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a b s t r a c t

This paper re-examines a set of experimental data published by Bruni et al. (2007a, 2007b) [Bruni, G.,

Barletta, D., Poletto, M., Lettieri, P., 2007a. A rheological model for the flowability of aerated fine

powders. Chem. Eng. Sci. 62, 397–407; Bruni, G., Lettieri, P., Newton, D., Barletta, D., 2007b. An

investigation of the effect of the interparticle forces on the fluidization behaviour of fine powders linked

with rheological studies. Chem. Eng. Sci. 62, 387–396] carried out on a mechanically stirred fluid-bed

rheometer (msFBR), which was developed to study the rheology of aerated and fluidized powders. The

use of aeration below fluidization allowed to carry out experiments with powders at very low

consolidation levels. Two mathematical models, based on the Janssen approach to evaluate stresses

in powder containers, were developed in order to relate the torque measurements in the Fluidized Bed

Rheometer to the flow properties of the powders measured with standard powder flow testers. Results

indicate that the models were able to satisfactorily predict the torque measured by the msFBR. The

larger complexity of the Walker (1966) [Walker, D.M., 1966. An approximate theory for pressures and

arching in hoppers, Chem. Eng. Sci. 21, 975–997] and Walters (1973) [Walters, J.K., 1973. A theoretical

analysis of stresses in silos with vertical walls, Chem. Eng. Sci. 28, 13–21] stress analysis adopted in one

of the two models did not introduce significant improvements in the evaluation of the stress

distribution to justify its use. A procedure for the inverse application of the model was developed

and applied to estimate the powder flow properties starting from msFBR data. The application of this

procedure provided good results in terms of effective angle of internal friction and is promising for the

ability of the system to explore powder flow at very low consolidation states.

& 2011 Elsevier Ltd. All rights reserved.
1. Introduction

The flow properties of fine powders at very low consolidation
levels are relevant to small scale industrial application of powder
flow, such as in small process hoppers and mixers of pharmaceu-
tical powders (Harnby, 2000), or in everyday applications such as
toner flow in cartridges (Suri and Horio, 2009) and dosing and
dispersion in dry powder inhalers (Daniher and Zhu, 2008).

Conventional shear testers are not suitable for testing flow
properties of loosely consolidated powders unless special procedures
are adopted (Schwedes, 2003). In particular, consolidation stresses
lower than 500 Pa were obtained in annular shear cells by applying
small normal loads and increasing the sensitivity of load cells
(Schulze and Wittmaier, 2003) or by introducing a gas pressure
gradient opposed to gravity through the powder sample (Klein et al.,
2003; Johanson and Barletta, 2004; Barletta et al., 2007). Alternative
techniques used to study the rheological properties of powders
ll rights reserved.

þ39 89964057.
under loose conditions included the derivation of the tensile strength
and of yield loci from fluidization experiments (Castellanos et al.,
2004) and the derivation of cohesion and angle of friction from
observations of the avalanching behavior of powders (Castellanos
et al., 2007). Studies on the rheological behavior of slow dense
powder flows were performed also by rotational rheometers of
different geometries. In particular, Tardos and co-workers (Tardos
et al., 1998, 2003; Kheiripour Langroudi et al., 2010) measured local
normal stresses and the overall torque necessary to shear powders in
a Couette device at different consolidation stresses obtained by
varying the powder bed depth. Measurement results indicated that
solid normal stresses show a linear hydrostatic profile from the bed
free surface to the bed bottom while shearing both a low and at
intermediate shear rates (dimensionless shear rates, defined as
_gn
¼ _gðdp=gÞ0:5, between 0.1 and 1). These results differ from the

experimental evidence that in static powder beds the solid normal
stresses increase less than linearly up to an asymptotic value as
predicted by the Janssen equation. Nevertheless, torque measure-
ments confirmed a frictional behavior of powders at low shear rates
and a ‘‘viscous’’ behavior at intermediate shear rates for which
Tardos et al. (2003) and Kheiripour Langroudi et al. (2010) proposed
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Fig. 1. The msFBR unit. It was mounted on a free standing, wheeled stainless steel

frame (1), and consists of a fluidization unit (2), an agitating system (3), a data

acquisition unit (4) and a control box (5).

Fig. 2. Scheme of the msFBR with the most significant variables used in the

models.
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a constitutive equation following a continuum mechanics approach.
A mechanically stirred fluid-bed rheometer (msFBR) (Fig. 1) was
developed by Bruni et al. (2005) to study the rheology of aerated and
fluidized powders. This device, consisting in a fluidized bed column
provided with a two-flat-bladed paddle impeller immersed in the
powder bed and connected to a rheometer, was used for powders
under aerated conditions below the fluidization threshold, allowing to
measure powder flow properties at very low consolidation levels.
In fact, the upwards gas flow produces a vertical gas pressure
gradient, which acts on the solids as a body force opposed to gravity.
The torque necessary to rotate the impeller was measured at different
powder bed depths and gas pressure drops. Results obtained at very
low shear rates (0.754 rpm, corresponding to a dimensionless shear
rate between 3.5�10�5 and 7.5�10�5 depending on the particle
size) revealed that torque vertical profiles followed the Janssen
equation. Consequently, Bruni et al. (2007a) developed a model based
on the method of differential slices (Janssen’s approach) and on a
Mohr–Coulomb description of the powder rheology to describe the
powder stress state and the applied torque in the msFBR.

In the present study, the introduction of the Walker improve-
ments (Walker, 1966; Walters, 1973) for the stress state in the
model developed by Bruni et al. (2007a) following the Janssen
approach was assessed. Moreover, a sensitivity analysis is performed
in order to estimate the relative weight of the angle of wall friction
on the prediction of torques. Finally, an inverse procedure to
evaluate powder flow properties from torques is proposed.
2. The model

In order to predict the torques measured by the msFBR,
a rheological model had been developed by Bruni et al. (2007a).
To determine the stress distribution in the msFBR the original
Janssen analysis for silo stress distribution had been generalized
taking into account the air flow through the bed. According to this
analysis, stresses had been assumed uniform across any horizon-
tal section of the material. Furthermore, the axial and radial
stresses, sz and sr, had been assumed as principal stresses.

The stress state in the msFBR had been evaluated solving the
balance force on a differential slice of the cylindrical vessel as
sketched in Fig. 2, which gives the following differential equation:

dsz

dz
þ

4tW

D
¼ rbg�

dP

dz
ð1Þ
where tW is the shear stress acting on the wall, rb is the bulk
density of the powder and dP/dz is the pressure gradient of the air
flowing through the bed and exerting a drag force opposed to the
gravity. In order to solve this equation, a relationship between
the wall shear stress tW and the vertical normal stress sz had
been necessary, since rb and dP/dz had been measured in each
experiment and considered constant along all the bed. Following
Janssen (1895), the wall yield locus and the ratio of the axial and
radial stresses, K, had been introduced as the two relationships,
which had allowed to solve the problem

tW ¼ srðzÞtanfW ð2Þ

K ¼
sr

sz
ð3Þ

where fW is the angle of wall friction.
Finally, the top surface of the bed of material had been

assumed open to the atmosphere so that

szðz¼ 0Þ ¼ 0 ð4Þ

To evaluate the torque acting on the impeller in the msFBR, the
shearing surface around the impeller had been assumed to be
shaped like the flat cylinder described by the impeller rotation,
having height h and diameter d equal to the height of the impeller
paddle and to the double of the distance between the paddle tip
and the shaft axis. It is assumed that the largest shearing action
produced by the impeller is likely to be close to the impeller itself.

The resistant torque will be the sum of the contributions of the
stresses acting on the upper surface, the lower surface and the
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lateral surface:

T ¼ TupþTdownþT lateral ð5Þ

Due to the small impeller height, the stress variations in the
region around the impeller had been neglected. Thus, the stresses
around the impeller had been equated to the stresses at a depth zn

immediately above the impeller (Fig. 2). Therefore,

Tup ¼ Tdown ¼

Z d=2

o
tzyðz

nÞ2pr2 dr ð6Þ

T lateral ¼
p
2

d2
Z znþh

zn
tryðzÞdz¼

p
2
tryðz

nÞd2h ð7Þ

In order to solve the differential equation (1), which allows to
obtain the stress distribution into the msFBR and to estimate the
measured torque, it is necessary to select proper relationships
describing mobilization conditions of the powder.

The parameter K is an important parameter appearing in
standardized silo design procedures and it should be measured
directly (EN 1991-4, 2006). Presently, however, a standardized
procedure to evaluate it is not yet defined. Experimental evaluations
(i.e. Kwade et al., 1994) indicate that it ranges between 0.4 and 0.7.
In the lack of a direct experimental evaluation of K some authors (i.e.
Nedderman, 1992) assume full internal mobilization and corre-
spondingly use the Mohr–Coulomb condition, for which the Mohr
circle is tangent to the yield locus at the failure plane of the powder.
In this way it is possible to obtain a relationship for K as a function of
the failure properties of the experimental materials by simple
geometric considerations on the Mohr–Coulomb criterion. It has to
be recognized, however, that not always directly measured values of
K are close to the Mohr–Coulomb estimate, suggesting that the
solids do not reach a condition of full mobilization in the container.

Assuming the Mohr–Coulomb condition, the effective yield
locus is commonly used to define the failure behavior of powders
for granular materials with low cohesion, like the experimental
materials analyzed in this work. With the effective yield locus, the
equation for the K ratio will depend only on the effective angle of
internal friction d and can be written as

K ¼
1þksind
1�ksind

ð8Þ

where the parameter k takes into account the active and passive
state of the powder. In particular, it is
–
 k¼1 passive state (sr4sz, sr is the major principal stress);

–
 k¼�1 active state (sz4sr, sz is the major principal stress).

The state of stresses in the msFBR was evaluated by solving
simultaneously Eqs. (1)–(3) and (8) with the boundary condition
(4) for the passive and active state. Since the effective angle of
internal friction is a function of the major principal stresses, in
turn function of the depth of the bed, the K ratio is variable with
the depth of the bed. Therefore, a numerical solution was needed.

For the estimation of the torque, the expressions of the shear
stresses acting on the shearing surface are

tzyðz
nÞ ¼ szðz

nÞtand ð9Þ

tryðz
nÞ ¼ srðz

nÞtand¼ Kszðz
nÞtand ð10Þ

Values of the predicted torques can be obtained using (9) and (10)
in Eqs. (6) and (7).

2.1. Walker’s improvements

The assumptions of the previous model that the axial and
radial stresses are principal stresses and uniform across any
horizontal section of the bed are clearly erroneous. They are, in
fact, in contrast with the presence of vertical shear stresses at the
wall. In order to correct this inconsistency, Walker (1966) defined
a mean axial stress as

pD2

4
sz ¼

Z
sz dA ð11Þ

and rewrote the force balance on the differential slice, which then
becomes

dsz

dz
þ

4tW

D
¼ rbg�

dP

dz
ð12Þ

Similarly to previous case, to solve this differential equation, we
need some functional relationships between the wall shear stress
and the mean axial stress. Considering the wall yield locus we have

tW ¼ ðsrÞW tanfW ð13Þ

Walker studied in greater detail the Mohr–Coulomb criterion
at the wall plane. Assuming the material in incipient downward
motion along the wall, Walker calculated the ratio of the radial
and axial stresses in the wall region as

KW ¼
sr

sz

� �
W

¼
1þksindcosðoþkfWÞ

1�ksindcosðoþkfWÞ
ð14Þ

where

sino¼ sinfW

sind
ð15Þ

and k is the parameter, which takes into account the active and
the passive state. In order to solve the differential equation (12),
Walker defined a distribution factor D as the ratio of the axial
stress at the wall and the mean axial stress. On the Walker
assumption that the radial normal stress sr is constant over the
cross section, sr¼(sr)w, Walters (1973) calculated the distribu-
tion factor at great depths as

D¼ ðszÞW

sz
¼

1�sin2d�2ksind
ffiffiffiffiffiffiffiffiffiffiffiffi
ð1�cÞ

p
1þsin2d�ð4=3cÞksind½1�ð1�cÞ3=2

�
ð16Þ

where

c¼ tan2fW=tan2d ð17Þ

Assuming Eq. (16) for D along all the bed height and solving
simultaneously Eqs. (12)–(17) with the boundary condition

szðz¼ 0Þ ¼ 0 ð18Þ

it is possible to obtain the distribution of the mean axial normal
stress with the depth in the msFBR.

To predict the contributions of the torque on the upper and
lower surfaces by Eq. (6), an analytical relationship is necessary
for the axial normal stress sz as a function of the radius r of the
bed. According to the Walters analysis, it is

szðr,zÞ ¼ srðzÞ
1þsin2d�2ksind

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�cð2r=DÞ2

q
cos2d

ð19Þ

With these hypotheses, the shear stresses acting on the shearing
surface can be written as

tzyðr,znÞ ¼ szðr,znÞtand

¼ KWDszðz
nÞ

1þsin2d�2ksind
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�cð2r=DÞ2

q
cos2d

tand ð20Þ

try
d

2
,zn

� �
¼ sr

d

2
,zn

� �
tand¼ ðsrÞWðz

nÞtand¼ KWDszðz
nÞtand

ð21Þ

At this point, the contributions of the predicted torque on the
upper, lower and lateral surfaces can be calculated by solving the
integrals in (6) and (7) by the use of Eqs. (20) and (21).



Table 2
Symbols used in Figs. 5, 6 and 8.

Symbol JK &’ Wm }~

Materials DP/DPc

Alumina A0 0.0 0.25 0.46 0.80

Alumina A5 0.0 0.33 0.69 0.94

Alumina A6 0.0 0.24 0.48 0.71

Ballotini 0.0 0.24 0.48 0.75
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3. Experimental

3.1. Apparatus

The torque necessary to rotate an impeller in an aerated bed of
powders was measured with a mechanically stirred Fluidized Bed
Rheometer (msFBR), shown in Fig. 1. The msFBR was designed
and built at UCL. It consists of a fluidization unit, an agitating
system and a data acquisition unit. In particular, the fluidization
unit is a 140 mm internal diameter�300 mm tall Pyrex vessel
fitted with a sintered stainless steel distributor plate. A 70 mm
high windbox filled by 10 mm ceramic balls is located below the
distributor plate in order to allow a more uniform distribution of
the gas. Nitrogen was used as fluidizing gas. A steel shaft 165 mm
long with a two-blades rectangular impeller (36 mm�7 mm high
and 0.7 mm thickness) is driven by a rotational rheometer form
the agitating system. The braking torque and the pressure drop
across the bed are measured.

Details regarding this apparatus and its use on fluidized beds
are reported by Bruni et al. (2005). Experimental results obtained
below the minimum fluidization condition and the effect of the
impeller depth and the aeration are given by Bruni et al. (2007a).

Yield loci of three different samples of alumina powder and
glass ballotini were measured by a Schulze shear tester (Ring
Shear Tester 01.01). It consists of an annular bottom ring filled by
powder and a lid. For a specified normal load, the torque required
to the rotation of the lid is measured. The standard procedure
consists of two steps: preshear, under normal stress up to a steady
shear stress, and subsequent shear, under a normal stress lower
than the preshear stress up to a peak shear stress. The two steps
are repeated for the same preshear and for decreasing shear

normal loads. In the shear step, the peak values of the shear
stresses and the corresponding normal stress will be the point
coordinates constituting the yield locus of the powder at the
specified preshear consolidation level.

A Jenike shear tester was used to evaluate the wall friction of
the experimental materials. To this purpose, the base of the cell
was replaced by a sample of Pyrex, similar to the material of the
wall of the msFBR. The procedure adopted for testing the wall
yield locus of experimental materials is reported on the ‘‘Standard
Shear Testing Technique’’ (1989).
3.2. Materials

The materials used in these experiments are three alumina
powders and a glass ballotini powder, whose properties are
summarized in Table 1. The alumina A0 is a virtually fines free
powder while Alumina A5 and A6 contain the same total amount
of fines (Fx indicates the weight cumulative smaller than x) but
shifted towards bigger (26–45 mm) or smaller (0–25 mm) size
cuts, respectively.
Table 1
Material properties.

Materials dp (Sauter)

(mm)

F25 F45 rp

(kg m�3)
fW

(deg.)

fW
a

(deg.)

fW
b

(deg.)

Alumina A0 75.1 0.0 3.2 1730 22.1 12.7 13.6

Alumina A5 49.1 8.1 30.7 1730 19.7 13.8 14.9

Alumina A6 36 18.8 30.9 1730 21.1 16.8 19.4

Ballotini 350 – – 2500 12.2 15.7 17.6

a Values obtained from msFBR data considering the model developed by Bruni

et al. (2007a).
b Values obtained from msFBR data adopting the Walker improvements.
These materials were already analyzed by Bruni et al. (2007b)
in order to evaluate the effect of interparticle forces regulated by
the percentage of fines on the fluidization behavior.
4. Experimental results

4.1. Internal failure properties

The bulk powder flow properties of the three alumina sample
A0, A5 and A6 and of the glass ballotini, measured by a Schulze
Ring Shear Tester, were used to evaluate the effective angle of
internal friction, reported by filled symbols in Fig. 3 as a function
of the major principal stress. Inspection of this figure indicates
that the alumina samples A0, A5 and A6 are characterized by very
similar effective angles of internal friction while ballotini have
significantly lower values. The difference for the internal friction
is probably due to the perfectly round shape and the low rugosity
of glass ballotini, which make shearing easier.

4.2. Wall friction properties

Results of the wall friction properties of the experimental
materials on a sample of Pyrex, measured on the Jenike shear cell,
are reported in Fig. 4. In this figure wall yield loci were evaluated
by plotting the best fitting line to the experimental data points
(s, t). All the materials were considered adhesionless with a good
agreement with the experimental measurements. The values of
the angle of wall friction are reported in column 6 of Table 1.
5. Results and discussion

The first step of this work was to determine the better
description of experimental data between the active and the
passive state of stress. Fig. 5 shows the comparisons between the
values predicted with the model based on the Janssen approach
(Bruni et al., 2007a), assuming passive and active state, and the
experimental torque data. In particular, profiles at different levels
of aeration, referred as the ratio DP/DPc between the measured
pressure drop across the bed and the pressure drop at minimum
fluidization (DPc¼Mg/A), are reported. As above said, all the
experiments were carried out below the minimum for fluidization
and, therefore it is always DP/DPco1. The match between pre-
dicted and experimental data is better for glass ballotini where the
model slightly overestimates the measured torques. Instead, for
alumina samples the match is worse, in particular for the Alumina
A5 for high values of DP/DPc (DP/DPc¼0.94).

Although the predicted data did not show a good agreement
with the experimental data, the passive state model seems to
better describe the rheological behavior in the msFBR. In fact, for
all the materials and at all the aeration rates tested, the passive
state allows to attain the asymptotic values of the torque at
distances closer to the experiments than the active state model. It



Fig. 3. Values of the effective angle of internal friction d as a function of the major principal stress s1 for the different materials tested: K, experimental data;

W, estimated data by the model based on Janssen’s approach; &, estimated data by the model including Walker’s improvements.

Fig. 4. Wall yield loci (t vs. s) for the different materials tested: K, ————,

Alumina A0; ’, - - - -, Alumina A5; m, —— - -, Alumina A6; ~,— — —, Ballotini.

Symbols are experimental point, lines come from linear regression.
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is likely, therefore, that a passive state of stresses sets up during
the experiments, probably due to the centrifugal action of the
impeller, which drew material from the bed axis. In the following
analysis, all the other results presented will refer to the hypoth-
esis that a passive state was setting up within the bed.

The second step in this work was a more accurate evaluation
of the stress state in the msFBR. Fig. 6 shows a comparison
between experimental values and predicted results by the model
based on Janssen’s hypothesis and the model adopting Walker’s
improvements. Fig. 6 reveals that the estimated torques by the
latter model are slightly lower than those obtained by the former.
This can be somehow explained by observing the construction of
Mohr’s circles at the wall and at the center of the bed for passive
state, showed in Fig. 7 according to Walters (1973). Taking into
account that the axial and the radial directions are principal
directions at the axis of the bed, the applied stresses on the
shearing surface, developed by the rotation of paddles of the
impeller around the bed axis, are therefore lower than the
stresses calculated by the first model, which considers normal
and radial stresses as principal and uniform over the bed cross
section.

On the other hand, torques estimated by the model assuming
the Walker improvements for glass ballotini show a better
agreement than the first model with the experimental results.

5.1. Sensitivity analysis on wall failure properties

The wall friction measurements were made on a similar
material, but not the same used for the construction of the msFBR
walls. Furthermore, wall shear stress measurement may bear
large differences between the measurement conditions and the
process operating conditions. In fact, these differences are still a
subject of scientific debate. These considerations suggest a certain
care in the use of the measured valued of the wall friction angle.
In order to evaluate the relevance of a correct estimation of the
angle of wall friction on the torque predictions, a sensitivity
analysis of the angle of wall friction was performed, considering
variations of fw between 720%. These variations produce varia-
tions of the predicted torques between about �17% and 20% for
Alumina samples and between about �10.5% and 12% for glass
ballotini. The less significant changes of the predicted torques for
glass ballotini are probably due to the lower relative weight of the
wall friction as a consequence of the greater density of this
experimental material, which implies higher stresses inside the
bulk solids, and the lower value of the measured angle of wall
friction. More in general, these results confirms that the uncer-
tainty in the correct evaluation of the wall friction coefficient
determine a similar uncertainty in the final model results. There-
fore, the large differences between experimental and predicted
torques for the Alumina powders could be attributed to an



Fig. 5. Comparison between experimental and estimated torques values T vs. impeller depth zn for different values of DP/DPc (symbols in Table 2). The model is based on

the simple Janssen’s approach. Filled symbols, experimental data. Hollow symbols and lines, predicted data: ————, passive state; - - - -, active state.

Fig. 6. Comparison between experiments and estimated torques values T vs. impeller depth zn for different values of DP/DPc (symbols in Table 2). Filled symbols,

experimental data. Hollow symbols and lines, predicted data: ————, model based on Janssen’s approach; - - - -, model including Walker’s improvements.
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incorrect estimate of the wall friction angle, unrepresentative of
the powder condition at the wall in the msFBR. This interpreta-
tion would be further confirmed by the better agreement for the
ballotini sample. In this case, in fact, the lower value of the
friction coefficient reduces its weight in the prediction of the
torques.
5.2. Estimation of the flow properties with the msFBR

The ease of use of the msFBR may suggest its application the
evaluation of the failure and flow properties of powders at low
consolidation stress. Aeration, in fact, can be used to reduce the
consolidation stress. In order to evaluate the powder flow
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properties starting from torque measurements made at known
depths and aeration levels, it was necessary to develop an inverse
procedure able to estimate the effective angle of internal friction
and the angle of wall friction.

To this purpose, the effective angle of internal friction was
assumed as a constant parameter, to be determined, for each aeration
rate tested. In fact, the upward gas flow exerts a drag force, opposed
to gravity, which reduces the magnitude of the stresses inside the
bed. Furthermore, the drag forces due to the gas flow increase as the
aeration level increases and correspondingly increases the stress state
Fig. 7. Stress analysis according to Walker’s improvements (Walters, 1973). At the

container axis sr and (sz)a are principal stresses. sr is constant in the cross section

and at the wall it is the normal stress that defines the point on the wall yield locus

(WYL) representative of the wall stress. This point and the Mohr–Coulomb

condition of tangency of the effective yield locus (EYL) define the Mohr’s circle

representative of the material stress state at the wall.

Fig. 8. Comparison between experiments and estimated torques values T vs. impell

experimental data. Hollow symbols and lines, regression of model when d and of fw a

including Walker’s improvements.
reduction. Since aeration does not affect the rheology of powders
(Klein et al., 2003; Johanson and Barletta, 2004; Barletta et al., 2007),
it is reasonable to associate at each aeration rate, defined by the ratio
DP/DPc, a certain compaction condition of the powder in msFBR
which, in turn, may affect the effective angle of internal friction.

According to these hypotheses, constant values of d and K were
assumed for every aeration level and Eqs. (1) and (12) were solved
analytically. This allowed to evaluate the stress distribution along
the depth of the bed according to the Janssen approach (Bruni
et al., 2007a):

szðz
nÞ ¼
ðrbg�ðdP=dzÞÞD

4mwK
1�exp �

4mwK

D
zn

� �� �

following Janssen’s approach ð22Þ

or according to the Walker improvements:

szðz
nÞ ¼

rbg�ðdP=dzÞ
� �

D

4mwKWD
1�exp �

4mwKWD
D

zn
� �� �

including Walker’s improvements ð23Þ

where mw is the wall friction coefficient (mw¼tan fw).
Using Eqs. (22) and (23) in Eqs. (9), (10), (20) and (21), finite

solutions for integrals (6) and (7) can be obtained to calculate
torque values for the two models. Applying a regression proce-
dure between each model and the experiments, it was possible to
estimate with each of the two model the angle of wall friction fW,
for each experimental material, and the effective angle of internal
friction d, for each material and aeration rate. The model results
obtained with this procedure are given in Fig. 8, which shows the
good level of approximation between model and experiments if
both the value of d and of fw are left free to change.

Corresponding values of d estimated by the two models
reported in Fig. 3 and can be compared with those measured
with the annular shear cell. For each aeration level, the consolida-
tion level was assumed corresponding to the major principal
stress acting at the characteristic depth zc of the stress state,
er depth zn for different values of DP/DPc (symbols in Table 2). Filled symbols,

re left free to change: ————, model based on Janssen’s approach; - - - -, model
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which governs the rate of approach to the asymptotic values of
torques. Considering Eqs. (22) and (23), it is defined as

zc ¼
D

4mwK
according to Janssen ð24Þ

zc ¼
D

4mwDKw
including to Walker’s improvements ð25Þ

Fig. 3 reveals a good match between experimental and estimated
data, in particular for Alumina A0 and Ballotini, reporting sig-
nificant changes only for Alumina A5 and A6 within the low
consolidation stress range.

The estimated values of the angle of wall friction fW are
reported in the last two columns of Table 1, countersigned by (a),
when predicted by the model considering only the Janssen
assumptions (Bruni et al., 2007a), and by (b), when calculated
including the Walker improvements. Comparison in Table 1 of the
values of fw measured with a Jenike tester with those obtained
from the msFBR does not show the same consistency as the angle
d. In particular it is apparent that the msFBR technique tends to
underestimate this data for alumina samples and to overestimate
it for ballotini powder. It has to be recalled, however, that the
measurement conditions of the wall friction angle in shear testers
can differs significantly from the real process operating conditions
on the powder and that it was not possible to evaluate the wall
shear stress on exactly the same material of the msFBR walls. For
this reason, values measured with the Jenike shear tester, could
not be representative of the same conditions of the bulk solid at
the msFBR wall. Furthermore, for glass ballotini, visual observa-
tions during wall friction measurement revealed particle rolling,
which may not occur at the msFBR wall.
6. Conclusions

Two mathematical models, based on the Janssen approach to
evaluate stresses in powder containers, allowed to relate the
torque measurements carried out in a mechanically stirred
Fluidized Bed Rheometer (msFBR) below the minimum for flui-
dization to the flow properties of the powder used and measured
with standardized powder flow tester. The more accurate analysis
performed by Walker (1966) and Walters (1973) does not
introduce significant improvements in the evaluation of the stress
distribution and in the prediction of the torque in the msFBR. Both
models suggest that the hypothesis of a passive state of stresses in
the material better predicts the torque profiles than the active
state of stress, for all the powders and aeration rates tested.

A procedure for the inverse application of the model was
developed and applied to estimate the powder flow properties
starting from msFBR data. The results of the application of this
procedure are good in terms of the effective angle of powder
internal friction. Discrepancy with the wall friction angle suggest
further studies, however the use of this apparatus and this
procedure to evaluate powder flow properties is promising for
the ability of the system to explore powder flow at very low
consolidation states.
Nomenclature

A msFBR cross-section area (m2)
c parameter in Eqs. (16) and (17) (dimensionless)
d impeller size and diameter of the shearing cylinder

around the impeller (m)
D msFBR diameter (m)
D Walker’s distribution factor (dimensionless)
dp mean particle diameter (m)
EYL effective yield locus
F25 size fractiono25 mm (wt%)
F45 size fractiono45 mm (wt%)
g acceleration due to gravity (m s�2)
h impeller height and height of the shearing cylinder

around the impeller (m)
K ratio between the radial and the axial normal stress

(dimensionless)
KW ratio between the radial and the axial normal stress at

the wall (dimensionless)
M mass of powder in the bed (kg)
p center of the Mohr circle (Fig. 7)
P gas pressure (Pa)
r radial coordinate in the msFBR (m)
T torque (N m)
Tdown torque acting on the lower surface of the shearing

cylinder (N m)
Tlateral torque acting on the lateral surface of the shearing

cylinder (N m)
Tup torque acting on the upper surface of the shearing

cylinder (N m)
WYL wall yield locus
z depth in the msFBR (m)
zc characteristic depth of the stress state (m)
zn impeller depth (m)

Greek letters

_g shear rate (s�1)
_gn dimensionless shear rate (dimensionless)
d effective angle of internal friction (deg.)
DP pressure drop across the bed (Pa)
DPc calculated pressure drop when full support is

achieved (Pa)
y angular coordinate in the msFBR (deg.)
k active/passive state parameter (dimensionless)
mw wall friction coefficient (dimensionless)
rb bulk density (kg m�3)
rp particle density (kg m�3)
s normal stress (Pa)
s1 major principal stress (Pa)
sr normal stress in the radial direction (Pa)
(sr)w normal stress at the wall in the radial direction (Pa)
sz normal stress in the z direction (Pa)
(sz)a normal stress at the axis of the msFBR in the z

direction (Pa)
(sz)w normal stress at the wall in the z direction (Pa)
sz mean normal stress in the z direction on the cross

section of the msFBR (Pa)
t shear stress (Pa)
try horizontal shear stress on the lateral surfaces of the

shearing cylinder (Pa)
tw wall shear stress (Pa)
tzy tangential shear stress on the horizontal surfaces of the

shearing cylinder (Pa)
fw angle of wall friction (deg.)
o parameter in Eqs. (14) and (15) (deg.)
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