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On Well-Posedness for Non-Linear Problems in the Theory
of Elastic Materials with Voids

Im Kontext einer wohlbekannten Theorie fiir endliche Deformationen von porbs-elastischen Materialien werden einige Sitze
iber Bindeutigkeit und die stetige Abhdngigkeit von den Daten fiir sowohl dynamische als auch statische (nichtlineare) Pro-
bleme bewiesen. Es wird ein potentiell unbeschriinktes Gebiet im physikalischen Raum fiir das betreffende Material betrachtet.

In the context of a well known theory for finite deformations of porous elastic materials, some theorems on uniqueness
ond continuous dependence on data are proved for both the dynamic and the static (monlinear) problems. A possibly
unbounded domain of the physical space is considered for the material in concern.
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1. Introduction

This paper is devoted to study some well-posedness questions regarding finite deformations of porous elastic materi-
als. More precisely, we consider both the dynamic and the static mixed problems, with non-linear constitutive equa-
tions, and aim to prove theorems of uniqueness and continuous dependence on data for (regular) solutions to these. We
allow unboundedness for the physical domain filled by the porous material, what seems to be well connected with
the geological ambit in which this type of elastic material attains some importance.

An exhaustive theory for porosity in a continuum context was introduced by Nunziato and Cowx in [1]. Resort-
ing to some ideas on granular materials given by Goobman and Cowv in [2], the above authors model the presence of
small pores (or voids) in the elastic medium by assigning an additional degree of freedom to each material particle,
namely, the fraction of (elementary) volume which is possibly found void of matter. As is customary for all theories on
elastic microstructures (3, 4, 5], higher order stress and body force terms are needed to describe the dynamical effects
associated with the changes in volume fraction (with respect to a referential value); additional balance law and consti-
tutive equations are accordingly introduced [1, 2].

As shown in [1, 6—14], the theory of Nunziato and CowiN has proved its mechanical consistency with respect to
various elastic phenomena involving porous bodies; we should also remark that Capriz and Popro-Gumuct [15] have
included materials with voids in the (wider) frame of their materials with spherical structure. An account of the con-
crete materials possibly falling in the field of application of the present theory, can be found in the just cited papers.

Some general theorems for the mixed problems of nonlinear elasticity with voids in a bounded context, among
which existence, uniqueness, and stability of solutions, have been given in [16—18]; coercive properties as integral
inequalities between stress and strain measures are crucial for these results. By using similar inequalities in suitably
extended integral forms, we will prove our well-posedness theorems on assuming the body to fill an unbounded domain
of the physical space. In this connection, it is worth remarking that: firstly, we do not propose nor expect to find
conditions leading to global uniqueness in the solution space [19]; however, this doesn’t prevent us to look for suita-
ble subclasses of it in which uniqueness (or else continuous dependence) may hold good. Secondly, we exclude assump-
tions on the asymptotic behaviour that would be able, by themselves, to assure the basic integral equations over a
bounded domain, to hold sic et simpliciter over an unbounded domain. Rather, the concerned asymptotic condi-
tions will permit simultaneous increase for all relevant fields; moreover, these conditions will be connected — in some
cases — with the above coercive inequalities. As an alternative, we shall also consider summability conditions.

The details of the paper are as follows. In Section 2 we state the equations governing the mixed problems of finite
elasticity with voids, along with the basic definitions. In Section 3 we derive the energy equalities of interest and introduce the
main assumptions (of coercive type): both of these are given in integral forms suitable for unbounded domains. In Section 4
we consider the dynamic problem, and prove a theorem of continuous dependence for regular solutions with respect to initial-
boundary data and external loads; weighted Lj;-norms are involved as metrics for the difference motion (the difference
data will be measured — throughout — by sup-norms). In Section 5 we consider the static problem; a continuous dependence
theorem involving weighted L,-norms (p > 1) is firstly given, then followed by two uniqueness theorems in wider classes.

2. Basic equations and definitions

Throughout the paper, we use the standard vectorial notation: small (or capital), small boldface and capital boldface
letters will denote scalars, vectors, and tensors of any order (>2), respectively. Typical notations for differential and
algebraic operations upon them are employed.
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Let £ denote the smooth domain of the physical space (=R?) filled by the porous body in a fixed reference
configuration, and 7 a positive number. We intend to identify the body with . In the Lagrangian (referential) formu-
lation, the following local balances of momentum and of equilibrated force govern the dynamic problem of finite elasti-
city with voids [1, 18):

Div T 4 gb = oV,

i Q =80 0 . 1
Divh+y+ol=oki, — " X(’T)} (1)

In these equations, T is the first Piola-Kirchhoff stress tensor, h the equilibrated stress vector and y the intrinsic
equilibrated body force; moreover, b and 1 are the external body force and the extrinsic equilibrated body force, respec-
tively, while ¢ denotes the bulk mass density and k the (positive) equilibrated inertia. We refer to [1, 2, 6, 15] for
comments on all fields connected to the porous structure. Finally, v and w are the kinematic variables of the theory,
that is, the displacement and the volume fraction fields, respectively.

In view of the classical interpretation of system (1), we shall assume that

() T, helC:™RQ,); (i) v, b, 1eC%(Q,);

(iil) o, k€ CUQ); (iv) v,y eCh2(Q,).

Pairs of fields (v, w) as in (iv) will be called admissible strains for the body. Vv, y and Vy give the strain measures [1].
In this connection, once that an orthonormal frame of reference e; has been introduced in R3, we can specify all
differential operators under the above concern as follows:

(Div T), = (8/0x;) Ti{x, 1), Div h = (8/0z;) hi(x, 1), (V), =(0/0x;) f(x, 1),

(VE),; = (9/0zy) filx, 1), [=(8/8%) flx, 1),
where (x, t) € 2; (x = z;e; is the Lagrangian vector position, ¢ the time), and f and f = f;e; stand for any (smooth)
scalar and vector fields over this domain.

Denote now by Lin the class of all second-order tensors. Regarding the constitutive equations for (1), we shall
consider T, h and y as unspecified functions of the above strain measures [1, 18]:

T=T(Vv,y,Vy), h=h(Vv,y,Vy) y=7(Vv,y, Vy), (2)
and assume T, h, 7 € C*(Linx RxR%) with V,T, V;h, V;7 € C®(£;) and V,;V,;T, V;V;h, V;V;7 € CO%(Q,);
1, =1, 2, 3, and V; denotes the partial gradient with respect to the i-th argument in (2). We put:

A = VT (a fourth-order tensor field), A’ = V3T (third-order),

B = V;h (second-order), B' = V5T (second-order), (3)

¢/ = ~V37 (a vector field), ¢ = V¥ (a scalar field).

The strain concerned in the above derivatives will be pointed out by writing A(v, ¥) and likewise for the remainder.
As shown in {1, 18], a balance law for a (smooth)} internal energy € = &(Vv, w, Vi) could be invoked to yield

T = V&, h = V;¢, y=~VE. (4)
This of course implies

Viy = -B, Voh=c. (5)
In component form, the following symmetries also are simple consequences of (4):

Aijkl = 8Tﬁ/8(VV)kl = A[m‘j, Bz, = ahz/a(Vl//)7 = Bﬁ 5 }

A, = OT,/0(Vy), = Oh/O(VY), = (Vib)gy, gk 1=1,2, 3. (6)

We should remark that the considered constitutive equations, as well as the previously mentioned coercive
properties, are not objective in the sense of the principle of material indifference unless they regard a one-
dimensional problem [19—22]; so, the ambit of application of the present mathematical model should be accordingly
reduced.

For suitable pairs (u, @) of vector and scalar fields over £, the following quadratic form will be of interest:
Pu.y(u, @) =3 A(v, y) Vu: Vu+3 B(v, y) Vo - Vo +5 c(v, ) ¢°
+A'(v, ) Vo : Vu+ B/(v, ) @: Vu+ (v, w) ¢ Vg, ()

where C:D = C;;D;; for all C, D € Lin. We note that, when the response functions T, h, ¥ are linear in their argu-
ments (see equations (2)) and v, w reduce to the referential fields — as usually assumed in the infinitesimal theory —
the above form attains the meaning of a potential energy density for the body along the strain (u, ¢), cf. [6].
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Let now {8,2. 3,418}, i =1, 3, denote two pairs of complementary and disjoint subsets of the boundary 99,
and n the outward unit normal to this. Appended to equations (1, 2), we shall consider the following system of mixed
initial-boundary conditions:

V=V, V=", V=1, =14y, inQx{0}; (8)
v=vy inS;, Tn=ty inS,, w=1wys inS;, h-n=hy in§,, (9)

where §; = 0,2 x [0, 1], i=1, 2, 3, 4. The right-hand terms above denote (sufficiently smooth) prescribed fields;
along with the external loads b and 1, these are the data of the mixed problem in concern. An admissible strain
that meets all equations (1, 2, 8, 9), for some assignment of the data, will be referred to as a regular solution
thereof.

We will also consider the corresponding static problem: it consists in the search of fields v, w € C'(Q) that
satisfy equations (1) in £ (with vanishing ¥, §) and boundary conditions (9) for S; = ;2. We shall retain, with
obvious modifications, the definitions of admissible strain, data, and regular solution.

3. Energy equalities and main assumptions

Consider first the dynamic problem. Let (v, y) and (v+u, ¥+ ¢) be two regular solutions corresponding to the
data (bw 1-, Vo, ,\‘.ID’ Yo, t/‘/()7 vy, tZa Vs, hZ) and (b + b l+1 Vo + Ug, VO + 1107 ¥y + Dy, WO +(p0$ vz + ug, tz + tZ»
Ws + @5, hs + hx), respectively. Of course, the difference strain (u, @) is admissible and solves the following mized
problem:

Div (T' - T) + gb = gii,

Div (b —h) + (' —y) + ol = ok¢ in £;

u =y, =g, @ =@, @ =@y inf x{0}; (10)
u=us inSy, ¢ =@y inS,

(T'-T)n=%y inS, (W-h)-n=hy inS,

where {henceforth):

=T(Vv+Vu, y+9 Vy+Ve), T=T(Vv,y, Vy),
=h(Vv+Vu, y+ ¢, Vy+Ve), h=h(Vv,y, Vy), (11)
YV EPVv+Vu, py+9, Vy+Ve), y=7(Vv,y, Vy).

In equations (10), b, 1, up, 1y, @oy P Ug, ts, @5, hs are the difference data.

We now assume 2 to be an exterior domain, that is, 2 = R3 — Qq, where £ is compact; of course, 982 = 92
(Other examples of unbounded domains, such as the whole or the half-space, can be handled with minor modifications
[23]). Suitable assumptions on the asymptotic behaviour of the relevant fields in (10),2 would enable to derive an
integral equation of mechanical energy balance in the conventional manner. Aiming to avoid such (rather restrictive)
assumptions, we apply a well known method for unbounded domains by GaLpi and Rionero [23]. In our context, this
consists in multiplying equations (10), 2 by gt and g¢, respectively, where g € C*!(8;) is a positive function rapidly
decreasing with distance from 8%, then integrating over £ and finally adding member to member. Whatever the
behaviour of the integrand fields may be, the weight function g can always be chosen such as to get meaningful the
following weighted form of the quoted integral equation:

G| 9B 9 a0+ [ (T =) Vi + (W - w)- Vo - (7 - ) 41 a0
Q

bg—;:o

9\ o Y - -
( )E(u, (p)d.Q+ng(b u+ltp)dQ+J g(T'—T)n-uydx

ot
+ J gty-ad> + J g(h' —h)-ngs dZ + J ghsg A=
o) »Q Xe)
J )@ Vg + (W —h) - Vg 42, (12)
Q
where E(1, ¢) =1 0(4® + k¢?), (a® &);; = a;d for any vectors a,a’.
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Concerning the static problem, similar arguments can be used to arrive at the following weighted integral equa-
tion of virtual work type:

gg[(T/—T):Vu+(h’~h)~V¢~(y’ﬂy)¢]d9

= [go(b-u+lp)d2+ [ ¢(T'-T)n-usdZ+ [ gtz -ud?
Q 619 BZQ

+ [ gl —h) - ngydf+ [ ghspdE— [[(T'~T):u® Vg+ (h'—h) ¢Vg dQ. (13)
3382 0492 Q

In this equation, we have taken g € C*(Q); of course, the difference strain and data are time-independent fields on Q.

For the uniqueness of solutions in the static problem, we shall also use a (non-weighted) integral equation hold-
ing over any compact (smooth) subdomain D of  (surrounding €y). This can be formally deduced from (13) by
putting £ = D, g =1 and all difference data equal zero:

JUT' =T):Vu+ (b —h) - Vo - (' —y) fp]dD=aD_Im (T'—T)n-u+ (b —b) ngjdZ. (14)

Equations (12, 13, 14) are the starting points of our well-posedness theorems. We now have to define the sub-
classes of regular solutions in which these results will be proved. To this end, let us introduce the class % of all pairs of
smooth displacement and volume fraction fields verifying the boundary conditions (10)4 (S; = 8;82 for the static prob-
lem), and the following L,-norms (p > 1):

Il = (f |-|PdD W {for compact D C ),

1z, < [al-1F d.Q) e (for suitable weight function g) . [24]

In what follows, where it appears, G denotes the set of all weight functions that make the involved integrals
finite. We recall equations (7, 11) and give

Definition 1: Let 5 denote the class of dynamic admissible strains (v, y) such that there exists K > 0 so
that for all {(u, @) € %, and all g € G, in [0, 7] holds

gng,,)(u, @) dR > K[HVUHQLZ(Q;g) + ||V§0”i2(9;g) + ||¢||3;2(9;g)]~ (15)

Definition 2: Let .#, denote the class of static admissible strains (v, w) such that there exist K >0 and
p > 1 so that for all (u, ¢) € % and all g € G, holds

J 6T = T) Vot (0 ~B) - Vg = () 9] 42 > KIIVull g, + Vel 0 + ol ) (10

Definition 3: Let .4/, denote the class of static admissible strains (v, y) such that there exist R, K >0 and
p > 1 so that for all R > R and all (u, ¢) € %, holds
J T =T): Fut (0~ 1) Vo = (¢ = 7) 9142 2 K(IVull g, + Vel 0, + I0la,) (D)

R
where Qg is the intersection of £ with a sphere B(R) of radius R centered in €y and containing £2;.

We note that .4}, contains .Z,,.

Coercive integral inequalities as above are usually considered in various items of finite elasticity; we refer to
(19—22, 25], where thorough investigations of their merits and flaws are carried out. Cf. also [26] for a modern mathe-
matical approach. From a physical standpoint, these inequalities assert that the incremental work of the internal
stresses from suitable strains is positive definite with respect to L,-norms of the incremental strain measures; thus,
they should be interpreted in the frame of the criteria for static stability of such strains [27].

We recall that coercive properties of similar type form the basis of well-known theorems for existence and/or
uniqueness of solutions in bounded context [20, 28, 29]. We also note that, in the linear theory as described above after
equation (7), the integrand fields in (16), (17) coincide with that in (15), which in turn becomes the potential energy of

the body; so, in that theory, the quoted inequalities reduce to weak forms of the positive definiteness property usually
assigned to this potential energy [6].

4. A continuous dependence theorem for the dynamic problem

Henceforth, = will denote the modulus of the position vector x from some fixed origin in !30; the letters C, C;,
1 =1, 2, ..., will denote computable positive constants, not necessarily the same on each occasion. Moreover, X = (1/r) x
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Theorem 1: Let £ be an unbounded porous elastic body such that
(@) VT IVsh|, [Vipl = O(r), (i) |ViV;T, [ViVhl, |ViV,7] = O(r%),
(iii) 1/e, 1/k=0(r"), (iv) [(VI)} [(Vib)], [(Vip)| = O0™),

as v~ 4oc (uniformly in [0, T}; 4, j =1, 2, 3), where €1, &, €3, m > 0. Let # be a subclass of # such that for all
(v.y), (v+u v +g) € #,

(v)  [Vul, ], Vol =0(*), (vi) |Vil,|¢l, Vel =0("),
(vii) |oul, jek¢| = O(r"),

as 1 — +0o (uniformly in [0, t); 1, 3 =1, 2, 3), wheren, p, £, > 0.
Assume

(vili) & +e& <1, ga+e3+es <1,

Then, if there exists in # a regular solution to the dynamic problem, it depends continuously on the data in the
weighted Ly-norm:

“f“Lg(Q:_?]) > f = iu.s \ﬁL #q)'v WJ‘? |Vu'v IV(P‘,
where g = g(r) = exp (—ar®) r2% and a, B are positive constants.

Proof: Let (v, ) and (v+u, y+ @) € # be two regular solutions as in Section 3. Of course, the pair
(u, ) € %. Consider the weighted equation (12) and choose g = g(r, t) = exp [~(t + to)*r?], a, B, ty > 0.
By second-order Taylor expansions in the constitutive equations (2), we get, recailing (3, 5, 11):

T-T=A(v, ) Vu+B'(v, ) o+ A'(v,y) Vo +V,
h' —h=V,h(v, y) Vu+c'(v, ¥) ¢ + B(v, ) Vo +d, (18)
vV —y=-Bv,y):Vu—clv,y) o -c(v,¥) Vo+z,
where, in view of (ii),
vl 1dl, 2] < Cr((Vul® + |@f* + [Vol’], ast— +oo. (19)

As a consequence, by the symmetry equations (6),

_j g[(T'-T);Vﬁ+(h’—h)-Vcb—(y’—yW]dQ:—J 9(%

) P(v, ul)(ua 9”) dQ
Q

1 . 1 .. 1 .
g [—2— Alv, ) Vu:Vu+5 B(v, v) V(p'V(p-l-E év, y) @* + A'(v, y) Vp: Vu

+B'(v, y) @:Vu+é&(v, v) (p~V(p} d.Q—J g(V:Vi+d Vo —z¢) dQ
Q

d P 2y
<~ [ 0(5) B @) a2+C: [ amIVal+ 1ol +Voa2 + s [ g Vul +lgP + 1Vl 42,
Q o 2

where (iv) and (vi) have been finally used. Further, by (18), (19), (i), (v},
- g (T'-T):u® Vg+ (W —h) ¢Vg dQ = —g (8g/0r) (T = T):a®@ %+ (b — h) - ¢x] dQ
< Bt +10)* g g THO + Cor® ) (V] + o] + Vo)) (la] + [¢]) 42,
that gives, by Cauchy’s inequality ab < a®/(2€) + &b%/2 for all & > 0,
~g (T'~T):a®Vg+(h' ~h) ¢Vg] d2
B+ 1) Gy [P 7hre [(IVuf’ + lof + Vo) * + B(w, ¢) 24 dQ

£ B(t+10)° Gy [ g e (Wl + (gl + [Vol’) v+ (i, ¢) 24 AR (forall 1, u € R).
o

39 Z. angew. Math. Mech., Bd. 76, H. 10
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Note also that

d
[o(2) Pt srio

Q

d —
=-5 J 9P, y) (W, 9) A2 — a(t +t0)* " J 97 Py, (u, ¢) 492
0 Q

d _
<=5 [ 9Pou @) 0@+ [ [rak(+ 0 o (Val + ol + Vol a2,
Q ‘ Q
since (v, ) € # (with gr® as weight function in (15)).
Take ty, 8 > 1. Therefore, from equation (12) we deduce (omitting the indication of (v, ) at P):

G | gm0+ P, o) e
g[—a(t—\—tg)a_l'rﬂ +ﬁ(t+t0)a Cl(Tﬂ—1+s,+253—l+7ﬁ~1+81+84+2z:3—,u)] E(I'L (P) 40

[ aK (£ + 1)~ 118 + Bt + o)® Co(r™ 152+ 4 PP THetd L B=1tetectuy] ((Vuf® 4 |gf + [Vof?) d2

| rostaz [ feslas+ [ sl ax+ [ sl az

Qe 21 032 0402

+ cgj grstP(Ib| + 1)) dQ + C4 {
o

Assume now that £¢ 2 B(1), and consider (viii); on choosing
—14+e+253<A<1—g, ~lT+e+2em+e<pul—-e—e,

B2 max {1, m n+e}, a > Bt + ty) max {2Cy, (4/K) Cs}

(where C; and C; are just the constants appearing in the foregoing equation), the first two integrals in the right hand
side above are non-positive. An integration with respect to time then yields

g gl (0@? + 0k¢?) + K(IVu® + |¢f* + |Ve[*)] 42 < g glE(0, ¢) + P(u, )} dQ

< [ golBE(io, @o) + Po(ug, @)l A2+ Cy [ grsT2(1b| + [1]) d€ dt
9 Q‘[
+Cg{f|ﬁz|d2dt+ [ les]d=dt+ [ |¢Z|d2dt+f|ﬂz|d2dt},
Sy Sy S Sy

where gy = g(r, 0) and Py = Py y,)-

Of course, u?(t) <2t [ 42(s) ds+2u2 for all t € [0, 7], and a similar relation also holds for @?(t); moreover,

[0,7]

g(r, 1) < g(r, t) < g(r, 0) for all £ € {0, 7].

The thesis is then achieved by noting that

max{sup(lf»l, 1), sup ([uol”, lgol’s liaol*, ol*, [Vuol’, [Vepol*), sup (g, fizl, ésl, lﬁzl)} <6
Q. Q 09 x [0, 7]

implies
[ au® + @ + 4%+ ¢* + [Vu* + |Ve|) d2 < €6 in |0, 7],
Q
for § = g(r) = g(r, 7) 172 = exp [~ (1 + t3)* %] 77?% and some computable constant C > 0. Q.E.D.

Remark 1: The asymptotic conditions (iii) of Theorem 1 enable ¢ and k to be infinitesimal with distance from 8.

5. Continuous dependence and uniqueness for the static problem

We begin to prove the continuous dependence on data.

Theorem 2: Let  be an unbounded porous elastic body such that asymptotic conditions (1) and (i) of Theo-
rem 1 hold, and further

(iii) o=0@"), as r— +oo(n>0).
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Let .4, be a subclass of M, (p > 1) such that, for all (v, ¥), (v+u, v + @) € 4,
(iv) fual, l@l=0(%), (v) [Vu|,|Vg|=0(r"),

as r — +oc, where g3, €4 > 0. Assume
(vi) m =max {& + €3, &2 + &3 + &4, €9 + 263} < (3/p) ~ 2.

Then. if there exists in J, a regular solution to the static problem, it depends continuously on the data in the weighted
L,-norm:

Hf“L,,(Q:g) ; f=1Vul, g, [Vgl,
where §(r) = exp (—r).

Proof: Let (v w) and (v +u, y + @) € A, be two regular solutions, and consider the weighted equation (13)
(in which b, 1, ug, tx, @5, hs are the correspondmg difference data). Choose g = g(r; a) = exp (—ar), a € (0, 1. Since
the pair (u, ¢) € %, inequality (16) applies to the first integral of this equation. Further, by Taylor expansions in the
last integral (as in Theorem 1 — equations (18); 5), we deduce from (13):

Kg gllVul + g + |Vel’] dR < C, j gret (bl + 1)) dQ@
+cz{ [ us|d=+ I ltx] d= + J lestaz+ f Ihs) dZ}
Qe

—f[(AVu-i—B’(p+AV<p+V):u®Vg+(Vthu+c<p+BV¢+d)~<pVg] dQ, (20)
Q

where Vg = —agk. (Indication of (v, ) at the right hand side of A, B’, etc., is understood.) By (19) and Young’s
inequality. ab < a?/(p&) + E¥P(1/q) b (g =p/(p — 1), for all £ > 0),

K j dIVuP + gl + Ve 4R < C; j g+ ((b] + i) de

Q Q
Lq j |u2|d2+J lﬁzldEJrJ irﬁzld2+J lhs d=
02 HhQ 50 i Xe)
4 1
3 j dlIVuP+ lgF +|VgF] 42 + £ — Ciaf J wfdQ, (1)
[¢] 02

where we have called w each one of the fields

VTl uf,  |Vih] o], r(gl ful, |Vl [u],
re|Vul lgl, e, 2|Vellel, i=1,2,3.

On taking &: K — 4/(p€) > 0 and using (i), (iv), (v), we get
[ gIVal + o + Vo] d2 < C1 [ grs*™(b] + 1) d2
Q Q

(22)

+02{j sl dZ+ [ bzl dZ+ [ lgs|dS+ [ Iﬁzld2}+03aqurqmd9. (23)
Qe A8 *Q 0482 Q

Of course. g = g(r; @) > g(r; 1) = exp (—r) for all @ < 1 on the left hand side above. Assume now

max{sup(lﬁl. 1), sup (Jugl, =], o), |ﬁz|>} <é (<1,
2 oQ

(the case 0 > 1 can be handled with few modifications), and consider (vi) to put
e=3/p—2-m (>0).

Equation (23) gives
[ exp (=) [Vup +|@f + Vel dQ < Cla™ " *38 + 6 + «*] foralla € (0, 1]. (24)
Q

The proof is then achieved, since for any 6 € (0, 1) we can take a = 6”7 with 0 <7 < 1/(n+ &3 + 3), so as to obtain
[ exp () [VuP + o + [Vol'] d2 < C&
Q

for some computable C, > 0. Q.E.D.

*

39
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Remark 2: Note that, for p < 3/2, the asymptotic conditions of Theorem 2 allow simultaneous increase of all
relevant fields.

Remark 3: For p > 3/2, assumption (vi) of Theorem 2 can be alternatively replaced by the following summabi-
lity conditions:

Vi) weLy(Q), se(p/(p-1),3p/(2p-3)),

where w denotes each one of the same fields as in (22). We call .4, the corresponding subclass of M, (p > 3/2).
Indeed, the terms of type a? [ gw? d£2 in equation (21), ¢ < 3, can be majorized by Holder’s inequality as follows
(1/t+1/z=1): 2

af [ gu?dQ <a’ (f g d.Q)l/t (j w? d.Q) Y2 < Cga ¥t (I w? d.Q)l/Z.
Q Q Q Q
Taking t > 3/q implies z < 3/(3 —¢q), so that s=q¢z<3¢/(3—¢q) =3p/(2p—3); of course, z>1 implies s > ¢
= p/(p — 1). Equation (24) holds for ¢ = (g — 3/t)/q.
As a corollary, the foregoing theorem implies uniqueness of solutions in the classes JZF and A ;. However,
uniqueness can be proved in wider classes, as shown in the following two theorems. The first one again uses weighted
techniques.

Theorem 3: Let Q be an unbounded porous elastic body such that asymptotic conditions (i) and (i) of Theo-
rem1 hold. _ _

Let M, be a subclass of M, (p > 3/2) such that for all (v, y), (v+u, y + @) € M, the asymptotic conditions (iv)
and (v) of Theorem 2 hold (for any €3, €4 > 0), and further one of the following summability conditions holds:

(i) w/(ogr) € Li(Q), se®/(p-1),3p/(2p-3), A<,
(i) w/(logr)! € Ly(R), s=3p/(2p—3), A<2/3,

where w denotes each one of the same fields as in equation (22).
Then, if there exists in M, a regular solution to the static problem, it is unique.

Proof: Let (v, ) and (v+u, w+¢@) €M, (DO M ») be two regular solutions corresponding to the same data.
In equation (13) we now choose g = g(r; B) = exp (—arf), @ > 0, B € (0, 1]; inequality (16) and Taylor expansions lead
to equation (20), in which now all difference data vanish and Vg = —afgrf ~'%.

By means of Young’s inequality (as in Theorem 2), and then of Holder’s inequality, we easily get

[ dtvur + o+ 99P1 a2 < cp7 [ rt-Vur a@
Q Q

<Cp? (J exp (—atrf) 11 (log Py dQ) 1t (J
o

Q

o 1/z
w

{log 7" | 5)

where g =p/(p—1) <3, 1/t +1/z=1.
Now, the term (.)Y! = G(B) above can be majorized in one of the following ways according to whether (iii)’ or
(ii1)"” holds. We assume that £y O B(1) and use the simple inequality

exp (—a'r?) (log )" < CBr™ for o >n+1, 7>0.
If (iii)’ holds, we take t > 3/q, n = gt (>3) and o > 4, so that
00 1/t 0 1/t
o) < g (Jromivwar) <op (Trrar) <o
1 1
in this case 2 < 3/(3 — ¢) and s = gz < 3¢/(3 — ¢) = 3p/(2p — 3); of course, z > 1 implies s > p/(p — 1).
If (iii)" holds, we take ¢ = 3/q, n > gt (= 3) and a > 4, so that now
] /3
6p) < op (T rn 98 tar) < opo,
1
in this case, z = 3/(3 — ¢) and s = 3p/(2p — 3).
In both cases, by equation (25) (where g = g(r; 8) = g(r; 1) for all 8 € (0, 1] on the left hand side), we finally get
J o V) [[Vuf’ + ol + Vo] d2 < Cp* forall Be(0,1] (u>0),
0

what implies the thesis by letting 8 — 0. Q.E.D.
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By using the non-weighted integral equation (14) together with a method for unbounded domains that traces

back to GrarFl [30], we finally prove uniqueness in the class A4 (containing .#,, p > 1); some asymptotic conditions
are avoided.

Thegrem 4: Let £2 be an unbounded porous elastic body such that the asymptotic conditions (ii) of Theorem 1
hold. Let .V, be a subclass of &}, (p > 1) such that for all (v, y), (Vv +u, y + @) € A},

() lwlly, sy =OF(R)™), as R—+o0  (¢=p/(p—1), S = OB(R)),

where w denotes each one of the same fields as in equation (22) and f(R) is any smooth, positive, and increasing
function with R.

Then, if there erists in A, a regular solution to the static problem, it is unique.

Proof. Let (v,y) and (v+u, y+¢)€ pr be two regular solutions corresponding to the same data. Consider
equation (14) with D = Qr (R sufficiently large — see Definition 3). Inequality (17) and Taylor expansion rapidly lead
to

F(R)= [Hvu”IL)p(QR) + [|V¢||IEP(QR) + |I¢|’ip(gk)]

1 _
S? J [(AVu+B'g+A'Vg+V)n-u+ (VihVu+ g+ BVg +d) ng| d=.
Sr

By (19) and Hélder's inequality, we get
F(R) < ClIIVull, s, +1IV@N (50 + 191,500 1wllL, 55 -

Of course, by basic calculus,

1 Uiy gsm) = /AR 1 - 11 o)
and then. using (i), there obtains

F(R)Y < C[1/f(R)] dF(R)/dR = dF(R)/df(R) forall R>R.
On integrating between any R;, R, such that Ry > R; > R, we get

F(RY '<Cli/tp-1]f(Ry) — f(R)]' forall R, >R, andall Ry> R,
whence the thesis follows by letting Ry — +00. Q.E.D.

Remark 4: We notice that the asymptotic conditions of Theorem 2 (even for m = 3/p — 2, see (vi}) imply the
asymptotic conditions (i) of Theorem 4 above (on taking f(R) = log R). Then, .#, D 4, and Remark 2 to that theo-
rem also applies to Theorem 4.
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