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Abstract. This paper is concerning with the study of a class of weight functions and their prop-
erties. As an application, we prove some a priori bounds for a class of uniformly elliptic second
order linear differential operators in weighted Sobolev spaces.

1. Introduction

Let Ω be an open subset of R
n (not necessarily bounded), n � 3. Assign in Ω

the uniformly elliptic second order linear differential operator

L = −
n

∑
i, j=1

ai j
∂ 2

∂xi ∂x j
+

n

∑
i=1

ai
∂

∂xi
+a. (1.1)

The aim of this paper is to investigate about a new class of weight functions (in-
troduced in [15]) and to obtain some a priori estimates for the operator L in weighted
Sobolev spaces.

In particular, we are interested in the study of the functions m : Ω → R+ such that

sup
x,y∈Ω
|x−y|<d

m(x)
m(y)

< +∞, (1.2)

with d ∈ R+ . Typical examples of such functions are:

m(x) = et|x| , m(x) = (1+ |x|2)t , x ∈ Ω, t ∈ R.

Then we study the multiplication operator

u → gu (1.3)

defined in a weighted Sobolev space and which takes values in a weighted Lebesgue
space. We give conditions on g and Ω so that the operator defined by (1.3) is bounded
and other ones in order to get its compactness.
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As an application, we obtain some a priori estimates for the operator L . We recall
that when Ω is bounded, the problem of determining a priori bounds has been inves-
tigated by several authors under various hypotheses on the leading coefficients. It is
worth to mention the results proved in [10], [7], [8], [16], [17], where the coefficients
ai j are required to be discontinuous. If the open set Ω is unbounded, a priori bounds
are established in [12], [2] with analogous assumptions to those required in [10], while
in [6], [3], [4], under similar hypotheses asked in [7], [8], the above estimates are ob-
tained. In this paper, we extend some results of [7], [8] to a weighted case.

Actually, assuming that the coefficients ai j are locally VMO and “close” at in-
finity to certain functions ei j of class VMO , and supposing that the lower – order
coefficients verify suitable regularity hypotheses and have a certain behaviour at the
infinity, we get the following a priori bound:

||u||
W2,p

s (Ω) � c

(
||Lu||Lp

s (Ω) + ||u||Lp(Ω1)

)
∀ u ∈W 2,p

s (Ω)∩ ◦
W 1,p

s (Ω),

where s ∈ R, Ω is sufficiently regular, W 2,p
s (Ω),

◦
W

1,p
s (Ω) and Lp

s (Ω) are weighted
Sobolev spaces in which the weight functions verify (1.2), c ∈ R+ is independent of u ,
and Ω1 is a bounded open subset of Ω .

As a consequence of the above estimate we can say that the operator L has closed
range and finite – dimensional kernel.

We wish to stress that an analogous estimate has been obtained in [5], in a different
situation. Indeed, in [5] the open set Ω has singular boundary and the coefficients of
the operator L are singular near a subset of ∂Ω . Hence, in [5] the weight function goes
to zero on such subset of ∂Ω and then also the weighted Sobolev spaces are different
with respect to those considered in this paper.

2. Notation and function spaces

Let G be any Lebesgue measurable subset of R
n and Σ(G) the collection of all

Lebesgue measurable subsets of G . Let F ∈ Σ(G) and |F| denote the Lebesgue mea-
sure of F . Let χF be the characteristic function of F and D(F) the class of restric-
tions to F of functions ζ ∈ C∞◦ (Rn) with F ∩ suppζ ⊆ F . If X(F) is a space of
functions defined on F , Xloc(F) denotes the class of all functions g : F → R such
that ζ g ∈ X(F) for any ζ ∈ D(F) . Finally, for any x ∈ R

n and r ∈ R+ , we put
B(x,r) = {y ∈ R

n : |y− x| < r} , Br = B(0,r) and F(x,r) = F ∩B(x,r). We now re-
call the definitions of the function spaces in which the coefficients of the operator are
chosen. Indeed, if Ω has the property

|Ω(x,r)| � Arn ∀x ∈ Ω , ∀r ∈ ]0,1], (2.1)

where A is a positive constant independent of x and r , then we can consider the space
BMO(Ω,τ) (τ ∈ R+ ) of functions g ∈ L1

loc(Ω) such that

[g]BMO(Ω,τ) = sup
x∈Ω

r∈]0,τ]

–
∫

Ω(x,r)
|g− –

∫
Ω(x,r)

g|< +∞ ,
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with
–
∫

Ω(x,r)
g = |Ω(x,r)|−1

∫
Ω(x,r)

g.

If g ∈ BMO(Ω) = BMO(Ω,τA) , and

τA = sup

{
τ ∈ R+ : sup

x∈Ω
r∈]0,τ]

rn

|Ω(x,r)| � 1
A

}
,

we say that g ∈VMO(Ω) if [g]BMO(Ω,τ) → 0 for τ → 0+ . A function

η [g] : ]0,1] −→ R+

is called a modulus of continuity of g in VMO(Ω) if

[g]BMO(Ω,τ) � η [g](τ) ∀τ ∈]0,1] , lim
τ→0+

η [g](τ) = 0 .

For t ∈ [1,+∞[ and λ ∈ [0,n[ , Mt,λ (Ω) denotes the set of all functions g in Lt
loc(Ω)

endowed with the following norm:

||g||Mt,λ (Ω) = sup
r∈]0,1]
x∈Ω

r−λ/t ||g||Lt(Ω(x,r)) < +∞. (2.2)

Then we define M̃t,λ (Ω) as the closure of L∞(Ω) in Mt,λ (Ω) and Mt,λ◦ (Ω) as the
closure of C∞◦ (Ω) in Mt,λ (Ω) . In particular, we put Mt(Ω) = Mt,0(Ω) , M̃t(Ω) =
M̃t,0(Ω) and Mt◦(Ω) = Mt,0◦ (Ω) . Recall that for a function g ∈ Mt,λ (Ω) the following
characterization holds:

g ∈ M̃t,λ (Ω) ⇐⇒ lim
τ→0+

pg(τ) = 0 (2.3)

where
pg(τ) = sup

E∈Σ(Ω)
supx∈Ω |E(x,1)|�τ

||χEg||Mt,λ (Ω) , τ ∈ R+ .

Thus the modulus of continuity of g ∈ M̃t,λ (Ω) is a function

σ̃ [g] : ]0,1] −→ R+

such that
pg(τ) � σ̃ [g](τ) ∀τ ∈ ]0,1] , lim

τ→0+
σ̃ [g](τ) = 0 .

Furthermore, if g ∈ Mt,λ (Ω) then

g ∈ Mt,λ
◦ (Ω) ⇐⇒ lim

τ→0+

(
pg(τ)+ ||(1− ζ1/τ)g||Mt,λ (Ω)

)
= 0 (2.4)

where ζr , r ∈ R+ , is a function in C∞◦ (Rn) such that

0 � ζr � 1, ζr|Br
= 1, suppζr ⊂ B2r.
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Thus the modulus of continuity of g ∈ Mt,λ◦ (Ω) is a function

σ◦[g] : ]0,1] −→ R+

such that

pg(τ)+ ||(1− ζ1/τ)g||Mt,λ (Ω) � σ◦[g](τ) ∀τ ∈]0,1], lim
τ→0+

σ◦[g](τ) = 0.

A more detailed account of properties of the above defined function spaces can be found
in [11], [13] and [14].

3. Weight functions

Let Ω be an open subset of R
n , d ∈ R+ and Gd(Ω) the set of all measurable

functions m : Ω → R+ such that

sup
x,y∈Ω
|x−y|<d

m(x)
m(y)

< +∞. (3.1)

It is easy to verify that m ∈ Gd(Ω) if and only if there exists γ ∈ R+ such that

γ−1 m(y) � m(x) � γ m(y) ∀y ∈ Ω , ∀x ∈ Ω(y,d) , (3.2)

where γ ∈ R+ is independent of x and y .
Hence from (3.2) we get

m , m−1 ∈ L∞
loc(Ω). (3.3)

Let G(Ω) be the class of weight functions defined as follows:

G(Ω) =
⋃

d∈R+

Gd(Ω).

Hence, if m ∈ G(Ω) then:

ms ∈ G(Ω), λm ∈ G(Ω) ∀s ∈ R, ∀λ ∈ R+.

LEMMA 3.1. Let m be a positive function defined on Ω . If logm ∈ Lip(Ω) then
m ∈ G(Ω) .

Proof. By the hypothesis, there is a constant L ∈ R+ such that for each x,y ∈ Ω

|logm(x)− logm(y)| � L|x− y|. (3.4)

For x,y ∈ Ω such that |x− y|< d (d ∈ R+) , from (3.4) we have∣∣∣∣log
m(x)
m(y)

∣∣∣∣ � Ld ∀y ∈ Ω, ∀x ∈ Ω(y,d) ,

and then the claimed implication. �
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Examples of functions in G(Ω) are:

m(x) = et|x| , m(x) = (1+ |x|2)t , x ∈ Ω, t ∈ R.

LEMMA 3.2. If m ∈ G(Ω) and Ω has the cone property, then there exists a func-
tion σ ∈ G(Ω)∩C∞(Ω) such that

c1m(x) � σ(x) � c2m(x) ∀x ∈ Ω, (3.5)

sup
x∈Ω

|∂ α σ(x)|
σ(x)

< +∞ ∀α ∈ N
n
0, (3.6)

where c1,c2 ∈ R+ are dependent only on n,Ω,m.

Proof. Since m ∈ G(Ω) then there exists a positive number d such that m ∈
Gd(Ω) . Assume g ∈C∞◦ (Rn) such that

g � 0 , g|B 1
2

= 1 , suppg ⊂ B1

and

σ : x ∈ Ω −→
∫

Ω
m(y)g

(x− y
d

)
dy .

Since

σ(x) =
∫

Ω(x,d)
m(y)g

(x− y
d

)
dy ∀x ∈ Ω ,

using (3.2) , it follows (3.5) . Thus σ ∈ Gd(Ω).
Again by (3.2) , for all α ∈ N

n
0 and x ∈ Ω , we have:

|∂ α σ(x)| � γ m(x)d−|α |
∫

Ω(x,d)

∣∣∣g(|α |)
(x− y

d

)∣∣∣dy � c3m(x),

where c3 depends on n,Ω,m,α , and then (3.6) follows. �

LEMMA 3.3. If Ω has the property that there are r0 ∈ R+ and x0 ∈ Ω\Br0 such
that for every x ∈ Ω\Br0 xx0 ⊂ Ω , then for any m ∈ G(Ω) and for every x ∈ Ω ,

c−1
0 e−c|x| � m(x) � c0e

c|x| ,

where c and c0 depend only on n, Ω and m.

Proof. Fix x ∈ Ω . If x ∈ Ω\Br0 then xx0 ⊂ Ω and by Lagrange’s theorem, using
(3.6), we have

|logσ(x)− logσ(x0)| � c|x− x0| , (3.7)

where c ∈ R+ depends on n,Ω,m. So, by an easy computation via (3.2), we have the
result. Otherwise, if x ∈ Ω∩Br0 , the result is obtained by (3.3). �
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If m ∈ G(Ω) , k ∈ N0 , 1 � p < +∞ and s ∈ R , let Wk,p
s (Ω) be the space of

distributions u on Ω such that ms∂ αu ∈ Lp(Ω) for |α| � k , equipped with the norm

‖u‖
Wk,p

s (Ω) = ∑
|α |�k

‖ms∂ αu‖Lp(Ω). (3.8)

Moreover, denote by
◦

W
k,p
s (Ω) the closure of C∞◦ (Ω) in Wk,p

s (Ω) and put W 0,p
s (Ω) =

Lp
s (Ω) .

From (3.6), by induction, we can deduce the following property of the function σ
defined in Lemma 3.2:

sup
x∈Ω

|∂ α σ s(x)|
σ s(x)

< +∞ ∀α ∈ N
n
0, ∀s ∈ R. (3.9)

Now, by (3.9), we can easily deduce the following.

LEMMA 3.4. Let k ∈ N0 , 1 � p < +∞ and s ∈ R . If Ω has the cone property,
m ∈ G(Ω) and σ is the function defined in Lemma 3.2, then the map

u −→ σ su

defines a topological isomorphism from Wk,p
s (Ω) to Wk,p(Ω) and from

◦
W

k,p
s (Ω) to

◦
W k,p(Ω) .

A more detailed account of properties of the above defined spaces can be found,
for instance, in [15].

4. Some embedding results

Let m be a function of class G(Ω) . We consider the following condition:

(h0) Ω has the cone property, p ∈]1,+∞[,s ∈ R,k, t are numbers such that:

k ∈ N, t � p, t � n
k
, t > p if p =

n
k
, g ∈ Mt(Ω).

By Theorem 3.1 of [9] we easily obtain the following.

THEOREM 4.1. If the assumption (h0) holds, then for any u ∈Wk,p
s (Ω) we have

gu ∈ Lp
s (Ω) and

||gu||Lp
s (Ω) � c ||g||Mt(Ω)||u||Wk,p

s (Ω), (4.1)

with c dependent only on Ω,n,k, p and t .

COROLLARY 4.2. If the assumption (h0) holds and g ∈ M̃t (Ω) , then for any
ε ∈ R+ there exists a constant c(ε) ∈ R+ such that

||gu||Lp
s (Ω) � ε||u||

Wk,p
s (Ω) + c(ε)||u||Lp

s (Ω) ∀u ∈Wk,p
s (Ω), (4.2)

where c(ε) depends only on ε,Ω,n,k, p,t, σ̃ [g] .
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Proof. Fix ε > 0 and let c be the constant in (4.1) . Since g ∈ M̃t(Ω) , then there

exists gε ∈ L∞(Ω) such that ||g−gε ||Mt(Ω) <
ε
c

. By Theorem 4.1

||gu||Lp
s (Ω) � c ||g−gε||Mt (Ω)||u||Wk,p

s (Ω) + ||gε ||L∞(Ω)||u||Lp
s (Ω)

for any u in Wk,p
s (Ω) , and then the result follows. �

COROLLARY 4.3. If the assumption (h0) holds and g ∈ Mt◦(Ω) , then for any
ε ∈ R+ there exist a constant c(ε) ∈ R+ and a bounded open subset Ωε ⊂⊂ Ω with
the cone property such that

||gu||Lp
s (Ω) � ε||u||

Wk,p
s (Ω) + c(ε)||u||Lp(Ωε ) ∀u ∈Wk,p

s (Ω), (4.3)

where c(ε) and Ωε depend only on ε,Ω,n,k, p,m,s,t,σ◦[g] .

Proof. Fix ε > 0 and let c be the constant in (4.1) . Since g∈Mt◦(Ω) , there exists

gε ∈ C∞◦ (Ω) such that ||g− gε ||Mt(Ω) <
ε
c

. Let Ωε be a bounded open subset of Ω ,

with the cone property, such that supp gε ⊂ Ωε , hence by Theorem 4.1 and (3.3) , it
follows that

||gu||Lp
s (Ω) � c ||g−gε ||Mt (Ω)||u||Wk,p

s (Ω) + ||gεu||Lp
s (Ωε )

� ε||u||
Wk,p

s (Ω) + ||gεm
s||L∞(Ωε )||u||Lp(Ωε ) (4.4)

for any u in Wk,p
s (Ω) , and then we have the result. �

THEOREM 4.4. If the assumption (h0) holds and g ∈ Mt◦(Ω) , then the operator

u ∈Wk,p
s (Ω) −→ gu ∈ Lp

s (Ω) (4.5)

is compact.

Proof. Let (un)n∈N be a sequence of functions which weakly converges to zero in
Wk,p

s (Ω) . Therefore there exists b ∈ R+ such that ||un||Wk,p
s (Ω) � b for every n ∈ N .

For ε > 0, from Corollary 4.3, there exist c(ε) ∈ R+ and a bounded open subset
Ωε ⊂⊂ Ω with the cone property such that

||gun||Lp
s (Ω) � ε

b
||un||Wk,p

s (Ω) + c(ε)||un||Lp(Ωε ) ∀n ∈ N. (4.6)

Since Wk,p
s (Ω) ⊂Wk,p(Ωε) , we obtain the result from a well-known compact embed-

ding theorem. �
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5. A priori estimates

Assume that Ω is an unbounded open subset of R
n,n � 3, with the uniform C1,1 -

regularity property, p ∈ ]1,+∞[ and s ∈ R .
Consider in Ω the differential operator

L = −
n

∑
i, j=1

ai j
∂ 2

∂xi ∂x j
+

n

∑
i=1

ai
∂

∂xi
+a , (5.1)

with the following conditions on the coefficients:

(h1)

⎧⎪⎨⎪⎩
ai j = a ji ∈ L∞(Ω)∩VMOloc(Ω) , i, j = 1, . . . ,n ,

∃ν > 0 :
n

∑
i, j=1

ai j ξi ξ j � ν|ξ |2 a.e. in Ω , ∀ξ ∈ R
n ,

there exist functions ei j , i, j = 1, . . . ,n , g and μ ∈ R+ such that

(h2)

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

ei j = e ji ∈ L∞(Ω)∩VMO(Ω) , i, j = 1, . . . ,n ,
n

∑
i, j=1

ei jξiξ j � μ |ξ |2 a.e. in Ω, ∀ ξ ∈ R
n ,

g ∈ L∞(Ω) , lim
r→+∞

n

∑
i, j=1

||ei j −gai j||L∞(Ω\Br) = 0 ,

(h3) ai ∈ M̃t1(Ω), i = 1, . . . ,n , a ∈ M̃t2 (Ω) ,

where

t1 � p, t1 � n, t1 > p if p = n ,

t2 � p, t2 � n/2, t2 > p if p = n/2 .

Under assumptions (h1) - (h3) , by Theorem 4.1, the operator L : W 2,p
s (Ω) →

Lp
s (Ω) is bounded.

Let

L0 = −
n

∑
i, j=1

ai j
∂ 2

∂xi∂x j
.

THEOREM 5.1. Suppose that assumptions (h1),(h2) and (h3) hold. Then there
exist r0 , c ∈ R+ such that:

||u||
W 2,p

s (Ω) � c
(||Lu||Lp

s (Ω) + ||u||Lp
s (Ω)

) ∀ u ∈W 2,p
s (Ω)∩ ◦

W 1,p
s (Ω),

where c depends only on n, p, t1 , t2 , Ω , ν , μ , ||ai j||L∞(Ω) , ||ei j||L∞(Ω) , ||g||L∞(Ω) ,
η [ζ2r0ai j] , η [ei j] , σ̃ [ai] , σ̃ [a] , m, s, and r0 depends only on n, p, Ω , μ , ||ei j||L∞(Ω) ,
η [ei j] .
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Proof. Let u ∈W 2,p
s (Ω)∩ ◦

W
1,p
s (Ω) . By Lemma 3.4 we have that

σ su ∈W 2,p(Ω)∩ ◦
W 1,p(Ω).

Then, by Theorem 3.1 of [3], there exist r0 and c0 ∈ R+ such that

||σ su||W2,p(Ω) � c0

(
||L0(σ su)||Lp(Ω) + ||σ su||Lp(Ω)

)
, (5.2)

where c0 depends on n , p , Ω , ν , μ , ||ai j||L∞(Ω) , ||ei j||L∞(Ω) , ||g||L∞(Ω),η [ζ2r0ai j] ,
η [ei j] , and r0 depends on n , p , Ω , μ , ||ei j||L∞(Ω) , η [ei j] . Since

L0(σ su) = σ sLu− s(s−1)σ s−2
n

∑
i, j=1

ai jσxiσx j u−2sσ s−1
n

∑
i, j=1

ai jσxiux j

−sσ s−1
n

∑
i, j=1

ai jσxix j u−σ s
n

∑
i=1

aiuxi −σ sau , (5.3)

from (5.2) and (5.3) we have

||σ su||W2,p(Ω) � c1
(||σ sLu||Lp(Ω) + ||σ su||Lp(Ω) (5.4)

+
n

∑
i, j=1

||σ s−2σxiσx j u||Lp(Ω)+
n

∑
i, j=1

||σ s−1σxiux j ||Lp(Ω)

+
n

∑
i, j=1

||σ s−1σxix j u||Lp(Ω)+
n

∑
i=1

||σ saiuxi ||Lp(Ω) + ||σ sau||Lp(Ω)
)
,

where c1 depends on the same parameters as c0 and on s .

By Theorem 4.7 of [1], for all i = 1, ...,n we have:

||uxi ||Lp
s (Ω) � c2

(
||uxx||

1
2
Lp

s (Ω)||u||
1
2
Lp

s (Ω) + ||u||Lp
s (Ω)

)
, (5.5)

where c2 depends on Ω , m , n , p.
Moreover, from Corollary 4.2, for any ε ∈ R+ and i = 1, . . . ,n there exist c1(ε) ,

c2(ε) ∈ R+ such that:

||aiuxi ||Lp
s (Ω) � ε||u||

W2,p
s (Ω) + c1(ε)||uxi ||Lp

s (Ω) , (5.6)

||au||Lp
s (Ω) � ε||u||

W 2,p
s (Ω) + c2(ε)||u||Lp

s (Ω) , (5.7)

where c1(ε) depends on ε , Ω , n , p , t1 ,
∼
σ [ai] and c2(ε) depends on ε , Ω , n , p , t2 ,

∼
σ [a] .

From (5.4)–(5.7), Lemma 3.2 and Lemma 3.4, it follows

||u||
W 2,p

s (Ω) � c3
(||Lu||Lp

s (Ω) + ||u||Lp
s (Ω) + ε||u||

W2,p
s (Ω) (5.8)

+c3(ε)(||uxx||
1
2
Lp

s (Ω)
||u||

1
2
Lp

s (Ω)
+ ||u||Lp

s (Ω))
)
,
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where c3 depends on the same parameters as c0 and on s,m, and c3(ε) depends on ε ,

Ω , n , p , t1 , t2 ,
∼
σ [ai] ,

∼
σ [a] .

For ε = 1
2c3

, from (5.8) we have

||u||
W 2,p

s (Ω) � c4
(||Lu||Lp

s (Ω) + ||u||Lp
s (Ω) + ||uxx||

1
2
Lp

s (Ω)
||u||

1
2
Lp

s (Ω)

)
, (5.9)

where c4 depends on the same parameters as c3 and on t1,t2,
∼
σ [ai],

∼
σ [a] .

Using Young’s inequality and (5.9), we get the result. �
Add the following assumptions on the coefficients of L and on the weight function:

(h4)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(ei j)xh ∈ Mt,n−t◦ (Ω) , with t ∈ ]2,n] , i, j,h = 1, . . . ,n ,

ai ∈ Mt1◦ (Ω) , i = 1, . . . ,n ,

a = a′ +b, a′ ∈ Mt2◦ (Ω), b ∈ L∞(Ω), b0 = ess infΩb > 0,

g0 = ess infΩg > 0 ,

lim
|x|→+∞

σx + σxx

σ
= 0 ,

where t1 and t2 are defined as in (h3) .

THEOREM 5.2. Suppose that assumptions (h1),(h2) and (h4) hold. Then there
are a real positive number c and a bounded open Ω1 ⊂⊂ Ω with the cone property
such that:

||u||
W2,p

s (Ω) � c

(
||Lu||Lp

s (Ω) + ||u||Lp(Ω1)

)
∀ u ∈W 2,p

s (Ω)∩ ◦
W 1,p

s (Ω),

where c and Ω1 are dependent only on n, p, Ω , ν , μ , g0 , b0 , t , t1 , t2 , m, s,
||ai j||L∞(Ω) , ||ei j||L∞(Ω) , ||g||L∞(Ω) , ||b||L∞(Ω) , η [ζ2r0ai j] , σ0[(ei j)x] , σ0[ai] , σ0[a

′
].

Proof. Let u ∈W 2,p
s (Ω)∩ ◦

W
1,p
s (Ω) . By Lemma 3.4 we have that

σ su ∈W 2,p(Ω)∩ ◦
W 1,p(Ω).

Applying Theorem 3.3 of [4] to the operator L0 +b , we have that there exist a real
number c0 ∈R+ and an open bounded subset Ω0 ⊂ Ω with the cone property such that

||σ su||W2,p(Ω) � c0

(
||(L0 +b)(σ su)||Lp(Ω) + ||σ su||Lp(Ω0)

)
,

where c0 and Ω0 are dependent on n , p , Ω , ν , μ , g0 , b0 , t , ||ai j||L∞(Ω) , ||ei j||L∞(Ω) ,
||g||L∞(Ω) , ||b||L∞(Ω) , η [ζ2r0ai j] , σ0[(ei j)x] , and r0 depends on n , p , Ω , μ , g0 , b0 , t ,
||ei j||L∞(Ω) , ||g||L∞(Ω) , ||b||L∞(Ω) , σ0[(ei j)x] .
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Proceeding as in the proof of Theorem 5.1, we have

||u||
W2,p

s (Ω) � c1
(||Lu||Lp

s (Ω) + ||u||Lp(Ω0)+
n

∑
i, j=1

||σ s−2σxiσx j u||Lp(Ω)

+
n

∑
i, j=1

||σ s−1σxiux j ||Lp(Ω)+
n

∑
i, j=1

||σ s−1σxix j u||Lp(Ω)

+
n

∑
i=1

||aiuxi ||Lp
s (Ω) + ||a′

u||Lp
s (Ω)

)
, (5.10)

where c1 depends on the same parameters as c0 and on m,s .
From Corollary 4.3 and (1.6) of [11] it follows that for any ε ∈ R+ and i, j =

1, . . . ,n there exist c1(ε),c2(ε),c3(ε)∈R+ and some bounded open subsets Ω1(ε)⊂⊂
Ω , Ω2(ε) ⊂⊂ Ω , Ω3(ε) ⊂⊂ Ω with the cone property such that

||σ s−2σxiσx j u||Lp(Ω) � ε||u||
W2,p

s (Ω) + c1(ε)||u||Lp(Ω1(ε)) , (5.11)

||σ s−1σxiux j ||Lp(Ω) � ε||u||
W2,p

s (Ω) + c2(ε)||uxj ||Lp(Ω2(ε)) , (5.12)

||σ s−1σxix j u||Lp(Ω) � ε||u||
W2,p

s (Ω) + c3(ε)||u||Lp(Ω3(ε)) , (5.13)

where c1(ε) , c2(ε) , c3(ε) , Ω1(ε) , Ω2(ε) , Ω3(ε) are dependent on ε , Ω , n , p , m ,
s .

Using again Corollary 4.3 and Theorem 4.7 of [1] we have that there exist c4(ε) ,
c5(ε) ∈ R+ and bounded open sets Ω4(ε) ⊂⊂ Ω , Ω5(ε) ⊂⊂ Ω with the cone property
such that:

||aiuxi ||Lp
s (Ω) � ε||u||

W 2,p
s (Ω) + c4(ε)||uxi ||Lp(Ω4(ε)) (5.14)

� ε||u||
W 2,p

s (Ω) + c4(ε)
(||uxx||

1
2
Lp(Ω4(ε))||u||

1
2
Lp(Ω4(ε)) + ||u||Lp(Ω4(ε))

)
,

||a′
u||Lp

s (Ω) � ε||u||
W 2,p

s (Ω) + c5(ε)||u||Lp(Ω5(ε)) , (5.15)

where c4(ε) and Ω4(ε) depend on ε , Ω , n , p , m , s , t1 , σ0[ai] , and c5(ε) and Ω5(ε)
depend on ε , Ω , n , p , m , s , t2 , σ0[a′] .

From (5.10)–(5.15) and Young’s inequality we have the result. �
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