can be expressed as

t*ij ¼ S11ijkl _eklþ S12ijkl _g
ð1Þ
kl þ S13ijk _g

ð1Þ
k þ S14ij _eð1Þ þ S15ijk

_dkþ S16ijk
_Dk

þS17ij
_T þ S18ijkT;k;

m*
ij ¼ S21ijkl _eklþ S22ijkl _g

ð1Þ
kl þ S23ijk _g

ð1Þ
k þ S24ij _eð1Þ þ S25ijk

_dkþ S26ijk
_Dk

þS27ij
_T þ S28ijkT;k;

p*
i ¼ S31ikl _eklþ S32ikl _g

ð1Þ
kl þ S33ik _gð1Þk þ S34i _eð1Þ þ S35ik

_dkþ S36ik
_Dk

þS37i
_T þ S38ik T;k;

g* ¼ S41kl _eklþ S42kl _g
ð1Þ
kl þ S43k _gð1Þk þ S44 _eð1Þ þ S45k

_dkþ S46k
_Dk

þS47 _T þ S48k T;k;

p*i ¼ S51ikl _eklþ S52ikl _g
ð1Þ
kl þ S53ik _g

ð1Þ
k þ S54i _eð1Þ þ S55ik

_dkþ S56ik
_Dk

þS57i
_T þ S58ik T;k;

r*i ¼ S61ikl _eklþ S62ikl _g
ð1Þ
kl þ S63ik _gð1Þk þ S64i _eð1Þ þ S65ik

_dkþ S66ik
_Dk

þS67i
_T þ S68ik T;k

(36)

where the constitutive coefficients are constants.
Now, we consider a quadratic Taylor expansion forJ, F, with an

initial point corresponding to the reference configuration, where all
variables vanish



J ¼J0þA1
ijeijþA2

ijgijþBðaÞij gðaÞij þCðaÞ
i gðaÞi þDðaÞeðaÞ þA3

i diþA4
i DiþA5T þA6

i T;iþA7 _T

þ1
2

n
A11
ijkleijeklþA22

ijklgijeklþBðabÞijkl g
ðaÞ
ij gðbÞkl þCðabÞ

ik gðaÞi gðbÞk þDðabÞeðaÞeðbÞ þA33
ik didkþA44

ik DiDkþA55T2þA66
ik T;iT;kþA77 _T

2o
þA12

ijkleijgklþBðaÞijkleijg
ðaÞ
kl þCðaÞ

ijk eijg
ðaÞ
k þDðaÞ

ij eije
ðaÞ þA13

ijkeijdkþA14
ijkeijDkþA15

ij eijT þA16
ijkeijT;kþA17

ij eij
_T

þB
ðaÞ
ijklgijg

ðaÞ
kl þC

ðaÞ
ijk gijg

ðaÞ
k þD

ðaÞ
ij gije

ðaÞ þA23
ijkgijdkþA24

ijkgijDkþA25
ij gijT þA26

ijkgijT;kþA27
ij gij

_T þCðabÞ
ijk gðaÞij gðbÞk

þDðabÞ
ij g

ðaÞ
ij eðbÞ þBðaÞikl g

ðaÞ
kl diþ B

wðaÞ
ikl g

ðaÞ
kl DiþB

ðaÞ
kl g

ðaÞ
kl T þB

ðaÞ
ikl g

ðaÞ
kl T;iþ B

wðaÞ
kl g

ðaÞ
kl

_T þDðabÞ
i g

ðaÞ
i eðbÞ þCðaÞ

ik g
ðaÞ
kl diþ C

wðaÞ
ik g

ðaÞ
k Di

þC
ðaÞ
k gðaÞk T þC

ðaÞ
ik gðaÞk T;iþ C

wðaÞ
k gðaÞk

_T þDðaÞ
i eðaÞdiþD

wðaÞ
i eðaÞDiþD

ðaÞ
eðaÞT þD

ðaÞ
i eðaÞT;iþD

wðaÞ
eðaÞ _T þA34

ik diDk

þA35
i diT þA36

ik diT;kþA37
i di _T þA45

i DiT þA46
ik DiT;kþA47

i Di
_T þA56

k TT;kþA57T _T þA67
i T;i _T ;

F ¼ F0þa1T þa2 _T þ
1
2

�
b1T

2þb2 _T
2�þb3T _T ;

(37)
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with

A11
ijkl ¼ A11

klij; A22
ijkl ¼ A22

klij; A33
ik ¼ A33

ki ; A44
ik ¼ A44

ki ; A66
ik ¼ A66

ki ;

BðabÞijkl ¼ BðabÞklij ¼ BðbaÞijkl ; CðabÞ
ik ¼ CðabÞ

ki ¼ CðbaÞ
ik ; DðabÞ ¼ DðbaÞ:

(38)
Without loss of generality, in the following wewill considerJ0¼ 0.
The condition (25) yields

F0 þ a1T þ 1
2
b1T

2 ¼ q0 þ T0F0 ¼ q0; a1 ¼ 1; b1 ¼ 0;
so that

F ¼ q0 þ T þ a2 _T þ 1
2
b2 _T

2 þ b3T _T (39)

and taking into account the hypothesis (16), we get

vFð0;0Þ
v _T

¼ a2s0:

Now, the constitutive equations (18) and (19) become

tð1Þij ¼ vJ
veij

þ t�ij; tð2Þij ¼ vJ
vgij

; mð1Þ
ij ¼ vJ

vg
ð1Þ
ij

þm�
ij; mð2Þ

ij ¼ vJ

vg
ð2Þ
ij

;

pð1Þ
i ¼ vJ

vg
ð1Þ
i

þp�
i ; pð2Þ

i ¼ vJ

vg
ð2Þ
i

; pi ¼
vJ
vdi

þp�i ;

gð1Þ ¼ vJ

veð1Þ
þg�; gð2Þ ¼ vJ

veð2Þ
; ri ¼ εijk

vJ
vDl

vDl

vDjk
þ r�i ¼ vJ

vDi
þ r�i :

(40)

In the reference state all stresses tðaÞij ;mðaÞ
ij ;p

ðaÞ
i ; gðaÞ; pi; ri vanish and

these conditions along with Eqs. (36), (37) and (40), lead to

A1
ij ¼ 0; A2

ij ¼ 0; A3
i ¼ 0; A4

i ¼ 0; BðaÞij ¼ 0;

CðaÞ
i ¼ 0; DðaÞ ¼ 0:

(41)

On the other hand, using Eqs. (37) and (39), the constitutive
equation (20) reduce to
r0h ¼ � vJ=v _T

vF=v _T
¼ � 1

a2

�
A7 þ A17

kl ekl þ A27
kl gkl þ ~B

ðaÞ
kl g

ðaÞ
kl

þ ~C
ðaÞ
k gðaÞk þ ~D

ðaÞ
eðaÞ þ A37

k dk þ A47
k Dk

þ
�
A57 � A7b3

a2

�
T þ A67

k T;k þ
�
A77 � A7b2

a2

�
_T
	
;

(42)

and

qi ¼F
vJ=vT;i
vF=v _T

¼ 1
a2

n
A6
i

�
q0 þ T þ a2 _T

�
þ q0

h
A16
kli ekl þ A26

kligkl þ B
ðaÞ
ikl g

ðaÞ
kl þ C

ðaÞ
ik gðaÞk þ D

ðaÞ
i eðaÞ

þ A36
ki dk þ A46

ki Dk þ A56
i T þ A66

ik T;k þ A67
i

_T
io

� 1
a22

A6
i q0

�
b2 _T þ b3T

�
:

(43)

Equation (28)2 implies that the following expression

r0hþ vJ
vT

¼ � 1
a2

�
A7 � a2A

5 þ
�
A17
kl � a2A

15
kl

�
ekl

þ
�
A27
kl � a2A

25
kl

�
gkl þ

�
~B
ðaÞ
kl � a2B

ðaÞ
kl

�
g
ðaÞ
kl

þ
�
~C
ðaÞ
k � a2C

ðaÞ
k

�
gðaÞk þ

�
~D
ðaÞ � a2D

ðaÞ�
eðaÞ

þ
�
A37
k � a2A

35
k

�
dk þ

�
A47
k � a2A

45
k

�
Dk

�
�
� A57 þ A7b3

a2
þ a2A

55
�
T þ A67

k T;k

þ
�
A77 � A7b2

a2
� a2A

57
�
_T
�

vanish in S0, so that we arrive to the restrictions

A17
kl ¼ a2A15

kl ; A27
kl ¼ a2A25

kl ; A37
k ¼ a2A35

k ; A47
k ¼ a2A45

k ;

A57 ¼ a2A55þb3A5;

A7 ¼ a2A5; ~B
ðaÞ
kl ¼ a2B

ðaÞ
kl ;

~C
ðaÞ
k ¼ a2C

ðaÞ
k ; ~D

ðaÞ ¼ a2D
ðaÞ

:

(44)

Moreover, assuming that the heat flux qi vanishes in the reference
state, Eqs. (28)1 and (43) yield
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A6
i ¼ 0; A16

kli ¼ 0; A26
kli ¼ 0; A36

ki ¼ 0; A46
ki ¼ 0;

ðaÞ ðaÞ ðaÞ (45)

A56
i ¼ 0; Bikl ¼ 0; Cik ¼ 0; Di ¼ 0:

Taking into account Eqs. (41), (44) and (45), the expression (37) of
J gives

J ¼1
2

h
A11
ijkleijeklþA22

ijklgijgklþBðabÞijkl g
ðaÞ
ij gðbÞkl þCðabÞ

ik gðaÞi gðbÞk

þDðabÞeðaÞeðbÞ þA33
ik didkþA44

ik DiDk

i
þA12

ijkleijgkl

þBðaÞijkleijg
ðaÞ
kl þCðaÞ

ijk eijg
ðaÞ
k þDðaÞ

ij eije
ðaÞ þA13

ijkeijdk

þA14
ijkeijDkþB

ðaÞ
ijklgijg

ðaÞ
kl þC

ðaÞ
ijk gijg

ðaÞ
k þD

ðaÞ
ij gije

ðaÞ

þA23
ijkgijdkþA24

ijkgijDkþCðabÞ
ijk gðaÞij gðbÞk þDðabÞ

ij gðaÞij eðbÞ

þBðaÞikl g
ðaÞ
kl diþ ~B

ðaÞ
ikl g

ðaÞ
kl DiþDðabÞ

i gðaÞi eðbÞ þCðaÞ
ik gðaÞk di

þ ~C
ðaÞ
ik g

ðaÞ
k DiþDðaÞ

i eðaÞdiþ ~D
ðaÞ
i eðaÞDiþA34

ik diDk

þ1
2

h
A55T2þA66

ik T;iT;kþ



A77 _T

2iþhA5þA15
ij eij

þA25
ij gijþA35

i diþA45
i DiþB

ðaÞ
kl g

ðaÞ
kl þC

ðaÞ
k gðaÞk

þD
ðaÞ

eðaÞ
i�

Tþa2 _T
�
þA67

i T;i _Tþ
�
a2A

55þb3A
5
�
T _T;

(46)

and the constitutive equation (40) and symmetry relations (38)
lead to

tð1Þij ¼A11
klijekl þ A12

ijklgkl þ BðaÞijklg
ðaÞ
kl þ CðaÞ

ijk g
ðaÞ
k þ DðaÞ

ij eðaÞ

þ A13
ijkdk þ A14

ijkDk þ A15
ij

�
T þ a2 _T

�
þ t�ij;

(47)

tð2Þij ¼A12
klijekl þ A22

ijklgkl þ B
ðaÞ
ijklg

ðaÞ
kl þ C

ðaÞ
ijk g

ðaÞ
k þ D

ðaÞ
ij eðaÞ

þ A23
ijkdk þ A24

ijkDk þ A25
ij

�
T þ a2 _T

�
;

(48)

mð1Þ
ij ¼ Bð1Þklijekl þ B

ð1Þ
klijgkl þ Bð1aÞijkl g

ðaÞ
kl þ Cð1aÞ

ijk gðaÞk þ Dð1aÞ
ij eðaÞ

þ Bð1Þkij dk þ ~B
ð1Þ
kij Dk þ B

ð1Þ
ij

�
T þ a2 _T

�
þm�

ij;
(49)

mð2Þ
ij ¼ Bð2Þklijekl þ B

ð2Þ
klijgkl þ Bð2aÞijkl g

ðaÞ
kl þ Cð2aÞ

ijk g
ðaÞ
k þ Dð2aÞ

ij eðaÞ

þ Bð2Þkij dk þ ~B
ð2Þ
kij Dk þ B

ð2Þ
ij

�
T þ a2 _T

�
;

(50)

pð1Þ
i ¼Cð1Þ

kli ekl þ C
ð1Þ
kli gkl þ Cða1Þ

kli g
ðaÞ
kl þ Cð1aÞ

ik g
ðaÞ
k þ Dð1aÞ

i eðaÞ
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ki Dk þ C
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i

�
T þ a2 _T

�
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i ;
(51)

pð2Þ
i ¼Cð2Þ

kli ekl þ C
ð2Þ
kli gkl þ Cða2Þ

kli g
ðaÞ
kl þ Cð2aÞ
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k þ Dð2aÞ

i eðaÞ

þ Cð2Þ
ki dk þ ~C
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�
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�
;

(52)

gð1Þ ¼Dð1Þ
kl eklþD

ð1Þ
kl gklþDða1Þ

kl gðaÞkl þDða1Þ
k gðaÞk þDða1ÞeðaÞ

þDð1Þ
k dkþ ~D

ð1Þ
k DkþD
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�
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gð2Þ ¼Dð2Þ
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�
;
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þ p�i ;
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kli ekl þ A24
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i eðaÞ
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(56)

Further, with the help of the restrictions (44) and (45), Eqs. (42) and
(43) become

r0h ¼ �
�
A5 þ A15

kl ekl þ A25
kl gkl þ B

ðaÞ
kl g

ðaÞ
kl þ C

ðaÞ
k gðaÞk

þ D
ðaÞ

eðaÞ þ A35
k dk þ A45

k Dk

�
þ 1
a2

h
A0T þ B0

�
T þ a2 _T

�
� A67

k T;k
i (57)

and

qi ¼
q0
a2

�
A66
ik T;k þ A67

i
_T
�
; (58)

where t�ij;m
�
ij;p

�
i ; g

�; p�i ; r
�
i are expressed in (36) and

A0 ¼ �B0 � a2A
55; a2B0 ¼ b2A

5 � A77:

Using the following relations�
vJ
vT

þ r0h
vF
vT

�
_T ¼ � 1

a2
A67
i T;i _T � A0

_T
2
;

1
F
vF
vT

qiT;i ¼
1
a2

A66
ik T;iT;k þ

1
a2

A67
i

_TT;i

and introducing the following quadratic form

D
�
_ekl; _g

ð1Þ
kl ;

_gð1Þk ; _eð1Þ; _dk; _Dk;
_T ;T;k

�
¼ t�ij _eijþm�

ij _g
ð1Þ
ij þp�

i _g
ð1Þ
i þg� _eð1Þ

þp�i
_diþr�i

_DiþA0
_T
2þ 1

a2
A66
ik T;iT;kþ

2
a2

A67
i

_TT;i; ð59Þ

the inequality (35) implies that D is positive semi-definite, i.e.

D
�
_ekl; _g

ð1Þ
kl ;

_gð1Þk ; _eð1Þ; _dk; _Dk;
_T; T;k

�
� 0: (60)

The basic equations of the linear theory are the equations of
motion (33), the energy equation (34), the geometric equations (31)
and the constitutive equations (36), (47)e(58) with the restriction
(60).

Now, we denote with

U ¼
�
uð1Þi ;uð2Þi ;4

ð1Þ
i ;4

ð1Þ
i ;fð1Þ;fð2Þ; T

�
the solutions of the mixed initial-boundary value problem P
defined by Eqs. (31), (33), (34), (36), (47)e(58), (60) and the
following initial and boundary conditions
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uðaÞi ðX;0Þ ¼ buðaÞ
i ðXÞ; 4

ðaÞ
i ðX;0Þ ¼ b4ðaÞ

i ðXÞ;
fðaÞ ¼ bfðaÞðXÞ; TðX;0Þ ¼ bT ðXÞ;

_uðaÞi ðX;0Þ ¼ byðaÞi ðXÞ; _4
ðaÞ
i ðX;0Þ ¼ bnðaÞi ðXÞ;

_f
ðaÞ ¼ bnðaÞðXÞ; _TðX;0Þ ¼ bsðXÞ

(61)

and
uðaÞi ¼ ~uðaÞi on S
ð1Þ
1 � I;

�
tð1Þji þ tð2Þji

�
nj ¼ ~ti; di ¼ ~di on S

ð1Þ
2 � I;

4
ðaÞ
i ¼ ~4

ðaÞ
i on S

ð2Þ
1 � I;

�
mð1Þ

ji þmð2Þ
ji

�
nj ¼ ~mi; Di ¼ ~Di on S

ð2Þ
2 � I;

fðaÞ ¼ ~f
ðaÞ

on S
ð3Þ
1 � I;

�
pð1Þ
j þ pð2Þ

j

�
nj ¼ ~p; fð1Þ � fð2Þ ¼ ~f on S

ð3Þ
2 � I;

T ¼ ~T on S
ð4Þ
1 � I; qjnj ¼ ~q on S

ð4Þ
2 � I;

(62)
with nj the outward unit normal vector to the boundary surface
and, for each i ¼ 1,.,4, we have that SðiÞ

1 ;S
ðiÞ
2 are subsurfaces of vB

such that

S
ðiÞ
1 XS

ðiÞ
2 ¼ B; S

ðiÞ
1 WS

ðiÞ
2 ¼ vB;

where the closure is relative to vB. In these relationsbuðaÞ
i ; b4ðaÞ

i ; bfðaÞ
; bT ;byðaÞi ;bnðaÞi ;bnðaÞ and bs are given continuous functions

and ~uðaÞi ;~ti; ~di; ~4
ðaÞ
i ; ~mi;

~Di;
~f
ðaÞ

; ~pi;
~f; ~T and ~q are prescribed contin-

uous functions compatible with (61) on the appropriate subsur-
faces of vB; the external data of the mixed initial-boundary value
problem in concern are

G ¼
(
Fð1Þi ; Fð2Þi ;Gð1Þ

i ;Gð2Þ
i ; Lð1Þ; Lð2Þ; S; buðaÞ

i ; b4ðaÞ
i ; bfðaÞ

; bT ;bvðaÞi ;

bnðaÞi ;bnðaÞ;bs; ~uðaÞi ;~ti; ~di; ~4
ðaÞ
i ; ~mi;

~Di;
~f
ðaÞ

; ~p; ~f; ~T ; ~q

)
:

We conclude this section by considering the isotropic case. The

tensors eij, gij, g
ðaÞ
i , eðaÞ, di, T, t

ðaÞ
ij , pðaÞ

i , g(a), pi, r0h, qi, _eij; _g
ð1Þ
i ; _eð1Þ; _di; _T ;

T,i, t�ij, p
�
i , g

* and p�i are polar tensors, while gðaÞ
ij , Di, m

ðaÞ
ij , ri, _g

ð1Þ
ij ; _Di;

m�
ij and r�i are axial tensors; then, in the isotropic case, the consti-

tutive equations (36), (47)e(58) reduce to

t*ij ¼ l*1dij _ekkþ
�
m*1þk*1

�
_eijþm*1 _ejiþS14 _eð1ÞdijþS16εijk _DkþS17 _Tdij;

m*
ij ¼ a*1dij _g

ð1Þ
kk þg*1 _g

ð1Þ
ij þb*1 _g

ð1Þ
ji þS23εijk _g

ð1Þ
k þS25εijk _dkþS28εijkT;k;

p*
i ¼ S32εikl _g

ð1Þ
kl þS33 _gð1Þi þS35 _diþS38T;i;

g* ¼ S41 _ekkþS42 _gð1Þkk þS44 _eð1ÞþS47 _T ;

p*i ¼ S52εikl _g
ð1Þ
kl þS53 _gð1Þi þS55 _diþS58T;i;

r*i ¼ S61εikl _eklþS66 _Di
and

tð1Þij ¼ l1dijekk þ ðm1 þ k1Þeij þ m1eji þ ndijgkk þ xgij þ zgji

þDðaÞeðaÞdij þ A14
εijkDk þ A15

�
T þ a2 _T

�
dij þ t*ij;

tð2Þij ¼ ndijekk þ xeij þ zeji þ l2dijgkk þ ðm2 þ k2Þgij þ m2gji

þD
ðaÞ

eðaÞdij þ A24
εijkDk þ A25

�
T þ a2 _T

�
dij;
mð1Þ
ij ¼ a1dijg

ð1Þ
kk þ g1g

ð1Þ
ij þ b1g

ð1Þ
ji þ a3dijg

ð2Þ
kk þ g3g

ð2Þ
ij þ b3g

ð3Þ
ji

þCð1aÞ
εijkg

ðaÞ
k þ Bð1Þεijkdk þm*

ij;

mð2Þ
ij ¼ a3dijg

ð1Þ
kk þ g3g

ð1Þ
ij þ b3g

ð1Þ
ji þ a2dijg

ð2Þ
kk þ g2g

ð2Þ
ij þ b2g

ð3Þ
ji

þ Cð2aÞ
εijkg

ðaÞ
k þ Bð2Þεijkdk;

p
ð1Þ
i ¼ Cða1Þ

εklig
ðaÞ
kl þ cð1aÞgðaÞi þ Cð1Þdi þ p*

i ;

pð2Þ
i ¼ Cða2Þ

εklig
ðaÞ
kl þ cð2aÞgðaÞi þ Cð2Þdi;

gð1Þ ¼ Dð1Þekk þ D
ð1Þ

gkk þ Dða1ÞeðaÞ þ d
ð1Þ�

T þ a2 _T
�
þ g*;

gð2Þ ¼ Dð2Þekk þ D
ð2Þ

gkk þ Dða2ÞeðaÞ þ d
ð2Þ�

T þ a2 _T
�
;

pi ¼ BðaÞεiklg
ðaÞ
kl þ CðaÞgðaÞi þ A33di þ p*i ;

ri ¼ A14
εkliekl þ A24

εkligkl þ A44Di þ r*i ;

r0h ¼ e
�
A5 þ A15ekk þ A25gkk þ d

ðaÞ
eðaÞ
�

þ 1
a2

h
A0T þ B0

�
T þ a2 _T

�i
;

qi ¼
q0
a2

kT;i:

5. A uniqueness result

In this section we consider an initial-boundary value problem
for the above described anisotropic thermoviscoelatic mixtures and
we establish a uniqueness result in the context of the considered
linear theory. To this aim, we prove the following Lemma using the
notations

H ¼ KþW þ X (63)

where

K¼1
2

�
r01 _u

ð1Þ
i

_uð1Þi þr02 _u
ð2Þ
i

_uð2Þi þr01J
ð1Þ
ij _4

ð1Þ
i _4

ð1Þ
j

þr02J
ð2Þ
ij _4

ð2Þ
i _4

ð2Þ
j þ1

2
r01J

ð1Þ
0

_f
ð1Þ _f

ð1Þ þ1
2
r02J

ð2Þ
0

_f
ð2Þ _f

ð2Þ
�
;

(64)
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W ¼1
2

h
A11
ijkleijekl þA22

ijklgijgkl þBðabÞijkl g
ðaÞ
ij g

ðbÞ
kl þCðabÞ

ik g
ðaÞ
ij g

ðbÞ
kl

þDðabÞeðaÞeðbÞ þA33
ik didk þA44

ik DiDk

i
þA12

ijkleijgkl

þBðaÞijkleijg
ðaÞ
kl þCðaÞ

ijk eijg
ðaÞ
k þDðaÞ

ij eije
ðaÞ þA13

ijkeijdk

þA14
ijkeijDk þB

ðaÞ
ijklgijg

ðaÞ
kl þC

ðaÞ
ijk gijg

ðaÞ
k þD

ðaÞ
ij gije

ðaÞ

þA23
ijkgijdk þA24

ijkgijDk þCðabÞ
ijk gðaÞij gðbÞk þDðabÞ

ij gðaÞij eðbÞ

þBðaÞikl g
ðaÞ
kl di þ B

wðaÞ
ikl g

ðaÞ
kl Di þDðabÞ

i g
ðaÞ
i eðbÞ þCðaÞ

ik g
ðaÞ
k di

þ C
wðaÞ
ik g

ðaÞ
k Di þDðaÞ

i eðaÞdi þD
wðaÞ
i eðaÞDi þA34

ik diDk;

(65)

X ¼ 1
2

�
A0

a2
T2 þ B0

a2

�
T þ a2 _T

�2� 2
a2

A67
k TT;k þ A66

ik T;iT;k

�
: (66)
Lemma 2. Let the symmetry relations (38) be satisfied and P be the
mixed problem defined by Eqs. (31), (33), (34), (36), (47)e(58), (61)
and (62). Then, we have

d
dt

Z
B

HdVþ
Z
B

DdV ¼ 1
2

Z
vB

��
tð1Þji þ tð2Þji

��
_uð1Þi þ _uð2Þi

�
þ
�
tð1Þji � tð2Þji

�
_di þ

�
mð1Þ

ji þmð2Þ
ji

� �
_4
ð1Þ
i þ _4

ð2Þ
i

�
þ
�
mð1Þ

ji �mð2Þ
ji

�
_Di þ

�
p
ð1Þ
j þ p

ð2Þ
j

� �
_f
ð1Þ þ _f

ð2Þ�
þ
�
pð1Þ
j � pð2Þ

j

� �
_f
ð1Þ � _f

ð2Þ� þ 1
q0

qj
�
T þ a2 _T

��
njdA

þ
Z
B

�
r01F

ð1Þ
i

_uð1Þi þ r02F
ð2Þ
i

_uð2Þi þ r01G
ð1Þ
i _4

ð1Þ
i þ r02G

ð2Þ
i _4

ð2Þ
i

þ r01L
ð1Þ _f

ð1Þ þ r02L
ð2Þ _f

ð2Þ þ 1
q0

r0S
�
T þ a2 _T

��
dV : ð67Þ

Proof. In view of definitions (59), (65), (66), of constitutive
equations (36), (47)e(58) and of symmetry relations (38), we
deduce

_W þ _XþD ¼ F þ 1
q0

qi
�
T þ a2 _T

�
;i

(68)

where

F ¼ tð1Þij
_eij þ tð2Þij

_gij þmðaÞ
ij

_g
ðaÞ
ij þ p

ðaÞ
i

_g
ðaÞ
i þ gðaÞ _eðaÞ þ pi _di� � (69)
þ ri _Di þ r0 _h T þ a2 _T :

On the other hand, from Eqs. (31), (33) and (34) we can write Eq.
(69) as

F ¼
�
tð1Þji

_uð1Þi þ tð2Þji
_uð2Þi þmð1Þ

ji _4
ð2Þ
i þmð2Þ

ji _4
ð2Þ
i þ p

ð1Þ
j

_f
ð1Þ

þp
ð2Þ
j

_f
ð2Þ þ 1

q0
qj
�
T þ a2 _T

��
;j

e
�
r01€u

ð1Þ
i er01F

ð1Þ
i

�
_uð1Þi e

�
r02€u

ð2Þ
i er02F

ð2Þ
i

�
_uð2Þi

e
�
r01J

ð1Þ
ij €4

ð1Þ
j er01G

ð1Þ
i

�
_4
ð1Þ
i e

�
r02J

ð2Þ
ij €4

ð2Þ
j er02G

ð2Þ
i

�
_4
ð2Þ
i

e

�
1
2
r01J

ð1Þ
0

€f
ð1Þ

er01L
ð1Þ
�

_f
ð1Þ

þ
�
1
2
r02J

ð2Þ
0

€f
ð2Þ

er02L
ð2Þ
�

_f
ð2Þ

e
1
q0

qi
�
T þ a2 _T

�
;i

þ 1
q0

r0S
�
T þ a2 _T

�
: (70)
Using Eqs. (63), (64), (68) and (70) and the following identities

2
�
tð1Þji

_uð1Þi þ tð2Þji
_uð2Þi

�
¼
�
tð1Þji þ tð2Þji

��
_uð1Þi þ _uð2Þi

�
þ
�
tð1Þji � tð2Þji

��
_uð1Þi � _uð2Þi

�
;

2
�
mð1Þ

ji _4
ð2Þ
i þmð2Þ

ji _4
ð2Þ
i

�
¼
�
mð1Þ

ji þmð2Þ
ji

��
_4
ð1Þ
i þ _4

ð2Þ
i

�
þ
�
mð1Þ

ji �mð2Þ
ji

��
_4
ð1Þ
i � _4

ð2Þ
i

�
;

2
�
pð1Þ
j

_f
ð1Þ þ pð2Þ

j
_f
ð2Þ� ¼

�
pð1Þ
j þ pð2Þ

j

��
_f
ð1Þ þ _f

ð2Þ�
þ
�
p
ð1Þ
j � p

ð2Þ
j

��
_f
ð1Þ � _f

ð2Þ�
;

we have

_HþD ¼ 1
2

��
tð1Þji þ tð2Þji

��
_uð1Þi þ _uð2Þi

�
þ
�
tð1Þji � tð2Þji

�
_di

þ
�
mð1Þ

ji þmð2Þ
ji

� �
_4
ð1Þ
i þ _4

ð2Þ
i

�
þ
�
mð1Þ

ji �mð2Þ
ji

�
_Di

þ
�
p
ð1Þ
j þ p

ð2Þ
j

� �
_f
ð1Þ þ _f

ð2Þ� þ
�
p
ð1Þ
j � p

ð2Þ
j

�
�
�
_f
ð1Þ � _f

ð2Þ� þ 1
q0

qj
�
T þ a2 _T

��
;j

þr01F
ð1Þ
i

_uð1Þi þ r02F
ð2Þ
i

_uð2Þi þ r01G
ð1Þ
i _4

ð1Þ
i

þr02G
ð2Þ
i _4

ð2Þ
i þ r01L

ð1Þ _f
ð1Þ þ r02L

ð2Þ _f
ð2Þ

þ 1
q0

r0S
�
T þ a2 _T

�
: (71)

Through an integration of the above relation over B and by using
the divergence theorem, the lemma is proved.

The previous Lemma implies the following uniqueness result.

Theorem 3. (Uniqueness). Let us assume that

a) the constitutive coefficients satisfy symmetry relations (38) and
the inequality (60) holds;

b) r0a and JðaÞ0 are strictly positive and JðaÞij are symmetric and positive
definite;

c) the quadratic form W defined in (65) is positive semi-definite and
X defined in (66) is positive definite.

Then the initial boundary value problem P defined by Eqs. (31), (33),
(34), (36), (47)e(58), (61) and (62) has at most one solution.

Proof. Thanks to the linearity of the problem in concern, we only

need to show that null external data imply null solution. Let U0 ¼
ðuð1Þi ;uð2Þi ;4

ð1Þ
i ;4

ð1Þ
i ;f

ð1Þ
;f

ð2Þ
; TÞ be a solution corresponding to null

data. Since for this solution the terms on the right-hand side of Eq.
(67) vanish initially and by hypothesis a), we have

d
dt

Z
B

HdV ¼ �
Z
B

DdV � 0:

This inequality implies that H is a decreasing function and, taking
into account the null initial condition Hð0Þ ¼ 0; we get

HðtÞ � 0 ct˛½0; t1Þ; (72)

on the other hand, the hypothesis b) and the definitions (64)e(66)
yield

HðtÞ � 0 ct˛½0; t1Þ: (73)

Obviously, both Eqs. (72) and (73) and hypothesis c) imply
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KðtÞ ¼ 0; XðtÞ ¼ 0; WðtÞ ¼ 0 ct˛½0; t1Þ: (74)
Consequently, we have
_u
ðaÞ
i ðtÞ ¼ 0; _4

ðaÞ
i ðtÞ ¼ 0; _

f
ðaÞ
i ðtÞ ¼ 0; TðtÞ ¼ 0;

_TðtÞ ¼ 0; T ;iðtÞ ¼ 0; ct˛½0; t1Þ:

We arrive to the thesis using the null initial conditions.
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Chiriţ�a, S., Galeş, C., 2008. A mixture theory for microstretch thermoviscoelastic
solids. J. Therm. Stresses 31, 1099e1124.

Ciarletta, M., Passarella, F., 2001. On the spatial behaviour in dynamics of elastic
mixtures. Eur. J. Mech. Solid 20, 969e979.

Ciarletta, M., Passarella, F., 2003. Some results in the dynamics of porous elastic
mixtures. Int. J. Eng. Sci. 41, 995e1018.

D’Apice, C., Tibullo, V., Chiriţ�a, S., 2004. On the spatial behavior in the
dynamic theory of mixtures of thermoelastic solids. J. Therm. Stresses 28,
63e82.
Eringen, A.C., 1971. Micropolar Elastic Solids with Stretch, in Prof. Dr. Mustafa Inan
Anisina. Ari Kitaberi Matbaasi, Istanbul, pp. 1e18.

Eringen, A.C., 1990. Theory of thermo-microstretch elastic solids. Int. J. Eng. Sci. 28,
1291e1301.

Eringen, A.C., 1999. Microcontinuum Field Theories. I. Foundations and Solids.
Springer, New York.

Eringen, A.C., Ingram, J.D., 1965. A continuum theory of chemically reacting media e
I. Int. J. Eng. Sci. 3, 197e212.

Green, A.E., Laws, N., 1972. On the entropy production inequality. Arch. Ration.
Mech. An. 45, 47e53.

Green, A.E., Lindsay, K.A., 1972. Thermoelasticity. J. Elast. 2, 1e7.
Green, A.E., Naghdi, P.M., 1965. A dynamical theory of interacting continua. Int. J.

Eng. Sci. 3, 231e241.
Green, A.E., Naghdi, P.M., 1968. A note on mixtures. Int. J. Eng. Sci. 6, 631e635.
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