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Abstract. In this paper we investigate the asymptotic behavior,
as time tends to infinity, of the solutions of an non-autonomous
integro-partial differential equation describing the heat flow in a
rigid heat conductor with memory. Existence and uniqueness of
solutions is provided. Moreover, under proper assumptions on
the heat flux memory kernel and on the magnitude of nonlin-
earity, the existence of uniform absorbing sets and of a global
uniform attractor is achieved. In case of quasiperiodic depen-
dence of time of the external heat supply, the above attractor is
shown to have finite Hausdorff dimension.

0. INTRODUCTION

Let Q C IR? be a fixed bounded domain occupied by a rigid, isotropic, homogeneous
heat conductor with linear memory. We consider the following integro-partial differential
equation, which is derived in the framework of the well-established theory of heat flow
with memory due to Coleman & Gurtin [8]:

t
00%9 — koAG — / k(t —s)A0(s)ds+ g(0) =h on 2 X (7, +00)

- 1
O(z,t) =0 red) t>r (0-1)

O(z,7) = Op(x) x €
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where 0 : 2 x IR — IR is the temperature variation field relative to the equilibrium
reference value, k : RY — IR is the heat flur memory kernel, and the constants cq and
ko denote the specific heat and the instantaneous conductivity, respectively. The function
h:Q x [r,+00) — IR is a time-dependent external heat source, whereas g : R — IR is
a nonlinear heat supply.

System (0.1) was studied in [14], assuming a time-independent external heat source h
and a polynomial nonlinearity g. Along the line of the procedure suggested by Dafermos
in his pioneer work [11], we introduce the new variables

0" (z,s) = 0(z,t — s) >0

and
t

it (z, ) = / 0z, dy = | Oey)dy s> 0.
0 t—s

Assuming k(co) = 0, performing a change of variable, and setting

formal integration by parts transforms the above system (0.1) into

00%9 — koAf — / u(s)Ant(s)ds+ g(0) = h on Q x (1,+00)
0

%nt(x,S)ze(x,t)—%nt(x,s) reQ t>7 s>0
O(z,t) =0 x€ed t>rT

O(x, ) = by(x) x €€

N (z,s) =no(z,s) TE€EQ 5>0

where the term
nT(I,S)=/ HT(ﬂc,y)d?J:/ O(z,y)dy  s>0
0 T—S

is the prescribed initial integrated past history of 6(x,t), which does not depend on
Oo(z), and is assumed to vanish on 02, as well as 6(z,t). As a consequence it follows
that

n'(z,s) =0 xed t>1 s>0.

Indeed, the above assertion is obvious if 7 <t — s, and if 7 >t — s we can write
t

nt(x,s):no(x,T-l-s—t)-i-/ O(x,y) dy.

T

In the sequel we agree to denote by 0; or more simply by ; derivation with respect to ¢,
and by the prime derivation with respect to s.
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The constitutive quantities cg, kg and p are required to verify the following set of
hypotheses:

(hl) cop >0 ko >0
(h2) peC'MBHNLYRY)  u()>0 p'(s)<0 VseRT
(h3) p/(s)+du(s) <0  VscRT andsome 4 >0.

Notice that (h3) implies the exponential decay of u(s). Nevertheless, it allows p(s) to
have a singularity at s = 0, whose order is less than 1, since u(s) is a non-negative
L'-function.

Now, taking for simplicity cg = 1, and denoting z(t) = (8(t),n"), z0 = (6o, m0), and
setting

L = (koA0 + / () An(s) ds, 0 — )

and
G(z) = (h —¢(0),0)

problem (0.2) assumes the compact form

2zt =Lz + G(2)
2(z,t) =0 xed t>rT (0.3)

z(x, ) = 2.

We recall that existence, uniqueness and stability of the linear problem correspond-
ing to (0.1) (i.e.,, with ¢ = 0) have been investigated by several authors (see, e.g.,
[13,15,18,19]). Related results which include phase transition phenomena are in [3,9].
On the other hand, when no memory effect occur, long-time behavior of semilinear
parabolic problems like (0.1) with k£ = 0 have been widely studied, both for autonomous
and non-autonomous equations (see, e.g., [5,6,7,22]). However, the main aim of this pa-
per is to study the role played by the memory term as time tends to infinity. Results
concerning asymptotic behavior of solutions for semilinear problems in presence of non-
trivial terms of convolution type, involving the principal part of the differential operator,
can be found in [1,12,14,16].

In this paper, due to the time-dependence of h, the evolutive system (0.3) of differen-
tial equations is non-autonomous. Therefore, in order to study its asymptotic behavior,
we have to introduce the notion of process, which is a generalization of the semigroup
of operators on a Hilbert space.

Definition 0.1. A two-parameter family {U(¢,7)}+>, rem of operators on a Hilbert
space ‘H is said to be a process if the following hold:
(i) U(7,7) is the identity map on H for any 7 € IR;
(ii) U(t,s)U(s,7) = U(t,7) for any t > s > T;
(iii) U(t,7)xr — x as t | 7 for any x € H and any 7 € IR.

In Theorem 2.1 and Theorem 2.2 below we show that, given z; in a suitable Hilbert
space H, under proper conditions on g and h, there exists a unique solution z(t) in H



4 C.GIORGI, AAMARZOCCHI & V.PATA

to problem (0.3), which continuously depends on zy. Thus we can define the family of
processes Uy, (t, 7), depending on the functional parameter h, and acting on H, as

Un(t,7)z0 = 2(t) (0.4)

where z(t) is the solution at time t of (0.3) with initial data zy given at time 7. The
parameter h is usually called the symbol of the process. Notice that if h is time-
independent, the process Uy (t, T) reduces to a semigroup by setting

Sp(t) = Un(t,0).

The study of the long-time behavior of the family of processes Uy (t,7) will be
carried out in Section 3 and Section 4, where, using the techniques of [5,6], we prove the
existence of absorbing sets in H and in a smaller space V, and of a global attractor. In
all cases the objects are uniform as h is allowed to move in a suitable functional space.
Finally, in Section 5 we show that for a particular choice of the symbol space (namely
for an external heat supply with a quasiperiodic dependence on time) the Hausdorff
dimension of the uniform attractor is finite.

1. FUNCTIONAL SETTING AND NOTATION

Let 2 ¢ IR® be a bounded domain with Lipschitz boundary. With usual notation,
we introduce the spaces LP, H* and H} acting on Q. Let (-,-) and | - | denote the
L?-inner product and L?-norm, respectively, and let | - | , denote the LP-norm. With
abuse of notation, we use (-, -) to denote also the duality between LP and its dual space
L2, We recall Poincaré inequality

Xolv| < [Vo|? VoveH} (1.1)

and
Vo> < |Av]?  VYwve H*nH} (1.2)

for some Ao, 70 > 0, where (1.2) is obtained from (1.1) and Young inequality (see
Lemma 1.2 below). In force of (1.1)-(1.2), the inner products on H} and H? N H can
be defined in the following manner:

(u, v) 2 = (Vu, Vo)

and
<U7U>H2ﬂHé = <AU7AU>

In view of (h2), let Li(IR+,L2) be the Hilbert space of L2-valued functions on IR™,
endowed with the inner product

(s, = / () o(s), 0(s) ds
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Similarly on Li(]RJF, H}) and Li(]RJF, H?NHY), respectively, we have the inner products

<80,¢>L3(1R+,H3) = (Vp, Vi),

and
<%¢>L3(1R+,H%H§) = <A907A¢>u-

Finally we introduce the Hilbert spaces
H=L>xL:(R", Hy)

and
V=H; x L, (R*, H> N H})

which are respectively endowed with the inner products

(wi,wa)r = (Y1,¢2) + Vi1, Vo),

and
(w1, w2)y = (Vb1, Viho) + (A1, Apa),

where w; = (1, ;) € Hor V for i =1, 2.

We will also consider spaces of functions defined on an (possibly infinite) interval
I with values in a Banach space X such as C'(I,X), LP(I,X) and H*(I, X), with the
usual norms.

To describe the asymptotic behavior of the solutions of our system we need to
introduce the space 7,V (IR, X) of LY -translation bounded functions with values in a
Banach space X, namely

1
3

&+1
TP(R, X) = 4 f € L (R, X) |l x) = ggng(/g Hf(y)Hé’(dy> < o

In an analogous manner, given 7 € IR, we define the space 7, ([, +00), X).

Definition 1.1. A function f € L (IR, X) is said to be translation compact in

loc
LY (IR, X), and we write f € 7P(IR, X), if the hull of f, defined as

L? (R,X)

H(f) ={f(+7)}rer
is compact in L{ (IR, X).
The reader is referred to [7] for a more detailed presentation of the subject. Here we
just highlight that 7P(IR, X) C 7/ (IR, X'). Moreover

HSOHTbP(m,X) < ”f”pr(IR,X) Ve H(f)
We also remark that the class 7P(IR, X) is quite general. For example, it contains

L1(IR, X) for all ¢ > p, the constant X-valued functions, and the class of almost periodic
functions (see [2]).
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We now recall some technical results which will be needed in the course of the
investigation.
Lemma 1.2. (Young inequality). Let a, b > 0 be given. Then for every e > 0, and for
every 1 < p, ¢ < oo such that ]l? + % =1, the inequality

ab < ea? + K(e,p, q)b?

holds with )

K@mﬂ%=?@Y-

B

(1.3)

Lemma 1.3. (Gagliardo-Nirenberg). Let 2 < p < 6. Then there exists ¢ > 0 such that
the inequality
v 1—v
Jul, < clVul|ul

3 [ p— 2]
v=—|—].
21 p
Here and in the sequel, for 7 € IR, we denote IR, = [7, +00). The following Gronwall-
type lemma is a modification of Lemme A.5 in [4] (see [20] for a detailed proof).

holds for all u € Hy, with

Lemma 1.4. Let ¢ be a non-negative, absolutely continuous function on IR, 7 € IR,
which satisfies for some € >0 and 0 < o < 1 the differential inequality

d
%g/)(t) +epd(t) < A+mq(t) o(t)7 + ma(t) a.e. t € R,
where A > 0, and m1 and mo are non-negative locally summable functions on IR.. Then

1—0o

1 —et—r) , A ' —e(1-0)(t-y) 4
o o(7)e T mi(y)e Yy

1 t
P / ma(y) e~V dy
1—0J;

P(t) <

for anyt € IR;.
The easy proof of the next result is left to the reader.

Lemma 1.5. Let m € T,}(R,,R") for some 7 € R. Then, for every e > 0,

t
[ mw)e Py < C@mlym, mey

where
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We conclude the section with a lemma which will be needed in the last part of the
paper (for the proof see [22], p. 300-303).

Lemma 1.6. There exists a positive constant k such that, for any given m vectors
{p1,.--,pm} in HE which are orthonormal in L?, it follows that

m

5
> IVes|* = wms.
j=1

2. EXISTENCE AND UNIQUENESS

In this section we establish existence and uniqueness results for problem (0.3). Unlike
in [14], where the nonlinearity is assumed to be an odd degree polynomial on any order,
here we are interested in considering more general nonlinear terms. Of course we have
to pay the price of requiring additional properties. Here below is a list of conditions on
g which will be used throughout the paper.

Conditions on the nonlinear term g. Let g € C(IR), and assume that there exist
non-negative constants c;, j = 1,2,3,4,5, and 8 > 0 such that

g9(u) = g(v)| < ealu —o[(L+[ul” +|v|”)  with v = max{§ — 1,0}

g4) geC'R) and  ¢'(u) > —cs.

Clearly, if the nonlinearity is weak, the above conditions can be relaxed. For instance,
if 3 <1 then c3 =0, if < 1 then (g2) is not needed at all.

Theorem 2.1. Assume (hl)-(h2), and let (gl)-(g2) hold for some 3 > 0. For any

initial time T € IR, given

he Ll (R, L*) +Li (R, H ')  and 2= (0o,m0) €H

loc loc
there exists a function z = (6,n), with
0 € L°([r,T),L*) N L*([r, T), H) N L°PY([r,T],L°PT) VT >~
n € L>([r,T], L2 (R", Hy)) VT >r

such that
2zt =Lz + G(2)

in the weak sense, and
Z|t:7— = 20-
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Furthermore

z € C([0,T],H) VT >rT.

Proof of the above result re-casts exactly the Faedo-Galerkin scheme used in [14].
The only difference here depends on the presence of a time dependent heat supply
h € L _(R,,L?) + L2 _(IR,,H '), which can be easily handled making use of the

loc loc
Gronwall lemma.
We just recall two relations from [14] which will be needed later. The first is obtained
taking the inner product in H of (0.3); and z = (0, 7n), applying the divergence theorem,
performing an integration by parts, and using (h2), whereas the second one is obtained

integrating the first one from 7 to 7T, along with proper estimates.

G+ 2001 = [ T ds = -200(0),0) +2000) 21

T
| 1wt dy < o (16l +7) (22)

for some C > 0 independent of T
In order to obtain uniqueness results for (0.3), further restrictions on g are needed.
We shall provide two uniqueness results under different hypotheses.

Theorem 2.2. In the hypotheses of Theorem 2.1, assume that either (g3) with 8 < %
or (g4) hold. Then the solution z(t) to (0.3) is unique, and the mapping

2o — 2(t) € C(H, H) Vite|rT].

Proof. Suppose that z; = (61,11) and 22 = (2,72) are two solutions of (0.3) with initial
data 219 and zo9, respectively, and set Z = (é, n) = 21 — 22 and Zp = 219 — 20. Taking
the difference of (0.3); with z; and z5 in place of z, and taking the product by 2 in H,
we get (repeating the argument leading to (2.1))

d, . ~ -
21, 2k | VOI* < —2(g(61) — 9(62),0) (23)

where we used (h2) to delete the integral term.
Suppose first that (g3) holds with 8 < I. Since

2/(g(61) — 9(62),0)| < 264/ O [L+ (611" +16:"] da
Q

applying the generalized Holder inequality with p, ¢ > 1 such that

1 1 1
—+-+-=1
6 p ¢
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and in virtue of the continuity of the embedding Hg — LS,

2/(g(61) — g(62),0)| < 240l 101, 11 +161]" + 162",

o (2.4)
< g [VO[10], |1+ 16,1 + (6211,

for some cg > 0. We now consider two cases. If v < 1, then choose p =2 and ¢ = 3 in
(2.4), and define

2
c

my(t) = ﬁ”l + 100 @) + 02 [5- (2.5)

Since 3y < v+ 2, and 61,605 € LATY([r, T], LP*1), it is clear that m. € L([r,T]), and

in force of (2.2), |m| 11, 77) remains bounded as 210 and 230 run in a bounded set. By
Young inequality,

2/(g(61) — 9(62), )| < 2ko| VO] + . |6]°. (2.6)
fl<y< %, let
67+ 12 v+ 2
p= and qQ=-—
10 — ~ ¥

in (2.4). From Lemma 1.3,
0 anvionl—v
161, < <Ivel~|el

with
v=29 [7__1] _
v+ 2

Therefore (2.4) enhances to

2(g(01) — 9(0),0)| < ccs [V 101" 1+ 1047 + [6a]], (2.7)
Define

_ = 2 _2 g k=
mo(t) = (cco) 7K (2ko, 125, 125 ) 11+ 1027 + 16271 (2.8)

with K as in (1.3). Notice that v¢ = v + 2, and 12—_7;/ < v+ 2for vy < %. Being

61,02 € L72([7,T],L"*?), we conclude that m., € L'([r,T]), and again from (2.2),
[y p1 (7, 7p) remains bounded as 210 and 220 run in a bounded set. Applying Lemma 1.2
to (2.7) we get that inequality (2.6) holds also in this case. Thus (2.3) turns into

d, .2 A2 <112
2 el =m0 < my 2[5,
and Gronwall lemma then yields
2 2 !
)15 < Vo exp | [ o ()]

which implies the result.
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Assume then (g4), and notice that

9(61) — 9(6) = 8 / ¢\ + (1= \)62) dA.
Therefore
1
—2(g(61) — g(62),0) = —2 /Q 16/ [ /0 g’ (N1 + (1 — \)b2) dX| da < 2¢50]°

and (2.3) becomes

d, .2 G2 ~12
g el = 2es]0] < 2¢5] 2[5
Using again Gronwall lemma we obtain
<112 S 12 2es(t—7
[2(8)13 < 120l €27

which concludes the proof. [

3. EXISTENCE OF UNIFORM ABSORBING SETS IN H AND IN V

Let £ be the Hilbert space into which move all orbits of problem (0.3), namely
Up(t,7): €= €& E=HorE=V

with Up(t,7) given by (0.4). The aim of this section is to prove in either case the
existence of a bounded absorbing set, which is uniform as A runs into a given functional
set, typically a complete metric space. Such a set is sometimes called the symbol space.

In the sequel F' will always denote a symbol space. We also agree to call Bg(0, R)
the open ball in £ with center 0 and radius R > 0.

Definition 3.1. A set By C £ is said to be uniformly absorbing (with respect to h € F)
for the family {U(t,7), h € F'} if for any bounded set B C & there exists t* = t*(B)
such that

Uunt.m)BcBy, Vizr+t" VreR.

heF

Theorem 3.2. Assume (h1)-(h3), and let (g1)-(g2), and either (g3) with 3 < %, or
(g4) hold. Let
FCT)(R,L*) + T, (R, H™Y)

be a bounded set. Then there exists a bounded, uniformly absorbing set in H for the
family {Up(7,t), h € F'}.
Proof. Let

P = 21612 ||h||7*bl(R’L2)+7’b2(R’Hfl) = }Sllelg [h_}lllli}u {”hl”’Tbl(IR,L2) + [he ||Tb2(1R,H1)}}
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and let h = hy + hs be a decomposition of h. In force of (g2) and Young inequality we
get

k 2
~2(g(6).6) + 2(h.6) < 2e219 — 2es A1} + 20 16] + FIVOP + 1= Il

Thus, using (h3) and (1.1), and denoting

1
€0 :min{)\oko,d} and A:2maX{CQ|Q|,1,k—}
0
equation (2.1) turns into
d, 2 2 2 1 2
DVl ol + kol + 26510133 < A [L4 [allzhog + 1l ] (3)
Therefore, setting
2A 2522 (€ 2
U =U(e, A, ®) = — + A°D°C? (L) + 2A9°C(eo) (3.2)
€0
with C as in (1.4), Lemma 1.4 with 0 =  and Lemma 1.5 entail
[2(0)17, < 2l=(to)lze™ "™ + ¥ Vit (3-3)
for any given tg > 7. In particular,
205, < 2lzol7e " + 0 Vi>7 (3.4)

from which it follows at once that every ball By (0, p), with radius p > /¥, is a uniformly
absorbing set in H as h € F. []
7

Observe that, in the above proof, condition (g3) with 8 < g or (g4) are used
only to formulate the result in term of process (and therefore uniqueness of solution
is required). If we relax (g3) and (g4), the very same uniform bound holds for a (not
necessarily unique) solution of (0.3).

In order to get an absorbing set in V we have to strengthen the hypothesis on the

symbol space.

Theorem 3.3. Assume (h1)-(h3), and let (g1)-(g2), and either (g3) with 8 < %, or
(g4) hold. Let
F C TR, L?)
be a bounded set. Then there exists a bounded, uniformly absorbing set in V for the
family {Up(7,t), h € F'}.
Proof. Let
® = sup |l 72w, L2)-
heFR
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Observe that (3.1)-(3.3) still hold (with h; = h and hy = 0). Hence integration of (3.1)
on the interval [¢,t + 1], with ¢ > 7, and Young inequality lead to the estimate

t+1
[ [wl Vo) + 2esto11] dy
t

t+1
< [z(t)3 + A +/t AR 12(y)]5 dy (3.5)
1 1
< (24 AN)|z(to)|5, + P+ A+ 5A<I>2 +HAT Vit

for any given ty > 7. To achieve uniform estimates involving the existence of a bounded
uniformly absorbing set in V we multiply (0.2); by —A6f with respect to the inner
product of L2, and the laplacian of (0.2)y by An with respect to the inner product of
L2(IR*,L?). Adding the two terms, and performing an integration by parts, we obtain

d <,
EHZH@ + 2ko | AG|* — /O i ()| An(s)|* ds = 2(g(0) — h, AB). (3.6)
Young inequality entails
ko 2 2.2
2/ (h, A0)| < | A0 + k—ollhll : (3.7)

Concerning the term 2(g(6), Ag), assume first that (g3) holds with 3 < I. Young
inequality and (gl) then give

ko 2 | 2c] 32
2(g(0), A0) < [ A0]" + ,{;—OH1 +10/7]

kO 2 2v+2
< U0 + er + 5013

for some ¢z, ¢g > 0. From Lemma 1.3 (recall that v = max{3 — 1,0}),

2v+2 3 2—
1012752 < elVOIT 617

hence, introducing
1
o= 5max{37—2,0} <1
we get

k o
2(9(0), A0) < §OHA9H2 +er + ces(L+ [6]°) (1 + [VO]*) [ VO]*. (3.8)

Consider next the case when (g4) holds. Since 0|sq = 0, the continuity of g and the
Green formula yield

/899(9)V9.nda:Aﬂg(o)vg.ndgz/gg(o)Agdx
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where n is the outward pointing normal vector. Thus, using again the Green formula,
in force of Young inequality and (g4),

2(g9(0),A0) =2 [ g(0)Ab0dz —2 [ ¢ (0)VE-VOdx
2/9 /Q (3.9)

k
< o9 O + 1A + 265 VO,

Clearly the above computations are justified in a Faedo-Galerkin scheme. Therefore in
either case, setting

p1 = ces(1+[0]%)(1 + [VO]*)
and

2 2
p2 = —|h|* + ez + —g%(0)|Q] + 2¢5| VO
ko ko

from (3.7)-(3.9) we conclude that
2(g(6) — h, A0) < o1 [VOI™ + 02 + kol AG)".
Finally, in virtue of (h3) and (1.2), and denoting
€1 = min {yoko,d}

we obtain from (3.6) the inequality

d, 2 2 20

1AV +ealzly < ezl + e

From (3.3) and (3.5), there exist two positive constants K; and K5 (depending on ®)
such that

t+1
/ o1(y) + o2 () dy < K1 |=(0)lE, + Ko V> 1o
t

for any given g > 7. Hence Lemma 1.4 and Lemma 1.5 lead to

1

2 2 ¢ —T 4 l1—0o
[z <57 l2(to) e 77 + | C(er(1 = 0)) (K1 |2(to)p, + K2) 5.10)
) :
+r— Cle) (Ka [2(to)lp + K2) - Yt >t
for any given ty > 7. Let now zp € B(0, R) in V. Recalling (1.1)-(1.2),
1 1
<Ry =R —,— .
ol < i max{)\o,%}
and (3.10) applied for ty = 7 yields
1
[0 € ——= R*+&(Ry)  Vit>7 (3.11)

l1—0



14 C.GIORGI, AMARZOCCHI & V.PATA

having defined the function
L 1
Er)=[C(e(1—0)) (Kir*+ K3)] 77 + 1—o Cler) (K1t + Ka).

Notice that &() is increasing in r. Set now, with reference to (3.2), p > v/ ¥. According
to Theorem 3.2 there exists tg > 0 such that |2(t)|,, < p whenever ¢ > 7 +tr. Thus
from (3.10)-(3.11) we get that

R? +¢(R)(1 - o)

(o) e L &(p)  ViE>T+ g

l=(@®)]13 <

Therefore we get that every ball By (0, o) , with p’ > 1/£(v/¥), is a uniformly absorbing
setin Vashe F. [

4. EXISTENCE OF A UNIFORM ATTRACTOR
We begin recalling some definitions due to Haraux [17].

Definition 4.1. A set K C 'H is said to be wuniformly attracting for the family
{Un(t,T), h € F} if for any 7 € IR and any bounded set B C 'H

lim |sup dist(Ux(t,7)B,K)| =0 (4.1)

t—o0 hEF

where
dist(By,B2) = sup inf [z1 — 22|y
21 EB %2 €eBsy
denotes the semidistance of two sets B; and By in H. A family of processes that possesses
a uniformly attracting compact set is said to be uniformly asymptotically compact.

Definition 4.2. A closed set A C H is said to be a uniform attractor for the family
{Un(t,T), h € F} if it is at the same time uniformly attracting and contained in every
closed uniformly attracting set.

The above minimality property replaces the invariance property that characterizes
the attractors of semigroups. It is also clear from the definition that the uniform at-
tractor of a family of processes is unique.

The fundamental results of Chepyzhov and Vishik (see [5,6]) that we are going to
exploit read as follows.

Theorem 4.3. Assume that F is a compact metric space and that there exists a con-
tinuous semigroup T(t) acting on it, which satisfies the translation equality

Un(t+s,7+s) = UT(s)h(ta T) V heF. (4.2)
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Assume also that Uy (t,T) is continuous as a map H X F — H, for every 7 € IR and
t > 7. Then if the family {Up(t,7), h € F} is uniformly asymptotically compact it
possesses a compact uniform attractor given by

A 2(0) such that z(t) is any bounded complete
| trajectory of Uy, (t,7) for some h € A(F)

where A(F') is the attractor of the semigroup T(t) on F.

The existence of A(F’) is assured from the well-known theorems about the attractors
of semigroups (see, e.g., [22]).

Theorem 4.4. The set A= A x A(F) C H x F is the attractor of the semigroup S(t)
acting on 'H x F defined by

S(t)(z0,h) = (Un(t,0)z0, T(t)h) . (4.3)

From the translation equality (4.2) it is immediate to verify that S(t) is a semigroup.
Using standard techniques, one could prove directly the existence of an attractor A for
S(t). The peculiarity of Theorem 4.3 and Theorem 4.4 stands in the characterization
of Aas Ax A(F).

In view of the above results, we write the solution z = (6,7) to (0.3) as z = zp + zn,
with z;, = (0p,n1) and zy = (On,7nn), Where zp solves the linearized homogeneous
system, and zp is the solution of the nonlinear system with null initial data, namely,

atZL = LZL
ZL|aQ =0 (4.4)
21 (0) = 2o
and
Ozny = Lzy + G(2)
zNloa =0 (4.5)
ZN(O) =0.

It is apparent that the solution zy, to (4.4) fulfills the uniform estimate (3.4) with ¥ = 0,
namely,

|20 ()5, < 2lz0)e~ 0% Vi>7 (4.6)

Since
2 2 2
lzn ()13, < 202() 15, + 2122 (®)]5%

we have also
len ()5, < 8z0l5,e™ ) 420 Vi>T (4.7)
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For further reference, we denote by nk (s;T,z0,h) the second component of the
solution zy to (4.5) at time ¢ with initial time 7 with z(7) = zp and symbol h. Observe
that nx can be computed explicitly from (4.5) as follows:

/SQN(t—y)dy 0<s<t—r71
div(s) =4 (45)

t—1
/ On(t—y)dy s>t—T.
0

Our goal is to build a compact uniformly attracting set for the process. In the sequel,
let p > 0 be fixed such that By (0, p) is a uniformly absorbing set in H for Up(t,7),
as h € F (whose existence is assured by Theorem 3.2). Moreover, with reference to
Definition 3.1, let t, = t*(Bx(0, p)).

Lemma 4.5. Assume (h1)-(h3), and let (g1)-(g3) with 3 < 2 hold. Let F and ® as in
Theorem 3.3. Then there exists a positive constant I', depending on ®, such that

lan (@l ST A+ lz(t0)l)* V=t (4.9)

for any tg > 7, 7 € R. Moreover such a I' does not depend on the particular initial
time T chosen.

Proof. We parallel the proof of Theorem 3.3 (with zy in place of z), the only differ-
ence being the evaluation of the term 2(g(#), Afy). Indeed in this case, using Young
inequality, (gl), and Lemma 1.3, we obtain

2c2
ko

kO 2 2v+2
< 2A0N I + e + a3

k
2(g(6), Abn) < ?O”AQN”Q + 221+ 10°)
k _
< 50||A9N||2 +cr + ces| V710

k
< ?O”AQN”Q +er 4 ces(L+ | VOI) (1 + 1)

since § < % Thus, denoting

2
0= k_0||h"2 +c7 +ceg(1+ ||V‘9||2)(1 + ||‘9||2)

we conclude that

Slely +aleanl} < o

dt \% Vv =
From (3.3) and (3.5) there exist two positive constants K3 and K4 (depending on @)
such that

t+1
/ o) dy < Ks |=(t)|', + Ko V1> 1o
t
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for any given tyg > 7. Hence Lemma 1.4 and Lemma 1.5 lead to
lzn (D1 < Cler) (K |2(t0) [, + K1)
as claimed. [J

Lemma 4.6. Assume (h1)-(h3), and (g1)-(g3) with 3 < 2, and let F and ® be as in
Theorem 3.3. Denote

M=) U U U G 20,h).

heEF 2o0€B1(0,p) TER t>T+1,

Then M 1is relatively compact in Li (RT, H}).

Proof. It is clear from Lemma 4.5 that M is bounded in Li(IF{+, H? N H}). Let then
n% € M. The derivative of (4.8) yields

0 :{HN(t—s) 0<s<t—rt (410)

t
— s
aan() 0 s>t—1T.

Thus (4.7) and (4.10) entail

/ " uls)

So we conclude that M is bounded in L2(IR™, H*NHg) N H}(IR™, L?). Morcover, from
(4.8) and (4.9), with ¢ty = 7, it is easy to check that for every n € M

2

0

t—T
55 My (s)| ds= /0 ()]0 (t = 5)| ds < (89 + 29) |l 1 -

[Vn(s)I” < DL+ p)* € L, (RY)

in force of the exponential decay of u. The proof is completed applying the following
result from [21]:
Let p € C(RT)NLY(IR™) be a non-negative function, such that if u(sq) = 0 for some
so € RT then u(s) = 0 for every s > sqg. Let By, B, By be three Banach spaces, with
By and By reflexive, such that

By — B — Bj

the first injection being compact. Let M C Li(IRJF, B) satisfy the following hypotheses:

(i) M is bounded in Li(IRJF,BO) N Hli(IRJr,Bl)

(i) sup |n(s)[5 < h(s) VseR’ for some h e L), (IR).
nem

Then M is relatively compact in LZ(IRJF, B). O

Proposition 4.7. Assume (h1)-(h3), and let (g1)-(g3) with 3 < 2 hold. Let F and ®
as in Theorem 3.3. Then there exists a compact, uniformly attracting set for the family

{Uh<t,7'), h e F}
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Proof. Denote by M the closure of M in Li(]RJF, H}), and introduce the set

K = Bp2nm: (0,T(1+ p)*) x M C H.
From the compact embedding H? N H} — H} and Lemma 4.6, K is compact in H.
We need to show the uniform attraction property. Let B C H be a bounded set, with
R = sup_cp |2], and let t* = ¢t*(B) such that, for every h € F,

Uy (t,7)B C By (0, p) Vi>T1+t".

Let then t > t, +¢* + 7, and set t=t— t, —t* — 7 > 0. Using the process properties
we get that

Un(t+t,+t"+7,7)B=Up(t +t, +t" +7,t"+7)Up(t* +7,7)B
CUL{E+t, +t"+ 7t +7)By(0,p).

Pick any z(t) € Uy(t, 7)B, for t > t, +t* + 7. Applying (4.9) with tg = 7 +t* we get
[A0N ()7 < e ()l ST (L4 2(r + 7)) < T (14 p)*.
It is then apparent that zy(t) € K. Therefore, from (4.6),
nf Jz(t) = mly < |z (bl < V2Re= 7T Wi, 4 tF 4T
Being the above inequality independent of h € F', we conclude that

sup dist(Uy (¢, 7)B,K) < V2Re™ 7 (t=7) Vi>t,+t"+7
heF

hence (4.1) holds, and the result is proved. []

We are now ready to state the main result of the section.
Theorem 4.8. Assume (h1)-(h3), and let (g1)-(g3) with 3 < 2 hold. Furthermore, let
feT (R, L?).
Then there exists a compact uniform attractor A for the family {Uy(t,7), h € H(f)}
given by

A 2(0) such that z(t) is any bounded complete
| trajectory of Uy, (t, ) for some h € H(f)

Proof. We apply Theorem 4.3 with F' = H(f) and

T(t)h(s) = h(s+1) h e H(f)
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(i.e., T'(t) is the translation semigroup acting on H(f)). It is then immediate to verify
the translation equality (4.2). From Proposition 4.7, with ® = HfHsz(RLz), we get that

the family {U,(t,7), h € H(f)} is uniformly asymptotically compact. The proof of the
(H x H(f),H)-continuity is practically identical to the proof of Theorem 2.2, and is
therefore omitted. [

Notice that the attractor of the semigroup 7'(¢) on H(f) coincides with the entire
space H(f).

In the course of the investigation we showed that By (0,p) x H(f) is a bounded
absorbing set for the semigroup S(¢) defined in (4.3). In particular, B (0, p) x H(f)
is connected in ‘H x H(f). Indeed, it is immediate to see that {f(- 4+ 7)},cr is path
connected, and therefore its closure, i.e., H(f) is connected. Then by [17], Proposi-
tion 5.2.7, the attractor A of S (t) is connected, and so is its projection on H. We
summarize this discussion in the next corollary.

Corollary 4.9. The uniform attractor A for the family {Uy(t,7), h € H(f)} given by
Theorem 4.8 is connected.

Remark 4.10. The restriction 8 < g is due to the presence of the memory. In fact,
in the particular case when the memory kernel vanishes, we reduce to the semilinear
equation

0y — koAO +g(0) = h

and using the uniform Gronwall lemma (see, e.g., [22]), it is easy to show that the above
results hold for 3 < %

5. HAUSDORFF DIMENSION OF THE UNIFORM ATTRACTOR

In previous Theorem 4.3 and Theorem 4.4 it is shown that the uniform attractor
A of the family {Uy(t,7), h € H(f)} is the projection on H of the attractor A of the
corresponding semigroup S(t), acting on H x H(f). Therefore the Hausdorff dimensions
of these sets satisfy the inequality dimpg.A < dimg.A. In this section, along the line
of [5], we show that dimp A < co (and thus dimg A < co) when the external heat source
has a quasiperiodic dependence on time.

We recall that the Hausdorff dimension of a subset X of a metric space £ is defined
by

dimpg X =sup<d > 0:sup ianrf < 40
e>0 Ce icl
where C. = {B;(r;) }ics is a covering of X of balls of radii r; < e.
We now state the fundamental result from [10] concerning the Hausdorff dimensions
of fully invariant sets. We need first two definitions.

Definition 5.1. Let £ be a Hilbert space, £(€) the space of continuous linear operators
from £ to £, X C £, and S a (nonlinear) continuous map from X into €. Then S is said
to be uniformly quasidifferentiable on X if for any u € X there exists S’(u) € L(E) (the
quasidifferential of S at u with respect to X') such that

[Su—5v -5 w)(w—-v)|g <o(fu—-vl)lu-vle VveX
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where o : IR — IR™ is independent on u, and o(y) — 0 as y — 0T. The operator S’(u)
might not be unique.

Definition 5.2. Let M be a linear operator on a Hilbert space £. For any m € IN the
m-dimensional trace of M is defined as

Tr,, M = sup Z(Muj, uj)e

Q j=1
where the supremum ranges over all possible orthogonal projections @) in £ on the m-
dimensional space Q& belonging to the domain of M, and {uy, ..., u,,} is a orthonormal
basis of QE.

The following result holds.

Theorem 5.3. Let there be given a Hilbert space £, and let X C £ be a compact fully
invariant set for S(t), i.e. S(t)X = X for allt > 0. Assume also that S(t) is uniformly
quasidifferentiable on X for all t > 0, and

sup [S'(t, uo)l ey < C(t) <o V>0
U,()GX

where S’ (t,ug) is the quasidifferential of S(t) at ug. It is also assumed that S’(t,ug) is
generated by the equation in variation

U(0) = Uy

that is, S"(t,u)Uy = U(t) with u(t) = S(t)ug. Introducing the number q,, by the formula

T—oo yex

1 (T
Gm = liminf sup {f / Tr,, M (S(t)u) dt}
0

if there exists m such that q,, < 0, then dimg X < m.

As anticipated at the beginning of the section, we shall consider a quasiperiodic
external heat supply, i.e., a function f : ) x IR — IR of the form

f(x,t) = ®(x,At) = ®(z, ML, ..., A\xt)

where ®(z,w) € CY(TX, L?) is a 27-periodic function of w on the K-dimensional torus
TE and A = (A\1,..., k) are rationally independent numbers. For further reference
we agree to denote

0 0

O (z,w) = (%Q(x,w),...,@qm,w)) W= (w,...,wK).

It is immediate to check that f € 72(IR, L?), and h € H(f) if and only if

h(z,t) = ®(x, At + wp) wo € TE.
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Therefore H(f) might be identified with T, and the translation semigroup acting on
H(f) is equivalent to the translation semigroup 7'(t) on T, defined by

T(t)wo = [At 4 wo] = (At + wp)(mod 27)%

In the remaining of the paper we shall denote &€ = H x TX, and we consider the
semigroup S(t) acting on & given by (4.3), with T'(t) as above. Clearly, with reference
to the previous section, the set A= AxTK (being A the uniform attractor of the
family {U,(t,7), w € TX}) is the attractor of S(t). For every wo = (20,wo) € &, the
vector w(t) = S(t)wo = (2(t),w(t)) is the solution of the differential equation

2z = Lz 4+ G(z,w)

Wt = A
2(0) = % (5.1)
w(0) = wp

where

G(z,w) = (®(w) — 9(6),0).

In the above formula and in the sequel, without further warning, we use the complete
decomposition of w, i.e., w = (0,7, w) = (I w, Ilyw, 3w), where I1;, j = 1,2, 3, denote
the projections on L2, Li (]R+, H}), and T respectively. We also define the operators
A (linear) and F on € by Aw = (Lz,0) and F(w) = (G(z,w),0).

Theorem 5.4. Assume (h1)-(h2), and let (g1)-(g3) with 3 < & and g € C*(R) hold.
Then the semigroup S(t) acting on & is uniformly quasidifferentiable on any bounded set
X which is invariant for S(t), i.e., S(t)X C X for everyt > 0, and the quasidifferential
S’ (t,wp) at the point wg = (20,wo) = (6o, no,wo) satisfies the variation equation

W, = AW + F'(w)W

W(0) =Wy = (Zy,%0) = (69, Hy, Xp) (5.2)
where
S'(t,wo)Wo = W (t) = (Z(t), 2(t) = (O(t), H', 2(t))
w(t) = (2(t),w(t) = O(t),n",w(t)) = S(t)wy
and

F/(w)W = (—¢' ()0 + & (w)X,0,0)

being F’ the Fréchet differential of F'. Furthermore

Sup. |5 (£, wo)l ) < C(t) <o V>0
wo
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Proof. Let w = (z,w) and w* = (z*,w*) be solutions to system (5.1) with initial data
wo and wyg, respectively, with wg, wg € X. The difference w = w* — w satisfies the
problem

Wy = Aw + F(w*) — F(w)

w(0) = Wy = wi — wo. (5:3)

Arguing as in the proof of Theorem 2.2, taking the inner product in £ of (5.3) and @,
we get

d, . - % q
12 < my |1 + 200w - 2(w), )

with m., given by (2.5) if v <1, and by (2.8) if 1 < < %. Due to the fact that X is
invariant for S(¢) and is bounded in &, from (2.2) it is clear that

sup  m, € L'([0,T7) VT >0.
6*,0€I, X

Since

(@(w") = 2(w),0)] < |D(w") = ©W)O] < 1P| poe (e 2y | lp 1G]

using Young inequality and defining r, = m, + |®’| Loo(TK ,12), 1D Virtue of Gronwall
lemma we conclude that

(012 < ]2 exp [ / m(y)dy] <ll2CT)  vi<T (5.4)

where C(T) < oo for all T > 0. Let now W be the solution to (5.2) with initial data
W(0) = wp. Indeed, it is easy to see that the linear (non-autonomous) problem (5.2)
with initial data W (0) = wg possesses a unique solution W € C([0,T1],&) for all T' > 0.
Our goal is to show that W (t) = S’(¢, wg)wo. Denote
p=w"—w—-W=w-W.

Clearly ¢ satisfies

pr = Ap + F'(w)e + h(w”, w) (5.5)
p(0) =0 '

where
h(w*,w) = F(w*) — F(w) — F'(w)w.

Due to the differentiability assumptions on g and ®, there exists o : IR — IR, o(y) — 0

as y — 0%, such that
[2(w”, w)] e

|0 ¢

We take the inner product in € of (5.5) and ¢. It is easily seen that the estimate for the
term (F'(w)p, ¢)e can be carried out exactly as above, whereas, by Young inequality,

= o([@lg)-

2(h(w*,w), p)e < [h(w*, )|z + |¢]2.
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Thus we get

d *

L1l < (s + Dl + I w) 2
Gronwall lemma and (5.4) entail

t
w0l < [ [ i @wwEan] e [ [0 +1) a]
< s oale) | [ )] o) (56)
s€[0,T]

< sup o*([@(s)|) @l cC(T)  VE<T

with C(T) = T e (C(T))?. From (5.4) we also get that

lim  sup o®(Jw(s)]g) = 0.

wo—0 50,77

Then we conclude that, for every 7' > 0

eI _

w00 | g

which gives the required uniform quasidifferentiability . Finally, taking the inner prod-
uct of (5.2) and W, and performing calculations analogous to those leading to (5.6), we
obtain the estimate
2 2
WD) < [WolzC(T) VT =0

which yields the last assertion of the theorem. [

It is immediate to verify that Theorem 5.4 still holds if we replace condition (g3)
with 8 < % with condition (g4).
We now state our result about the dimension of the attractor.

Theorem 5.5 Assume (h1)-(h2), and let (g1)-(g3) with 8 < 3 and g € C*(IR) hold.
Then the attractor A of the semigroup S(t) acting on € has finite Hausdorff dimension.

Proof. let wy € A (so that w € A). Let W = (©, H,X) be a unitary vector belonging
to the domain of A+ F’(w). Then

(A+ F/(w)W, W)e = (AW, W)e — (4/(6)0,0) + ('(w)5, ).
From a direct calculation (see also [14]),
2 0 2
(AW, W)e < —ko|VO|” — §“VHH“-

An application of the generalized Holder inequality entails

—(g'(6)©,0) < |8]g[O[lg(0)]5-
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Since 3 < 5/3, the term |g’ (0)||§ is uniformly bounded as wqy € A. Thus, exploiting the
embedding H} — L5, and using Young inequality, we get

k
~(g'(0)0,0) < Z[VO|” + ol O],
for some ¢g > 0. Finally, being | ®’ | oo (T 12y < 00,

(' ()%, 0) < c10]O]° + c10]S[px
for some c19 > 0. Adding the pieces together, setting c11 = ¢g + ¢19, we have

k 5
(A+ F ()W W)e < =2 |VOP = J[VH|; + cna| O] + a0l Sl

Therefore we conclude that A + F'(w) < M, where M is the diagonal operator acting
on L? ® L2(IR™, H}) & TX defined by

BMA+enl 0 0
M = 0 31 0
0 0 610[

From the definition of Try,, it is apparent that Try, (A + F'(w)) < Tr,,(M). Since M
is diagonal, it is easy to see that

m

Tr,, (M) = Slép Z(MWj, Wi)e

j=1

where the supremum is taken over the projections ) of the form Q)1 & Q2 & Q3. This
amounts to considering vectors W; where only one of the three components is non-zero
(and in fact of norm one in its space). Choose then m > k, and let nq, ny, ng be the
numbers of vectors W; of the form (©,0,0), (0, H,0), and (0,0, X), respectively. Notice
that, since TX is k-dimensional, nz < k. Thus, applying Lemma 1.6, we get

k() % 0
Trp (M) < — RN+ enny — ong 4 cions

which gives at once

5 )
dm < —?Ol‘inf +c1iny — §TL2 + Cl()k.

Since as m goes to infinity either ny or ny (or both) go to infinity, it is clear that there
exists mg such that g,,, < 0. Thus the desired conclusion follows from Theorem 5.3 and
Theorem 5.4. []

Corollary 5.6 Assume (h1)-(h2), and let (g1)-(g3) with # < 2 and g € C*(IR) hold.
Let f € C*(IR, L?) be quasiperiodic in time. Then the uniform attractor A of the family
{Un(t,7), h € H(f)} given by Theorem 4.7 has finite Hausdorff dimension.
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