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Abstract Thermal treatments of foods required accurate
processing protocols. In this context, mathematical
modeling of heat and mass transfer can play an impor-
tant role in the control and definition of the process
parameters as well as to design processing systems. In
this work a code able to simulate heat and mass transfer
phenomena within solid bodies has been developed. The
code has been written with the ability of describing
different geometries and it can account for any kind of
different initial/boundary conditions. Transport phe-
nomena within multi-layer bodies can be described, and
time/position dependent material parameters can be
implemented. Finally, the code has been validated by
comparison with a problem for which the analytical
solution is known, and by comparison with a differential
scanning calorimetry signal that described the heating
treatment of a raw potato (Solanum tuberosum).

1 Introduction

Thermal unit operations, such as sterilization, drying
and cooking, but also freeze-drying and thawing, are
often adopted to stabilize, preserve, make suitable for
consumption or obtain longer shelf-life of food prod-
ucts. In order to obtain processed products that keep
more of their original characteristics (flavors and nutri-
tional values, color and texture, rehydratation content)
thermal treatments required accurate processing proto-
cols [1]. In this context, mathematical modeling of heat

and mass transfer in foods during thermal treatment can
play an important role in the control and definition of
the process parameters as well as to design processing
systems.

The heat and mass transfer phenomena within solid
bodies have been investigated extensively. The model-
ing issues have been established from a long time (e.g.
Ref. [2]), and the analytical solutions have been found
for a large number of problems [3, 4]. However, as it
has already been pointed out in recent works, in both
industrial and R&D practical problems, for which
analytical solutions are not known, are very common.
These problems are simple in principle, but are com-
plicated by some particular features. In particular,
material characteristics as well as generation terms can
vary with both independent (time, position) and
dependent (temperature, concentrations) variables, and
heat and mass transfer phenomena can interact to each
other (the balance equations result to be coupled). In
these conditions, analytical solutions are extremely
rare.

In a preliminary work [5] it was suggested the basic
structure of a code able to simulate transient one-
dimensional heat transfer phenomena, for different
geometries, and the code was validated by comparison
with a number of analytical solutions. In subsequent
works, coupling the heat balance and a mass balance
accounting for mass generation/consumption increased
the capability of the code. This improved code version
has been applied in studies of polymer crystallization
during the cooling in a DSC apparatus [6], and in studies
of microwave heating of different dielectric materials in
microwave single-mode cavity [7].

Aim of this work is to further improve the code,
adding the ability to simulate mass diffusion phenomena
and heat and mass transport phenomena in multi-layer
systems. As usual, firstly the code will be validated by
comparison with a problem for which the analytical
solution is known, and afterwards a real situation
(heating of foodstuff in DSC) will be simulated to test
the ability of the code to reproduce real processes.
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2 Modeling

The code written to solve generalized energy balance has
already been described in a previous paper [5]. An im-
proved version also accounting for mass generation/
consumption or phase change has been adopted to de-
scribe polymer crystallization by cooling of slabs [6] and
heating of cylinder workloads by microwave in a single-
mode applicator [7]. In the current work, themass balance
has been further improved to take in account for diffusion
or pseudo-diffusion phenomena. Both the balances (en-
ergy and mass) assume the same structure (Eq. 1), and
theynaturally result to be coupled viamaterial parameters
and generation terms, as well as via boundary conditions,
which are detailed in the following.
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In Eq. 1, t is the time variable and n is the space
variable while Gi(t, n) is the dependent variable (tem-
perature or mass concentration). Material characterizing
parameters and generation terms are accounted for in
the terms Ai and Bi, respectively. The values assumed by
all the terms reported in Eq. 1 are summarized in
Table 1. Flag f can be zero, one or two, describing the heat
transfer problem in a semi-infinite flat slab (n ” z=axial
direction), in a semi-infinite cylinder (n ” r=radial
direction) or in a sphere (n ” r=radial direction),
respectively. The new version of the code is able to solve
simultaneously two PDEs with the structure given by Eq.
1 (i=1, 2), that could describe heat and mass balances, as
well as isothermal coupled mass balances.

In principle the diffusion term in Eq. 1, with reference
to rectangular coordinates, should be written as
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However, the philosophy of numerical solution of
PDEs is to keep the derivatives as little as possible to
minimize the errors due to the replacement of the
derivatives themselves by finite differences. Thus, the
first term on right-hand side of the above reported
equation, being built multiplying three derivative terms,
is negligible if compared with the other terms. In con-
clusion, Eq. 1 is a good starting point for simulation of
transient/diffusive phenomena, even if the parameters
are not constant.

The model has to be completed by suitable initial and
boundary conditions. Standard form of Initial Condi-
tions (I.C.) is given by Eq. 2a (i=1, 2):

I.C. Ci t ¼ 0; nð Þ ¼ C0
i nð Þ ð2aÞ

where Gi
0 (n) are the initial distributions of the two

dependent variable G1 and G2.
Boundary conditions (B.C.) can be written in a gen-

eralized form (i=1, 2):
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In Eq. 2b aA,i(t), bA,i(t) and cA,i(t) are parameters
useful to reproduce usual forms of boundary conditions
for the boundary at n=XA. The same task, at n=XB,
was played by aB,i(t), bB,i(t) and cB,i(t) in Eq. 2c. A de-
tailed description of the values that the coefficients as-
sume for different boundary conditions was reported in
Barba and Lamberti [5].

The spatial domain comprised between n=XA and
n=XB can be subdivided into J different layers, in per-
fect thermal contact, made by different materials (of
course, the value of Ai and Bi have to be built to take in
account for the change of the material). In correspon-
dence of the separation surfaces, the code works veri-
fying the ‘‘Continuity Conditions’’, i.e. the dependent
variables Gi and their fluxes have to be continuous.
Mathematically, this means that Eqs. 2d have been
implemented in the code.
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All the parameters adopted in Eqs. 1 and 2 are
summarized in Table 1. The meaning of index i and j
are, respectively, the nature of the dependent variable
(temperature or concentration) and the number of
layers considered. Physical meaning of all the param-
eters comes from common use (aT, thermal diffusivity
m2 s�1; kT, thermal conductivity, J s�1 K�1 m�1; D,
pseudo-diffusion coefficient, m2 s�1). It is worth
noticing that the coupling between the two balances
could be obtained by properly setting the generation
terms GT,j and GM,j which can be built as functions
of the time, the position, the Gi and the Gi time
derivative.

The partial differential equations (Eq. 1), with their
initial, boundary and ‘‘continuity’’ conditions (Eq. 1)
(i=1, 2), were solved by the finite difference method
known as Crank–Nicolson scheme as described by
Lapidus and Pinder [8].

3 A preliminary validation: simultaneous diffusion
of heat and moisture

Crank [4, Chap. 15] analyzed a problem in which
heat and mass were transferred simultaneously, the

Table 1 Meanings of symbols in Eqs. 1 and 2

i Gi Ai Bi Ci

Heat 1 T aT,j aT,j/kT,j GT,j kT,j
Mass 2 C Dj Dj/aj GM,j Dj
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non-isothermal uptake of water by a package made by
textile fibers and air entrapped in the fibers. An analyt-
ical solution, due to Henry [9, 10] is reported and dis-
cussed in Crank [4], and here in the following the
problem and the solution are briefly summarized. The
heat and mass transfer equations are
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In Eq. 3, T is the fiber temperature, M the amount
of the moisture absorbed by unit mass of fiber, C the
concentration of water vapor in the air spaces t the
time and x is the position along which the transport
phenomena take place. The other parameters: q is the
density of the package (textile fiber + air void), CP is
the specific heat of the package, kT is the heat con-
ductivity of the package, DH is the heat evolved for
mass unity in vapor absorption by the fiber, v is the
fraction of the package volume occupied by the air
(whereas 1�v is the fraction occupied by the fiber), qs

is the density of the fiber and D is the diffusion
coefficient for the moisture in air. The moisture in the
fiber can be related to water concentration in air
and temperature (C and T) by a linear relationship
[4, p. 355]:

M ¼ M0 þ rC � xT ð3cÞ

where M0 is a reference moisture, r and x are empirical
coefficients.

If a package, in equilibrium with its surroundings at
given values of temperature and concentration of vapor
in air (T0 and C0), is exposed to sudden changes in
external conditions, i.e. if the concentration and the
temperature are suddenly altered to T1 and C1 at the
boundary, and maintained constant, the actual concen-
tration and temperature can be calculated by Eq. 4:
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where DT=T�T0, DC=C�C0, D0T=T1�T0, D0C=
C1�C0, a¢=a/(1+DHx/CP), m=DHr/CP/(1+DHx/CP),
D¢=D/[1 + (1�v)qsr/v], k=[(1�v)qsx/v]/[1 + (1�v)
qsr/v]. The li are the two roots of the equation :

ðD0l2 � 1Þða0l2 � 1Þ ¼ km ð5Þ

The /i(t, x) are the solutions of ordinary diffusion
equations with coefficients Di=1/li. For a slab of
thickness 2b they read [4, p. 47]:
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Giving to the physical parameters appropriated val-
ues, the results of the analytical solution for Eq. 4a are
reported as curves in Fig. 1, for 60, 300, 1,800, 7,200 and
14,400 s after the sudden change in external conditions
(temperature raise D0T of 20 �C, and moisture increase
D0C of 1 kg m�3).

The generalized code can simulate the situation de-
picted above simply setting the code parameters as de-
scribed in Table 2. Further assumption is the
rectangular geometry (the flag has to be f=0). The
simulation has been performed by setting Dt=0.01 s
(time step), and Dn=0.005 m (spatial step). Being the
total time equal to 14,400 s, the resulting grid was
1,440,000 · 20=28,800,000 points. Predictions of
numerical code are reported in Fig. 1 (temperature
profile evolution in the textile package) as symbols. The
numerical solution is in good agreement with the ana-
lytical one: by this way, the numerical code can be
considered as validated.

4 A real process: DSC heating of foodstuff

4.1 Introduction

Detailed temperature and moisture profiles knowledge
inside food samples during heating treatments (cooking,

Fig. 1 Temperature profile evolution in a textile package (slab
0.2 m thickness), subject to a sudden change of external conditions
(D0T=20 �C, see text). Analytical (curves) versus numerical
solution (symbols)
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drying, thawing) is highly desirable. Design and man-
agement of food treatment processes can be strongly
improved by this knowledge, as obtained by the com-
plete modeling of all the heat and mass transfer phe-
nomena taking place in the samples.

The code developed in the frame of this work has
been applied to the heating of a water-rich material
foodstuff, accounting for all the most important trans-
port phenomena. Experimental and modeling details, as
well as related results, are reported below.

4.2 Experimental

Experimental runs were carried out in a Mettler DSC30
using slabs of raw potato (Solanum tuberosum, Agria
cultivar) as model food. Potatoes are representative of a
large range of high moisture food and have several
features (such as small and homogeneous cells and
structurally are less complex than other vegetables)
useful to describe their characteristics by simplified
relationships.

The samples were thin slabs of different thickness b
(Fig. 2). The DSC pans were sealed and a hole was made
in the cover, to allow the vapor elimination. For each
sample, weight and thickness were recorded before and
after the heat treatment. The initial moisture (kg water/
kg drysolid) was calculated by

M0 ¼
initial weight� final weight

final weight
ð7Þ

4.3 Modeling

For the DSC heating of a thin slab, the transient one-
dimensional balance equations could be written as fol-
lows
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with the following initial conditions (initial temperature
T0 and initial moisture M0):

I.C. T ðt ¼ 0; nÞ ¼ T0 ð9aÞ

Mðt ¼ 0; nÞ ¼ M0 ð9bÞ

Equation 8b assumes the water transport in liquid
phase through the material [11].

The boundary condition on the bottom of the pan
sets the sample temperature equal to the furnace tem-
perature Tf(t) and the moisture flux as nil:

B.C. 1;@n ¼ 0 T ðt; n ¼ 0Þ ¼ TfðtÞ ð10aÞ
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Finally, the heat boundary condition (Eq. 11a) over
the sample surface (n=b, inside the sealed pan) sets the
conductive heat flow equal to the convection from the
hot air to the sample plus the latent heat removed with
water evaporation. In the same position the pseudo-
diffusive moisture flow inside the sample was equated to
the convection in the upper air.
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Material properties were found in literature and are
summarized in Table 3. The system of PDEs (Eq. 8) plus
initial (Eq. 9) and boundary conditions (Eqs. 10 and 11)
has been solved by the generalized numerical code
developed in this work, adopting the code parameters
summarized in Table 4. The simulations have been
performed by setting Dt=1 s (time step) and dividing the
slab thickness in 20 spatial steps (the spatial step value
depends upon the slab thickness).

However, implementation of boundary condition 2
deserves further considerations:

1. The heat transfer phenomena from the upper surface
of the sample consist of a term accounting for con-
vection and radiation, plus a term accounting for
latent heat depletion due to water evaporation. For
the particular situation under observation, to our

Fig. 2 DSC pan schematic

Table 2 Values of code parameters to simulate the process de-
scribed in Sect. 3 (a preliminary validation: the non-isothermal
uptake of water by a textile package)

aA,1 bA,1 cA,1 aB,1 bB,1 cB,1 A1 B1

1 0 0 0 1 �D0T a¢ m¶C/¶t
aA,2 bA,2 cA,2 aB,2 bB,2 cB,2 A2 B2

1 0 0 0 1 �D0C D¢ k¶T/¶t
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knowledge, no faithful correlation exists to estimate
the heat transfer coefficient h in Eq. 11a. Thus, it has
firstly been evaluated the order of magnitude of the
heat transfer coefficient by the film theory, for which
h �kTa/D (kTa and D being the air thermal conduc-
tivity and the thickness of the free space between the
upper surface of the sample and the cover of the DSC
pan, respectively, see Fig. 2). Finally, it has been se-
lected the value of h as the product j1ÆkTa/D, i.e. the
parameter j1 acts as an adjustable one (due to local
air mixing and to radiation, j1 is expected to be larger
than one).

2. The right-hand side of Eq. 11b accounts for apparent
density of dry solids, i.e. the amount of dry solids in
1 m3 of sample volume: q=qp/(1 + M), since q=kg
dry solids per m3, qp=kg potato per m�3, M=kg
water per kg dry solid.

3. A reasoning similar to the one of point (1) can be
carried out for water vapor development from upper
surface (B.C. 2, Eq. 11b). The order of magnitude of
the mass transfer coefficient (kc) could be estimated as
kc=Dwa/D (Dwa being the diffusivity of water vapor
in air), the concentration of water in air close to the
surface of the sample, Csurf, can be estimated by the
equation in the first row of Table 3. However, no
tested method exists for the water vapor concentra-
tion in the pan free space, C¥, even if a value of the
same order of magnitude of Csurf is expected, since

the removal of water from the pan should be a slow
phenomenon. To overcome these problems, the left-
hand side of Eq. 11b has been rewritten as (Dwa/
D)(Csurf�j2ÆCsurf)=(Dwa/D)ÆCsurfÆ(1�j2), being j2

another adjustable parameter expected to be close
to 1.

4. Even if the left-hand side of Eq. 11b built in point iii.
could be directly implemented in the code, to avoid
numerical instability (and to minimize the required
number of time steps), the dependence of Csurf from
moisture M, expressed by the function g(M) in
Table 3, has been linearized as a Taylor series:
g(M)=g(M*) + g¢(M*)(M�M*). Therefore, the left-
hand side of Eq. 11b thus become: (Dwa/
D)(1�j2)fs(T)[g(M

*) + g’(M*)(M�M*)]. Hence, the
code parameters useful to reproduce boundary con-
dition 2 for mass transfer will be: aA,2=qDwp,
bA,2=(Dwa/D)(1�j2)fs(T)g’(M

*), and cA,2=(Dwa/
D)(1�j2)fs(T)[g(M

*)�g’(M*) M*], M* being the
moisture close to the sample surface.

Finally, the heat flow as recorded by the DSC
apparatus has been simulated [6] as
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where S is the heat exchange surface and ms is the
sample mass.

4.4 Results and discussion

The heating of a 400 lm thickness slab of potato, with
an initial moisture content M0=4 kg water per kg dry
solids, starting from 25 �C until 250 �C in a DSC with a
heating rate of 10 �C per min�1 has been experimentally
carried out and, then, simulated (b=400 lm; D=B +

Table 3 Material parameters to simulate the process described in Sec. 4 (a real process: the heating of foodstuff in a DSC)

Parameter (units) Formula Source

Water concentration in air on
potato surface (kg m�3)

CsurfðT ;MÞ ¼ fsðT ÞgðMÞ
fsðT Þ ¼

2:166�10�3ð Þ
T P sat

w ðT Þ
gðMÞ ¼ M

0:0813

� �1=0:458
1þ M

0:0813

� �1=0:458h i�1 This work, elaboration
from Refs. [11–13]

Conductivity of potato (W m�1 K�1) kT ;pðT ;MÞ ¼
0:1 if M60:25

0:276þ 0:293 logðMÞ if M > 0:25



This work Ref. [14]

Specific heat of potato (J kg�1 K�1) CP ;pðT ;MÞ ¼ 30:125ð Þ þ 6:109ð ÞT þ 849:4ð ÞM þ �104:2ð ÞM2 This work, elaboration
from Ref. [15]

Diffusivity of water in potato (m2 s�1) DwpðT Þ ¼ 3:446 � 10�7
� �

� exp � 2514
T

� �
[16]

Density of potato (kg m�3)

qpðT ;MÞ ¼ 1079þ exp �0:383 �M2
� �

� 190þ 320�190
1þexp T�318:9

3:53ð Þ

� �
This work, elaboration
from (Wang and
Brennan, 1995) data.

Saturation pressure of water in air (Pa) P sat
w ðT Þ ¼ exp 23:1699� 3799:89

T�46:8
� �

These formulas are tuned
on the basis of data
reported by (Perry and
Green [17]) (T in K)

Latent heat of evaporation of water (J kg�1) DHwðT Þ ¼ �2:43 � 103
� �

� T þ 3:16 � 106
� �

Conductivity of air (W m�1 K�1)
kTaðT Þ ¼ �2:56 � 10�8

� �
� T 2þ

þ 9:27 � 10�5
� �

� T þ 5:29 � 10�4
� �

Diffusivity of water in air (m2 s�1) DwaðT Þ ¼ 1:95 � 10�4
� �

� exp � 595:7
T

� �

Table 4 Values of code parameters to simulate the process de-
scribed in Sec. 4 (a real process: the heating of foodstuff in a DSC)

aA,1 bA,1 cA,1 aB,1 bB,1 cB,1 A1 B1

0 1 �Tf(t) kT h �hTf+DHrv¢¢ aT,p 0
aA,2 bA,2 cA,2 aB,2 bB,2 cB,2 A2 B2

1 0 0 See text See text See text Dwp 0
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d�b=1700 lm, see Fig. 2; j1=42, j2=0.93). The
experimental DSC signal, as recorded during the heating
run, is reported in Figure 3 (symbols). The simulated
DSC signal, as calculated by eq. 12, is reported in Fig. 3
(solid line). The model is able to capture all the main
features of the experimental signal, even if it does not
perfectly reproduce the data. It is worth noticing that the
material parameters have been taken from literature,
sometimes forcing their original physical range of
applicability (related measurements have been carried
out in limited thermal range [11–15]. However, the val-
idation has to be considered largely successful, since the
position and the amplitude of the DSC peak is perfectly
predicted.

Once the temperature and the moisture predicted by
the code were validated, it is possible to gain insight the
evolution of internal profiles. Thus, Fig. 4 reports tem-
perature and moisture profiles at different times during
the heating. The thermal distribution results to be
essentially isothermal, whereas pronounced moisture
gradients develop during the heating. These are key
information for food processing management (for
example, large residual humidity, in any position
through the food can cause deterioration during a sub-
sequent storing).

5 Conclusions

Starting from the generalization of the heat balance
equation, in transient condition and along one-dimen-
sion, already presented in Barba and Lamberti [5], in this
work a code able to numerically solve a couple of gen-
eralized balance equations (e.g. heat and mass transfer)
is developed. The code was validated by comparison
with the analytical solution known for a problem
involving simultaneous heat and mass transfer, and was

applied to describe the heating of foodstuff in a DSC
pan. The code results well agree with the experimental
DSC signal, confirming the model to be predictive.

The code can manage: (1) almost all the kind of
boundary conditions; (2) variable coefficients; (3) multi-
layers problems; (4) different kinds of generation terms.
It then constitutes a powerful tool for industrial and
R&D studies. Attention will be dedicated, in future
works, to the simulation of more complex food heating
treatments performed by microwave energy: drying,
cooking and thawing of foodstuffs.
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