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Abstract. We study the mixed initial-boundary value problem for a linear hyperbolic
system with characteristic boundary of constant multiplicity. We assume the problem
to be “weakly” well posed, in the sense that a unique L2-solution exists, for sufficiently
smooth data, and obeys an a priori energy estimate with a finite loss of conormal reg-
ularity. This is the case of problems that do not satisfy the uniform Kreiss-Lopatinskii
condition in the hyperbolic region of the frequency domain. Under the assumption of
the loss of one conormal derivative we obtain the regularity of solutions, in the natu-
ral framework of weighted anisotropic Sobolev spaces, provided the data are sufficiently
smooth.
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1. Introduction and main results

For n > 2, let R"} denote the n—dimensional positive half-space
R" = {z = (z1,2'), 21 >0, 2’ := (22,...,2,) ER"'}.

The boundary of R} will be sistematically identified with R, L For T > 0 we
set Qr = R x]0,T[ and 7 = R"1x]0,T[; we also set Qp = R x] — oo, T'[ and
wr = R""!x]— o0, T[. If time ¢ spans the whole real line R, we set @ = R? xR, and
¥ = R""! x R;. We are interested in the following initial-boundary value problem
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(shortly written IBVP)

Lu=F in Qr, (1.1)
Mu=G on X, (1.2)
up=0 = f in RY, (1.3)

where L is a first order linear partial differential operator

n
i=1
Oy := % and 0; := %,i:l,...,n.
The coefficients A;, B, for ¢ = 1,...,n, are real N x N matrix-valued functions,

defined on Q. The unknown u = wu(z,t), and the data F = F(z,t), G = G(x,t),
f = f(z) are vector-valued functions with N components. M is a given real d x N
matrix-valued function; M is supposed to have maximal constant rank d.

We study the problem (1.1)-(1.3) under the following assumptions. The function
spaces involved in (4), (5) and in the statement of Theorems 1.1, 1.2 below, as well
as the norms appearing in (1.9)—(1.11), (1.13), will be described in the next Section
2. The square brackets [ | of a real number denote its integer part.

(1) Lis Friedrichs symmetrizable, namely there exists a matrix S, definite positive
on @ (there exists a constant p > 0 such that Sy(z,t) > p for every (z,t) €
@), symmetric and such that the matrices SpA;, for i = 1,...,n, are also
symmetric.

(2) The IBVP is characteristic of constant multiplicity 1 < r < N. We assume
that the coefficient A; of the normal derivative in L displays the block-wise
structure

ALT AL
A(z) = | sl ) (1.5)
A{I,I A{I,II

where A{’I, A{’H, AIDT AT are respectively rxr, v x (N —r), (N —r) X,
(N —r) x (N — r) sub-matrices, such that

1,11 _ 11,1 _ 11,11 _
A1|11:O - O’ A1|11:O - O’ A].le:O - O’ (1'6)

and A{’I is uniformly invertible on the boundary ¥, namely there exists a real
positive constant z such that |det Al (z, )] > u, for any (z,t) € ¥. According
to the representation above, we split the unknown u as u = (uf,u’!); uf € R"
and u!! € RN~" are said respectively the noncharacteristic and the character-
istic components of u.

(3) The matrix M has the form M = (I; 0), where I; denotes the identity ma-
trix of order d, 0 is the zero matrix of size d x (N — d), and d < r is the
(constant) number of positive eigenvalues of A{]I{II:O} (the so-called incoming
characteristics of problem (1.1)-(1.3)).
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Existence of the L? weak solution. Assume that Sp,4; € W?2%(Q),
for i = 1,...,n. For all T > 0 and matrices B € W1*(Qp),
there exist constants v > 1 and Cy > 0 (that depend on
T, p; s [1Sollwz (27), 145 lw2. (@7 [ Bllw.= (o)) such that for all v > 7o
and F € H., (Qr), G € H}(wr), vanishing for ¢ < 0, the boundary value

tan,y
problem (shortly written BVP)
Lu=F in Qp, (1.7)
Mu=G on wr, (1.8)

with B in L, admits a unique solution v € L?(Qr), vanishing for ¢ < 0, such
that u‘IwT € L?(wr). Furthermore u € C([0,T]; L*(R7)), and it satisfies an a
priori estimate of the form

'7||U’Y||2L2(Qt) + ||U~/(t)||2L2(R1) + ||U'Iy\wt||%2(wt)

1 2 1 2
< Co (’ngF’YHHl ’Y(Qt) + ?HG’YHH}Y(LW)

tan,

(1.9)

for all v > 9 and 0 < ¢t < T, where we have set u, = e "u, F, = e ""F,G, =
e MG,

Furthermore, if T = +oo, for all matrices By € WH°(Q) and all
conormal pseudo-differential operators By with symbol of degree 0 (in
I'%), there exist constants 7y > 1 and C; > 0 (that depend on
Py 1 [[Sollwz.0e Qs [1 Al w20 0y || Bil|wi.o (@), and on a finite number of semi-
norms of the symbol of Bj) such that for all v > ) and for all F €
e HL,,, (@), G € e’ HI(X), the BVP (1.7), (1.8) on Q, with B = B;+By in L,
admits a unique solution u € €7*L?(Q) such that u|1 s € €7 L?(X). Furthermore

u satisfies the a priori estimate

@+ =Gl )
(1.10)
Given T' > 0, and matrices (So, A;) € Cr(H{ ) x Cr(H{ ), where o > [(n +
1)/2]+4, and enjoying properties (1) - (4) on @, let (S(()k), Agk)) be C*° matrix-
valued functions converging, as k — oo, to (So, 4;) in Cr(HY ) x Cr(HY ) on
[0, 7], and in W2%>°(Q) x W2°°(Q) on R;. Assume also that (S(()k), A(k)) satisfy

7

1
s By + e sy < Co (73|Fw|§p

tan,y

properties (1), (2) on Q. Then, for k sufficiently large, property (4) holds also
for the approximating problems with coefficients (S((Jk), Agk)).

When an IBVP admits the solution w enjoying an a priori estimate of type

(1.9) or (1.10), with F' = Lu, G = Mu, the IBVP is weakly L*-well posed. This

is t

he case of problems that do not satisfy the uniform Kreiss-Lopatinskii condi-

tion. More specifically, the loss of derivatives as in (1.9), (1.10) occurs when the
Kreiss-Lopatinskii determinant has one simple root in the hyperbolic region of the
frequency domain, see e.g. [3,4] for the definitions. In [10], Coulombel and Gues
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show that the loss of regularity in (1.9), (1.10) in such a case is optimal. They also
prove that the well posedness result with loss of regularity is independent of Lips-
chitzean zero order terms B but is not independent of bounded zero order terms.
This is a major difference with the strongly well posed case where there is no loss
of derivatives (and one can treat lower order terms as source terms in energy es-
timates). Thus the stability of the problem under lower order perturbations is no
longer a trivial consequence of the well posedness itself, and we assume it as an ad-
ditional hypothesis about the IBVP, see (4). Under an a priori estimate of this form,
Coulombel [9] has proven the well posedness of the problem, namely the existence
of the L? solution for all H' data.

As for (5), hyperbolic IBVP that do not satisfy the uniform Kreiss-Lopatinskil
condition in the hyperbolic region as above belong to the WR class defined by
Benzoni-Gavage, Rousset, Serre and Zumbrun [3]. This class of problems is stable
with respect to small perturbations of the coefficients A;, B, in agreement with (5).
Examples of problems where the uniform Kreiss-Lopatinskii condition breaks down
are provided by elastodynamics (with the well-known Rayleigh waves [23,28]), shock
waves or contact discontinuities in compressible fluid mechanics, see e.g. [15,12]. An
a priori estimate similar to (1.9), (1.10) holds for linearized compressible vortex
sheets, see Coulombel and Secchi [11,12,13], provided that Sp, A; € W2°°(Q) and
B e Whe(Q).

Under the assumptions (1)-(4) it is not hard to obtain the L? solvability of the
nonhomogeneous IBVP (1.1)-(1.3) on [0,T], with initial data f # 0, that we state
in the following theorem.

Theorem 1.1. Assume that problem (1.1)-(1.3) obeys the assumptions (1)-(4).
For all T > 0 and matrices B € WY*(Qr), there exist constants (denoted as
above) vo > 1 and Cy > 0 (that depend on T, p, i, ||So|lw2.(Qr), | Ajllw2e0(@r)
and || Bllw.e(qy)) such that for all F € H.,, (Qr), G € H:(Yr), f € H,, ,(RY)
with fO) = Flimo— Y011 Aijt=00i f — Bu=of € L*(R"}), and such that M f = G|,
on R"~1 the problem (1.1)-(1.3), with data (F,G,f), admits a unique solution
u € L*(Q) such that u‘IET € L*(X7). Furthermore u € C([0,T]; L*(R')), and it
satisfies an a priori estimate of the form

WHUVHQL’Z(Qt) + H%(ﬂ”%%m) + Huim,f”%?(zt)

1 1 (1.11)
<Gy (ngﬁp

1
2 2
@0 T ¥ 11T tan,y + 72|G‘Y|H}/(Et))
forally >~ and 0 <t <T.

The proof of Theorem 1.1 will be given in Appendix Appendix A.

In order to study the regularity of solutions to the IBVP (1.1)-(1.3), we need to
impose some compatibility conditions on the data F', G, f. The compatibility condi-
tions are defined in the usual way, see [22]. Given the equation (1.1), we recursively
define f" by formally taking h — 1 time derivatives of Lu = F, solving for df'u
and evaluating it at ¢t = 0. For h = 0 we set f(©) := f. The compatibility condition
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of order m > 0 for the IBVP (1.1)-(1.3) reads as
Mf™ =9!G g, onR"™' h=0,...,m. (1.12)
The aim of this paper is to prove the following regularity theorem.

Theorem 1.2. Let m € Nym > 1, and s = max{m + 1, [(n + 1)/2] + 7}. Given
T > 0, assume that So, A; € Cr(HS ), for j =1,...,n, and B € Cp(H;Z') (or
B € Cr(H;,,) if m = s). Assume also that the assumptions (1)-(5) are satisfied.
Then for all F € H(Qr), with 8;Fji—g € HJ*(R}) fori=0,...,m—1, G €
HIP Y (Sp), f e HI'PY(RY), satisfying the compatibility condition (1.12) of order
m, the unique solution u to (1.1)~(1.3), with data (F,G, f), belongs to Cr(H",)
and u‘IET € H'(Xr). Moreover u satisfies the a priori estimate

2 2 I 2
Hr (Qr) T tgﬁ% ey (O[5 + 2y 2T||H;n(z:T)

1 2 1 2 1 2
<Cnm <,y2|||f|||m+1,*,'y + ?HF'V”HQ;H(QT) + ?HG’YHH;"‘H(ZT)

with a constant C,, > 0 depending only on A;, B.

Yl |
(1.13)

The function spaces involved in the statement above, as well as the norms ap-
pearing in (1.13), will be described in the next Section 2.

In [18], the regularity of weak solutions to the characteristic IBVP (1.1)-(1.3) is
studied, under the assumption that the problem is strongly L?-well posed, namely
that a unique L2-solution exists for arbitrarily given L2-data, and the solution obeys
an a priori energy inequality without loss of reqularity with respect to the data; this
means that the L?-norms of the interior and boundary values of the solution are
measured by the L?-norms of the corresponding data F,G, f. The statement of
Theorem 1.2 extends the result of [18] to the case where only a weak well posedness
property is satisfied by the IBVP (1.1)—(1.3). Here, the L2-solvability of (1.1)-(1.3)
requires an additional regularity of the data F,G, f, cfr. (4). Correspondingly, the
regularity of the solution of order m is achieved provided the data have a regularity
of order m + 1.

To prove the result of [18], the solution u to (1.1)-(1.3) is regularized by a
family of tangential mollifiers J., 0 < € < 1, defined by Nishitani and Takayama in
[19] as a suitable combination of the operator § (see Section 3) and the standard
Friedrichs'mollifiers. The essential point of the analysis performed in [18] is to notice
that the mollified solution J.u solves the same problem (1.1)-(1.3), as the original
solution u. The data of the problem for J.u come from the regularization, by J,
of the data involved in the original problem for u; furthermore, an additional term
[Je, L]u, where [J, L] is the commutator between the differential operator L and
the tangential mollifier J., appears into the equation satisfied by J.u. Because the
strong L2-well posedness is preserved under lower order perturbations, actually this
term can be incorporated into the source term of the equation satisfied by J.u.

In the case of Theorem 1.2, where the L? a priori estimate exhibits a finite loss
of regularity with respect to the data, this technique seems to be unsuccesful, since
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[Je, L]Ju cannot be absorbed into the right-hand side without losing derivatives on
the solution wu; on the other hand it seems that the same term cannot be merely
reduced to a lower order term involving the smoothed solution J.u, as well.

These observations lead to develop another technique, where the tangential mol-
lifier J; is replaced by the family of operators (3.26), involved in the characterization
of regularity given by Proposition 3.2. Instead of studying the problem satisfied by
the smoothed solution J.u, here we consider the problem satisfied by Ay'™ "7 (Z)u.
As before, a new term [/\gn_l’V(Z),L]u appears which takes account of the com-
mutator between the differential operator L and the conormal operator /\gn_l"y(Z ).
Since we assume the weak well posedness of the IBVP (1.1)-(1.3) to be preserved
under lower order terms, the approach is to treat the commutator [\~ "7(Z), L]u
as a lower order term within the interior equation for A3~ (Z)u (see (4.16)); this is
made possible by taking advantage from the invertibility of the operator )\gn*l"y(Z ).

The paper is organized as follows. In Section 2 we introduce the function spaces
and some notations. In Section 3 we give some technical results useful for the proof
of the tangential regularity, discussed in Section 4. Sections 5 and 6 contain the proof
of the normal regularity for m = 1 and m > 2, respectively. The proof of Theorem
1.1 is given in Appendix Appendix A. Some useful properties of the «-dependent

spaces H]" (R’ ) are proved in Appendix Appendix B.

2. Function Spaces

The purpose of this Section is to introduce the main function spaces to be used in
the following and collect their basic properties.

2.1. Weighted Sobolev spaces
For v > 1 and s € R, we set
N(E) = (P + )7 (2.1)

and, in particular, A$! := \°.
Throughout the paper, for real v > 1, H;(R”) will denote the Sobolev space of
order s, equipped with the y—depending norm || - ||, defined by

N IRGIC I (22)

U being the Fourier transform of u. The norms defined by (2.2), with different
values of the parameter 7, are equivalent each other. For v = 1 we set for brevity
[|-1ls :==1]-l|s,1 (and, accordingly, the standard Sobolev space H*(R"™) := H;(R")).
For s € N, the norm in (2.2) turns to be equivalent, uniformly with respect to ~, to

the norm || - || (gn) defined by

HUH%I,SY(R") = Z 72(5_‘a|)||8au||%2(nw)- (2.3)

laf<s
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An useful remark is that

ullsy <* M lullry (2.4)

for arbitrary s <r and v > 1.

2.2. Conormal Sobolev spaces

Let us introduce some classes of function spaces of Sobolev type, defined over the
half-space R%}. For j =1,2,...,n, we set

Z1::x181, Zj128j7f01'j22.

Then, for every multi-index o = (v, ..., a,) € N?, the conormal derivative Z¢ is
defined by

Z% =70 .. 23

we also write 9% = 97" ... 9%~ for the usual partial derivative corresponding to a.

Given an integer m > 1 the conormal Sobolev space H, (R ) is defined as the set of

functions u € L*(R7) such that Z%u € L*(R7), for all multi-indices o with |a| < m.
Agreeing with the notations set for the usual Sobolev spaces, for v > 1, Hyy, . (R%})

will denote the conormal space of order m equipped with the y—depending norm

||U\|izggw(m) = Z 72(m7|a‘)||2au||2L2(]R1) (255)
o] <m
and we have Hy,, (R} ) := H{p, 1 (R}).

2.3. Anisotropic Sobolev spaces

Keeping the same notations used above, for every positive integer m the anisotropic
Sobolev space H}*(R') is defined as

HMRY) :={we L*(R}) :  Z*0fw € L*(RY}), |af + 2k <m}.

For the sake of convenience we also set HY(R}) = Hy, (R%) = L*(R%). For an
extensive study of the anisotropic spaces H"(R'}) we refer the reader to [18,27]

and references therein. We observe that
H™(RY) — HP(RY) — Hity(RY) © Hp (RY),

tan

Hm(RY) < H™2A(RY),  HI(RY) = HL, (R") 2.6)

(except for H]J.(R?) all imbeddings are continuous). The anisotropic space
H}" (R?) is the same space equipped with the y-depending norm

B!
ol By oy = >0 2201 Z0 0w B 2.7)
|a]+2k<m
We have H"(R}) = H" (R} ). The spaces Hf,, . (RY), H" (R%}), endowed with

their norms (2.5), (2.7) respectively, are Hilbert spaces.
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In a similar way we define the anisotropic spaces H{y,, . (Q1), H",(Qr), equipped
with their natural norms.

Given any Banach space X, let C7([0,T]; X) denote the space of all X-valued
j-times continuously differentiable functions of ¢, for ¢ € [0,7]. We denote by
W3:2(0, T; X) the space of essentially bounded functions, together with the deriva-
tives up to order j on [0, 7], with values in X. We define the spaces

Cr(HT) = (\CI(0.T): HII (RY)), - Cr(H], ) ﬂ(ﬂ 0,7); Hit (RY)).

j=0
with norms

lul Zp ey = t:[%pﬂ a6l i, = tes[upT w2 tan.qs
where
w2y = ZH@] Hm iy, Ml W tany = leaju IIHm =i &y

For the initial data we set

ANy = lef(J)l\Hm Sy M tansy = Z\IfJIIHmLJ(Rn.

7=0

Some useful properties of the «-dependent spaces H}" (R") that are used in this
paper, are proved in Appendix Appendix B, where our main concern is to show
that the a priori estimates of Section 6 do not explode but are uniformly controlled
when 7 is taken sufficiently large.

3. Preliminaries and technical tools

In this Section, we collect several technical tools that will be used in the subsequent
analysis (cf. the next Section 4).

We start by recalling the definition of two operators f and f, introduced by Nishitani
and Takayama in [19], with the main property of mapping isometrically square
integrable (resp. essentially bounded) functions over the half-space R onto square
integrable (resp. essentially bounded) functions over the full space R™.

The mappings £ : L2(R%) — L*(R") and f§ : L>®(R"?) — L>(R™) are respectively
defined by

wh(z) == w(e™, x)e™ /2, df(z) = a(e®™, '), V= (r,z')eR".

They are both norm preserving bijections.

It is also useful to notice that the above operators can be extended to the set D' (R )
of Schwartz distributions in R’} . It is easily seen that both # and 7 are topological
isomorphisms of the space C3° (R’ ) of test functions in R’ (resp. C*°(R"})) onto
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the space C§°(R™) of test functions in R™ (resp. C°°(R"™)). Therefore, a standard
duality argument yields that § and § can be defined on D'(R") by

(W) = (gt ),
(W) = (@), ¥ € Cge(R™) (3.1)

((-,-) is used to denote the duality pairing between distributions and test functions
either in the half-space R”} or the full space R™). In the right-hand sides of (3.1),
#~1 is just the inverse operator of #, while the operator b is defined by

1
() = ;@(10g$17$/)7 Vo, >0, 2/ e R" (3.2)
1
for functions ¢ € C§°(R™). The operators §~! and b arise by explicitly calculating
the formal adjoints of § and fj respectively.
Of course, one has that uf,u? € D'(R"); moreover the following relations can be
easily verified (cf. [19])

(Yu)* = Pt
8J(uh):(zju)h? j:17"'7n7

1
81(uﬁ) = (Zlu)ji + guu ,
O;(uh) = (Zyuw)*, j=2,...,n,

whenever u € D'(R%) and ¢ € C*°(R?) (in (3.3) u € L*(R7}) and ¢ € L>®(R%) are
also allowed).

From formulas (3.5), (3.6) and the L?—boundedness of f, it also follows that # :
Hyy, (RY) — HI'(R™) is a topological isomorphism, for each integer m > 1 and
real v > 1.

Following [19] (see also [18]), in the next Subsection the last property of § will be
exploited to shift some remarkable properties of the ordinary Sobolev spaces in R"
to the functional framework of conormal Sobolev spaces over the half-space R}.
Let us denote by C@ (R}) the set of restrictions to R’} of functions of Cg° (R™).
In the end, we observe that the operator # continuously maps the space C(Og) (R%)
into the space S(R™) of rapidly decreasing functions in R™ (note also that the same
is no longer true for the image of C’E’S’) (R}) under the operator f§, which is only
included into the space Cg°(R™) of infinitely smooth functions in R™, with bounded

derivatives of all orders).

3.1. Parameter depending norms on Sobolev spaces

We start by recalling a classical characterization of ordinary Sobolev spaces in R™,
due to Hérmander [14], based upon the uniform boundedness of a suitable family
of parameter-depending norms.

For given s € R, v > 1 and for each & €]0,1] a norm in H*~1(R") is defined by
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setting

lull2-1 46 = (2m)™" N NN (3€)[a(8) [P de. (3.7)
According to Section 2, for y =1 and any 0 < § <1 we set || |[s—1,6 := || |ls=1,1.6;
the family of §—weighted norms {|| - ||s—1,6 fo<s<1 was deeply studied in [14]; easy
arguments (relying essentially on a y—rescaling of functions) lead to get the same

properties for the norms {|| - ||s—1  5}o<s<1 defined in (3.7) with an arbitrary
v =1

Of course, one has || - |[s—1,4,10 = || - ||s=1,4 (cf. (2.2), with s — 1 instead of s).
It is also clear that, for each fixed § €]0,1[, the norm || - ||s—1,,6 is equivalent
to || - |ls—1,4 in Hf/_l(R”), uniformly with respect to v; notice, however, that the
constants appearing in the equivalence inequalities will generally depend on § (see
(3.14)).

The next characterization of Sobolev spaces readily follows by taking account of the
parameter v into the arguments used in [14, Thm. 2.4.1].

Proposition 3.1. For every s € R and v > 1, u € H3(R") if and only if u €
H Y (R™), and the set {||ulls—1~.6}qc 5, 5 bounded. In this case, we have

lulls—1,5.6 Tllulls,y, asd L0

In order to show the regularity result stated in Theorem 4.1, it is useful providing
the conormal Sobolev space HZZ;}Y(R’;), m € N, v > 1, with a family of parameter-
depending norms satisfying analogous properties to that of norms defined in (3.7).
Such norms were defined by Nishitani and Takayama [19], in the “unweighted” case
v =1, just applying the ordinary Sobolev norms || - ||;,—1,5 to pull-back of functions
on R%, by the § operator; then these norms were used in [18] to characterize the
conormal regularity of functions.

Following [19], for v > 1, § €]0,1] and all u € H;2, ' (R%) we set

tan

n

lullfy m—1.tanvs = 1715 = (ZW)_"/ NII(EIATHY(5€) |u? ()] dE -

(3.8)
Because { is an isomorphism of Hgg;#(]Ri) onto H”'~'(R™), the family of norms
{Il - ||R17m_17tan7%5}0<5§1 keeps all the properties enjoied by the family of norms

defined in (3.7).
In particular, the same characterization of ordinary Sobolev spaces on R", given by
Proposition 3.1, applies also to conormal Sobolev spaces in R} (cf. [19], [18]).

Proposition 3.2. For every positive integer m and v > 1, u € Hy,, (RY) if and

only if u € Hﬂ;b(Rﬁ), and the set {\|u\|Ri7m_17mn7%5}0<5§1 1s bounded. In this

case, we have

l[ullrn m—1,tan,qv.0 T llullRe motan,y,  asd 0.
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3.2. A class of conormal operators

The f operator, defined at the beginning of Section 3, can be used to allow pseudo-
differential operators in R" acting conormally on functions only defined over the
positive half-space R’} . Then the standard machinery of pseudo-differential calculus
(in the parameter depending version well suited to hyperbolic problems, introduced
in [1], [7]) can be re-arranged into a functional calculus properly behaved on conor-
mal Sobolev spaces described in Section 2. In Section 4, this calculus will be usefully
applied to study the conormal regularity of the stationary BVP (4.5).

Let us introduce the pseudo-differential symbols, with a parameter, to be used later;
here we closely follow the terminology and notations of [8].

Definition 3.3. A parameter-depending pseudo-differential symbol of order m € R
is a real (or complex)-valued measurable function a(xz,&,7y) on R™ x R™ x [1, +00],
such that a is C* with respect to x and & and for all multi-indices o, 5 € N™ there
exists a positive constant Cy g satisfying:

|0¢00a(w, &,7)| < CapA™17(9), (3.9)
forallz, & e R™ and v > 1.

The same definition as above extends to functions a(z,&,~) taking values in the
space RV*N (resp. CN*N) of N x N real (resp. complex)-valued matrices, for all
integers N > 1 (where the module || is replaced in (3.9) by any equivalent norm in
RVN>XN (resp. CV*N)). We denote by I'™ the set of y—depending symbols of order
m € R (the same notation being used for both scalar or matrix-valued symbols).
I'"™ is equipped with the obvious norms

|a|m k= max sup Afmﬂam(f)w?afa(m,{,”y)| , VkeN,
la+IBISE (z,6)eRn xR™ |, y>1

(3.10)
which turn it into a Fréchet space. For all m,m’ € R, with m < m/, the continuous
imbedding I'™ C '™ can be easily proven.

For all m € R, the function A™7 is of course a (scalar-valued) symbol in I'"™.

To perform the analysis of Section 4, it is important to consider the behavior
of the weight function A™7YX\~17(§.), involved in the definition of the parameter-
depending norms in (3.7), (3.8), as a y—depending symbol according to Definition
3.3.

In order to simplify the forthcoming statements, henceforth the following short
notations will be used

AFTIY(E) r= A (ALY (8€),

e = (@) (=amewiee), O

for all real numbers m € R, v > 1 and ¢ €]0,1]. One has the obvious identities
ATTHO = AT A€ = A€ = AT (). However, to avoid
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confusion in the following, we remark that functions A; ™7 (€) and Ay ™7 (¢)
are no longer the same as soon as ¢ becomes strictly smaller than 1; indeed (3.11)

gives Ay " THY(€) = ATRI(ATH(66).
A straightforward application of Leibniz’s rule leads to the following result.

Lemma 3.4. For every m € R and all « € N" there exists a positive constant C, o
such that

SN < Crahy T 7€), VEER v >1,6€)0,1].  (3.12)

Because of estimates (3.12), Agnflﬁ (&) can be regarded as a y—depending symbol,
in two different ways. On the one hand, combining estimates (3.12) with the trivial
inequality

A6 <1 (3.13)

immediately gives that {\;'~"7}o<s<1 is a bounded subset of "™,
On the other hand, the left inequality in

ONMY(E) S A <AV, VEER™, Vo]0 1], (3.14)
together with (3.12), also gives
OENT O] < Cnad AT VeEeR v > 1. (3.15)

According to Definition 3.3, (3.15) means that )\gnfl’v actually belongs to '™~ for
each fixed 0; nevertheless, the family {A?71’7}0<551 is generally unbounded as a
subset of ['"™~1.

For later use, we also need to study the behavior of functions
y—depending symbols.

Analogously to Lemma 3.4, one can prove the following result.

)\g’m+177 as

Lemma 3.5. For allm € R and o € N" there exists éma > 0 such that
035 O] < Criady ™1 (e), VEERT 421, 6€)0,1].  (3.16)

In particular, Lemma 3.5 implies that the family {X(;—m+1,w}0<6§1 is a bounded
subset of T "1 (it suffices to combine (3.16) with the right inequality in (3.14)).

Any symbol a = a(x,&,7v) € I'™ defines a pseudo-differential operator Op”(a) =
a(x, D,~) on the Schwartz space S(R™), by the standard formula

Vue SR, Ve e R,
Op”(a)u(z) = a(w, D, y)u(z) =: (2m) 7" [ga €™ Cal(z, & 7)U(€)dE,

n
where, of course, we denote z-& := > x;&;. Op”(a) is called the pseudo-differential

j=1
operator with symbol a; m is the order of Op”(a). It comes from the classical theory

(3.17)

that Op”(a) defines a linear bounded operator
Op”(a) : S(R") — S(R");
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moreover, the latter extends to a linear bounded operator on the space S'(R™)
of tempered distributions in R™. An exhaustive account of the symbolic calculus
for pseudo-differential operators with symbols in I'™ can be found in [7]. Here, we
just recall the following result, concerning the product and the commutator of two
pseudo-differential operators.

Proposition 3.6. Let a € T™ and b € T, for I,m € R. Then Op”(a)Op”(b) is
a pseudo-differential operator with symbol in T™1: moreover, if we let a#tb denote
the symbol of the product, one has for every integer N > 1

_iylel
a#b— > (=9) 92adlh e TN (3.18)

ol
lal<N

Under the same assumptions, the commutator [Op” (a), Op” (b)] := Op” (a)Op” (b) —
Op”(b)Op?(a) is again a pseudo-differential operator with symbol ¢ € T, If we
further assume that one of the two symbols a or b is scalar-valued (so that a and b
commute in the product), then the symbol ¢ of [Op” (a), Op” (b)] has order m+1—1.

We point out that when the symbol b € T of the preceding statement does not
depend on the x variables (i.e. b = b(,7)) then the symbol a#b of the product
Op”(a)Op”(b) reduces to the point-wise product of symbols a and b; in this case,
the asymptotic formula (3.18) is replaced by the ezact formula

(a#b)(2,€,7) = a(z,£7)b(E, 7) - (3.19)
According to (3.11), (3.17), we write:
A THUD) = 0pT () AT (D) = 0p () (3.20)

In view of (3.11) and (3.19), the operator A"~ "7 (D) is invertible, and its two-sided
inverse is given by A, ™"7(D).

Starting from the symbolic classes I'™, m € R, we introduce now the class of
conormal operators in R}, to be used in the sequel.

Definition 3.7. Let a(x,&,v) be a v—depending symbol in T™, m € R. The conor-
mal operator with symbol a, denoted by Opg(a) (or equivalently a(x, Z,v)) is defined
by setting

f
Vue C®Y),  (Opf(a)u) = (00" (a)) (u). (3.21)
In other words, the operator Opg(a) is the composition of mappings
Op; (a) =470 Op?(a) of. (3.22)

As we already noted, uf € S(R") whenever u € Cy(R%); hence formula (3.21)
makes sense and gives that Op/(a)u is a C*°—function in R%}. Also Op/(a) :
o) (R%) — C*°(R?%) is a linear bounded operator that extends to a linear bounded

operator from the space of distributions u € D'(R") satisfying u* € S'(R") into
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D'(R?) itself*. Throughout the paper, we continue to denote this extension by
Opj(a) (or a(z, Z,7) equivalently).

As an immediate consequence of (3.22), we have that for all symbols a € T™, b € T,
with m,l € R, there holds

Vu € CR5(RL), Opj(a)Op (bu= (00 (@)0p (0)(u)* . (3:23)

Then, it is clear that a functional calculus of conormal operators can be straight-
forwardly borrowed from the pseudo-differential calculus in R™; in particular we
find that products and commutators of conormal operators are still operators of
the same type, and their symbols are computed according to the rules collected in
Proposition 3.6.

Below, let us consider the main examples of conormal operators that will be met in
Section 4.

As a first example, we quote the multiplication by a matrix-valued function
B € C’E’S’) (R%). It is clear that this makes an operator of order zero according

to (3.21); indeed (3.3) gives for any vector-valued u € Co) R7)

(Bu)*(z) = Bf(z)uf(x), (3.24)

and B? is a C>—function in R™, with bounded derivatives of any order, hence a
symbol in I'°. We remark that, when computed for Bf, the norm of order k € N,
defined on symbols by (3.10), just reduces to

|Bh‘0’k = Imax ||athHLoo(Rn) =
o<k

(03
fg]iHZ Bl[pe @) ; (3.25)

lex]
where the second identity above exploits formulas (3.4) and that § maps isometri-
cally L>(R”) onto L>(R™).

Now, let £ :=~vInx + > Aj(x)Z; be a first order linear differential operator, with
j=1
matrix-valued coefficients 4; € CT) (R}) for j =1,...,n and v > 1. Since the lead-
ing part of £ only involves conormal derivatives, applying (3.3), (3.5), (3.6) then
gives
#
yu + ZAiju = (71 - 2A1> uf + ZAjaju = Op”(a)u*,
j=1

j=1

n
where a = a(x,&,7) = ('YIN - %Aq(m)) +iy A;(x)ﬁj is a symbol in T''. Then £
j=1
is a conormal operator of order 1, according to (3.21).
2In principle, Opg(a) could be defined by (3.21) over all functions u € C°°(R"}), such that uf €

S(R™). Then Opg(a) defines a linear bounded operator from the latter function space into itself,
provided we equip this space with the topology induced, via f, from the Fréchet topology of S(R™).
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In the next Section 4, we will be mainly interested to the family of conormal oper-
ators

AP TI(Z) = 0p] (AT, ATT(Z) = 0p] (5. (326)

The operators )\glfl’v(Z ) are involved in the characterization of conormal regularity
provided by Proposition 3.2 (remember that, after Lemma 3.4, )\?71’7 e Im-1).
Indeed, from Plancherel’s formula and the fact that the operator f preserves the
L2 —norm, the following identities

lellr m—t,tanv.0 = A5~ (Z)ul| 2 @) (3.27)

can be straightforwardly established; hence, Proposition 3.2 can be restated in terms
of the boundedness, with respect to §, of the L?—norms of functions /\?71’7(2 u.
This observation is the key point that leads to the analysis performed in Section 4.
Another main feature of the conormal operators (3.26) is that Xgm+1’7(2 ) provides
a two-sided inverse of A?il’ﬂ’(Z); this comes at once from the analogous property
of the operators in (3.20) and formulas (3.21), (3.23).

3.3. Sobolev continuity of conormal operators

Proposition 3.8. If s,m € R then for all a € I the pseudo-differential operator
Op”(a) extends as a linear bounded operator from H3+t™(R™) into H5(R™), and the
operator norm of such an extension is uniformly bounded with respect to ~y.

We refer the reader to [7] for a detailed proof of Proposition 3.8; a sharp calculation
shows that the norm of Op?(a), as a linear bounded operator from H3*™(R") to
H3(R™), actually depends only on a norm of type (3.10) of the symbol a, besides
the Sobolev order s and the symbolic order m (cf. [7] for detailed calculations). This
observation entails, in particular, that the operator norm is uniformly bounded with
respect to v and other additional parameters from which the symbol of the operator
should possibly depend, as a bounded map.

Using Proposition 3.8 and that the operator § maps isomorphically conormal
Sobolev spaces on R to ordinary Sobolev spaces on R"™, we easily derive the fol-
lowing result.

Proposition 3.9. If m € Z and a € ', then the conormal operator Opg(a)
extends to a linear bounded operator from Hf;;L":LY(Ri) to Hy,, (R%), for every
integer s > 0, such that s+m > 0; moreover the operator norm of such an extension

is uniformly bounded with respect to .

Remark 3.10. We point out that, compared to Proposition 3.8, the statement
above only deals with integer orders of symbols and conormal Sobolev spaces. The
reason is that, in Section 2, conormal Sobolev spaces were only defined for positive
integer orders. In principle, this lack could be removed by extending the definition

of conormal spaces Hj,,, (R’ ) to any real order s: this could be trivially done, just
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defining H},, (R") to be the pull-back, by the operator f, of functions in H*(R"™).
However, this extension to fractional exponents seems to be useless for the subse-
quent developments.

4. The homogeneous IBVP. Tangential regularity

We introduce the new unknown u,(z,t) := e "u(z,t) and the new data F, :=
e "F(z,t), Gy := e ""G(z,t). Then problem (1.1)-(1.3) becomes equivalent to

Lo, =F,, inQr,
Mu,=G,, onXr (4.1)
Uny |t=0 = fa in R’ia

with
L,=~v+1L.

In this section we concentrate on the study of the tangential regularity of the solu-
tion to the IBVP (4.1), where the initial datum f is identically zero and the data F,
and G, satisfy the compatibility conditions in a more restrictive form than (1.12).
More precisely, we concentrate on the homogeneous IBVP

Ly, =F,, inQr,
Mu, =G,, onXrp, (4.2)
Uyji—0 = 0, inRY.

We remark that here and in the following the word homogeneous is referred by
convention to the initial datum f.

For a given integer m > 1, we assume that F, and G, satisfy the following
conditions

8thF,y|t:():O, 8ZLG,Y|t:0:O, h:0,...,m. (43)

It is worth to notice that conditions (4.3) imply the compatibility conditions (1.12),
in the case f = 0. We prove the following theorem for smooth coefficients. The
general case with coefficients of finite regularity will be treated later on by a density
argument.

Theorem 4.1. Assume that Sy, A;, B, fori=1,...,n, are in C(OOO)(Q), and that
problem (4.2) satisfies assumptions (1)—(4); then for all T > 0 and m € N there
exist constants Cp, > 0 and 7y, with vy > Ym—1, Such that for all v > v,
F, € HZZ:E/(QT) and G € HI""Y(Sr) satisfying (4.3) the unique solution u. to
(4.2) belongs to Hyy, (Qr), the trace of u on S belongs to HI'(Xr), and the a
priort estimate

Y un |

1 1
I 2 2 2

@) g el op) < Cm(ﬁ'F””H:';:}w(QT) + ?”G””H?“(zw)

(4.4)

18 fulfilled.
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The first step to prove Theorem 4.1 is reducing the original problem (4.2) to a

boundary value problem where the time is allowed to span the whole real line and is
treated, consequently, as an additional tangential variable. To make this reduction,
we extend the data F,, G, and the unknown u, of (4.2) to all positive and negative
times. In the sequel, for the sake of simplicity, we remove the subscript v from the
unknown u., and the data F, G,.
Because of conditions (4.3), we may extend F, G by setting them equal to zero
for all negative times and for t > T by “reflection”, so that the extended F and G
vanish also for all t > T sufficiently large. We get F' € H/it! (Q) and G € H' ().
As we did for the data, the solution u to (4.2) is extended to all negative times, by
setting it equal to zero. We extend w also for times ¢ > T', by following the argument
of [18], where we make use of assumption (4). By construction, u solves the BVP

Lau=F, inQ@,

Mu=G, onX. (4.5)

In (4.5), the time ¢ is involved with the same role of the tangential space variables,
as it spans the whole real line R. Therefore, (4.5) is now a stationary problem posed
in @, with data F' € H{Zj{lv(Q), Ge H,’Y”H(E). Furthermore, u enjoys the estimate
(1.10), that is

1 1
Ml + e 5l < Co (73||F||§{3W(Q> T 72|G||%m) . ()

for all v > .

The proof of Theorem 4.1 will be derived as a consequence of the tangential regu-
larity of solutions to the BVP (4.5). Thus we concentrate from now on this problem.
It will be convenient to recover the notations x,+1 :=t and = := (z1,2’, x,11) and
denote Ap 1 =1, 72,41 = 0.

We argue by induction on the integer order m > 1.

Let us take arbitrary data F' € HZZ:‘}Y(Q), G € H"(X). Because of the induc-
tive hypothesis, we already know that the unique L?—solution u to (4.5) actually
belongs to H[Z;}Y(Q), and its trace on the boundary u|1x1=0 belongs to HJ*~ (%),
provided that v is taken large enough; moreover the solution u obeys the estimate

of order m — 1

’yHquz;lw(Q) + ||U|Im1:0||iwkl(z) < Cm-1 (%HFH%%M(Q) + —\%ZHGH%I;"(E)) ;
(4.7)
where the positive constant C,,_1 only depends on m, u, and the L°°—norm of a
finite number (depending on m itself) of derivatives of B (cf. (3.25)), besides the
coefficients A; (1 < j <n) of L.

4.1. The modified conormal Fourier multiplier

In order to increase the conormal regularity of the solution u by order one, we are
going to act on the solution u of the BVP (4.5) by the conormal operator A(;m*l’V(Z);
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then we will consider the problem satisfied by )\}n*l"y(Z Ju. However, due to some
technical reasons that will be clarified in the next Section 4.2, we need to slightly
modify the conormal operator 3"~ "7(Z).

The first step is to decompose the weight function Ag”flﬁ as the sum of two contri-
butions. To do so, we proceed as followsP. Firstly, let us take an arbitrary positive,
even function y € C§°(R™*!) with the following properties

0<x(z)<1, VeeR"™ x()=1, for [z|<1/2, x(z)=0, for |z| > 1.
(4.8)
Then, we set:

AT €)== x(D)AF T = (F I Ay T)(9),
(4.9)
Pm,s(€,7) = AP TET(E) = AP (€)= (T = x(D)(AF 7))

The following result (whose proof is given in [17]) shows that the function A’;gl”

essentially behaves like Agﬁlﬁ

Lemma 4.2. Let the function x € C§°(R™) satisfy the assumptions in (4.8).
Then )\;Zgl’v is a symbol in T™1; moreover for every multi-index o € N"*1 there
exists a positive constant Cy, «, independent of v and 6, such that

0N (€] < Cnady ™ 1), Ve R (4.10)

An immediate consequence of Lemma 4.2 and (4.9) is that r,s is also a
v—depending symbol in 'L,
Let us define, with the obvious meaning of the notations:
/\;ZE?”(D) = 0197()\?,5_11”), ms(D,7) = Op” (rm.s),
Ao (Z)=0p/(\57), Tme(Z,7) = Op](rm.s).

The second important result is concerned with the conormal operator r,, 5(Z,7) =

(4.11)

Opg (rm,s), and tells that it essentially behaves as a regularizing operator on conor-
mal Sobolev spaces.

Lemma 4.3. For every k € N, the conormal operator ry, s(Z,7) extends as a linear
bounded operator, still denoted by T, 5(Z,7), from L?(Q) to HE, - (Q). Moreover

tan,y
there exists a positive constant Cy, ., depending only on k and m, such that for all

v >1 and 6 €]0,1]

1rm,s(Z,Vullag,, (@) < Cmar*llullizg),  Yue L*(Q). (4.12)
The proof of Lemma 4.3 is given in [17]. According to (4.9), we decompose
AP TNZ) = NP2 + s (Z,7) - (4.13)

bFrom now on, for all the rest of Section 4, we will use the tools introduced in Section 3 where,
due to the use of the time variable ¢t as an additional space variable, the dimension n will be
substituted by n + 1.
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As a consequence of Lemmata 4.2, 4.3, the role of the family of conormal operators
m—1,y . . . . .
<
{A (Z)}o<s<1 in the characterization of the conormal regularity provided by
Proposition 3.2 and (3.27) can also be played by the family of “modified” operators

{)x;n’gl’y(Z)}()dgl, namely we have the following

Corollary 4.4. For every positive integer m and v > 1, u € H{Znﬁ(Q) if and only

ifu € H" 1 (Q), and the set {||A2g1’7(Z)u||L2(Q)}O<5S1 is bounded.

tan,y

In order to suitably handle the commutator between the differential operator L and
the conormal operator )\Zlgl’v(Z ), that comes from deriving the problem satisfied

by )\Xmgl’W(Z)u (see Subsections 4.2.1, 4.2.2), it is useful to analyze the behavior of

the pseudo-differential operators )\;Zgl” (D), when interacting with another pseudo-
differential operator by composition and commutation. The following Lemma an-
alyzes these situations; actually here the function )\;Zgl” is replaced by a more
general symbol as preserving the same kind of decay properties as in (4.10).

Lemma 4.5. Let {as}o<s<1 be a family of symbols as = as(x,&,v) € T77 L, r € R,
such that for all multi-indices a, 3 € N" 1 there exists a positive constant Cy. o 3,
independent of v and §, for which:

10808as(,6,7)] < Craphs T17(€), Va, e R (4.14)

Let b= b(x,&,7) be another symbol in T, for | € R.

Then, for every é €0, 1] the product Op” (as)Op” (b) is a pseudo-differential operator
with symbol as#b in D=1 Moreover, for all multi-indices o, 3 € Nt there exists
a constant Cy; o 3, independent of v and §, such that

10202 (as#b)(2,€,7)] < Crpaphs 1), Vo, € e RPL (4.15)

Under the same hypotheses, Op”(a(;)Op'Y(b)XgmHﬁ(D) is a pseudo-differential op-
erator with symbol (a57%1517)&5_””1"Y in D™ moreover, {(aa#b)igm“”}mg
is a bounded subset of T'T"~™. Ewventually, if the symbols as are scalar-valued,
[Opv(a(;),OpW(b)]Xé_m'H’V(D) is a pseudo-differential operator with symbol cs5 €
rir=m=1"and {cs}to<s<1 is a bounded subset of T\+7—m=1,

The proof of Lemma 4.5 is given in [17].

Remark  4.6. The fact that the symbols of Op(as) Op7(d),
Op”(a(;)OpV(b)XgmH”(D) and the symbol of [Op”(as), Opv(b)]xgmH’A’(D) be-
long respectively to T/H"=1 TiHr=m and THH"=m=1 (for scalar-valued as) follows at
once from the standard rules of symbolic calculus summarized in Proposition 3.6.
The non trivial part of the statement above (although deduced from the asymp-
totic formula (3.18) with a minor effort) is the one asserting that the symbol of
Op”(as)Op” (b) enjoys estimates (4.15); indeed, it gives the precise dependence on
0 of the decay at infinity of this symbol. Then the remaining assertions in Lemma
4.5 easily follow from (4.15) itself.
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Remark 4.7. In view of Proposition 3.9, the results on symbols collected in Lemma
4.5 can be used to study the conormal Sobolev continuity of the related conormal
operators.

To be definite, for every nonnegative integer number s, such that s +1+r —m is
also a nonnegative integer, Proposition 3.9 and Lemma 4.5 imply that the conor-
mal operator Opg(a(s)Opg(b)X(;_m+l”y(Z ) extends as a linear bounded mapping from
HZ#?;T*M(Q) into Htsan,’y
with respect to vy and 6.

(Q); moreover, its operator norm is uniformly bounded

If in addition s+ Il + 7 — m > 1 and as are scalar-valued, then
[Opg(a(;),Opg(b)]/\gm+1’7(Z) extends as a linear bounded operator from
HEPTT=m=1(Q) into H}

tan,y tan,y
with respect to v and 6.

(Q), and again its operator norm is uniformly bounded
These mapping properties will be usefully applied in the next Sections 4.2, 4.4.

4.2. The interior equation

We follow the strategy already explained in the introduction, where now the role of
the operator AJ*~"7(Z) is replaced by Azgl’V(Z). Since )\7;5_1” € '~ (because of
Lemma 4.2) and u € HZZ;EY(Q) (from the inductive hypothesis), after Proposition
3.9 we know that A"y (Z)u € L3(Q).
Applying )\;Zgl"y(Z) to (4.5) we find that )\Zgl"y(Z)u must solve

(1 + DTN Z)) + N5 (2), Lu= NS Y(2)F, Q. (416)
We are going now to show that the commutator term [)\;:gl"y(Z), L]u in the
above equation can be actually considered as a lower order term with respect to

/\;n)&_l"y(Z ).
To this end, we may decompose this term as the sum of two contributions corre-
sponding respectively to the tangential and normal components of L.

Firstly, in view of (1.5), (1.6), we may write the normal coefficient 4; as

APTo
Ay = Al 4 A2, A}:_< i 0>,A§|x1_0_0, (4.17)
hence
A0y = H\Zy
where H,(z) = z7 ' A%(z) € C)(Q). Therefore, we split L as
n+1
L=A{01+ Lian, Lian:=H1Z1+Y_ A;Zj+B.
j=2

According to this, we have:
NSYN(Z), Llu = [NP51(2), AlorJu+ (N5 V7(2), Lian]u. (4.18)

Note that Ly, is just a conormal operator of order 1, according to the terminology
introduced in Section 3.2.
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4.2.1. The tangential commutator

Firstly, we study the tangential commutator [)\Zgl’v(Z), Lygn]u. Using the identity
X;mH’V(Z)/\g”_l"Y(Z) = I and the decomposition (4.13), this tangential commu-
tator can be written in terms of )\;:g"_l(Z)u, modulo some “infinitely smooth”
reminder. Indeed we compute:

Y5 (Z), Luanlu = N5 Y(2), Ltanldy ™ (Z) N5 2 (2 A+ 1 (2, 7))
= 5 1(2), Lan )25 " DNI Y (2 + i 2 )
(4.19)
where we have set for short

Sms (2, 2,7) = (A5 (Z), Lian) A5 " (2)rm s(2,7) - (4.20)

4.2.2. The normal commutator

We notice that, due to the structure of the matrix A}, the commutator

[/\;y(’,gn_l(Z),A%al] acts non trivially only on the noncharacteristic component of

the vector function u; namely we have:
pay

m—1,y 1,1 I
Ny (2), Alon]u = (“x»é (2), 41" ) .

0

Therefore, we focus on the study of the first nontrivial component of the commutator
term. Note that the commutator [AQEI’W(Z), A};] cannot be merely treated by the
operator algebra, because of the normal derivative. This subsection is devoted to
the study of the normal commutator

N5 (2, AT ol
The following result is of fundamental importance.

Proposition 4.8. For all 6 €]0,1], v > 1 and m € N, there exists a symbol
Gm,s(x,&,7) € T™2 such that

NISI(2), AL 0w = s, Z,7) (O1w), Yw € CF5)(Q). (4.21)

Moreover, the symbol qm s5(z,£,7) obeys the following estimates. For all o, 3 € N*+1
there exists a positive constant Cy, o g, independent of v and 0, such that

10802 G 5(2,6,7)| < Craghy > 1¥7(€), Va, € e RV (4.22)

Proof. That q,, s(z,&,7), satisfying estimates (4.22), is a symbol in I'"~2 actually
follows arguing from (4.22) and inequalities (3.14) as we already did for AZTH(€)
and \; ™ H7(€) (see Section 3.2).

#
For given w € C’&%(Q), let us explicitly compute ([)\;Z&_l”(Z),A{’I@l]w) ; using
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the identity (Ojw)* = e~®1(Zyw)* and that )\Zgl"y(Z) and Z; commute, we find
for every x € R*H1:

(s (), A 0w () = X751 (D) (A5 (Zuyt) (@

_ AL () (z NG 1”’(Z)w)ﬁ(x)
= 75 (D) (A1 Ee O (Zyw)?) (@) - AR @) (N5 (2)Z0) (@)
= X5 D) (A e 0N (Zw)) (@) = AT @)em A (D) (Ziw)i ).

(4.23)
Observing that )\;Zgl”(D) acts on the space S(R"*!) as the convolution by the

inverse Fourier transform of )\;”571’77 the preceding expression can be equivalently
restated as follows:

_ #
(0757 (2), Al anw) ()
= F (AL ) AP R O (Ziwi ()
—APH@)em F (X0 * (Ziw)(a)

= (F () AL @ = e 00 (Zyw)i (@ )

A e (P (1) (Gt =) (4.24)

= (n7 M XOAT @ = e @O0 (Zyw)i @~ )
(T AR e (i — )

= (B XA @ = @)~ ) )

= (7 XA @)e O () - )

= <77§"“1’”7 AOAN =) = AP @)e O @i )

where 7' "7 = FL (AT 1’7), and the identity F~ (/\m)(g 1’7) = xng ™ h7 (fol-

lowing at once from (4.9)) has been used. Just for brevity, let us further set
K(w,y) = (A" (@ —y) = A @)e ™ x(y) (4.25)

Thus the identity above reads as

([A;’té—l,W(Z),A{vI(?l]w)ﬁ (z) = <ng'”b—1,’y’ K(z, -)(61w)ﬁ(x _ )> , (4.26)

where the kernel K(z,y) is a bounded function in C*°(R"*! x R"*1), with bounded
derivatives of all orders. This regularity of X is due to the presence of the function
X in formula (4.25); actually the vanishing of x at infinity prevents the blow-up of
the exponential factor e™¥!, as y; — —oo. We point out that this is just the step of
our analysis of the normal commutator, where this function x is needed.

After (4.25), we also have that C(z, 0) = 0; then, by a Taylor expansion with respect
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to y, we can represent the kernel K(z,y) as follows

n+1
y) =Y b, y)yr (4.27)

where by (z,y) are given bounded functions in C°°(R"*! x R"*1) with bounded
derivatives; it comes from (4.25) that functions by can be defined so that for some
e >1 and all z € R"™! there holds

supp bi(z,-) C {[y| < e} . (4.28)

Inserting (4.27) in (4.26) and using standard properties of the Fourier transform we
get

(@, Al o) @) = (7 3 e )l - )
= SO () el o)t - )
== (F (D) el @ =)

:_"§<D AP F (gl ) Bl — ) )

n+1

=- kzl Jgnir DEAT IO F 7 (ba(a, ) (Orw) (@ — 1)) (€)dE
n+1

= - kzl(% T faner DIAGTHE) (fpnsr €0 (2,9) (B1w)* (& — y)dy) dE
(4.29)
where we have set Dy, := —i0g, (foeach k=1,...,n+1). Note that for w € CF(Q)
and any x € R™"*! the function by (z,-)(d1w)*(z — -) belongs to S(R™*1); hence the
last expression in (4.29) makes sense. Henceforth, we replace (9;w)* by any function
v € S(R™1). Our next goal is writing the integral operator

ent [ Dare ( / ef@ybk(z,y)v(xy)dy) g (430
Rn+1 Rn+1

as a pseudo-differential operator.
Firstly, we make use of the inversion formula for the Fourier transformation and
Fubini’s theorem to recast (4.30) as follows:

fR"+1 Vb (2, y)v(z — y)dy
= (2m) "~ 1fn+1€£ br(z, ) (fRnH etlz=—y)ny
= (2m) "~ 1fRn+1 et n/\(fRn+ e~ =8p, (z,7)
= (2m) 7" [ €7 bg (2,1 — E)0(n)dn ;
for every index k, Bk(x,C) denotes the partial Fourier transform of by(x,y) with
respect to y. Then, inserting (4.31) into (4.30) we obtain

2m) 7L fonss DEAT () (Jgnsn Vb (@, y)o(x —y)dy) d
= (2m) 7272 [ DRATTH(E) (fRnﬂ e My (,m — 5)5(77)607) dg .

)dn) dy

)g( i (4.31)

(n
d

(4.32)
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Recall that for each z € R"™1, the function y — by (x,y) belongs to C§°(R™™1) (and
its compact support does not depend on x, see (4.28)); thus, for each x € R" 1,
Zk(x, () is rapidly decreasing in ¢. Because of the estimates for derivatives of )\;n*l v
and since 9(n) is also rapidly decreasing, Fubini’s theorem can be used to change
the order of the integrations within (4.32). So we get

(2m) 7272 fnin DAY (E) (f]Rn+1 e by (2,1 — £)D )
o(

= (2m) 722 [y € (i Bl — DA 1’”(£)df) iy (4:33)
= (277)—71—1 fRn+1 el "Qk,m,é(%nﬁ) ( )dﬁ’
where we have set
G5 (2,€,7) == (2m) " / | Dl DAT T (€ = ). (4.34)
Rn 1

Notice that formula (4.34) defines gy m,s as the convolution of the functions be (z,-)
and DpAy'~ L7 hence Qk.m.s is a well defined C>°—function in R"*! x R,

The proof of Pr0p051t10n 4.8 will be accomplished, once the following Lemma will
be proved. The proof of Lemma 4.9 is given in [17].

Lemma 4.9. For everym € N, k=1,....n+1 and all o, 3 € N™"t! there exists
a positive constant Ci . 0.5, independent of v and &, such that

10802 Qrm 5 (2, €,)| < Crmoaphy >~ 1*17(€), Va, € e R (4.35)

It comes from Lemma 4.9 and the left inequality in (3.14) that, for each index £,
the function g s is a symbol in I'™~2; notice however that the set {@i,ms Yo<s<1
is bounded in T™~! but not in T'™ 2.

End of the proof of Proposition 4.8. The last row of (4.33) provides the desired rep-
resentation of (4.30) as a pseudo-differential operator; actually it gives the identity

em 1 [ Dare ( / eiﬁ-ybk(m)v(x—y)dy) 4€ = Op™ (qeum.s)0(a)
Rn+1 Rﬂ,+1

for every v € S(R"*1).
Inserting the above formula (with v = (9;w)*) into (4.29) finally gives

o t
(5 "7(2), AN dilw) (@) = Op (am o) (Orw)i(a) (4.36)
where ¢,,.5 = qm.s(z,&,7) is the symbol in ™2 defined by
n+1
Gm,5(,€,7) - qumawév (4.37)

Of course, formula (4.21) is equivalent to (4.36), in view of (3.21). Estimates (4.22)
are satisfied by ¢y, s by summation over k of the similar estimate satisfied by gy, 6.«
(cf. Lemma 4.9).

This ends the proof of Proposition 4.8.
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Now, we are going to show how the representation in (4.21) can be exploited to
treat the normal commutator as a lower order term in the equation (4.16) satisfied

by AV'5 M (Z)u.
Firstly, we notice that formula (4.21) has been deduced for smooth functions w,
while u is just an L?>—function (actually it belongs to H;"(Q), by the inductive
hypothesis). In order to use (4.21) for u, we need approximating the latter by smooth
functions. This can be done by the help of [21, Prop. 1, Th. 1]; from there, we know

there exists a sequence {u,}, in C’&%(Q) such that

u, —u, in L*(Q),
Lu, — Lu, in L*Q), (4.38)
ullf|ai1:0 —>u‘1$1:O7 in H_l/Z(E)a as v — +00.
For each index v, the regular function u, € CE’S’)(Q) solves the same BVP as the
function u, with new data F,,, G, defined by
F,:=(+Lu G,:=Mu,z—o- (4.39)
It immediately follows from (4.38) that the regular data F,,G, approximate the
original data F, G by
F,—F, mIL*Q), G,—G, inH YY), asv—4oo. (4.40)

The same analysis performed to the BVP (4.5) can be applied to the BVP solved
by u,, for each v; in particular, we find that )\;Zgl’v(Z)u,, satisfies the analogue to
(4.16), where F'is replaced by F,,. Because of the regularity of u,, formula (4.21) can
be used to represent the normal commutator term [AZEI’V(Z), A9l Directly

from system (y + L)u, = F,, we can express djul as a function of tangential
derivatives of u, in the form
oul = (AR 4 £y, (4.41)
where £ = L£I(x,Z,~) denotes the tangential partial differential operator
1
n+1
Ly, = —(A{’I)*1 7u£ + H2Z1u£1 + Z A;Zju, + Bu,
j=2
and we have set Hy := 27 A" (recall that Hy € Cio)(Q) since A{"I;FO = 0).
Inserting (4.41) into (4.21), written for w = u?, leads to
NS (2), AV Onul = (@, Z,9) (AT TS + L) (4.42)

On the other hand, plugging
A EINZNITIN(Z) + AT (2 e s (2,7) = T
into (4.42) gives
NS (2), AL Ol = g s, Z,7) (A7) 7LFD)
Hams(@, Z,) LA 2N (Z)w) (4.43)
a5 (@, 2, LN (D) 5 (2,7 )
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Now, we let v — 4o00.
From equation (4.5) (written for u and u,), and using that uf — uf in L2(R"*1),
one finds

n+1
(Ardruy )t = Ff —qul, — 3 A50;(uf) — Bl
j=2
n+1
— Ff — oyl — 22 AR0;(uf) — Biub = (A1dru)t,  in S'(R™HL).
J:
Then from
D) (AT o)) — AT HUD) (Al ol ) | i (R

and the continuity of =1 as a linear operator from S'(R"*1) C D'(R"*!) to D'(Q),

we get
APSENZ) (A o)) — NP (Z) (A o), in D(Q). (4.44)
On the other hand, again from uf, — u¥ in L2(R"*1) we find
A2 () = AP (2) (), in D(Q), (4.45)
hence
APTO (NS (Z)(uh) = APTo (AT (Z2) (W), in D(Q). (4.46)

Adding (4.44), (4.46) then gives
NISEN(Z), AV onJul, — (AT (2), Ao, in D(Q). (4.47)

As to the right-hand side of (4.43), all the operators, acting on F,, and u,, that ap-
pear are conormal operators. Hence the L?—convergences u, — u and F, — F and
the fact that conormal operators continuously extend to the space of distributions
u € D'(Q), for which uf € S’(R"*!), give the convergences

Qm,é(x7 Z7 ’7)((“1}571)_1}7‘1{) - Qm,é(x7 Z7 ’7)((“4{71)_1}7[) )
s (@, 2, LN T Z) (N5 (Z)uy)
= tms(2, Z)LINT(Z) N5 (D)) (4.48)
G, (2, 2L N (L) (2,7
= G2, Z,) LN (D) s(Z,y)u,  in D'(Q).
Therefore, the uniqueness of the limit in D'(Q) together with (4.47), (4.48) imply
that (4.43) holds true for the L?—solution u of (4.5), that is

NESE(2), AT o ul = g s(w, Z,7) (A7) FT)
Fm.s (@, Z,7) LIS (Z) (N (Z)u) (4.49)
s (2, Z,) LN (D) 5(Z, 7 )0

Let us come back to the commutator term [A?EI’W(Z), L]u appearing in the interior
equation (4.16).
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Substituting (4.19), (4.49) into (4.18) gives for this term the following representation

[)‘Ztgl,’y(z)v L]’LL = pm,5(m7 Za 7)()‘;1,571’7(2)”) + Tm,5(£7 Z» A/)u + 77771,5(‘%; Zv 7)F )
(4.50)
where we have set for short:

— ~m ms(@, Z, ) LINTTHY (7
s, 2.7) 1= NG5 T (2), Laan 350 (2) a0 BN

0
IN—m+1,y
Tns (T, Z,7) = Sm.s(, Z,7) + Gm.o (2, 2, 7)EAs 0 (Z)rm.s(Z, 7))
1,1\ 1
Mo (. Z,7) o= (o520
0 0
(4.51)
Consequently, the interior equation (4.16) can be restated as
(7 + L+ pms(z, Z, 7)) AISENZ)0) + T (@, Z,7) 0+ 52, Z,7) F (4.52)

=A'SP(Z)F, inQ.

Since Liqn and L are conormal operators with symbol in I'!, Lemma 4.5 and
Proposition 4.8 imply that p,, s(x, Z,7) is a conormal operator with symbol in I'Y,
for each 0 < § < 1; moreover the family of symbols {pm s fo<s<1 is a bounded subset
of T°.

Pm.s(x, Z,7) can be regarded as a lower order term in the equation (4.52) of type
By, see assumption (4).

Concerning the terms 7, s(x, Z,7)u, Nm.s(z, Z,7)F, they can be both moved into
the right-hand side of (4.52), to be treated as a part of the interior source term, as
will be detailed in Section 4.4.

4.3. The boundary condition

Now we are going to look for an appropriate boundary condition to be coupled with
the interior equation (4.16), in order to state a BVP solved by ASEI’W(Z)u.
To this end, it is worth-while to make an additional hypothesis about the smooth

function x involved in the definition of /\:L’gl’V(Z ). We assume that x has the form:

Vo= (z1,2') € R+ . x(@) = xa(z)x(a"), (4.53)

where x1 € C*°(R) and Y € C*°(X) are given positive even functions, to be chosen
in such a way that conditions (4.8) are satisfied.

As it was done for the analysis of the normal commutator (cf. Proposition 4.8), we
start our reasoning by dealing with smooth functions. In this case, we are able to
prove the following

Proposition 4.10. Assume that x obeys the assumptions (4.8), (4.53). Then,
for all 6 €]0,1], v > 1 and m € N there exists a y—depending symbol b, s =
b, 5 y) €™V in T (' = (x2,...,2041) are the space variables in ¥ and &' :=
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(&2,...,&nt1) the Fourier dual variables) such that for all functions w € C’(%O)(Q)
there holds

va' e X, ()\leﬂ(z)w)lzlzowl) = b;n,é(Dl?’Y)<w\x1:0)(x/)7 (454)

where we denote D' = (Ds,...,Dpy1) and Dj = —id; for j = 2,...,n+1, and
b s(D',) stands for the ordinary pseudo-differential operator with symbol bj,, 5 in
.

Proof. Let w € C’E’S’)(Q); to find a symbol b, 5 satisfying (4.54), from (4.9) we
firstly compute

(Ars 7 (Z)w)i(x) =
= (_7-" LA
= (FOFT) x()e™

hence Vz; >0, Vo' € X,

MY(D)wk ()
) = (FHATH), wh(z — )
T w(em =01 o — ())), V¥ (x1,2') € R,

As
wh)(@

)1 /

m—1, — m—1, —O1 —(-
AP (Z)yw(x) = (F 1((A)5 I x(e T w(zre= O, 2 — (4))
— <)\g"—1ﬂ7;1:—1 (X(.)e%w(xle—(-)l’m/ _ (.)/))>
= @) [ A7) ([ e rxiy)e Fulae v, 2l — y')dy) de
The presence of x and the regularity of w legitimate all the above calculations.

Setting 1 = 0 in the last expression above, we deduce the corresponding expression
for the trace on the boundary of A"y Y (Z)w

(W75 7 (2)w))a=0(a”)
= @) AT ([ S rxme (W, 0)(@ — y')dy) de.

Now we substitute (4.53) into the y—integral appearing in the last expression above;
then Fubini’s theorem gives

(4.55)

J e xR e ¥ (w)z,=0) (@' —y')dy

= [ (f e"flyle‘%lxl(yl)dyl) X(Y) (W) zy=0) (2" = y')dy' (4.56)
B

A1 VS
= (%) (@) [ YR W0 —0) (@ — )y
where A; is used to denote the one-dimensional Fourier transformation
with respect to yi- Writing, by the inversion formula, (w|g,—o)(®" — ¢') =
n [ i@’ =y w|/x\_0( "Ydn' and using once more Fubini’s theorem, we fur-
ther obtain
[ eV W) (w0, —0) (& — y')dy’
= 2m) " [ YRy (f O a6 ) dy!
= Je ' ((2m) [ €€ Ky ) dy' ) i =o'y
= (2m)™" [ X(E =)y =o(n)dn';

(4.57)
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here A is used here to denote the n—dimensional Fourier transformation with respect
to z’. Inserting (4.56), (4.57) into (4.55) then leads to

25 Z)w)) gy =0 (@) =
—n—1 m—1,y (QFR M -n iz’ (et N / /
@) AT (Fa) (&) (@m)n S e R — o i Zo(n i) d.
(4.58)
A1 ~
Because (e(T ) € S(R), x € 8() and w[,,—y € S(X), the double integral

¢

[ e mgmie (¢4 a) " @R - mammmarde (@)

converges absolutely; hence Fubini’s theorem can be used to find

S (Z)w)) 4y —o (@) = (2m) 7" / e Y s V)Wo' ), (4.60)
where we have set
1 m— 177 ')1 A1 =, ’
hns(,7) = (27) z; Fxa) EORE -0 (461)

This shows the identity (4.54). It remains now to prove that b;, 5 defined by (4.61)
is a y—symbol in ™!, This will be accomplished, once the following Lemma will
be proved.

Lemma 4.11. Let b;, 5 be defined by (4.61). Then the following estimates are sat-
isfied: for all o/ = (ag,...,any1) € N" there exists a positive constant C, o,
independent of v and §, such that

108V, 5 (€, 7)] < Crarip ™ 117, vE €R™. (4.62)

The proof of Lemma 4.11 is similar to that for Lemma 4.9. O

Let us now illustrate how formula (4.54) can be used to derive the desired boundary
condition satisfied by )\m_l’v(Z)u.

Again, let u be the LQ—SOIUUOH to the BVP (4.5) and {u, }/>] the corresponding
sequence in CF2 ©) (Q), approximating u in the sense of (4.38).

The last convergence in (4.38) and the Sobolev continuity of standard pseudo-
differential operators (see Proposition 3.8) gives in particular that

(D) (W) 4y —0) = U (D, 1) (U5, —g), W H"F2(T). (4.63)

On the other hand, (4.38) and (4.52) (written both for v and w,) can be used to
prove that the traces (A5 "Y(Z)ul)) 4y o and (\75 5 (Z)ul)| 4y =0, for each v, are
well defined in H~1/2(¥) and the convergence

Ars U 2)up)jer=0 — (A5 7(Z)u) 4120 (4.64)

holds true, at least in D’(X). The proof of this assertion is given in [17, Lemma 25].
Since u, are smooth functions, from Proposition 4.10 it comes that for each v:

ATs 7 Z)u)2y=0 = b s (D) (), o) - (4.65)
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Then, letting v — 400, (4.63) and (4.64) yield

(Ars N Z)u) ar=0 = U s (D7) (U, o) - (4.66)

Recalling that M = (I4,0), from the boundary condition in (4.5) and (4.66) we
immediately find
(M(AQ(;M(Z)u))m:O = MO (2, g = MY, 5D ) (ul,, o)

(4.67)
= bl s (D7) (M3, —0) = by, 5(D',7)G.

4.4. Derivation of the conormal regularity at the order m

We are now in the position to get the desired conormal regularity of the solution
u of (4.5), under the assumptions that F' € H;2(Q), G € H™+!(X). As before

tan,y
explained, from the inductive hypothesis we already know that u € Hyy, }Y(Q),
with U\Im:o € H" (%), provided that v > 7,1 and vp,—1 > 1 is sufficiently
large. Moreover the solution obeys the estimate (4.7) of order m — 1. From the
calculations made in the previous Sections 4.2, 4.3, we know that the function

A;’fg“(Z)u € L?(Q) solves the following BVP
(V+ L+ pms(@, Z,9) A5 H(Z)w)
= \I5YUZ) = s (2, ZA)F — T (2, Z,7)u, in Q
M5 (Z)w) = b, 5(D',7)G, on 3. (4.69)

(4.68)

The problem for )\;Zgl”(Z)u reads as the original BVP (4.5) solved by u, where
the role of the lower order term B is played here by the conormal operator B +
pm.s(x, Z,7). As already discussed in the end of Section 4.2, in view of Proposition
3.9 and Lemma 4.5, the symbol of B + p,, 5(z, Z, ) belongs to I'® and {pm s }o<s<1
is a bounded subset of I'.

As regards to the terms 7, 5(z, Z,y)u and n,, s(x, Z,~)F appearing into the right-
hand side of (4.68), they can be regarded as a part of the source term in the
interior equation (4.68): this is the reason why we moved them to the right side of
the equality.

Let us firstly focus on 7, 5(z, Z,v)u. After Lemma 4.5 and Proposition 3.9 (see
also Proposition 4.8, Remark 4.7 and formulas (4.20), (4.51)), we know that for any
k € N the operators [)\Zl’gl’”(Z),Ltm]xgmH”(Z) and g 5(z, Z,7) LA™ (Z)
extend as linear bounded mappings from Hf
norms are uniformly bounded with respect to v and . Combining with the result
of Lemma 4.3, it follows that a positive constant Cs > 0, independent of v and 9,
can be found in such a way that

(Q) into itself, and their operator

an,”y

lm.s(z, Z, )l @) < CllullL2q) - (4.70)

tan,y

Concerning now the term (AZ;I’W(Z) —Nm,s(x, Z,7))F, after Lemma 4.5 and Propo-
sition 4.8 we already know that the symbol 0y, s(z,&,7) has order m — 2 and obeys
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the same decay estimates as in (4.22). From (3.13) then follows that {75 }o<s<1
is a bounded subset of I'™~!; because {)\ }0<5<1 is also a bounded subset of
'™ (as a consequence of (4. 10) and (3. 13) agaln) after Proposition 27 in [17] we
conclude that there exists a positive constant C, independent of « and §, such that

1Ny 7(Z) = 15 (@, Z,7) F | s (4.71)

tan,y

@ = CllFN e ) -

As regards to the boundary datum b}, 5(D’,7)G in (4.69), the family of symbols
{055 to<s<1 in X defines a bounded subset of I'™; this follows from estimates (4.62)
and the inequality (3.13) (in dimension n). Therefore, Proposition 3.8 (for symbols
in ¥) implies the existence of a positive constant C, independent of v and ¢, such
that:

1, 5D 1) Gl 13y < ClIC |y s - (4.72)

From the assumption (4) made about the BVP (4.5), ATy 5 7(Z)u is the unique

L2—solution to (4.68)-(4.69). Then we may find positive constants J,,, Cp, such
that for all v > 7,, and ¢ €]0, 1]

HNINTS (2l 22y + N5 (2l 2y =0l 3
m—1,
<Cp (*3||()\X,5 (2) - 777715(3j 2| Hian (@)

310,50 )Gy s + 3 el
< Co(BIFIRr g) + QHGHHW 2))

The estimate (4.6) is used to majorize the L?—norm of u in the middle line of
(4.73).

Since the quantity in the last line of (4.73) is independent of §, the L?—norms
2% Y(z Jul|12(@) are bounded by (4.73) uniformly with respect to § €]0,1]. Then
Corollary 4.4 gives that u € Hyy, . (Q).

As to the Sobolev regularity of the trace on the boundary of the noncharac-

(4.73)

teristic component u!, in view of the identity (4.66) the estimate (4.73) also
gives a uniform bound, with respect to § €]0,1], of H(/\QEL’Y(Z)uINw1:0||L2(Z) =
||b;n’5(D’,7)(u|1$1:0)||Lz(2). Then u|111:0 € HI'(¥) can be derived from the next
result, the proof of which will be given in [17].

Lemma 4.12. For m € N and ¢ €]0,1], let b, 5(§',7) be defined by (4.61). Then
there exists a symbol By, 5(&',y) € T™2 such that:

(€)= ATTIE) + Bms (€, ), VE ER™. (4.74)

In addition, the symbol By, s satisfies the following estimates: for every o/ € N"
there exists a positive constant Cy, o, independent of v and 6, such that

108 Brns (€, 7)] < Conar N 27117y, Ve € R (4.75)

Arguing as was done to derive Corollary 4.4 from Lemma 4.3, from Lemma 4.12 we
deduce the following
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Corollary 4.13. For every positive integer m and v > 1, v € H;”(Z) if and only
if ve HP"1(X) and the set {||b],, 5(D’,7)v||L2(z) to<s<t s bounded.

After the result of Corollary 4.13, we conclude that “\Im:o € H'(X).
From estimate (4.73) and the use of the identities (4.13) and (4.74), we also get

VNS (D)l + AT (D o) (s

! 1 2 1 2
< o (FFIg ) + S G s s (4.76)

2 (Ml s(Z 1)l gy + 1Bms (D7) gy o) Bicsy )

where the positive constant C/, is again independent of v and ¢. On the other hand,
using Lemma 4.3 and that {3, s}o<s<1 is a bounded subset of "™~ (that follows
at once from Lemma 4.12 and inequality (3.13)), one can estimate

Y| Pm,s (Z, ) ul| 2200 + |1Bm,s (D', v) (ul, _o)|[22

<Cp ('YHUHLz(Q) + HUWIZOHHIY"*I(E)

with positive constant C,, independent, once again, of v and §.
In the end, combining (4.76), (4.77) and using the a priori estimate (4.7) of order
m — 1 on u, which holds true by the inductive assumption, we conclude that there
exist constants C// > 0 and ~/,, > 1 sufficiently large such that

7|\A?_1’7(Z)u||22(@ + \|Am‘1’”(D’)(u{m1_0)lIiz@

< o (P (4.8

Hm+1 2 ||G||Hm+1(2

for all v >~/ and § €]0,1].

The energy estimate (4.4) of order m follows by letting 6 — 0 into the left-hand side
of (4.78) (for an arbitrarily fixed v > ~/,) and exploiting the results of Propositions
3.1 and 3.2.

5. The IBVP. Proof for m =1

Let us define the following space

‘/tan W(QT) - {F € H tan fy(QT) : F|t:0 € H%(RZ’_)},

equipped with its natural norm. The main aim of this section is to prove the fol-
lowing theorem.

Theorem 5.1. Assume (So, A;, B) € Cp(HY.,) x Cr(HZ ) x Cp(HZ3?), for i =
1,...,n, where o > [(n + 1)/2] + 6, and that problem (1.1)-(1.3) obeys the as-
sumptions (1)~(5). Then for all F € Vi, (Qr), G € H2(Xr), f € H2(RY),
satisfying the compatibility conditions M f = G—¢, and MM = 0¢Gy—o on R?~1,
the unique solution u to (1.1)~(1.3), with data (F,G, f), belongs to Cr(H} ) and
’LL|IET S Hi(ZT)
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Moreover, there exist constants v1 > 0, C1 > 0, such that for all v > v1 u satisfies
the a priori estimate

2 2 I 2
7\|%HH§W(QT) + tg[lg% [y (O]7 4,4 + [[usy, 2T||H§(2T)

1 ) 1 ) 1 ) (5.1)
<G ?H'f”l&tan,’y + ?HF’YHHEGHW(QT) + ?HG’YHH,%(ZT) .
The constant Cy > 0 depends on ||Sollw2~@r), [|Ajllw2o@r) |Bllwie(@r);
ITsllwr= @) ¥lwr=@r): ITollwi=(qr), see (5.6).

We notice that Theorem 5.1 yields directly Theorem 1.2 for m = 1 because
H2,(Qr) < Hi,p (Qr).

As a first step of the proof, we approximate the data with regularized functions
satisfying the same compatibility conditions.

Lemma 5.2. Assume that problem (1.1)-(1.3) obeys the assumptions (1)—(3). Let
FeVZ, (Qr), Ge HXSr), f € H2(RY), such that M f = G),—g, and M ) =
91Gli=o on R™" 1.

Then there exist F, € H3(Qr), Gx € H3(Xr), fr € H3(R%), such that
Mfr = Gji=o, Mf]gl) = OtGj¢=0 on R™ 1 for every k, and such that Fj, — F
in Ho (Qr), Frji—o — Flimo in HX(R?), Gy — G in HX(Sr), [ — fO in

tan,y

H,%’Z(Ri) fori=0,1,2, as k — +o0.

Proof. For noncharacteristic homogeneous (G = 0) boundary conditions and the
statement in standard Sobolev spaces H™, a similar proposition has been proved
in [22, Lemma 3.3]. Then it has been adapted to characteristic boundaries in [2,20],
again in standard Sobolev spaces H™. In H]" spaces it seems that this can be done
only for m = 1, see [25, Lemma 5.1]. The present adaptation to the nonhomogeneous
case (G # 0) follows the same lines of the proof of [25, Lemma 5.1], so we will omit
the details. |

Remark 5.3. Given the a priori estimate (5.1), it is natural to try to prove The-
orem 5.1 under the weaker assumption f € Hy,,  (R%), instead of f € H2(R").
Unfortunately, if we assume that, then we can find functions fj as in Lemma 5.2

which satisfy f,ﬁ” — @ in tha:z,y(Ri) for i = 0,1, but we are not able to prove
f,iz) — f@ in L*(R"), the latter fact being needed for our density argument, see

(5.10).

Proof of Theorem 5.1. First we assume that the matrices Sy, A;, B are of C*°-class °.
Given the functions Fy, Gy, fr as in Lemma 5.2, we first calculate through equations

°The coefficients Sp, A;, B, if originally defined on Qr, may be extended to all @ in order to
maintain the same regularity as in Theorem 5.1, and the properties of the block-wise structure as
in (2).
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Lu = Fy,up—o = fx, the initial time derivatives f,gl) € H2(R") and f,gQ) € HI(R?).
Then we take a function wy, € H3(Qr) such that

Wijt=0 = fry  OyWiji—0 = f,E”, O wijimo = f1£2)~
Notice that by definition of f]il), fl(f) this yields
(Lwg)jt=0 = Frjt=0, O¢(Lwi)ji=0 = O0s Frjt=o- (5.2)

Now we look for an approximated solution u; of (1.1)-(1.3) with data Fy, Gy, fx,
of the form wuj = vy + wg, where vy, is solution to
Lv, = F, — Lwy, in QT
Muv, = G — Mwg, on X7 (5.3)
Vkji—o = 0, in R
Let us denote again L, = v+ L, upy = e iy, Uy = e "y, and so on. Then (5.3)
is equivalent to
L’YU]C’Y = Fk,y — va;m, in QT
Muvgy = Gy — Mwiy, on g (5.4)
’Ukp”t:() = O, n Ri
We easily verify that (5.2) yields
(Fiey = Lywiny)jt=0 = 0, 0¢(Fly — Lywiy)jt=0 = 0,
and Mfk\zlz() = Gk-“g:()7 Mflg|19):1:0 = BtGk|t:0 yleld
(Gry = Mwpy)jt=0 = 0, 0¢(Gry — Mwpy) 1= = 0.
Thus the sufficient conditions (4.3) of Theorem 4.1 hold for h = 0, 1. We also notice
that Fj, — Lywgy € H2(Qr) and Gry — My, € H§/2(ZT) — H2(¥r). We may
apply Theorem 4.1 for « large enough, and find v € Htltmﬁ(QT) = Hiﬁ(QT%
with vé‘zT € H}(Xr). Accordingly we infer u, € Hy_ (Qr), with “£|ZT € H)(3r).
Moreover uy solves
Luk = Fk, in QT
Muk = Gk, on ET (5.5)
Upji=0 = fr, in RT.
We look for the problem solved by Zuy = (Ziug, - - -, Zni1ug) € L*(Qr) (where

Zp+1 = 04). As already observed by Rauch [21], there exist matrices I'g,I'g, ¥ such
that

(L, Z;] = —Z|ﬁ|:1F525+FO+\IJL, i=1,...,n+1. (5.6)

As shown in [18, Lemma 41], see Lemma Appendix B.9, I's looses at most one
normal and one tangential derivative w.r.t. the A;’s (i.e. a weight 3 in H spaces)
and I'g, ¥ loose at most one tangential derivative (weight 1 in H, oy spaces). However,
for smooth matrices A;, B we do not need to care about that loss of regularity.
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Applying the operators Z; to (5.5) and taking account of (5.6), we infer that Zuy
solves problem

LZ;uy, + Z\Bl:l FﬁZﬁuk =(Z; + U)F, +Toug, in Qr,
MZiu, = Z;Gy, on Yr, (5.7)
Ziugt=0 = Zifr, in R7.

Applying the a priori estimate (1.11) to a difference of solutions wuy —uy, of problems
(5.5) readily gives
M = wn)s 72 g,y + 1w = un)y O @n ) + 1(ux = un)l s, 1225,

1 1 1
< Co 5l = Py, o + 311k = Fullfaans + 251G = G s,
(5.8)
Applying the a priori estimate (1.11) also to a difference of solutions Zuy — Zuy, of
problems (5.7) gives
M(Zur = Zun)s72q,) + 1(Zur = Zun)y (Ol 12 @) + 1(Zur = Zun)y o, 2s,)
1
< Co( 51102 + W)(F = Fi))y + Tolus — unlliy o

+ 5 1Z k= ZIlB sy + 312Gk = 2G| s, )
1 1
< O (3 10Fe = Bl @+ 3l — wialii, a0

+ 5 1F = FullBancy + 2N Gk = G, )-

(5.9)
From (5.8) and (5.9) we then get for v large enough and a suitable constant C

Wk = un)y s oy + s = un)y O oy + 1k = un)y s, s,

< (S5 = Bl oy + 2zl = FullBaans + 25116 = Gaalracey)

(5.10)
We remark that the constant Cj in (5.9) depends on |[|So||w2. (1), [|4;jllw2.(@r)s
| Bllw1.(0r), in the same way as Cp in (1.9),(5.8), but also on the norm
ITsllw1.(@r); the constant Cp in (5.10) incorporates Cj and also depends on
191w <(@rys ITollw (@r)-

From (5.10) and Lemma 5.2 we infer that {uy} is a Cauchy sequence in Cr(H} ),
and {ui‘ s, } is a Cauchy sequence in H(Xr). Therefore there exists a function in
Cr(H} ) which is the limit of {u}. Passing to the limit in (5.5) as k — oo, we
see that this function is a solution to (1.1)-(1.3). The uniqueness of the L? solution
yields u € Cp(H} ) and u‘IET € H!(Xr). Applying the a priori estimate (1.11)
to the solutions wy, Z;uy of problems (5.5), (5.7), with calculations as above, gives
(5.1) for uy. Passing to the limit in k finally gives (5.1) for .

Up to now we have considered matrices Sp, A, B of C'*°-class. Now we wish to
solve the problem with coefficients with finite regularity as in Theorem 5.1, by a
density argument.
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Given matrices Sp, A;, B with the properties prescribed in the statement of
Theorem 5.1, let us take approximating sequences S(gk), A;k), B in C("S’), such that
S(gk) — So, Agk) — Aj in Cr(H{ ), and B®) — B in Cr(HZ5?), as k — oo, where
o > [(n+1)/2] + 6. We may also assume that Sék) is definite positive, and that
the new boundary matrix has the same properties as in (2). This yields operators
L™ converging to L, where assumptions (1)—(4) are still satisfied. This is the point
where we use assumption (5), in order to get (4) also for L),

In this context now we prove the following result. To avoid overloading with the

introduction of a new notation, we use the same symbols of Lemma 5.2.

Lemma 5.4. Let F, G, f be given as in the statement of Theorem 5.1. There exist
Fp € H3Qr), G, € H (S7), fr € H3(RL), such that Mfy = Gyeo, MfY =
0sGje—o on R™ ! for every k, and such that Fj, — F in Hfmw(QT), Fyji=0 — Fli=o
in HX(R?), G, — G in HX(Sr), £ — fO in HZI(R?) for i = 0,1,2, as
k — +o0, where now f,gl) and f,gz) are defined by

0+ Z Agﬁ)zoaifk: + B|(tk:)ofk = Fyji=0,

=1
- k - k k k
2 1 1
PO+ AL 0+ 0 AL 0if+ B Y + 0B i = 0 Fryio
=1 1=1

Proof. The proof is quite similar to that of Lemma 5.2, so we refer again to [25,
Lemma 5.1]. DO

We consider the problems

L®y®) = F in Qp
Mu®) = Gy, on Xt
uff:)() = [ in R7.

The operator L*) has C* coefficients and the data have the required regular-
ity and enjoy the compatibility condition of order 0 and 1. Therefore we may
apply the previous step of the proof and find solutions u®) e CT(H*17,Y) with

ull(ZkT) € H}(Xr). Since S(()k), Ag-k) are uniformly bounded in CT(H£€Z+1)/2]+5), apply-
ing the imbedding Theorem Appendix B.2 shows that they are uniformly bounded
in C°([0, T]; W2)NCL([0, T]; WH)NC?([0,T]; L*°), and therefore in W2>°(Qr).
Similarly one infers that the B®*)’s are uniformly bounded in W (Qr)
k),Agk) (H£€:+1)/2]+6)

)

Again, since S(g are uniformly bounded in Cp as well, by

Lemma Appendix B.9 the approximating matrices F(ﬁk are uniformly bounded

in C([QT];HL(,ZH)/QHB). We may apply the imbedding Theorem Appendix B.2
and obtain the uniform boundedness in W°°(Qr). Similarly we infer the uniform
boundedness in W1*°(Qr) of I‘ék), k),
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Then the u(*)’s satisfy the a priori estimate (5.1) with uniformly bounded
constants C’fk). Therefore the sequence {u®} is bounded in Cr(H}.,) with
{u‘l(sz)} bounded in HJ(Xr). Passing to a subsequence we get a solution u €
L22(0,T; HY L (R})) N WE(0,T; L*(R)) with uly, € H) (7). The uniqueness
of the solution yields the convergence of the whole sequence. The strong continuity

in time follows by adapting Majda’s approach [16]. This completes the proof of
Theorem 5.1.

6. The IBVP. Proof for m > 2

The proof proceeds by induction. Assume that Theorem 1.2 holds up to m — 1.
Given the data (F, G, f) as in Theorem 1.2, by the inductive hypothesis there exists
a unique solution u of problem (1.1)-(1.3) such that v € Cp(H; ") and u‘IET €
H;n_l(ZT).

In order to show that u € CT(H;”Z/), we have to increase the regularity of u by
order one, that is by one more tangential derivative and, if m is even, also by one
more normal derivative. The idea is the same as in [24,25], revisited as in [6,18,26].
At every step we can estimate some derivatives of u through equations where in the
right-hand side we can put other derivatives of u that have already been estimated
at previous steps. The big difference is that now we have to deal with the loss of
one derivative in the right-hand side. For the increase of regularity we consider
the system (6.4) of equations for purely tangential derivatives, of the type of (1.1)-
(1.3), where we can use the inductive assumption, and other systems (6.9), (6.11) of
equations for mixed tangential and normal derivatives where the boundary matrix
vanishes identically, so that no boundary condition is needed and we can apply a
standard energy method, under the assumption of the symmetrizable system.

When we consider the system (6.4) of equations for purely tangential derivatives,
we have the loss of one derivative in the right-hand side. However the terms in the
right-hand side have order m — 1; after the loss of one derivative they become
essentially of order m, and can be absorbed for v large by similar terms in the
left-hand side.

From now on in this section we will assume that the system of equations (1.1)
has been written in symmetric form and we write A; instead of SpA;, B instead of
SoB, F for SyF'; we also denote A, 11 = Sp.

6.1. Purely tangential regularity

Let us start by considering all the tangential derivatives Z%u, |a| = m — 1. We
81’11,[
81’1LH
sum of tangential derivatives by

decompose O1u = < > . By inverting A{’I in (1.1), we can write dju! as the

o' =AZu+ R (6.1)
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where

n
AZu = —(AP) " (A1 Znau+ Y A Zyu)" + AP oru'],
j=2
R = (AM)~"Y(F - Bu)".

Here and below, everywhere it is needed, we use the fact that, if a matrix A
vanishes on {1 = 0}, we can write A0ju = HZju, where H is a suitable matrix
such that ||H]| ‘Hf,’f &) S cl|Allm: _ (wr) see Lemmata Appendix B.10 and Appendix
B.11; this trick transforms some normal derivatives into tangential derivatives. We
obtain A € Cr(H;Z?).

Applying the operator Z¢ to (1.1), with a = (&, ap41), & = (a1, , ), and
substituting (6.1) gives

L(Z%uw)+ > ni:ZAijZVu+ > ZAl(AZ(ZWU)>

0
[v[=lal -1 =2 ) [v|=lal=1
or-lyas 7Ot
—a1 Ay (AZ(Zlo 7 Znii u)) (6.2)
o] — (0% n+1 0
+< N ZMZ - oM ZP T 25 2 ) (aluﬂ> =F,,
[v|=lel—1
where
Fo==%15>25< S, 2P A 2,70 Pu+ 7P Ay 7P AZu J;IR
18122,8<a | £j A

aq a1 —2 7 Qn AZU+R
_(2 )Alzﬁ Zf---Znﬁl( o,ull )

— A0, 207 {(z1 — 1) — Z0 (2 — 1)

! A
— (gl> (Zl — 1)0412:| Z2a2 "'Zﬁf"’llz* Z‘a/|:‘a|—1 ZAl |:Za 5 (0 ):| Zu

+a1 4, [Zﬁl‘lzg"’mZgﬂl, (3)} Zu — 2%, Blu

~ (Cirimpa1 24027 —an Ay 25T g 2 (é‘z) + Z°F.
(6.3)
Equation (6.2) takes the form (L 4+ B)Z“u = F, with B € Cp(H:,?). As for the
regularity of B, we notice that s —3 > [(n +1)/2] + 4, as required in Theorem 5.1
for the zero order term B.
Then we consider the problem satisfied by the vector of all tangential derivatives

Z%u of order |a] = m — 1. From (6.2) this problem takes the form
(L+B)Z% = F in Qr,
MZ% =Z*G on X, (6.4)
Zau|t=0 = f in Ria
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where

L M

B € Cr(H;Z?) is a suitable matrix and F is the vector of all right-hand sides Fy.
The initial datum f is the vector of functions Za,f(""“).

Our aim is to increase the regularity of Z%u by applying Theorem 5.1. We first
observe that G € HJ'"! (Xr) readily yields Z*G € H2(X7). Moreover the regularity
of the initial data 9 yields f € H?{ (R}), and the data satisfy the compatibility
conditions of order 0 and 1.

If we may prove that F € Vﬁmﬁ(QT), then applying Theorem 5.1 will yield
Z%u € Cp(H} ) with Z"u‘IET € H}(X7), for all o] = m—1. It is easily verified that
the initial regularity of the data yields Fj,—o € H.(R"), see (6.3). Then we estimate
F in HZ, (Qr), where we make use of the space K", defined in (B.29), and
specifically of the property about products of functions given in Theorem Appendix
B.8. For the first terms in the right-hand side of (6.3) we have (hereafter C' is
independent of v > 1)

n41 n+1
a— §
Z Z ||(ZﬁAijZ ﬁ“)v”H,?MW(Q,,) < CZ Z 1Z AjZUWHHgg;}W(Qt)
J=2B|>2,< J=218|=2
n+1 n+1
<O N N2 Ao, -2y 1205 o1y < C S 1A llescars oy sl -
Jj=218|=2 Jj=2

A similar calculation gives (here we also use Theorem Appendix B.5)

. AZu
S 12°Az '3< 0 W)leam(Qf,)
|8]>2,8<a

< CllAulle, s )M, =2 luy k@)

The most critical term is (recall the decomposition A; = A} + A7 in (4.17)):

a— 0 a-— 0
YooW2PARz ) ez, @0 < D0 12°A32°70 (0 ) )
alu alu
18]22,6<a 7 |81=2 7

ol O N 0

+ ) |12 A3z i ) lmz,, 0 + 1247 u ) ez, @0

alu Y alu Y
3<|B|<m—2,8<a v v

(6.5)

dThis result follows from standard properties of usual Sobolev spaces under our assumption f €
HYTYRY), 0iFjy—g € HY'(R%) for i =0,...,m — 1.
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As for the first term in the r.h.s. of (6.5) we have

a—g (O am
S 12827 ()0 )i 00 <€ X N2 2 2,
|B8l=2 v 18|=2

é
<Cc> |z Hillg, gienevrzesy lullmge, @0 < CllAille.ms lluyllkr, @)
15]=2

taking account of case m = 2 in Theorem Appendix B.8, and Lemma Appendix
B.11. For the second term in the r.h.s. of (6.5) we have

. 0
> 120 A3 ZF (81uII) ez, @0
v

3<|Bl<m—2,8<

0
8 42
<C Z 127 A7 Z (81U{,1> HH,TZ;,C’;(Qt)

[8]=3
<C Y NZ%Ale, e 12016 N gem-s 0,
[B]=3
< Cll Al s,y (101 N2 gy + sl -

For the last term in the r.h.s. of (6.5) we also get

0
12283 () V20 < il sl o
Y

The estimate of the other terms in F proceeds in a similar way and in summary
gives

IFllmz,, @)
< O([Juy

‘H;’;nﬂ(Qz) + ||81“£I||HZ’;;2W(Q0 + '7||“7||H;’7;1(Qt) + ||F7||H{Z:’17(Qt))v

(6.6)
where the constant C depends on ||4;lc,(m: ), HB||CT(H§31). Applying estimate
(5.1) to the solution Z%u of (6.4) and using (6.6) and (1.13) at step m — 1 gives,
for all y sufficiently large and 0 < ¢t < T,

2

sl o + My O san + 103y 5, i (s,

tan,y

1 1
< O M Mrron + 5 (B g0 H100 2 @) (6.7

G B, )

6.2. Tangential and one normal derivatives

We apply to the part IT of (1.1) the operator Z%9;, with |3| = m — 2. We obtain
equation (28) in [6], that is

(L+01A0)Z° + Y (ZAcoi+ > ZA;0,)2"
N
—1 A0, 2 2y Zgril 1" o =g,

(6.8)
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where the exact expression of G may be found in [6]. Using (6.1) again, we write
(6.8) as

(L+C)ZPou =g, (6.9)

where

L

with L = A8, + Z?:l Af”’aj and where C € Cr(H:7>?) is a suitable matrix.
Here a crucial point is that (6.9) is a transport-type equation, because the boundary
matrix of £ vanishes at {z1 = 0}. Thus we do not need any boundary condition.
Moreover, a standard energy argument gives an L? a priori estimate for the solution
with no loss of regularity w.r.t. the source term G. For its estimate it is important
to observe that the only derivatives of u of order m contained in G are tangential
derivatives, estimated in (6.7). We get the a priori estimate

MOt -2 gy + 1100 ()l m—2.10m7

1
<C (|||f|||$n7*,7 + ; (HF“/H%I;'},Y(QQ + ||“7HH;;L,M(Q£) +7U7||H:}71(Qt))) )
(6.10)
for all v sufficiently large and 0 <t < T.
Combining (6.7), (6.10) and applying Theorem 5.1, we infer u € Cr(Hjf,, ),
and u‘IET € HI'(Xr). We also deduce that equation (6.9) has a unique solution
ZPo1uM € Cr(L?) == C([0,T); L*(R1)), for all || = m —2, i.e. d1ull € Cp(H,12).

tan,y
Finally, using (6.1) again, we infer dyu € CT(HZZ;,%/)'

6.3. Normal derivatives

The last step is again by induction, as in [24], page 867, (ii). For convenience of the
reader, we provide a brief sketch of the proof.

Suppose that for some fixed k, with 1 < k < [m/2], it has already been shown
that Z*0%u belongs to Cr(L?), for any h and a such that h = 1,--- , k, |a[+2h < m.
From (6.1) it immediately follows that Z*97 ™ u! € Cr(L?). It rests to prove that
Zeok !l € Cp(L?).

We apply operator Z“Bf“7 |a| + 2k = m — 2, to the part II of (1.1) and obtain
an equation similar to (6.9) of the form

(L +Cp)zoor Il = Gy, (6.11)

where ék €Cr(H 533 ) is a suitable linear operator. The right-hand side G contains
derivatives of u of order m (in H %, 1.e. counting 1 for each tangential derivative and
2 for normal derivatives), but contains only normal derivatives that have already

been estimated. We infer G, € L?(Qr). Again it is crucial that the boundary matrix
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of £ vanishes at {z; = 0}. We infer that the solution Z*0**1u! is in Cr(L?) for
all a, k with |a| + 2k = m — 2. By repeating this procedure we obtain the result for
any k < [m/2], hence u € Cr(H]",).

The apriori estimate (1.13) follows from (6.7) plus standard L? energy estimates
for equations (6.9) and (6.11), and the direct estimate of the normal derivative of u
by tangential derivatives via (6.1). All products of functions are estimated in spaces
HY", by the rules given in Theorem Appendix B.5 and Lemmata Appendix B.10
and Appendix B.11. We refer the reader to [6,24,25] for similar details.

This concludes the proof of Theorem 1.2.
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Appendix A. Proof of Theorem 1.1

Assume that all the hypotheses of Theorem 1.1 hold. Given the operator L with
matrix A; as in (2) we may associate some strictly dissipative boundary conditions,
namely we may find a boundary matrix M7, with ker A; C ker M7, and there exists
a constant € > 0 such that

—(Ay(z, hw, w) > e|lw’[* — %|M1w|2 vw e RY, (z,t) € %, (A1)

where (-,-) denotes the scalar product in R™V. Let us consider the initial-boundary
value problem

Lw=F in Qr,
Myw =0 on X, (A.2)
Wyy=o = [ in R%.

It is well known, see e.g. [4], that (A.2) admits a unique strong solution w €
C([0,7); L*(R)) with wfy, € L*(3r). Moreover, using (A.1) a standard argu-
ment gives the a priori estimate for w, = e 7w

NIz, + ||w'y(t)||2L2(R1) +|[wl 5,172z, < C <||f||%2(]R1) + %”F’YH%Z(Qt)
(A.3)
for all v > v and 0 < ¢t < T, where g is taken sufficiently large.
For our subsequent use we need an estimate of wﬁ‘ 5, i H% (37). Applying the oper-
ators Z; to (A.2) and taking account of (5.6), we infer that Zw = (Zyw, ..., Zp11w)
(where Z,,11 = ;) solves the problem

LZZ‘U} + Zlm:l FﬁZﬁ’u} = (Zl + \I’)F + FOU), in QT,

MlZiw = —(Zle)w, on ET7
Ziwi=0 = Zif, in R%.
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An analysis of the commutator formula (5.6), similar to that of [18, Lemma C.1],
yields Tg € L>=(Qr),To € L=(Qr),¥ € WH*(Qr). Moreover, the assumptions
on F, f in Theorem 1.1 yield (Z; + ¥)F € L*(Qr), Z;f € L*(R"), and therefore
Zyw € C([0,T]; L*(R"})) with Ziw‘IET € L%*(X7). Using the same argument as for
(A.3) gives

M(Zw)y 122 (q,) + 1(Zw)s (O @) + 1(Zw)]) 5, 2,
1
<C <|Zf||2L2(R1) + 1wl s, 12, + ;H((Zi +U)F + FOw)"/H%?(Qt)) ;
which gives, combining with (A.3), the estimate

oo 17y

tan,

I
L@ Ty O van, + 1055, 1722 (2,9

1 (A.4)
< C (IR san + SUF Ey,c00)
for all v > 9 and 0 < t < T, where - is taken sufficiently large.
Now we consider the initial-boundary value problem
Lv=0 in Qr,
Mv=G—- Muw on Y, (A.5)
Vjg=0 = 0 in R%.

Since (G —Mw)j;—o = Gl4=o— M f =0 on R"!, we may extend (G—Muw)s, from
[0,T] to ] — oo, T] by setting it equal to zero for all negative times and get a function
in H(wr). By assumption (4) there exists the solution of (A.5) v € L*(Qr) such
that UIIZT € L*(3r). Furthermore v € C([0,T]; L*(R")), and it satisfies the a priori
estimate

C
Moz + oy O @y + 11035, 1122 (s, < el Mw)s |t s, (A6)

for all ~ sufficiently large and 0 < ¢t < T It is clear that u = v + w is a solution of
(1.1)-(1.3) with the required properties; combining (A.3), (A.4), (A.6) gives (1.11).
Finally, we observe that the uniqueness of the solution to (1.1)-(1.3) is a consequence
of (4). The proof of Theorem 1.1 is complete.

Appendix B. Properties of anisotropic Sobolev spaces

Most of the theorems that we prove in this Appendix have already appeared in [18]
in the y-independent version. Here we prove the results with «-dependent norms,
and our main concern is to show that the a priori estimates of the previous sections
do not explode but are uniformly controlled when -~y is taken sufficiently large.

In the sequel, we denote by C') (R?}) the set of restrictions to R’} of functions
of C§°(R™). A similar definition is given for Cf) (Qr). We also denote by C%(R%)

the space of all bounded continuous functions over R .

Theorem Appendix B.1. For all integers m > 1 and v > 1, C("S’) (R%) is dense

in H" (R).
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Proof. See [20]. O

Theorem Appendix B.2. Letn > 2 and vy > 1. For every integer m > ["TH} +1
the continuous imbedding H" (R%) — CZ(RY) holds. Moreover, there exists a
constant C' such that for every ue H (RY)

7" | e ey

© (R™) Vy > 1. (B.l)

Proof. As C (RY) is dense in H. (R}) by Theorem Appendix B.1, it is sufficient

to prove (B.1) for u € o (R%). leen any xz1, let 4 denote the partial Fourier
transform of u defined by

(z1, &) :/ ey, 2" )da.
Rn—l
We have

u(a,2")] = (2m) 7"

/ € XML ()i, €A (¢
e 1/2
< (27T)7(n71)/2||u(x1")HH?”(RH*I) (/R » /\*Q(mfl)vv(gl) dfl> .

We estimate

(B.2)

—2(m—1),y (¢! /
[ (€)d <,

/lﬁ <A} c
)\—Q(M—l),’y é—/ dg/ S ,
{le'1>A} © Azmon=t

(for the convergence of the second integral we use 2(m — 1) > n — 1) and the best
A = gives

Jpnoa ATRD (¢ dg! < Oy G,
Substituting into (B.2) gives
2 () oy < Clluan, s . (B.3)
On the other hand, we have (¢ = real part)
(@, =t gy = 2m) 7" /R AR, &) g
_(27r)*"+1/ A2m=1), / Oila(&r, &) Pdey) de’
Rn—1
—m)y [ ¢ / (), (0) déy) e
Rn—1
“+oo
2(2m) "R / / AT (ENA(E) x A2 (€ a(€) de
Rn—1

< 2||U||Hm (&™)

by application of the Cauchy-Schwarz inequality. Thus we have
||U(3C1»')||H;"—1(Rn—1) < ﬁ”“HH;'H(Ri)- (B.4)
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From (B.3) and (B.4) we obtain the thesis. O

The following theorem provides some summability properties of anisotropic
Sobolev functions with low order of regularity.

Theorem Appendix B.3. Let v > 1. The following continuous imbeddings hold
true:

a. Ifn>5and2§m<"7_1, then
1 1 m

H?W(Ri) — Lr(Ri)7 Vroe 2,77, P nrl (B.5)

There exists a constant C' such that for every u € H]" (R} )

™ DRIl ey < Ollullag, @ny Yy 21,7 € 2,77 (B.6)
b. If n > 5 is odd, then
HD2®RY) — IR, Vre2n+1]. (B.7)
There exists a constant C' such that for every u € Hi?v_l)ﬂ(Ri)

,y(nJrl)/T*lHuHLr(Ri) < C||u||Hi7f;D/2( Vy>1,re [2,n + 1[ (B8)

R7)
c. If n >4 is even, then
HIMP(R?) — L"(RY), Vre(2,2n]. (B.9)
There exists a constant C' such that for every u € Hf/VQ(Ri)

71/2”||u|‘L2"(R1) < CHUHH:’/f (BlO)

(R7)?

71/2+1/n||u||L"(R1) § C||u||Hr/f V’y > 1. (B].].)

(®R2)

Proof. a. For n > 5, let m be a given integer such that 2 < m < ”T’l In order to
prove the first imbedding (B.5), firstly we use the standard Sobolev imbedding

H™ YR — LYR"), (B.12)

where % = % — 77’;:11 > 0, to find the inequality
lu(@1, )La@n-1) < Cllu@y, Ygm-r@n-1) < Cllu(@y, ) gm-1@n—y Yy =1L

Then, using (B.4) gives
|l L0 (0,4-00; La(rn-1)) < Cllul| . ®er) - (B.13)

Similarly, from the imbedding H™(R"~!) — LP(R"~1), with % =1--1 >0, we

n—1
derive

“+o0
/130,005 Lo(gn-1y) < C / a1, B e ydwn < CllulEim ey (B14)
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for a suitable C' > 0 independent of u. Let 6 be arbitrarily fixed in ]0,1[. For
1=04 1],%9, interpolating between L9(R"~1) and LP(R"~!) and Fubini’s theorem

r q
gives
r +oo r
||u||LT(R1)= 0 ||u($17')||y(]1{<nfl)d$1
+o0 r 1-6
< Jo = Mulwr, M g @, I G dan (B.15)

r “+o00 r(1—0
< ||UHL6°°(O,+OO; La(R"—1)) fo ‘|u(x17 ')HL(p(Rn)—l) dxy .

Setting r(1 — 0) = 2, from 1 = % + % we compute for 6 and r the values

m
n+1

S
_|_
—_
<
*
| =

Setting r = r* and 6 = 6* in (B.15) and using estimates (B.13) and (B.14), we get
lull oy < Clullie sy (B.16)

which proves the imbedding H}" (R%}) — L™ (R"). The imbedding H (RY) —
L"(R7%) for all 7 € [2,7*] immediately follows from the interpolation between L?(R™)
and L™ (R%). This ends the proof of (B.5). Finally, interpolating between (B.16)
and the inequality 7™"[[ul|r2(ry) < Cllullmp @n) yields (B.6).

b. Assume now that n is odd and > 5. Here we have the difficulty of the limit-
ing case of Sobolev imbedding theorem that H~1/2(R"~1) is not imbedded into
L% (R™71); in order to solve it we argue as follows.

Given any two positive real numbers hy; and ho such that h; < "7*1 < hg, the
imbedding A : H*(R""') — L?*(R""') is a bounded linear operator with norm
My < Oy~ as follows from (2.3). From (B.3), A is also a bounded linear operator
from H!2(R"') into L>(R"~!), with norm M; < Cy~(h2=("=1/2)_ By interpola-
tion, see [5], it follows that A is a bounded linear operator from (H/*, H]?)g > into

(L?,L>)g 2 as well, for any 0 < # < 1, with norm
My < ME7OMY < Cry~ (=04 (ha=(n=1)/2)6], (B.17)

We have (H!', H")g, = HOTOH0 0 d (L2, L) = L¥92 where a(f) =
2/(1 — 6); moreover L*?):2 ¢ L) because a(f) > 2. Now, given any p such that
2 < p < oo, we take 8 = 1 — 2/p so that a(f) = p, and consequently choose
h1 < ”T’l < hg such that hi(1 —0) + hof = "?’1 It follows that A is a bounded
linear operator from H\"~Y/*(R"=1) into LP(R"~1), and from (B.17) we get the
estimate

YD ()| e ge-1y < Clfu(w1, ')HHg'L*”/Q(Rn*l)’ 2<p<oo. (B8
From (B.18) and integration w.r.t. zy it readily follows

ry(nfl)/PHuHLz(O,Jroo;Lp(Rn—l)) < CHUHHY,?U/Q(RQ’) s 2 <p<oo. (B19)
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From the inequality (B.13) with m = 251 and ¢ = n — 1 (recall that (B.13) follows

from (B.12) that is true as long as m — 1 < 51) we get
wl| Lo (0,4-00; Ln—1(@®R-1)) < CHUHHSW—D/?(RQ,) . (B.20)
Interpolating between (B.19) and (B.20) we derive

YD ) < Cfull oo (B.21)

®R3)’
where 7 = 2(n —1)(3 — & + 517). Then the continuous imbedding (B.7) follows by
noticing that the map p — r(p) = 2(n—1)(3 — % +—L5) is increasing and continuous
over [2,+oo[ and 7(p) /" n+1asp / +oo. From (B.21) we have (B.8).

¢. To conclude, we prove the continuous imbedding (B.9) and (B.10). Thus, we

assume that n > 4 is even. Again, by (B.13) for m = § we derive that

||u||L°°(O,+oo;L2("*1)(R"*1)) < CHUHHg/f(Ri) . (B.22)
Moreover, applying (B.3) with m =n/2+1 > (n+1)/2 gives
1
2 Hu||L2(O,+oo:,L°°(]R"*1)) < CHuHH:"{;"(Ri) . (BQ?))
For all r > ¢ we find
(@, M gn-1y < (@, N gyl [ul@r, 7o @n-1)
which yields
r +o0 r
||u||Lr(]Ri) = Jo ||’U,($1, .3_||LT(RH71) dzq
< ||qu %0 (0,400; L7 (R"—1)) fo l[u(z1, ')HTL;q(Rn—l) dzy .

Setting now r = ¢ + 2 = 2n and using (B.22), (B.23), we derive the continuous
imbedding H.? (R7}) — L?"(R7) with (B.10). Interpolating between L?*(R7) and
L?"(R%) gives the continuous imbeddings in (B.9) and (B.11). m|

Corollary Appendix B.4. Let n > 4 and let 2* be defined by 1/2* =1/2 —1/n.
There exists a constant C' independent of v such that

71_1/n”u||L2*(]R1) < Ollullez @) » vy 21, (B.24)

for any u e H?_ (R7).

Proof. The proof follows from (B.11) if n = 4, (B.8) with » = 2* if n = 5, and
from (B.6) with r = 2* if n > 5. O

Observe that the standard Sobolev imbedding yields HUHB*(M) <
Cllullmrgr) < Cllullmz (7). Thus (B.24) improves the dependence on .

The next theorem deals with the product of two anisotropic Sobolev functions,
one of which may have a low order of regularity.
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Theorem Appendix B.5. Let m > 1 be an integer and s = max {m, [”TH] + 2}.
For any w € H" (R}) and v € H{ (R") one has uwv € H]"" (R'). Moreover, there
erists a constant C independent of vy such that

S_("+1)/2||uv|

Y Hl’va(Ri) < C’||u|\Hln H’U| H: Rn) V’y > 1. (B25)
Proof. Let us assume first that 1 <m < s = [”TH} +2. For m = 1 the result is true
as a consequence of the imbedding Theorem Appendix B.2; indeed for u € H jﬂ (R%)

and v € H  (R%) we have

7D w2y < A5V )| L2 gy | 0] Lo )

< O¥?*|lullp2@n) 0] aeot@ny < Cllullr @y llollm: @),
and similarly

3_(”+1)/2||Z’(uv)\|L2(Rn)
< Y|z U||L2(R )||U\ H:ZN(R™) + CWHUHLz

)

]R”)

For 2 < m < s — 1, assume the result has been already proven up to order m — 1.
By hypothesis, if u € H" (R7) and v € H:_(R"), we know that wv € H"; ' (R")
with

s—(n+1)/2

v mIURT) < C||u|‘Hff,y’l(Ri)Hv”Hﬁw(Ri)a vy = 1. (B.26)

It remains to prove that Z*9f(uwv) € L*(R"), when |a| 4+ 2k = m, with a suitable
a priori estimate. By Leibniz’s formula, we compute

12207 (uv)|| L2 (ny < C > 12701 u 27010 L2 gy (B.27)
(8,h), (v, €L (ev,k)

where I(a, k) := {(B,h),(y,1) : B+~ =a, h+1 = k}. For later use notice that
(m — |8 — 2h) + (s — |y| — 21) = s. Let us first assume n > 4. We split I(«, k) as
I, k) = I (o, k) U In(o, k) U Is(o, k) U Ly(or, k) U Is (o, k), where

o k) 2= {(6,h), (1) € 1(0,K) - 2 m—|] = 2h < 51
and 2 < s—|y| — 20 < 252

Iy(a, k) == {(B, h), (7, 1) € I(a, k) = m — [B] = 2h < 1};
I3(e, k) :={(B,h), (7,1) € I(a, k) = s =y =20 < 1}
Lo, k) = {(B,h), (7,1) € I(a, k) : m —|B] = 2h > 251}

Is(o k) = {(B, ), (7, 1) € I(o, k) s — 7] — 20 > 5}
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(we remark that I1 (o, k) = (), as long as n < 5). According to the splitting above,
we decompose the sum in the right-hand side of (B.27) as:

> 1250w 2701 v|| L2any = K1 + Kz + K5 + Ka + K5,
(B,h),(v,D)€I(a k)
and we estimate separately each term, where for i = 1,...,5,
K= > 12807 u 270 v|| L2 g -

(B:1), (v, €L (ev,k)

We counsider K7 (from the above remark n > 6). From Theorem Appendix B.3 a.,
we get for all (8, h), (v,1) € I1(a, k)

—|B|—2h 1 1 —|B|—2h .,
Z%0u & HI “ IRY) < LRY), =g "”‘AJI :
1 s—|v|— 1 _ 1 —|v|—21
Z70v € HI) " (RY) — LY(R%), s=5- =
We notice that - + é =i 3 < 5. Let us denote 6, := 2=5 and 6, = I=5. From

Theorem Appendix B.3 a., we get
s~ (/2| ZB oy ZW@%”HL?(RQ_) < ,Ys—(n+1)/2||Z63{LUHL2TP(M)||Z~Y@{U||L

(®e)
—(n+1)/2 o m—|B|—2h|| 78 ah 1= m—|B8l—2h|| 78 oh o
<2 (o 12500l @) (7 12200 o e ) %

2 ! 0 21 ! °
> (’YS_M_ ||Z761UHL2(R1)) (75—\’Y|— ||Z7817}||Lq(ﬂ§i))
< Oy D2 O IB2000 | Z G0 - 15200 200y
oS (R) Hey

< CW_(nH)/QV(m_w_%)el7(8_|7|_21)92||“|‘Hl’,‘w(Ri)||vHHiw(Ri)
= Cl[ul
Let us consider now K. For all (8, h), (v,1) € Iz(a, k), one has |8] +2h > m — 1
and |y| 4+ 20 = m — (|B] + 2h) < 1. Then, Z79{v € H:'(R}) — L*®(R’}) by the
imbedding Theorem Appendix B.2. One immediately derives

7s—(n+1)/2||Zﬂa{Lu ZV@%”HLZ(M)

< ,ymf\ﬁ\72h||Zﬁ3{Lu‘|L2(R1),y(sfM72l)*(n+1)/2‘|Zvaiv‘|LOO(R1)

< Cul

(R7)

H;'H(RQ)HU‘ H: (R7) -

H;’},Y(Ri)”m H: (R%) -

Let us estimate K3. Firstly, we observe that for 2 < m < s — 1, I5(a, k) is empty,
because otherwise (v,1) € Is(a, k) would satisfy both |y|+2] > s —1 and |y|+2] <
|a| + 2k = m. For m = s — 1, one computes that all (8, h), (v,1) € I3(«, k) satisfy
|v| + 20 = m (thus (v,1) = (o, k)) and |B] + 2h = m — (]| + 21) = 0 (thus (3,h) =
(0,0)). Again by Theorem Appendix B.2 (applied to H" (R%) = H:Z'(R'})), this
yields

y D) 2800 270 0| | L2 ny = 7° T2 |lu Z00F 0| L2 g

< VSflf(nH)/QHU”LN(Ri) “YHZaanHLQ(Ri) < Cl|ul

e @)l [0llag ey -

Let us consider now the term K4. We divide the proof in several steps.
i) First, we assume that n > 4 is even. Setting n = 2k (k integer > 2), we compute
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that 2 = k — 1 and [2H] + 1 = k + 1. Since each (8,h) € Ii(a, k) satisfies
— 18] = 2h > ”T_l and m < ["+1] + 1, we deduce k — % < m < k + 1, hence

E<m<k+1.

i.1) For m = k, inequality m — |8| — 2h > 251 implies that |8 + 2k = 0 and

|v| + 2 = m — |B| — 2h = k. Hence, by Theorem Appendix B.3 c., we obtain

2P0 = u e H (R?) = HE (R") = HZ (R?) < L™(R")

with estimate (B.11). On the other hand, since s — k = [241] +2—k = 2, Corollary
Appendix B.4 gives

20 € HIHRY) = H2(RY) — L (RL), o =

[\
*
N =
S|

with the estimate (B.24). Hence, we obtain

v DR 2800 200wl | L2y = 7P |u ZW@%”HLZ(JR"
< A2 ]| ey Y 1/”||ZA’5 V|l ()

i.2) For m = k+1, we find that for (8, h) € I4(a, k), m—|ﬁ\—2h = k+1—|ﬁ\—2h >
k — 3 implies |3] + 2h < 1. We have to consider two cases.
i.2.1) For || 4+ 2h = 0, then |y| + 2] = m = k + 1; hence by Theorem Appendix B.2

n41
we get Z°0tu =u e H" (R}) = H,[ \ ]H(Rﬁ) — L*(R%), then

)

7r(nJrl)/2HZ,63hu ZV@WHH(RQ) < ’YS*("+1)/2||UHL00(R1)HZvai’UHB(Ri)
< Oy )||Z78 U||L2(R1 <

LR

i.2.2) For |3 + 2h = 1 we have |y| + 2] = k; then, as in step i.1), we find

n

2090 € HEL(RY) = HE,(RY) — LM(RY),

7270w € HiZF(RY) = HE (RY) — L* (R7}).

and we conclude as for i.1).

ii) Assume now that n > 5 is odd; setting n = 2k + 1 (k integer > 2), we compute
22l = kand [%H] +1 = k+2. Hence, from m—|3]|—2h > 25 and m < [2H] +1,
we find that £ < m < k + 2. We have to consider three different cases.

ii.1) For m = k, inequalities k > m — |3| — 2h > 51 = k imply that ||+ 2h =0
and || + 2] = k. Then, by Theorem Appendix B.3 b., we get

700 =ue HE (RY) = HyZ (R) — L'(RY), Vre[2n+1],
and choosing r = n in (B.8) gives
Y Ml ey < Cllull o2 g ny (B.28)

On the other hand, since s — k = 3, we have

Z70v € H:-F(RY) = H (R}) — L* (R%).
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We obtain from (B.24), (B.28)
TR 2000 ZV@%”HM(M) =*|lu ZV@%“HH(M)

< AYM[ullpnny 7V Z7 0500 2w gy < Cllullm, @0l as @) -

ii.2) For m = k + 1, inequality k + 1 — [8| — 2h > 251 = k gives that 3] + 2k < 1;
moreover k =m — 1 < |y|+ 2l <m =k + 1. Since s — (k+ 1) = 2, applying again
Theorem Appendix B.3 b. for » = n and Corollary Appendix B.4 yields

n—1

ZP0tu e HM N (RY) = HE (RY) = H. 2 (R}) — L™(R%),

770w € B, (RE) = H2 (RY) — L2 (RY),
and we conclude as in the preceding case.
ii.3) For m = k+2, inequality k+2—|8| —2h > k implies || +2h < 2. We consider
two different cases.
ii.3.1) When 1 < |3] +2h < 2 then k < |y| + 2] < k + 1. Thus Theorem Appendix
B.3 and Corollary Appendix B.4 imply again

ZP90u € HM-2(R™) = HE (R) = H.2 (R) — L"(R?),
29w € BTV RY) = H2 L (RY) — L7 (RY),

and we conclude as in the preceding case.
ii.3.2) When |8| + 2h = 0, Theorem Appendix B.2 immediately yields

n+1

ZPotu=ue H (R}) = HFP?(RY) = H,Lf ]“(Ri) — L®(R7),

and we conclude as in case 1.2.1).
Gathering all the estimates collected in cases i.1),- - -, 1i.3.2) above gives the desired
estimate for K.

At last, the estimate of K5 is deduced by similar arguments; therefore we omit
it for shortness.
Gathering all the estimates collected for each of the different terms K, ..., K5 be-
fore gives that the derivatives Z*9} (uwv) € L*(R"), whenever |a|+ 2k = m, so that
uv € H" (R} ). Combining the found estimates of K7,..., K5 with (B.26), (B.27)
gives (B.25).
The arguments above require the use of Theorem Appendix B.3, hence the dimen-
sion n has to be strictly larger than 3. We need to treat the cases n =2 and n =3
separately.
Case n = 2: in this case we compute s = [3/2] + 2 = 3 and what we need to prove
is just that wo € HZ_(R%), with 7372 ||uv| H2 (R2) < C|lul Hf,,(Ri)”U' HE_(R2))
whenever v € H?_(R3) and v € H? (R%) (recall that the result of Theorem Ap-
pendix B.5 is true when m = 1, for all dimensions n > 2). Note that, for n = 2,
Theorem Appendix B.2 gives the continuous imbedding H? (R3) — L*(R3). In
view of H} (R%) - H? (R%) — H}_(R?%), we already know that uv € H}!_(R3).
In order to check that uv € H?_ (R?) we still need to show that

O (w) € L*(R3) and Z%yj(uv) € L*(RY).
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Leibniz’s formula gives 9y (uv) = d1uv+u dyv; hence 8 (uv) € L*(R?), as Oyu, 01v €
L*(R%) and u,v € HZ (R%) < L>°(R3). As for the second tangential derivatives,
we have

Zn(Zj(w)) = Zj juv + Zju Zypo + Zyu Zjv +u Zj, jv € L*(RY),

since again all of the different terms, involved in the right-hand side of the identity
above, are products of a function in L?(R? ) and a function in L>(R%) (because of
the continuous imbedding H?  (R3) < L*°(R?%)). This proves that Z} jv € L*(R})
and completes the proof that uv € H?_ (R?). The a priori estimate in (B.25) is an
immediate consequence of (B.1).

Case n = 3: The proof for the case n = 3 follows by similar arguments, by using
the continuous imbedding H? (R%) «— L*°(R%}) with (B.1) and usual imbeddings
for the standard Sobolev spaces H!™(R?%). We omit it for shortness.

This completes the proof of Theorem Appendix B.5 when 1 < m < s = [”TH} + 2.
Ifm=s> [”TH] + 2 the result easily follows by induction. O

Let us consider the space

V;i?zn,'y(QT> = {F € HEan,y(QT) : Flt:O € H’%(Ri>}>

equipped with its natural norm. This space has been introduced for Theorem 5.1
in Section 5. We have the following result.

Theorem Appendix B.6. For all integers m > 1 and for every v > 1, CE’&(QT)

is dense in Vi, (Qr).
Proof. The proof is similar to the proof of Lemma B.3 in [20]. D

We also define the following space

K" (R}) = Hf, (R})N Hf?{l(Rﬁ), m>1, (B.29)
equipped with its natural norm
e, = Il + 72l

We observe that K} = H}_ = H},, . Obviously we also have the continuous

imbeddings K" (R) — H[, _(R%}) and K" (R"}) — H'(R?).

Lemma Appendix B.7. Let n > 2 and v > 1. For every integer m > [”7“] + 2
the continuous imbedding K. (R') < C%(R'}) holds.

Proof. We have K" (R%}) — H,Tv_l(R:L_) — C%(R7), by Theorem Appendix B.Z]

The next theorem shows the tangential regularity of the product of two func-
tions, as needed in Section 6.1, with uniform control for v > 1.
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Theorem Appendix B.8. Let m > 1 be an integer and s = max {m, ["T'H] + 4}.

Ifuw e K" (R}) and v € H; (R}) then wv € Hy, (RY) and there exists a

constant C such that

s D/2 |y | Erm
.

v

If m = 2 the same result holds with s = [“E] + 3 and ||u|| g2

tan,

(R1) = CHUHK;’}V(RQ)||UHH;§W(R¢)a Vy > 1. (B.30)

LR instead of

||u||K3W(Ri)-

Proof. i) Consider first the case 1 < m < 3. Applying Theorem Appendix B.2
easily gives

D2 ]y

tan,y

g ®7) < Cyfm(nt1)/2 Z ’Ym_lalHZa(uv)”LQ(Rg)
|la|<m
<C Z ’}/milaimnzaiﬂUHLz(Ri) ,ysf|5\*(n+1)/2”Zﬁanm(Ri)
|a]<m,B<a
< Cllullagy, @y D 12700 yemioigyy < Cllulliez, )
[B]<m

\U||H5W(R1)~

If m = 2, we notice that s = [(n + 1)/2] 4+ 3 is enough for the estimate on v.
ii) Assume now that m > 4. If (B.30) has already been proved up to m — 1, then
one has

,ys*(n+1)/2 HUUHHZZn,W(Ri)

< Crps-(nH1)/2 (7||uv||Hm71 @)+ 1200l gt @y + Zjpm ||uZBv||L2(Ri))

tan,y

< C (lullscre, e ol ey + 7~ 5 5 102002y )
Therefore it is enough to prove

2N w2 oy < Cllullkr, @ 10llas @) (B.31)
|Bl=m
ii.1) If m = 4 and n = 2 (this yields s = 5), then v € K} (R%) — H? (R%) —
L>®(R2) (by Theorem Appendix B.2) and the estimate (B.30) follows from

P8/ Z ||UZBU||L2(R1) §75_3/2||UHL00(R1) Z HZ%HLZ(Rp
|6l=4 |6]=4 (B.32)

< 073||U||H3W(Ri)||v||H4 ®2) < Cllullgs @2)lvllas  ®2)-

tan,y

ii.2) If m = 4 and n = 3, a similar calculation gives the same result (with s = 6).
ii.3) If m = 4 and n > 4, then u € H? (R%}) — L (R%). If n > 4 is even, for
18] = 4, Z%v € HISTVIRE) = HIP(RY) < LM(R%), by (B.9). We may apply
(B.11), (B.24) and we get

Yot/ Z HUZﬁUHLQ(Ri) S’Ylfl/n”UHLw(Ri)’Yl/QH/n Z ||Zﬁv||Ln(R1)
|B]=4 |B|=4
< Cllullaz @) D ||ZBU||H37/W2(R1) < Cllullgs  wy)llvllas | ®y)-
|B]=4
(B.33)
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If n > 5 is odd, the thesis follows again because Z°v € H,MH)M RY) —
HD2(RY) — LM(R?), by (B.7). Applying (B.8) with 7 = n and (B.24) yields
o ln /2 Z HUZ’B'UHB(M)

|B]=4
< 75—(n+1)/2—171—1/n||u||L2*(Ri) Z\5|:4 71/n||Zﬁv|

< C,st(n+1)/271“u|

Ln (Ri)

w2 ®n) Y ||Z%||H£%_1>/2(R1) < Cllullgs ) llv|
|B]=4

Hs  (RY)-
(B.34)

iii) Let us assume m = 5. If 2 < n < 6, then the estimate (B.31) follows by
a calculation similar to that for (B.32), because u € K2 _(R%) — H} (R7%) —
L*>(R?}) (by Theorem Appendix B.2). For n > 7 we need to distinguish again if n
is either even or odd. We begin with the case n even.

iii.1) If n = 8, then u € H} (R%) — L'(R% ) and

’YI/IGHUHLN(Ri) < Cllullas | @s),

by (B.9), (B.10). On the other hand, for |3| =5, Z%v € H?_ (R}) — L'S/T(RY),
and

73_9/16||Zﬁv||L16/7(Ri) < CHZBUHHEW(]Riy
by (B.5), (B.6). Therefore

FB 9/ Z ||UZBU||L2(R§)
|8]=5

< 78—9/2—(3—1/2)71/16”uHLw(Ri) Em\:s 73_9/16||ZBU||L16/7(R§)

< O'YHUHH;{W(]Ri) Z HZL;U”HEW(R?F) < C||U|\K§W(R§r)||UHH,§W(R§)-
|8]=5

iii.2) If n > 10 is even, then u € Hfﬁ(Ri) — L (R%) and

ullpr ny < Cllullas @),

by (B.5), (B.6), where 1/r* = 1/2 — 4/(n + 1). On the other hand, for || = 5,
ZPv € H:2P(R7) — LHD/4(RY), and

VRNZP0| Lo sageny < OHZ%\|H:;5(R1)7
again by (B.5), (B.6). Therefore

’)/S_(n+1)/2 Z ||UZﬂ'UHL2(lR1)
|B]=5
< s (FD2252 gy || e (R?) > 161=5 75/2||Zﬁv||L<n+1>/4(R1)
< Clullms ey Y ||Zﬁv||H;35(R¢) < Cllul
|B|=5

ks @ ol @)
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Now we assume that n > 7 is odd. In such a case (B.31) follows again by the Holder
inequality and suitable estimates, detailed as follows.
iii.3) If n = 7, then w € H? (R7) — L'*/3(RT) and
75/7HU||L14/3(1R1) < Cllullas ),
by (B.7), (B.8). On the other hand, for |3| =5, Z%v € H3_(R") — L7/?(R"), and
VINZP0|| ey < CIZ50l|us @),

again by (B.7), (B.8).
iii.4) If n = 9 the proof is similar. We have u € Hf’,y RY) — L'8/5 (RY.) and

VPl prsrsrey < Cllullas  ge )
by (B.7), (B.8). On the other hand, for |3| =5, Zfv € H}_(R%) — L%2(RY), and
711/9”Zﬁv||L9/2(R3_) < C||Zﬁv||H;1W(R?F),

again by (B.7), (B.8).
iii.5) If n > 11 is odd, then u € H}_(R%}) < L™ (R"}) and

||U||LT*(1R;;) < Cllullas_ @n),

by (B.5), (B.6), where 1/r* = 1/2 — 4/(n + 1). On the other hand, for |5] = 5,
ZPv € H;Z5(RY) — LO+D/4R™), and

73‘|Zﬁv||L("+1)/4(Ri) = C||Zﬁ”|‘Hfg5(R1)v

by (B.7), (B.8).

iv) Then we consider the case 6 < m < [2F] + 1 (which yields n > 9), and

s = [%] + 4, where we proceed by finite induction. We assume that (B.30) holds

for m — 1 and prove it for m. Again, it is enough to show (B.31). For |8] = m,

ZPv € H:Z™(RY) with 3 < s —m < 3L, Then by (B.5), (B.6), Z% € L™ (R%),
1 s—m

1 _ 1 _
where =3 n_H,and

HZﬁUHLr*(M) < CHZﬂU”H;f’_.,m(R:‘_)‘ (B.35)

On the other hand, v € H;”Afl(Ri) Here we have three cases.
i) I — 1< 552 by (B5), (B.6), u € LP(RY), where £ = 5 and

2 n+1
YD 2y || gy < C||U||H:'};1(R1)- (B.36)

Therefore the thesis follows from (B.35), (B.36).

iv.2) If m — 1 = 251 then n is odd. We get again (B.36) (with the same p) from
(B.8). The thesis follows as before.

iv3)Ifm—-1> "T_l then m = [”TH} + 1. If n is odd we apply the same argument
as in iv.2). If n is even then m — 1 = n/2 and we use (B.9), (B.10) in order to get
(B.36) (with the same p). The thesis follows as before.
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v) Finally we consider m > [ + 2. In this case the thesis easily follows from
(B.31), because u € H" ' (R") — L>(R") with

]

m—1—(n+1)/2

g [ull oo rr) < C||“HH;’};1(R1)’

as follows from Theorem Appendix B.2. The proof is complete. O

Let’s give the regularity of the matrices I'g, I'g, ¥ in (5.6).

Lemma Appendix B.9. Let o be an integer such that o > [(n + 1)/2]+4. Assume
that A; € Cr(HY.,), forj=1,...,n, B € CT(H;’;Q). Then the matrices Tg, Ty, ¥
of formula (5.6) satisfy

Is€Cr(HI?), ToeCr(HIZ?), WeClr(HIJY.
Under the same assumption for A;, if B € CT(H;’;l) then 'y € CT(Hf’;l),

Proof. See [18], Lemma C.1. O

Finally, we give some lemmata useful in the proof of the main Theorem 1.2.

Lemma Appendix B.10. Let 0 > [(n+1)/2] + 3 and let A be a matriz-valued
function such that A € H] (R}) and A = 0 if z1 = 0. Then, for each regular
enough vector-valued function u

[Advull 2y ) < cllAllug o)l Zrull 2y (B.37)

Proof. See [18], Lemma B.9. O

Lemma Appendix B.11. Let 0 > 2. Let A € H{ (R%) be a matriz-valued func-
tion such that A = 0 if ©1 = 0 and let H be defined as in the proof of Lemma
Appendiz B.10. Then

||HHH;{);2(R1) < C”AHH;’W(RQ)-
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