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(Communicated by D. Zubrinic)

Abstract. This paper is concerning with the study of a class of weight functions and their prop-
erties. As an application, we prove some a priori bounds for a class of uniformly elliptic second
order linear differential operators in weighted Sobolev spaces.

1. Introduction

Let Q be an open subset of R” (not necessarily bounded), n > 3. Assign in Q
the uniformly elliptic second order linear differential operator

9
ljzla” 8xl8x, Z‘alg_xi—i_a' (-0

The aim of this paper is to investigate about a new class of weight functions (in-
troduced in [15]) and to obtain some a priori estimates for the operator L in weighted
Sobolev spaces.

In particular, we are interested in the study of the functions m : Q — R, such that

sup mx) < oo, (1.2)

with d € R . Typical examples of such functions are:
mx) =P, mx) =1+, xeQreR.
Then we study the multiplication operator
u— gu (1.3)

defined in a weighted Sobolev space and which takes values in a weighted Lebesgue
space. We give conditions on g and Q so that the operator defined by (1.3) is bounded
and other ones in order to get its compactness.
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As an application, we obtain some a priori estimates for the operator L. We recall
that when Q is bounded, the problem of determining a priori bounds has been inves-
tigated by several authors under various hypotheses on the leading coefficients. It is
worth to mention the results proved in [10], [7], [8], [16], [17], where the coefficients
a;; are required to be discontinuous. If the open set L is unbounded, a priori bounds
are established in [12], [2] with analogous assumptions to those required in [10], while
in [6], [3], [4], under similar hypotheses asked in [7], [8], the above estimates are ob-
tained. In this paper, we extend some results of [7], [8] to a weighted case.

Actually, assuming that the coefficients a;; are locally VMO and “close” at in-
finity to certain functions e;; of class VMO, and supposing that the lower — order
coefficients verify suitable regularity hypotheses and have a certain behaviour at the
infinity, we get the following a priori bound:

l4llyy2.r ) < C<|L”|L§’(Q) + |”|LI’(QI)> VueWP(@Qnw P (Q),

where s € R, Q is sufficiently regular, w2P (Q), W Lp (Q) and LY (Q) are weighted
Sobolev spaces in which the weight functions verify (1.2), ¢ € R} is independent of u,
and € is a bounded open subset of Q.

As a consequence of the above estimate we can say that the operator L has closed
range and finite — dimensional kernel.

We wish to stress that an analogous estimate has been obtained in [5], in a different
situation. Indeed, in [5] the open set € has singular boundary and the coefficients of
the operator L are singular near a subset of Q. Hence, in [5] the weight function goes
to zero on such subset of dQ and then also the weighted Sobolev spaces are different
with respect to those considered in this paper.

2. Notation and function spaces

Let G be any Lebesgue measurable subset of R” and X(G) the collection of all
Lebesgue measurable subsets of G. Let F € £(G) and |F| denote the Lebesgue mea-
sure of F'. Let xr be the characteristic function of F and ©(F) the class of restric-
tions to F of functions { € C7(R") with FNsupp{ C F. If X(F) is a space of
functions defined on F, Xj,.(F) denotes the class of all functions g : F — R such
that {g € X(F) for any { € ©(F). Finally, for any x € R” and r € R;, we put
B(x,r) ={yeR": |y—x| <r}, B,=B(0,r) and F(x,r) = F NB(x,r). We now re-
call the definitions of the function spaces in which the coefficients of the operator are
chosen. Indeed, if €2 has the property

|Q(x,r)| = AF" VxeQ, Vrel0,1], (2.1

where A is a positive constant independent of x and r, then we can consider the space
BMO(Q,7) (7 € Ry) of functions g € Lj () such that

= su - < oo,
[glamo(a.r) X]eog] o) g ]éz W)g\
re|0,7]
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with

g=lon " [ e
]{2(}6,}") Q(x,r)
If g € BMO(Q) =BMO(Q,14), and

r 1
Tp=sups TER; : sup ———— < =,
: p{ R R TE A}

rel0,1]

we say that g € VMO(Q) if [g]gmo(q,r) — 0 for T — 0T A function

nlg):10,1] — Ry

is called a modulus of continuity of g in VMO(Q) if

[8lsmo(a,r < lgl(7) VT €l0,1],  lim nlg)(7) =0.

T—0*t

For ¢ € [1,+oo[ and A € [0,n], M"*(Q) denotes the set of all functions g in L} (Q)
endowed with the following norm:

Igllpra () = sup r Mgl @) < +oo (22)
rel0,1
xeQ

Then we define M"*(Q) as the closure of L=(Q) in M"*(Q) and M (Q) as the
closure of C(Q) in M"*(Q). In particular, we put M'(Q) = M"°(Q), M'(Q) =
M (Q) and M (Q) = M5°(Q). Recall that for a function g € M"*(Q) the following
characterization holds:

geMM(Q) — lim py(7) =0 (2.3)
7—0
where
pg(T) = sup HXEgHMM(Q) , TERL.
EeX(Q)

sup,cq |E(x1)|<T

Thus the modulus of continuity of g € M"*(Q) is a function

6lgl:10,1] — R

such that
po(7) < 6lgl(0) Ve o.1],  lim 5gl(x) =o0.
Furthermore, if g € M**(Q) then
geMM(Q) — 11_1}%1 (Pe(D) +[1(1 = 108l ) = O (2.4)

where {., r € Ry, is a function in C(R") such that

0<E <1, Cr|3, =1, supp{, C By,
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Thus the modulus of continuity of g € M (Q) is a function
Oo[g] :]0,1] — R+
such that

Pe(T) + (1= Giy0)gllyra () < oolgl(r) VT €]0,1], lim oo[g(7) = 0.

T—0*t

A more detailed account of properties of the above defined function spaces can be found
in [11], [13] and [14].

3. Weight functions

Let Q be an open subset of R”, d € Ry and G,4(2) the set of all measurable
functions m : Q — R, such that

sup 2V oo, 3.1)

It is easy to verify that m € G,(Q) if and only if there exists ¥ € R such that
Y m(y) <m(x) < ym(y) VyeQ, VxeQ(yd), (3:2)

where y € Ry is independent of x and y.
Hence from (3.2) we get

m,m~ €Ly (Q). (3.3)
Let G(Q) be the class of weight functions defined as follows:

G(Q) = |J GiQ).
deR

Hence, if m € G(Q) then:
m’ € G(Q), Am e G(Q) Vs e R, VA e R,

LEMMA 3.1. Let m be a positive function defined on Q. If logm € Lip(Q) then
me G(Q).
Proof. By the hypothesis, there is a constant L € R such that for each x,y € Q
[logm(x) —logm(y)| < L|x—y]. (3.4)
For x,y € Q such that [x—y| < d (d € Ry), from (3.4) we have

log@‘gm Yy eQ, VxeQ(yd),
m(y)

and then the claimed implication. [J
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Examples of functions in G(€2) are:
mx) =P, mx) =1+, xeQreR.

LEMMA 3.2. If m € G(Q) and Q has the cone property, then there exists a func-

tion ¢ € G(Q)NC=(Q) such that

cm(x) < o(x) <com(x) VxeQ, (3.5)
[0%0(x)|

sup ———— <+ Vo e Nj, 3.6

AT ° 0

where c1,co € Ry are dependent only on n,Q,m.

Proof. Since m € G(Q) then there exists a positive number d such that m €
G4(Q). Assume g € C(R") such that

8§20, g, =1, suppg C B,

(ST}

and

G:xEQ—>/Qm(y)g<)%>dy.

Since
_ x—y
o(x)= /Q(x,d) m(y)g( 7 )dy Vx e Q,

using (3.2), it follows (3.5). Thus 6 € G4(Q).
Again by (3.2), for all a € Njj and x € Q, we have:
20| < ymd e [ [0 (Z2)|dy < exmi),
Q(x,d) d
where ¢3 depends on n,Q,m, o, and then (3.6) follows. [

LEMMA 3.3. If Q has the property that there are ry € Ry and xo € Q\B,, such
that for every x € Q\B,, Xxg C Q, then for any m € G(Q) and for every x € Q,

1 -
cy e el « m(x) < coecm,

where ¢ and cy depend only on n, Q and m.

Proof. Fix x € Q. If x € Q\B,, then Xxy C Q and by Lagrange’s theorem, using
(3.6), we have
logo(x) —logo(xo)| < clx —xol, (3.7)
where ¢ € Ry depends on n,Q,m. So, by an easy computation via (3.2), we have the
result. Otherwise, if x € QN B,,, the result is obtained by (3.3). [
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If me G(Q), keNy, 1 < p<+e and s € R, let Wyk’p(Q) be the space of
distributions u on Q such that m*d%u € LP(Q) for || < k, equipped with the norm

lllyry = 2 Im*0%ulliray- (3.8)

lorf <k

Moreover, denote by Wk (Q) the closure of C2(Q) in WXP(Q) and put W7 (Q) =
LE(Q).

From (3.6), by induction, we can deduce the following property of the function o
defined in Lemma 3.2:

O ~S
sup M < +o  Va e N, Vs e R. (3.9)
x€Q Gs(x)

Now, by (3.9), we can easily deduce the following.

LEMMA 3.4. Let k € Ny, 1 < p < o0 and s € R. If Q has the cone property,
m € G(Q) and o is the function defined in Lemma 3.2, then the map

u— oc'u

defines a topological isomorphism from Wy" (Q) to WhP(Q) and from W kp (Q) 1o
W kP (Q).

A more detailed account of properties of the above defined spaces can be found,
for instance, in [15].

4. Some embedding results

Let m be a function of class G(Q). We consider the following condition:

(hop) € has the cone property, p €]1,+eo[,s € R,k,t are numbers such that:
keN, t}p,t}%,t>p if p:%,gEMI(Q).
By Theorem 3.1 of [9] we easily obtain the following.

THEOREM 4.1. If the assumption (ho) holds, then for any u € We'"(Q) we have
guc LY (Q) and

with ¢ dependent only on Q,n,k,p and t.

COROLLARY 4.2. If the assumption (ho) holds and g € M'(Q), then for any
€ € Ry there exists a constant c(€) € R such that

lgullup(y < llullygn gy +c(E)llul gy Vi € WEP(Q), (42)

where c(€) depends only on €,Q,n.k,p,t,6(g].
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Proof. Fix € >0 and let ¢ be the constantin (4.1). Since g € M'(Q), then there
exists ge € L™(Q) such that [|g — gel|yr () < £ By Theorem 4.1
c

lgullzr o) < cllg = gellwr @lullyr ) + [18ell=@ ll#llz (o)
for any u in wkrp (), and then the result follows. [

COROLLARY 4.3. If the assumption (hy) holds and g € M. (Q), then for any
€ € Ry there exist a constant ¢(€) € Ry and a bounded open subset Qp CC Q with
the cone property such that

lgullip@y < ellullyto g + (Ol iy Y€ WEP(Q), (43)

where c(€) and Q¢ depend only on €,Q,n,k,p,m,s,t,0o|g].

Proof. Fix € >0 and let ¢ be the constant in (4.1). Since g € M’ (Q), there exists
€

ge € C2'(Q) such that |[g — gel[yr(q) < —. Let Q¢ be a bounded open subset of €,
c

with the cone property, such that supp g- C Q¢, hence by Theorem 4.1 and (3.3), it
follows that

lgullepa) < cllg = gellur@llullyrr ) + llgeullrr )

ellullyrr )+ llgem’l|i=(oe[ullr () (4.4)

NN

for any u in wkp (), and then we have the result. [

THEOREM 4.4. If the assumption (hy) holds and g € M'(Q), then the operator
ue WhP(Q) — gue LP(Q) (4.5)

is compact.

Proof. Let (un)nen be a sequence of functions which weakly converges to zero in
WP (Q). Therefore there exists b € R such that |[u,| | whr @ S b forevery n € N.

For € > 0, from Corollary 4.3, there exist ¢(¢) € Ry and a bounded open subset
Q. CC Q with the cone property such that

€
l18tallzp (@) < 3 llunllyrr ) +c(@llinllir @) Vn €N (4.6)

Since W7 (Q) € W*P(Q,), we obtain the result from a well-known compact embed-
ding theorem. [l
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5. A priori estimates

Assume that Q is an unbounded open subset of R”,n > 3, with the uniform C!!-
regularity property, p €]1,+oco] and s € R.
Consider in € the differential operator

n

L:_Z zja 8 +Zal -Ta, (5.1

i,j=1 Xi
with the following conditions on the coefficients:
aij = aji € L (Q)NVMO}5c(Q), i,j=1,....n,

n
(hl) Jv>0 : Zai./§i§j>v|§\2 a.e. in Q,VéeR",
ij=1

there exist functions e;;, i,j=1,...,n, g and p € R such that
eijzejiEL'x’(Q)ﬂVMO(Q)7 i,j=1,...,n
Eeij§i§j>u\§|2 a.e. in Q, VéGRn7

(h2) ij=1
gEeL™(Q), rET Z Hetj gaszL"" (Q\B,) = =0,
=1
(h3) aeM(Q),i=1,....n, acM?*(Q),
where

t1>p7 t1>n7 n>p lfp:n?
B 2 p, 1‘221’1/2, Lh>p lfp:n/z

Under assumptions (1) - (h3), by Theorem 4.1, the operator L : Wy?(Q) —
LY (Q) is bounded.
Let
n 62
L() = — 2 a,lm

ij=1

THEOREM 5.1. Suppose that assumptions (hy),(hy) and (h3) hold. Then there
exist ry, ¢ € Ry such that:

2y < (1Ll +llellp) ¥ ue WEP@NW L2(@),

where ¢ depends only on n, p, t|, t, Q, v, U, Q)
N[&rpaij], nleij], olail, clal, m, s, and ro depends only on n, p, Q, W, |leij||1=(q)
nleij]-
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Proof. Let u € Wi (Q)n W +7(Q). By Lemma 3.4 we have that
U e WP (Q)NW 1P(Q).
Then, by Theorem 3.1 of [3], there exist ry and c¢p € Ry such that
||l lw2.p () < co (IILo(GSu)Ime) + |O_S”|LP(Q)>7 (5.2)

where ¢y depends on n, p, Q, v, u, |aij|li=q), lleijlli=@)- lglli=@),NCraijl,
nleij], and ro dependson n, p, Q, u, |le;j|[i=(q). Nleij]. Since

n n
Lo(c*u) = 0°Lu—s(s — 1)(5“'72 2 @;jOx; Ox ;U — 250%! 2 @;jOx; Uy,

ij=1 i,j=1
n n
—so* ! Z ajjOyx;u — C° Z ajuy, — o’au, (5.3)
ij=1 ' i=
from (5.2) and (5.3) we have
o ullw2rq) < c1(|lo°Lullrq) +|10°ul|r(q) (5.4)

n n
+ Z HGS_zcxtijuHLp(Q)“r Z HGS_lGXiux_/HLP(Q)
ij=1 i,j=1

n n
+ 2 \|GS7IGx,-x_,-”HLP(Q)+ 2 HG'Yai”x,-HLP(Q)‘f'HG'YWHLP(Q))?
=1 i=1

where c; depends on the same parameters as co and on s.

By Theorem 4.7 of [1], forall i = 1,...,n we have:

L L
gy < 2 il 1y + ol ) 5.5

where ¢, dependson Q, m, n, p.
Moreover, from Corollary 4.2, for any € € Ry and i = 1,...,n there exist ¢ (€),
c2(€) € Ry such that:

lait Lz @ < elllly2r g + 1)l iz gy (5.6)
lallp @ < eluly 2y +e2(€)lellzy. 5.7)

where ¢|(¢g) dependson €, Q, n, p, 11, o [a;] and cy(€) dependson €, Q, n, p, ta,

o ld].
From (5.4)—(5.7), Lemma 3.2 and Lemma 3.4, it follows

iy 2oy < €312l gy + it oy + €l 2o gy (5.8)

+es(e )(HuxxHLp Hu\le ) lllz))
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where ¢z depends on the same parameters as ¢y and on s,m, and c3(€) depends on &,
Q’ n, P7 tl? t27 o [ai]7 o [a]

For € = ﬁ , from (5.8) we have

1 1
el < s (lLllziay + lellziay + el i) 59
where ¢, depends on the same parameters as c3 and on 71,1, 6 [a;], 0 [a].

Using Young’s inequality and (5.9), we get the result. [

Add the following assumptions on the coefficients of L and on the weight function:
(€ij)x, € MS"N(Q), withr€)2,n], i,j,h=1,...,n,

a MY (Q), i=1,...n,

(ha) a=d +b,d € M?(Q),bc L7(Q), by = essinfab > 0,

go =essinfog >0,

Oy + Oxx

x| —-o0 (o

where #; and 7, are defined as in (h3).

THEOREM 5.2. Suppose that assumptions (hy),(hy) and (hy) hold. Then there
are a real positive number ¢ and a bounded open Q1 CC Q with the cone property
such that:

lullyy2.r () < C<|LM|L§?(Q) + |u|Ll’(Ql)> Vue WP (@Qnw ;P (Q),

where ¢ and € are dependent only on n, p, Q, v, U, go, bo, t, t;, t, m, s,
laijl|=)> lleijlli=@)> llgll=@), [Ibll=), NlCryaijl, ool(eij)x], ovlail, oola].

Proof. Let u € WP (Q)N W 1P(Q). By Lemma 3.4 we have that

oue WA (Q)NW (Q).

Applying Theorem 3.3 of [4] to the operator Ly + b, we have that there exist a real
number ¢o € R4 and an open bounded subset €y C € with the cone property such that

IGWMmm<m0Wﬁmehmwﬂfwmm)

where ¢ and Qo are dependenton n, p, Q, v, [, g0, bo, 1, |laijl|r=() lleijl|1=q)
l1gllz=(@) > [Ibll=(c)> Nl&ryaijl, Ool(eij)x], and ro dependson n, p, Q. u, go, bo, t,
lleijl|=() > l1gllz=()» 1|Pl]z=)> Ool(eij)x]-
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Proceeding as in the proof of Theorem 5.1, we have

n
llly2r(q) < c1([1Lull ) + 1l |+ X, 110° 72040 ullr(q)
: i=1

n n
+ Z HO'S_IO'XI.MXI.HU;(Q)—I— Z Hgs_lo-xixj”HLP(Q)
ij=1 i,j=1

+ 2 HaiuxiHL_f(Q)—"Ha uHLf(Q))v (5.10)
i=1

where ¢ depends on the same parameters as ¢y and on m,s.

From Corollary 4.3 and (1.6) of [11] it follows that for any € € R} and i,j =
1,...,n thereexist c;(€),c2(€),c3(g) € Ry and some bounded open subsets Q;(g) CC
Q, U(e) CC Q, Q3(e) CC Q with the cone property such that

HGS*sz,-Gx,»MHLP(Q) < SHMHMZ‘;J(Q) +er(@)ullr@e) » (5.11)
HGS_IGXI'MXJ‘HU’(Q) < gHuHWYZI’(Q) +62(8)HuxjHLP(QZ(£)) , (5.12)
HGS_lGXiX_,‘uHLP(Q) < SHMHW}I’(Q) +C3(£)||”HU’(Q3(£)) ’ (5.13)

where c1(€), ca2(€), c3(€), Qi(€), Qo(e), Q3(e) are dependenton €, Q, n, p, m,
s.

Using again Corollary 4.3 and Theorem 4.7 of [1] we have that there exist c4(€),
¢5(€) € Ry and bounded open sets Q4(g) CC Q, Qs5(e) CC Q with the cone property
such that:

it 2y < ellil oy + (8 lrca e (5.14)

1 1
< SHMHW}P(Q) +04(8)(|‘uxx‘|ZI’(Q4(5))|‘u|‘zf’(g4(8)) + HMHL”(.Q4(S))) )

la ullppq) < fHungm(Q) +es(e)ullzr s e)) » (5.15)

where c4(€) and Qq4(€) dependon €, Q, n, p, m, s, t, 0p[ai], and cs(€) and Qs(¢)
dependon €, Q, n, p, m, s, 1z, opld’].
From (5.10)—(5.15) and Young’s inequality we have the result. [J
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