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Abstract. Solid-liquid transitions in thermal insulators and weakly
conducting media are modeled through a phase-field system with mem-
ory. The evolution of the phase variable ¢ is ruled by a balance law
which takes the form of a Ginzburg-Landau equation. A thermodynamic
approach is developed starting from a special form of the internal en-
ergy and a nonlinear hereditary heat conduction flow of Coleman-Gurtin
type. After some approximation of the energy balance, the absolute tem-
perature 6 obeys a doubly nonlinear “heat equation” where a third-order
nonlinearity in ¢ appears in place of the (customarily constant) latent-
heat. The related initial and boundary value problem is then formulated
in a suitable setting and its well-posedness and stability is proved.

1. INTRODUCTION

In this paper we investigate the well-posedness of the system

pr— R+ F(g) + 5 Cp) =0 (1.1)
ou(a(0) - 91 (¢)) ~ ko0 /0 T () AO(E— s)ds = R(O),  (1.2)

where 0 or the subscript ¢ denote partial differentiation with respect to time.
Here, ¢ € [0,1] is the phase-field variable and 6 the absolute temperature.
We propose this system as a phase-field model for first-order solid-liquid
transitions. It generalizes [4] and accounts for thermal memory effects in
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weakly heat conducting media as well as insulators where thermal conduc-
tivity increases linearly with temperature (see, for instance, [14]). In the
sequel, the full model is developed by regarding separately the two equa-
tions of the system.

First, we introduce the order parameter of the transition as a phase-field
(z,t) which changes smoothly in space. In addition, its evolution equation
is regarded as a balance law of the structure order (see [11]). To fix ideas
we let ¢ increase with the structure order so that ¢ = 0 in the less—ordered
phase (liquid). As customary in temperature-induced transitions, this bal-
ance law takes the form of the Ginzburg-Landau equation (1.1), where 6.
is the temperature transition value and W = F + G provides the so-called
“double—well” potential. Usually, it is a fourth—order polynomial in ¢ which
has two wells of equal depth located at ¢ = 0 and ¢ = 1. On the contrary,
the choice of G(ip) is quite arbitrary and related to the latent heat L. In
particular, G is required to satisfy

where L > 0 gives the heat absorbed during the transition from solid to
liquid phase (melting latent heat). In the Caginalp model [9], for instance,
G is linear in ¢. Penrose and Fife in [20] proposed a different class of
models where G has quadratic growth. Some solidification models (see, for
instance, [21]) assume that G has degree three or five, but there is no reason
to rule out G to be even. The choice of G with an odd degree is motivated by
making more efficient numerical simulations in the small undercooling regime
(see [13]). On the contrary, an even function G induces some boundedness
property on the phase variable (see Proposition 2.1). Here, according to [11],
we assume both F' and G to be fourth-order polynomials

F(p)=LB¢"—4¢%) and G(p)=L(Bp" =8> +6¢%),  (13)

so that W () = 6L p?(1 —¢)? and F(0) = G(0) =0, F(1) = -G(1) = —L,
F'(0) = F'(1) = G'(0) = G'(1) = 0. Since L > 0, this choice accounts
for first—order phase transition phenomena and solutions to (1.1) fulfill the
following properties:

— o(z,t) = 0 and @(z,t) = 1 are equilibrium solutions (i.e., local
minimizers of the free energy) whatever may be the value of 6,

— at 6 = 6. both solutions are stable (i.e., absolute minima); a change
of stability occurs when 6 < 6. or 6 > 6.
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It is worth noting that these statements cannot be satisfied when the degree
of F/ and G’ is less than two. In particular, neither Caginalp nor Penrose—
Fife models agree with the first property. What is more, the choice (1.3)
enables us to prove the bound 0 < ¢(z,t) < 1 provided that 0 < ¢(z,0) <1
and 0(z,t) > 0 for all £ > 0 (see [11]).

The evolution equation for the temperature is obtained from the energy
balance law, as usual. After assuming a special expression for the internal
power of the structure order, the heat equation takes the form

K 0

o (6 —F(p) - §’V<P|2> - H—GtG(w) — () =-V-q+r (1.4)
c

In order to derive (1.2) we assume here a heat conduction law of the Coleman-

Gurtin type (see [10]) so that the heat flux vector q depends both on the

present value of the temperature gradient VO(t) and its past history up to

t > 0, namely,

q(t) = —kof(t)VO(t) — 0(t) /000 k(s)Vo'(s)ds, ko >0, (1.5)

where 0'(s) = 0(t — s). When the memory term is neglected (kK = 0) the
nonlinear Fourier heat conduction law considered in [4] is recovered,

qa(t) = —kob(t)VO(1).
On the other hand, when
k(s) = € (ko — k1) exp(—es), ko > k1 >0
(1.5) is equivalent to the rate—type constitutive equation
op+ep=—kyVo0 — ek VO, q=0p

which models the heat flux in a (nonlinear) Jeffreys-type rigid conductor at
rest.

According to (1.5), the free energy density v is assumed to split into two
parts: the first, ¢1, independent of V!, the last, 1o, which only depends
on V@ 1In the special case a(f) = ¢ Inf equation (1.2) is obtained from
the energy balance by means of a suitable choice of 11 and 1 in agreement
with thermodynamics. In particular, after replacing (1.5) into (1.4) and
multiplying the result by 1/6, some approximations are needed to obtain
(1.2).

A lot of papers deal with the heat equation with memory, namely (1.2)
where a(f) = ¢f and G = 0. The model was proposed in [10] and lately
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studied by many authors (see e.g. [15] and references therein), including its
asymptotic behavior in the history space setting [16, 17].

Well-posedness results for the full system (1.1)—(1.2) have been scrutinized
recently in the literature assuming a(f) = c6 and letting G to have at
most quadratic growth. In addition, F' is assumed to be — or include — the
indicator function I} ;) of the closed interval [0, 1], in order to force the phase
variable to sit between 0 and 1. In particular, when a quadratic nonlinearity
for G is involved and «(f) = c6, the problem has been studied first in
[8], where existence and uniqueness results for weak and smooth solutions
have been proved via energy methods. More recently, a system like (1.1)—
(1.2) was proposed in [5] as a particular case of a more general phase-field
model with thermal memory where the usual energy balance is replaced
by an entropy balance law. Using a different thermodynamic approach, a
thorough investigation of (1.1)—(1.2) has been carried out in [6, 7] assuming
a(f) = Inb, G(¢p) = Ly and F' = Ip;. The main results proved therein,
that is existence, uniqueness and asymptotic behavior of solutions, jointly
with positivity of the temperature field, strongly depend on the linear form
of G.

The aim of this paper is to prove well-posedness and stability of the
Cauchy-Neumann-Dirichlet initial-boundary value problem generated by
(1.1)-(1.2) with a(f) = Iné and a fourth-order nonlinearity for G. This is
achieved by means of a procedure introduced in [4], where we prove well-
posedness of a similar system without memory (k = 0). The main diffi-
culty here is due to the different state identification at time ¢ > 0, namely
(p(t),0(t), VO'). Indeed, the presence of a convolution term would prevent us
from applying any maximum principle to prove the positivity of the temper-
ature component of the solution. This positivity result can be achieved here
only by virtue of the choice a(f) =1In6 in (1.2). Even if we take advantage
of some results proven in [6], the novelty of our paper consists in obtaining
the boundedness of the phase-field solution directly in the customary setting
of a double well potential, with no recurse to the interval indicator func-
tion and its subdifferential, which are rather typical of the Stefan problem
with a sharp interface. What is more, this procedure enables us to handle
nonlinearity in G of degree higher than two.

The plan is as follows. In Section 2, we introduce the model and we formu-
late the problem with proper initial and boundary conditions. In Section 3
we prove the existence result. First we construct a sequence G of functions
with lipschitz derivative, approaching G and behaving as well as G in (0, 1).
When G. is considered in place of G, exploiting a recent result by Colli et
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al. [6], we obtain existence, uniqueness and positivity of the temperature for
all solutions (¢-(t),0:(t), VOL). This allows us to apply Proposition 2.1 and
ensures that 0 < ¢, <1 holds for all € > 0. Finally, we pass to the limit as
€ — 0 and prove both uniform convergence and uniqueness of solutions via
energy methods. Section 4 is devoted to show uniqueness of the solution.
Finally, in Section 5 we prove the stability of solutions by means of energy
estimates and Gronwall lemma.

2. PHASE TRANSITION MODEL

Following the point of view of [11] and [12], every phase transition can
be interpreted as a change in the order structure inside the material. The
variable which measures the internal order structure is a scalar function ¢
which takes its values between 0 and 1, such that ¢ = 0 corresponds to
the less ordered phase and ¢ = 1 describes the more ordered state. We
denote respectively by K, p and o the density, the flux and the supply of
the internal order structure.

The balance of the structure order considered in [11] and [12] leads to the
following local equation

pK =V -p+po, (2.1)

where p is the mass density. We assume in particular the constitutive equa-
tions

K = o+ flo)+ ig(cp) (2.2)

p = kVyp, (2.3)

where 6 is the absolute temperature, . is the critical temperature of the
phase transition,  is a positive constant, f, g are two functions characterizing
the first-order phase transition.

Therefore, equation (2.1) assumes the form

0

P[‘Pt + )+ (w)] = kg + po. (2.4)
(&

Henceforth, we suppose that the density p is constant and for sake of sim-

plicity we let p = 1. Moreover, we assume o = 0. Accordingly, (2.4) reduces

to

oot Flo) + ig(w — K. (2.5)
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In order to deduce the equation for the temperature, we consider the energy
balance law

e =P —V-q+r, (2.6)
where e is the internal energy, q is the heat flux, r is the heat supply and
P* is the internal structure order power, defined as

P=Kpi+p- V. (2.7)

By defining F, G such that F'(p) = f(¢), G'(¢) = g(¢), F(0) = G(0) = 0,
the internal power is given by

; 0 K
Pl= gt + 0F(p) + 5-0:G () + 50|V l?).
Thus, from (2.6) we obtain
K 0
Orle—Flp) = 5IVeP| = 2-0G(e) —¢f ==V -q+r.  (28)

In this paper we deal with weakly conducting materials with fading ther-
mal memory, so that the heat flux is assumed to obey the constitutive equa-
tion (see [12])

alt) = —kob(H)VO(E) — 6(1) /0 " k() VO (s)ds
= —kob(t)VO(t) +6(t) /OO K (s)VO!(s)ds, (2.9)
0

where ko > 0, k € W21(0,00) N H'(0, 00) and
Voi(s) = Vot —s),

Voi(s) = /ste(t—f)dT: /t;ve(T)dT.

Substitution into (2.8) yields

K 0
O |e = Fl) = SIVel| - 5-0G(¢) = ¢F (2.10)
= koOAO + ko|VO|* — 9/ k' (s) A6 (s)ds — V6 - / k' (s)V0(s)ds + r.
0 0

We examine the restrictions imposed to the constitutive equations by the
principles of thermodynamics. To this aim we identify the state of the system
at time t > 0 with the quadruplet (6(t), p(t), Vi(t), Vét) and suppose that
the thermodynamical potentials depend on the state. Denoting by n the
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entropy function, the second law of thermodynamics, expressed in terms of

the Clausius-Duhem inequality, gives
qa

mz -V (y)+ g

Hence, relations (2.6), (2.7) imply

1
HUtZet—Ksot—p'VsotJrgq-W-

By introducing the free energy ¢ = e — 61, in view of constitutive equations
(2.2) and (2.3), the previous inequality leads to

0 1
P + 0l — <Pt2 — [ f(o) + G*Q(W)}Pt —kVe -V, + gq -Vo <0. (2.11)

Hereafter, we suppose the free energy depending on the state variables as

¢(97 2 VC,D, Vét) = wl (0> 2 VSD) + ¢2(V‘§t>7

where the functionals 11, 19 satisfy

w1(07070) = 07 wQ(O) — 0
Then from (2.9) and (2.11), we obtain the inequality

0
Oubr +Oubs < —mby+ 6+ [1(9) + 5-9(9) | u + KV - Ty

Oc
+  ko|VO* — Vo - /OOO k' (s)V(s)ds. (2.12)
The arbitrariness of 0y, ¢, Vi, implies the relations
—-% f@) i =52, wve= 2L
Accordingly we deduce the representations
Gi0.0.9¢) = —CO)+ @)+ 7 Gle) + 5IT6l (213)
wog) = cl)~ 5 Gl) (214)

where ¢(f) is any function of the temperature and C’(6) = ¢(0).
Therefore, inequality (2.12) reduces to

b < @7 + ko|VO2 — VO - / k' (s)V!(s)ds. (2.15)
0



332 V. BERTI, M. FABRIZIO, AND C. GIORGI

There are many functionals ¢, satisfying (2.15) (see [2]). Here we consider
the Graffi free energy

1 [ ~
alt) = vlt) =~ [ K98 (s) P, (2.16)
0
where the kernel £ is such that
K'(s) <0, K"(s) > 0. (2.17)

By differentiating (2.16) with respect to time, we obtain
e (t) / K (5)V8'(s) - [VO(t) — VO (s)] ds
and an integration by parts yields

dba(t) = —V(t) - / W (s) Vi (s)ds — % /0 T W)V () 2ds. (2.18)

0
Substitution into (2.15) leads to the inequality

1 [ .
0 < p2(t) + ko| VA1) | + 2/ E'(s)|VO(s)|*ds, (2.19)
0

which is satisfied in view of (2.17).

We conclude this section with the introduction of the system of differential
equations which describe the evolution of this first order phase model. In
this framework, we choose

c(f) =a(l+1nb),
with o > 0 and
flo) = —12Le° (1 — o), () = 12Lep(1 — 0)*.
Therefore equation (2.5) reads

121 (1—¢p)2 (2.20)

Moreover, owing to (2.13) and (2.14), the internal energy is written as

¢t = kAp + 12Lp* (1 — )

1 [ ~
e=vY+0n=ab+ F(p)+ g]VMz - 2/ K (5)|V0'(s)|ds.
0
Substitution into (2.10) and use of (2.18) provide

0
Oéet — 12L97(’0(1 — (p) ©t = <,Dt + ko@AH + k0|V9|2

— OOIS ~t88 1 OO//S ~tSQS T
9/0 K (5) A6 (s)d +2/ K (s)| V8 (s)|ds + 7.

0
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In the sequel we consider an approximation of this equation, namely
ol — 12L;C¢(1 — )2y = ko NG — 9/000 K (s) A0 (s)ds (2.21)
which is obtained by ignoring the terms
©? + ko| VO + ;/OO K" (s)| V0 (s)|*ds.

0

This could be justified by requiring that ¢? and |[V6!(s)|?, s > 0, are negli-
gible and assuming the condition

o0
/ s2K"(s)ds = M < .
0
Indeed, a direct computation proves the inequality

ko VO — / k()| (s)2ds < ko|VO(E)[2 + M sup [V6 (s)?
0

s>0
< (ko + M) sup [ V0 (s) 2
s>0
It is worth noting that under such an approximation the thermodynamic
consistence of the model is guaranteed anyway, since relation (2.19) still
holds as an equality.
Finally, by multiplying (2.21) by 1/6, we obtain the “heat equation”

12L o -
7 o(1 — )2 = koA — / K (s)A\O'(s)ds + g (2.22)
c 0

Equations (2.20) and (2.22) are completed with initial and boundary condi-
tions. Due to the presence of a memory term in (2.22), we prescribe in €,
the domain occupied by the material,

o(,0) =0,  O(x,s)=60"(zs), s<0, (2.23)

a(ln 9)15 —

jointly with a Neumann boundary condition for the phase field and a non-
homogeneous Dirichlet condition for the temperature

Ve nloga =0,  0laa =0, (2.24)

where n denotes the unit outward normal to 0f2, the boundary of .

As already proved in [11], the IBV problem (2.20)-(2.23),-(2.24), ensures
the boundedness of the phase field between 0 and 1 as a consequence of the
positivity of the temperature 6.



334 V. BERTI, M. FABRIZIO, AND C. GIORGI

Proposition 2.1. (see [11], Theorem 2) Given 6 > 0 in Q x (0,T), if ¢
is a solution of (2.20), (2.23)1 and (2.24); with initial datum o satisfying
0<¢o<1ae inQ, then 0 <p <1, ace inQx(0,7).

It is worth noting that the same result holds when the function g(¢) =
12Lp(1 — ¢)? is replaced by u(p), where y is any continuous function such
that ru(r) > 0, for all r € R.

3. EXISTENCE OF THE SOLUTIONS

For convenience, we introduce here some notation and recall some stan-
dard inequalities to be used in the sequel. As usual, we denote by LP(2)
and H*(Q), respectively, the Lebesgue and Sobolev spaces endowed with the
standard norms || - [|rr(q) and || - || gr(q)- In particular || - || stands for the
L*(Q)—norm. Let H}(€2) denote the closure in H(€) of the space C§°(£2) of
smooth functions with compact support. For each v € H&(Q) the Poincaré
inequality

M@ vl* < [IVo? (3.1)

holds. Finally, let us denote Q¢ = Q x (0,t), for any ¢ € [0, T].
If a,b are two functions of ¢, we denote by * the convolution product,
namely,

axb(t) = /Ot a(s)b(t — s)ds.
By differentiating with respect to time, we obtain the identity
(axb)t = a(0)b+ at *b. (3.2)
If a € L1(0,t), b € L?>(Q;), the Young theorem provides

16l L2(Q,)- (3.3)

Now let us introduce some assumptions on the data. For simplicity the
boundary datum 6t is supposed to be time independent. Moreover we require
(H1) k, k' € LY0,+00);
(H2) r e L™ (Qr);
(H3) ¢o € HY(Q), 0<¢o<1lae. inQ, Oy € L>=(Q);
(H4) 6r € HY?(0Q) N L>(09Q);
(H5) there exist two positive constants 6, and 6* such that 6, < 6p <
0%,0, <6y <0*.

|a * bHL‘A’(Qt) < Ha”Ll(O,t)
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In order to deal with homogeneous boundary conditions, let us consider the
function 6y € H'(Q) solution to problem

ANby =0, in Q
O3]o0 = Or .

In view of (H4), (H5), 03 satisfies the following inequalities
0, <0y <067, a.e. in ) (3.4)
104z (0 < cllfrll g2 a0) - (3.5)
Let us denote by u the difference
u=0—0xy. (3.6)

Accordingly u satisfies a homogeneous Dirichlet boundary condition and
owing to (3.1) the inequality

[ull < [lullgr@) < M(Q)[|Vull (3.7)

holds.

Now we perform a further approximation of equation (2.22), by assuming
that the temperature 6 is close to 0y, for every t > 0. Accordingly, by means
of the approximation

0, 1 0
7 1—@(9—971)—2—@,
equation (2.22) is written as
aln0)— 2L o o120, = /-cer—/ k’(s)Aét(s)ds+i(2—i). (3.9)
Oc 0 O\ On

Moreover, in order to distinguish the dependence on the past history 6° in
the previous equation, we split the heat flux as

q(t) = —ko0(t)VO(t) — 6(t)(k = VO(t)) + an(t),
where

an(t) = —0(t) /0 h k(t + s)V0°(s)ds.
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Thus, we prove existence of solutions to problem

12L

o = kAp + 12Lp* (1 — @) — ——0p(1 — ¢)*
12L 5 ‘ ’
(p) {a(lnf)— 0. (1 — )0 = koA + k x AN+ 17 — @0
Ve -nlspq =0, 0]oq = Or
\QO(x’O) = 900(1‘)’ 9(1‘,0) = 90a

where
qy 2r o0 0 2r
rg =—V- (—) +—= E(t + s)A0°(s)ds + —
0 0x  Jo 02
is a known function of x and t.
Let us require the following additional assumptions:

(H6) r € L*(Qr);

(HT7) there exists § > 1 such that b = inf{r(z,t) : (z,t) € Qr} > —%.

We introduce here a family of approximating problems (P:), € € (0, 1].
More precisely, for each ¢ € (0, 1], we denote by g. the Yosida regularization
of the function g(¢) = 12Lp(p — 1)? and consider the problem

= 0
ot = kAp + 12ch2(1 — ) — 95(90)9
1 c ,
(l 6) Oé(h’le)t 9695(@)507& = ker—i—k*Ae—{—T‘H —_ 070

Ve -nlpa =0, 0loq = Or
KQD(CC,O) = 900(1')7 0(1‘,0) == 9067

where the initial data 6y are chosen with the following properties
o € HY(Q), 0, < 6p. < 0*, for any ¢ € (0,1]
and
0o — Oy in L2(Q) and a.e. in Q as € — 0.

The existence of a solution (¢e, ) to (P:) is obtained with the same tech-
nique used in [6], where the authors prove the existence of a solution (¢, #)
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to problem
( 0
o= KkAp —§ — UI(‘P) - X(‘P)af
/ a(lnf), — al)\'(cp)got = ko0 +kx N0+ R
(P) c
£ € B(v)
Ve -n|pg =0, 6]on = Or
90(3370) = ¢0($)7 9($50) =t
such that

o € L*0,T,H*(Q)NHY0,T,L*(Q))
0 € L*0,T,H'(Q)), 6>0ae. inQr
Ing € L°0,T,L*Q)NHY0,T, H *(Q)).

Here X' and o’ are Lipschitz continuous functions and [ is a maximal mono-
tone graph. With the identifications

N=ge,  Ble)=12L(" = +¢),  d'(p)=—-12Lp,
X, o’ are Lipschitz continuous functions and 3 is monotone. Since the addi-
tional term >0 is linear in ¢, existence of solutions to (P:) can be proved as

H
in [6] with minor modifications. Accordingly, the following theorem holds.

Theorem 3.1. For any € € (0,1], problem (P:) admits at least a solution
(¢e, ) such that

pe € L*0,T,H*(Q))NH'(0,T,L*(Q))
6. € L*0,T,H'(R), 6.>0ae. inQr
Ing. € L®0,T,L*(Q))NH' (0, T, H1(Q)).

Remark 3.1. Since 6. > 0 and ¢.g:(p:) > 0, owing to Proposition 2.1,
each solution of (P:) satisfies

0<¢: <1, a.e. in Qr. (3.9)

We prove now that a solution (¢g,6:) of problem (FP.) converges to a
solution (p,0) of (P) as ¢ — 0. To this purpose we deduce some a priori
estimates which ensure the boundedness of (., 6.) uniformly with respect
to e.

In the subsequent inequalities we denote by ¢ any positive constant in-
dependent of . Moreover, we will repeatedly use the Holder and Young
inequalities with suitable choices of the constants.
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Lemma 3.1. If (¢, 0:) is a solution to (P:), there exists a constant ¢ such
that

el oo 0.1, 1 @))nE (0,7, 22(92)) T |Uell 20,113 (02)) + 10el Lo 0,7, 21.(2)) < €
(3.10)

Proof. Let us multiply the first equation of (P.) by ¢, the second by
ue = 0 — 01y and integrate over ;. We obtain

/ (92 + ko|Vue|?) dzds (3.11)

t

0
+ / [51Ve (O + 31640 + Gule®) 2 +00u(t)]do = 1 + T+ 1,
Q C

L = /Q [4Lgp§(t) + aby Inb.(t)] dx

I = /Qz [— (k x Vue) - Vue + (TH - é)ug - gz;{u?}d:cds

K 0
I3 = /g; [§’Vgp0’2 + 3Lg03 — 4Lg08 + Gg((po)% + ablp: — ably In b, | do
and
Getr) = [ gu(s)ds
0

From inequalities (3.4) and (3.9) we deduce

L < c+c/ Inb.(t)dx < c+ a/ O (t)dz.
Q 2 Jo

In view of identity (3.2) we obtain

I, < [£(0)(1 % Vue) + k' * 1% Vu.] - Vue|drds

|
o

1
+[Irallen + g Wl luellzay —b | 5

Qt

so that by means of (3.3) and (3.7) we prove
I < ([RO)] + 1K o, 1L # Vel 2@ I Vuell 2 ()

1 1
+ M) [Irll 2y + 52 | IVuel 2@, + max{0, =b} 25 32 g,
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By virtue of (H7), it follows

I < %HV%H%Q(Q” + c/ot HVuEH%Q(QS)ds +c.
Finally, assumptions (H3) and (3.4) prove the boundedness of I3.
Substitution into (3.11) yields
el + Fo D Ve a0y + ZIV ()2 + 3T e (O
5 2
+/Q [Gg(cpg(t))?z + %Hg(t)]dx <c+ c/ot Ve |72, ds-
Therefore, Gronwall’s inequality implies (3.10). O
Remark 3.2. By comparison with (P;), using (3.10), we prove the inequal-
ities
[D¢ellz2(Qr) ¢, (3.12)
(I 02)el| 20,7, -1 () c. (3.13)
Lemma 3.2. Let (¢e,0:) be a solution to (P:), then
[ n0c L2 < c (3.14)

IN A

Proof. Let us integrate the second equation of the problem (P) in the time
interval (0,t), thus obtaining

1
a(Inf. —Inby.) — e—[GE(apE) — Ge(¥0)] (3.15)
r r
=ko* N0, +1xk*x O, +1x (rH—eH—egiug).
By subtracting to both sides «lnfy;, multiplying by —Au, = —Af. and

integrating in Q; we deduce

k
/ aV(Inb. —Inby) - VO.dzds + §0||1 s Aug(t)||?

t

1
- / |aIn B3¢ — In ) S — =[G (p2) = Ge(ipo)| D
t C
r r
— (1 k*x Aug)Aug — 1 % (rH v %ua) Aue} dxds.

Hence,

K
V0 Pdrds + 1 x Duc(D)]? = / a(In Oy — In o)1+ A (t)da
Qt Ve Q
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a 1
—|—/ {—V@H -Vl — —[Ge(pe) — Ge(po)| Aue
0, L0y 0.

—(1xk* Aue)Aue. — 1 % (TH —

T T

v 972{115) Aua}dazds. (3.16)

In order to estimate the right hand side of the previous equation notice that
relations (3.4), (3.5) and (3.10) imply

a/ (In 62 — In B0.)1 * A (t)dz < o] In Oy — In fo. |11+ Aua(0)]
Q
k
< et gl dus(t)]?,

/ Qﬁveﬁ - V0.dxds
Q. Ot

o
< 5 IVOll2 ) (IVUel 2@y + IVO 12(@r) < €

Moreover, an integration by parts yields

1
0 [GE(SOE) - GE(SOO)]AU5d$dt

0
1 1
- Q/Q[Ge<90€(t)) — G:(90)](1 * Aug)(t)dx — 7 / 9e(pe)pet (1 % Aue)dxds,
C e X
so that (3.10) provides the estimate
1
re [Ga(@a) - Ge(@O)]Augd:cds
05 Qt

< %I!Ge(%(i)) — Ge(po)[l[[1* Duc ()] + C/ =t ()11 + Auc(s)l ds
c 0

k t
< et O w du(0)? +c/ 1+ Aue(s)]|ds.
0
In view of the identity (3.2) we deduce

/ (k * 1% Aug)Auedxds

t

= /(k: w1 Aug)(t)(1 % Au)(t)de — / (k* 1% Aug)(1 % Aug)dzds
Q

t

< 20U A ()] + el (1 Suc) 1)
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+/ [5O)](1 % Aus)? + | (K 1% Auc)(1 % Aus) | dads.

t

Hence, owing to (3.3) we obtain

/ (k* 1% Aue) Audzds < %H(l * Aug)(t))?

t

t
+e(1Kll72 0,7 + 1(0)] +Hk'HL1<o,T))/O 11 % A (s)|*ds.

Finally, last integral in (3.16) can be estimated as

r r
/t 1 <rH — @ — H%UE) Auzdxds

:/Ql*(rH—r e ) (6)(1 % Aue) (1)

o 03"
r r
_ /t (TH v %us)(l * Aug)drds

< ¢ |lIralsgm + IMaior) + Im I3 ellEecor)
k t
S s O + [ 15 s,
0

Substitution of the previous inequalities into (3.16) leads to
k t
/ §|V05|Qd:pds | Z°|y(1 % Aug)(t)])? < c/ |1 % Aug(t)]|?dt + c.
t V€ 0

Therefore, Gronwall’s inequality yields
1% AUEH%W(O,T,LZ(Q)) <c
and substituting into (3.15) we obtain
106217 (0.7 202y < -
Hence (3.14) holds. 0

The a priori estimates proved in the previous lemmas allow to pass to the
limit as ¢ — 0 and to obtain a solution (¢, f) of problem (P).

Theorem 3.2. If assumptions (H1)—(HT) are satisfied, problem (P) admits
at least a solution (p,0) such that

p € L*0,T,H*Q)nH0,T,L*(2))
0 ¢ L*0,T,H' (), 6>0ae inQr



342 V. BERTI, M. FABRIZIO, AND C. GIORGI

Ing € L°0,T,L*Q)NHY0,T, H *(Q)).
Moreover, 0 < p <1 a.e. in Qr.

Proof. Inequalities (3.10), (3.12), (3.13) and (3.14), prove, up to subse-
quences, the following convergences

@e — @ weakly in L*(0,T, H*(Q)) and in H'(0,T,L*(Q))  (3.17)
ue — u weakly in L?(0,T, Hy () (3.18)
Inf. — ¢ weakly in L?(Q7) and in H'(0,T, H~(Q)) (3.19)
and in view of (3.6)
0. — 0 weakly in L?(0,T, H'(Q)). (3.20)
Therefore, the compact embeddings H?(Q) — HY(Q), L?(Q) — H-Y(Q)
yield
. — ¢ strongly in L*(0,T, H'(Q)),
Inf. — £ strongly in L?(0, T, H~1()).
Accordingly, ([19, p.12])

12L¢2(1 — ) — 12L¢*(1 — ) = g(p) weakly in L*(Qr).
From the inequality

l9:(02) = 9(@)| < ge(pe) — g=(0)| + |g=() — g(0)]
< clpe — ol +19:(0) — 9(9)],

we deduce g.(¢:) — g(y) strongly in L?(Qr) and thanks to (3.17), (3.20)
we obtain

9e (=)0 — 12Lp?(1 — )8 weakly in L*(Qr)
9 (@) et — 1200 (1 — )y weakly in L*(Qr).
In order to prove the convergence of the logarithmic term, we observe that

/ 0:InO.dxdt = / (ue + On) InOdzdt — (£, u) —|—/ Oy ldxdt,
T T

T
where (-, -) denotes the duality pairing between L?(0, T, H()) and L?(0,T,
H~YQ)). Hence, £ =In0 a.e. in Qr (see [3, p.42]).
Finally, Proposition 2.1 proves the boundedness of . ]



A PHASE-FIELD MODEL WITH MEMORY 343

4. UNIQUENESS OF THE SOLUTION

This section is devoted to prove uniqueness of the solution to problem (P).
In particular we state a theorem which shows the continuous dependence on
the data.

Theorem 4.1. Let (¢1,601), (p2,02) be two solutions of the problem (P) with
data o1, o1, Or1, ra1,m1 and @oz, 002, Ore, TH2, T2 satisfying (H2) — (HT),
then the following inequality holds

l1(t) = e2(0)1 + V1 = Veall2a(q)

+/ (In6; — InBo)(0y — O2)dzds + ||1 * V(uy — ug)(t)||?
t

< M{llre = r2ll oo (@) + Im1 = rm2ll72g,) + Idor — doz|®

+|0r1 — 9]:‘2”%[1/2(@(2) + [0r1 = Or2l g1/290)) (4.1)
where 11 9 1
do; = alnbo; — 9*6(1%11‘ - 38081' + 590&)7 =12

and M > 0 depends on @o;, 0oi, 0ris vy i © = 1, 2.

Proof. Let us integrate the second equation of (P) over the time interval
(0,%)
alnf —kyx A0 —1xk*x A0 (4.2)

L L
= —(3904 — 8¢ + 6@2) + 1% <7“H — %0) - —<3903 —8pb + 6(,03).
0. 03, 0.
By letting

o =p1—p2, 0=01—0s, Oy =0p1—0n2, rm=rmi—rH2, do=do1—doz,
from the first equation of (P) and (4.2), we obtain

o — kA = 12L[pF(1 — 1) — 05(1 — 2]

o LR R A C R R UK
a(lnfy —Inby) — ko x NG — 1 xkx A\§
= QLC (36 — ) — 8¢ — ¥) + 64 - ¥}
+1*TH—1*<92191—02;02>+d0. (4.4)
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Multiplication of (4.3) by ¢ and (4.4) by u = u; — uz = 6 — 03 provides

1
Lo + Kl Vel + o /Q (In 0y — 1n6,)0dzds
t

k
+ I Vu@)I? = i+ T+ s + (4.5)
where
0
n=2L [ A= e - - ) - Tt - g0
t C
0
+ ;ﬂ p2(1 — <P2)2} pdxds
L
h=5 ], [3(61 — ) — 8t — 0}) + 6(3 — 93)|udads
12L
~ 3 [uro1(1 = ¢1)? — uga(1 — 2)?|pdads
¢ JQ
1 T LT
J:/ 1xkxVu-Vu—1x Uy — —5—uz + — — — |u|dxds
3 t [ (9%1 Y02, O em) }

Jy = / [(1*rg+do)u — a(lnbd; — 1Inb)0y] dxds.
t
Let us estimate each integral J;, ¢ = 1,...,4. Concerning .J;, we have

1
n=12L [ [+ ea)e = (R + o+ D oall - 1ot
C

t
02 2032
0. 0.

1 20
< 12L/ (1 + p2)? - g o1l — ) e+ (o1 + 2)% | duds.
t c c
The boundedness of @1, p2 and inequalities (3.4), (3.5) imply

(14 @3+ o102 + 0D)® + 2 (1 + goz)ch] dxds

t
TS elellaon +e /0 (10511 + ()] I10(s) s

< CH@H%%QQ + CHHFH?—[UQ({)Q)' (4.6)
The second integral Js can be written as
1
Jo= [—u1 (997 + 60102 + 393 — 16601 — 82 + 6)
¢ JQy

+ uz (993 + 6102 + 3T — 162 — 81 + 6)] p?dads.
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Hence, Proposition 2.1 yields

Jy < c/ (Jur| + |uz|)p?dzds (4.7)
Q1

t t
<v /0 IVeo(s)|ds + /0 s ()21 g + 2 (3) V2 g9 (5) 12l

for each v > 0.
Now we consider the third integral J3. We obtain

ng/ 1%k Vu-Vudxds
t

1 uz (031 + Or2)rousn r
— [ Ix |5 T — 0 ) dxd
/t ’ [92 e, 02,62, o emem ruaras.
An integration by parts yields
J3 = /(1 xkx Vu)(t) - (1% Vu)(t)de — [ Op(k * 1% Vu)(1* Vu)dzds
Q Qt
1 Uz (031 + Or2)r2u0 r 2 ]
= [ x| grut 5 — On + — — t
/Q [97211 3o 031031 T 0 Ot ®)
X (1% u)(t)dx
r1 Uug (0241 + Op2)rous r ) }
+ x| s5—u+ 5—r— O + — — 0
/ ¢ [97211 0312 03103 0 G

X (1 u)dxds.
Hence, by using inequalities (3.2) and (3.4) we have
B < ek Vu@ I V(] + KO« Vala,
+||E 1% YVl 2gn 11 * Vull 2,

1 1

g I )+ 1% ullz2gy) | 5wzl e Il
20*
93 172l oo (@) 12l 20,4, L4 () 1072l L2 ()

Hirllzzn + -l i@olBnl 2o

// ) ——uds(1 *u)(t )dw—i—/ tiu(l*u)dsdx (4.8)

2
97’[1
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A further integration by parts in the last two terms and (H7) provide

/ / Hluds (1 u)(t )d:c—i—/ %u(l * u)drds
:ié{ 1K1*waﬂm+/¢g (1% u)ds(1 % u)(t)

2972-(1 0 YH1
t
"1t
_/O Tgﬂ[(l *u)(s)]st}d:c
b
< max{0, - o5 (1 ) (1)

tellriellnoo @y (1A= w) @I + 11+ wll 2@ ] 11+ ull2q,) -
Substitution into (4.8) and use of (3.5), (3.7), (3.10) yield

Js < ¢ [1U5 ulZaig + 1713 @0y + 100 2200y (4.9)

+ (u+ 55 )1 % Vu()|?

for each v > 0.
Finally, last integral Js can be controlled by using (3.5), (3.14), as

Ji < |1 Vu@)lP? + c(llrmlliz g, + 11T+ V)72, + lldoll*)
+a([| I 01 L1 (0,72 () + 1 02| L1 (0,7, 22 (02))) |07
V|1 Vu)|? + c(lralfaq,) + 11+ Vat)llizq,
+doll* + 116r ]l 172 (50)- (4.10)

Collecting (4.6), (4.7), (4.9), (4.10) and choosing the constant v, from (4.5)
we deduce

IN

1
PO+ 51Vl o | (mor ~nbpdrds
t

ko

+4<1—7MH*VM)W

< /Ot [¢1(5)H¢(3)”2 + cf[1 = VU(S)HﬂdwdS + ¢2(t)
where
P1(t) =l + ||U1(t)\|%11(0) + HU2(75)”§11(Q)]
Pa(t) = C[||9F||?{1/2(ag) 7l ey + ITmlI7 200 + Idol® + 160l 172(50)] -
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Therefore, Gronwall’s inequality provides

IO + V0l + /Q (I06; — In6y)0dads + |15 Vu(t)|?
t

t t
< / 61(5)9a(s)els O 4 4 (1),
0
so that (4.1) holds. O

5. STABILITY

In this section we deduce some energy estimates that prove the stability
of the solution to problem (P). To this aim we assume

Elp, Vi, 0,Via) = /[\V<,0|2+3L90 0 (<p2+2)+a9}dx

k/
/ / s)|2dsdx

which is positive definite because of the inequalities
Ky,a, L,0. >0 and Oy >0, >0 ae. inQ, ¥ <0 inRT.

Theorem 5.1. Let (H2) and (HT7) be respectively replaced by the stronger
conditions

(H2') reL'nL®R",L>®Q)),

ko 62
6A1(€2)
Then for all t > 0 there exist mg, my > 0 such that £(t) < moE(0) + my.

(H7) b=inf{r(z,t): (2,t) € A x RT} > —

for some 6 > 1.

Proof. Let us multiply (2.20) by ¢; and (3.8) by u. By integrating over
we obtain

loell? + kol Vul]? + / / Vudz

+ [ [596: Vo - 122820 - ) (5.1)
Q

+12L9—Hg0(1 — )%t + ab; + aln H)tGH} dr = / (2 - i>ud:):
Oc 01 Or

After an integration by parts, the term involving the kernel memory can be
written as

/OO k(s)Vu'(s)ds - Vu = — /OO K (s)Vi'(s)ds - Vu
0 0
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= o [ B wittoas + s ) it (s) s,

0
Substitution into (5.1) yields

% #(s) AP 0
2 2 2 -
e hallVal+ [ 2t Pas+ G = [ (2= Jude, (52

where
20
b=¢ +/ [3Lg04 — 4L<1 + —H>Lp3 —|—cl}dm —|—/ (c1 — abyInb)dx
Q Oc Q

and ¢; is a suitable positive constant. Now, we choose ¢; (large) and cq
(small) such that

20 0
/ [3L<p4 — 4L<1 + QH)go?’ + cl} dx > CQ/ SLQ—HQOQ (@2 + 2) dx > 0.
Q c Q c

Moreover, the inequality In§ < v/@ and the bounds (3.4) imply

/[a@—a@HIDQ—i—q]dmZ/[a@—a@*\/@—i—cl]deco/a@dx>0
Q Q Q

provided that ¢; is sufficiently large and ¢y is sufficiently small. Accordingly,
the functional ® turns out to be positive and such that

o€ < P < € +c3.
In the case r = 0, from (5.2) we have d®/dt < 0 and then

£ < Lo < La(0) < 2e(0) +

Co Co Co Co ’
When r # 0, from (H7') the right-hand side of (5.2) can be estimated by

L5225 ut e = [ ro (32 —1—“;?)@

o(t b
< Ol | [ G 2do +101] + max(0,- 2 (o)

“ (5.3)

1 ko 2
< GOl [ [ 00z -+ 0,191 + 2 Ivae) .

By substituting into (5.2) and using (5.3), we obtain

dii) > || (W)l po () [E(E) + abi|Q] < p(1)[®(t) + ],
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where p(t) = [|7(t)][ L) /coabsx and ¢ = cpabs|Q|. In view of (H2'), p €
LY(R™) and by the Gronwall lemma we deduce

' p(€)dE) 0(r) + My

D(t) < exp </

T

and then

‘I’(t) < M()@(O) + My,

where My = [ p(€) d€. Hence

1 M, M M, M, M
E(t) < —d(t) < —2p(0) + —L < Z0%2g(0) + —2B 4 =L
o Co o o o o
and the thesis follows by letting
M, M, M
mo = 0¢2 and mp = 0¢3 + =1
Co €o €o
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