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Abstract

The Brown and Richards (Principles of Powder Mechanics, Pergamon Press, Oxford, UK, 1970) correlation for the discharge rate of
%ne powders from a hopper was modi%ed to account for the gas pressure gradient near the outlet. According to Dons*+ et al. (Chem. Eng.
Sci. 52 (1997) 4291) there is a transition between a granular 9ow region and a suspended 9ow region near the hopper outlet. Brown and
Richards (1970) stated that the particle discharge rate depends on the 9ow conditions just above this transition surface. In the modi%ed
equation that is developed to account for the gas pressure, a term including the gas pressure gradient at this surface appears. The gas
pressure gradient is evaluated from the literature experimental results by considering the Dons*+ et al. (1997) %nding that a signi%cant part of
the gas pressure gradient near the hopper outlet is due to the suspended motion. Furthermore, a simpli%ed analysis is carried out to evaluate
from the experimental results the voidage variation within the solids phase that is responsible for the onset of the gas pressure gradient.
? 2003 Elsevier Ltd. All rights reserved.
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1. Introduction

The in9uence of the solid–9uid interactions is generally
neglected in the description of the motion of coarse granular
solids discharging from a bin. This is the case in the Beverloo
et al. (1961) empirical correlation which states

Ws = 0:58�bg1=2(D0 − 1:5dp)5=2; (1)

where Ws is the solids 9ow rate, �b is the bulk voidage, �s
is the particle density of the solids, g is the acceleration due
to gravity and D0 is the outlet diameter. Similarly, Rose
and Tanaka (1959) modi%ed Eq. (1) for conical hoppers.
According to this equation the 9ow rate values have to be
greater than those predicted by Beverloo et al. (1961).
One of the %rst theoretical predictions of mass 9ow rate

from discharging mass 9ow hoppers was proposed by Brown
and Richards (1970). Their theory was based on the concept
of the “free fall arch” that refers to a surface in a 9owing
powder below which the solid particles are not constrained
and therefore are allowed to fall freely under gravity. The
existence of the “free fall arch” was proved experimentally
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by Brown and Richards (1965) in a two-dimensional bin.
The equation obtained for the discharge rate is

Ws =

6
�bg1=2(D0 − kdp)5=2 1− cos

3=2 �

sin5=2 �
: (2)

The mass 9ow rates predicted by the Brown and Richard’s
correlation (2) for a conical hopper are lower than the val-
ues obtained by the Beverloo et al. (1961) correlation using
the corrective factor by Rose and Tanaka (1959), thus, ap-
pearing to be closer to the experimental values.
Davidson and Nedderman (1973), Williams (1977) and

Brennen and Pearce (1978) approached the modelling of
the solids discharge by means of continuum mechanics.
Davidson and Nedderman (1973) proposed what they called
the hour-glass theory. According to this theory, the mass
9ow rates are about twice the values determined experimen-
tally. Williams (1977) proposed the limits of the range in
which the experimental discharge rates are expected by ac-
counting the wall friction eKect. The upper limit of this range
produces equations very similar to Eqs. (1) and (2). Brennen
and Pearce (1978), who worked with wedge-shaped hop-
pers, and Nguyen et al. (1979), who worked with con-
ical hoppers, applied a perturbation technique to modify
the Williams (1977) model. In spite of the approximate
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approach, the mass 9ow rate predicted was about 50% less
than the rate predicted by the smooth walled theory and 10%
higher than the experimentally measured values.
The empirical and theoretical correlations proposed

above tend to overestimate the mass 9ow rate of %ne solids
(¡ 500 �m) from hoppers by as much as a factor of 10.
This eKect has been commonly related to the interstitial
9uid pressure gradient in the vicinity of the outlet.
Altenkirch and Eichhorn (1981) extended the Brown

and Richards (1970) model to the case of %ne particles
by accounting for gas–solid interactions. To this end, the
authors considered the total energy balance of the sys-
tem by including both the solid- and the gas-phase con-
tributions. The two-phase system was considered as a
single-pseudo-homogenous phase. They neglected the solids
stress and assumed that the total pseudo-pressure should be
assumed in the limit of a voidage equal to one. In order
to evaluate the pressure gradient at the arch, Altenkirch
and Eichhorn (1981) used the Darcy’s equation assuming a
radial gas 9ow. The %nal equation contains two parameters
(the bulk voidage and the ratio between the solids and the
gas mass 9ow rate) which were used to %t the experimental
data by Resnick et al. (1966) and Crewdson et al. (1977).
Crewdson et al. (1977) argued that the interstitial 9uid

pressure gradient acts as an extra body force on solid par-
ticles equal to the vertical pressure gradient. Consequently,
these authors proposed to add a term to the Beverloo
et al. (1961) correlation to take into account the action of
the pressure gradient

Ws = C�b

(
g+

1
�b

dp
dr

∣∣∣∣
r=r0

)1=2
(D0 − kdp)5=2: (3)

According to the authors, the best value of the C constant
in Eq. (3) to %t experimental data is 1.21. Crewdson et al.
(1977) completed the analysis by using the Darcy law to ex-
press the bed permeability and some available constitutive
equation to describe the solids compaction due to compres-
sion.
Nedderman et al. (1983) further completed the analysis

by Crewdson et al. (1977) by including in Eq. (3) the Rose
and Tanaka correction factor. Then they also corrected the
hour-glass theory to account for the opposed gas pressure
gradient. A more complete analysis based on mass and mo-
mentum balance on the gas and solids phase is given by Gu
et al. (1992b) who managed to correlate a large set of ex-
perimental data by the use of a single adjustable parameter.
This parameter corresponds to the ratio between the whole
bed height and the position of the pressure minimum in the
gas pressure pro%le.
Dons*+ et al. (1997) found, from the measurements of

axial pressure pro%les in a conical hopper, the existence of
an ideal arch somewhere above the outlet where the %ne
solids motion switches from a granular type to a suspended
one. This result is conceptually close to the “free fall arch”,
the main diKerence relying in the type of motion below this

arch due to the diKerent interaction between solids and in-
terstitial 9uid. For the coarse particles used by Brown and
Richards (1965) to validate their model, the gas–solids in-
teraction was negligible and therefore particles fell freely
under gravity. DiKerently, %ne particles, such as those used
by Dons*+ et al. (1997), are seriously aKected by the inter-
action with the interstitial gas. According to them, a sus-
pended 9ow is established below the arch, responsible for
a non negligible portion of the pressure gradient near the
hopper outlet and, therefore it should not be accounted for
in the evaluation of the gas pressure gradient in the granu-
lar 9ow region just above the arch. In this paper a modi%-
cation of the Brown and Richards (1965) model, similar to
that proposed by Altenkirch and Eichhorn (1981), will be
developed. Experimental results regarding the discharge of
%ne powders found in literature will be analysed in the light
of the interpretation of the gas pressure gradient proposed
by Dons*+ et al. (1997). The voidage variation responsible
for the gas pressure gradient in the granular 9ow region will
also be assessed.

2. Analysis of �ne solids discharge

The whole theoretical treatment which follows relies on
the assumption that the 9ow of %ne solids in proximity of
the hopper outlet can be divided into two diKerent motion
regimes: (1) a granular motion regime, which applies far
above the hopper outlet and is characterised by the preva-
lence of frictional forces between particles; (2) a suspended
motion regime, which applies closely above the ori%ce and
is characterised by the fact that the solids fall in the inter-
stitial 9uid like a suspension and, consequently, frictional
interactions are negligible. Furthermore, it is assumed that
the granular 9ow region is the one in which the solids’ dis-
charge rate is determined. This means that only the portion
of the gas pressure drop in the region of granular 9ow regime
should be considered in the evaluation of the particle dis-
charge rate.
These assumptions were suggested by some observations

on the gas pressure gradients as observed by Dons*+ et al.
(1997). In particular, assumption (2) on suspended motion
in the vicinity of the ori%ce relies on the measured pressure
gradients at the outlet. In fact, these pressure gradients are
large enough to be compared with those that are measured
in gas–solid suspensions such as a 9uidised bed or a settling
suspension. On the other hand, the existence of the gran-
ular regime in assumption (1) is evident from any hopper
discharge observation.
The idea that the solids 9ow is determined in the granular

9ow region and cannot be determined in the suspended 9ow
region derives from the extension of the principle that, in
a suspension, the eKects of a local variation cannot travel
faster than particle concentration waves. This implies that
any physical eKect on the suspended region cannot overcome
the stationary solid concentration wave represented by the



D. Barletta et al. / Chemical Engineering Science 58 (2003) 5269–5278 5271

transition between the regions in which the two regimes
apply.
Brown and Richards (1965) followed an approach which

more closely describes the above hypothesis on the 9ow
transition between regimes. Kaza and Jackson (1984) ob-
jected this approach due to some conceptual diPculty in
admitting powder incompressibility above the free fall arch
and a bulk density variation below the arch. By admitting
both circumstances, in fact, an inconsistent increase of the
bulk density would result in the free fall region if a non zero
stress gradient was hypothesised on the arch. However, we
believe that this paradox is resolved following the physical
picture of our model, according to which it is possible to
distinguish between a granular and a suspended 9ow region.
In the %rst region %nite mechanical interparticle interactions
occur, which are responsible for the stress within the solids
phase. In the second region only 9uid dynamic interactions
are to be accounted for. The soundness of this view is proved
by some direct voidage measurements carried out by Fickie
et al. (1989) and by Hosseini-Ashra% and TQuzQun (1993),
which seem to prove the existence of a continuous voidage
pro%le near the hopper outlet. Nevertheless, in the applica-
tion of our model for the calculation of the solids discharge
rate, the bulk density of the granular solids is for simplic-
ity considered constant because we suppose that at the arch
it does not change much with respect to the bulk. For the
above reasons, the Brown and Richards (1965) approach is
assumed as a basis to predict the solids discharge rate. In par-
ticular, this model is extended to the discharge of %ne pow-
ders by taking into account the contributions coming from
the gas–solid interactions. Furthermore, a proof that small
voidage variations that are considered negligible for the de-
termination of the solids bulk density can produce signi%cant
gas pressure gradients within the granular 9ow region will
be given by the application of a simpli%ed one-dimensional
analysis based on similar assumptions.
Beyond any physical observation on the transition from

a granular to a suspended regime, a sharp transition from
one regime to the other is the simplest case to be treated in
the model. Nevertheless, we expect that this approach can
provide at least with the %rst order eKect of the observed
discharge phenomena. The correctness of this approximation
will be veri%ed by the comparison between the model results
and the experiments.

2.1. Extension of the Brown and Richards (1970) model

By assuming the presence of a “free fall arch”, the Brown
and Richards (1970) theory hypothesises total energy con-
servation below the arch. The term “total energy” refers to
the mechanical energy connected to the solids motion. For
%ne powders, gas–solids interactions cannot be neglected
and a two-phase approach is necessary. In other words,
the application of the total energy conservation should take
into account the energy contribution associated with the gas
phase. The conservation of total energy in the derivation

r0

r

D0

α

θ

Fig. 1. Scheme of the coordinate system used in the analysis of the solids
discharge.

by Brown and Richards (1970) is supported by the argu-
ment that the dissipation of the mechanical energy is due to
friction forces acting only in the granular 9ow region and,
therefore, the total energy derivative at the “free fall arch”
has to be nil. In the application of the two-phase model this
condition is maintained despite the fact that the presence of
a slip velocity between the phases should be associated to
some dissipation also in the region of suspended 9ow. The
underlying hypothesis is that the gas–solid frictional dissi-
pation is much smaller than that due to solid–solid friction.
In the analysis of the solids discharge from conical hoppers,
a system of spherical coordinates is assumed. The origin is
placed at the imaginary apex of the conical surface that is
de%ned by the hopper walls. A scheme of this reference
is given in Fig. 1. For the sake of simplicity, downward ve-
locities will be considered positive.
According to Brown and Richards (1970) the following

hypotheses are made:

(i) the bulk material dilation in the vicinity of the “free
fall arch” is neglected in the continuity equation for
the solids;

(ii) below the “free fall arch” the variation of the solids
stress � is assumed to be negligible with respect to the
variation of the other contributions to the total energy;

(iii) the solids 9ow %eld is assumed to be radial;
(iv) the location of the ideal surface of the “free fall arch”

is supposed to be at r=r0 which is the radial coordinate
of the ori%ce edge.
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In the present model these further hypotheses re-
garding the gas phase are made:

(v) the total energy is the sum of the solid- and the
gas-phase energy;

(vi) below the “free fall arch”, similarly to the solids stress
� in point (ii), the variations along the radial coor-
dinate of the kinetic and gravitational energy in gas
phase are assumed to be negligible;

(vii) consistently with the solids 9ow %eld, the interstitial
gas pressure %eld is assumed to be radial.

With regard to hypothesis (i), the dilation of powders will
be used to explain the onset of gas pressure gradients op-
posed to the solids motion. In relation to experimental pres-
sure gradients, dilation values will be found small enough
to be neglected in the framework of the present analysis in
the application of the continuity equation and the “total en-
ergy” conservation. With regard to hypothesis (iv), in the
one-dimensional analysis carried out by Dons*+ et al. (1997),
the location of the transition surface measured along the hop-
per axis was approximately at a distance of half the ori%ce
diameter above the ori%ce itself. This %nding was associated
to measurements in wide angled and 9at bottomed hoppers
and it is acknowledged to be almost equivalent to hypothe-
sis (iv) which better agrees with hypotheses (iii) and (vii)
of radial 9ow.
According to the above hypotheses the continuity equa-

tion for the solids in spherical coordinates is the following:

1
r2

d
dr
[�s(1− �)vs(r; �)r2] = 0; (4)

where vs is the solids velocity, �s is the solid particle density
and � is the local voidage in the bed of granular material.
According to assumption (iii), the solids velocity is given by

vs(r; �) =
f(�)
r2

; (5)

wheref(�) is an unknown function of the angular coordinate
�. The total energy of the solids phase Ts and that of the gas
phase Tf are, respectively

Ts = � + �s(1− �) v
2
s

2
+ �s(1− �)gr cos �; (6)

Tf = p+ �f�
v2f
2
+ �f�gr cos �; (7)

where g is acceleration due to gravity, p is the interstitial
gas pressure, �f is the gas density and vf is the gas velocity.
According to the total energy conservation below the arch

dT
dr

∣∣∣∣
r=r0

=
dTs
dr

∣∣∣∣
r=r0

+
dTf
dr

∣∣∣∣
r=r0

= 0; (8)

where r0 can be expressed as a function of the ori%ce diam-
eter D0 and of the hopper half-angle �

r0 = D0=2 sin �: (9)

By substituting Eqs. (6) and (7) into Eq. (8) and taking into
account assumptions (ii) and (vi), we have

�s
d
dr

[
(1− �) v

2
s

2
+ (1− �)gr cos �

]∣∣∣∣
r=r0

+
dp
dr

∣∣∣∣
r=r0

= 0: (10)

Substituting Eq. (5) into Eq. (10), we obtain

f(�) =

√√√√ r50
2

(
g cos �+

1
�s(1− �0)

dp
dr

∣∣∣∣
r=r0

)
(11)

and, consequently, Eq. (5) for the solids velocity becomes

vs(r; �) =
1
r2

√√√√ r50
2

(
g cos �+

1
�s(1− �0)

dp
dr

∣∣∣∣
r=r0

)
: (12)

The mass 9ow rate, Ws is obtained by integrating the mass
velocity over the spherical cap surface corresponding to the
free fall arch

Ws = �s(1− �0)2r20
∫ �

0
vs(r0; �) sin � d� (13)

which, including the empirical argument of the “free annu-
lus”, %nally gives

Ws =

4
�s(1− �0)(D0 − kdp)5=2


2
3
g1=2

1− cos3=2 �
sin5=2 �

+

(
1

�s(1− �0)
dp
dr

∣∣∣∣
r=r0

)0:5
1− cos �
sin5=2 �


 : (14)

This equation is similar to the equation introduced by
Crewdson et al. (1977) that corrected the semi-empirical
equation by Beverloo et al. (1961) by using a gas pressure
gradient term. In this case the numerical coePcients mul-
tiplying the gravity acceleration term and the gas pressure
gradient are dissimilar due to the fact that the former is
vertical and the latter is radial in direction.

2.2. Evaluation of the solids dilation during the discharge

In order to make Eq. (14) fully predictive of the solids
mass 9ow rate, it is necessary to provide an equation for the
interstitial gas pressure gradient corresponding to the “free
fall arch”. As a consequence, in this section an approxi-
mate model of the interstitial gas 9ow setting up during the
steady-state gravity discharge of %ne powders from hoppers
is proposed. The scope is to evaluate the material dilation
occurring during the discharge from the measured intersti-
tial gas pressure pro%les available in the literature.
The dilation of the solids approaching the hopper out-

let was %rst observed and measured by Van Zuilichem and
Van Egmond (1974) and after by Fickie et al. (1989) and
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Hosseini-Ashra% and TQuzQun (1993). All these studies reg-
istered reductions of the solids volumetric fraction near the
outlet of the order of 0.1. However, all these systems include
relatively coarse particles for which the gas–solid interac-
tions arising from the observed dilation are not signi%cant.
In some cases, this solids dilation was related to the solid
stress reduction towards the conical hopper apex (Crewdson
et al., 1977). Another possible explanation might rely in the
increase of the shear action that is experienced by the pow-
der particles approaching the hopper outlet. However, the
determination of the physical causes of the solids dilation is
beyond the purpose of the present work in which this phe-
nomenon is assumed to explain the onset of gas pressure
gradients that are opposed to the solid 9ow near the hopper
outlet.
The following assumptions are made:

(a) the wall friction is neglected and the hopper half angle
� is suPciently small so that the particle and gas ve-
locities and the material voidage can be assumed to be
independent from the angular coordinate;

(b) the dilation of the granular material during the 9ow is
taken into account: as a result, the voidage is assumed
to vary along the radial coordinate in the hopper;

(c) according to experimental measurements (Crewdson et
al., 1977; Dons*+ et al., 1997), the interstitial 9uid pres-
sure gradient is assumed to be nearly equal to zero at a
certain radial coordinate value in the bulk rb;

(d) according to the hypothesis concerning the two diKerent
9ow regimes, the laws relevant to the permeation of the
gas through a compacted bed of solids can describe the
percolation of air only above the ideal surface; in this
study the Carman–Kozeny law is used according to the
low gas velocities involved

dp
dr
=−150�fvsl(1− �)

2

d2p�2
; (15)

where �f is the gas viscosity, vsl is the slip velocity, �
is the local voidage and dp is the mean particle Sauter
diameter;

(e) the interstitial gas is assumed to be incompressible: the
suPciently small extent of pressure variations involved
during the hopper discharge supports this approxima-
tion.

Assumption (a) is useful to develop a simple model, but
also allows the application of the present analysis on pres-
sure pro%les measured at diKerent positions with respect to
the hopper axis. With concern to assumption (c), the value of
rb is generally equal to few hopper outlet diameters. There-
fore, the model will be applied to discharge experiments in
which the bed height is much larger than few hopper outlet
diameters and the solids discharge rate appears to be con-
stant (independent of the bed height reduction) over a sig-
ni%cant fraction of the entire discharge period.

Material balances, together with assumption (e), suggest
that in every hopper section the ratio between the interstitial
9uid and the solid volumetric 9ow rate, respectively Qf and
Qs, is constant and is given by

Qf
Qs

=
vf�

vs(1− �) : (16)

As a consequence of assumption (c), according to any of the
laws relevant to the 9ow of a gas through a packed bed of
particles (Darcy, Carman–Kozeny), at r=rb the slip velocity
is nil

vsl|r=rb = vs|r=rb − vf|r=rb = 0 (17)

and Eq. (16) simpli%es to the following:

Qf
Qs

=
�b

1− �b ; (18)

where �b is the bulk voidage at r = rb.
Writing Eq. (16) for r = r0 where vf = vs − vsl and sub-

stituting Eq. (18) into Eq. (16), we obtain

vsl|r=r0 = vs|r=r0
(
1− �0
�0

�b
1− �b − 1

)
: (19)

According to the material balance on the solids, the solid
velocity at r = r0 is given by

vs|r=r0 =
4Ws

�s(1− �0)D20
: (20)

The surface of the spherical cap, in this case, has been ap-
proximated to a circular surface according to the small value
of � hypothesised under assumption (a).
Substituting Eqs. (19) and (20) in Carman–Kozeny’s

equation, the interstitial 9uid pressure gradient at the ideal
surface is given by the following:

dp
dr

∣∣∣∣
r=r0

=
150�f(1− �0)2

d2p�
2
0

4Ws
�s(1− �0)D20

×
(
1− �0
�0

�b
1− �b − 1

)
: (21)

Eq. (18) can be used to evaluate voidage values at the hop-
per outlet �0, corresponding to assigned values of local gas
pressure gradient and of solids bulk voidage �b.

3. Comparison with experiments and discussion

To verify the correctness of Eq. (14) and its hypothe-
ses and to evaluate the voidage value at the hopper outlet
�0 by Eq. (21), it is necessary to use experimental results
on the discharge of %ne powders providing both solids dis-
charge rates and gas pressure pro%les near the hopper outlet.
For this reason results reported by Crewdson et al. (1977),
Head (1979) and Dons*+ et al. (1997) were considered. The
most signi%cant properties of the granular materials used by
these authors are reported in Table 1.
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Table 1
Results of voidage calculation based on experimental data and symbol legend for Figs. 5–7

Symbol Material dp (�m) �s (kg m−3) �e �wa �maxb D0 (mm) �b �0 Reference

• FCC 84 1960 30 18 31 15.9 0.50 0.511 Dons*+ et al. (1997)
19.1 0.516
22.2 0.515

◦ Polymer 116 1320 28 4 55 9.5 0.43 0.433
12.7 0.433
15.9 0.432
19.1 0.432
22.2 0.433

5 Glass 55 2600 24 11 46 12.7 0.49 0.491
15.9 0.491
19.1 0.492
22.2 0.491

O Sand 90–106 2640 6.9 0.502 0.509 Crewdson et al. (1977)
212–300 2640 0.455 0.463
355–422 2190 0.414 0.418

� Sand 86–130 2600 28.0 0.556 0.558 Head (1979)
86–130 30.4 0.556 0.560
186–268 28.0 0.505 0.507
186–268 30.4 0.505 0.506

aData measured on aluminium that was the hopper wall material.
bEvaluated according to the Jenike (1961) procedure on the basis of �e and �w .

Experimental data taken by Dons*+ et al. (1997) are re-
ferred to the discharge of three diKerent powders from a con-
ical hopper with a 29◦ half-angle through diKerent outlet di-
ameters. Experimental observation apparently indicated the
occurrence of mass 9ow during discharge. Also the com-
parison between this hopper half-angle and the maximum
hopper half-angle for mass 9ow according to Jenike (1961)
(see Table 1) indicated that mass 9ow discharge took place
in all the considered cases. The pressure was measured at
diKerent positions on the hopper axis and the voidage values
reported were those corresponding to the bulk. In the major-
ity of the experiments performed in the conical hopper, the
pressure pro%les measured above the outlet can be approx-
imated to two linear sections with diKerent slopes. Dons*+
et al. (1997) interpreted this trend by the presence of a gran-
ular 9ow region over a region of suspended soils. Conse-
quently, the pressure gradient corresponding to the granular
9ow region has been adopted to evaluate Ws in Eq. (14).
In the Crewdson et al. (1977) work on pressure pro%les,

authors report data corresponding to solids mass 9ow rates
and voidage values measured during the discharge of three
diKerent sands from a conical hopper with a 5:9◦ half-angle
through a 6:895 mm ori%ce. The pressure was measured by
using pressure taps located on the wall. The voidage was
measured by permeability tests that were carried out in an
extension tube %tted to the hopper during the discharge. Ac-
cording to the authors, this voidage value should be that
established at the ori%ce. DiKerently, in our opinion, such
a measurement method should provide the bulk voidage.
Consequently, this voidage value has been assumed to cor-
respond to the bulk value in the present calculations. With
concern to pressure pro%les, since the exact location of the

ideal surface is not known, the measured pressure gradient
has been taken at r0 according to assumption (iv).
Head (1979) performed his experiments in a conical hop-

per with a 15◦ half-angle through two diKerent ori%ces (2.80
and 3:04 mm) using two sands with diKerent granulometric
distribution. Also in this case, the pressure measurements
have been carried out at the wall and the pressure gradients
have been evaluated at r0 for the present analysis.

3.1. Solids discharge rates: comparison between model
and experiments

Figs. 2–7 show the comparison between the experimental
results and model results calculated according to the original
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Fig. 2. Solids discharge rate vs. the ori%ce diameter for a 84 �m FCC
powder: •, experimental results (Dons*+ et al., 1997); —, Eq. (14); - - -,
Eq. (2); ······ , Eq. (3).
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Fig. 3. Solids discharge rate vs. the ori%ce diameter for a 116 �m polymer
powder: •, experimental results (Dons*+ et al., 1997); —, Eq. (14); - - -,
Eq. (2); ······ , Eq. (3).
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Fig. 4. Solids discharge rate vs. the ori%ce diameter for 55 �m glass
beads: •, experimental results by (Dons*+ et al., 1997); —, Eq. (14); - - -,
Eq. (2); ······ , Eq. (3).

Brown and Richards (1970) Eq. (2), to its modi%cation Eq.
(14) and to the Crewdson et al. (1977) Eq. (3).
Experimental results in Figs. 2–4 refer to the comparison

with experimental data by Dons*+ et al. (1997) for FCC, poly-
mer powder and glass beads, respectively. In these %gures,
experimental discharge rates are given as a function of the
hopper outlet diameter. Inspection of these %gures reveals
that the results of the present model are in good agreement
with the experimental mass 9ow rate for the FCC and the
polymer powders. In particular, according to Fig. 2, the mass
9ow rates obtained for FCC using Eq. (14) are still greater
than the experimental values, but they are much closer than
those evaluated according to Eqs. (2) and (3). In the case
of the polymer powder (Fig. 3) the results are better than
for FCC. In fact, the model previsions %t well with the ex-
perimental 9ow rates for all the ori%ce diameter values ex-
cept that for the 2:22× 10−2 m ori%ce, for which the model
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Fig. 5. Experimental and calculated solids discharge rate in a parity plot
for Eq. (2) (Brown and Richards, 1970). See Table 1 for the symbol
legend.
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Fig. 6. Experimental and calculated solids discharge rate in a parity plot
for Eq. (14). See Table 1 for the symbol legend.

underestimates the solids 9ow rate. Direct inspection of orig-
inal data, however, indicates for this discharge condition
a certain intrusive eKect of the gas pressure measurement
procedure which might have aKected the 9ow and therefore
the evaluation of the gas pressure pro%le. This could be at-
tributed to the fact that in this case the approximation of the
pressure pro%le to two linear sections leads to an overesti-
mation of the gas pressure gradient in the zone of granular
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Fig. 7. Experimental and calculated solids discharge rate in a parity plot
for Eq. (3) (Crewdson et al., 1977). See Table 1 for the symbol legend.

motion. DiKerently, the mass 9ow rates referred to the glass
beads (Fig. 4) are well predicted by Eq. (2). As a result, the
correction term accounting for the pressure gradient present
in Eq. (14) causes an underestimate with respect to the ex-
perimental results. Eq. (3) overestimates the solids discharge
rates. The discrepancy between Eq. (14) and experimental
data can be explained by excluding the occurrence of dila-
tion in the granular 9ow region during the discharge of this
material. Therefore, the whole pressure gradient is to be at-
tributed to a suspended motion regime. This can be justi%ed
by the extreme regularity and stiKness of the material which
would produce the loss of the mechanical interparticle in-
teraction proper of the granular 9ow regime with very small
solids expansion. Another possibility is that there is a per-
fectly elastic interaction between particles and, therefore Eq.
(8) might apply indiKerently to a large range of coordinates
far above the transition arch.
Model evaluation was compared also with experimental

results by Crewdson et al. (1977) and by Head (1979). The
parity plots of the experimental discharge rates found by
those authors and Dons*+ et al. (1997) and those predicted
with the use of theoretical models are given in Figs. 5–7.
In particular, Fig. 5 shows results obtained by using the
original Brown and Richards (1970) model Eq. (2), Fig. 6
shows those obtained by using the modi%cation of the Brown
and Richards (1970) model Eq. (14), and Fig. 7 shows
those obtained by using the Crewdson et al. (1977) model
Eq. (3).
Limiting the analysis to the experimental results by

Crewdson et al. (1977) Figs. 5 and 6 show some improve-
ment in the use of Eq. (14) with respect to that of Eq.
(2). The presently modi%ed model, in fact, underestimates

the experimental %ndings by not more than 20–30%. Eq.
(3) instead overestimates experimental results more than
Eq. (2).
With regard to experimental results provided by Head

(1979) Figs. 5 and 6 show that Eq. (14) overestimates the
mass 9ow rate by a maximum of 20–30%. However, the
discharge rates predicted by Eq. (14) are closer to the ex-
perimental values than those predicted by Eqs. (2) and (3).
It should be pointed out that in both the Crewdson

et al. (1977) and the Head (1979) experiments the pressure
was measured at the wall, while the value corresponding
to the bulk could be diKerent. Moreover, the very steep
pressure pro%les in the vicinity of the outlet do not allow to
distinguish between the two sections of the pressure pro%les
corresponding to the granular 9ow zone and the suspended
solids zone. Consequently, these features might explain the
partial disagreement between the present model results and
the experimental ones.

3.2. Evaluation of the solids dilation during the discharge

In order to complete the application of the model pro-
posed, Table 1 reports the results of the analysis leading to
the evaluation of the solids dilation taking place in the vicin-
ity of the outlet during the discharge. Results are given in
terms of voidage at the outlet �0 which can be compared with
the bulk voidage �b. In particular, the results derived from
the data by Dons*+ et al. (1997) indicate that the maximum
dilation is less than 1% for glass beads and polymer pow-
der, and it is less than 4% for FCC powder. With concern to
the data taken from Crewdson et al. (1977), the maximum
relative variation of the voidage does not exceed 2%. In the
case of the results derived by Head (1979) the voidage at the
arch does not diKer from that in the bulk for more than 1%.
These results on the voidage variation suggest some con-

siderations. On the one hand, the limited extent of the di-
lation of the granular material occurring in the vicinity of
the outlet can be neglected in the continuity equation for
the solids without seriously aKecting the mass 9ow rate
prediction. On the other hand, the material expansion is re-
sponsible for the gas pressure gradient that aKects the %ne
powders 9ow during the discharge. Consequently, any pre-
dictive model relevant to the discharge of %ne solids does
need to account for the dilation and to estimate it. However,
according to our knowledge, all the constitutive equations
proposed in the literature correlating the material voidage
with the mean of the normal solids stresses (see for exam-
ple Scho%eld and Wroth, 1968; Gu et al., 1992a) seem not
to be suPciently accurate to describe voidage variations of
the order of a few points per cent. Thus, even a model that
is correctly taking into account the relative importance of
the gravity force on particles and of the gas–particles inter-
actions has very small chances to correctly evaluate the ma-
terial dilation and, therefore, to correctly predict the solids
9ow rate.
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4. Conclusions

The extension of the “free fall arch” theory to the case of
%ne powders represents a good learning model of the prob-
lem. In particular, this extension is able to highlight that the
pressure drop corresponding to the granular region in the
hopper is responsible for the interaction between the parti-
cles and the gas. Indeed, the use in Eq. (14) of the pressure
gradient corresponding to the solids suspension would lead
to an underestimate of the solids mass 9ow rate. This pres-
sure gradient is, in fact, larger than the pressure gradient in
the granular 9ow region which is used in the application of
the model shown above.
However, some discrepancies with the experimental re-

sults still remain. Some of these might be attributed to the
approximations made in the model for the sake of simplicity
while others can be explained by some uncertainties derived
from the experimental data used for the comparison. There
are also some that can be explained within the framework
of the model hypothesis by the onset of particular experi-
mental conditions.
The evaluation of the solids dilation during the dis-

charge indicates that very limited solids expansions are
suPcient to produce the experimentally measured gas pres-
sure gradients, which are able to signi%cantly aKect the
solids discharge rate. The magnitude of the solids dilation
is so small that, to the best of our knowledge, none of the
presently available models relating the bulk voidage with
the solids consolidation is able to provide it with suPcient
accuracy.

Notation

C discharge coePcient, dimensionless
dp powder particle mean diameter, m
D0 hopper outlet diameter, m
f function introduced in Eq. (5), m3 s−1

g acceleration due to gravity, m s−2

k particle shape constant, dimensionless
p pressure, Pa
Qf gas 9ow rate, m3 s−1

Qs solids 9ow rate, m3 s−1

r radial coordinate taken in the hopper, m
rb radial coordinate where the pressure gradient is nil, m
r0 radial coordinate of the hemispherical surface at the

ori%ce, m
T total mechanical energy, kgm−1 s−2

Tf mechanical energy of the gas phase, kgm−1 s−2

Ts mechanical energy of the solid phase, kgm−1 s−2

vf interstitial 9uid velocity, m s−1

vs solid velocity, m s−1

vsl slip velocity, m s−1

Ws solids discharge mass 9ow rate, kg s−1

Greek letters

� hopper half-angle measured from the vertical, dimen-
sionless

�max maximum hopper half-angle for mass 9ow discharge,
dimensionless

� local solids voidage, dimensionless
�0 solids voidage at r0, dimensionless
�b solids voidage at rb, dimensionless
� zenithal angular coordinate, dimensionless
�f interstitial 9uid viscosity, Pa s
�b solids bulk density, kgm−3

�f interstitial 9uid density, kgm−3

�s particle density, kgm−3

� normal stress within the solids phase in the radial
direction, Pa

�e eKective angle of internal friction, dimensionless
�w angle of wall friction, dimensionless
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