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POSITIVE SOLUTIONS OF A ONE-DIMENSIONAL INDEFINITE
CAPILLARITY-TYPE PROBLEM: A VARIATIONAL APPROACH

JULIAN LOPEZ-GOMEZ, PIERPAOLO OMARI, AND SABRINA RIVETTI

ABSTRACT. We prove the existence and the multiplicity of positive solutions of the one-dimensional
capillarity-type problem

— (WVTFWPR) = a@)), «(0)=0,u(1)=0,

where a € L'(0,1) changes sign and f : [0, +00) — [0, 400) is continuous and has a power-like
behavior at the origin and at infinity. Our approach is variational and relies on a regularization
procedure that yields bounded variation solutions which are of class Wli’cl, and hence satisfy the
equation pointwise almost everywhere, on each open interval where the weight function a has a
constant sign.

1. INTRODUCTION AND STATEMENTS

In this paper we are interested in the existence of positive solutions of the quasilinear Neumann
problem
u’ /
——— | =a(x)f(u) in (0,1),
o) =a@i e W
4/ (0) =0, (1) =0,

where a € L'(0,1) changes sign and f : [0,+00) — [0,+00) is a continuous function having
superlinear, or sublinear, growth at 0 and at +oc.
Problem (1.1) is a particular, one-dimensional, version of the elliptic problem

—div __Vu =g(z,u) in Q,

V1+|Vul? (1.2)

_ Vu-v

where € is a bounded regular domain in R, with outward pointing normal v, and g : QxR — R
and o : 902 — R are given functions. This problem plays a relevant role in the mathematical
analysis of a number of physical or geometrical issues, such as capillarity phenomena for incom-
pressible fluids, reaction-diffusion processes where the flux features saturation at high regimes,
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or prescribed mean curvature problems for cartesian surfaces in the Euclidean space. Significant
references include [41, 58, 10, 22, 31, 28, 34, 32, 30, 36, 39, 33, 40, 16].

Although there is a large amount of literature devoted to the existence of positive solutions
for semilinear elliptic problems with superlinear indefinite nonlinearities, starting with [7, 1, 2,
9, 8, 3], no result is available for the problem (1.2), even in the one-dimensional case (1.1), in
spite of the interest that this topic may have both mathematically and from the point of view
of the applications.

As it will become clear later, according to Proposition 1.1 below, the existence of a positive
solution for the homogeneous Neumann problem (1.1) forces the right hand side of the equation
to change sign, thus ruling out the possibility, if f is non-negative, that the sign of the weight
function a be constant. Hence, the absence of any previous result in the existing literature might
be attributable to the fact that superlinear indefinite weighted problems are fraught with a num-
ber of technical difficulties which do not arise in dealing with purely sublinear or superlinear
problems, even in the most classical semilinear case, not to talk about the degenerate quasilinear
problem dealt with in this paper. In addition, as an effect of the spatial heterogeneities incor-
porated into the formulation of the problem the complexity of the structure of the solution sets
might be quite intricate, even in the semilinear case [35, 48, 47, 46, 13, 14]. This an extremely
challenging problem in the context of (1.1), which will be addressed elsewhere (see, e.g., [45]).

When the homogeneous Neumann boundary conditions are replaced in (1.1) by Dirichlet
conditions, the existence of positive solutions is compatible with the right hand side of the
equation having constant sign. As in this case technicalities are partially reduced, there are
various results about existence, non-existence and multiplicity of positive solutions, even in
higher dimension, assuming that both the functions a and f are non-negative (see, e.g., [51, 59,
50, 21, 20, 37, 42, 11, 53, 18]).

Our aim here is therefore to begin the analysis of the effects of spatial heterogeneities in the
simplest one-dimensional prototype problem (1.1). Although part of our discussion has slightly
been inspired by some available results in the context of semilinear elliptic problems, it must be
stressed that the specific structure of the mean curvature operator,

!/
u (u'/\/l + (u’)z) ,
makes the analysis much more delicate and sophisticated, as it may determine the occurrence
of discontinuous solutions [40, 11, 12, 52, 16, 54, 24, 23].

Since problem (1.1) has a variational structure, it is natural to look for its solutions as critical
points of an associated action functional, such as

1 1
”H(v):/o( 1—1—(v’)2—1)dx—/0 o F(v) dz,
with .
OB AVIGES (1.3)

As the functional H grows linearly with respect to the gradient o', it is well-defined in the
Sobolev space W1(0,1) of all absolutely continuous functions in (0,1). Yet, this space, which
might be an obvious candidate where to settle the study of #, is not a favorable framework
to deal with critical point theory. Therefore, we replace the space W11(0,1) with the space
BV (0,1) of all bounded variation functions in (0, 1), and the functional H with its relaxation Z
to BV (0,1). Namely, we introduce the functional 7 : BV (0,1) — R defined by

T(w) = /O1 J1+ Do — 1, (1.4)
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where, for v € BV (0, 1),

1 1
/ \/1+|Dv* = sup / (vwy + we) dz,
0 (0,1) O

wl,wgecl

[[wf+w3|| oo <1

Then, we denote by Z : BV (0,1) — R the functional defined by
Z(v) = J(v) — F(v) (1.5)
where, for v € BV(0,1),

Fo) = /0 ' P(v) de.

The relaxed functional Z is not differentiable in BV (0,1), at least in the usual sense, yet it is
the sum of the convex (Lipschitz) continuous functional 7 and of the continuously differentiable
functional F. Hence, following, e.g., [60], we say that a critical point of Z is a function u €
BV(0,1) such that

F'(u) € 0T (u),
where 0.7 (u) denotes the subdifferential of 7 at the point w in the sense of convex analysis [27],
or, equivalently, such that the variational inequality

1
T) — Tw) > /O of (u)(v - u) da (1.6)

holds for all v € BV(0,1). Accordingly, the concept of solution used in this paper is fixed by
the next definition.

Definition 1.1. A solution of problem (1.1) is a function w € BV (0,1) such that (1.6) holds
for allv € BV(0,1). In addition, a solution u of (1.1) is said to be positive if ess infu > 0 and
ess supu > 0, and strictly positive if ess infu > 0.

Remark 1.1. A function v € BV(0,1) satisfies the variational inequality (1.6) for all v €
BV (0,1) if, and only if, w is a global minimizer in BV (0, 1) of the functional

1
Ky(v) = J(v) —/0 af(u)vdz.

Hence, we deduce from [6] that w € BV(0,1) is a solution of (1.1) if, and only if,

) ! D D 1
/ 1+!Du ‘2 dx + ; sgn<|DZ’> |Dz\ <z5‘s_/0 af(u) pdx (1.7)

for all ¢ € BV (0,1) such that |D¢|® is absolutely continuous with respect to |Du|*. Here, and
in the sequel, for any given v € BV (0, 1),

Dv = (Dv)*dz + (Dv)®
is the Lebesgue-Nikodym decomposition of the Radon measure Dv, the distributional derivative
of v, in its absolutely continuous part (Dv)*dz, with density function (Dv)?, and its singular
part (Dv)®, with respect to the Lebesgue measure in R. If |Dv| denotes the absolute variation
of Dv,

|Dv| = |Dv|*dz + | Dvl|®
is the Lebesgue-Nikodym decomposition of |Dv|. Moreover, @—Zl stands for the density function

of Dv with respect to its absolute variation |Dv|.
Note, in particular, that (1.7) implies that u is a weak solution of (1.1) if u € WH1(0,1).
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The notion of solution for problem (1.1) introduced by Definition 1.1 has already been used
and discussed in a series of papers, such as, e.g., [49, 42, 52, 53, 54, 56]. We just stress here
its relevance because it allows to consider bounded variation solutions which arise as critical
points of a different nature than minimizers of the associated action functional. However, unlike
in these works, here we will go further in the investigation of the regularity properties of the
bounded variation solutions we will find, by proving that they are actually I/Vlicl , and therefore
classically satisfy the equation, on each open interval where the weight function a has a constant
sign. Consequently, the discontinuities of the solutions that we construct may occur only in the
nodal set of a, and we show that such discontinuity points must be ‘vertical’ ones. In this paper
we do not address yet the issue of the existence of classical solutions: this topic will be discussed
in the forthcoming paper [45], by using a different approach.

In order to better motivate the hypotheses we are going to impose on the coefficients a and
f, we first observe that, if a positive solution u of (1.1) exists, then the function a f(u) must

change sign, unless it vanishes a.e. in [0,1]. Indeed, by choosing v = u 4 1 as test functions in
(1.6), or, in view of Remark 1.1, ¢ = 1 in (1.7), we get

1
/0 a f(u)dr =0. (1.8)

Thus, if f has a constant sign, the function a(x) must change sign in [0,1]. However, in the
frame of (1.1) a stronger property holds if f is assumed to be increasing, as expressed by the
following result. As usual, we write

at =max{a,0} and @ = —min{a,0}.

Proposition 1.1. Assume that
(a1) a € L*(0,1) and a#0,
and
(f1) f € CY0,4+0) is such that f(0) > 0 and f'(s) > 0 for all s > 0.
Suppose that problem (1.1) has a strictly positive solution. Then, the following holds

1
(ag) a™ #0 and /ad:n<0.
0

Remark 1.2. Even when a € L'(0, 1) satisfies (az), the condition (f;) is not in general sufficient
for guaranteeing the existence of a positive solution of (1.1). Indeed, suppose that there is an
interval [z1, 23] C (0,1) such that a(x) > 0 a.e. in [x1,z2]. Let ¢1 be a positive eigenfunction
associated with the principal eigenvalue of —d?/dx? in H{(z1,72) and define

| (=) if x € [z1,22],
() = { 0 if 2 € [0,1]\ (21, 22).
Suppose that (1.1) admits a positive solution u. Then, taking ¢ as a test function in (1.7) and

using (f1), we are driven to

2

AR / P 0 f(u) 1 dx > fless infu) / 0 dr,

1 1
which clearly imposes a restriction on the size of f on the range of u, or on the amplitude of a
in (z1,z2). This shows that some additional control on f, or on a, is needed.

/
Based on the observation that the mean curvature operator (u’ /A 1+ (W )2> behaves like
the Laplace operator u” at 0 and like the 1-Laplace operator (u'/|u \)/ at infinity, and hence the
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functional J (u), defined in (1.4), behaves like 3 fol |u'|? dx at 0 and like fol |u/| dz at infinity, we
are led to impose on the potential F', defined in (1.3), some superquadraticity, or subquadraticity,
conditions at 0 and superlinearity, or sublinearity, conditions at +oo.

Our first existence result deals with the case where the potential F' is superquadratic at 0 and
superlinear at +oc.

Theorem 1.1. Assume that

1
(a3) a € L*(0,1) is such that / adr <0 and a(x) > 0 a.e. on an interval K C [0,1],
0
(f2) f € CY[0,400) is such that f(s) >0 for s >0,

(f3) there exist p > 2 and L > 0 such that

F
lim (5) =1L,
s—0+ 8P
(f1) there exist ¢ > 1 and M > 0 such that
i £
s—+oo 84

(f5) there exists ¥ > 1 such that
VF(s) — f(s)s

lim ——————— =0,
s——+00 S

with F defined in (1.3). Then, problem (1.1) has at least one positive solution u, with Z(u) > 0.
In addition,
w € Wi (. ) N W (o, )

for each interval (o, ) C (0,1) such that a(z) > 0 a.e. in (a,f), or a(x) <0 a.e. in (o, ).
Moreover, u € W2’1[0,B), with v'(0) = 0, if @ = 0, while u € I/Vli’cl(a, 1], with /(1) = 0, if

loc

6 = 1. Finally, u satisfies the equation

_( 15@/)2) —er "

a.e. in each of such intervals.

Suppose further that

(fe) [ is locally Lipschitz in [0, 400).
Then, for every pair of adjacent intervals, (o, 8), (8,7) C (0,1) with a(x) > 0 a.e. in (o, B) and
a(x) <0 a.e. in (B,7) (respectively, a(x) <0 a.e. in (a, B) and a(x) > 0 a.e. in (5,7)), either

u € W2’1(a,’y),

loc
or
w(B7) > u(B*) and W' (67) = —oo=u'(B")
(respectively, u(8~) <u(B*) and W(B") = +oo = /(8")),
where v/ (87),u (BT) are, respectively, the left and the right Dini derivatives at [3.
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Assume further that
(aq) the function a changes sign finitely many times in (0,1), in the sense that there is a

decomposition
k
[0,1] = U[aiaﬁi], with a; < i = g1 < Biy1, fori=1,...k—1,
i=1
such that

(—1)'a(x) >0 ae. in (a;B), fori=1,... k,
or
(—1)a(z) <0 a.e. in (ag,fB;), fori=1,...,k.

Then, u is a strictly positive special function of bounded variation [5, Chapter 4].

Remark 1.3. The existence of classical positive solutions can be proved (see [45]), basically
under the assumptions of Theorem 1.1, for all A > 0 sufficiently large; whereas, for small A > 0,
it is likely that only bounded variation solutions may exist.

Remark 1.4. Suppose that (f4) and (f5) hold simultaneously. Condition (f4) requires that the
potential F' behaves asymptotically as a power with exponent ¢, whereas condition (f5), when
coupled with (f4), prescribes that the elasticity Ep of F, defined by

_ sf(s)
B =y
satisfies
lim EF(S) = 19,
S$—+00

and hence F behaves asymptotically as a power with exponent 1. Thus, we conclude that 9 = q.

Indeed, from
IF(s) = f(s) s

lim ————— =0,
s$—+00 S
we infer
F
lim Sqil (ﬁ(S) — f(8)> = 07
s—+00 s ga—1
and hence, as ¢ > 1,
lim <19F<$) — f(s)) =0.
s—+00 s4 ga—1
Since
F
lim (s) =M,
s—+oo s4
we get
lim @ =9M.
s——+oo §9—1
Then, L’Hospital’s rule yields
F
im £ 7y
s—+oo 89 q

and hence ¥ = q.

We also point out that (fy) does not imply (f5). This is shown by the function f(s) =
5971 4 5071 with 1 < g < ¢, which obviously satisfies (f4), but not (f5). However, such a
function satisfies both (fy) and (f5) whenever 0 < gy < 1 < g.



POSITIVE SOLUTIONS OF A CAPILLARITY-TYPE PROBLEM 7

Remark 1.5. Conditions (a2) and (ag) are equivalent if the function a is continuous. Hence, if
(f1), (f3), (fa), (f5), and (a4) are assumed, then we deduce from Proposition 1.1 and Theorem
1.1 that (ag) is a necessary and sufficient condition for the existence of a strictly positive solution

of (1.1).
A paradigmatic class of nonlinearities satisfying (f2), (f3), (f1), and (f5) is given by
£(5) = min{s~1, 571,
with p > 2, ¢ > 1. Condition (f1) is satisfied as well whenever p = q.

Our next existence result considers the case where the potential F' is subquadratic at 0 and
sublinear at +oo.

Theorem 1.2. Assume that
1
(a3) a € L*(0,1) is such that / adr <0 and a(x) > 0 a.e. on an interval K C [0,1],
0

(fo) f € CY[0,4+00) is such that f(s) >0 for s >0,

(f7) there exist p € (1,2) and L > 0 such that

lim 7 _

s—0+ sP

(fs) there exist ¢ € (0,1) and M > 0 such that
im )

s—+oo 84

with F' defined in (1.3).
Then, problem (1.1) has at least one positive solution w, with Z(u) < 0. In addition, u €

)

B)-

W2 a, B) N Wh(a, B) for each interval ( ,B) C (0,1) such that a(x) > 0 a.e. in (a, ), or

loc

a(x) <0 a.e. in (a,
with u/(1) =0, @fﬁ— 1.

1[0, 8), with «/(0) = 0, if = 0, while u € W2 (e, 1],

loc

Moreover, u € w2

loc

Remark 1.6. The existence of classical positive solutions can be proved (see [45]), under the
assumptions of Theorem 1.2, for all A > 0 sufficiently small. On the contrary, we conjecture
that, for large A > 0, only bounded variation solutions may exist.

Remark 1.7. Assume that f is locally Lipschitz in (0, +00) and, for a pair of adjacent intervals,
(o, B), (B,7) € (0,1), we have a(x) > 0 a.e. in (o, 3) and a(x) < 0 a.e. in (3,7) (respectively,
a(r) <0 a.e. in (@, ) and a(z) > 0 a.e. in (8,7)).

If u(B7) > 0,u(BT) > 0, then either

ue Wil(a,m),

loc
or
u(B7) > u(B") and W/(B7)=—oco=u'(8)
(respectively, u(B87) <wu(B") and ' (B87) = +oo =/ (8T)).
Whereas, if u(87) = u(8T) = 0, then u € Whl(a,~) and actually u € I/Vli’cl(a,y). Indeed,
from (1.7) we infer that ﬁ ew)

s !(a,7) and thus the non-negativity of u yields u/(3) = 0,
which in turn implies v’ € Wloc (a, 7).
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Finally, note that u(87) > u(8") = 0 (respectively, u(8%) > u(8~) = 0) cannot occur.
Indeed, otherwise, by taking in (1.7) a test function ¢ € W1(0,1), having compact support in
(ar,7y) and such that ¢(8) # 0, we get, as (D¢)® = 0,

! [ (Dw (Dg)?
[ arwodr= T (Du) P

On the other hand, since u satisfies the equation (1.9) a.e. in (a, 8) and a.e. in (3, ), multiplying
by ¢ and integrating by parts on each of these two intervals, we obtain, because v/(57) = —o0

and hence (\/W (87) =—1,

[ atwods

[ Dwr e () o)+ () (5 0(8%

14 [(Du)|? 14 (u/)? 14 (u/)?
7 (Du)* (D¢)* u' +
= | —=d _— .
. JixDwE W <1+ ( 1—|—(u’)2> o )>
By comparison we conclude that <\/141f;T)2> (8T) = —1 and hence u/(8T) = —oo, which is

impossible, due to the non-negativity of u.

Remark 1.8. In the framework of Theorem 1.2, one cannot guarantee the existence of a strictly
positive solution. Actually, the lack of uniqueness for the Cauchy problems associated with the
equation in (1.1) may even produce ‘dead core’ solutions. This will be illustrated through a
simple example in Section 2.

A class of nonlinearities satisfying (f7) and (fg) is given by
f(s) = min {sp_l, sq_l} ,
with p € (1,2), ¢ € (0,1). Note also that Remark 1.7 applies to these functions.

Some variants of Theorem 1.1 and Theorem 1.2 can be proved, assuming that f(0) = 0 and
1/(0) € (0,400), and F is superlinear, or respectively sublinear, at +0o. A control on the size
of f/(0) is however needed. These cases are, respectively, dealt with in Theorem 1.3, where we
actually assume a more general quadraticity condition on F' at 0, and in Theorem 1.4, where we
also allow F' to be asymptotically linear at +oo. It is worthy to observe that now the considered
assumptions do not rule out the validity of the local Lipschitz condition (fs).

A detailed discussion of the existence and the non-existence of classical positive solutions, as
well as of the development of singularities, when f has finite non-zero slope at 0 is produced in
[45].

Theorem 1.3. Assume that
1
(a3) a € LY(0,1) is such that/ adr <0 and a(x) > 0 a.e. on an interval K C [0,1],
0

(f2) f € CY[0,4+00) is such that f(s) >0 for s >0,

(f1) there exist ¢ > 1 and M > 0 such that
E(s)

lim — M,
s—+oo 84
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(f5) there exists 9 > 1 such that
VF(s) — f(s)s

lim —————— =0,
s—+o0 S

(fo) there exists L > 0 such that

F
lim (28 )
s—0t S

=1L,

with F' defined in (1.3).

Then, there is L* > 0 such that problem (1.1) has at least one positive solution w, with
Z(u) > 0, provided that (f9) is satisfied with L € (0, L*).

In addition, u € Wli’cl(a,ﬁ) NWhi(a, B) for each interval (o, 3) C (0,1) such that a(x) > 0
a.e. in (a,p), ora(z) <0 a.e. in (a,B). Moreover, u € I/Vi’cl [0, 8), with v'(0) =0, if « =0,
while u € I/Vli’cl(oz, 1], with v/(1) =0, if 8 = 1.

The remaining conclusions of Theorem 1.1 hold too, whenever (fs), or (fs) and (a4), are
assumed.

The simplest prototype of functions satisfying (f2), (f1), (f5) and (f9) is obviously
f(s) =2Ls,
for some L > 0.
Theorem 1.4. Assume that

1
(ag) a € L*(0,1) is such that / adr <0 and a(z) > 0 a.e. on an interval K C [0,1],
0
(fo) f € CY[0,4+00) is such that f(s) >0 for s >0,

(fo) there exists L > 0 such that

F
lim (28) =1L,
s—0t S
(f10) there exists M > 0 such that
F
im )
s—+o0 S8

with F' defined in (1.3). Then, there are L, > 0 and M* > 0 such that problem (1.1) has at
least one positive solution u, with Z(u) < 0, provided that (fq) is satisfied with L > L, and ( fio)
is satisfied with M < M*.

In addition, u € Wfli’cl(a,ﬁ) NWhl(a,B) for each interval (o, B) C (0,1) such that a(z) > 0
a.e. in (a,p), ora(z) <0 a.e in (a,5). Moreover, u € Wi’cl[(),ﬁ), with v/'(0) =0, if « = 0,
while u € I/Vli’cl(a, 1], with v/(1) =0, if 5 = 1.

The remaining conclusions of Theorem 1.1 hold too, whenever (fs), or (fs) and (a4), are
assumed.

Remark 1.9. In Theorem 1.4 condition (f19) can be replaced by condition (fg); in this case no
restriction on M is required.

A simple example of functions satisfying (f2), (f1), (f5), (fo) and (fi0) is
f(s) = min{2Ls, M },
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for some L, M > 0.

Our last two theorems provide the existence of multiple solutions, assuming that either F' is
superquadratic at 0 and F is sublinear at 400, or F' is subquadratic at 0 and superlinear at +oo.
These multiplicity conclusions basically rely on the critical value informations we have obtained
in Theorem 1.1 and Theorem 1.2. In order to state these results in a plain form, we introduce
a multiplicative parameter A\ > 0 into the right hand side of problem (1.1), as follows

u'(0) =0, u'(1) =0.

Of course, the functional Z associated with (1.10) now depends on the parameter A as well, i.e.,
for u € BV (0,1),

1
Z(u) =Zx(u) = J(u) — )\/0 aF(u)dzx. (1.11)

The corresponding variational inequality then reads

J(w)—T(u) > )\/01 af(u)(v—u)dx forallve BV(0,1). (1.12)

The left and the right pictures in Figure 1 express graphically the contents of Theorem 1.5 and
Theorem 1.6, respectively. In order to keep this paper within a reasonable length, no attempt
is made here to justify such bifurcation diagrams; details in this direction are given in [45].

A A

FIGURE 1. The left picture represents a possible diagram when the potential
F' is superquadratic at 0 and sublinear at +oo, while the right one provides a
diagram when F' is subquadratic at 0 and superlinear at +co0. In both pictures
the parameter A is plotted, in abscissas, versus ||u||~, in ordinates.

Theorem 1.5. Assume that
1
(a3) a € LY(0,1) is such that / adr <0 and a(x) > 0 a.e. on an interval K C [0,1],
0

(f2) f € CY[0,4+00) is such that f(s) >0 for s >0,
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(f3) there exist p > 2 and L > 0 such that

F
lim 7 _
s—0+ sP
(fs) there exist ¢ € (0,1) and M > 0 such that
im )
s—+oo s4

with F defined in (1.3).

Then, there is A« > 0 such that problem (1.10) has, for all A\ > A\, at least two positive
solutions uy, us, with Iy(u1) < 0 < Zx(uz).

In addition, uy,us € Wli’cl(a, BINW LY (a, B) for each interval (o, B) C (0,1) such that a(z) > 0
a.e. in(a,p), ora(x) <0 a.e. in(a,B). Moreover, u,us € I/Vli’cl [0, 8), with u}(0) = u5(0) =0,
if a« =0, while uy,us € VVli’Cl(a, 1], with v} (1) =ub(1) =0, if B =1.

The remaining conclusions of Theorem 1.1 hold too, whenever (fs), or (fs) and (a4), are
assumed.

A class of nonlinearities satisfying (f2), (f3) and (fs) is given by

f(s) = min {sp_l, sq_l} ,
with p > 2, g € (0,1).
Theorem 1.6. Assume that

1
(a3) a € LY(0,1) is such that / adr <0 and a(x) > 0 a.e. on an interval K C [0,1],
0
(f2) f € CY[0,4+00) is such that f(s) >0 for s >0,

(f1) there exist ¢ > 1 and M > 0 such that
F(s)

lim =M,
s—4oo 89

(fs) there exists ¥ > 1 such that

lim VF(s) — f(s)s o,

s§—+00 S

(f7) there exist p € (1,2) and L > 0 such that
F

lim (5)

s—0+ sP

=L,

with F' defined in (1.3).
Then, there is \* > 0 such that problem (1.10) has, for all A € (0, X*), at least two positive
solutions uy, ug, with Iy(uy) > 0> Ty (u2).
In addition, uq,us € Wli’cl(a, BINW LY (a, B) for each interval (o, B) C (0,1) such that a(z) > 0
a.e. in(a,p), ora(x) <0 a.e. in(a,B). Moreover, u,us € I/Vli’cl 0, 8), with u}(0) = u5(0) =0,

if a« =0, while uy,us € VVli’Cl(a, 1], with u} (1) = uhH(1) =0, if B = 1.

Remark 1.10. The regularity conclusions devised in Remark 1.7 extend to the framework of
Theorem 1.6. Like in Theorem 1.2, even in the context of Theorem 1.6 one cannot guarantee
the existence of a strictly positive solution (cf. Remark 1.8).
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A simple prototype of functions satisfying (f2), (f1), (f5) and (f7) is given by

fls) =",
with p € (1,2).

Remark 1.11. It can be proved (see [45]) that in Theorem 1.5 and Theorem 1.6 one of the two
solutions can be chosen to be classical.

The proofs of all the results stated in this paper rely on a perturbation argument, a sort
of ‘penalization’, first introduced in [61], and further developed in [27, 44, 43, 11, 55, 54], for
studying a number of boundary value problems associated with the mean curvature equation.
It is worthy to point out that this approach has so far been limited to discussing cases where
the discontinuities of the solutions may occur only on the boundary of the domain and not, like
here, in the interior. Detecting and describing such lack of interior regularity requires developing
a more refined argument, which for the moment seems to work limited to the one-dimensional
case. The approximating problems are solved by using a minimax technique, in the frame
of Theorem 1.1 and Theorem 1.3, and a minimization method, in the frame of Theorem 1.2
and Theorem 1.4. In all cases the obtention of W!ll-estimates allow us to pass to the limit
in the approximation scheme to get a bounded variation solution of the original problem. The
multiplicity conclusions of Theorem 1.5 and Theorem 1.6 combines the preceding approaches and
hinges over suitable critical value estimates. A further concavity/convexity argument, combined
with ordinary differential equations techniques, finally permits to conclude the partial regularity
of the obtained bounded variation solutions.

2. SOME ILLUSTRATING EXAMPLES
First, we present a simple example showing that discontinuities of the solutions of (1.1) in the
interior of the interval [0, 1] may actually occur.

Example 1. Let f : [0,+00) — [0,+00) be any continuous function satisfying f(s) > 0 for
s > 0. Then, the function u € BV (0,1) given by

1+4/%— a2 if0<z<i,

S_\i-(@-1? ifi<a<l,

u(z) =

is a strictly positive solution of problem (1.1), with a € L*°(0, 1) defined by

a(z) = 2sgn(g — ) (f(u(2))) ™"
Indeed, for any ¢ € BV (0,1), with |D¢|* absolutely continuous with respect to |Dul|®, we have

/Oéaf(u)qbdx:—/oé (1_1:/@,)2>/¢d$:¢(%) é\/ﬁL
/;1”(“)“”6“/;(15@@2)/““‘ [,

and hence

' _ 1 Dwr Do) eyt
/Oaf(u)gbdm— 1+]Dua\2d +o(3 )—o(3 )

(Du)* (Dg)* ! <Du> D¢ .
/ 1+|Du )al? a:+osgn| ) [Dg| Dot
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Then the conclusion follows from Remark 1.1.

Next, we show with another simple example how, in the framework of Theorem 1.2, one cannot
guarantee the existence of a strictly positive solution; the lack of uniqueness for the Cauchy
problems associated with the equation in (1.1) may actually produce ‘dead core’ solutions.

Example 2. Let f:[0,400) — [0, 4+00) be any continuous function with

f(s)=+/s  forsel0,1].
Then, the function u € W2°°(0,1) defined by

0 1f0§x§%,
u(z) = ﬁ(m—%)‘l 1f%<l’§%,
mE— - iff<e<l,

is a positive solution of (1.1), with a € L*°(0, 1) defined by

-1 if0< <4,
a(z) = 1 o3
—u"(z) (u(z)72 (1+ (v (2))?)72 if§<z<1,

because (sufficiently) smooth solutions of (1.1) solve
—u" = a(z)f(u) (1+ ()?)

u'(0) = /(1) = 0.

3
2

in (0,1),

3. PROOF OF PROPOSITION 1.1

We point out that, although the conclusion and the proof of Proposition 1.1 is classical in
the semilinear case (see, e.g., [7]), the adaptation to the present context, and in particular to
the present notion of solution, requires a different argument, which relies on a rather delicate
one-sided approximation argument in the space of bounded variation functions proven in [19].

Assume (a1) and (f1), and suppose that (1.1) admits a strictly positive solution u. We first
notice that u cannot be a constant. Indeed, otherwise we get from (1.6)

1
0= f(u)/ avdr  forall ve BV(0,1)
0

and hence a = 0, thus contradicting assumption (a;).
We next observe that, since ess infu > 0 and (f1) holds, +1~ € BV(0,1) and, due to [19,

' fw)
Theorem 3.3, p. 370], there exists a sequence (vy,), in W1H1(0,1) such that, for all n > 1,
v, >u a.e. in [0,1], (3.1)
. . 1 1 . .
ngrfoo v, =u and ngr}rloo o) = o) in L'(0,1) and a.e. in [0, 1], (3.2)
and
1 1
. / _ : _
Jim [Clde= [pu, i 7(0) = () (3.3)
Then, for any given ¢t > 0, we have
t t
() mu L w
e \Un F f(vn) ut f(u) in L7(0.1)
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and hence, by the lower semi-continuity of J with respect the L!-convergence in BV (0, 1),
t t
u+ —— ) <liminf (v 7)
(u+ f(u)) <l int 7 (on + 5o
This entails that, along a subsequence of (v,,)n, still labeled by n, we have

7 (u + f(l;)) ~ ()< T (J (vn 4 f(in)) - J(vn)) | (3.4)

Moreover, by (3.2) and (3.3), the sequence (v,), is bounded in W!(0,1), and therefore in
L*>(0,1), and, by (3.1), v, > u > essinfu > 0 for all n > 1. Thus, using (f1), we infer the
existence of a constant § € (0,1) such that

(]{C;E}”’;iz < % for all n > 1.

Hence, for any given t € (0,d) and all n > 1, the next chain of estimates holds

H(7 (0 )~ 7100)
i)

(1_t< (53§2> _1> "

/ \/ 2 (1= i) + VI P

0 <

/ ( 2 té(t5—2) .
i) VIR
Consequently, since
f'(vn) \2
t6—2<—1 and /14 @)2(1—t=-"2) <1+ (v
\/ 082 (1= 177,00 (tr)
we find that
( (0n) gy (35)
- j<vn+ > jvn><—5 L dx 3.5
t f( n) 0 92./1 +U;L2
for all n > 1.
We claim that
lim inf —" _dx > 0. 3.6
n—-+oo /O /1 + (U;L)Q ( )

Suppose by contradiction that there exists a subsequence of (vy,),, still labeled by n, such that

lim / ——dx =0. 3.7
n—+oo Jq /1 + (U’;L)2 ( )
Since x — \/ﬁ is increasing, it is clear that
2
r > 2 for z > 1.

Vi+z2 ~ V2
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Thus we have
1
L les [ A
V2 J {21y (on 11} /14 ( «/1 +
and, from (3.7),

lim vl dx = 0. 3.8
Jdm {\v;|21}| nl (3.8)

Similarly, since z +— \/%2 is decreasing, it is evident that

1+x
.’E2 .TQ
—_ < — for z € [0,1].
V2 T V1422 0,1]
Hence we infer
1 (’U/ )2
L ! 2 de < / S CY R (3.9)
V2 S <1} (o<1} /1 + (V)2

As

2
( / rvmdx) <[ ldes [ P,
{lon|<1} {lvnl<1} {lvnl<1}

by (3.9), we find that

2
L / ]’U;]dac < / (
V2 \ Sy <1} {lol<1} v/ 1+ ( vl +

Consequently, from (3.7) and (3.8) we deduce that

1
lim / |vl| dx = 0.
n—+oo Jo

1
/ |Du| =0,
0

which is impossible, because u is not a constant. Thus, (3.6) holds, as claimed above. Therefore,
according to (3.4) and (3.5), we get

% <j <u—|— f(tu)> —j(u)) < ngrfm% <J (vn+f(zn)> —J(vn)> <0.

Thus, by taking v = u + ﬁ as a test function in (1.6), we conclude that

/Oladx§1<‘7<u+f(2))—j(u)> <.

Moreover, since (1.8) holds, that is
1
/ a f(u)dr =0,
0

and ess inf f(u) > 0, the positive part a® of a must have a support with positive measure. The
proof of Proposition 1.1 is concluded. O

Hence, by (3.3), we obtain
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4. PROOF OF THEOREM 1.1

Since condition (f3) implies f(0) = 0, we can extend f to the whole of R as an odd continuous
function. Then, by (f2), (f3), (f1) and (f5), the following conditions hold for the odd extension
of f, that we still denote by f:

(f9) f € C°(R) is such that f(s)sgn(s) > 0 for all s € R,

(f) there exist p > 2 and L > 0 such that

i £ _
s—0 ‘8‘17
(f?) there exist ¢ > 1 and M > 0 such that
F
i 2 oy

jsl=too |5
(f9) there exists ¥ > 1 such that
IF(s) — f(s)s

lim ————— =0,
|s]—+o0 S

with F' defined in (1.3).

PArT 1. SorvaBILITY. The solvability of the problem will proceed after a series of steps.
First we are going to describe a regularization scheme. Then, we will establish the existence of a
solutions for each of the regularized problems through the mountain pass theorem of Ambrosetti
and Rabinowitz [4, 57]. Since these approximating solutions possess a uniform a priori bound
in Wb, by a compactness argument and critical value estimates one can establish the existence
of a non-trivial bounded variation solution for (1.1). Finally, invoking the variational principle
of Ekeland [26] we will be able to prove the existence of a positive solution for (1.1).

Step 1. A regularization scheme. Let us fix a number
pe(l,q). (4.1)

Since in Remark 1.4 we proved that ¥ = ¢, we have that p < ¥ too. Let us consider the odd
C'-diffeomorphism v : R — R given by

¥(s) = ((L+|s])’~" = 1)sgn(s),
as well as the sequence of odd C'-diffeomorphisms ¢,, : R — R defined by

s 1
on(s) = N + 51/)(8)7 (4.2)

for all n € N, with n > 1. Subsequently, we set
s 1
V(o) = [ w0d= (@415 = 1)~ sl (43)
s 1
D, (s) = / on(t)dt = V1482 =14 =V(s), (4.4)
0 n

for all s € R, and we consider, for each n > 1, the associated functionals 7, : W'*(0,1) — R
defined by
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where J is given by (1.4), as well as Z,, : W?(0,1) — R defined by

1
Zn(u) = Tn(u) — /0 a F(u)dx.

For each n > 1, the function ¢, is increasing and therefore the functional 7, is convex. Moreover,
as W(s) > 0 for all s € R, it is clear that J,(u) > J(u) for all u € W'*(0,1) and hence

T,(u) > Z(u) for all ue WP (0,1). (4.5)
It follows from, e.g., [25, Chapter 2] or [57, Appendix B] that each Z, is of class C!, with
differential Z/,(u) € (W1*(0,1))" given by

1 u' v 1 1 1
T (u)(v) = da:+/1/1u’v'da:—/ a f(u)vdx
(u)(v) y VT ae 0 ), () ; (u)
for all u,v € W1(0,1). Clearly, if u € W'*(0,1) is a critical point of the functional Z,,, then
on(u') € WHL(0,1) and satisfies

- (Qpn(u )) = a(x)f(u) in (07 1)7 (46)
u'(0) =0, /(1) =0.

As o/ € WH1(0,1) (see [17, Theorem 2.24]), the differential equation in (4.6) can equivalently

be written as .
2

Ly - @) () a(@)f(w) (1 + (u)?)

= = 3 . (4.7)
Cn(w) 14 14 (w)2)3 (p— 1)(1 + |w])r2
Throughout the proof of this theorem, for every u € L'(0,1) we set
1
r:/uda: and w=u-—r,
0
so that u can be decomposed in the form
u=w+r, (4.8)

with fol wdxz = 0. Then, for each u € BV (0,1), we set

1
lullsy = /0 Dl +|r]

and, if u € W19(0, 1) for some o > 1,

1
1 i
e = ( /0 \w’\f’dw) il = [l + Il (4.9)

Using the representation (4.8), we can write, for all v € BV(0,1), the Poincaré-Wirtinger
inequality [17, p. 102] in the form

1
elloo < / Duwl,
0

and in particular, for all u € W11(0, 1),
[wlloo < [[w'| L1 (4.10)

Step 2. Solving the regularized problems. We will find a solution of (4.6) for any given
n > 1, as a critical point of Z,,, via the mountain pass theorem.
The mountain pass geometry will follow from the next two technical results.
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Lemma 4.1. There exist constants § > 0 and n > 0 such that, setting
Sy =1{ue WH(0,1) : Jullywia = [lw'l| 1 +[r] =},
one has, for alln > 1,
inf 7, > inf Z(u) > 4.
uléls,, n(u) 2 ulélsn () 2

Proof. Pick u € Wh1(0,1) and use the decomposition (4.8). Due to the convexity of the
function s — v/1 + s2, the Jensen inequality yields

1
£ /14 Hw,H%l S/o V14 |[w?de

1 1
I(u)—/o \/1+(w’)2dx—1—/0 aF(w+r)de

1
> 1+Hw/||%1—1—/ aF(w+r)dx
0

and hence

W12 1 (4.11)
= ol —/ a (F(w+r)— Llw+rP) de
14+ 4/1+ [Jw']3, 0
1 1
— L/ a(|lw—+rP —|rP) de — L]r\p/ adz,
0 0
where, according to (f5),
F
L=1im 2 g,
s—0 |S|p
with p > 2. For any given € > 0, there is 9 € (0,1) such that
|F(s) — L|s|P| <els|P, if|s] < no. (4.12)
Let w € WH1(0,1) satisfy |lu|y11 < no. Then, by (4.9) and (4.10), we have
[wlloe + 7] < Jw'llz1 + |r| = [[ullwra < no.
Recall that, for all z,y € R and all p > 0,
| + y[P < max{1,2°7 "} (|2 + |y|?) (4.13)
and hence, for all z,y € R and all p > 1,
||z + yP — 2P| < max{1,2°"2}(p|z[*|y| + |y ). (4.14)

Indeed, we have
1
||z +yP — [fP| = ‘/ plr + tylP (= +ty)ydt‘
0
1 1
< [ plo+ Pl ar < pmactr, 272 (1ol + 2.
0
Using (4.12), (4.13), with p > 2, and (4.10), we get

1 1
/ a(F(w+r)— Lw+r|P) de §/ lal e |w + r|P dx
0 0

< e lall 2 2P~ (wllz, + [7[P)

< elall 2287 (w7, + [r[P) -
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Moreover, using (4.14), with p > 2, and (4.10), we obtain
‘L/Ol a(lw+rP —|rl?) dz| < Lijallp [[[w + 7" = 77l
< Ljall 222 (plrP~Hwlloo + [|w]5)
< Ljall g 22 (plrP~Hlw' | o1 + [lw'[17,)
< p2Llallzs (2P0 + ol )

+ 2772 Ll 1 |1,

for any given o > 0. Then, from (4.11) we infer that, for all u € W11(0,1) satisfying ||w'||;1 +
7| = llullw.r = 1o,

Z(u) >

lw'(I72 = 2P~ Lllall 1 ollw'|[F2 — 2°72(L + 2¢)llal| po w17

1
1++2
1
1
— <2p—1||a||L1 £+ L/ adx) P[P — p2P~3L|al| 2 =|r[2PY.
0 o

Hence, taking ¢ > 0 and ¢ > 0 sufficiently small and using the condition fol adzr < 0, assumed
in (ag), we can find constants A, B, C, D > 0 such that

I(u) > Allw'|[71 = Bllw'|}; + ClrP — DIr[*P~ Y.

Let us set x = ||w’||;1 and y = |r|. Taking n € (0,79) sufficiently small and using the condition
p > 2, we see that

A C
(A— BaP™?)2® + (C — Dy ?)y? > 53:2 + iyp > 0,
for all x > 0 and y > 0, with 4+ y = 1. Hence, setting

1

6= min - (A2® +Cy?) >0

Sy (A + ) =0
T+y=n

we infer that, for every n > 1, the estimate

inf Z,(u) > inf Z(u) >0
dnf Tnu) 2 inf I(w) =

holds. This concludes the proof of Lemma 4.1. O

Lemma 4.2. There exists ( € WP(0,1), with min¢ > 0 and |||y > n, such that, for all
n>1,
7,(¢) < 0.

Proof. By assumption (a3), there is an interval K C (0, 1) such that a(x) > 0 a.e. in K. Pick a
function z € C'[0, 1], with supp z C K, such that z(z) = 1 in an interval Ko C K. Then, since
F(s) >0 for all s € R and F(0) = 0, we easily get, for any given ¢t > 0 and all n > 1,

To(tz) = Tn(tz) —/ aF(tz)dx

K

:Jn(tz)—/K aF(t)da?—/K\K aF(tz)dx

< Tn(tz) — F(t)/ adx

Ko
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and thus, using (4.3) and (4.4),

In(tz)g/ol ((1+(tz’)2)%—1> dw—i—?ll/ollf[/(tz’)dx—F(t)/K adx

1
g/ |tz/|d33+/ (A+[t)P—1) d:c—/ |tz/|dx—F(t)/ adx
K PJK K Ko

tP—4 F(t
<1 </ tt+ 1)) d:c—()/ ada:) :
P JK tT Jrk,

Since we have, by (f?),

and, by (4.1), p < ¢, we derive

P F(t
lim </ (t '+ \z’|)p dx — ()/ ada:) =-M adzr < 0.
totoo \ p o Jk t Jko Ko

Therefore, we conclude that
Z,(tz) <0
for all sufficiently large t > 0. By setting ¢ = tz, Lemma 4.2 follows. O
The next result establishes the Palais—Smale condition in our framework.

Lemma 4.3. Fizn € N, with n > 1. Let (uy)y be a sequence in W'P(0,1) satisfying

sup | Z, (ug)| < +00 and lim I (u) =0 in (W"*(0,1))". (4.15)
k>1 k——+o0
Then, there is a subsequence of (uy), still labeled by k, and u € W1*(0,1) such that
lim wp =u in WHP(0,1). (4.16)
k—+o0

Proof. We first show that (u)s is bounded in W?(0,1). By (4.15), there exist a constant
¢ > 0 and a sequence (gg)x in (0, 1), with klim e = 0, such that
—+00

1 1 1
T (ug) = /0 14+ (up)?de —1+ 711/0 U (up,) d —/0 aF (ug)de <c (4.17)

b ()’
0 /1 + (up)?

for all £ > 1. Hence we get

1 /
9T, (1) = T, ) ) = | (19( 1+<u;>2_1>_W) da

and

|5, (uge) (i) | = < egllurllwre

1 /1 1
dw—I—/¢(u§€)u§€dx—/af(uk)ukdx
n Jo 0

1+ (up,)?
1 1 (4.18)
+ 1/ (VW (uy,) — ¥ (up)uy,) do — / a (OF (ug) — f(ug)ug) dx

nJo 0
< Ye+ Ek HukHWLp

for all k£ > 1, where the constant ¥ (> p) comes from (ff). Now, observe that there exists a
constant x > 0 such that the next two elementary inequalities hold

19(\/1+32_1)_\/1‘i7822;(0—1)\5\—m, (4.19)
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IU(s) — (s) s > ;(i —1) Jsl . (4.20)
for all s € R. Moreover, by (f?), for every € > 0 there exists ¢. > 0 such that
|[OF (s) — f(s)s| < e|s| + ce for all s € R. (4.21)
Let us set, for all k£ > 1,
L = /01 updr and  wp = up — 7. (4.22)

According to (4.19), (4.20) and (4.21), we obtain from (4.9), (4.10) and (4.18) that
D+ ex ([uhllne + Irel)

1 1 /9
> 500 = Dl + g (2= 1) Il = el = el — 2s.
> (L 1) gl — s o + ) — el — 2.
T 2n \p L

Consequently, as ||ug|/p:1 < ||ugl/rr for all k£ > 1, we obtain
1 /Y
e (2= 1) s < e Ol ) el o4+l + 2e-+0c
for all kK > 1. As in the previous estimate % > 1, € > 0 is arbitrary and klim er = 0, we can
—+00
find a constant d > 0 such that
g llf, < |ril+d for all k> 1. (4.23)

Let us suppose, by contradiction, that the sequence (r); is unbounded, e.g., possibly for a
subsequence still labeled by k,
lim 7y = 4o00. (4.24)

k—+o0

Then, by (4.23), for sufficiently large k, we obtain

=
D=

/
”uk”L” < (1% + d) _ (7,]1—0_’_617.];0)
Tk Tk

and hence, since p > 1,

gl e
lim ——— =0. (4.25)
k—+oco Tk
Owing to (4.22) and (4.10), we have
lwelloo < llwpllpy < llwillze = [lullze
and hence, due to (4.25),
T ] N (1 S
k—+o00 Tk k—+oco Tk
or, in other words,
lim £ =1 uniformly in [0, 1]. (4.26)
k——+oo Tk
From (4.24) and (4.26), we infer
lim w; =+oo uniformly in [0,1]. (4.27)

k—+o0
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Thus, by (ff) we also have

F
lim @ =M >0 uniformly in [0,1]. (4.28)
k—+oo Uy
Therefore, by the dominated convergence theorem, from (4.17), (4.26) and (4.28) we find that
7,
0= lm <> lim ()

k—4o00 T k—+o0 TZ

>~ tim [ a(e)E@) (“’“(x)>q do = —M /Oladﬂs,

k—+o0 Jq (ug(x))? Tk

which is impossible, because we are assuming that fol adr < 0. As one can get a similar
contradiction assuming that, along some subsequence relabeled by k,

lim 7, = —o0,
k—+o00

we conclude that the sequence (r); is bounded. Consequently, by (4.23), the sequence (u}, ) is
bounded in LP(0,1) and therefore, (uy); is bounded in W1#(0, 1), which was the first claim of
the theorem.

Accordingly, thanks to the theorem of Eberlein-Shmulyan, there exist a subsequence of (ug)g,
labeled again by k, and a function u € W1(0, 1) such that

lim wuy = u weakly in W1(0,1) and strongly in L>(0,1), (4.29)

k—+o0
because, due to the theorem of Rellich-Kondrachov, the imbedding of W1*(0,1) into C°[0,1] is
compact.

Next, we consider the generalized Dirichlet form

L o ulY
Ap(u,v) : /w Yo' dx — / lulP~2u v de,
V14 (u

for all u,v € W1*(0,1). Since all assumptlons of [15, Lemma 3] hold, the condition (S) therein
will guarantee that (uy)s is convergent to u strongly in W1+ (0, 1) prov1ded that

]
hm (A (wpe, w — w) — A (u,u — ) = (4.30)

k—+

Therefore, to complete the proof of the lemma, it suffices to establish (4.30).
As, due to (4.15), klim T, (ur) = 0 in (WH(0,1))" and (ug)y is bounded in W1*(0,1), we
—+o00

find that

lim I;l(uk)(uk —u) =0. (4.31)
Moreover, since from (4.29) lim wuy, = w in L*°(0,1), it is clear that
k—+o0
1
lim / g P~ 2ug (ug — u) dz = 0, lim af(ug)(uk —u)dx = 0. (4.32)
k—+o00 k—+oco Jo

Therefore, since
1

1
Aty g — ) = T (ug) (g — ) + /0 gl (e — ) d+ /0 o f(u) (g — ) da

for all k> 1, we find from (4.31) and (4.32) that
lim Ay (ug, up —u) = 0. (4.33)

k—4o00
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Similarly, for every k > 1, we have
1 1
Anli =) = () =)+ [l Pulug — wydo+ [ o flu) (w — ) da,
0 0

Since the linear functional Z/,(u) is weakly continuous in W1#(0,1), condition (4.29) implies
that
lim Z) (u)(ug —u) = 0.

k—+o0
Moreover, since lim wug = w in L*°(0,1), we infer
k—4o00
., 1
li P - =0, li —u)dz = 0.
i [ w0, [ 60 -

Consequently, we get
lim A, (u,ux —u) =0

k—4o00

and combining this with (4.33), (4.30) holds. This ends the proof of Lemma 4.3. O

Subsequently, we consider the set of continuous curves linking the origin to the point ¢ con-
structed in Lemma 4.2, i.e.,

L= {yeC%0.1,W*(0,1)) : ~(0) =0, 7(1) = ¢}

and, for every n > 1, we set

n = inf In .
¢n = Inf, max Tn(7(t)

The mountain pass theorem then guarantees the existence, for any given n > 1, of a critical
point u, € W1*(0,1) of the functional Z,,, satisfying

To(up) = cn = inf max Z,,(y(t)). 4.34
(un) = en = inf max Tn(v()) (4.34)

As @, (u') € WHL(0,1), uy, is a solution of (4.6) with u,, € W21(0,1). Morerover, since Z,, 11 (v) <
T,(v) for each n > 1 and every v € W1(0, 1), we find, using Lemma 4.1 too, that

0<d<cp1<ep<---<q (4.35)
for all n > 1.

Step 3. Uniform estimates in W!1(0,1) for the mountain pass solutions. The main
conclusion of this section is the next one.

Lemma 4.4. Let, for each n > 1, u, € W?(0,1) be the solution of (4.6) satisfying (4.34).
Then, we have
sup ||up||lwia < +oo. (4.36)
n>1
Proof. We can easily adapt the first part of the proof of Lemma 4.3 to the present setting.
Indeed, according to (4.35), we have

5§Zn(un):/01< 1+(u;l)2f1) dx

1 /1 1
+ / U(u)dx — / aF(uy)de =cy, <c1 (4.37)
0 0

n

and

/
T, (up) (uy,)

/ \/1+7 +711/01¢(U%)U§1dx - /Olaf(un)und:c =0
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for all n > 1. Thus, we get

T (1) — T () () = /01 (79 (Wf 1) _ W) da

1+ (up,)?
1 1 1
+ n/ (0 (uy,) — ¥ (up)uy,) do —/ a (OF (up) — fup)uy) de < ey
0 0
and hence, using (4.19), (4.20) and (4.21),
1 , 1 /9 ' e ,
er 2 5O=Dlunllo 50 { 2 =1 ) lunllpe =€l (hunllz+irl) = ecllallr =2+

> %(ﬂ—l)ll%llu—EIIaIILl(Hu;IILl+|?"n|)—cs|!a\|u—2%-
Therefore, for every € > 0 there exists d. > 0 such that
ul |2 < e|rn| +de for all n > 1. (4.38)
Let us suppose by contradiction that the sequence (r,), is unbounded, e.g., possibly for a

subsequence, relabeled by n,

lim r, = +oo.
n—+00

Then, by (4.38), for sufficiently large k, we obtain
T'n T'n
and hence, letting n — 400 ,
!/
A
n—+oo Tn
As € > 0 is arbitrary, we infer
!/
el
n—+o0o Tn
Then, arguing as in the proof of Lemma 4.3, we find
lim " =1 uniformly in [0, 1],
n—+0o 1y,

lim w, =400 uniformly in [0,1],

n—-+o0o
F
lim (1;”)
n—-+oo Un

Therefore, it readily follows from (4.37) that

=M >0 uniformly in [0, 1].

In n
0= lim D> fip Znln)
n—+o0 Ty n—-+4oo Tn
1 q 1
F n n
> — lim a(x) (Un(@)) (‘tn () dr = —M/ adr.
w2 fy U e :

which is impossible, because foladx < 0. Consequently, (ry,), is bounded. Condition (4.38)
implies that (u,), is bounded in L'(0,1) and hence (uy), is bounded in W1(0,1). This ends
the proof of Lemma 4.4. O
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Step 4. Existence of a solution of (1.1). Condition (4.36) implies, by [5, Theorem 3.23,
Proposition 3.13], that there exist a subsequence of (uy,)n, labeled again by n, and a function
u € BV(0,1) such that

sup ||unlloo < 400 and  lim wu, =u in L'(0,1) and a.e. in [0,1]. (4.39)

n>1 n—-+o0o

Let us prove that u is a solution of (1.1), i.e., u satisfies (1.6) for all v € BV(0,1). Since the
functional 7, : W'*(0,1) — R is convex and of class C' and Z/,(u,,) = 0 for all n > 1, we have
that

1
/ af(un)(z — up) dz = Ty (un)(2 — up) < Tn(2) — Tn(un) (4.40)
0
for every z € W?(0,1). Since by (4.39)

sup || f(un)(z = un)loo < +00
n>1

and
lim af(uy)(z—up) =af(u)(z—u) ae. in [0,1],

n—+00
the dominated convergence theorem implies that
1

1
/0 af(u)(z —u)dr = lim af(up)(z — uy) de.

n—+00 Jg

Thus, by (4.40) and the lower semicontinuity of J with respect to the L!-convergence in
BV (0,1), we infer

1
/0 af(u)(z—u)dr <limsup (Jn(z) — Tn(un))

n—-+o0o

n—+00 n n—+o00
<J(z) — T (u).

Since J is a continuous functional on W11(0,1) and W'*(0,1) is dense in W1(0,1), it is easily
seen that

< lim (j(z)+1 /0 o) dx) ~ liminf (J(un)—i—; /0 lxp(u;)dx>

() = T(w) > /01 af(u)(z —u)dz for all =€ W(0,1). (4.41)

Fix now v € BV(0,1). The approximation property in BV (0,1) stated in [6, Fact 3.3]
guarantees the existence of a sequence (z,), in W1(0, 1) such that

lim z,=wv in L'(0,1) and a.e. in [0,1]
n——+00

and

lim J(zn) = J(v).

n—-+o0o

The last condition also implies that

sup ||znllco < sup ||zn |l < +oo
n>1 n>1

and hence, thanks to the dominated convergence theorem,

n—-+o0o

1 1
lim af(u)z, = / af(u)vdr.
0 0
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Therefore, since
T (zn) — T (u) > /01 af(u)(z, —u)dx forall n>1,
letting n — 00 in this inequality yields (1.6) for all v € BV (0,1).
Step 5. A critical value estimate. There is a subsequence of (uy,),, still labeled by n, such

that
lim Z(u,) =Z(u). (4.42)

n——+00
Since condition (4.39) and the dominated convergence theorem imply that
1 1
lim aF(uy)dr = / aF(u)dzx,
0

n—-+o00 0

it is evident that condition (4.42) will follow, if we prove that

nEI—Il-loo TIn(un) = T (u). (4.43)
We first observe that
lﬁgfolof TIn(un) > T (u). (4.44)

Indeed, we have

1
TIn(un) = T (up) + 1/0 U(ul)dz > T (un)

n

and hence, by the lower semicontinuity of J with respect to the L!-convergence in BV (0, 1), we
get (4.44). Next, we show that

limsup Jp, (up) < J (). (4.45)

n—-+00

Recall that each u,, satisfies the variational inequality (4.40) for all z € W'*(0,1). Hence, using
again (4.39) and the dominated convergence theorem, we infer

i sup 7, (u) < imoup ((2) — [ af ) — ) )

n—-+o00 n—-+00

— limsup <J(z) + % /01 W() dz — /01 0 f () (2 — ) dm)

n——+o0o
1
=J(z) — /0 af(u)(z —u)de.

Pick any w € W1(0,1). By the density of W'*(0,1) in W'1(0, 1), we find a sequence (z;)j in

W1(0,1) such that khI-P 2z = w in WH1(0,1). Therefore we have, for all k > 1,
—+00

1

lim sup J, (un) < J(2x) — / af(u)(zx —u)dz
n—4o0o 0

and hence, letting k — +o0,

1
lim sup J, (un,) < J(w) — /0 af(u)(w—u)dx.

n—-+4o0o
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By the approximation property in BV (0,1 [6, Fact 3.3], we find a sequence (wy,); in W11(0, 1)
such that

lim wy =u in L'(0,1) and a.e. in [0, 1],
n—+00

lim J(wg)=J(u) and sup ||wgl|e < +00.
k>1

n—-4o00

This yields, for all £ > 1,
1
lim sup Jp, (uy) < J(wg) — / af(u)(wg —u)dx
n—-+0o 0

and hence, letting k — 400 and using the dominated convergence theorem,

lim sup Jp, (un) < J(u),
n—+o00
which is precisely (4.45).

Step 6. Existence of a non-trivial solution of (1.1). Relation (4.42), together with (4.35)
and (4.34), imply that the solution u of (1.1) we have found satisfies
Z(u) >d>0
and hence, in particular, u # 0.
Step 7. Existence of a positive solution of (1.1). In order to prove that actually u provides

us with a positive solution of (1.1) it suffices to show that u, > 0 for all n > 1 a.e. in [0, 1]. We
recall that, for each n > 1, u,, satisfies

T (tn) = ¢n = inf T (y(t
(un) =c Inf max (v(t))

where

I'= {’Y € CO([O7 1]7 WLP(()’ 1)) : ’Y(O) =0, 7(1) = C}
According to Lemma 4.2, min¢ > 0 and hence |y| € T', whenever v € I'. Moreover, since Z, is
even, we find that, for every n > 1,

(v (t)]) = Zo(y(t)) for all ¢ € [0,1].
Therefore, for every k > 1 there exists v, € I' such that, for each ¢ € [0,1],
Ynk(t) >0 ae in [0,1] (4.46)
and

1
cn < tIen[(E)L,}I{] In(’Yn,k:(t)) <cp+ %

Hence, by the Ekeland variational principle [26], for every k > 1, there exist v}, € I'" and
tnk € [0,1] such that

. 1
Cn < max In(Yni(t)) < max Tn(ynk(t)) < €n+ 1, (4.47)
1
) =~ (O)lwre < —=, 4.48
e 17,6 () = Y 1 () [l N (4.48)
1 * 1 . * *
Cn = < Tn(up, ) < cn+ Z with ¢ = v,k (tnk)s (4.49)
and
1

T4 ) @) < el for all v e WH(0,1)
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By the Palais-Smale condition satisfied by Z, (cf. Lemma 4.3), there exist a subsequence of
(uy, )k still labeled by k, and a function u;, € Wh(0,1) such that

lim w}, =u, in WY(0,1).
k—+oco0 7

Thus, from (4.48) and (4.49) we may infer that

: — 1 * — T Kok : 1,p
kEI—&l-’loo fynvk(tn,k) kEI—Poo ’Yn,k(tn,k) kgl—’il—loo Un, k Unp, in W (O’ 1)
Therefore, thanks to (4.46), we find that u}, > 0 a.e. in [0, 1]. Moreover, by (4.47) and (4.49),
we get,

Zn(uy,) = cp.

n
Finally, reasoning as in Steps 3 and 4, it is plain that we can extract a subsequence of (u}),,
relabeled by n, such that

lim »f =u* ae. in [0,1
n—-+oo n [, ]7

with «* > 0 a.e. in [0,1] and u* # 0. This is the positive solution of (1.1) whose existence was
claimed in Theorem 1.1.

PART II. REGULARITY. Let u be a positive solution of (1.1) and let (u,), be a sequence in
W21(0,1) of positive solutions of (4.6) such that, for some constant C' > 0,

sup ||tnleo < C and  lim u, =u in L'(0,1) and a.e. in [0,1]. (4.50)
n>1 n—-+4o0o
By Step 4 of Part I, these conditions hold for the solution constructed in Part I. The proof of
the regularity will be divided into three steps, accordingly to the statement of Theorem 1.1.

Step 1. Behavior on a single interval. Let [, 3] C [0, 1] be an interval such that a(xz) > 0
a.e. in [a, f]. Since, by (f2), we have f(s) > 0 for s > 0, it follows from (4.7) that w,, is concave
in [, 8] and hence wu/, is non-increasing in [«, 8]. Consequently, the next simple result holds.

Lemma 4.5. For everyn >1 and 6 € (07 B%a)}

< &
max _|u -,
la+s,8—5] " T 0
where C' > 0 is the constant introduced in (4.50).
Proof: As u/, is non-increasing in [, 3], we have

/ = / (5 d i ! = ! - (5 .

QT U up(a+6) an s up (8 —9)

Thus, it remains to prove that

/ c / c

u, (a+9) < 5 and (8 —96) > 5 (4.51)

By the concavity of wu,, we have
un () <upla+08) +u,(a+0)(x —a—4) forall z € |a,a+d].
In particular, letting x = « yields
0 < up(a) <upla+9) — dul,(a+6) < C —dul,(a+9)
whence the first estimate of (4.51) follows. Similarly, we have

Un (1) < up(B —0) +ul (B —08)(x —B+0) foral x€[3—4,4
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and hence, letting x = 3, we get
0 < un(B) < C+ uy (B —6)0.
Therefore, the second estimate of (4.51) also holds. O

According to Lemma 4.5, from (4.7) we infer the existence of a function K5 € L'(a+ 4, 3 —6)
such that

lul(z)| < Ks(x) for ae. z € [a+ 6, 3 — d].
This implies that

Y
() — uly ()] < ‘/ Ks(t)de| for all @,y € [a+0,6— 0]
x

Therefore, the sequence (ul,), is bounded in C°la + 6,3 — 4] and uniformly equicontinuous.
Thus, the theorem of Arzela-Ascoli yields the existence of a subsequence of (u, )y, labeled again
by n, which converges to u in C'[a + §, 3 — §]. Since 6 € (0, *B_Ta) is arbitrary, we may conclude
from (4.7) that (uy), converges to u in I/Vli’cl(oz,ﬁ). In particular, u satisfies a.e. in (a, 3) the
differential equation

" = a(z) f(u) (1 + ()?)2. (4.52)
As a byproduct, u is concave in («a, #) and the following limits are well defined
u(a®) = lim wu(x) € [0, 0], u(f7) = lim wu(x) € [0,C],
z—at T— B~
(o) = lim u/(z) € RU{+oc}, W'(87) = lim u/(z) € RU{—o0}.
z—a™t z—B~

Moreover, since u,, solves (4.6) for all n > 1, we have that u/,(0) = (1) = 0 and hence, if, e.g.,
a =0, for each § € (0, g),

, C
max_|u,| < —.
[0,8-3] o
Therefore we conclude that u € VVI?)C1 [0, 3) satisfies (4.52) a.e. in [0, 3). Similar conclusions hold

it =1
In a completely similar fashion we can discuss the case where a(x) <0 a.e. in [a, S].

Step 2. Behavior on adjacent intervals. Now we further assume (fs), that is, f is lo-
cally Lipschitz in [0, 400); this condition guarantees the uniqueness of solutions of the Cauchy
problems associated with the differential equations in (1.1) and in (4.6).

Let (o, 8) and (8,7) be two adjacent intervals such that a(z) > 0 a.e. in («, ) and a(z) <0
a.e. in (B,7). The case a(z) < 0 a.e. in («, ) and a(x) > 0 a.e. in (3,7) can be discussed
similarly. The convexity properties of u guarantee that there exist

W'(B7) ERU{—c0} and u/'(B1) € RU{—o0}.

Assume v/(87) € R. Then, u can be continued to the right of 8 as a solution of (4.52). The
continuous dependence on initial conditions and parameters [29, Theorem 6, Chapter 1.1] implies
that there exists a neighborhood of 3 where the approximating sequence (u,), is C'-bounded
and therefore W*!-bounded. This entails that v € C _(«,7) and therefore, u € W2 a, 7).

loc
Similarly, we see that u € W2 (a,7) if u/(87) € R.
The previous argument also shows that «/(37) = —cc if, and only if, «/(87) = —co. Suppose

this occurs and let us show that

u(B7) > u(Bh). (4.53)
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Indeed, if, on the contrary, u(37) < u(8"), then there exist § > 0 and n > 1 such that

Thus, the concavity and the convexity of u, on [a, 8] and [B, ], respectively, yield

u(Bh) +u(B”)
2

<un(B+96), U (B—06)<0, u (B+06)<0.

un(B) < un(B —96) <
which is impossible. Therefore, (4.53) holds.

< up(B+9) < un(p),

Step 3. Strict positivity. In order to prove that

ess infu > 0,

here we assume, in addition to (fg), condition (f7), that is, a(x) changes of sign in [0, 1] ﬁmtely
many times, as specified in the statement of Theorem 1.1. Assume that, e.g., a(x) < 0 a.e. i
[a1, B1] = [0, B1], and pick i € {2,...,k — 1} such that

a(z) <0 ae. in (o1, Bi—i,

a(x) >0 a.e. in [ay, Bil,

a(x) <0 a.e. in [aiy1, Bit1]-
Let us prove that

inf u > 0. (4.54)

(a4,84)
Suppose, by contradiction, that there exists z¢ € (a4, 3;) such that u(xg) = 0. Then, we have
u'(x9) = 0 and, as f(0) = 0, by uniqueness of solutions of the Cauchy problems associated with
the equation in (1.1), v = 0 in (a4, B;). Thus, we get
lim wu, =0 in CL_(a;, 3:)

n—-+00

and, due to [38, Lemma 3.1, p. 24], we find that

lim wu, =0 uniformly in [0, 1],
n—+00

which implies u = 0, a contradiction because u is positive. Therefore, u(z) > 0 for all z € (ay, 3;).

Suppose, by contradiction, that u(8; ) = 0. By concavity, we have «/(8;") < 0 and, actually,
W' (B;) = —oo. Indeed, if «/(5;) € (—0o0,0), then u can be extended to the right of 5; as a
solution of (4.52). By continuous dependence, taking a sufficiently large n > 1, we obtain that
up(x) < 0 for some = > f;, which is impossible, because u,, is positive. Similarly, if v’(5;") = 0,
then, arguing as above, we find that u(z) = 0 in (o, 5;], which is again a contradiction. Thus, we

have u/(8;") = —oco. As (uy,), converges to u in Cl. (v, 8;), the concavity implies that u/,(3;) < 0
for sufficiently large n and, along some subsequence, we have that

L vl =
as otherwise u/(; ) should be finite. But this also implies u'(3;") = —o0, because otherwise the

/

continuous dependence would yield the boundedness of the sequence (u},(3;)),. Consequently,

we have that

W(B) =0 and w(5F)=—oo.
Note that, according to (4.53), we also have that

u(B) =0 and /'(B) = —o0,
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which entails the negativity of w in [3;, 5; + 1] for some 1 > 0. As this is impossible, because u
is positive, we get u(3;) > 0. Similarly, we can prove that u(e;") > 0. Therefore, (4.54) holds
true.

The previous argument can be easily adapted to cover the case when

a(x) >0 a.e. in [a;—1, Bi—i,
a(z) <0 ae. in [oy, Bi,
a(x) >0 a.e. in [ait1, Bit1],
for some i € {2,...,k —1}.
Finally, the cases ¢ = 1 and 7 = k can be treated in an analogous way, taking also into account

that, since f(0) = 0 and «/(0) = 0 = «/(1), the uniqueness of the solutions of the associated
Cauchy problems imply u(0) > 0 and w(1) > 0. This ends the proof of Theorem 1.1. O

5. PROOF OF THEOREM 1.2

We begin as in the proof of Theorem 1.1. Since condition (f7) implies f(0) = 0, we can extend
f to the whole of R as an odd continuous function. Then, by (f2), (f7) and (fs), the following
conditions hold for the odd extension of f, that we still denote by f:

(f9) f € CY(R) is such that f(s)sgn(s) >0 for all s € R,

(f?9) there exist p € (1,2) and L > 0 such that

i T _
s—0 |8|p
(fg) there exist ¢ € (0,1) and M > 0 such that

F
lim (s) =
|s|>+o0 |89

with F' defined in (1.3).

Step 1. A regularization scheme. Like in the proof of Theorem 1.1, we define a sequence
of approximating problems, taking here p = 2; that is, we consider, for each n € N, with n > 1,
the problem

- (‘pn(ul))/ = a(l‘)f(u) in (Oa 1)3

W/(0) =0, u'(1) =0, >

where ¢, : R — R is given by

s 1
on(s) = N + -8 for all s € R. (5.2)

The differential equation in (5.1) can be equivalently written as

a(zx) f(u 1+ (u)?)3
—U//: () E):a(x)f(u) (1 ( )) 5
en(u) 1+ 11+ (w)?)>
Subsequently, all the notations introduced in the proof of Theorem 1.1 will be kept. For any
fixed n > 1, we will find a positive solution wu, of (5.1) as a global minimizer of the functional
T, : H(0,1) — R, defined by

1
T () = J(v) — /0 0 F(v) d,
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with

1
Tov) = T(v) + i /O ()2 da.

Step 2. Solving the regularized problems. Let n > 1 be given. We first prove that Z,, is
coercive and bounded from below in H'(0,1). Indeed, according to (fg), for every € > 0 there
exists ¢, > 0 such that

|F'(s) — M|s|?| <el|s|?+c. forall seR. (5.3)
Hence, setting, as in (4.8),

1
r:/ udr and w=wu—r forevery uc H(0,1),
0

it follows from the Jensen inequality that

1 1 1 1
In(u):/ 1+(w’)2d:r—1+/ (w’)2dx—/ aF(w+r)dz
0 2n Jo 0
1, s !
/
> 14wl =14 5w \LQ—/O o F(u) da.

On the other hand, since g € (0, 1), we find from (4.10) that, for all x € [0, 1],
u(@)[? = [r|? < |lw(@) + 7|7 = [r]?] < Jw@)]? < [lwllf < (w7,

Hence, thanks to (5.3), we get
1 1
/ aF(u)dx = / a(F(u) — Mul?) dz
0 0
1 1
—|—M/ a(Ju]?—|r|?) dx+M]r|q/ adz
0 0
1 1
< [ lal elul? + ) do + Mijal s [/, + Mirl? | ado
0 0

1
< lallzs (e + M/, + 2lrft + c2) + Mirl? [ ade.
0
Consequently, applying this estimate to (5.4) easily yields

1
Tn(u) = o[l 7z + 1w/l = llallzr (e + M)lwlI7,

1
M (/ ade + esHaHL1> P9 — e flafl 1 — 1.
0

Thus, taking € > 0 so small that
1
/ adz + ellal <0,
0

which is possible because we are assuming that fol adr < 0, it is plain that we can find two
positive constants A, B > 0, independent of n, such that

1
In(u) > -l + A(Jw'llr + Ir[7) = B (5.5)

and, in particular,
T(w) = A/ |+ Irl7) — B. (5.6)
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Condition (5.5) implies that

Z,(u) = +o00 and inf  7,(u) > —o0.
llull g1 —+o0 ueH(0,1)
Since 7, is weakly lower semicontinuous in H'(0,1), it is a classical fact [17] that it possesses
a global minimizer u, € H'(0,1). As Z, is of class C!, u,, must be a critical point of Z,, and
hence a solution of (5.1).

Now, we will prove that w,, is non-trivial. It suffices to show that Z, (u,) < 0. We will follow
the argument used to prove Lemma 4.2. By (a3) there is an interval K C (0,1) such that
a(x) > 0 a.e. in K. Then we pick a function z € C1[0, 1], with supp z C K, such that z(z) = 1
in an interval Ky C K. Since F(s) > 0 for all s € R and F'(0) = 0, we infer from (f?) that, for
a sufficiently small ¢ > 0,

In(tz)zjn(tz)—/ aF(t)d:L"—/K\K aF(tz)dr

K

! t* (2')? 1 12 N
</0 1+de+2n/ot(z) dx F(t)/KOad:U (5.7)

! F(t
<t <t2_p/ (') dx — ()/ adx) <0,
0 t? Jk,

because 2 — p > 0. This implies that there exists a constant 1 > 0, independent of n, such that

inf Z,(u) < -—n. 5.8
uelgll(o,l) (<= (5:8)

Finally, we show that u,, can be chosen positive. Indeed, since
To(lu]) = Zo(u) for all uw e H'(0,1),
we see that if u, is a global minimizer of Z,,, then |u,| is a global minimizer too.
Step 3. Existence of a positive solution of (1.1). By (5.6) and (5.8), we have
0> Tp(un) = A(||w)||z2 + |ra]?) = B for all n > 1. (5.9)

Hence, the sequence (uy,), is bounded in W1(0,1) and, therefore, there exist a subsequence of
(un)n, still labeled by n, and a function © € BV(0,1) such that

sup ||up oo < +00
n

and

lim u, =u in L'(0,1) and a.e. in [0, 1].
n——+00

This implies in particular that u(x) > 0 a.e. in [0, 1]. As the functional 7, is lower semicontin-
uous with respect to the L'-convergence in BV (0,1) and
1 1
lim a F(uy)dr = / a F(u)dz,
n—+00 Jqg 0
we conclude by (5.8) that
1 1
Z(u) = J(u) — / a F(u)dz <liminf <j(un) — / a F(uy,) dx)
0 n—-+o0o 0

< limi < —n.
<l ini T 0] <

Therefore, u is non-trivial and hence positive. The fact that u satisfies (1.6) for all v € BV(0, 1)
can be verified as in the proof of Theorem 1.1. Also the VVI?)C1 -regularity of u on every interval
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where a has a constant sign follows as in the proof of Theorem 1.1. This ends the proof of
Theorem 1.2. O

6. PROOF OF THEOREM 1.3

We follow the same steps and patterns of the proof of Theorem 1.1, with the exception of Lemma
4.1, which now requires a few changes, that are reported in Lemma 6.1 below. Since condition
(fo) implies f(0) = 0, we extend, as above, f to the whole of R as an odd continuous function
that we still denote by f. Then, the odd extension of f satisfies conditions (f3), (f7), (f$) and

(f§) there exists L > 0 such that
F
lim (5)
s—0 S
Lemma 6.1. There exist constants L* > 0, 6 > 0 and n > 0 such that, if (f3) holds with
L € (0,L*), then, setting

Sy={ue H'(0,1) : |Jullwra = [[w'|l o + Ir| = 0},

= L.

one has, for alln > 1,
inf Z,,(u) > inf Z(u) > 9.
ueSy u€Sy

Proof. Pick u € WH1(0,1) and use the decomposition (4.8). As in Lemma 4.1, using the
Jensen inequality we get

1 1
I(u):/o \/1+(w/)2d$—1—/0 aF(w+r)dx

1
> 1+||w/||%1—1—/ aF(w+r)dz
0

][

1+./1+le”%1

—/la (F(w+r)—L(w+r)2) dx
0

1 1
—L/ a((w+7r)? —r?) dx—LrQ/ adz,
0 0

where
F
L= lim )

s—0 S

> 0.

For any given £ > 0, there is n € (0,1) such that
|F(s) — Ls*| < es?, if|s| <n.
Let u € WH1(0,1) satisfy |lully1.1 < 1 and hence
[wlloe + Irl < l|w'll 1 + Ir| = llullwrr <.

Using elementary inequalities, we obtain

1 1
/ a(F(w+r)—L(w+r)2) dz §/ la|e (w + r)? dz
0 0
< 2¢lallzr (Jw]Z +7?)

< 2¢ [lall g1 (|l |22 +72)
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and, for any o > 0,

‘L/Ola((w+r)2—7“2) da

< Lllall g [[(w +7)* =%

< Lllall p 2Ir[lwlloo + w]1Z)
< Lllal g 2lr{[lw'[l 2 + llw'[7,)

1
< tlalls (o7 + 3 'l ) + Ll o'l

Therefore, for all u € WH1(0,1) satisfying ||ully1,1 = 1, we have

1 1
Z(u) > —2 —(1+=)L 17
)2 (15 = 2l = (14 3) Ll ) o'y

9 1
+L <—5||a||L1 —ollallz —/ adx) 2.
L 0
1
o€ (0,—||a||£11/ adw)
0

1 o
e (0, ———7 Ja|7t).
(0. s o lali!

Then, for any given L € (0, L*) we can find € > 0 and 1 > 0 so small that, for all u € W11(0,1)
satisfying ||u|ly1.10 =7,

Since fol adr < 0, we can fix

and

I(u) > Allw'|[72 + Br?,
for some constants A, B > 0. Therefore, setting

0 = min (Al’2 + ByQ) >0
z>0,y>0
a+y=n
and using (4.5), we infer that, for all n > 1, the estimate

inf Z,(u) > inf Z(u) >0
g, Tnle) 2 jnf Z(e) >

holds. This ends the proof of Lemma 6.1. O

7. PROOF OF THEOREM 1.4

We basically repeat the argument of the proof Theorem 1.2 with only few minor changes. Like
there we extend f to the whole of R as an odd continuous function that we still denote by f.

Then, the odd extension of f satisfies conditions (f3), (f§) and
(ffo) there exists M > 0 such that
F
lim ﬂ
jsl=+o0 3]

=M.

A first change occurs for proving that, for any fixed n, the functional Z,, is coercive and
bounded from below in H'(0,1). Indeed, according to ( f1o), for every € > 0 there exists ¢. > 0
such that

|F'(s) — M|s|| <el|s|+c. forall seR.
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Hence, for every u = w +r € H'(0,1), we get
1 1
/ aF (u) dz = / o (F(u) — Mlu]) do
0 0
1 1
+M/ o (u| = r]) d:U+M]r|/ o dz
0 0
1 1
< / lal (elul + c) de + Mla o] 1 +M]r|/ o dz
0 0

1
< la||r ((E—|—M)||w/HL1 + elr| —1—05) +M]r|/ adz.
0

Consequently, applying this estimate we easily obtain

1 1 1
In(u):/o \/1+(u’)2dx—1+21n/0 (u/)2da:—/0 a F(u) dz

1 1
> 1wl =1+ gl = [ e

> 2 + (1~ flalla (e + M) |
- M (/01 adz +EHCLHL1> | — cellallpr — 1.
Fix M* € (0, Ha||;11) and pick M € (0, M*). Thus, taking € > 0 so small that
(e+ M)llal]zr <1 and /Olad:v+6\|a||L1 <0,

which is possible because we are assuming that fol adzr < 0, we can find two positive constants
A, B > 0, independent of n, such that

1
T(u) > %HUJ’H%z + A(|[w'|[ 2+ |r]) — B (7.1)
and therefore
lim Z,(u) =400 and inf  7,(u) > —o0.
[lw]| 1 =00 u€H1(0,1)

A second change is needed for proving the existence of > 0 such that, for all n > 1,

inf 7, < —n.
uEI}II}(O,l) (u) < =n

Indeed, by (as) there is an interval K C (0, 1) such that a(x) > 0 a.e. in K. Then, we pick
a function z € C1[0,1], with suppz C K, such that z(z) = 1 in an interval Ky C K. Since
F(s) >0 for all s € R and F(0) =0, we have, for all n > 1 and ¢t > 0,

In(tz)zjn(tz)—/ aF(t)da:—/K\K aF(tz)drx

K
1 t2(zl)2 1 1
< d:U—I—/ t22'2d:n—Ft/ adx
/0 1+ +/1+2(2)2 2n Jo ) ) Ko

< t? (/Ol(z’)2dx — F;(QO/K adx)
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and hence, using (f3),

T, !
lim sup (t2) < [ (¢)*dz — L adz.
£ 0 K
0

t—0t

-1
Fix L, > (fKo adm) fol(z:’)2 dx and set n = fol(z’)2 dr— Ly [; adx > 0. Then, the conclusion
follows for all L > L.
The last change occurs in (5.9) which, due to (7.1), now reads

0>Z,(uy) > A(Hw;HU + \Tn|) — B forall n>1,

but this modification, clearly, does not affect the remainder of the argument. O

8. PROOF OF THEOREM 1.5

Similarly as in the previous proofs, we extend f to the whole of R as an odd function still
denoted by f. The corresponding assumptions for such an extension are indicated by (f3), (f3)
and (fg). Along this proof, which is divided into two steps, we make use, like in the proof of
Theorem 1.2, of the regularized problems

—(pa(w))" = Aa(2) f(u) in (0,1),

@/ (0) =0, /(1) =0, e

with ,, given by (5.2) for each n > 1. The functional associated with (8.1) is defined in H'(0, 1).
As it depends on the parameter A, it is convenient to denote it by Z,, y, i.e., we set

1
Toa(u) = Tn(u) — )\/0 aF(u)dz, (8.2)

for all uw € H(0,1).

Step 1. Existence of a positive solution u; with Z)(u;) < 0. The existence of a first
positive solution uy, with Zy(u1) < 0, is obtained following the patterns of the proof of Theorem
1.2. However, since (f7) is not anymore assumed, we have to slightly modify the argument used
therein to obtain condition (5.8). Indeed, our aim here is to prove that there are constants
A« > 0 and 1 > 0 such that, for all n > 1 and all A > A,
inf  Z,a(u) < —n. 8.3

weith nA(u) < =1 (8.3)
Pick a point ¢y > 0 such that F(tg) > 0 and let z € C'[0,1] and Koy C K be like in the proof of
Theorem 1.4; as there, we have

Toa(to2) = Tnlto =) — A / aF(to) dz — A / aF(to 2) da

Ko K\Ko

</1 £ (/)" dx + ! /1t2 (z')2dx AF(t )/ adz
< 5o - 0
0 1+ /1+1t3(2)? 2n Jo ° Ko

1
St%/ (z')2dac — )\F(tg)/ adx.
0 Ko

Hence we immediately derive the existence of A\, > 0 and n > 0 such that (8.3) holds, for all
n > 1 and all A > A,.
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Step 2. Existence of a positive solution uy with Z,(uz) > 0. The existence of a second
positive solution ug, with Zy(ug2) > 0, is obtained following the patterns of the proof of Theorem
1.1. However, since (f4) and (f5) are not anymore assumed, the argument used there requires a
few changes. As already noticed, we are now working in H'(0, 1) with the regularized problems
(5.1) and the associated functionals Z, ». It is plain that Lemma 4.1 still holds with n > 0 and
d > 0 now depending on \, whereas the conclusion of Lemma 4.2 follows from (8.3), provided
that A > A.. In order to prove Lemma 4.3, we observe that, as assumptions (f3) and (a3) imply
the coercivity condition in H'(0, 1) expressed by (5.5), any sequence (ug)s in H'(0,1) satisfying
(4.15) must be bounded in H'(0,1). Therefore we can find a subsequence of (uy), labeled again
by k, and u € H'(0,1) such that (4.29) holds with p = 2. Once this conclusion is achieved,
the proof of Lemma 4.3 carries on unchanged. As in the proof of Theorem 1.1, the mountain
pass theorem then applies and yields the existence, for any given A > A, and for all n > 1, of a
critical point u, € H'(0,1) of the functional T, », which satisfies

c1 > In,k(un) > 57 (8'4)

with ¢; and § > 0 possibly depending on A, but independent of n. The positivity of each
u,, is proved without changes. Finally, the coercivity condition in W11(0,1), expressed by
(5.5), implies that a subsequence of (uy),, still labeled by n, converges to a positive solution
u € BV(0,1) of (1.1). This solution satisfies Z)(u) > 0, by the conditions (8.4) and

Th(u) = lim 7, \(un),

n—-+00

which can be proved exactly as (4.42).
From the two previous steps we infer that problem (1.1) has at least of two positive solutions;
the remaining conclusions of Theorem 1.5 then follow as in the proof of Theorem 1.1. O

9. PROOF OF THEOREM 1.6

Similarly as in the proofs of Theorem 1.1 and Theorem 1.5 we extend f to the whole of R as
an odd function still denoted by f. The corresponding assumptions for such an extension are
indicated by (f5), (f{), (f2) and (f?). We also make use, for each n > 1, of the regularized
problem (8.1), with ¢, given by (4.2). The associated functional, denoted by Z,, », is defined by
(8.2) for all u € W1°(0,1), with p satisfying (4.1).

Step 1. Existence of a positive solution u; with Z)(u;) > 0. The existence of a first
positive solution uy, with Zy(u1) > 0, is obtained following the patterns of the proof of Theorem
1.1. However, since (f3) is replaced by (f7), we have to slightly modify the argument used there
to get Lemma 4.1, whose counterpart now reads as follows.

Lemma 9.1. There exist constants \* > 0 and n > 0 such that, for every A € (0, \*), there is
0x > 0 for which, setting

Sy ={ue W (0,1) : |lullwrs = |l + Ir] = n},

one has, for alln > 1,

inf Z, x(u) > inf Zy(u) > dy.
UESW ’ UESn
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Proof. Pick u € W11(0,1) and consider the decomposition (4.8). As in Lemma 4.1, we get

][

V1t Iz,

1
Iy(u) > — /\/ a (F(w+r)— Llw+r|P) dx
1+ 0

1 1
- )\L/ a(lw+rlP—|rP) de— )\L|T|p/ adz,
0 0

where

with p € (1,2). For any given £ > 0, there is n € (0, 1) such that
[F(s) = Lis|’| <els|?, if[s| <n.
Therefore, still arguing as in Lemma 4.1, we obtain, for every u € W11(0, 1) satisfying ||w’'| ;1 +

7] = llullwr1 = n, we get

1
/ a(F(w+r)—Lw+rP)de| <e ||aHL12p_1 (||w/||]zl + |r\p)
0

and, for any o > 0,

1
'L/O a(lw+r” —[r[?) dz| < Laf g (plrP~H|w'|| 1 + [lw'[174)

P _ 1
< Bohalus (o004 2 ) + Llallzs oI

Accordingly, we obtain

1 P 1
Z(u) > — AL — ) w7 = AL+ 207! g[i
)2 (15 = M Dlal s ) W1 = ML+ 2 lall oI

1
- A <2p—1|a||L1 e+ L/ adw) P — )\gLHaHLl olr|2P=1),
0

for any o > 0. Hence, using the condition fol adx < 0 and taking € > 0 and n > 0 sufficiently
small, we can find constants A, B,C, D, E > 0 such that

1
Tn(u) > <A - ABG> [w'[[2, = AC|[w||B, + AD|r|P — Ao E|r|?®=),

for every u € W1(0,1) with ||ul|yy11 = 7. Let us set x = ||w’|| ;1 and y = |r|. We want to show
that, for a suitable choice of o > 0, there is A* > 0 such that, for every A € (0, \*),

1
min ((A — )\B> 2% — \CaP + \DyP — Aang(pl)) > 0. (9.2)
z>0,y=>0 o

T+y=n
Indeed, if o > 0 is taken sufficiently small, there exists z* € (0,7) such that

—Ca? + D(n—xz)P —oE(n—2)*P) >0, forall z € [0,z"],

and then, for every A > 0 small enough,

1
<A - AB) 22+ ) (—C’xp +D(n—x)’ —cE(n— :U)Q(p_l)) >0, forallze]l0,z].
o
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On the other hand, possibly further reducing A > 0, we have
2 L 2(p—1) *
Az + A | —B—2*—CaP + D(n—z)? —oE(n — x)°? >0, forallzx e [z%n).
o

Hence, we conclude that there exists A* > 0 such that (9.2) holds, for all A € (0, A*). Then,
setting, for each A € (0, A*),

0y = min ((A — >\Bl> 2% — \CzP + \DyP — )xo—EyQ(p_l)> > 0,
>0,y>0 o
a+y=n

we infer from (4.5) that, for every n > 1, the estimate

inf 7, > inf T >4
2§ Tualw) 2 Inf Ty(w) 2 03
holds. O
The remainder of the proof of the existence of a positive solution u, with Zy(u) > 0, of problem
(1.1) then proceeds, without changes, as that of Theorem 1.1.

Step 2. Existence of a positive solution uy; with Z)(us) < 0. The existence of a second
positive solution ug, with Zy(ug) < 0, is obtained following the patterns of the proof of Theorem
1.2. However, since (fg) is not presently assumed, the argument used there requires a few
changes. Indeed, the existence, for each n > 1, of a second solution of the regularized problem
(8.1), is now proved by minimizing the functional Z, 5 in the open set

Q= {uec WH0,1) : ullyrr =[]l x + Ir| < n},
where p satisfies (4.1) and 7 comes from Lemma 9.1.
We first observe that, for each n > 1 and every A € (0,\*), Z,, » is bounded from below in
€1;,). Indeed, we have

u€ldy uelly IS O

1
inf 7, x(u) > inf Z)(u) > inf (—)\/ aF(u) da:) > —X*||al| 11 ﬁix|F(s)|
0 SIS

Moreover, assumptions (a3) and (f7) imply, for each A\ > 0, the existence of a constant k) > 0,
independent of n, such that

inf 7, \(u) < —kKy. (9.3)
ueQ,

Indeed, let z € C[0,1] and Ky C K be chosen as in the proof of Theorem 1.2. We have, for all
t>0,

Ioa(tz) = Tn(tz) — )\/

. aF(t)dx — /\/ aF(tz)dx

K\Ko

S/Ol ((1+(tz’)2)%—1) dx+3l/()1\P(tz’)dx—F(t)/I( adx
<tp /1 (1+(tz')2)5—1dx+/1 W) )\F(t)/ .
0 0

o tpP tp P
where, as p € (1,2),

1
LA+ ()H)2 -1
lim ( (t2) ) dr=0 and lim
t—0t Jo tP t—0t Jo p
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7,
i ZeA2) limif?(/ adx><0,

Hence we infer

t—0+ tpP t—0+
which implies (9.3).
Next, fix n > 1 and let (uy, 1), be a minimizing sequence of Z,,  in §,,. Condition (9.3) implies
in particular that
In,)\(un,k) <0,

for all sufficiently large k. Hence, the elementary inequality,
1
U(s) > —(|s|” — 1), for all s,
p

and the structure of the functional Z,,  yield
1
np
thus implying that (up )k is bounded in W'*(0,1). Therefore, there exist a subsequence of
(Un k), still labeled by (up k)k, and a function u,, € Wh?(0,1) such that

(I gllze = 1) < Tn(ung) < Xlallzs ax [E'(s)];

lim w,, =u, weakly in whe(o, 1).
k—+o0

Since Z,, » is weakly lower semicontinuous in W1r(0,1), we conclude that
Toa(un) < inf 7, x(u) < 0. (9.4)
u€ldy

Notice that the set

{ue WH(0,1) « fluflwia = [Jw'llps + |r| <0}
is closed and convex in W1*(0, 1) and hence it is weakly closed. Accordingly, we have ||uy, |ly11 <
n and actually, from (9.4) and Lemma 9.1,

Uy € L.

As uy, is a local minimizer of Z,, y and Z,,  is differentiable in Wh?(0,1), we conclude that u,, is
a solution of (8.1).

The proof of the existence of a positive solution u of problem (1.1), with Z)(u) < 0, then
proceeds as that of Theorem 1.2 without any change.

From the two previous steps we infer that problem (1.1) has at least of two positive solutions;
the remaining conclusions of Theorem 1.5 then follow as in the proof of Theorem 1.1. U
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