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We study the proximity effect within a junction made of an unconventional superconductor �US� and a
ferromagnet �F� in the clean limit with high barrier transparency. Superconductivity in the US side is described
by an extended Hubbard model with intersite attractive interaction, while metallic ferromagnetism in the F side
is assumed to be originated by a relative change in the bandwidths of electrons with opposite spin. The effect
of this mass-split mechanism is analyzed in conjunction with the usual Stoner-like one, where one band is
rigidly shifted with respect to the other, due to the presence of a constant exchange field. Starting from the
numerical solution of the Bogoliubov-de Gennes equations, we show that the two above mentioned mecha-
nisms for ferromagnetism lead to different features as concerns the formation at the interface of dominant and
subdominant superconducting components, as well as their propagation in the ferromagnetic side. This con-
siderably affects the opening of gaplike structures in the local density of states for majority and minority spin
electrons, leading to distinct effects as one moves toward the half-metallic regime, where the density of the
minority carriers becomes vanishing.
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I. INTRODUCTION

The conventional proximity effect between a supercon-
ductor �S� and a normal �N� metal brought into contact is the
penetration of the superconducting condensate in the N layer
over a distance significantly exceeding the interatomic
spacing.1 The phenomenon is largely dominated by a funda-
mental transport process through the interface, the so-called
Andreev reflection,2 by which an electron with energy below
the superconducting gap is reflected as a hole and a Cooper
pair is transmitted into the superconductor. Andreev reflec-
tion thus provides the basic mechanism allowing a dissipa-
tive quasi-particle current in the normal metal to be trans-
ferred as a supercurrent with no dissipation in the
superconductor.

When the normal metal is replaced by a ferromagnet �F�,
there is again a penetration of the pair wave function in the F
side, but two fundamental differences arise with respect to
the N−S case:3,4 �i� the penetration depth of the supercon-
ducting condensate is considerably reduced by the pair
breaking effect due to the exchange field tending to align
spins in the Cooper pair, and �ii� the relative shift of the
electronic band of the two spin species makes the wave vec-
tors of two paired electrons different, so that the pair ac-
quires a finite momentum and, correspondingly, its wave
function oscillates in space in the ferromagnetic layer. These
features give rise to relevant effects, now repeatedly ob-
served in experiments, such as a nonmonotonic dependence
of the critical temperature of S /F multilayers on the F layer
thickness,5 as well as the possible realization of Josephson
S /F /S � junctions6 characterized by an equilibrium phase
difference between the two superconducting layers equal to
� and not to zero as it happens in the standard S /N /S case.

Even more specific features emerge when the proximity
involves an unconventional superconductor �US� with aniso-

tropic pairing, rather than a system characterized by a
k-independent s-wave symmetry of the order parameter. This
topic has become of particular relevance in the last years,
given the large experimental evidence that anisotropic super-
conductivity is realized in several classes of materials, such
as high-Tc superconducting oxides, heavy-fermion com-
pounds, ruthenates, and quasi-one-dimensional organic sys-
tems. New effects are associated in this case with the phe-
nomenon of the Andreev reflection. In particular, when the
pair potential becomes anisotropic and changes sign across
the Fermi surface, the specific interference taking place be-
tween incident and reflected quasiparticles can originate
zero-energy Andreev bound states at the surface,7–9 as a con-
sequence of the potential wells caused by the inhomogeneity
of the pair potential. These bound states are responsible for
the zero-bias conductance peak observed in tunneling spec-
troscopy experiments performed on many of the systems
mentioned above, such as the high-Tc oxide YBa2Cu3O7−�,10

the ruthenate Sr2RuO4,11 and the heavy-fermion system
UBe13.

12 Recent theoretical investigations have also pointed
out some relevant differences occurring in transport proper-
ties depending on whether the pairing symmetry is the sin-
glet d-wave13 or the triplet p-wave one.14 This issue has been
deeply investigated in particular in the diffusive limit, refer-
ring specifically to junctions made with singlet15 and triplet16

superconductors. Moreover, the different response seen in
tunneling experiments in the presence
of an external magnetic field has also been proposed as a
valuable tool to distinguish among the two kinds of
symmetries.17

On the other hand, when in a junction with an unconven-
tional superconductor the normal metallic layer is replaced
by a ferromagnet, further peculiar effects are detected. In-
deed, the presence of an exchange field in the F part, com-
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bined with the effect of the Fermi wave-vector mismatch
associated with the different bandwidths in the two junction
materials, modifies the Andreev reflections at the interface in
a nontrivial way.18–22 Theoretical predictions for the case of a
d-wave superconductor indicate that this can affect transport
properties in a variety of ways, so that the zero-bias conduc-
tance peak seen in the N−S case can split into two
peaks18,20,23 or rather it can be replaced by a dip or even
move to finite energies.19

The effects introduced by the presence in N−S and F−S
heterostructures of unconventional superconductors with a
nontrivial angular dependence of the pair wave function have
been deeply investigated, both from a theoretical and an ex-
perimental point of view, in a large number of papers pub-
lished in the last years.24 In order to investigate new effects
concerning the above mentioned issues, we analyze in this
paper proximity phenomena between an unconventional su-
perconductor and a ferromagnetic system, in the case where
the magnetization in the F side can be due either to a stan-
dard Stoner-like mechanism originated by the presence of an
exchange field �which can be intrinsic or external�, or to an
asymmetry between the hopping amplitudes for electrons
with opposite spins, which produces a relative change in the
bandwidths for the two spin species. When moving toward
the half-metallic regime, where the density of the minority
carriers tends to zero, each of the two mechanisms becomes
of special relevance for the description of distinct classes of
real ferromagnets.25,26

As far as ferromagnetism due to spin bandwidth asymme-
try is concerned, a possible microscopic origin is the well-
known double exchange mechanism originating from spin
pairing caused by the Hund’s rule within degenerate
orbitals.27 This forces atoms to be in the configuration with
the highest possible spin value, thus favoring the itinerancy
of electrons with a given spin projection and the concomitant
tendency to localization of the electrons in the opposite spin
state. This different kinetic energy renormalization occurring
to opposite spin electrons can be looked at as an asymmetric
effective mass renormalization or, equivalently, as a relative
bandwidth variation. A different mechanism ultimately lead-
ing to the same situation is the one based on the mass un-
dressing for majority spins proposed by Hirsch.28 It is sug-
gested that certain off-diagonal terms that arise in deriving a
Hubbard-like tight-binding Hamiltonian from first-principles
calculations, generally neglected in studies based on the
Hubbard model, are likely to play a fundamental role in the
possible occurrence of metallic ferromagnetism. The mean-
field treatment of a generalization of the Hubbard model in-
cluding the most relevant of these contributions, the so-
called exchange and pair hopping terms, has shown that as
the temperature is lowered, it becomes energetically advan-
tageous for the system to acquire a spin polarization, with a
gain in kinetic energy associated with the increase in the
bandwidth of the majority spin species with respect to the
minority one. Therefore, within this picture the ferromag-
netism should be understood as kinetically driven, in the
sense that differently from what happens in the usual Stoner
scheme, it arises from a gain in kinetic rather than potential
energy. Finally, we notice that this mass-split metallic ferro-
magnetism has been experimentally found to be at the origin

of the optical properties of the colossal magnetoresistance
manganites,29 of some rare-earth hexaborides,30 as well as of
some magnetic semiconductors.31

In our approach the system is described in terms of an
extended Hubbard model in real space, which is solved via a
microscopic mean-field self-consistent calculation based on
the numerical solution of the Bogoliubov-de Gennes equa-
tions. We show that the two mechanisms for ferromagnetism
give rise to nontrivial differences in the behavior of the
F−S junction. They mainly concern the formation at the in-
terface of dominant and subdominant superconducting com-
ponents with singlet and triplet symmetry, as well as their
oscillating propagation in the ferromagnetic side. These fea-
tures are shown to be of special relevance in determining the
behavior of the local electronic densities of states for major-
ity and minority spin carriers, affecting in particular the
opening of gaplike structures associated with the electron
pairing in the different possible symmetry channels.

The study is performed considering a model junction in
two dimensions, in the limit of high interface transparency.
Apart from the intrinsic theoretical interest inherent in
this limit, this analysis can turn out to be of relevance in
connection with recent studies on the eutectic system
Sr2RuO4-Sr3Ru2O7, where an internal anomalous proximity
effect is induced in the Sr3Ru2O7 component by Sr2RuO4
superconducting macrodomains.32 All the calculations have
been developed under the assumption of a nearest-neighbor
hopping amplitude on both the F and the S side. The effects
introduced by the specific features of the corresponding en-
ergy spectrum, characterized by a van Hove singularity in the
bare density of states, are fully taken into account and shown
to play a relevant role in the characterization of the electronic
states at the interface, as well as in the determination of the
peculiar features characterizing the behavior of the local den-
sities of states for the two spin species.

The paper is organized as follows. In Sec. II we introduce
the model used to describe the F−S junction and present the
technique of solution of the related Bogoliubov-de Gennes
equations. In Sec. III we discuss the results obtained for the
propagation of the order parameters in the various symmetry
channels, referring to the two cases of a superconductor with
bulk px+ ipy and d-wave symmetry. Section IV is devoted to
the analysis of the local densities of states for majority and
minority spin carriers, with a special attention to the distinct
effects introduced by the two different mechanisms for fer-
romagnetism considered here. Section V is devoted to the
conclusions.

II. MODEL AND FORMALISM

The system is basically constituted by a two-dimensional
bilayer with a ferromagnetic and a superconducting part
separated by an interface. In the following, we assume that
the direction perpendicular �parallel� to the interface is de-
noted as x�y�, and that the system is uniform along the y-axis
direction. The microscopic model is represented by an ex-
tended Hubbard model on a square lattice that we treat
within the Hartree-Fock approximation to describe magne-
tism and superconductivity at zero temperature.
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In standard approaches, such as those based on the Stoner
model, metallic ferromagnetism is due to a rigid shift in the
positions of majority and minority spin bands due to the
self-consistent exchange field associated with opposite spin
electrons. A relevant feature of our study is the consideration
that besides being possibly generated by a Stoner-like
mechanism, ferromagnetism can also develop as a conse-
quence of a change in the relative bandwidth of electrons
with up and down spin polarization, leading to a lowering of
the total kinetic energy of the system.28 This novel mecha-
nism has recently been shown to support, under suitable con-
ditions, the coexistence of s-wave singlet superconductivity
and ferromagnetism in a single band model.33

We will thus be specifically interested in the case where a
side of the junction, say, the right one, is an unconventional
superconductor, while the other side is a ferromagnet with
possible spin-dependent electron itinerancy. The total Hamil-
tonian of the system is correspondingly written in the form

H = HF + HS + HT, �1�

where HF and HS refer to the F and S layers, respectively,
whereas HT defines the coupling between the two sides of the
junction. The explicit form of the Hamiltonians HF and HS is

HA = − �
�i,j�,�

tA��ci�
† cj� + h.c.� + �

i
UAni↑ni↓ + �

�i,j�
VA�ni↑nj↓

+ ni↓nj↑� − ��
i,�

ni� − hA�
i,�

�ni↑ − ni↓� A = F,S , �2�

where �i , j� denotes nearest-neighbor sites, ci� is the annihi-
lation operator of an electron with spin � at site i��ix , iy�,
and ni�=ci�

† ci� is the corresponding number operator. The
magnetic field, which in this context can be equivalently
seen either as an external or an intrinsic one, is assumed to
be nonvanishing only in the F side �hF�0, hS=0� while for
the hopping amplitudes we choose tS↑= tS↓� tS, with the pos-
sibility of having tF↑� tF↓. This implies that, besides being
possibly originated by a standard exchange field hF, ferro-
magnetism can be due to a spin dependence of the hopping
amplitude, such that the majority spin electrons have a larger
bandwidth compared to the minority spin ones. Moreover, �
is the common chemical potential, the parameter UA �A
=F ,S� represents the on-site repulsion for the A side �UF,
US�0�, whereas the nearest-neighbor attraction VA is chosen
to be nonvanishing only on the S side �VF=0, VS�0�. In this
way, the possibility of isotropic pairing between electrons on
the same site has been excluded from the very beginning.

Finally, the coupling between the two sides of the junction
is ensured by the term HT, which describes the transmission
of electrons at the interface. It is given by

HT = − tT �
�lm��

�cl�
† cm� + H . c.� , �3�

where l�m� denotes sites at the surface for the left �right�
layer.

We point out that in the present treatment spin-flip inter-
facial scattering effects are ignored. However, in the case of
junctions involving a ferromagnet, this type of scattering
may be important34 and one should thus introduce a corre-

sponding new term into the Hamiltonian. Indeed, since the
spin-flip mechanism tends to spoil the preoriented spin direc-
tion of conduction electrons incident from the ferromagnet, it
seriously influences the conductance spectrum. In particular,
the splitting of the zero-bias conductance peaks induced by
the exchange field is in this case washed out, giving rise to a
conductance spectrum completely structureless. Further-
more, the same mechanism reduces the tendency to the sup-
pression of the conductance in the region away from zero
bias due to the presence of an exchange field.

The interaction terms in HF and HS are decoupled by
means of a standard Hartree-Fock approximation such that
the magnetic and the pairing channels originate from the
on-site and the intersite interactions, respectively:

Uni↑ni↓ � U��ni↓�ni↑ + �ni↑�ni↓ − �ni↑��ni↓�	 ,

Vni↑nj↓ � V��ijcj↓
† ci↑

† + �ij
�ci↑cj↓ − 
�ij
2	 .

Here we have introduced the pairing amplitude on a bond
�ij = �ci↑cj↓�, with the average �K� indicating the expectation
value of the operator K over the ground state. Hence, �ij and
the on-site magnetization mi=

1
2 ��ni↑�− �ni↓�� are the order pa-

rameters �OPs� to be determined self-consistently. From the
pairing amplitudes �ij, it is possible to build the supercon-
ducting OPs for the different crystal symmetries in the sin-
glet �S� and triplet �T� channel for the zero component of the
projected axial spin operator. They are defined as

�s�i� = ��i,i+x̂
�S� + �i,i−x̂

�S� + �i,i+ŷ
�S� + �i,i−ŷ

�S� 	/4,

�d�i� = ��i,i+x̂
�S� + �i,i−x̂

�S� − �i,i+ŷ
�S� − �i,i−ŷ

�S� 	/4,

�px�i� = ��i,i+x̂
�T� − �i,i−x̂

�T� 	/2,

�py�i� = ��i,i+ŷ
�T� − �i,i−ŷ

�T� 	/2

for extended s, dx2−y2, px, and py wave, respectively. Here we
have introduced the singlet and triplet pairing amplitudes on
a bond, given by

�ij
S = ��ij + �ji�/2,

�ij
T = ��ij − �ji�/2.

Moreover, we introduce for convenience the following nota-
tion:

�i
x	 = �i,i	x̂,

�i
y	 = �i,i	ŷ.

We adopt open �periodic� boundary conditions for the di-
rection x perpendicular �y parallel� to the interface, taking
the Fourier transform along the y direction of the relevant
physical quantities. With such conditions and within the
mean-field approximation it is possible to rewrite the Hamil-
tonian in the form35
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HMFA = �
k

�
i,j

Di
†�k�hij�k�Dj�k� , �4�

where k is the wave vector for the direction parallel to the
interface and the vector Di

†�k� is defined as Di
†�k�

= �ci↑
† �k� ,ci↓�−k�	. Moreover, the matrix hij is

hij = �
ij↑�k� Fij�k�
Fij

� �k� − 
ij↓�k� � ,

where


ij��k� = �− 2tij� cos�ka� − � + U�ni,−�� − �hi	�ij

− tij���i,j+a + �i,j−a	 ,

Fij�k� = − Vij��i
x+�i,j−a + �i

x−�i,j+a + ��i
y+ exp�ika	

+ �i
y− exp�− ika	��i,j	 .

Here

tij� = tF� i,j � F side,

tS i,j � S side,

tT i � F side, j � S side �interface�
�

and

Vij =  0 i,j � F side,

VS i,j � S side,

0 i � F side, j � S side �interface� .
�

We assume that the probability of charge transfer at the in-
terface is independent of the spin orientation and does not
include any spin scattering effect. Finally, the exchange field
hi is equal to hF if the site i belongs to the F subsystem, and
is zero otherwise.

To determine the self-consistent solutions of the problem,
one diagonalizes the mean-field Hamiltonian introducing a
unitary transformation in the particle-hole space for the elec-
tron operators, defined in terms of the components
�uin�k� ,vin�k�	 of the n-th eigenvector:

�n�k� = �
i

�uin�k�ci↑�k� + vin�k�ci↓
† �− k�	 .

Such transformation diagonalizes the Hamiltonian HMFA,
providing the solution of the Bogoliubov-de Gennes equa-
tions

�
j

ĥij�k��ujn�k�
vjn�k� � = En�k��uin�k�

vin�k� � �5�

for each value of the momentum k. In terms of the eigenvec-
tors components �uin�k�, vin�k�	 and the eigenvalues En�k�,
the order parameters are given by

�i
x	 =

1

Ny
�
k,n

uin�k�vi	a,n
� �k��1 − f�En�k�	� ,

�i
y	 =

1

Ny
�
k,n

uin�k�vi,n
� �k��1 − f�En�k�	�exp��ika	 ,

ni↑ =
1

Ny
�
k,n


uin�k�
2f�En�k�	 ,

ni↓ =
1

Ny
�
k,n


vin�k�
2�1 − f�En�k�	� ,

where f�En�k�	 is the Fermi distribution function for elec-
trons with eigenenergy En�k�. Hereafter, we follow a stan-
dard procedure for the solution of the above self-consistent
equations: �i� start with an initial set of values for the order
parameters, �ii� solve the Bogoliubov-de Gennes equations,
and �iii� redetermine the amplitudes for the order parameters
and proceed by iteration until the required accuracy is
reached. For the different cases upon examination, we have
analyzed different starting points in the space of the order
parameters and when more than one solution is obtained, a
criterion of minimum free energy is used to select the most
stable one. The numerical simulation has been performed on
a bilayer system with size Lx=Ly =120, with the position of
the interface corresponding to the coordinate x=60 �all the
lengths are in units of the interatomic lattice spacing a�. We
have also verified that for larger values of the size of the
system, the results obtained here remain qualitatively the
same.

III. PROXIMITY EFFECTS IN THE F/US BILAYER

As already pointed out in Sec. II, we are interested in the
analysis of the proximity effect between an unconventional
superconductor and a ferromagnet with a magnetization due
to a constant exchange field �hF=h� and/or to a bandwidth
asymmetry for electrons with opposite spins �tF↑� tF↓�. The
analysis of the proximity involving a Stoner-type ferromag-
net has shown in the cases of chiral p-wave and d-wave
order parameters that there are other components near the
interface that can be induced in a symmetry channel that is
different from the one of the bulk region.36,35 Moreover, for a
time-reversal broken-symmetry state a spontaneous current
can flow along the interface where the OP has a variation in
space.35 Here, we rather concentrate on a peculiar aspect
concerning the character of the induced components at the
interface that has not been considered so far. Indeed, we
show that the presence of a finite magnetization with a non-
zero average mi, and at the same time both �ni↑��0 and
�ni↓��0, induces interface components with a symmetry dif-
ferent from that of the bulk domain, which propagate in the
ferromagnetic part with a significantly long range of oscilla-
tion.

We stress that in the case of triplet bulk symmetry the
origin of the induced singlet OPs at the interface is not due to
the suppression of the dominant p-wave component, since
near the surface of a triplet superconductor faced to vacuum
the singlet ones are not present.37 Rather, it is the specific
occurrence of a proximity state with �ni↑�� �ni↓� that yields
an interface state with a mixed singlet-triplet configuration.
Indeed, due to the spin rotational breaking field, the probabil-
ity of pairing 
��k↑ ,−k↓�
2 for two electrons with wave vec-
tors and spins �k ,↑� and �−k ,↓� is different from the prob-
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ability 
��k↓ ,−k↑�
2 of having an electron pair where the
two spins are reversed. Therefore singlet superconductivity,
which is characterized by a spin OP such that ��↑ ,↓�=
−��↓ ,↑�, has to come mixed with a triplet component for
which ��↑ ,↓�=��↓ ,↑� and vice versa. Such symmetry re-
quirement holds in a specular way also in the case where one
has singlet bulk symmetry and triplet interface components
and links together the proximity leaking of the Cooper pairs
in the singlet and triplet channel within the F side.

A. F/US bilayer with chiral p-wave symmetry

We start by selecting a set of parameters and an electron
density such that the ground state has a p-wave character
with broken parity and broken time reversal symmetry
�px	 ipy�. Previous studies on the extended Hubbard
model38,39 have shown that a dx2−y2-wave superconducting
state is stabilized near half filling ���0�, while an extended
s wave appears at high �and low� densities for 
�
 falling in a
range going approximately from 2.5t to 4t. In the region
between d- and s-wave states, the spin triplet px	 ipy occurs.
In this case, the states px+ ipy and px− ipy are degenerate but
unequal as they transform into each other by applying the
parity and the time-reversal symmetry operation. Concerning
the ferromagnetic side of the bilayer, we use the exchange
field h and the bandwidth asymmetry ratio tF↓ / tF↑ as tuning
control parameters, keeping the local Coulomb repulsion be-
low the Stoner threshold. This choice is motivated by the
necessity of having ferromagnetic configurations with non-
vanishing densities for both spin-up and spin-down elec-
trons. In addition, the presence of the mechanism of mass
split exchange allows to explore how the proximity is modi-
fied by the change in shape of the Fermi surfaces for elec-
trons with opposite spins.

Hence, we will discuss the outcome of the proximity
within the F/US bilayer assuming a value of the chemical
potential equal to �=−1.6, with UF=2, VF=0 for the F side
and US=1.5, VS=−2.5 for the US side; all the energies being
expressed in units of tS↑= tS↓= tF↑=1. Furthermore, in the fol-
lowing the tunneling matrix element is kept fixed and chosen
equal to tT=1. For these values of the microscopic param-
eters, the US side exhibits a bulk OP with triplet px+ ipy
symmetry, whereas the induced components in the singlet
channel at the interface show a different behavior depending
on the strength of the magnetic exchange couplings. Our
main findings are summarized in the phase diagram reported
in Fig. 1 as a function of the exchange field h and of the
bandwidth asymmetry ratio. Here we individuate two re-
gions, one characterized by short-range �SR� -induced com-
ponents at the interface, essentially coinciding with the half-
metallic phase where nF↓�0, and the other one characterized
by a longer leaking distance in the F side and an oscillating
character �oscillating long-range �LROS�	. In the SR region
s- and d-wave components exhibit a partial penetration into
the F system with a strongly damped character, while in the
LROS one they propagate over the whole length of the F
side, with a weakly damped oscillating character. The sepa-
ration between the two regions is of course not sharp, in the
sense that no real transition occurs at the boundary. Rather,

they are separated by a crossover line corresponding to a
smooth changeover from the long-range oscillating behavior
to the short-range one as the spin polarization increases. This
crossover line has been drawn looking at the values of h and
tF↓ / tF↑ for which the amplitude of the order parameter oscil-
lations fully decays over a distance from the interface �lo-
cated at x /a=L /2� corresponding to x /a�L /4.

As discussed previously, for the case under consideration
of bulk chiral p-wave symmetry the presence of a finite mag-
netization in the F side leads to a pairing amplitude in the s-
and d-wave channel at the interface. Hence, by suitably tun-
ing the amplitude of the exchange field and that of the hop-
ping asymmetry ratio, it is possible to control the leaking
distance of the induced pairs and the profile of the pairing
amplitude. Explicit evidence of the existence of the two re-
gimes appearing in the phase diagram of Fig. 1 is provided in
Fig. 2, where we show the spatial dependence of the singlet
and triplet components in the case of ferromagnetism gener-
ated solely by the spin mass asymmetry mechanism. We ob-
serve for each component slowly damped long-range oscil-
lations with amplitude and period gradually reducing to zero
as the ratio tF↓ / tF↑ is decreased. The propagation becomes
fully inhibited when this ratio reaches a value �for the pa-
rameter chosen here approximately equal to 0.4� leading the
ferromagnetic layer in the half-metallic regime with no mi-
nority carriers. We also notice that the imaginary parts of
both the s- and the d-wave components, not shown here for
brevity, are appreciable at the interface but decay very
quickly as one moves away from it, in a way which is essen-
tially insensitive to the degree of magnetization in the F
layer.

Similar conclusions can be drawn in the case when the
ferromagnetism is generated by the presence of an exchange
field. As one can see from Fig. 3, again we have a tendency

0
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h

tF↓/tF↑
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LROS

FIG. 1. Ground-state diagram for the F/US bilayer with p-wave
symmetry in terms of the exchange field h and the mass split asym-
metry ratio tF↓ / tF↑. Here SR and LROS stand for short range and
long range oscillating proximity of the induced OP components at
the interface, respectively. The SR region essentially coincides with
the half-metal phase. The parameter values are UF=2, VF=0 for the
F side and US=1.5, VS=−2.5 for the S side, with �=−1.6.
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to the suppression of the oscillating propagation in the F side
as the field is increased up to values leading to nF↓�0. To
further clarify these issues, we have reported in Fig. 4 the
behavior of nF↑ and nF↓ in proximity of the interface �x /a
=58� as the exchange field or the hopping ratio are varied.
We see that the increase in h leads to an increase in nF↑ and
a decrease in nF↓, as a consequence of the relative shift of the
two bands, while the decrease in tF↓ / tF↑ leads to a similar
effect on nF↓, now associated with the narrowing of the
down-spin bandwidth, with nF↑ remaining approximately
constant, as expected.

The establishment of the half-metallic regime also deter-
mines the position of the boundary between the SR and the
LROS regime characterizing the phase diagram in Fig. 1.
Indeed, as in the cases previously discussed, where only one
mechanism was effective, the crossover takes place at values
of tF↓ / tF↑ and h for which the density of the minority elec-
trons tends to zero and only one type of carrier is polarized
and contributes to the transport. This amounts to say that at
the boundary the Fermi surface of the minority spin carriers
shrinks to zero, this being determined by the condition that
for no values of k the energy spectrum 
k↓ becomes equal to
the renormalized chemical potential �̄=�−UF�ni,↑�+h. This
evidently happens when tF↓ / tF↑ and h are such that the equa-
tion

− 2tF↓�cos�kxa� + cos�kya�	 − � + UF�ni,↑� + h = 0 �6�

admits no solution.
Few more aspects are worth to be pointed about the pro-

file of the induced singlet components in the LROS regime.
The period of oscillation is inversely proportional to the
strength of tF↓ / tF↑ and to h, and it generally shrinks as the
density of minority spins decreases to zero. Moreover, the
fact that no qualitative changes are found when comparing
the effect of the exchange field and that of the spin band-
width asymmetry only holds provided that the sign of the
hopping amplitude for the two spin species is the same. Ac-
tually, we have checked that the LROS behavior is destroyed
by the presence in the F side of a mixed configuration, where
the Fermi surface is electronlike for one spin species and
holelike for the other one. Considering that in the S layer the
hopping amplitude is the same for up and down spins, in this
situation we have a Fermi surface mismatch between the F
and the S side active in a single spin channel, which none-
theless can lead to a significant pair-breaking effect and a
corresponding severe damping of the order parameter. This is
confirmed by the fact that, even in the presence of a nonva-
nishing density of the electrons in both the majority and the
minority spin channel, the induced pairing amplitude in the
singlet, as well as in the triplet channel, does not exhibit any
long-range oscillating profile, this reflecting the drastic re-
duction of the penetration of the Cooper pairs into the ferro-
magnetic region.
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FIG. 2. �Color online� Spatial variation of the superconducting
OPs for the F/US bilayer with chiral p-wave symmetry for h=0 and
three different values of hopping asymmetry ratio tF↓ / tF↑. The up-
per panels show the real part of the singlet extended s- and d-wave
OPs. The lower panels show the real part of the px-wave OP and the
imaginary part of the py-wave OP, respectively.
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FIG. 3. �Color online� Same as in Fig. 2 for tF↓ / tF↑=1 and three
different values of the exchange field h.
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Let us also point out that within the mean-field decou-
pling of the attractive nearest-neighbor term, we have not
considered the possibility of an order parameter correspond-
ing to equal spin pairing �ESP�. The main motivation for this
choice resides in the fact that no possibility of having mag-
netically ordered states in the S layer has been considered.
Nonetheless, superconducting triplet components with non-
vanishing projection along the quantization axis could come
into play at the interface when the half-metal regime is
reached.

The consideration of ESP components is of interest also in
connection with the possible generation of odd-frequency
triplet pairing correlations.40 In our approach we confined
ourselves to the case of time-independent order parameters,
this implying that the dominant superconducting components
must necessarily be of the even-frequency type. Nonetheless,
we believe that within a suitable generalization of our ap-
proach, odd-frequency components may develop at the inter-
face as a consequence of our choice of a pairing potential
effective between different �nearest-neighbor� sites. Indeed,
in the case of strong spin polarization this choice may lead to
the formation in proximity of the interface of triplet compo-
nents with Sz= 	1, which can be associated with odd-
frequency pair amplitudes. This can happen with no need of
a rotation in the magnetization at the ferromagnet/
superconductor interface41 or of different orientations
of the magnetization in the two ferromagnetic layers
of ferromagnet/superconductor/ferromagnet trilayer
structures,42,43 which on the contrary are necessary when a
standard on-site attractive potential is assumed for the S side.

B. F ÕUS bilayer with d-wave symmetry

In the same spirit of the investigation performed previ-
ously for the triplet case, we analyze the proximity behavior
in the bilayer F /US in the case of an unconventional super-
conductor marked by a bulk OP component with dx2−y2 sym-
metry. Here the parameters to get superconductivity in the
d-wave channel are the same as those chosen for the triplet
case, with the exception of a slightly lower absolute value of
the intersite attractive coupling �VS=−1.5� and a value of the
chemical potential ��=−0.2� leading to a higher total elec-
tron density. All the other parameters, i.e., the interface hop-
ping amplitude tT and the parameters characteristic of the
ferromagnetic layer, are left unchanged.

The proximity-induced subdominant components now de-
velop in the px, py, and extended s-wave channel, with the
most stable solutions being the ones without any time rever-
sal symmetry breaking. The results obtained in this case,
concerning the interplay between the bulk symmetry and the
one of the induced components, exhibit some kind of duality
when compared to those previously found for a bulk chiral
p-wave symmetry. In this case too, we start by presenting the
ground-state phase diagram for the induced OP components
at the interface �see Fig. 5�, distinguishing among a SR pen-
etration region and an LROS one �see Fig. 6 for the case h
=0, tF↓ / tF↑�1, and Fig. 7 for the case h�0, tF↓ / tF↑=1�.

As in Fig. 1, the crossover line separating the SR and the
LROS shows an almost linear dependence of tF↓ / tF↑ versus

h, but now the half-metallic phase does not coincide any-
more with the SR region. In this circumstance too, it is pos-
sible to understand the origin of the oscillating behavior from
the behavior of the electron densities nF↑ and nF↓ in proxim-
ity of the interface in the ferromagnetic layer. Indeed, from
Fig. 8 we can see that the changeover from the LROS to the
SR regime is generally accompanied by a reduction to zero
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of the minority spin density, implying the transition to a half-
metallic regime. As for the previous case, an estimation of
the crossover values tF↓

� / tF↑
� and h� can be obtained by solv-

ing Eq. �6� and extracting the exchange amplitudes, where
the associated Fermi surface shrinks to zero. Looking at the
previous expression, one can indicate in the unequal ampli-
tude of the chemical potential for the p- and d-wave symme-
try, the difference in the threshold amplitude for setting the
SR regime.

IV. DENSITY OF STATES AT THE INTERFACE

To further characterize the proximity effect for the bilayer
system under examination, we have considered the modifi-
cation of the density of states �DOS� at the interface, with the
purpose of comparing the features due to the different spin
polarizing mechanisms. The variation of the local density of
states at the interface between a superconductor and a normal
metal or a ferromagnet has been widely discussed in litera-
ture upon different microscopic conditions. These studies
have been performed in the diffusive,4,44,45 as well as in the
clean limit46 within different schemes of computations and

accounting for a conventional or unconventional pairing po-
tential, respectively.

Hereafter, our analysis is focusing on few special distinc-
tive aspects of this issue, starting from the consideration of
an unconventional superconductor with triplet p-wave chiral
pairing. The investigation takes into account the energy de-
pendence of the density of states around the Fermi level in
the case of a magnetic polarization due to either spin-
exchange field or spin-dependent mass. We shall show that
the differences emerging in the ferromagnetic side in the
behavior of the zero-energy density of states �ZEDOS� for
majority and minority spin electrons influence the modifica-
tion of the DOS in the superconductor when the effective
spin exchange or the spin-dependent hopping asymmetry are
varied. Moreover, as in the previous Sections, we concentrate
on a specific interface configuration with �100� direction, in
the case of high barrier transparency.

In Fig. 9 we report the changes of the ZEDOS induced by
variations of the spin-exchange field and the spin-dependent
hopping asymmetry at a site position in proximity of the
interface within the ferromagnetic side. The curves here refer
to the same parameter choice adopted in the discussion of the
bulk triplet case. Some indicative information can be ex-
tracted from Fig. 9. The behavior of the ZEDOS reflects the
DOS curvature for the ferromagnetic subsystem as given by
the two different ways of generating spin polarization via h
or tF↓ / tF↑. Indeed, the variation of the spin exchange field
leads to a relative energy shift of the spin majority DOS with
respect to the spin minority one. This in turn implies a shift
of the chemical potential within the majority DOS lower
band. Since we are considering a nearest neighbor hopping
connectivity on a square lattice in two dimensions, the DOS
exhibits a single peak associated with an extremal point for
the energy dispersion �van Hove singularity�. Hence, the ZE-
DOS of the majority spin will go through a maximum at
about h�1.6 before getting down to a value that is compa-
rable with that of the normal zero-field configuration. On the
other hand, the ZEDOS for the minority spin is monotoni-
cally decreasing until it goes to zero at the transition to the
half-metallic state for a critical exchange amplitude given by
hHM �2.5.

When considering the ferromagnetic configuration gener-
ated by a spin-dependent hopping asymmetry, it is the ratio
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between the spin bandwidths �or the renormalized masses� to
be varied. This corresponds to an effective reduction of the
minority spin bandwidth with respect to the majority one,
accompanied by an increase in the intensity arising to keep
the total spectral weight conserved. As discussed in the Sec.
I this type of ferromagnetism originates as a net gain in the
kinetic energy for the majority spin component. As a conse-
quence of this microscopic modification of the hopping am-
plitude, the ZEDOS for the majority spin stays almost con-
stant while the one for the minority spin follows the DOS
curvature reaching a maximum at 1− tF↓ / tF↑�0.4 and then
becoming quickly suppressed when approaching the half-
metallic limit around 1− tF↓ / tF↑�0.7. Indeed, below this
value the narrowing of the spin down band makes the DOS
entirely develop at energies above the chemical potential, in
such a way to give n↓�0.

In summary, the behavior of the ZEDOS is highly non-
trivial as the amplitude of the spin polarizing interactions is
changed, as a consequence of the specific form of the two-
dimensional normal state DOS for nearest-neighbor hopping
on a square lattice. Two distinct behaviors for the majority
and the minority spin components can be extracted when the
spin-exchange field or the spin-dependent mass mechanism
are considered. Such differences are of guide to interpret the
manifestation of the ferromagnetic correlations in the prox-
imity involving different DOS spin channels. Let us also
notice that a similar behavior as the one shown in Fig. 9 is
found in the d-wave case, the only difference consisting in a
shift of the curves toward lower values of h and 1− tF↓ / tF↑,
as a consequence of the closer proximity of the chemical
potential to the van Hove singularity.

As far as computational aspects are concerned, the site-
dependent DOS is evaluated at the end of the self-consistent
procedure for the determination of the superconducting order
parameters and the magnetization profile. In terms of the
eigenvectors components �uin�k� ,vin�k�	 and the correspond-
ing eigenvalues En�k�, the local DOS for spin component at
the i-th site �i�x /a� is given by:

Ni↑�� =
1

Ny
�
k,n


uin�k�
2�� − En�k�	 ,

Ni↓�� =
1

Ny
�
k,n


vin�k�
2�� + En�k�	 .

In the following subsections, the results will be presented by
normalizing the DOS for the general F−S case to the one for
the nonsuperconducting �F−N� bilayer configuration evalu-
ated at zero strength of the pairing coupling. Thus, all the
variations with respect to the unit amplitude are a conse-
quence of the interplay between the pair formation and the
spin imbalance in the ferromagnetic side of the junction. For
convenience, we will also scale the energies by using the
value of the gap �0 obtained well inside the superconductor,
i.e., where the pairing amplitude is not influenced by the
interface, also fixing the chemical potential at =0.

We point out that the experimental detection of a spin-
resolved DOS can be performed via scanning tunneling spec-
troscopy �STS� by using a tip made of a half metal �such as,

for instance, CrO2� allowing for the transfer of only one type
of carrier. This kind of technique has already been used in
the past to directly probe the spectral density for majority
and minority carriers in magnetic systems such as
chromium47 or manganese48 thin films. Tip designs and
modes of operation for spin-polarized STS have been re-
cently reviewed in Ref. 49, where the analysis has also been
referred to the case of planar tunnel junctions made of dif-
ferent electrode materials, such as superconductors, optically
excited GaAs, and ferromagnets.

A. F Õp-wave bilayer

In Fig. 10 we compare the effects induced by variations of
the spin field and the mass asymmetry on the density of
states evaluated at the interface site position �i.e., i=x /a
=L /2�. This choice is motivated by the fact that the interface
behavior contains some of the main distinctive features char-
acterizing the two mechanisms. The strategy we follow is to
consider separately the behavior of the DOS for the two spin
polarizing mechanisms and then to analyze the main differ-
ences between them. To start with, we discuss the DOS
structure for each spin polarization as a function of h. In the
upper panels of Fig. 10 we report the behavior of the DOS
for the up- and down-spin channel versus the exchange field
amplitude. From a quantitative point of view, no significant
variations can be observed for the majority spin band, al-
though a reversal of the DOS profile occurs when the field
amplitude is raised above the value corresponding to the ZE-
DOS maximum �see Fig. 9�. On the other hand, the effects
are very pronounced in the minority spin channel because
minority spin electrons have a high probability to pair up
with the electrons coming from the majority spin band within
the ferromagnet. Such paired configurations are mainly re-
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sponsible for the DOS modification inside the gap in the
down spin channel. For the majority spin channel, the spec-
tral weight is weakly modified except for the change induced
by the residual minority electron spin density in the ferro-
magnet.

Going more into detail, one can notice that for the minor-
ity spin channel the normalized DOS profile exhibits �i� a
dip/peak structure at energies below/above zero for low-spin
field, �ii� a well-defined gaplike structure deepening more
and more as the half-metallic limit is approached, accompa-
nied by the formation of pseudo-quasiparticle coherent peaks
at energies 	�0.

The dip/peak positions are at energies of the order of
�0 /2 but they are not symmetric. They are gradually shifted
toward higher frequencies until the value h�1.7, corre-
sponding to the turning point of the ZEDOS in the minority
spin channel, is reached. Above this threshold, an enhance-
ment of the spectral weight occurs at energies corresponding
to pair breaking and quasiparticles formation. An interesting
aspect is represented by the hardening of the gap in the mi-
nority spin component as the exchange field is increased.
This result seems counterintuitive if one considers that ap-
proaching the half-metallic limit the decrease in the minority
carrier density should lead to a suppression of the pairing
amplitude. However, as a stronger and stronger unbalance
between the two spin species is created, the corresponding
increase in the singlet component at the interface �which is
absent for n↑=n↓� becomes responsible for the deepening of
the gap in the minority spin channel. This can easily be un-
derstood considering that the reduction of the down spin
component in the ferromagnetic side tends to induce an order
parameter, due to the pairing of up spins in the F side with
down spins coming from the S side, that is built via a super-
position of singlet and triplet pairing amplitudes. This pro-
cess is also favored by the increase in the majority spin car-
riers seen as one moves toward the half-metallic regime �see
Figs. 4 and 8�.

Going to the differences found in the DOS when the two
mechanisms for ferromagnetism are considered, we notice
that they can be ascribed to the specific peculiarities at the
interface shown by the x and y components �perpendicular
and parallel to the interface, respectively� of the chiral
p-wave superconducting order parameter considered here.
These two components, combined in the form px+ ipy, are
affected to a different extent by the two spin-polarizing
mechanisms as one approaches the half-metallic limit. This
is particularly evident in the behavior of the correlation
length associated with the distance from the interface of the
point where the pairing amplitude reaches its bulk value.
While this distance is sensible to the strength of the ex-
change field, on the contrary it stays constant as decreasing
values of the mass asymmetry ratio are considered �see lower
panels of Fig. 3 and Fig. 2, respectively�.

B. F Õd-wave bilayer

Similar considerations can also be made for the case of a
F /d-wave bilayer. Again a crucial role is played by the way
the DOS for up- and down-spin electrons in proximity of the

Fermi level is affected by variations of the exchange field or
variations of the mass asymmetry ratio. The behavior is simi-
lar to the one showed in Fig. 9, except that in the case of
field variations the maximum for the majority spin DOS at
zero energy is reached at a much lower value of h �approxi-
mately equal to 0.6�, as a consequence of the fact that the
d-wave phase develops at higher electron densities with re-
spect to the p-wave case, corresponding to values of the
chemical potential much closer to the van Hove singularity.

The behavior of the DOS for up and down spin as the
exchange field is varied is reported in the upper panels of
Fig. 11. The results are not very different from the ones
obtained in the case of p-wave symmetry. The DOS for ma-
jority �up� spins exhibits an even more well-defined dip/peak
structure at low fields that gets reversed into a peak/dip one
as the relative band shift due to the increase in h makes the
chemical potential cross the van Hove singularity. The inver-
sion point coincides with the value h=0.6 of the field at
which the up-spin zero-energy DOS takes its maximum
value. At the same time, the amplitude of the structures stays
approximately constant as the field is varied. On the other
hand, as for the p-wave case, the increase in the field leads to
a substantial deepening of the gaplike structure in the DOS
for minority spin-down electrons. This is again due to the
increase in the majority spin electron density as the half-
metallic regime is approached, together with the correspond-
ing strengthening of the triplet components of the order pa-
rameter. However, differently from what happens for the
p-wave symmetry, the DOS for minority down-spin electrons
does not exhibit a symmetrically developed gaplike structure
with quasiparticle peaks at 	�0 even for values of the field
well above the one ��1.8� at which the half-metallic regime
is reached. This behavior can be understood in terms of the
different behavior characterizing the triplet components in
the two cases of Stoner-like and mass spin asymmetry
mechanism for ferromagnetism considered here. Actually,
while px and py components appreciably increase when the
value of the exchange field is raised, on the contrary they
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stay approximately constant when lower and lower values of
the mass asymmetry ratio are considered.

We conclude this section by showing in Fig. 12 the be-
havior of the total DOS

Ni�� = Ni↑�� + Ni↓��

evaluated at the interface �i=x /a=L /2� and normalized to its
normal state value. We can clearly see that there is a substan-
tial difference in the results for the total DOS obtained when
the two kinds of mechanism for ferromagnetism are consid-
ered. In the case of spin bandwidth asymmetry, the DOS is
asymmetric with respect to zero energy, regardless of the
value of tF↓ / tF↑ for both p- and d-wave pairing. On the con-
trary, in the case of ferromagnetism due to the presence of an
exchange field h, the total DOS exhibit peaks which are
gradually shifted in position as h is varied, with the forma-
tion of a gap symmetrically developing around zero energy
when the half-metallic regime is reached. This occurs essen-
tially in the same way for both kinds of symmetry, the main
difference between them residing in the presence in the
d-wave case of a zero-bias maximum at intermediate values
of h, which is absent in the p-wave case.

V. CONCLUSIONS

We have investigated the behavior of a bilayer junction
made of an unconventional superconductor and an itinerant
ferromagnet, separately considering for the former the two
cases of chiral p-wave and d-wave symmetry, and for the
latter two distinct mechanisms for the generation of spin un-
balance, that is, �i� a Stoner-like one originated by the pres-
ence of a constant exchange field, and �ii� a mass asymmetry
one generated by a narrowing of the bandwidth of the minor-

ity spin carriers with respect to the majority ones. The rich
phenomenology of this kind of system is of particular inter-
est because the interface properties of d- and p-wave super-
conductors are quite different from those exhibited by con-
ventional isotropic s-wave ones, due to the nontrivial angular
structure of the corresponding pair wave functions. In par-
ticular, as soon as a finite magnetization appears, very spe-
cific effects take place as a consequence of the propagation
in the ferromagnetic layer of superconducting oscillating
components of different symmetry compared to the bulk one
developing in the superconducting side. Guided by this mo-
tivation, a particular attention has been devoted to the differ-
ences arising in the system when the two distinct mecha-
nisms for ferromagnetism are separately taken under
consideration. We stress that for both mechanisms the mani-
festation of these effects is intimately related to the presence
of an anisotropic superconductor facing the ferromagnet. Ac-
tually, when a conventional s-wave S−F junction is consid-
ered, one can only observe the formation of a subdominant
anisotropic s-wave component, characterized by a very small
amplitude compared to the dominant one. This holds regard-
less of the mechanism of generation of the ferromagnetism.
Nevertheless, even in such a conventional case there are dif-
ferences emerging in the density of states at the interface.
Indeed, the dip-peak-like features of the DOS for the Stoner
mechanism are energy dependent and they shift from nega-
tive to positive frequencies if the exchange amplitude is var-
ied toward the half-metallic regime. On the contrary, in the
case of spin bandwidth asymmetry the DOS for the spin
majority carriers exhibits an asymmetric profile at all values
of the ratio tF↓ / tF↑, with a dip �peak� structure at negative
�positive� values of the energy. On the other hand, the DOS
for the spin minority channel does not change significantly in
the energy range that is relevant for the superconducting
pairing.

We point out that the analysis here has been confined to
the high-transparency case. Nonetheless, the analysis of
junctions with low-transparent interfaces also deserves great
attention, given that in real systems the difference in the
electronic structure between the ferromagnet and the super-
conductor tends to give rise to a potential barrier at the in-
terface. Moreover, in the low-transparency limit significant
differences emerge between the two cases of chiral p-wave
and d-wave symmetry, due to the fact that midgap Andreev
resonant states play a fundamental role in the former and are
absent in the latter. This is evident from the formation in the
p-wave case of a zero-energy peak in the local DOS at the
interface, which tends to disappear as the transparency of the
barrier is gradually increased.14 On the other hand, a similar
effect is not seen in d-wave junctions.8

To further investigate the proximity effect in our F/US
bilayer junction, we have also concentrated our attention on
a relevant experimentally accessible quantity, the local den-
sity of states. A detailed analysis has been performed, in
particular, as concerns the effects introduced at the interface
by the anisotropy of the superconducting order parameters.
The differences already pointed out associated with the two
kinds of ferromagnetism considered here manifest them-
selves in peculiar behaviors of the density of states at the
interface, in the p-wave case, as well as in the d-wave case,
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with distinct effects on the opening of gaplike structures in
the DOS of both kinds of spin species. We believe that these
effects can turn out to be of special relevance in the deter-
mination of the transport properties, which are expected to
exhibit specific and unconventional features, in particular
when one moves toward the half-metal regime. A study in
this direction, specifically concentrated on the analysis of the

differential conductance, is in progress and will be the sub-
ject of a forthcoming paper.
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