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In this paper we derive a continuum theory for a thermoviscoelastic composite using an entropy
production inequality proposed by Green and Laws, presented in Lagrangian description. The composite
is modeled as a mixture of a microstretch viscoelastic material of Kelvin—Voigt type and a microstretch
elastic solid. The strain measures and the basic laws are shown and the thermodynamic restrictions are
established. Then the linear theory is considered and the constitutive equations are given in both
anisotropic and isotropic cases. Finally, a uniqueness result is established within the framework of the
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1. Introduction

Several authors have developed theories in order to describe the
thermomechanical and chemical behavior of interacting continua,
for example Truesdell and Toupin (1960); Kelly (1964); Eringen and
Ingram (1965); Ingram and Eringen (1967); Green and Naghdi
(1965, 1968); Bowen and Wiese (1969); Bowen (1972); Atkin and
Craine (1976a, 1976b); Bedford and Drumbheller (1983); Rajagopal
and Tao (1995); Ciarletta and Passarella (2001, 2003); D’Apice
et al. (2004); Passarella and Zampoli (2006, 2007a). Recently,
a great attention has been given to the theory of viscoelastic
mixtures, for example in lesan (2004, 2006); lesan and Nappa
(2008); Passarella and Zampoli (2007b) the authors use
a Lagrangian description for binary mixtures as in Bedford and
Stern (1972, 1971) and propose mathematical models which
include viscoelastic effects. In particular, in (2004, 2006), lesan
derives the basic equations and various qualitative properties of
solutions referred to mixtures where the individual components
are a porous elastic solid and a porous Kelvin—Voigt material. In
contrast with the theories of solid-fluid mixtures, in the present
theory the diffusive force depends on both relative displacement
and relative velocity. In 2008, lesan and Nappa develop a theory for
binary mixtures of viscoelastic materials and derive a nonlinear
constitutive relation generalizing Darcy’s law. Further, the authors
establish a stability result regarding materials which are not heat
conductors. In 2007b, Passarella and Zampoli study the spatial
behavior of solution of mixtures composed of a thermoelastic solid
and a viscous fluid; for these mixtures, the dissipation effects are
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connected with the viscosity rate of one constituent and with the
relative velocity vector.

A mixture consisting of a micropolar elastic solid and a micro-
polar Kelvin—Voigt material is studied by lesan in (2007). This
theory is generalized by Chiritda and Gales (2008) to the case of
microstretch thermoviscoelastic solids. In the case of microstretch
media, introduced by Eringen (1971, 1990, 1999), the material
points of the bodies can stretch and contract independently of their
translations and rotations.

Green and Lindsay (1972) have been the first authors to develop
a theory of thermoelasticity by discussing restrictions on the
constitutive equations on the basis of an entropy production
inequality proposed in Green and Laws (1972). For a thermoviscoe-
lastic composite, lesan and Scalia in (2011) adopt such an entropy
production inequality. This theory admits the possibility of second
sound and leads to a symmetric linear heat conduction tensor.

In the present paper, on one side we generalize the theory pre-
sented in lesan and Scalia (2011) to the case of microstretch
constituents and, on the other side, we also extend the thermo-
viscoelastic model of mixtures proposed by Chirita and Gales in
(2008) using the Green and Laws entropy production inequality. In
Section 2 we formulate a nonlinear theory for a thermoviscoelastic
composite modeled as a mixture of two components, a microstretch
elastic solid and a microstretch Kelvin—Voigt material. By using the
entropy production inequality proposed by Green and Laws, we
establish in Section 3 thermodynamic restrictions in order to derive
the constitutive equations. Section 4 is devoted to the linearization
of the formulated theory, starting from the most general anisotropic
case and then specifying the results also for isotropic mixtures. In
the last section, in the context of the linear theory, a uniqueness
result is established for the general anisotropic case.
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2. Problem formulation

We investigate a thermoviscoelastic binary mixture of two
microstretch interacting materials s; and s, through a Lagrangian
description. We assume that the body occupies at time ¢, the region
B of the Euclidean three-dimensional space, bounded by the
piecewise regular surface 8B; this configuration B is taken as the
reference configuration. The motion of each constituent is referred
to the reference configuration in a fixed system of rectangular
Cartesian coordinates in the time interval I = [ty,t;), where t;
could also tend to infinite; in the following we choose to = 0
without loss of generality. Latin indices are understood to range
over the integers 1, 2, 3 while Greek indices range over 1,2; in both
cases, the usual summation convention is used. A superposed dot
denotes differentiation with respect to time, while fx denotes the
derivative of f with respect to Xg. All functions are assumed suffi-
ciently regular to ensure analysis to be valid.

Following Bedford and Stern (1971, 1972), we assume that the
deformable particles P(1) and P of the constituents s; and s;
occupy the same position X in the reference configuration; we
denote by x() (X, t) the position of the same particles P at time t.

According to the theory of microstretch continua (see (Eringen,
1971, 1990, 1999)), each particle of the mixture can independently
rotate and stretch. To the particle P(®) is associated a vector E® at
X, so that particle’s rotation and stretch are completely described
by the transformations

(1) _ =(1) 2 _ ,@)m@)
3 sz By’ &7 =X Bk

(o

where ) is the micromotion tensor of Sq satisfying

Jo= detxl(g) >0.

If we define the tensors YE,‘? by
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Xig =i Xig

then the mechanical behavior of the microstretch binary mixture is
characterized by

X;a) _ xlga) (X, 1), Z{g) _ Z{;) (X,t), jo=ja(X,t), (X,t)eBxlI.

The tensors Xf;) satisfy
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where dg;, 0 are Kronecker deltas and ey, eimn are alternating
symbols.

Following Chirita and Gales (2008), we choose the following set
of strain measures

Eq = XfK)X,L — ki,
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It is convenient to use the tensor Gg; instead of the Cosserat

deformation tensor E,((L) = xf 1<)X1L — 0gr, given that EKL) can be
) _

written as EI((L = GgmAmr + Gir + Agy.

This set of strain measures is form-invariant under rigid motions
of the spatial frame of reference and it determines uniquely the
motion and micromotion to within a rigid motion.

We introduce

m_ 1 - (2)_ 1 22 m_1Di1 o _1Djp
v = zéulX]K Xi > =*j‘eijl)(jK Xik' (D= Jl D’ ( )=]2 Dt
(3)
and using Egs. (1)—(3) we have
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We denote by pQ the mass density of s, at time tp so that
po = P9+ pY. Furthermore, we associate to the particle P the

inertia tensors I,((”i) at time tgand i;;;‘) attime t, and decompose them as

EY 1 o o o o
II(<L = *](() >‘3KL _JI(<L)7 Jo" = Jkk
(5)
i) = 37800 - 7. 75 = 7).
Moreover, 0 ) and ¢ are the microstretch rotatory inertia and the

mlcrostretch scalar inertia given by (see (Eringen, 1999)):
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In what follows we suppose that the mixture is chemically inert
and that the mass and the microinertia are conserved for each
constituent separately. For the mass conservation we have

0 0
Jipr = 03, Jap2 = p3.

and for microinertia conservation we have

) @)
m _ Jo @ _ Jo (1)
oo == b 2 JKL = z~71<1 XkKXlLv
J1 15
2 1
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where J, = det(axE“)/axK).
Proceeding as in Chirita and Gales (2008), we have the following
equations of motion
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where the following relations are valid
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In the above relations, Ty .M TI¢), g® are the first
Piola—Kirchhoff partial stress tensors, the partial couple stress

tensors, the partial microstress vectors and the partial microstress

functions, respectively; P,f“) , RE“)

are the vector fields characterizing
the interaction between sy, So; F<“) Gga)7 [ are the body force, the
body couple and the generallzed body load per unit mass acting on
the constituent s,, respectively.

Now, as lesan and Scalia (2011) we adopt the entropy produc-

tion inequality proposed by Green and Laws (1972)
. S (Qk
pnzp—+<—) (10)
0 Oq) i) K

where 7 is specific entropy, S is the external heat supply per unit
mass and unit time and Qg is

1 2
Q =+ Q¢

where QI(;”) is the heat flux vector associated with the constituent s,,.
The function @ is supposed strictly positive and is specified by
a constitutive equation.We denote by ¢ the internal energy function
of the mixture per unit mass and we use the second
Piola—Kirchhoff quantities implicitly defined by
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We introduce the following local balance equation of energy

poé =T K0 + Mgl + TR + gn@ 4 POX 4 Ry
+ Qi + P057

and, by using Eqgs. (4), (9) and (11), it becomes
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We remark that Tg)7 M,(g‘i), H;f), g9, P, Rgr,Qg, n must be
prescribed by constitutive equations.

If we define
III = pO(g - 77‘13)7

from Egs. (10) and (12), we have
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3. Thermodynamic restrictions
We assume now that the constituent sy is a microstretch
Kelvin—Voigt material, that the constituent s, is a microstretch

elastic solid and that there are no kinematic constraints.
In what follows, we suppose that the constitutive functions for

v, d, TI((? , M,(;{), H;f) .89 Pr. Ry, Qx, n depend on the constitutive
variables

S = (EI(L7EI(L’GKL7FI<L7FI<L7FI<2L)7FI< 7FK aFZ) E( ) E( )

E@ Dy, D, Dy, Ay, 0,0 i, 9) ;

where ¢ is the absolute temperature. In details, we have

U= Ps), &=00S), (14)

and

Tl(é) = T1(<i>(5)7 Ml(é? = KL 7(s), I KL = KL (5) g =g(s),
P =Pk(S), Rir=Rx(S), Qx=Qx(S), 77(“) =1(S).
(15)

The considered functions are independent on Xk only for homo-
geneous mixtures.

Lemma 1. (Thermodynamic restrictions). Let the constitutive

assumptions (14) and (15) be satisfied and

0, (16)
of

Then, the entropy production inequality (13) implies that:

i) the functions W, ® depend on the variables as follows

v = III<EKLaGKL F[((L)7F;(zL)aF]((]>7F[<(2)7E(1>7E(2)7DK7AKL707 0ﬁl(7é>7
® — o(6,0), (17)

i) the functions Ty, M\, T, &), Py, Rz, 1 and Qg are deter-
mined through the following equations
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where

TKL - (L (8) ’

g = g(5),
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) % 21
Ri = Ry (S) (21)

satisfy the following reduced entropy inequality
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Proof. Taking into account Eq. (14), the inequality (13) becomes
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The last inequality leads to Eq. (18) and Eq. (22), if we introduce the
functions T}, My, Ik, g, Pk, Ry, as follows
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A consequence of previous Lemma is that the energy equation

(12) reduces to
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We easily see that the expression on the left-hand side of the above
inequality is linear with respect to

. <‘l) . . . .
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To make the above inequality identically valid for every possible
choice of the given variables, the corresponding coefficients have to
vanish and this leads to Egs. (17), (19) and (20), where we have used
Eq. (16). Moreover, the inequality (23) becomes
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e e R e
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The system of field equations of the nonlinear theory consists
of the equations of conservation of microinertia (7), the equations
of motion (8), (9), the energy equation (24), the constitutive
equations (17)—(21), satisfying inequality (22), and the geometrical
equation (2).

In what follows, in addition to the hypothesis (16) we suppose
that (see Green and Lindsay, 1972)

@(4,0) = 6; (25)

we can see that @ is a generalized temperature function which
reduces to 0 in an equilibrated state. Consequently, it is

ad(0,0)
a0

= 1. (26)

Moreover, if we define

So = (Ex.,0,G, T 0,12 1D 0,1 EM 0,E@),
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Dx,0,44.0,6.0,0),
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by virtue of the dissipation inequality (22) we arrive to

Tq(So) = 0, Mg (So) = 0, Ty(Sp) = 0,

* * (27)
g (SO) = O’ 73K(SO) = 07 RKL(SO) = 0
and, using also Eq. (26), to
¥ (S
Q(S0) = 0, pon(so) + o) — 0 (28)

4. Basic equations of linear theory

In this section we derive the linear theory for the model in
concern. To this end, in addition to the hypotheses (14)—(16) and
(25), we assume that all considered independent constitutive
variables are sufficiently small and we have (see (Eringen, 1971,
1990, 1999))

X = Xi+uga)» XU = 6u+511k¢](<)7 Ja = 1+¢

T = 06y, (29)

where X; = 61‘1(XK7YEJ-) = ]Kfo), f“) is the displacement vector,

q),({“) the microrotation vector, ¢ the microstretch function asso-
ciated with the constituent s, and T the temperature variation from
the constant (uniform) absolute temperature g in the reference

configuration. Obviously, we have 0 =T and 0; = T;. We assume
that
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where ¢ is a constant small enough to neglect its square and higher
powers and u;(a), ga;((‘”,db’ @ and T’ are independent of e. With the
help of Egs. (2), (3), (7) and (29), we get
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Using Egs. (3), (6), (29)—(32), the equations of motion (8) reduce to
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and the energy equation (24) is
pofo = qi;j + poS. (34)

Further, the inequality (22) can be written as
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In the linear case, taking into account Eq. (27

ty, my, ™, g%, pi,1{ can be expressed as
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where the constitutive coefficients are constants.

Now, we consider a quadratic Taylor expansion for ¥, ®, with an
initial point corresponding to the reference configuration, where all
variables vanish
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Without loss of generality, in the following we will consider II‘O(E%). @ a2
The condition (25) yields
and
1
@+ @ T+=bT2 = g+ T=®" = 6y, ay =1, by =0, W/OT; 1 (6 :
so that 2 q = 00 /0T *{Ai (00+T+a2T)
1, .2 . + 0o [Alfew + AZgu + B 1ii )+ Cii v + Di e
® = 6o+ T+ aT +5byT" +bsTT (39) (43)

and taking into account the hypothesis (16), we get

ad(0,0)

- = a,+0.
oT 2

Now, the constitutive equations (18) and (19) become

m_0Y .o ¥ ) oW 2 _ 0¥
[ — 4t T =— m. = +m , M 5
i oe; U U ogy’ U an]) g 6718‘2)
1) ow (2 ow v
== T T =&y Pi=o5+Di,
T T S Mg TP
(1 9 + (2)—£ i = e gaiAl+r*—g+r
g = %e0 g, g9= pe@ 1T 8lﬂ<aA,6Ajk i T B,
(40)
In the reference state all stresses /%), m*) 7g ), p;, ; vanish and

i My 1
these conditions along with Egs. (36), (37) and (40), lead to

1 2 3 4 (@)

On the other hand, using Egs. (37
equation (20) reduce to

) and (39), the constitutive

ARfdy + AP+ ATOT + AT + AF'T] |

7%&%@ﬂ+mﬂ.

Equation (28), implies that the following expression

pon + %—? = 701_2 {A7 — @A + (Al — @Al )ew
+ (A/d — @A} )gkl + (BI(:I)() - ‘12§§<‘1¥>>7/(<7)
(6 - 0T )3+ (B - aD)el®
+ (A7 - @A )dy + (A - aaA®) A,
- (4\57 i b3 +a A55>T+A67Tk

7 .
+ (A77 - A—ai’z - a2A57) T}

vanish in Sy, so that we arrive to the restrictions

17 _ 15 27
A = A7, A
A5 = q,A>> +b3A5

A = a2A5 Bkl) = aZBE{,),

— A2 AT = AT, AV = ayA%S,

(44)

(@) =@

Ck 7a2C, R D(a> :azﬁ(a)

Moreover, assuming that the heat flux g; vanishes in the reference
state, Egs. (28); and (43) yield
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6 _ 16 _
AP =0, Akgi)* b

i K
A?® =0 By =0, G

0, Aﬁg—o A% —0, Al o, 45)
— 0, D“ 0.

Taking into account Eqs. (41), (44) and (45), the expression (37) of
¥ gives

1 (af 8
¥=5 [Aukzeueld +Auklgljgkl +Buk1)751 )Vkl + Czk ™ )7§< )

+ D) (@) (8 Bdidy + AL A +Aukleygkl

+Biaesig + Ci(jllt)eiﬂ ¢+ D eye® + Aleyd

KI
)
+AU’<euA’<+Ble1gu7k1 +Clﬂ<glﬂk +Dija gge®

() 8) B) 5 ()
ul<gUd’<+Alﬂ<gUA’<+Cu‘lt 711{! 7k '+D lgja Y'gfa e (46)

A B

+Ci y YA+ DVe@d; + DY e® A + AXd;A,

; [A55T2 + ASST T+ |AT717] + [4° +AlPe;
+ABg+ AP+ ABA 4B v + Ty
+E<a)€(a)] (T+a2T> +A1'67T,iT+ <02A55 +b3A5) TT,

and the constitutive equation (40) and symmetry relations (38)
lead to

= Alen + Aliugi + Bjavid’ + G vie” + Dyel®

15 (47)
ukdk +AUkAk Aij (T + 02T> + tll’
o) B
Akl,]ekl +A,]k,gk1 + Bukl7k1 + cuk ’Yk ) 4 Dy ) p(®) "
dek +AukAk +A (T + 02T>7
! 1
ml(J ) Bl(dljekl + Bklugkl + B,]kl)"f;:lx) + Cl(jk )’Yia) + ng (@) (49)
n ) .
la] dk + Bklj Ay + B (T + azT) +mj,
2 2 5
m;j ) Bl(dljekl + Bklugk, + ijkl)’ykl + Cuk 7l (@) ng @) o(@) (50)
2)
li dk +Bkl Ay +B; )(T+a2T>7
1 1 (1) 1 1 )
" =Cylew + Cui g+ Cogr i) + Cig v + D1 -
~(1
+ Cl(;)dk + Cl(d)Ak + Ciw (T + azT) + T},
2 2 =(2) 2) 24)
™2 =G e+ Cli 8 + G Yk, + Cy ) 4 DPYe® 52
2) ~(2)
CI<<1 di + Cii Di + Ci <T + C12T>7
1, =0 1 1
g =D} e+ Dy’ gu+ D vy + Dy + DDl 5

~(1 — .
D di+Dy &+ DY (T+arT) +g7,

2
g(2) _D](d)elierl gliFDkl )“/53) JFD]((a >Y;<a> +D(a2)e(a)

. (54)
) dy+ Dy A+ D (T+aoT),
i =Alfew + A+ By G e pte
Ady -+ AN+ AP (T + @) +
(@) ~(a) H(@
i :A}J} e+ Afjiga + B vig’ + Ci 7 +Di” el (56)

Aty + AN+ AP (T + aT) + 17,

Further, with the help of the restrictions (44) and (45), Eqs. (42) and
(43) become

B@)
pon = — (AS +AlPew + A gy + By vy + G 7
+DWel® 4 APdy + AZ‘SA,(> (57)
1 j 67
and -+ E |:AOT =+ BO (T + azT> — Ak T7k:|
fo 67
a4 = (A T)+AFT), (58)

where ti, my, w,g*, py,1; are expressed in (36) and

AO = _BO — a2A55, azBo = bzAS —A77.

Using the following relations

(alp-i-pon a(D)T = —lAG7T T- AOT ,

oT oT
100 1 1
a7l = A TTH A57TT

and introducing the following quadratic form

dk,Ak,T Tk) —t ey+m;;71(—’1 o (1 +g e

1A 5T, Tk+£A67TT,, (59)

(eklv/‘fgd 7/Yk 7

+p,d +1i A +A0T +

the inequality (35) implies that D is positive semi-definite, i.e.

(el<l971(<1>77k ) dkvAva Tk) > 0. (60)

The basic equations of the linear theory are the equations of
motion (33), the energy equation (34), the geometric equations (31)
and the constitutive equations (36), (47)—(58) with the restriction
(60).

Now, we denote with

the solutions of the mixed initial-boundary value problem 7
defined by Egs. (31), (33), (34), (36), (47)—(58), (60) and the
following initial and boundary conditions
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u®X,0) = 1YX), #”(X,0) = 5\”(X),
~(a)

JO =0T, TXO =TX), (61)
- (o ~(a . (a ~(a
u]’ (x7 O) = v;’ (x)7 (0{ (x7 O) = 1/'. (x)

¢ = 79X), T(X,0 = 7(X)
and
WO = onsVxl, (604 & d—d
o =3 onz® xI, (m}i” +m](-i2))n] =y, A=A
$@ = ¢ on ¥« (n}l) +7r](.2>)nj =7, ¢V —¢?
T=T on =Y x1, qnj = q

with n; the outward unit normal vector to the boundary surface
and, for each i = 1,...,4, we have that X} (@) 2(’) are subsurfaces of 9B
such that

s0nsh = g sPUsy = o8,

where the closure In these relations

~(@) ~(a) (9
uga)s (pl('a)a ¢ ’
and aﬁ‘*%i,-,a,»,¢§“>,m,-,5,-,<}5(“),fr,»,&),Tand q are prescribed contin-
uous functions compatible with (61) on the appropriate subsur-

faces of 8B; the external data of the mixed initial-boundary value
problem in concern are

is relative to 0B.

T, ﬁl@ , ?E“) ,7“ and 7 are given continuous functions

We conclude this section by considering the isotropic case. The
e, d;, T,6, ), g, pi, pon, gi 5, 7{", e d;, T,

77, g" and p; are polar tensors, while ym A;, m(“), T q'/gjl), A;,

tensors ejj, g, v\
T &,
mj; and r} are axial tensors; then, in the isotropic case, the consti-

tutive equations (36), (47)—(58) reduce to

*o . . .1 : .
t;;- :Aléijekk—i- (,u: +K*{)e,-j+u’{ej,~+514e( )6ij+5165ijkAk+s]7T6ij7

(1)
mj—“léﬂkk

“’1711 +ﬁ17ﬂ )+ 583, kyk ) 452 Seiiedy+S%8eii Tk,
™ =5328ﬁ<n";<})+5337§1)+5355i+5387,i7

g =Stey+5% 7§<k)

+sMe) L SHTT,
pi =S2euiy +5 4 +5%°d; + ST,

s _ 61, 5 | <66
r; =5 iy + S,

301
and
1
ffj ) = Mogerk + (k1 + K1)€j + 1€ji + V08 + & + Cgii
+D< )E(O()(Sij + A14€ijkAk +A] (T + (12T> 511 + t, s
2
67 = V5ijekk + &eyj + Leji + M08 + (M2 + K2)8jj + MaGji
+D' ey + APy Ay + AP (T + 0T 3y,
on 2(2” x I,
on 2(22) x I, (62)
¢ on =P x1,
on 2( ) % I,
1 3
mi) = aibyvig) +11vy + Bl + asdyriy + v+ B3vf)
+C(1a)€ijk7§( ) + B( Eijkdk + mij7
2 1 1 1 2 2 3
m? = azdyyyy) +vavy +Bav) + @ty + vavy + 6oy

+ C<2a)8ijk')’;<a) + B(Z)gijkdlm
) = @)+

= C ey + POy 1 CPdy,

M +H<1>(T+a2T> +g,

10yl 4 cd; 4 ],

3

= DWey, + D'V gy + DM@

']

g(2) = D(z)ekk + E(Z)gkk + D2)el® + aa) (T + aZT):
pi = BWeyviy) +COy\¥ 1+ A3d; + p;,
ri = AMeie + A% epigiy + AMA 1

PoM = _(AS + Alsekk +A25gkk + a(a)e(a))

+al—2 [AOT + By (T + aﬂ)],

0
qi ikT’i.

5. A uniqueness result

In this section we consider an initial-boundary value problem
for the above described anisotropic thermoviscoelatic mixtures and
we establish a uniqueness result in the context of the considered
linear theory. To this aim, we prove the following Lemma using the
notations

H=K+W+E (63)
where
1
/c—2<p?uf” i)+ 320 + DN ol
(64)

1 5 (1) 5 (1) 1 (2) 4 (2)
Y2020+ 30U 0+ 5066,
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1 (@B), (@) ®
w =35 [Agkleuekl+Ayl<lgugkl+ Bukl 71(] Vkl + Czk Yij )Ykl)

+ D 015 (3(5 +Alk d: dk +A A Ak] JrAl]klellgk’

(@) (@)

(o) 13
+nglelJ7kl +Cukeu'yk +D e,] @) 4 Al keudk

+Aukelek + Buklgl]'Y](d + Cl]k gu'Yk + DU gu (65)

+Aukg,]dk +AungAk + Cu‘;iﬁ)yl(] )vff) + ngqﬁ)ygj )eB)

~ (@)
N Bf,j“}y,(g)d + By 755” A+ DDy e 4 Wy @,

~(@)

+clk 7,< IA; +D Nd; +D; WA+ AR A,

z _ 1(Ao By 2
=72 (asz a; (Tﬂl T) **2A£7TTJ< +A?1<6TJT,1<)- (66)

Lemma 2. Let the symmetry relations (38) be satisfied and P be the

mixed problem defined by Eqgs. (31), (33), (34), (36), (47)—(58), (61)
and (62). Then, we have

%/HdVJr/de :% /[(t( ) (a0 + i)
B 0B

i ) 6 +42)

(! —mi) A (e )@ +67)

(a0 - a®) (67 - 67) 41 4 T+a2T)]

9G;

' 1
+/{p9ﬁ<> iV 1 pQF 0@ 4 0G0 4 8
B

n;dA
),
1 l

@ 1
LY 4 9@ +0—pOS(T+a2T) dv. (67)

Proof. In view of definitions (59), (65), (66), of constitutive

equations (36), (47)—(58) and of symmetry relations (38), we

deduce

L 1 .

W+n+D:f+0—q,-(T+a2T), (68)
0 i

where

F =ty + g5+ mOy Y + @y + gWe® 1 pid;

(69)
+ r,-A,- + po” (T + a2T>.

On the other hand, from Egs. (31), (33) and (34) we can write Eq.
(69) as

F o {tg,1>ug1>+t<2> i+ m ol - m®p? 4 xVg Y

q] T+a2T

i pf:F )i u? i) i
3 (3

(" %ﬂ) AP 6P260) of?
(1)
()
1 0(2 L@ 3 (2)
+(§p 0 ¢ ] QI<T+GZT>
1

+%pOS(T+a2T>. (70)

Using Egs. (63), (64), (68) and (70) and the following identities
MM 12)5(2) M @Y (41 @)
2<tﬁ u; +tﬁ u; ) = (tﬂ +tﬁ )(ui +U; )

D2 2) ;@) —
2<mji b Mg, >7

1) 5 (1) ) ;2N\ ¢! @)\ (1) 2
2(7rj o +mP )_(77]. +m )P+ >

we have
iep = 3| (57 + ) " + i) + (6" d
() (6 +07) = (m <) &

(o) (6767 + (o))
(

1 )
> +%qj<T+a2T)L
+p9F V! )+p2F( i + 96V
1) 2
+09G2 5 4 p9L M +pL>? qﬁ( )

+%pOS(T+a2T>. (71)

Through an integration of the above relation over B and by using
the divergence theorem, the lemma is proved.
The previous Lemma implies the following uniqueness result.

Theorem 3. (Uniqueness). Let us assume that

a) the constitutive coefficients satisfy symmetry relations (38) and
the inequality (60) holds;

b) p8 and ]g“) are strictly positive and Ji(ja)
definite;

¢) the quadratic form W defined in (65) is positive semi-definite and
E defined in (66) is positive definite.

are symmetric and positive

Then the initial boundary value problem P defined by Eqs. (31), (33),
(34), (36), (47)—(58), (61) and (62) has at most one solution.

Proof. Thanks to the linearity of the problem in concern, we only
need to show that null external data imply null solution. Let 2/ =

(EEU, ﬁl@,551)@51),5(1)@(2),?) be a solution corresponding to null
data. Since for this solution the terms on the right-hand side of Eq.
(67) vanish initially and by hypothesis a), we have

d
a/HdV:-/DclVgo.
B B

This inequality implies that A is a decreasing function and, taking
into account the null initial condition #(0) = 0, we get

H(t) <0 Vte[0,t;); (72)

on the other hand, the hypothesis b) and the definitions (64)—(66)
yield

H({) >0 Vte[0,t). (73)

Obviously, both Egs. (72) and (73) and hypothesis ¢) imply
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K(t) =0, E(t) =0,
Consequently, we have

W(t) =0 Vte0,t). (74)

i =0, #¥) =0, ¢ (&) =0 T(t) =0,
T(t) =0, T;(t) =0, Vtel0,t).

We arrive to the thesis using the null initial conditions.

References

Atkin, R]., Craine, R.E., 1976a. Continuum theories of mixtures: basic theory and
historical development. Quart. J. Mech. Appl. Math. 29, 209—244.

Atkin, RJ., Craine, RE., 1976b. Continuum theories of mixtures: applications. IMA J.
Appl. Math. 17, 153-207.

Bedford, A., Drumheller, D.S., 1983. Theories of immiscible and structured mixtures.
Int. J. Eng. Sci. 21, 863—960.

Bedford, A., Stern, M., 1971. Toward a diffusing continuum theory of composite
materials. J. Appl. Mech. 38, 8—14.

Bedford, A., Stern, M., 1972. A multi-continuum theory for composite elastic
materials. Acta Mech. 14, 85—102.

Bowen, R.M,, 1972. Continuum Physics. In: Chapter: Theory of Mixtures, vol. IIL
Academic Press, New York.

Bowen, R.M., Wiese, ].C., 1969. Diffusion in mixtures of elastic materials. Int. ]. Eng.
Sci. 7, 689—722.

Chirita, S., Gales, C., 2008. A mixture theory for microstretch thermoviscoelastic
solids. J. Therm. Stresses 31, 1099—1124.

Ciarletta, M., Passarella, F., 2001. On the spatial behaviour in dynamics of elastic
mixtures. Eur. ]. Mech. Solid 20, 969—979.

Ciarletta, M., Passarella, F., 2003. Some results in the dynamics of porous elastic
mixtures. Int. ]. Eng. Sci. 41, 995—1018.

D’Apice, C., Tibullo, V., Chirita, S., 2004. On the spatial behavior in the
dynamic theory of mixtures of thermoelastic solids. J. Therm. Stresses 28,
63—82.

Eringen, A.C., 1971. Micropolar Elastic Solids with Stretch, in Prof. Dr. Mustafa Inan
Anisina. Ari Kitaberi Matbaasi, Istanbul, pp. 1-18.

Eringen, A.C., 1990. Theory of thermo-microstretch elastic solids. Int. J. Eng. Sci. 28,
1291-1301.

Eringen, A.C,, 1999. Microcontinuum Field Theories. I. Foundations and Solids.
Springer, New York.

Eringen, A.C., Ingram, ].D., 1965. A continuum theory of chemically reacting media —
I. Int. J. Eng. Sci. 3, 197-212.

Green, A.E., Laws, N., 1972. On the entropy production inequality. Arch. Ration.
Mech. An. 45, 47—-53.

Green, A.E., Lindsay, K.A., 1972. Thermoelasticity. ]. Elast. 2, 1-7.

Green, A.E., Naghdi, PM,, 1965. A dynamical theory of interacting continua. Int. J.
Eng. Sci. 3, 231-241.

Green, A.E., Naghdi, P.M., 1968. A note on mixtures. Int. ]J. Eng. Sci. 6, 631—635.

lesan, D.,2004. On the theory of viscoelastic mixtures. ]. Therm. Stresses 27,1125—1148.

lesan, D., 2006. Continuous dependence in a nonlinear theory of viscoelastic porous
mixtures. Int. J. Eng. Sci. 44, 1127—-1145.

lesan, D., 2007. A theory of thermoviscoelastic composites modelled as interacting
cosserat continua. J. Therm. Stresses 30, 1269—1289.

lesan, D., Nappa, L., 2008. On the theory of viscoelastic mixtures and stability. Math.
Mech. Solids 13, 55—80.

lesan, D., Scalia, A., 2011. On a theory of thermoviscoelastic mixtures. J. Therm.
Stresses 34, 228—243.

Ingram, J.D., Eringen, A.C., 1967. A continuum theory of chemically reacting
media — II constitutive equations of reacting fluid mixtures. Int. J. Eng. Sci. 5,
289-322.

Kelly, P.D., 1964. A reacting continuum. Int. J. Eng. Sci. 2, 129—-153.

Passarella, F.,, Zampoli, V., 2006. Some results on the spatial behaviour for elastic
mixtures. Eur. J. Mech. Solid 25, 1031-1040.

Passarella, F., Zampoli, V., 2007a. Some exponential decay estimates for thermo-
elastic mixtures. J. Therm. Stresses 30, 25—41.

Passarella, F, Zampoli, V., 2007b. On the exponential decay for viscoelastic
mixtures. Arch. Mech. 59, 97—-117.

Rajagopal, K.R,, Tao, L., 1995. Mechanics of Mixtures. World Scientific, Singapore.

Truesdell, C., Toupin, R., 1960. The classical field theories. In: Fliigge, S. (Ed.),
Handbuch der physik, vol. Ill. Springer-Verlag, Berlin — Heidelberg — New
York.



	On microstretch thermoviscoelastic composite materials
	1. Introduction
	2. Problem formulation
	3. Thermodynamic restrictions
	4. Basic equations of linear theory
	5. A uniqueness result
	References


