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Abstract

We present a necessary and sufficient condition for a spinor w to
be of nullity zero, i.e. such that for any null vector v, vw # 0. This
dives deeply in the subtle relations between a spinor w and w,, the
(complex) conjugate of w belonging to the same spinor space.

1 Introduction

101 years ago Elie Cartan [6, 7] introduced spinors that were later thoroughly
investigated by Claude Chevalley [¢] in the mathematical frame of Clifford
algebra; in this work spinors were identified as elements of minimal left ideals
of the algebra. The interplay between spinors and null (also: isotropic)
vectors, pioneered by Cartan, and thus sometimes called the Cartan map,
is central and have been visited many times since then, see e.g. [5, 9, 3] and
references therein. This relation is pivotal to many fields of physics, the
Weyl equation being just one prominent application.

Let the nullity N(w) of spinor w be the dimension of the subspace of
null vectors that annihilate w i.e. those vectors v such that vw = 0. Simple
(also: pure) spinors are the spinors with maximum nullity. Nullity provides
a coarse classification of spinors that have been studied in detail: see [11]
and references therein. In this paper we investigate the properties of a family
of spinors complementary to simple spinors: the spinors of zero nullity i.e.
those spinors that are not annihilated by any null vector.

We will investigate these spinors in C?™ and R?*™ with signature (m,m),
a common choice in these studies [5, 1], exploiting the Extended Fock Basis
(EFB) of Clifford algebra [!, 2], recalled in section 2. With this basis any
element of the algebra can be expressed in terms of simple spinors: from
scalars to vectors and multivectors. Section 3 present vector and spinor
spaces of the algebra and reports some needed results [3]. Section 4 is
dedicated to spinors and at the end brings the main result: a necessary
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and sufficient condition for a spinor to be of zero nullity; with respect to the
previous study of this problem [11] that tackled Weyl spinors here the results
hold for any spinor. A part from exceptional cases a spinor of zero nullity
can be seen as the sum of a spinor of positive nullity with its (complex)
conjugate. With this result it is easy to build a basis of spinor space made
entirely of spinors of zero nullity.

For the convenience of the reader we tried to make this paper as elemen-
tary and self-contained as possible.

2 Clifford algebra and its 'Extended Fock Basis’

We start summarizing the essential properties of the EFB introduced in [!]
and [2]. We consider Clifford algebras [¢] over field F, with an even number
of generators vi,%s, ..., Y2m, a vector space F?™ := V and a scalar product
g: these are simple, central, algebras of dimension 22. As usual

29(vi,v3) = vivi + %= 1Y vt
and we concentrate to I = C or [ = R with signature V' = R™"™; g(v;,v;) =
52‘j(—1)i+1 ie.
2 _
{732‘1 =1 i=1,...,m . (1)
V2i = -1

Given the R™"™ signature we indicate the Clifford algebra with Cly, m(9g).
The Witt, or null, basis of the vector space V is defined:

oo 1 . . ) — . )
{ Di % ('72@—1 + '721) = { Y2i—1 Di + q; i=1,2,....m (2)
¢ = 5 (v2i-1—"2i) Yoi = Pi— G

that, with ~;y; = —v;7i, easily gives
{pi,pi} ={ai, 453 =0 {pi,q;} = 6 3)

showing that all p;,q; are mutually orthogonal, also to themselves, that
implies p? = qi2 = 0, at the origin of the name “null” given to these vectors.

Following Chevalley we define spinors as elements of a minimal left ideal
we will indicate with S. Simple spinors are those elements of S that are
annihilated by a null subspace of V' of maximal dimension.

The EFB of Clp,m(g) is given by the 22™ different sequences
V1Yo Ym =V W € {qipi,pigipis @i} i=1,...,m

in which each 1); is either a vector or a bi—vector and we will reserve ¥ for
EFB elements. The main characteristics of EFB is that all its elements are
simple spinors [1, 2].



The EFB essentially extends to the entire algebra the Fock basis [5] of its
spinor spaces and, making explicit the construction Cly, n(g) = gCﬂm(g),
allows one to prove in C¢; 1(g) many properties of Clp, m(9).

A classical results that we will need in what follows exploits the isomor-
phism (of vector spaces) Cly, m(g) = AV with the Grassmann algebra and
leads [8] to the following useful formula for the Clifford product vu of any
two elements v € V, pu € Cly, 1 (g)

vpi=vdp+vAp (4)

where v 1y represents the contraction of v with p (if also p € V' then
204 ={v,u}) and v A u is the exterior or wedge product.

3 Properties of vector VV and spinor S spaces

With the Witt basis (2) it is easy to see that the null vectors {p;} can build
vector subspaces made only of null vectors that we call Totally Null Planes
(TNP, also: isotropic planes) of dimension at maximum m [7]. Moreover the
vector space V is easily seen to be the direct sum of two of these maximal

TNP P and @ respectively:

P = Span(p1,p2,---,pm)
V=P&
Q { Q := Span(q1,q2,---,Gm)

since P N @Q = {0} each vector v € V may be expressed in the form
m
v =Y (op; + Pigi) with «a;,5; € F.  Using (3) it is easy to derive the
i=1
m

anticommutator of two generic vectors v and u = z (’yipi + 5iq,~)
i=1

m 1 m
{v,u}:;aiaiJrﬁm cF = 5{2},1}}:@2:;0@5@-. (5)

We define
Vo={veV: =0} Vi={veV:v?#0}

clearly V = Vo U V] and Vo N V7 = 0 but neither V) nor V; are subspaces of
V' which is simple to see. Nevertheless Vjy contains subspaces of dimension
m, e.g. @, and, similarly, V; U {0} contains subspaces of dimension m, e.g.
Span (Y1, ..+, Y2k—1s--+,Y2m—1). In [3] it is proved that for any nonzero
vector v and spinor w

w=0 <<= wvelp (6)

and thus, for all v € V7, vw # 0.



3.1 Conjugation in V'

When F = C complex conjugation in vector space V' is given by
m m
v = Z aipi+ Bigi = V= Z Bipi + @i (7)
i=1 i=1

that with (5) gives 7> = v2. For F = R, since @; = «ay, the conjugation is
obtained by exchanging basis vectors p; and ¢; (or, identically, exchanging
coefficients «; and ;) and in both cases conjugation defines an involutive
automorphism on V since v = v;

For F = R we can go further: by (5) v* = v? and this conjugation is an
isometry on V that lifts uniquely to an automorphism on the entire algebra
and since our algebra is central simple all its automorphisms are inner. So
there must exist an element C' such that 7 = CoC L.

To find its explicit form let Ay = (p1 £q1) -+ (Pm £ ¢m) and with (2)
it is easy to see that Ay =1+ Y9k_1 - Yam—_1 Whereas A_ is the product

of the even, spacelike, 4’s. With (1) one easily finds A% = (—1)m(73¥1) and
defining
m(m—1)
A _ et VAN for m odd
C:{ A+ C 1 _ ( )m(m+1) + (8)
- ()" =2 A_ for m even

we can prove that 7 = CvC~!: it suffices to write v in the Witt basis and
make the simple exercise of proving that Cp;C~! = ¢;. One easily verifies

1=CccvCict =cc v =0 .

Returning to the case F = C, also in this case C is defined and Cp;,C~! =
g; so that, indicating with v* the vector v with complex conjugate field
coefficients, we can write (7) as

7= Cv*C!

that holds also for F = R since in this case v* = v and thus from now on we
will stick to this form for (complex) conjugation. It is an easy exercise to
verify that this form generalizes to any element of the algebra w giving

w=CwC?
and that, for both F = C and R,

V=0 <= 7°=0

and one can prove [3]:

Proposition 1. Given nonzero vector v and w € S such that vw = 0 it
follows Tw # 0, conversely Tw = 0 implies vw # 0.



3.2 Some results for spinor space S

Given the spinor space S we can build its Fock basis ¥, where the index a
takes 2™ values and can be thought expressed in binary form as a string of
m “bits” taking values £1 that represent the h—signature of ¥, [5, 3]. The
generic element of S is expressed by the simple spinor expansion:

WES  w=)Y &T, . (9)

For each nonzero spinor w € S we define its associated TNP as:
M(w):={veV:vww=0} and  N(w) = dimz M(w)

and the spinor is simple iff the TNP is of maximal dimension, i.e. iff N(w) =
m. A standard result [1] says that given uy, us,...,u; € Vp they form a TNP
of dimension k with 0 < k& < m if and only if

UL - up = up Aug A+ Aug #0 (10)

that implies also {u;,u;} =0 Vi,j =1,...,k and thus that all vectors in
M (w) are mutually orthogonal and it’s easy to see that M(w) is a vector
subspace of V' contained in Vj.

There is also a result [3] complementary to that of proposition 1:

Proposition 2. For any nonzero vector v and w € S such that vw = 0 it
follows vo # 0, conversely vioc = 0 implies vw # 0.

We remark that given w € S, in general @ = Cw*C~! belongs to a
different spinor space SC' # S, see [3], [10]. Since S is a minimal left ideal
one can define the “projection” of @ in the same spinor space of w as

we 1= Cw* (11)

and for any w € S with (9) it is simple to get [3]:

we = Cw* = ZEGC\PG = Zs(a)ga\lf,a (12)

a

where s(a) = %1 is a sign, quite tedious to calculate exactly [2] and ¥_, is
the Fock basis element with h—signature opposite to that of ¥,. A signi-
m(m—1)

ficative difference with @ is that while @ = w, (w.), = C?w = (-1) 2 w.
Previous result on @ can be extended [3] to we:

Proposition 3. For any nonzero v € Vp, given nonzero w € S such that
vw = 0 it follows vw. # 0, conversely vw. = 0 implies vw # 0.



A useful consequence of this result is:

M(w) N M(we) = {0} . (13)

In [3] is proved the
Proposition 4. Given k < m nonzero vy,vs,...,v € Vo forming a TNP
of dimension k, any spinor that annihilates vi,vs,...,vE may be written as
w=ujug - upP (14)

for an appropriate choice of ® € S whereas the choice of the null vectors u;
is completely free provided they span the same TNP.

We are now ready to prove the technical

Lemma 1. Given a nonzero spinor w with M (w) = Span (ul, Uy, ... ,uN(w)),
then given nonzero v € Vpy such that vw := ' # 0 then N(w') > N(w) and,
more precisely

N@)zNw+1l <= { g(,i}zzoo Ofﬁz 1,...,N(w)
N(W') = N(w) <~ {v,u;} #0 for atleastonei=1,...,N(w) .

Proof. Spinors are member of a minimal left ideal and thus w’ is a spinor and
v € M(w') and this is enough to prove the case N(w) = 0. By proposition 4
we may write w = ujug - - - un(,)® for an appropriate choice of ® and since
vw # 0 it follows vujug - un() # 0 and with (10) uiug - un@) = u1 A
uz A+ Ay # 0 and with (4) we can write

’U’LLluz"'uN(w):UJ(ul/\UQA"'/\UN(M))+U/\U1/\UQA...AUN(W) 7&0

and at least one of the two terms must be nonzero. Necessarily v A uy A ug A
~» ANupn() # 0 because otherwise v € Span (ul,ug, e ,uN(w)) that would
give vujug - - upn(,) = 0 against hypothesis.

With the recurrence relation

1
UJ(ul ANug N+ - -/\uN(w)) = 5 {v,ul}uQ/\- . -/\uN(w) —ul/\[vJ(uQ/\- . -/\uN(w))]

the first term expands in a sum containing all {v,u;} and there are two
possibilities; the first is {v,u;} =0 for all i = 1,..., N(w): this implies that

VULUL - UN () :U/\Ul/\UZ/\"'/\uN(w) # 0

and with (10) this is sufficient to get that Span (v,ul,ug,...,uN(w)) -
M(w'") and N(w') > N(w) + 1. The second possibility is that {v,u;} # 0
for some i = 1,..., N(w) and we can assume that there is only one vector
u; for which this holds (if this is not the case it is always possible to make



a proper rotation in Span (ul,ug, e ,uN(w)) to get it). So without loss of
generality we suppose {v,u1} # 0, {v,u;} =0 fori=2,..., N(w) and so

w' = *w=0
/
uw' = uvw = upvuiug o U ® = {v,u1} uyug - - UN ()P = {v,u1}w #0
uw = ujvw = —vujw =0 i=2,...,N(w)

so that M(w') = Span (v,us, ..., uy(,)) and N(w') > N(w). We conclude
showing that N (w’) > N(w) is forbidden in this case; supposing the contrary
M (') should contain, beyond v and N(w)—1 of the null vectors of M (w), at
least one null vector z that would give zvw = 0. But this new vector would
necessarily be orthogonal to all previous vectors and, by the hypothesis on
N(w), would also give zw # 0 and thus also z {v,u;} w = zujvw # 0. But
{z,u1} = 0 and one would get the contradiction 0 # zujvw = —ujzvw = 0.

Along this proof, using the expression w’ = vw = vujusg - - UN ()P, we
have seen that, in all cases, there are at least N(w) null vectors in M (w')
thus we can conclude that, in full generality, N(vw) > N(w). O

In summary multiplication vw either ‘adds’ v to M(w) or ‘removes’ the
vector with which v had a nonzero scalar product, neat examples are:

/ k
W= uppw = (—1)"ugug - upug @

/ _ _ /
W= Ujw = ugug U1 WU U P

moreover, in the first case, it is easy to exhibit examples for which N (vw) >
N(w) +1.

4 Spinors of zero nullity

We start from the following observation: if F = R and a spinor w is such
that
we=Cw = aw aecR—-{0} (15)

then it is simple to see that for any nonzero v € Vj, vw # 0: supposing the
contrary would violate (13). This introduces the spinors of zero nullity for
which N(w) =0 i.e. M(w) = {0}.

Before characterizing them we observe that (15) implies o? = C? =

m(m—1)
(—1)" = ~ and thus

{1 <<~ m
a==+ .
1 <~ m

1 (mod 4)
3 (mod 4)

0,
2,

and in the second case the problem Cw = aw has solution only if F = C.!

it is a simple exercise to show that a = =£i also for real spaces of Lorentzian signature
2m—1,1
R ,



On the other hand if F = C then w, can never be equal to aw since
()0 S = S given by w, = Cw* is C-semilinear while aw is C-linear and
there can be equality in C only if w = 0. So, in the complex case, w. and w
are always linearly independent. We have thus proved:

Proposition 5. Any nonzero spinor w € S is linearly independent from w,
with the exception of F = R and m = 0,1 (mod 4) when there exist cases in
which w, = Cw = fw.

We continue showing that for all spinors N(w) = N(w,):

Proposition 6. For any nonzero spinor w € S, N(w) = N(w.) and if
M(w) = Span (vi,va,...,vx) then M(w.) = Span (v1,2,...,Tk).

Proof. Let’s suppose first N(w) > 0, for any v € M (w) one has
0 = vw = v’w* = v*C'Cw* = Cv*C~ 1 Cw* = TCW* = Tw,
that implies N(w.) > N(w). In turn from v € M (w.) one has (C* = C)
0 = vw, = vOW* = v*"Cw = O~ *Cw = Tw

that implies N(w) > N(w.) and thus N(w) = N(w.). This argument proves
also the part on the composition of TNP’s M (w) and M (w,).

It remains the case N(w) = 0: since now vw # 0 for any v € Vj it follows
also Tw = C~'v*Cw # 0 and this relation can be multiplied by C, that,
being a product of non null vectors, by (6), keeps the result different from
zero, thus for any v € Vj also v*Cw # 0 and vCw* = vw, # 0 and thus
N(we) =0. 0O

With this proposition applied to (14) we get, for any 0 < k < m
w=uuy - upd <~ We = U Uy - - UpCP* 1= uiug - - - U P, . (16)

This result together with (13) gives a first characterization of spinors of zero
nullity since it is now simple to prove that

Nw)=0 <<= Mw)=M(w.)

and clearly, for F = R, (15) implies M (w) = M (w,), not viceversa.

The spinors that are eigenvectors of C are the exception, rather than
the rule, for spinors of nullity zero. In the general case spinors ¢. and ¢ are
linearly independent and we will show that, under proper conditions, any
linear combination of ¢ and ¢, is a spinor with nullity zero; for example
w = aq19293 + BP1q1p2q2p3qs has N(w) = 0 for any o8 # 0. To proceed we
need some technical results holding for both F =R and F = C:



Lemma 2. For any nonzero spinor o linearly independent from . let

w=ap+Bp. B eF - {0} (17)
then v € Vy is such that vw = 0 if and only if
avp = —Pupe # 0 (18)

this in turn requires 0 < N(p) < 2. For N(p) > 0 necessarily m > 1 and,

defining M (p) = Span (ul,u2, e ,uN(¢)), then {v,u;} # 0 and {v,w;} # 0
for at least one i and one j; i,57 =1,...,N(p).

Proof. Given the form of w, by proposition 3, neither vy nor vy, can be
zero if one wants vw = 0 that thus can hold only if (18) holds.

To prove the bounds on N(y¢) we show that outside these bounds a
necessary condition for (18) does not hold. Let’s define spinors ¢’ := avp
and ¢" := —Bug, with which (18) reads ¢’ = ¢” that obviously implies

M(¢') = M(¢") = N(¢') = N(¢") (19)

moreover v € M(¢').

If N(p) = 0 we have seen that by lemma 1 that N(¢'), N(¢”) > 1 and
if e.g. M(¢') = M(¢") = Span (v) then (19) can be satisfied.

For N(¢) > 0 with lemma 1 there are four possibilities for N(¢') and
N(¢") but the two in which N(¢') # N(¢") are immediately ruled out.
There remain either N(¢') = N(¢”) > N(p)+1or N(¢') = N(¢") = N(p).
The condition M (¢') = M(¢"”) with proposition 6 rules out the first case
since clearly Span (v, UL, U,y - - - ,uN(sO)) # Span (v, Uy, U, . . - ,ﬂN(¢)) for any
N(p) > 0 so the only remaining possibility is to have N(¢') = N(¢") =
N(¢) that implies, by quoted lemma, {v,u;} # 0 and {v,%;} # 0 for at
least one i,5 € {1,...,N(p)}.

We show with an example that if N(¢) = 2 a solution of (18) can’t be
excluded: let ¢ = ujus®, . = U1U P, and v = u; + us, clearly v € V) and
M(¢') = M(¢") = Span (u1,u2) and (19) could be satisfied.

Supposing N(¢) > 2 with lemma 1, since one can always reduce to the
case in which {v,u;} # 0 and {v,;} # 0 for exactly one ¢,j € {1,...,N(p)},
we would have that in M (¢) necessarily remains at least one u; that appears
as u; in M(¢") and thus (19) can never be realized with which we proved
that necessarily 0 < N(p) < 2.

For m = 1 the maximum dimension of a TNP is 1 but to satisfy N(¢') =
N(¢") =1 with lemma 1 one should have {v,u;} # 0 and {v,u;} # 0 that
would imply v? # 0 against initial hypothesis of v € V{ so for N(¢) > 0 we
must necessarily have m > 1. O

Corollary 7. For any spinor ¢ with N(¢) > 2 then any w € Span (v, p.)
has N(w) = 0.



Proof. We start remarking that N(¢) > 2 implies m > 2 and that ¢ is
linearly independent from ¢, since, otherwise, N(¢) = 0. Supposing by
absurdum that N(ap+ S¢.) > 0 by lemma 2 this would require 0 < N(p) <
2 against hypothesis. O

4.1 The subspace S,

We show that every w € S defines uniquely a 2-dimensional subspace S, C S
that corresponds usually to Span (w,w.). Given nonzero w € S let

S, = { Span (w, we) <= w and w, are linearly independent (20)

Span (wy,w_) <= w,= tw (see below)

and in the first case it is fairly obvious that .S, is a two dimensional subspace
of S. In the second case necessarily FF = R and m = 0,1 (mod 4); let e.g.
we = Cw = w 1= wy, then with (12) one obtains that (w;), = >, s(a){,V_q
and to have Cw; = w4 one must have §, = s(—a){_,. Choosing instead
€ = —s(—a)é_, one defines w_ such that Cw_ = —w_ that thus always
exists and that, by eigenvector properties, is linearly independent from w
and they thus form, also in this case, the two dimensional subspace S,
containing the initial spinor w. An example for F = R and m = 1 is:

{ Clg+pq) = (p+q)(q + pg) = (g + pg)
C(q—pq) = —(q—pq)

and for any w, S, = 5. A simple property of S, is

Proposition 8. Given nonzero w and its S,,, given any ¢ € S,, also . €
Se-

Proof. For any ¢ = aw + fwe, o, f € F, then ¢, = C?Bw + aw,; the other
definition of S, is proved similarly. O

Proposition 9. Given any nonzero w and its S,,, there always exist wg, wo,. €
S, such that N(wp) = N(wo.) > 0.

This proposition is proved in detail in the Appendix but one can get an
intuition of this result from an interesting property of S,. The spinor w is
nonzero, so let us suppose that in its Fock basis expansion (9) appears the
term &,V¥,. Moving now to the spinor space S’ of g—signature —a, then here
U, is a primitive idempotent [2]. It is not difficult to see that in this spinor
space the spinors w,w,, w.C~1(= @) and wC~! (the last two are in S'C~1)
form a sub algebra of C£(m, m) that is isomorphic to C¢(1,1). So it is always
possible to “rotate” the minimal left ideal formed by w, w., combining them
linearly, to build a Fock basis of C¢(1,1) made of two spinors of positive
nullity.

We will call the spinors (wp,wop.) the Fock basis of S,; a useful conse-
quence is:

10



Corollary 10. Given nonzero w and Sy, any ¢ € S, can be expressed
© = awg + Bwoe, @, B € F, with N(wy) = N(wp.) > 0.

For the next proposition, that brings the main result, we need a different
form for the generic spinor w € S that exploits the properties of the Fock
basis expansion (9). If m > 2 one can collect all terms with identical first
two components of (9) and any w may be written as

w=q102Pyq + 1P202Pgp + P10102Ppg + P1¢1P202P (21)

where the spinors ®,, belong to a spinor space S’ of dimension 2m=2 and
contain all the field coefficients &, of (9). We remark the subtle difference
with (16): whereas there ® € S and the relation works since S is a minimal
left ideal, here ®,, € S" and we are exploiting the properties of Fock basis
expansion (9). The difference emerges when we calculate w.: writing from
(8) C=(p1+ (1) q1) - (pm + (=1)"qp,), we find from (11)

we = Cqigz®y, + Caip3a3 @y, + Cpigi 5%y, + Cridins s @y,

and we observe that ¢ = ¢; because they all have field coefficients 1 (all
field coeflicients that are not 1 are actually buried in ®,,) and defining
C = (p3 + (—1)m_1Q3) e ( m + (—1)m_1qm) the conjugation operator of
the spinor space S’ we find (obviously (—1)™"3 = (—1)™~1)

we = Cqga®y, + Cqip2029y, + Cp1g192®y, + Cp101p2q2 Py, =
= —(m+ (—1)m71Q1) a1 (p2 + (—1)m71qQ) @C'®;, +
+(-1m! (p1 + (—1)m_1Q1) q1 (p2 + (—1)m_1qg) p2q2C' @y, +
+(-1m? (p1+ (‘Umflfh) pa (p2 + (=)™ 1go) C' 05 +
+ (p1+ (=)™ 'q1) prar (p2 + (1) o) pageC' @, =
= (1P, — 11P202Ppq. + P10102Pgp, — P101P2G2Pyq, - (22)

4.2 The case of N(wy) <2

Given w and its S, we give now sufficient conditions for having spinors of
nullity zero also in the case that the Fock basis of S, has N(wp) < 2:

Proposition 11. Given nonzero w and its S, (20) with its Fock basis
(wo,woe) and m > 2, then for F = C for any ¢ = awy + Pwo., o, B € F
and af3 # 0, then N(p) = 0.

For F = R with m = 2,3 (mod 4) and N(wp) < 2 additional conditions on
wo are needed:

o if N(wg) = 2 that the O,y € S’ of its expression (21) is such that
q)myc ?é :l:q)my;

11



e if N(wp) =1 that do not hold that: both of the ®, € S" of its expres-
sion (21) are such that @, = £Pyy and o = £.

Proof. If N(wg) = N(wo.) > 2 we already know, by corollary 7, that any
© = awp + Pwo, with af # 0 has nullity zero; we prove now that this also
holds for N(wp) = N(wp.) = 1,2 for F = C and for F = R with additional
conditions. First of all we note that since N(wp) > 0, by lemma 2, m > 2.

Let’s consider first N(wp) = N(wo.) = 2 and let M (wp) = Span (u1, uz)
for some wu,uy € V) and, since they form a TNP, necessarily, {uj,us} = 0.
To avoid unnecessary complications and a heavy notation throughout this
proof we will assume, without loss of generality, that {u;,w;} = 1 so that
u1, U9, U1, Uz can be seen as 4 elements of a Witt basis of V; and this basis
is then also used to build a Fock basis of S so that we will write, with (21)
and (22), in full generality and renaming u; := ¢; and u; := p;

wo = q1q2Pyq woe = P1q1P292Pqq,. -

We proceed by absurdum supposing that there exists v € Vy such that
v(awp + Bwo.) = 0. By necessary conditions of lemma 1 we must have
{v,¢;} # 0 and {v,p;} # 0 with 1 <4,j < 2 and there are two possibilities:
the first is 7 = j; in this case we may always write in full generality

v=g+&pi+v  1<4,j<2 E€F

with {¢/,¢;} = {v/,p;} = 0 and v2 = —(g; + £p;)? = —€ and, since we can
always obtain that v has nonzero scalar product with just one g; and one p;
we can conclude that also for the other coordinate {v/,¢;} = {v/,p;} = 0. It
is easy to see that in this case, supposing e.g. i = 1, M (vwy) = Span (v, g2)
while M (vwy,.) = Span (v, p2) that violates necessary conditions (19) and so
in this case v(awp + Bwp.) # 0. The second possibility is that ¢ # j and let
e.g. {v,q2} # 0 and {v,p1} # 0; it follows that we may write

v=q +&pa+ v ekl

and again {v',q1} = {v,p1} = {V/,q2} = {v/,;p2} = 0 and in this case
v'"? = 0; we get now

(q1 + &p2 + V') (awg + Bwoe) = alpawy + av'wy + Bgiwo. + Bv'wo..

and since v'wy # 0 and v'wg. # 0 by the hypothesis N(wg) = 2 we must
conclude that, to satisfy the relation, one must necessarily have v/ = 0
because there are no other ways that the terms av’wg and 3v'wp,. can cancel
out. So the relation reduces to a&powg + Bq1wo. = 0 where both terms are
again nonzero and it is easy to see that

adpowp + Bgi1wo. = Q1P2Q2(045‘1>qq - ﬁ‘l)qqc) =0
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and we observe that gip2ge # 0 and the term in parenthesis is a spinor in
S’ that can’t be zeroed by any of the null vectors that precedes it. So this
expression can be zero only if @4, = %Qqq in S’ spinor space.

We remark that if m = 2 this expression involves only field coefficients
and can thus always be solved to zero; this shows that there are no spinors
of zero nullity in this case, an anticipation of a more general result proved
later.

If m > 2 then, by proposition 5, is impossible to satisfy this expression
in F = C and so we must conclude that for N(wg) = N(wp.) = 2 the nullity
of all spinors awy + Bwg, with af # 0 is zero. For F = R, by the same
proposition, the part in parenthesis can have solution only for m — 2 = 0,1
(mod 4) i.e. m = 2,3 (mod 4) with the necessary condition af = £f that
shows that for any «, 8 the vector v = g1 £ §p2 annihilates awg 4+ Bwg.. So
in F =R, to have N(awy + Bwo.) = 0 we must add the additional condition
that @, is linearly independent from @4, (that is automatically satisfied if
e.g. N(®4q) > 0 that happens, for example, when N(wp) > 2).

We go now to the case N(wp) = N(wp.) = 1 and, by same hypothesis of
previous case, we can assume M (wp) = ¢1 and we can write, with (21) and
(22) and in full generality

wo = q1@2Peq + p202Pyp
woe = P1@1@2Pgp, — P11P292Pyq, -

We proceed again by absurdum supposing that there exists v € Vj such
that v(awo + Swo.) = 0. By necessary conditions of lemma 1 we must have
{v,q1} # 0 and {v,p1} # 0 so that we may always write in full generality

v=q1+&p1 + 0 ekl

with {v/,¢1} = {v/,p1} = 0 and since v is null we must have v = —(g; +
¢p1)? = —€ so that

vp = (q1 4 &p1 + V') (awp + Bwo.) = a(épr +v")wo + Blg1 + v)wo,

and we observe that (£p; +v')? = (¢1 +v)? = v = —¢ and thus, by (6),
both terms in the equality are nonzero so that, to satisfy vy = 0, one must
have

wne = Zelan + )+ V) = o= Tu/pen

We observe now that the only request made on v’ is that it must be orthog-

onal to the subspace Span (q1,p1) so that it is always possible to make a
proper rotation in V' basis to obtain, without loss of generality, that

v = g2 — Epo

13



with which at last the necessary condition becomes:

Q@
P19102Pgp. — P101P202Pyq, = B(QQ —&p2)p1(q132Pgq + 1P202Pgp) =
Q@
= B(pIQIQQq)qp — {p1q1p2q2®Pyq)
that to be satisfied needs that the two equations are separately satisfied
Q@
P1¢192(Pgp, — B‘I)qp) =0
Q@
P1q192G2(Pyq, — Bé@qq) =0

and again for m > 2 these equations cannot be satisfied in S" if F = C. If
F = R again they can be satisfied only for m = 2,3 (mod 4) and in this
case, if a = £ it is always possible to find v such that vy = 0 and it is
sufficient that either ®4, is linearly independent from ®4, . or @4, from @,
or that a # £+ to have N(awy + fwp.) =0 alsoin F =R. O

4.3 The main result

We resume all previous results in the following characterization of spinors
of zero nullity:

Theorem 1. In Cl(m,m) with m # 2 a nonzero spinor w € S has N(w) =0
if and only if it can be written in the Fock basis (wo,wo.) of Su (20) as

w=oawy+ Pwy. a,f€F—{0} .

For F = R with m = 2,3 (mod 4) and N(wg) < 2 additional conditions on
wo are needed:

e if N(wog) = 2 that the @,y € S’ of its expression (21) is such that
Duy, # T Puy;

e if N(wg) =1 that do not hold that: both of the ®, € S" of its expres-
sion (21) are such that @, = £Pyy and o = £.

The case m = 2 is exceptional since there are no spinors of zero nullity

for both F =R or C.

Proof. Proposition 11 proves the forward part of the theorem for m > 2.
We now suppose N(w) = 0: we can define S, with its Fock basis (wo,wo.)
and obviously w = awy + Bwg,. with af # 0 because otherwise one would
contradict the hypothesis N(w) = 0. In the particular case F = R with
m = 2,3 (mod 4) and N(wp) < 2 then at least one of the ®,, € 5’ of
its expression (21) is linearly independent from its conjugate ®,,  because
otherwise, as pointed out in the proof of proposition 11, there always exists
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a null vector that annihilates awgy + Bwg,. that would contradict our initial
hypothesis.

The case m = 1 cannot be derived by proposition 11 but it can be proved
directly solving vw = 0 for the generic null vector and the generic spinor

vw = (ap + Bq)(§1q + &apq) = Bé2q +aipg =0  aB =0

that can be solved only if £1&5 = 0.

In the case m = 2 we already saw in the proof of proposition 11 that
there are no spinors of 0 nullity but also in this case we can give a direct
proof; we can write the generic spinor (9) as

w = 19192 + 2010292 + £3p19192 + £4D1q1P2q2

and it is a simple exercise to check that the vector?

v = &&p1 — &162q1 — L28up2 — 16302
is null and such that vw =0. O

An interesting offspring of this result is that one can build a basis of
spinor space(s) S made entirely of spinors of zero nullity since, trivially
from (9) one can write

w = Z §aVWa+E§—a¥W_0=

a>0

= > %(% +T_,) + %(\Da —V_,)
a>0

and for m # 2 the basis {¥, + ¥_,, ¥, — V_, : a > 0} is made entirely of
spinors of zero nullity, each element being the sum of two simple spinors.
Moreover any nonzero w with N(wp) = N(wp.) > 0 can be written, not
uniquely, as a linear combination of two zero nullity spinors taken from its
Sw-

These results show the complementary roles of w and w. and that their
span contains all spinors of zero nullity but for two “directions”, those of the
Fock basis of S,, (apart from pathological cases when F = R). This situation
is very similar to the spinor space S of C¢(1,1) that has two directions, ¢
and pgq, of nullity 1 (by the way in this case these are also the simple spinors
of S) while all other directions are of zero nullity.

2this is the solution when & # 0, Vi, in other cases it takes slightly different forms.
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Appendix

To prove proposition 9 we need some preliminary results.

Proposition 12. Given any nonzero w with N(w) =0 and any v € Vy it is
always possible to write w as:

w=vd, + 1Py (23)
where @, Pz € S and are both nonzero.

Proof. Around any couple of null vectors v, it is possible to build a Witt
basis and a Fock basis of S and the written expansion follows immediately.
Since N(w) = 0 clearly vw # 0 and Tw # 0 and if either of ®,, 7 would be
zero this would contradict N(w) =0. O

Proposition 13. Given a mazimal TNP V, C Vi and its corresponding
simple spinor W, i.e. such that M(V,) = V,, then w € S is such that

w = YoeV, W es
if and only if w = £, V,.

Proof. Since from any maximal TNP we can build a Witt basis of V nam-
ing its null vectors ¢;, without loss of generality we suppose V, = Q =

Span (q1,---,qm) and ¥y = q1q2 - - @y -
Supposing first w = £V, for any v =Y " | @;q; € Q we have

ga = " s(e
i=1 i=1 "

where s(i) = +1 and such that s(i)q;¥,;) = ¥, and we have supposed, for
simplicity, that all a; # 0 (the formula can be easily adapted to other cases).

Viceversa let’s suppose that w = vw’ for any v € @, it follows that for
any v € ( one has vw = 0 that means that w is a simple spinor and, by
proposition 6 of [3], w = &, ¥, for some §,. O

This result can be generalized from the case of a simple spinor ¥, to the
case of a spinor that contains ¥, in its Fock basis expansion (9)

Corollary 14. Given a maximal TNP V, C Vy and its corresponding simple
spinor W, then w € S is such that

w=ww +u”’ YoeV, ,wes #0

if and only if w = £V, + " for some " € S.
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Proof. Supposing w = &,¥, + w"” previous proposition gives the result.
Viceversa let w = vw’ + " for any v € @ (as before we take V, = Q);
in this case we proceed by induction on the dimension m: for m = 1 the
most general spinor takes the form w = £1q + £9pq and the proof is simple.
Let’s now suppose the proposition true for m — 1 and let’s move to m: with
self explanatory notation in this case the most general spinor has the form
w = q1P,+p1¢1 P, and any null vector of Q may be written as v = ag; + 8¢
where ¢’ is a null vector of the m — 1 dimensional maximal TNP @’. By the
induction hypothesis for any null vector ¢’ € V' we can write &, = ¢'®} + &}
and the first term contains the simple spinor £gs - - - ¢;,- It follows that our
spinor of the case m can be written

1
w=q1®etp1a1®p = 41 (¢ P+ P +p101 Py = (g1 +6q") — ' Pyt a1 g +pr1ar®y
and thus in the term ¢;®, appears the simple spinor £qig2 - - - ¢p,. O

Proposition 15. Given any nonzero w with N(w) = 0 for any & # 0 in
its expansion (9) necessarily also &g # 0

Proof. Given any &, # 0 we write w = £,¥,+w’ and since, by proposition 12,
for any null vector v € M(¥,) we can write w as in (23) where in v®,
certainly appears the term £,¥, (and possibly other terms). By previous
corollary applied to the term w’ = 7®5+w” (w” can be zero) it must contain
§-aV_q. O

We are now ready to give the proof of proposition 9

Proof. If N(w) > 0 then wy := w and we are done so let’s suppose that
N(w) = 0, in this case we can write with slightly modified (9) and (12)

“’::E:a>0§aqaz+;§—QQl—a _
We = Za>0 5(_(1)570,\1]0, + S(Q)gamfa

and let & # 0; by previous proposition necessarily also £_; # 0 so that
choosing wp := s(b){w — E_pw. we get:

wo = (s(b)gbe — s(—b)g,bg_b) Uy, + Z

a>0,a#b

where the field coefficient of W_y is 0. If (s(b)&&, — s(—b)E_,&—p) # 0, this
violates the necessary condition for a spinor to be of zero nullity and thus
N(wo) > 0. If (s(b)&E, — s(—b)€_4—p) = 0 one can repeat the procedure
starting from the newly defined wy and wy,. that must be nonzero because
otherwise the initial spinors w and w. wouldn’t be linearly independent.
This linear independence guarantees also that this iterative procedure must
terminate with the zeroing of just one term because, otherwise, again, the
initial spinors would be linearly dependent. O
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