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stability of pultruded composite members.
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1. Introduction

Thin-walled composite beams with open cross-section ob-
tained by the pultrusion process have been increasingly used
in civil engineering. Nevertheless, due to the relevance of shear
deformability, the practical use of composite profiles still con-
flicts with the serviceability requirements related to the stiffness
demand for civil applications. Composite materials offer many
advantages over traditional materials, such as light weight and
high resistance against corrosion, but also require a rigorous
evaluation of their structural performance from many points of
view which are related to the instantaneous and long-term
behavior, the influence of the shear deformability as well as
the influence of the second order terms over the pre-buckling
behavior.

Limiting the study within the linear-elastic field, the behavior of
thin-walled composite beams with open cross-section can be
modeled by extending the theory of Vlasov [1] to account for
anisotropy [2,3] and shear deformations on the mid-surface
[4-8]. However, since both the fibers and resin of a composite
beam can sustain large elongations up to rupture, in most circum-
stances the failure is due to elastic buckling with the load carrying
capacity being directly related to the critical buckling load.
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Specific studies available in literature [9-22] deal with the Euler
and torsional buckling of thin-walled columns as well as the lateral
buckling, which, in particular, shows a certain complexity since
structures may exhibit large or moderately large deflections and
rotations over the pre-buckling range.

Within this context the present paper deals with the formula-
tion of a moderate rotation theory of thin-walled composite
beams. The kinematic model is assumed to be characterized by
small strains at the longitudinal axis, small warping strains and
moderately large rigid-body rotations of the cross-sections As dis-
cussed elsewhere [23-26], under certain restrictions on the diam-
eter of the cross-section, such assumptions ensure small strains
and moderate rotations within the whole beam.

Shear deformability is modeled according to the approach
proposed in [6,7] by using a refined polynomial approximation
of the angular sliding on the mid-surface of the thin-walled
beam.

A finite element approximation is derived via a variational
approach. Numerical algorithms [27] are adopted to follow an
arbitrary equilibrium path of the beam as well as compute sta-
bility points. Finally, some numerical results are also given in
order to highlight the non-linear pre-buckling behavior of pul-
truded composite beams.
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2. Notations

A list of the main relevant symbols is presented.

{Q,i,j,k} Global reference system
{P,n,t k} Local reference system

L Length of the beam axis

b Thickness of the walled beam
212y  Ends of the beam

Generic cross-section

Cross-section area

Mid-line of X~

Length of 1

In-plane curvature radius of A

Intersection between the k axis and the plane of ~
Arbitrary fixed pole

Generic point of the beam

Position vector of the generic point

Projection of P on the mid-surface

Oriented distance from P to P
Curvilinear coordinate along 1
Origin of s
Displacement field
Warping function
Displacement gradient
Symmetric part of H
Norm of &
Green strain tensor
i Virtual work done by internal stresses
e Virtual work done by external loads
External force for unit volume
External force for unit surface acting on the
boundary of the beam
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3. Mechanical model

In this section are introduced the main features of a mechanical
model proposed for the non-linear analysis of pultruded composite
beams. They relate to many assumptions concerning the geometric
and mechanical smallness as well as the constitutive relationships.

3.1. Geometric smallness

The geometry of the beam under consideration is given in Figs. 1
and 2. In particular, the global reference system {€2,1,j,k} has been

oriented by aligning the unit vector k with the longitudinal axis of
the beam, while the reference systems {P, n, t,k} have been intro-
duced with the local origin P lying on the mid-surface of the beam.
It results:

_dy. dx. _dx, dy.
n=goi-oi t_a1+$J (1.a,b)
dn 1 dade 1
s~ p s p (2.a,b)

with x = x(s) and y = y(s) being the parametric equations of the mid-
line 2 and p the following quantity:

dx\° [ y ?
NEEE e

From Egs. (1) and (2), it descends:

~

dx dt . 1_ . 1dy
@_&-l_ﬁn =5 ds (4.a)
dy dt . 1_ . 1dx
AR AL A (4.0)

Due to the hypothesis of small thickness of the walled beam, the
following relationships are supposed to be satisfied:
b
-<1
l
being I the length of the mid-line 4.

From Egs. (4) and (5), finally, it results:

b <1 (5.a,b)
p

d’x d’y
b@«l b@<<1 (6.a,b)

3.2. Basic kinematic assumptions

The position of a generic point P of the beam is:

X(P) = X(P) + xn = xi + yj + zZK + kn (7)
where P is the normal projection of P on the mid-surface of the
beam; x, y and z are the coordinates of P referred to the global sys-
tem; X denotes the oriented distance measured from P to P (Fig. 2).

Furthermore, the projections along n and t of the distance vec-
tor from an arbitrary fixed point C to P, are:

X(P) - X(C)]-m=r+% [X(P)-X(C)] t=p (8.a,b)

2ll)

Fig. 1. Thin-walled beam configuration.
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Fig. 2. Generic cross-section X.

where
_ dy dx
r= (X*Xc)a* (Y*yc)ﬁ

dx dy

p:(x_xc)g"'(y_.VC)E (ga»b)

The kinematics of the thin-walled beam has been modeled by
assuming that the generic cross-section preserves itself un-
deformed and exhibits rigid-body rotations accompanied by warp-
ing displacements out of its plane:

u(x) = u(x) + R-D(x —x) + {0k (10)
In Eq. (10) the symbols have the following meanings:

- u=[¢n,¢]" denotes the displacement field vector with ¢, # and ¢
indicating, in order, the displacement components along the
axes x, y and z;

- X is the position of a generic point P of the beam;

- Xc =[x,V z]|" is the position of the point C relative to the generic
cross-section at a distance z from Q;

- lis the identity tensor;

- Ris a rotation tensor (R'/R= RR” =1);

- {(x) is the warping function.

According to the results presented in [26], the tensor R can be
expressed as follows:

R=I+V¥ (11)

where

Y=0 1<1>2 103 12
= +Z +§ + - ( )

being @ a skew tensor. From Eqs. (11) and (12) it is possible to
write the displacement field components in the form:

E=¢+ P —x)+ Py -y (13.a)
N="n.+Pa(x—x)+ Pl -y (13.b)
(=Co+ Pa(X—X) + Py — V) +C (13.0)

where &, 1 and (. indicate, in order, the displacement components
along the axes x, y and z of the point C.

3.3. Strain smallness
From Eq. (13), it is easy to obtain the following components of

the displacement gradient H = Vu, expressed with reference to
the global coordinates.

H]] = 'P]] (148)
Hy; =Y, (14.b)
Hiz = &+ P (% =) + P (y — Vo) (14.0)
Hy = ¥y (14.d)
Hy =Yy (14.e)
Has = 11 + W5 (X = Xc) + P (y — ¥o) (14.1)
I
Hs; = V3 +a (14.g)
Hs; = W3, + a—;y (14.h)
32 =132 ay .
ol d U 8& .
Hys = (o W5 (X = X) + P5(y —yo) + 57 (14.1)
On the other hand, its symmetric part & = 1/2(H + H") is given by:
en=Yn (15.a)
En=Yn (15.b)
o : ot
g3 ={ + V5 (X —X) + T32(Y‘Yc)+§ (15.0)
1
&1 = j('i”lz + ¥2) (15.d)
1., o ’ ot
B13 =5 | Gt Ph(X =X + Wiy =Y + ¥ar + 5 (15¢)
U w : ¢
&2325 e+ ¥y (X =) + oV = ¥e) + ¥ +87y (15.f)

As discussed in [27], the following smallness hypotheses are
pivotal:

ex1 (16.a)
@ = 0(e'?) (16.b)
Vi=0(e) (16.c)
@ = 0(e'?) (16.d)
& (Xc,Y.,2) = 0(e) (16.e)
with

€ = SUP,.oy 80X, Ve, )| (17)

All the above assumptions imply that the deformation of the beam
results in small strains and moderate rotations [25], according to
the following representation of the tensor W:

Y= d>+%<l>2 +0(e*?)

0 -, q)y
= ?, 0 — Py

¢y @ 0
J[(rer) o0, oo
5| o0y (Pi+92)  —00; (18)
0. ~90. (02 +93)

Furthermore, it results [27]:

oy=-1.+0()  @y=-n{+0(e) (19.a,b)
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¢, =¢+0(e) @, =& +0(e) (19.c,d)
c=o@ o+ (2 ~ e 19.e,f
Qc ( ) c+ &x:x( - ( ) ( R )

As a consequence, the new form of the displacement field is:

e crre (—wﬁ%q)xwy)Ay (20.2)

n="nc+ ( qu) Ax - % (ox +@2)8y (20.b)
< Py +5 %%)AX + ((/Jx +5 Wm) Ay +{ (20.c)

where

Ax = (x—xﬁg—}s/)?)

Ay = <y Ye— g’; ) (21.a,b)

By means of Eq. (20), it is possible to up-date the components of

H = Vu as follows:

_ Ly
Hiy OX ((py + (pz) (223')
o¢ 1
HlZ = @ ®, + j(f)x(py (22b)
9 _ ) /
Hiz = 8_2' = fc - (@y(py + (pz(pz)AX
! 1 ! 1 /
+ 7(Pz+§(px(py+§q)x(py Ay (22(:)
_on_ 1
Hy = ax Pz T3Py (22.d)
on 1
Hy = -2 (¢x +93) (22.€)
_ 8'7 ol ’ 1 ’ 1 ’
Hy = & =N+ <(pz + i(px(py +§(/)x(py>AX
— (905 + 0.9,) Ay (22.f)
¢ 1 0
H31 - i (py +5 (PX(PZ C (22g)
& 1 62
Hs = dy =0y t5 (py(pz dy (22h)
_ aC e ’ 1 ’ 1 ’
H3 = 0z ¢t (7(py +j(px(/)z +j(px(pz> Ax
1 1 ot )
+ (ot 5000+ 3 0h0s oy + (221

3.4. Integration of the warping function

With reference to the global axes it is easy to verify that the
Green strain tensor assumes the following form (being E;3, Ex3
and E33 the only non-trivial strain components):

) 0 0 Ep
E =j(H+HT+HTH) =0 0 Ep (23)
E13 E23 E33
where

E13 -5 |:<é - (Py + q)xq)z + (pznc

/ 1 /
+ (_(pz+§(px(py zq)x(py>Ay+_:|

(24.a)
1
E23 :§|:<rlc+(px+ @y(pz (pz )
R D | at
+ <(pz _iq)x(py (px(py>A ay (24b)
R T R
Ess =Cc+§(fc) +§(11c) +&
/ 1 / / ()
+ <_q)y + i(px(pz + iq)xq)z + gDz”C)AX
’ 1 / 1 / /gl
+ <q)x +j(py(/)z+§¢y(pz (pz§c>
1 / 2 12 2
+3|(03)"+ (0|
1 1\ 2 7\ 2 2 It
5 [(@0) + (#0)°] (Ay)” - @i axay (24.0)

In view of integrating the warping function, it is useful to repre-
sent the Green strain tensor as follows:

0 0 E,
E-QEQ=|0 0 E, (25)
ETIZ Etz EZZ

”

where the symbol “~” is used to indicate that the strain compo-
nents have been referred to the local reference system {n,t k}. In
Eq. (25) the symbol Q denotes the well-known tensor:

dy  dx
ds dsO

Q=|-& 2o (26)

0 0 1

With reference to the local axes, the strain components E,, and
E., assume the following form:

1/, 1 )\ dy
EﬂZ_i [<€c*(ﬂy+§%¢’z+¢z’7c> E

, 1 Ndx /01,1,
- "c+(px+§q)y(pz_(ngc 5_ q)z_j(px(py""i(px(py p

otdy aldx
+<&E_@E>} (27.a)
1 dx
E 2|:(é q)y+ (/)xq)z"_(pz’/,c)d_
, A\ d
+ (17C+(px +j(pyqoz_(pzéc> CT..‘S/
, 11 .. [o8tdx oldy
+ ((PZ*E(PX(Pyﬁ’j([)X(py) (r+x)+ <8xcls+8ydsﬂ (27b)

Due the small thickness of the walled beam, it can be assumed
E., =0, thus implying that the derivative of the warping function ¢
with respect to n can be written as:

dy ds
. 1 N\ dy
== gcf(py+j(px¢z+(pzr]c ds
, 1 2\ dx
+ (”c + Pyt E@y(pz - (pzéc> &

! ] / 1 /
+ <¢27§¢x¢y+§(px(py>p (28)
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By integrating Eq. (28), it results:
E=Uo=— (&~ 0y 100+ 01 ) $3+ (Nt 9+ 0,0, — 0.6 ) 8%
+(0. =300, +104, )P

(29)
where {|,_, denotes the value of { on the mid-line 4. The derivative
of Eq. (29) with respect to the curvilinear abscissa s leads to:
O _ s

os  Os

/ l / l U v
+ (CPZ _E(pxgoy +§cpxq)y>x (30)
By substituting Eq. (30) into Eq. (27.b), we obtain:
th = 2Etz

o 1 2 dx

= (Cc — @y +j(px(Pz + @M E
/ 1 2\ 4y
+ | N + Py +j(/)y(pz_(/)z§c E

’ 1 ’ 1 ’ v, aé)’(:
+ <(pzfj(px(f)y+§(f)x(py>(r+2x)+% (31)

Despite the usual assumption of zero shear strain along the
mid-line 4 [1], shear deformations have been modeled according
to the theoretical approach proposed by the authors in [7]. In
greater detail, the Green strain tensor referred to the local direc-
tions {n,t,k} has been represented as follows:

E—Eo+(—Eo+E))+E;,=Ey+E +E,. (32)

The terms in Eq. (32) have the following meaning (E,, indicating the
half-angular sliding between the directions t and k along the mid-
line 2):

0 0 O 0 0 O
Ei=|0 0 E, E;=|0 0 6% (33.a,b)
0 Etz 0 0 Hz)~< EZZ
with
! 1 !/ 1 /
HZ = (szj(px(Py+§(px(Py (34)
and
0 0 0
~ (0) d (0) dy
E,— Q'E,Q — | © 0 (B9 &+EY) (35)
0 (E9%+EYY) 0
being
0 0 E 0 0 E
1 1 _
EO:E/AEleZE/A 0 0 Egfdx=|0 0 E{Y
w Epz O EQ EY
(36)
0 0 E,
E,=QEQ' =0 0 E, (37)
Ew E. O
The final form of the term E* in Eq. (32) is thereby:
0 0 O
E'=(-Ey+E)=|0 0 E, (38)
0 E, O
with
B, =F, -EO% _pod¥ (39)

Xz ds vz &

It is worthwhile to note that tensor E* = QE*Q” satisfies the follow-
ing condition:

/ E'dZ =0, (40)
A

Furthermore, it has also been suggested [7] to approximate the
term I, = 2E;, by separating the dependency on z and s as follows:

F:z(s/z):Fl(Z)ﬁ(s) (121727,1\]5) (41)

where f; are appropriate shape functions and N; is an integer num-
ber. Here the discussion is limited to remarking that these terms
provide a more refined modeling of shear deformability along the
mid-line 1 as the parameter N; increases. The relevance of shear
strains, which are absent in a large number of Vlasov-like theories,
is clearly understandable when taking into account the small values
of the shear moduli exhibited by pultruded composite beams,
which are substantially coincident with those of the resin. The
angular sliding thereby assumes the following form:

dx d
I'y(8,2)|5_9 = I'x(2) & +1,(2) d_Js/ + I'i(2)fi(s) (42.a)
T';(X,8,2) 300 = T'12(8,2) 3¢ + 20:% (42.b)

In Eq. (42) the symbols I'y =2EY, I', = 2E{) denote the classical
average shear strains while the terms I'{i=1,2,...,N;) act as addi-
tional kinematic unknowns.

By comparing Eq. (31), evaluated at X = 0, with Eq. (42.a), it

results:

G = (D=t 0y~ 30,0, — 0.00) &
, 1 2\ d
+ (Fy_]/lc - @x_i(py(pz'i_(pzcc)d_i./
/ 1 / 1 /
- ((Pqu)x@ﬁj%@y)wﬂﬁ (43)

Furthermore, by integrating Eq. (43) with respect to s, we obtain the
final expression of the warping function along the mid-line A:

P i / 1 / 1 /
leco =t (4~ 3000} + 3940, J0(5) + Tix(s) (44)
where (i, = £|,_os_, denotes the warping function evaluated at the

origin M of the curvilinear abscissa (Fig. 2), while the terms «(s)
and wj(s) are defined as follows:

P P
w(s) = / rit)dt  wi(s) = / fi(t)dt (45.a,b)
M M
The derivative of Eq. (44) with respect to z, leads to:
agl”: P2 " 1 1" 1 " /
Bt =tn- (0130045000, )0 + Toe 40

3.5. Displacement and strain components

For technical applications it is usually possible to discard the
dependency of &, # and ¢ on the local coordinate x (i.e. small thick-
ness), thus giving to the displacement field the following final
form:

B |
= dg:o = Cc _j (9032/ + QD;)(X—XC)

1
+ <_(»Dz +i(px(py> (y _yc) (473)
1
n= ;7‘5(:0 =N+ <(pz +j(px([)y> (X - XC)
1
—5 @5+ @)y - o) (47.b)
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. . 1
= é‘;(:o =(m+ 7q)y +§<Dx¢z (X *Xm)
1
+ (CPX + 5 q)y(pz> (y _ym)
/ 1 / ] /

- (#3000 o) T 470)
where (;, = {|;_,_o denotes the axial displacement evaluated at the
origin M of the curvilinear abscissa (Fig. 2). Finally, from Eq. (42.b),
it is:

dx d
I'e = T2 G+ Iy

I + I'i(2)fi(s)
/ l / 1 / v
+2 (@z - z (pxq)y + i(px@y>x

(48.a)
while from Eq. (24.c) and Eq. (46) it descends:
ol / 1 ’ 1 /
Ess=Essly o =lm— ((Py—imx(pz—zfpm) (X—=Xm)
/ ] / ] / ! aql
+ <¢x+§¢y(pz+j(py(pz> O’iym)J’»(Pz;/Ic(XiXC)
- v 1 " 1 " "
A Ok <<pz —gwx¢y+5</)x<r)y>w+ﬂwf
1 21\2 1 \2 1 ’ 2 \2 2
+5(&) 5 01) 5 {(%) +(2) } (x—x)
1 / / / ’
5[ (@) + (00)*] 0 —ye @iy x—x)(y=y)  (48.b)
It is useful to rewrite Eq. (48) as follows:
dx dy

th=FX$+FyE+FJi+2625<

Esz 2 a+ 04y — 0yX+ 000 + Yoy + Wy X2 + g XY+, (X% +¥2) + Tjeo;

(49.a)
(49.b)

The following generalized strains can be, in fact, identified in addi-
tionto I'y, I'y, I';/I'; and 0

) R RSV PR DRI B
a:Cm+ ((py_j(px(pz_i(px(pz>xfﬂ - (@x+§(py(pz+i(py@z>y1n

70 /gl 1‘,,21,21 /2 2
— QX+ PLEY e+ (80 45 (1) +§[(¢y) + (@) ]XE

] / / / /

5[ (@) + (@2)]v2 - preppxeye (50.2)
/ ] ’ 1 ! /el / ’ / /

b= Pyt 50, st 5 04 0.~ D= [ (01)" + (0)°[ye + Dlpyxc (50.b)
/ 1 / 1 / 1 aql / 2 ’ W

Hyz(py_j(px¢z_i¢x¢z_(pznc+ |:((py> +((pz)2:|XC_(px(rDyyc (SOC)

! ] ! ] !

o=—¢z +5PxPy—5Px Py (50.d)
1 U

Vo=5(0))’ (50.e)
1/ 82

Vw=5(0)) (50.f)

Yy =—0, P, (50.g)
1 /

Vo =5(02) (50.h)

3.6. Stress tensor

The second Piola-Kirchhoff symmetric stress tensor can be ex-
pressed in the following form:

~ Snn Snt Snz
S = Snt Stt Stz (5] )
Snz S[z Szz

Due to the assumptions introduced above, it results that S, and S,,
are conjugated with the non-trivial strains E., and E,,, respectively.

A general form of the stress-strain relationship has been previ-
ously provided [27], which accounts for an arbitrary orientation of
the fibers, allowing to analyze the behavior of a generic laminated
beam. Examples relative to the application of a reduced linear form
of the present model, which accounts for a generic orientation of
the fibers, are given in [28,29].

As indicated in Section 4, however, in view of investigating the
behavior of pultruded beams (which are more sensitive to shear
deformations), a simplified stress-strain relationship can be
assumed.

The appropriate choice of the stress-strain relationship should
also account for possible influence of creep strains over time. Creep
strains, which can be very relevant [30-32], can be seen, in fact, as
an evolving geometric not-negligible defect, which provokes a time
evolution of the non-linear response of the composite beam. The
mechanical model, however, in its version here presented does
not account yet for this.

3.7. Variational formulation
In view of a variational formulation of the equilibrium for the

beam under consideration, the virtual work done by the internal
stresses can be proposed in the following form:

L
SLi= / (T8 x+Ty STy + AT + M, 50, + NSa+ M50y + M, 0,
0

+ W60 + Pty + Pyydtryy + Pry Sy + Pzt + Wis )z (52)

where ¢ indicates the variational operator.
In Eq. (52) the following positions have been considered:

oodx o d

T, :AS”ECIZ T, =Astzdis’dz (53.a,b)

A= / Sofds M, =2 / SuxdX (53.c,d)
A A

and

N— / S.dS My = / Suyds M, = — / S.xdS (54.a-¢)
A A A

Wo = / SpwdS Py — / SuPdE Py — / 50X (54.4-)
A A A

ny :/Szzxydz Pzz:/szz(x2 +y2)d2 (54g’ h)
A A

W, = / Spds (54.0)
A

On the other hand, the virtual work done by the external loads
can be represented as:

oL, = /OL dz/A(béu)dEJr/OL dz/ﬁA(péu)dZJr/Z’ (pow)d>  (55)

where

- b=[b,, by,bZ]T is the external force for unit volume;

- P =[pwDbyP.]" is the external force for unit surface acting on the
boundary of the beam;

- u=[¢n,]"is the displacement field vector given by Eq. (47);

- o=1,2 is a parameter indicating the ends of the beam (X1, or
2(2)).

It results:
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L
N S« N o W) N 1 ’
oL, = / {qxégc + 0y + q;00m — Wod @ + Widl's — 5 Wo @, 000,
0
1 1 1,1
ZWO(pxéq)y _Emyq)z'i_zw()q)y"_inlq)y_ny(px 5(10)(
1 1 -
( + qu)z WO(P;( +§n2(px - nx(py>a(py

1 1 . %) s g
+ (mz T M@y =5 My Py = (nx + ny)@z) O(Pz} dzQ"se”
+ Q(Oﬂ)éngx) + Q(m)éc(d) _ W(“)(g(plz(ot) + Wl@)érlﬂ‘%)

1
qD )bq)x +2WO q)x b(py
1 1 1 .
QC Vo + 5 W) N§>fp§“)—N§>(p§“>>5¢§“>

1 1. . 5
iWg%) (p;(m) 4= ;l) QDL“) _ N)(‘ﬁ)(p}(/x)>5(p§’lx)

2
2

+ (42 Jq ol — (N +N§“))<p§“))6<p§°‘)
(56)
where
g = / bedZ + / p.dsg, = / b,ds + / p,ds (57.a,b)
A 0A A 0A
qZ:/bde+/ p,ds (57.0)
A 0A
My = /A bay — ym)dS + /_)Apzov—ym)ds (57.d)
—/bz(x—xm)dZ—/ P, (X — Xxm)ds (57.e)
A 0A
m, — / [y — Vo) + by (x — x)Jd=
+ / Py = ¥+ Bylx — x0lds (57.f)
Wy = /bzwd2+/ p,ds (57.8)
JA 0A
Wj:/bz(,l)idz-‘r/ p,;ds (57.h)
A 0A
nX:/bx(x—xc)dZ+/ py(x — xc)ds (57.1)
A 0A
ny = /A by(y — y)dS + /Mpy<y—yc>ds (57.)
n, = / [Buy — Ye) + by (x — x0))dZ
+ /,AL”"W Y+ py(x — xo)Jds (57.K)
and
Q¥ = [ pdr Q= / pdr Q¥ =[ pdr  (58a-)
Z(a) Z(a) 2
=] py-yndZ C=— [ px—xm)d2 (58.d.e)
B Z(“) W Z<1)
¥ = / [=Daly — Yo) + Py (X — x)JdZ (58.)
(o)

7
wy = [ pwdx / p,widZ (58.g,h)
Z(x) m
NP = / Pe(x —x)dE N / p,(x —x)d (58.4,j)
N = [ [puty =y + pylx — x0ldE (58.k)
h o)
Finally, the principle of virtual displacements implies:
L L
/ s dedz = / (q + Hv)ovdz + (Q® + HOv®)sv® (59)
0 0
where
s:[TX,Ty,Al,-~-,/1,-,---4/1,\,S,MZ,N,M,(,My,WO,P,(,(APyy,PXy,PL.,,,W1A-~,W,x-~,WNS]T (60.a)
e=[Tw. Ty, 1, Ty Ty, 02,0000y, 00, s Yy Vg oz T+ Tl Ty ] (60.b)
q=1[q,,q,.9,,Mx,0,my,0,mz, ~wo, w1, Wi, Wy, ]" (60.¢)
[000 O 0 0 0 0 00 -0 - 0]
000 O 0 0 0 0 00--0--0
000 O 0 0 0 0 00--0--0
000 -n, 0 in, Iwy -imy, 00.-0--0
000 O 0 -lw, 0O 0 00--0--0
000 In, —lwy —n, 0 im¢ 00--0--0
OOO%WO 0 0 0 0 00--0--0
H=1000-im, 0 im 0 —(m+n)00 00
000 O 0 0 0 0 00--0--0
000 O 0 0 0 0 00--0--0
000 O 0 0 0 0 00 0 0
000 0 0 0 0 0 00--0- 0]
(60.d)
T
:[cfc,ncq,im,wx,w;,qoyﬁqo;,wz,w’z,ﬂ7-~-,Ff,---7FN§ (60.e)
Q"= [Qi“)-,Q}”,QQ”,C,E’),O.,C;“),O,Q“),7W§,“),W(l“’.,--~,W§°‘),“-7W,(\Z>]T (60.f)
000 0 0 0 0 0 00--0 -0
000 O 0 0 0 0 00--0--0
000 O 0 0 0 0 00--0--0
000 -N 0 IN® WY -Ic” 0000
000 O 0 —wy o 0 00--0--0
000 IN® —1IWy —NY 0 I 00--0--0
0001wy o0 0 0 0 0000
H® = : ,
000-4C” 0 I 0 —(N"+N”)00--0--0
000 O 0 0 0 0 00--0--0
000 O 0 0 0 0 00--0--0
000 O 0 0 0 0 00 0 O
000 0 0 0 0 0 00--0--0]
(60.g)
VO = [0 0 0 0y 0 i T T 1]
(60.h)
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3.8. Cross-section made of interconnected thin rectangles

When dealing with common structural shapes, the open cross-
sections can be seen as made of interconnected thin-rectangles. As
a consequence, the mid-line /1 can be represented as follows:

i= U (61)

P=1.Nseg

where 7, denotes the intersection between 4 and the generic pth
rectangle, while N, indicates the overall number of rectangles.
As already indicated, it has been suggested to separate the
dependency of I', on the curvilinear abscissa s from the one on
the axial coordinate z, according to the general form given in Eq.
(41).
With this aim the following positions can be introduced:

HO(s) = { @+ 1)s—sp)" sz (P=1.2,....Nieg)

62
b 0 elsewhere (q=0,1,...,N,) (62)

where s, is the curvilinear abscissa evaluated at the first end of the
pth rectangle and N, (N, > 1) is a fixed integer denoting the maxi-
mum order of the polynomial approximation of I',.

By means of Eq. (62), it is possible to rewrite Eq. (41) as follows:

=1,2,...,Ng
Fifs.2) = [P (s) P71t

P (q=0,1,...,N,) (63)

Furthermore, the following linear equations must be introduced
in order to satisfy Eq. (40):

(q) — (q) _
rfoyd =0 Ioyd =0 (64.a,b)
where
/ h'9(s)== bds oY) = / h'® dy bds (65.a,b)
It is generally possible to find four integer numbers:
PP €{1,2,...,Neeg} q1,9, € {0,1,...,No} (66.a,Db)
ensuring that
) (V2
A= wp):zth wPJ;ZIJz - w1<32 212 w(P):ZZh #0 (67)
n
A
ﬂ] b/ 2«6
E=S S
\
nY + b,
<
n
J
J2
. l 1\$/ISC =0 H
i
J
\
\
\
\
'y | 4s
As by o As
E=—s =
nV

Fig. 3. I-section (N = 6).

If Eq. (67) is satisfied, then the two unknowns I'""(z) and I'y%)(z)
can be expressed via the following two linear combinations:

L B N L (68.a,b)
where
(m,n) €{1,2,... Noeg} x {0, 1,...,No} ={(P1,q1), (P2, 92)}  (69)
Finally, I';, can be expressed in the following form:
I(s.2) = I @)h(s)
= IV @)hy(s) + T2 ( )h“m(s) + I (2)hy) (s)
= I (@nah + bah + hY) = TR0 (70)

It should be noted that the required shape functions f; with
i€(1,2,...,Ns} and Ny =Nseg X (No+1)—2), correspond to simply
renumbering of the functions £, generated as above.

An example concerning a symmetric I-section is presented in
Fig. 3.

The functions hf,") obtained for the generic symmetric I-section
in Fig. 3 are presented in Table 1. As expected, the p index varies
within the set {1,2,...,6} while the q index, which denotes the
exponent of the current polynomial, is still indeterminate. If, for
examples, it is assumed N, = 2, then N; is equal to 16. It is impor-
tant to remark that within this theory the accuracy of predicted
shear deformations depends on the maximum order N, of polyno-
mials h{Y

It easy to verify that the following choice:

pr=1 p,=2 ¢=0 ¢q,=0 (71.a-d)
leads to
A= ool — ool = —%bfwaH #0 (72)

thus ensuring the possibility to express I''”’ and I'"’ by virtue of Eq.
(68.a,b).

Finally, the resulting functions for N, =2(i=1,2,...,
sented in Table 2.

16) are pre-

3.9. Finite element approximation

The variational equilibrium equation Eq. (59) has been formu-
lated via a numerical model based on a finite element approxima-
tion. The mesh proposed is composed of finite elements
characterized by 2 x (12 +2N;) degrees of freedom, including
(12 + 2Ng) d.o.f. per each node i (i = 1,2). (see Table 3).

Let u be the generic kinematic un-known. The approximation of
u is obtained by cubic interpolating polynomials as follows:

U(f) = hm(é)u1 + h]] (é)uq + hzg(f)llz + h21( )u2 (73)
where
1 4 le 2, .
h1021(2*3‘f+§’3) h11=§(1*f*€2+€3) (74.a,b)
1 le P 22 £3
ho=(2+36-8) hy=S(-1-c4248) (74.c.d)

8

being . the length of the finite element; u; and u, the nodal values
of the kinematic un-known under consideration while v and u}, the
nodal values of the derivative of u with respect to the axial coordi-
nate z (see Fig. 4).

4. Numerical comparisons

The kinematic model discussed in previous Section 3 has been
applied to the study of a composite pultruded cantilever beam
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Table 1
Functions h;‘” for the generic symmetric I-section shown in Fig. 3 (¢=0,1,...,N,).

sel

sely S€is SE Jg se€ls S€ls
hgq) (q+1)(s+%+%)q 0 (0] 0 0 0
h(zq) 0 (q+1)(5+g)q 0 0 0 0
hg") 0 0 (g+1)s? 0 0 0
ho 0 0 0 @+ -H° 0 0
héq) 0 0 0 (q+1)(5_g)q 0
h 0 0 0 0 @+ Dfs+§+9’
[r ATr ,-T-T [r ATF ’-T_T
gc g(,, §C §C,
/SIS T |k
’ ’
Sl |Sm G| |Sm
’ ’
@ [P« | node 1 node 2 [ | @ [P«
’ ’
D) | Py @ :k @ & | Py
20 \% | &= &=+ || % |%
Z Z — =+1) ¢4 (4
’ ’
NS . oD
N '] N
’ ’
1::(\' R& le lTV.r 17".\-
LL =2 S dag) 7 R W)
Fig. 4. Finite element.
Table 2 F
Functions f; for the generic symmetric I-section shown in Fig. 3 (N, = 2).
fi m n fim fi m n () q P
T \D B z
BT 2 PERY fo 42 g ‘
B2 1 RO _HR®  fu 5 0 g0 _j0 \
2) B0 1) ()
o202 gk fe 5T W) by
O I R I N T | L 1
31 Wg? e 60 0 r 1
f ° 2 h?) - HTZh(ZO) S ° ! hé” +%h§0) Fig. 5. Examined cantilever beam
Js 4 0 hY + nt® fis 6 2 h2 4 B p© - 5. .
Table 3 Table 4
Degrees of freedom Load multiplier /r versus normalized axial force v.
a “p ¢ v a=1 o=5
N, 0 0 16 a b c a b c
Nodal d.o.f. 12 12 44 0.3 15.56 14.67 13.14 8.88 8.77 8.57
Overall d.o.f. 1212 1212 4444 0.6 15.22 14.36 12.96 8.16 8.05 7.99

made of Carbon Fiber-Reinforced Polymer (CFRP) under the com-
bined action of a fixed compressive axial force P and an increasing
transverse force F acting at the centroid of the free end (Fig. 5).

The cross section shown in Fig. 3 has been considered, with the
geometric parameters assuming the following values: B =50 mm,
H =47 mm, by=b,, =3 mm. It is worth noting that the cross-section
is the same considered in [27].

In relation to the constitutive behavior of the composite, a lin-
ear elastic stress—strain relationship has been assumed according
to the following simplified law:

SIZ o Grz 0 rtZ
Szl L0 DillE.
being D,, the longitudinal normal modulus while G, the shear
modulus relative to the directions t and k. Due to the considered

(75)

orientation of the fibers, which are aligned to the k unit vector,
the out of diagonal terms are not present. Moreover, it has been as-
sumed D,, = 138000 N/mm? and G =5170 N/mm?, which corre-
spond to the material denoted by “M2” in [27].

The flexural, torsional and warping rigidity constants of the
cross-section are:

Dl = 2.648 x 10'° N mm? (76.a)
DIy, = 8.640 x 10° N mm? (76.b)
GeJ, = 6.840 x 10° N mm? (76.c)
DI, = 4.763 x 10"* N mm* (76.d)
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Table 5a
dimensionless deflection 6 at z=1L (o =1).

v JF Linear analysis Non-linear analysis
“gr “pr wer “r “pr wer
0.3 13.14 1.000 1.158 1.178 1.107 1.297 1.322
0.6 12.96 1.000 1.158 1.178 1.240 1.475 1.507
Table 5b

dimensionless flexural rotation y at z=L (o= 1).

v AF Linear analysis Non-linear analysis
g pr g g p e
0.3 13.14 1.000 1.001 1.015 1.111 1.128 1.147
0.6 12.96 1.000 1.001 1.015 1.250 1.292 1.317
Furthermore, the following slenderness parameter is
introduced:
G L?
o= G (77)
DZZHCL)

which, within the analyses carried out, has been assumed equal to
a=1o0roa=5.

The results have been presented with the aim of analyzing the
critical values of the external loads and the coupling effect be-
tween deformability in shear and geometric non-linearity.

Despite of the model proposed in [27], the present analysis ac-
counts, in fact, for the shear deformability of the mid-surface of the
thin-walled beam by means at least of the average shear strains I'y
and I'y; if a better refinement is required, a linear combination of
the polynomials f; can be considered in addition.

In view of a better understanding of this behavior, the examples
developed by the authors relate to the hypotheses of shear un-
deformability of the mid-surface (“a”), basic shear deformability
(“b” - only the average shear strains I'y and I'y, are present), and
refined shear deformability (“c” - further terms I'if; are present
in addition to I'y and I'}). In this last case the approximation has
been truncated at the second order (N, = 2), thus allowing to use
the polynomials indicated in Table 2.

00 8

0.80 -

6(z)

0.60 +

0.40 +

0.20 +

0.00 T T T T

The numerical results have been obtained by using a mesh of
100 two-node finite elements over the beam length. Depending
on what approximation is considered (“a”, “b” or “c”), the overall
degrees of freedom are as indicated in Table 3.

A convergence check has been carried out indicating the high
accuracy of the mesh size.

In Table 4 the critical values of the dimensionless transverse
force /r are presented for different values of the normalized axial
compressive force v:

FL?
= ——— 78.a
r vV Gtz][ . Dzzlyy ( )
P (78.b)

V=7 12
2D 1, /AL

As a second goal, the coupling effect between deformability in
shear and geometric non-linearity has been investigated. The two
following dimensionless quantities are introduced for this scope:

o2) = 1D () = 9 (79.2.b)
]7( |z:L Q)X |z:L
where the symbols #;|,_, and ¢;/|,_, denote, respectively, the deflec-

tion 7. and the rotation ¢y predicted via a linear analysis without
accounting for the shear deformability on the mid-surface.

In Tables 5a and b the numerical predictions in terms of the free
end dimensionless deflection and flexural rotation are presented.
The results dealing with the models “a”, “b” and “c”, as well as
the different values of the normalized axial force are compared.
Both the linear (L) and the non-linear (NL) analysis are considered.
It has been also assumed that the external transverse force F corre-
sponds to the lowest value indicated in Table 4 (i.e. model “c”).

The investigation is limited to o = 1.

Furthermore, the functions §(z) and y(z) are plotted in Figs. 6a
and b, 7a and b versus the normalized axial coordinate z/L.

As it can be argued from the values presented in Table 4, the re-
fined approach proposed by the authors for modeling the shear
deformability (model “c”) allows to capture a not negligible reduc-
tion of the critical load in respect to the hypothesis of considering
zero shear strains along 2 (“model “a”) or the classical average
shear strains (“model “b”). For the less slender beam (« = 1) this
decrease is found equal to about —15% with respect to model “a”

model "a" (NL)
model "a" (L)

0.0 0.1 0.2 0.3 0.4

0.5 0.6 0.7 0.8 0.9 1.0

z/L

Fig. 6a. Diagram of §(z) versus z[L(x =1, v=0.3).
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A
1.60 -
1.40 -
1.20 | P
model "¢" (NL) model’c" (L)
10+ ———— 3 =
ol [
< Z e I
0.80 + model "b" (NL) 27 cnodel "a” (NL#
) P /<ﬁodel "a" (L |
0.60 - - |
model "b" (L) }
0.40 - - I
= |
= |
0.20 - = |
— |
|
0.00 T T T : T T T T T }
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
z/L
Fig. 6b. Diagram of §(z) versus z/L(o =1, v = 0.6).
A
1.20 -
model "c" (NL B —
B : model "a" (NL)
1.00 e
~model "a" (L |
model "¢" (L |
. 0.80 + model "b" (L }
= |
< / G !
0.60 A A }
|
|
0.40 4 I
|
I
0.20 - }
|
I
; ; ; ; ; ; ; ; . I
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
z/L
Fig. 7a. Diagram of y(z) versus z[/L(x =1, v=0.3).
A
1.40 +
model "c¢" (NL)
-
1.20
model "b" (NL)
1.00 T - — — - — — T T T T T T T T T = 7777777?;,?— —
___———umodel " |
< model "c¢" (L) |
K 0.80 A model "b" (L) }
|
0.60 - }
I
0.40 - }
I
|
0.20 - I
|
|
T T T T T T T T T } B
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
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Fig. 7b. Diagram of y(z) versus z/L(x =1, v = 0.6).
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or equal to about —10% with respect to model “b”. On the contrary,
no relevant differences are found for the analysis relating to the
other beam (o = 5).

Moreover, in the case o = 1, a coupling effect between non line-
arity and deformability in shear also emerges in terms of free end
deflection (Table 5a). Despite the fact that only +17.8% is found via
a linear analysis (model “c” with respect to model “a”), the end
deflection increases up to +21.5% (model “c” in respect to model
“a” - v=0.6) if a non-linear analysis is carried out.

For what concern the analogous effect relating to the free end
rotation (Table 5b), the differences are less relevant between a
model and another.

5. Conclusions

In this paper the authors have presented a mechanical model
for the study of the non-linear pre-buckling behavior of composite
beams with open cross-section.

The model accounts for a refined approximation of the shear
deformability on the mid-surface of the walled beam. Geometric
non linearity is considered according to the hypotheses of small
strains and moderate rotations.

The numerical results have shown a relevant dependency of the
mechanical behavior on the shear deformability, both within the
linear and the non-linear field. Comparisons in terms of load mul-
tipliers indicate that for low slenderness ratios the shear strains
can highly affect the buckling load of the pultruded beam.

Flexural deflections and rotations are also influenced in a com-
bined manner by shear deformability and moderate rotations, indi-
cating the need to improve the knowledge and understanding of
such an interaction in the perspective of a safe use of composite
profiles for civil engineering applications.
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