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Abstract

In this paper we investigate the longtime behavior of the mathematical model of a homogeneous vis-
coelastic plate based on Reissner—-Mindlin deformation shear assumptions. According to the approximation
procedure due to Lagnese for the Kirchhoff viscoelastic plate, the resulting motion equations for the ver-
tical displacement and the angle deflection of vertical fibers are derived in the framework of the theory of
linear viscoelasticity. Assuming that in general both Lame’s functions, A and u, depend on time, the cou-
pling terms between the equations of displacement and deflection depend on hereditary contributions. We
associate to the model a nonlinear semigroup and show the behavior of the energy when time goes on. In
particular, assuming that the kernels A and w decay exponentially, and not too weakly with respect to the
physical properties considered in the model, then the energy decays uniformly with respect to the initial
conditions; i.e., we prove the existence of an absorbing set for the semigroup associated to the model.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

In order to describe the mechanical behavior of the plate, we first formulate proper consti-
tutive equations in the framework of the well-established linear theory of viscoelasticity. Then,
by means of the Mindlin strain-displacement relations (first assumed in [12]) and the Reissner
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assumption on deformation shear [15], we deduce the set of model equations for the plate, by
paralleling the procedure performed in [9] and [10].

The resulting system models the evolution of vertical displacement and deflections of a ho-
mogeneous, isotropic Mindlin plate with memory.

2. The Reissner-Mindlin plate model with memory

The first step of this paper is to formulate a mathematical model of the motion of a thin plate
obeying a stress—strain hereditary constitutive equation.

We consider a thin plate of uniform thickness d. When the plate is in equilibrium, we assume
it occupies a fixed bounded domain D C R3 placed in a reference frame x = (x1, x2, x3). Let
Ui(x1,x2,x3),1 =1,2,3, denote the components of the displacement vector of the point x. The
plate has a middle surface midway between its faces in a region 2 C R? of the plane x3 = 0.
We suppose that its smooth boundary I" = 952 is composed for two parts, I = Iy U I'1, such
that Iy N I # @ and we assume that the plate is rigidly clamped along I and simply supported
along I']. Henceforth, we denote by u; (x1, x2), i = 1, 2, 3, the components of the displacement
vector of the points of the middle surface §2 of the plate which have coordinates (x1, x»,0) at
equilibrium.! Moreover, let 2~ = 2 x {—d/2} and 21 = 2 x {d/2} denote its faces, and
A=082 x (—d/2,d/2) its edge.

As is well known, in standard linear elasticity the stress—strain relation is given by

S, t) =LoE(x, 1),

where the elastic strain E and the stress S are second-order tensors. In small displacement theory,
E is given by

E(x,1) = %(VU(X, N+ (VO x,1)), (2.1)

U being the displacement vector. In the isotropic case, the fourth-order tensor Lg involves two
independent Lame’s constants X and p, namely

Lo=AM®I+2ul, fort>0.

According to this constitutive equation, a mathematical model for the isotropic elastic plate
can be derived by assuming the Mindlin—Timoshenko hypothesis (see, for instance, [10]).
Namely, the linear filaments of the plate initially perpendicular to the middle surface 2 are
required to remain straight and undergo neither contraction nor extension, but the Kirchhoff as-
sumption that they remain perpendicular to the deformed middle surface is removed.

In small displacement theory this assumption implies that transverse shear effects may be no
longer neglected and the small displacement U(x1, x2, x3) is related to the displacement of the
middle surface u(xy, x3) by the approximate relations

Uy =u; —x3y, Uy =uy — x3¢, Us = us, 2.2)

where 1 (x1, x2) and ¢ (x1, x2) are the angles of deflection of the filament with respect to the
normal direction along the x- and x»-axis, respectively. In virtue of (2.1), this assumption leads
to the strain-displacement relations of the Mindlin—Timoshenko model, namely

1 Observe that we denote with the pedex 1,2, ... the component of a vector, and with the pedex x, ¢, s the derivative
with respect to the variable.
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ouy Y
Ejj=— —x3—,
i 31 X33xl

ouy ¢
Ep=——x3-—,
n=7 39m2

1[ou,  dun FVAEY)
En=-|—+——x3[ —+—]|
2=31m an x3<8x2+8x1 2.3)
£ _1_8w "
13_2-8x1 ’
E _l_aw "
23_2_8x2 ,
E33 =0,

where w = u3 is the bending component of the displacement u. Here, in order to generalize the
model, we assume that the plate is composed of an isotropic linear viscoelastic material. As a
consequence, the stress—strain law is given by

S(x,1) = DL*E(x, 1), 2.4)

where * denotes a convolution

o
DL xE(x,t) = / D L(t)E(x,t — 1)dt
—0oQ
and D; is the distributional derivative with respect to . Moreover, we observe that L(t) is an
isotropic fourth-order tensor which vanishes for T < 0 and involves two independent relaxation
functions X and pu, namely
Lt)=2(@0)IQ®I4+2u(t)l, fort>0.

Because of the relation D;IL = L(0)§ + I/, where ' = d/dt and § represents the Dirac delta
distribution, we have

DL xE(x,t) = LO)E(x,1) + / L'(t)Ex, t — 7)dr. 2.5)
0

In order to apply a variational principle and attain the motion equation, we shall transform
the original stress—strain constitutive equation by means of the Laplace transform. Let ¢(¢) be a
function taking values in a Hilbert space, and let denote by ¢ its Laplace transform, namely

]

é(s) = / ) dt.

0
In particular, we have (DLL)"(s) = sﬁ,(s) where
L(s) =A)I @I+ 24(s)L
Formally applying the Laplace transform in (2.4)—(2.5), we get
Sij = s8ij Exe + 25 L Ej. (2.6)
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Now, we introduce the viscoelastic Poisson’s ratio v and viscoelastic Young’s modulus E so that
their Laplace transforms are respectively defined by

A . G+ 2
b=, E=u 2.7
25Gh+ ) A+
Then, we have
2iet jo b (2.8)
M_l—{—sf)’ T 145D 1—2sD ’
and (2.6) becomes
Sy = —F (54— e (2.9)
U= T so\U T T Do 0 ’

As is customary in thin plate theory, we assume that the exterior normal force acting on the faces
7% and £27 is zero, so that the transverse normal stress is negligible compared to other stress:
.§33 =S533~0 in tue-.

This allows E33 to be expressed as a function of E 11 and Ezz, namely

A

A%

Eyz=— 7 (E + Ex). (2.10)

— 5D
Substituting (2.10) into (2.9), we get

A

A sE A A
Sii= m[Ell +svEp],
Sop = LA[S\A/EM + Enl,
1 —s202 (2.11)
S33=0,
. sE .
Sij—KH—sﬁEij» i #J,

where, as is customary in the theory of Mindlin—Timoshenko beams and plates, consistency with
the presence of transverse shear justifies the introduction of a suitable scalar factor K to correct
its expression.

Discrepancy between the last relation in (2.3) and (2.10) is due to the fact that terms of order
d? and higher have been ignored here. In addition, consistency with the absence of transverse
shear requires that the plate is subject to an external distribution of loads per unit mass f =
(f1, f2, f3) with f1 and f> independent of x3.

The motion equation, via a variational formulation, can be obtained by introducing the vis-
coelastic energy P(t) whose transform is given by

dj2
P(s) = ! / /(&,-,-Ei,- + pos?U; U;) dxy dxz dxs. (2.12)

2
—dj2 2

If integration with respect to x3 is carried out, the stretching components i1, ity uncouple from
the bending component w of the plate displacement, so that both the strain energy and the kinetic
energy split into two parts (see [10]).
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Substituting (2.11) and (2.2)—(2.3) into (2.12) and considering only the part 73b(s) of 75(s)
containing the bending terms, we obtain

v 90 \> Y 9
Pos) = / [(a) *(a—> MR
2

K(I_SD)<%+ ¢) i|dX1dxz

2 0xy  0xp
vH Jw A
/[(a— “”) (8—)cz_¢) ]""“”“2
2
+2 god /{%(1&%&2) —l—zi)z}dxldxz. 2.13)
2

Here N and H are assumed to be regular causal functions such that their Laplace transforms
satisfy the relations

S EA(s)d3

N(S)—m, (2.14)
” 3

I:I(s) — M (2.15)

48(1 + 520(s))

3. The variational setting

We transform (2.13) in the time domain and study the associated variational problem.
Letv= ['é] and introduce the spatial operator

+ —v 62 I+v 92
A 2 2 dx 2 0x10x2
- 1+v 92 1-v 3% | 9% |’
2 9x10xp 2 Bxlz 3x%

where v is a constant such that 0 < v < 1/2.
We follow Dafermos [1] (see also [7]), in order to formulate the problem in a history space
setting and we introduce the additional variables

n'(s) =v(t) —v(t —s), 3.1
Pl () =w(t) —w(t —s) (3.2)

for t € [0, +00) and s € (0, +00).
The dynamics of  and p are governed by the equations

Ne s = in 2 x (0,4+00),
Pt ps=wy in 2% (0,+00)°
along with the initial and boundary conditions

°=no, p’=po, in2 x (0, +00),
n'(0)=0, p'(0)=0, in2 x (0,+00),
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where 79 = v(0) — v(—s) and pp = w(0) — w(—s) describe the past history; the homogeneous
boundary conditions are a consequence of definitions (3.1), (3.2).
Then, we associate the variables n and p to the memory kernels @ and «, such that

p(o) =—d*N'(0),
k(o) =—d*H (o).

We observe that the introduction of the past history as a new state variable seems unavoidable if
one is interested in analyzing the structural stability of the system with respect to initial data.

The analytic purpose of this work is to prove some continuous dependence and uniqueness
results which allow to interpret the model as a dynamical system. Then, we show the dissipa-
tivity of the semigroup associated to the problem by constructing an absorbing set (see, e.g.,
[8,16]). This analysis extends the studies proposed in [7] where the beam case is examined; we
note that the results concerning the plate model are not trivial and that we remove the balance
hypothesis on the structural constants of the model, only asking that the memory kernels should
dissipate sufficient energy. We also remark that the longtime behavior of the plate model can be
investigated by a direct approach, which does not imply the use of semigroup techniques, and
that a structural-polynomial-stability of the solutions can be proved if the memory kernels decay
polynomially (see [14]).

Introducing the nonlinear functions f and g we are able to state our problem.

Problem P. Our purpose is to study the rate of decay of the solution (v, w, 1, p) associated to
the semilinear system of equations

o o0
i = Av = [ w6 An()ds + koo + V) + [ €)1 + V() ds + £0) =0,
0 0
(3.3)
o
wy —koV - (v+ Vw) — /K(S)V . (n(s) + Vp(s)) ds+ g(w)=0, (3.4)
0
ne+ s = v, (3.5)
Pt + ps = wy (3.6)
in £2, for any ¢ > 0, s > 0, which satisfy the boundary problem for the mechanical variables
oy a¢ l—v /oy 0¢
- - 4 =0, 3.7
<8x1 +vax2>”l T <8x2 T ) S
1—v /oy 9¢ iy J¢
—+ — —+— =0, 3.8
2 (8)62 + 3xl>nl + <v3xl + 0x7 2 (3-8)
w+Vw)-n=0 (3.9)

in 952 x [0, 4-00) along with the boundary problem for the history variables
any  9m I—viam  dm
— +tv— + — + =0,
(8)(1 Y 0x2 m 2 ax7 0xi "2

L—v/on  9m oy o2
— 4+ =)+ (v—+—=|na =0,
2 (8x2 o )" T Mo T )2

n+Vp)-n=0
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in 082 x [0, +00) x (0, 400); and

1'(0) =0,
p'(0)=0
on £2 x [0, +00). We study the initial value problem

v(0) =g in £2,

v;(0)=v; in 2,

n"=ny  in82x(0,00),

w(0) =wy in £2,

w;(0) =w; in 2,

,ooz,oo in £2 x (0, 00).

4. Hypothesis and preliminary results
4.1. Hypothesis on memory kernels

As far as existence of the solution to Problem P is concerned, we let the memory kernels 1 (s)
and « (s) satisfy the following conditions:

(), k(s) € C'(RT) N L (RT), 4.1)
wn(s), k(s) =0, 4.2)
w'(s), k' (s) 0. 4.3)

In view of (4.1) and (4.2) we define

oo oo

u.ozfy,(s)ds and IC()OZ/K(S)dS.

0 0

In order to obtain energy uniform estimates, we will suppose also

i e L¥0,5,), « € L*0,s0), (4.4)

W () +8,1(s) <O, «'(s)+8k(s) <O VseRT, ‘
and that

W)+ Muu(s) =0 Vs >s,, K'(8) + Mk (s) >0 Vs >s, 4.5)

for some 0 <6, < M, 0 < < M, and s, 5, > 0, where M,,, M, are constants depending on
Su, S¢ and increasing as o, and o, decrease, respectively.

The conditions (4.4) imply the exponential decay of the kernels. This hypothesis seems un-
avoidable in order to have exponential decay of the associated linear problem and it is commonly
assumed (cf., e.g., [3,11]). On the other hand, it seems quite obvious that to have exponential
decay of the energy, the kernel must show the same rate of decay (see [6]).
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We suppose also

mo =2, (4.6)
Koo = 2. 4.7

Remark 4.1. We point out that the only reason of being dissipative for the model we have intro-
duced is due to the presence of the memory terms. Hence, hypothesis (4.6) and (4.7) expresses
the fact that the—only—dissipation in the model has to be “strong enough,” in order to prove
uniform decay of the solution with respect to initial data.”

Notation. Let us introduce some notation. We consider the Hilbert spaces L?(£2) and H'(£2)
with the standard norms || - [|;2 and || - || ;1 and Hilbert products (-,-);2, (-,-) g1. Let us use the
same notation || - || ;2 (|| - || y1) both for the norm in L2(2) (H'(£2)) and for that in L?(£2, R?)
(H'(£2,R?), respectively).

Let us consider two functions v, z € H'(£2, R?), on account of (3.7)—(3.8), we can set

0] dva \ 071 1—v/0v; ovy \ 074

—Av.Z) 2 = 2,22 )=t bt e Rl

(—Av.2),2 /{(8x1+v8x2>8x1+ 2 (8x2+8x1)8x2
2

1—v/dv ovy \ 0z ov dvp \ 0z
+ (—1+—2>—2+<v—1+—2>—2}d9. 4.8)

2 dxy  0x1 )/ dxy 0x] d0xp ) 0xp

Now, we observe that
o] 2 vy 2 dvpovy, 1—v/0vy Odvy 2
—Auv, = — — 2v——= — 4 — as2.
(=Av. v}z /{(8x1> +(8x2) e an T 2 \am Tam
Q

Let us introduce the Hilbert space

0 d 0 9
V=], v) e L2(2,R?): L 22 9% L UL 120y
dx; 0x2 0dxp 0x)

with the norm

0]
||v||%=f{v1+vz+ il
2

2 2

vy dvy  0vg

2
} dsz.
The kernel of — A is the subspace of V of the linear function of the form

coxy + ¢

—cox1+ca |
where cg, c1, and ¢y are constants. It follows that the linear subspace of V which is orthogonal
in L2(£2, R?) to the kernel of —A is characterized by the conditions

0x1 8_)62 8_)Cl 3_952

/(x2v1—x1v2)d9=0, /vldﬂzo, /vzdﬂzo
2 2 2
and we denote by V4 this space.

2 Obviously the value 2 is connected with the technique used in calculation, and it is none interest to find a sharper
value. The thing which seems unavoidable is the lower bound to the L'@®™)-norms of memory kernels.
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Remark 4.2. The operator —A is coercive on V4. Exploiting Korn inequality (see, e.g., [2,4]), it
is possible to prove that the norm || - ||y introduced by the operator —A in Vj, is equivalent to the
usual norm in H'(§2, R?). Hence, in what follows, we shall often exploit the inequality

cilivily < vl < ezllvllv

for every v € V4 and some 0 < ¢ < ¢3.

Thanks to (4.1), (4.2) and Remark 4.2, we introduce the Hilbert spaces
M=L2(R"; Va) N LE(RY; L2 (2. R?)),
N =LZ(RY; H'(2)),
where the natural scalar product is

o0

& Om= ‘/M@)SG)KG) ¢v+/K®)E@)§@DU

0

€ On = / K(EG), £(5))  ds

4.2. Hypothesis on the nonlinearities

We assume that f € C I(R%, R?) and geC I(R, R) are such that there exist F and G as
f=VF, g=G

and F(0,0) = G(0) =0. Let s € R and x € R?* and we make the following assumptions
(see [13]):

G
liminf ¥ >0, 4.9)
|s|>00 §

— &G
1iminfM >0, (4.10)
|s]—00 N
fiminf 25 S0 21,2, @.11)

limi fx)-x —eoF(x)
iminf

|x]—o00 |)C|2

>0 (4.12)
for some g9 > 0. We will use the following lemmas (cf. [5] for proofs).

Lemma 4.1. Assume (4.9)—(4.12) hold. Then, for every € > 0 there exists C. > 0 such that

(gw), w),» — &0 f Gw)dR2 > —€|w|3, - C, (4.13)
2
/ Gw)dR > —e|w|7, - Ce. (4.14)

2
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(F@.0)2 =0 [ F0)d2 > —elull; - . (@.15)
2

[ P> et - c. (4.16)

2

for every w € HO1 (82) and v € H(} (£2,R?).

To prove uniform energy estimates, we have to require

|8/ ()| < Ay, 4.17)

afi(x1, .

‘w <A; Vi=12. (4.18)
Xi ’

Lemma 4.2. We assume that (4.17) and (4.18) hold. Then, inequalities (4.14), (4.16) are implied.
Furthermore, for every € > QO there exists Cc > 0 such that

@W%my—/GWWQ>—ﬂM@_Co (4.19)
2

(ﬂwwm—waw9>—ww;—a (4.20)
2

foreveryw e H'(2,R) and v € HY(2,R?).

Remark 4.3. On account of hypothesis on the nonlinearities, multiple solutions to the stationary
problem are admitted, in particular when f and g are nonmonotonic functions.

5. Well posedness

Theorem 5.1. Suppose conditions (4.1)—(4.3) and (4.9)—(4.12) hold true. We assume also
vo € Va, woeHl(.Q), no € M,
v € L*(2,R?), wiel*(2), pyeN.

Then, for every T > 0, Problem P admits a unique continuous solution, i.e., (v, w,n, p) such
that

veC0,T;Va), weC(0,T;H (), neC,T; M),
veC(0,T; L*(£2,R%), weC(0,T;L*(R)), peCO,T;N).

Furthermore, we suppose (vi ,wt, r)i, ,0" ), i = 1,2, are solutions corresponding to initial data
(v, v}, wo, Wi, n', p'), then there exists an increasing function C = C(T') such that the following
estimate holds:

ol =2} + ot = w215 + ! = w? 0 + i = w?[
+ [0 =+ 10" =0
<O og =3[ + v =152 + g = wds + o} = wi

6 = 33 + o6 = 31
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The proofs of the stated results are omitted. They can be carried out via Faedo—Galerkin
method and using Gronwall type inequalities (with due technical modifications, see [7], where
the beam case is analyzed in detail; see also [17]).

6. Absorbing set

We agree to denote the solution
v(?)
v (1)
w(r)
wy ()
7,’l‘
of
to Problem P, with initial data

2(0)=z0 € H="Va x L*(2,R?*) x H'(£2) x L*(2) x M x N/

by S(t)zo. Hence, on account of Theorem 5.1, the solution is described by the continuous semi-
group S(¢) acting on the space H, i.e., S(¢) enjoys the following properties:

z(t) =

(i) S(t):'H — 'H, continuous for every ¢ > 0,
(i) S(0) =T (identity on H),
(iii) lim, o+ S(#)z =z forevery z € H,
@iv) S@®)S(r) =81 +1).

We prove here the dissipative nature of the system. This is equivalent to proving the existence
of an absorbing set, i.e., of a bounded set into which all the orbits corresponding to different
initial data and evolving according to the action of the semigroup S(#) eventually enter. We
recall its definition (cf., e.g., [8,16,17]).

Definition 6.1. Let (X, d) be a metric space. A set By C X is said to be absorbing for the semi-
group {S(¢): t > 0} acting on X if for any bounded set B C X there exists 75 > 0 such that
S(t)B C By for every t > tg.

We introduce the energy associated to the semigroup S(¢) as
0 = o]+ [v@[3 + w52 + [0,

Concerning the dissipation in energy of the semigroup S(¢), hypothesis (4.4)—(4.7) implies the
exponential decay of (6.1), and we are able to state our main result.

Theorem 6.1. Assume (4.1)—(4.7), (4.17) and (4.18). Then, there exist two positive constants
C1 and Co—depending only on the structures of the nonlinearities and of the memory kernels,
hence Co = Co(1e0, ko, kK00, €0) and C1 = C1 (1o, ko, Koo, £0)—and € > 0, such that the following
estimate holds

E@) < Cre "E(0) + Cy
for everyt > 0.
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Corollary 6.1. The semigroup {S(t): t > 0}, acting on the space H, has a bounded absorbing
set Bo; i.e., any ball of H with radius strictly greater than Cg, can be chosen as an absorbing set
By for the semigroup {S(t): t > 0}.

Remark 6.1. When the nonlinearities vanish, we have that Co = 0, and Theorem 6.1 implies
exponential vanishing of the energy associated to the semigroup S(¢).

Proof of Theorem 6.1. We consider (3.3) multiplied by v, in L*(£2, R?), to get

o0

1d, )

5 27 el + 10l ) + | 1) (n(s), vr)y ds + o + Vw, v 2
0

o
+ / ) (165) + V(5. v) 2 ds + (). 1) 12 =0, 6.2)
0
Equation (3.4) multiplied by w;, in L?(£2), and integration by parts give

oo
d
Eauwt”iz +xo(v+ Vw, Vwy) 2 +/K(S)(77(S) + Vp(s), th)Lz ds
0

+ (g(w), wy),» =0. 6.3)

Consider Eq. (3.5) multiplied in Li(R*‘, V4) by n; we get, with obvious notation:

1d i i
T ||77||L2(VA)+/M(S) ns (). n(s)), d /M(S)(vz,n(S))VdS- (6.4)
0 0

Consider Eq. (3.5), add the gradient of (3.6), and multiply the result by n 4+ Vp in L% (RT,
L?(£2,R?)); we have

1 o0
S VPl + / @)1+ Y0)s(5). (1 + V)(s)) 2 ds
0

= / @) (0 + V), 1+ V0)(s) 2 ds. (6.5)
0

Adding up (6.4) and (6.5) and using hypothesis (4.4), we get

1d

2 dt (||’7||L2 (V4) + ||77 + VIOHLZ LZ)) + (7’}_‘, n)LZ (Va) + ((7’} + vp)_&v n + VIO)LZ(L2)

< [ 1)y ds + [ €)@+ 0y 0+ o)) 2. (6.6)
0 0
Add Egs. (6.2), (6.3) to (6.6); we have
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2L o2 + 10l + w125 + Kollo + Vol + InliZs o, + 1+ Vol 1)
2 dt tliy2 % thiy2 0 L2 n Lﬁ(VA) n L2(L2)
+ s M2y + (4 Vs 1+ V0) 122y + (F @), 01) 12 + (8(w) wyr) 12 =0
6.7)
We stress that the operator A does not act on the s variable. Then, by integration by parts and
exploiting (4.4), we have that

o0 o0

1 d 1
(s D13 va) = Q/MS)glln(s)szds=—5fu’(s>||n(s)y|2vds
0 0
8# i 2
> | u@ o]y ds. (6.8)
0

By the same technique, we are yield to

oo

8
(1Y) + V) g2y > = f €]+ Vo)) ds. (6.9)
0

Using (6.8), (6.9) in (6.7), we obtain
1d loell2, + 0l + w2, + 100122 o+ I+ Vol 0 + collv + Vwl|?
2 di iy 2 % tily2 n L2 (V) n PliL2(12) 0 12

5
+2/F(v)d:2+2/G(w)d9> + 5(”'7”i,a<v> +lpl722) <O, (6.10)
2 2

where § =min(§,,, §).
We now consider the product in L?(£2) of (3.4) and w

00
(Wi, w2 +ko(v+ Vw, Vw) 2 +/K(S)(U(S) +Vp(s), Vw), + (g(w), w),, =0
0
(6.11)
and the product in L2(82,R?) of (3.3) and v
)
(V1. V) 2 + Ko + Vw, v) 2 + v]l§ + / 1 (s)(n(s). v),,

0
e

+/K(S)(n(S) +Vp($), )2+ (f(v),v),,=0. (6.12)
0
Using Young inequality, we have that
(0.¢]

[ 1) 06).v), s

0

e ¢]

</M(S)||77(S)||V||vllvds

0
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/,u(s)(—HUHV"‘_H”(S)” )
0

Ho
<e||v||%/+zllnllf\4 (6.13)

and, using the same estimate, we also get

o

/K(s)(n(s) 4+ Vo(s), Vw + v)L2 ds
0

Adding (6.11) to (6.12) and using (6.13), (6.14), we are yield to

K00
<ellVw+vll7, + 2o+ Vollz g2y (6.14)

(Wir, w) 2 + Wi, V)2 + (L= OVl + (ko — ©)llv + Vwl|7,
1220] 2 K00 2
+ (). 0) 2 + () w) 2 < il + 52 I+ Vol 2. (6.15)
Then, adding (6.10) to (6.15), multiplied by a coefficient o such small that
HO% 5 and 2 s,
€ €

we obtain
1d
2d ”Ut”LZ + ”U”V + ”wl”LZ + ||77||L2(V) + ||7I + Vp”LZ(LZ)

+xo||v+Vw||iz+2/F(v)d9+2/G(w)d:2>
2 2
+a(wi, w) 2 + (v, v) 2 +alko — O)llv+ Vwll2, +a(l —e)|vl}

8
5 (25 ) + 0+ Vol g2) +e(f ), 0) 2 + @ (8w), w) 2 <O. (6.16)
We set
£=5+2/F(v)d.(2+2/G(w)d.Q

2 2

and observe that exploiting hypothesis (4.17) and (4.18) the energy is bounded when L is
bounded and L is positively defined.
We introduce the auxiliary variables v = v; + v and w = w; +ow, and use the trivial identity

1d
-2 2 2 3 2 -2
(. vz = 5 (1917 + o2 vl2) + o vl — el = (v vo)y2

(and the same for w and w). Then, (6.16) becomes

d
2d (” ||V+||77||L2(V)+||77+V)0||L2(L2)+KO||U+Vw||L2

2/F(v)d9+2/G(w)d9+ 15117, + o [lvll?, + ||w||iz+a2||w||iz)
2 2
+ako—e)v+ Vwlls, +a(l — e[} + o’ [|v]|3,



768 C. Giorgi, FM. Vegni / J. Math. Anal. Appl. 326 (2007) 754-771

_ _ 1)
— oz, +elwlize —elldlgs + 5 (113 ) + 10+ Vel a)
+a(f(v),v),2 +a(gw), w),, <O.

Now, we look to control the terms in v and w. Let us introduce the functionals:

L =—/v, ~/M(S)77(S)dsdx,

—/u)t/lc(s)p(s)dsdx.
Q 0

‘We note that

00 2 [e%e} 2 oo
( / M(S)H(S)dS) =< / u”z(sm”z(s)e(s)ds) <o / ()67 (s) ds
0 0 0

for every 0 € Li(R*). Using Holder inequality and (6.20), we get

( f €()(n(s) + Vo(s)) ds, / M(S)n(S)dS)
L2

0 0

o 12 0 1/2
<K1/2(/K(S)||n(s)_’_Vp(s)”izdS) //L(l)/2</ﬂ(s)||77(5)”izds>
5 0

K00 2 Mo 2
Using (3.3)—(3.6) in (6.18) and (6.19), we get

(6.17)

(6.18)

(6.19)

(6.20)

(6.21)

L2

dr r [
- / R (v ) ds + | [ a0 ds
0 L2
-|-/,u(s) n(s), f(v),2ds + (/K(s)(n(s)+V,0(S))ds»/ﬂ(s)'7(s)ds>
0 0 0
+ Ko / 1) (), v+ V) H ds — pollve 172 — / W), v)pds (6.22)
0 0
and
dLl, r 2 [
- =/K(s)(p(S),g(w))Lz ds — koollwe |l +K0/K(S)(VP(S)’U+VW)L2‘IS
O 0

+ (fK(S)Vp(s)ds,/K(s)(n(s)+Vp(s)) ds)
L2

0 0
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—/K’(s)(p(s),wt)Lz ds. (6.23)
0

We study each term of the right-hand side of (6.22) and (6.23). In view of (4.5), we obtain
(cf. [6,17])

oo o0

H“o 2
—pollvell?» — / WO 0, v) 2 ds < =Fllollg, + € / 1| Vn@s)||2ds  (6.24)
0 0
and
o0 o0
2 / K00 2 2

—koollwell7 > — / K@) (p),wi) 2 ds < = llwilla +C / k()| Vo)|;2ds, (6.25)

0 0

where C is a constant depending on s,,, 5, (o and «qo.
Using Holder and Young inequalities and (6.20), we have

[o)0] o0
—/M(S)(AU,TI(S))deS-I- /M(S)Al/zn(S)ds el +Ccinl}y (6:26)
0 0 L2
and
o0 o0 o
Ko v+Vw,/K(S)Vp(S)dS) + (/K(S)(H(S)+Vp(S))ds,fK(S)Vp(S)dS>
0 L2 0 0 L?
<ellv+Vwlz, + CInlg ) + 10+ Vol72), (6.27)

where the constants Cs depend on kg, koo, (o and €. Analogously,

0]

xo/Ms)(n(s), v+ V) o <ello+ Vullgs + Cllnlig, ) (6.28)
0

Exploiting (4.17), we get

o0 ) 12
/K<s>(p<s>,g(w>)L2ds <K552/(Ag|w| +g<0>)</x(s>!p(s)\2ds) dx
0 2 0

<ellwlzy +Clln+Vplgs )+ Clinllgy gy + Cor - (629)

W)
where Cy is a constant depending on g(0), kgo, |£2| and on €. Likely, using (4.18), we get
o
f RO (6), () 2ds < el + Cllnll g, +Cr. (6.30)
0

where C is a constant depending on (0, 0), o, [£2] and on €.
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Adding (6.22) to (6.23), and using (6.24)—(6.30), we are yield to

TEELD |02, 4+ 50 2,
<C(ImlGs ) + I+ Vol e) +e(|AY20] 7+ 200 + Vwllis + vl + wl)
+Cy+Cy. (6.31)
Recalling that

_ d
loclze = 10172 — e oliga = o vz,
(the same estimate holds for w;), hence we can rewrite (6.31) as
Mo | - K00 |, -
(vt Lo —alvlig, = allwliza) + S 1007 + = I
< C(InlZ3 cp,y + 10+ Vol gy g2) + €IVIT +2€llv + Vwlz, + (€ + o) [vlIZ
+(e+a?)[wl3, 4+ Cy +Cy. (6.32)
Let us introduce the functional
L=0ll3, +a? i3, +&ollv+ Vwll7, + vl + l@ll7, + o lwl?,
2 2
I )+ 11+l 2y +2 / F(0)dQ +2 / Gw)d e (6.33)

2 2

and remark that, in view of (4.14), (4.16) and Poincaré inequality, there exist two positive con-
stants ¢; and ¢, such that

c1+L(1) 2 &) 20

for every t > 0.
Let us add (6.17), multiplied by a constant M, which will be chosen suitably large, to (6.32),
to get
d o _ K00 _
T (ML+ L1+ L —alvl7, —alwli,) + (7 -~ Ma)ﬂvniz + (7 — Ma)nwniz

+ (Ma(ko — €) — 2€)[lv+ Vw2, + (Ma(l —e) —€)lv]l},
M6
+(Me? —e =) (Ivl72 + lwl7.) + (T - C)(nnni4 + 10+ Vol 2)

+ Ma(f (v),v),2 + Ma(g(w), w),» < Cg+Cy. (6.34)

The positivity of the multiplying coefficients appearing in (6.34) is ensured by hypothesis (4.6)
and (4.7). Indeed,

MSé
—>C, @—Ma>0, @—Ma>0,
4 2 2

Mo’ —ea? >0, Ma(l —€) >0, Ma(kg —€) —2¢ > 0.

A possible choice of €, o, M follows 0 < € = a’<lande < o and M such that Mé > 4C.
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Thanks to equivalence between £ and ML + L1 4+ L,, we have that there exists § > 0 such
that

d
(ML Ly + L) +8(ML+ L1+ £2) < Cp +Cy.

The application of a generalized Gronwall lemma (see, e.g., [17]) gives exponential decay of £
and hence of £. O
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