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We study the elliptically polarized states in the spin-flip model for vertical-cavity-surface-emitting lasers.
The stability analysis reveals some unexpected features. In correspondence with particular values of the
birefringence parameter, which are shown to scale very simply with the ratio of the spin-flip rate to the
linewidth enhancement factor, the stability domain can be quite large. Moreover, in some cases two different
dynamical regimes can arise from the destabilization of the elliptically polarized states, and they can coexist in
a finite interval of the pump parameter. Finally, we show that the bifurcation from the lower frequency linearly
polarized state to the elliptically polarized states can be subcritical when the linewidth enhancement factor is
roughly smaller than 1.
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[. INTRODUCTION tation, polarization switching is explained in terms of the
modification of gain with increasing current due, for in-
In the study of laser dynamics the electric field is usuallystance, to ohmic heating]. A different approach, the spin-
treated as a scalar, in the sense that it is assumed to be #lip model (SFM), describes polarization switching as dy-
ways polarized along some fixed direction, and that the menamical instabilities arising in a set of complex rate
dium also responds in that direction. Yet, the limited validity equations, where an essential role is played by the linewidth
of that assumption in some particular cases became cleanhancement factor and the spin-flip rgdé
since the early 1960s, when the first He-Ne lasers displaying A relevant difference between the two theoretical models
simultaneous oscillations of two orthogonally polarizedis the following: SFM can account for both type | and type II
modes appeared]. One of the first laser models where the switching, while only type | switching can be easily ex-
vectorial nature of the electric field is taken into account isPlained as an effect of the gain redshift with respect to the
the so-called Zeeman lasg]. Much more recently, the in- Cavity modes due to carrier heatmg. _Only if th_e photon en-
terest in vector lasers was renewed by the progress mad&dy dependence of cavity losses is included in the thermal
especially with clas® lasers[3]. model, type Il SW|tch|ng_ can also appear, but it is always
VCSELs (vertical-cavity-surface-emitting lasgrare an  Preceded by a type | switching].

exampl of o asrs whose dynamicscan b deserbed, IECLEY SCCong o SFM. 1 e L swiehng e,
adequately only using a vector model, because the two ot- q yp Y P

thogonally polarized modes have almost equal gains. PolatO the high-frequency mode when the frequencies of the two

ization switching(PS is commonly observed in VCSELS as [fnodes, split by birefringence in the cold cavity, lock due to

Iy the ini d . qTh nonlinear interactions with the semiconductor material. Un-
one para_meter, usually the injecte current, is vagdThe der these conditions, the two-mode state which arises from
frequencies of the two orthogonally polarized modes are spli

L e . fhe instability of the low-frequency mode is phase locked,

?y blrefrlngenge. _The Swl'ItCh"}g frodm the high- tlo th_e Ik?_"v' which means that the laser emits elliptically polarized light.

regu;:ncy mode 1S usually re Ielzrre to as type | switching,creasing the injected current, the elliptically polarized state

and the opposite one as type Il, . destabilizes and the VCSEL emits unpolarized light until it
In the literature these phenomena have been attributed

letelv diff hani | lier i Quitches to the high-frequency mode. Thus, in SFM the el-
two completely different mechanisms. In an earlier Interpre'Iiptical polarized state plays an important role, in that it me-

diates the transition between the two orthogonally polarized
states in type Il switching.

*Also at Istituto Nazionale per la Fisica della MatetiFM), That kind of switching has been recently demonstrated
Unita di Ricerca di Como, via Valleggio 11, 1-22100 Como, Italy. and carefully investigatefB,9]. The reported results look in
Electronic address: franco.prati@uninsubria.it agreement with SFM, but a complete comparison with the

"Electronic address: morten.bache@uninsubria.it model requires, for what we said before, an accurate analysis

*Also at Istituto Nazionale per la Fisica della MatetidlFM), of the properties of the elliptically polarized state in SFM,
Unita di Ricerca di Milano, via Celoria 16, 1-20133 Milano, Italy. which is the aim of our paper.
Electronic address: fabrizio.castelli@mi.infn.it To our knowledge the stability of the elliptically polarized
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state in the framework of the complete SFM has been studieshodes oscillating simultaneous at different frequencies, were
only in a very limited number of cases, and mainly numeri-never found. However, noise can sustain two-frequency
cally [10,17. A completely analytical study was performed emission in a VCSEL close to threshold and with small gain

within a two-equations model derived from SFM with anisotropy[17].

asymptotic methodgl2]. But one of the assumptions needed We look for stationary solutions of the fornf,

to derive that reduced model is that the birefringence param=q, cexi(wt+ )], N=1+Ng, n=ng, where Q. s N,

eter must be of the same order of magnitude as the recomnqn_ are independent of time, andlis the frequency offset

bination rate of carriers. Instead, as we will show in theyjth respect to the reference frequency, which is the laser
following, the most interesting phenomena associated witlrequency in absence of any anisotropies. The linearly polar-
the elliptically polarized state occur when the b|refr|ngence_~|zed solutions are well known, since they have been studied

parameter is of the same order as the spin-flip rate, which ig, getail in several previous works. We only remind that for
usually at least one order of magnitude larger than the regese solutions

combination rate of carriers. Hence, there is no superposition
between our results and those of R@f2].

In Sec. Il we introduce the model equations and write the
stationary equations for the elliptically polarized state. In
Sec. lll we present the results of the linear stability analysigvherel is the stationary intensity, and thepolarized and
of that state. The conditions under which the transition fromy-polarized solutions are characterized by the following
the low-frequency linearly polarized state to the elliptically thresholds, frequencies, and relative phases
polarized state is subcritical, leading to bistability, are stud-

1=2Q2 =" -1, Ny=pp-1, n=0, (4
T Mh

ied in Sec. IV, where the effects of noise in such a situation _q1. 7 - -
! . . /‘L - 1 + ) Wy = 7 + a")’ ) l// - 01 (5)
are also considered. Section V is devoted to the comments of thx k X P a S
the main results and the concluding remarks.
Ya
=1-"=, o=V, av,, =ml2. 6
Il. MODEL AND ELLIPTICALLY POLARIZED SOLUTION Hny k V=T e Psy ®

According to the spin-flip modgb], the dynamical equa- Choosing for definiteness, positive, the above equations
tions for the two circularly polarized components of the elec-show that thex-polarized solution is the one oscillating at the
tric field F., for the total carrier densiti and for the differ-  lower frequency(the condition a|y,| <y, is usually veri-

ence densityn of carriers with opposite spin are fied), and it has the lowerhighe) lasing threshold for
- . . ¥a<0(y,>0).
Fi=k(l+ia)(Ntn-1)F, = (ya +iypFs, (1) The analysis of the elliptically polarized solution is a

much more difficult task. In the framework of the complete
N:M— N(L +|F, 2+ |F_]2) - n(F.]2- |[F_]?), ) SFM it has been performed previously only in the linyjt
=0[10,11,18. The inclusion of dichroism makes the calcu-
. 2 2 2 2 lation very involved. We found it convenient to proceed as
n=-n(ys+ |F. | +[F_[9) = N(F.[* = [F_]"). G follows, although we cannot exclude that more convenient
In these equations all variables are adimensional, and timgtrategies exist. From the stationary equations for the carrier
has been scaled to the carrier lifetinkeis the decay rate of densities
photons in the cavityys is the spin-flip rate« is the line- _
width enhancement factog, is the pump parametey, and p=Ng+ DL +Q +Q%) +n(Qi - Q%), (V)
7, are the linear anisotropy parameters, which describe, re-
spectively, dichroism and birefringence. o > > > >
We assume that linear anisotropies are aligned. As soon as 0=(Ns* D(Qis= Q-9 +nlys+ Qis+ Q). (8)
IE'S aiﬁumpt'olnl_'s relmoveld,_|t ‘(’j"ast SthOW” in H?B] that I it is easy to obtain the stationary intensiti@$ in terms of
e orthogonal linearly polarized states are no longer solu; , L
tions of SFM, and they are replaced by orthogonal eIIipti—the stationary densitie; andn,,
cally polarized states, which reduce to the linearly polarized
ones only wheny,|>|y,|. A similar competition between Q%
orthogonal elliptically polarized states was found in Nd- B
doped fibre laser§l4]. Here we neglect these effects. The . . ] .
only possible stationary states of the VCSEL in our case aréhe stationary equations for the fieléis can be written as
the two orthogonal linearly polarized states and the elliptical = _
polarized states which arise from a stationary instability of o120 = [k(1+i@)(Nstng) —iw] Qus (10
the low-frequency linearly polarized state. Yativp Qss
We remark also that, unlike in the models used for o _ ) ) o
neodymium-doped fibre laserd5] and Nd:YAG (YAG, Multiplying side by side the above two equat_lons we gh_ml—
yttrium aluminum garnetlasers[16], in SFM stable two- NateQ. s and s, and obtain a complex equation containing
mode solutions, with the two orthogonal linearly polarizedonly N, ns, and w. Setting separately equal to zero the real

::UV_NS_]-I YsNs

— 9
2(Ng+1+ny)
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and imaginary parts of this equation we get an expression fogo|ution, Ng=y,/k. For this particulaiN, the physical solu-

the oscillation frequency

kza(Né - ng) ~ YaYp
kNg

(11

We| =

and an auxiliary equation, biquadratic in bcﬁg andng,
a2k4I’1‘S1 + k2[k2N§(l -ad)+ Zaya'yp]rﬁ - kANg + kzﬁﬁ(yg
=) +74%=0, (12)

which will be used later. From Eq10) two couples of ex-
pressions for cd®y,) and sirf2y,) can also be obtained,
which read, taking into account E¢l1),

Qis kz(nsi Ns)(')’pnsa + 7Ny + 7a7;2)

coq2i) = i
QI,S st(7§+ ys)
(13
g QoL 51 = o,
e KNG
(14)

tion of the quadratic equation fqe coincides with the sta-
bility threshold of thex-polarized solution,

'YS(')/%"' 'yg)
(ka = '}’p) Yot (k+ a7p)7a .

The elliptically polarized solution begins to exist where the
x-polarized solution ceases to be stable. In the following sec-
tion we will investigate under which conditions the ellipti-
cally polarized solution is stable.

Mx,s = Mthx 1+ (18)

Ill. LINEAR STABILITY ANALYSIS OF THE
ELLIPTICALLY POLARIZED STATE

The analysis of the stationary properties of the elliptically
polarized state performed in the preceding section suggests
that to study the stability of such a solution it is convenient
to introduce, in place of the complex variables, the real
variablesQ,, y, and ¢ defined by

F,=Q,e0, (19

The quantitiesQ, and 2/ have the same meaning of real
amplitudes and relative phase as the corresponding stationary
quantities already encountered in the analysis of the station-
ary state; % is the phase sum, and the derivative with respect

Of course these expressions are only apparently differento time of x represents theinstantaneoysoscillation fre-
since they refer to the same stationary state. Imposing thatuency with respect to the reference frequency. The impor-

the two expressions for c@&),) coincide and taking into
account Eq(9), we obtain an equation fo1r§ in terms of

only Ng and of the system parameters

Ng(Ng+ D(Ng+ 1 = w)ayy + 72 AN

nZ= . (15

Ya¥sNs+ a?’p(Ns"' 1-p—v

AN = N2y + N2(1 + 79 + NJ (75— D)y = (- 1)]
+ (et ys— D). (16)

Finally, we may insert this equation into E{.2) to obtain a

direct connection between andN;. We obtain a quadratic
equation inu, which gives only one physical solutigithe
unphysical one simply gives values @fbelow lasing thresh-
old). In this way, for a given set of parametdtsa, vs, ¥,

and y, the elliptically polarized solutions as a function of the

pump parameter can be constructed using as a param-
eter. The following relations betwed)y ; and the intensities
I, andly of the linearly polarized components of the field

Ly = QI+ QP r2Q.Q cot2)],  (17)

where the upper(lower) sign holds for thex-polarized
(y-polarized solution, can be used to pldg andl, as a
function of w.

tant point is that the equation fgy is decoupled from the
others, so we can limit our attention to the set of five equa-
tions:

Qi =k(N+n—-1)Q, — [y, cos2y) + Yp sin(2y)]Q-,

(20)
Q. =k(N-n=-1)Q_- [y, cog2¢) - ¥, sin2¢)1Qs,

(21)

z;/;= kan + %‘ sin(Zz/;)(% + %) + 129 cos(Zz/;)(% - %)

(22)

N=u-N1+Q2+Q) - n(Q2-Q?), (23)

n=-n(ys+Q+Q% - N(Q - QY. (24)

However, the stability analysis remains a difficult task, be-
cause, unlike for the linear polarized states, here the set of
equations obtained by linearizing Eq20)—(24) around the
stationary state are all coupled. Thus, the characteristic equa-
tion is a fifth degree equation of the form

ash\®+ a\*+ agh\3+ aN2+ ay\ +a,=0, (25)

It is known that the elliptically polarized solution in the \yhere, apart fromas=1, the coefficients, have extremely

SFM model bifurcates from the-polarized one. Therefore,

the lower value ofNg for which the elliptically polarized
solution can be found is that associated with thgolarized

involved expressions, which we do not report here. Since we
know that the instability of the elliptically polarized solution
always gives rise to a dynamical regime, we focus on the
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condition for a Hopf instability which is, according to the r T, r, T,
Routh-Hurwitz criterion19], —
ra; | i
uG - l‘lel
(213, — aga3)(agay — @y8s) — (Apas —a134)> < 0. (26) L Ly 5 el
S5k %] 7 :
The numerical study of this condition allowed us to obtain, . | ;“x,s
for every value of the system parameters, the pump threshold I
e @above which the elliptically polarized state becomes sl ;
unstable. We fixek=600, a=3, andy,=100. I X
As for the amplitude anisotropy parametgy, we con- ol :
sider two possible mechanisms that can contribute to it. First, L
the material strain, which we assume to be constant, neglect- 1 L L —
ing a possible dependence on the injected current and then 0 20 40 60 y 80
on the pump parametei. Second, following the analysis P
developed in Ref[20], we introduce iny, a term propor- r T, r, T,
tional to the birefringencey,, which simulates the spectral T T
dependence of gain, namely, the fact that the orthogonally Lobio
polarized modes, being separated in frequency by an amount 6 . Mo " el
which is essentially 2, experience different gain. If the 5| L Moy ‘ ]
frequencies of the two modes lie to the left of the gain peak, A ‘u
the higher frequency statg) will have larger gain, hence the 4k ]
contribution toy, is positive. In the opposite situation, the . X
lower frequency statéx) has the larger gain, and the contri- 3t : .
bution to vy, is negative. According to the above discussion r : g 1
we write y, as 2r ey 7: L
1 : ) == T n
Ya= Ya 0t MYp: (27) o 20 “ %0 v, %

FIG. 1. Complete stability diagram for the linearly and ellipti-
where y, o is the term related to dichroism and the propor-cally polarized stationary solutions of SFM. The fixed parameters
tionality coefficient z is essentially the derivative of gain arek=600, =100, anda=3. v, is negative in(@ and positive in
with respect to frequency. In our simulations we 3gt (b), and it depends omy, according to Eq(27). The meaning of the
=0.1, #=0.01 when y, is positive and y,0=-0.1, 7 instability thresholdsuey, tys sy n, @anduyy and of the particular
=-0.01 wheny, is negative, withy, always positive. The birefringence value¥', I'y, I',, andI'; is explained in the text.
situation in which the two contributions have different
signs has not been considered.

In Fig. 1 the thresholdug for the elliptically polarized
solution is plotted together with the instability thresholds of
the linearly polarized solutions that we denoteias, uuxn.

Vs

I.=—.
¢ 2a

(28)

and u, 4. We distinguish between negatiyg [Fig. 1(a)] and
positive y, [Fig. 1(b)], because the instability thresholdg
and uy 1y strongly depend on the sign of. Instead,u, and

For positivey, [Fig. 1(b)], the x-polarized solution also ex-
periences a Hopf instability close to threshold, and it is stable
in the region between the curveg,y and u,s the

Uxs are almost independent of it. The thresholds for they-polarized solution is stable to the left of the curugy,
linearly polarized solutions are known from previous studiesvhich has a C shape, extending fropy=TI'; to the right.

of the SFM. The expression fai, s is given by Eq(18); the  Actually, for reasonable values of the pump parameter
other two thresholds have longer expressions that we do nanly the lower branch of the C is visible. The upper branch
report here. The main difference of Fig. 1 with respect tocan be seen for small values @fonly when gain saturation
similar stability diagrams of SFM presented in several predis considered20].

vious works is that the exact stability domain of the ellipti-  Figures 1a) and Xb) allow to describe all the possible
cally polarized solution is also shown. We will discuss laterpolarization switchings that may occur in the framework of
the properties of that stability domain. Before, we briefly SFM, and the role of the elliptically polarized state in these
resume the results about the stability of the linearly polarizegprocesses.

solutions.

For negativey, [Fig. (@], the x-polarized solution is
stable below the curve, s, and they-polarized solution is
stable to the left of the curvg, ,, which tends asymptoti-
cally to the vertical liney,=I'c, where the critical birefrin-
gencel is defined as

For negativey, [Fig. 1(a@)], at threshold the laser emits
x-polarized light, because thepolarized state is Hopf un-
stable. As the pump is increased, the laser switches to the
elliptically polarized state at= u, s and to a dynamical state
at u=pue. At this point, if y,<I', for a certain value ofu
that cannot be predicted by the stability analysis, the laser
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will abandon the dynamical state and precipitate on the W Mo
stabley-polarized solution, completing the PS (from the 12—
lower to the higher frequency statén contrast, fory,>1I',
the laser will remain on the dynamical state for gny ue,.

For positive y,>0 [Fig. 1(b)], the x-polarized state is
Hopf unstable close to the lasing threshold, and the first
emitted mode is always thg-polarized one. Ify,<I'; the
laser will remain always in thg-polarized state increasing
the pumpu from the lasing threshold. Ify,>T; a PS |
switching to thex-polarized statgfrom the higher to the
lower frequency stajeoccurs atu=u, . Then, the laser
switches to the elliptically polarized solution at= u, s and
finally it enters the dynamical regime at=pu and it re-
mains there for any..

The transition to the elliptically polarized state is associ-
ated with a PS Il when the two conditiong<<0 andy,<T';
hold. The transition is not followed by a PS Il, and it is

I

intensities

preceded by a PS | switching, for,>0 andy,>TI'.. HXS l'li'el,l"!'lel,zﬂuelj ﬁ
Let us analyze now the stability domain of the elliptically R
polarized solution, which displays some unexpected features. (bii i :

—_
o

First, the instability thresholg, always presents a maxi-
mum at a characteristic value of the birefringefigesmaller
than I'.. Around this point the size of the stable domain
sharply increases.

Second, the stability domain displays &rshaped region,
between the birefringence valuEg andI';. The existence of
this region implies that fol’, < y,<I';, as the pumgu in-
creases, the laser crosses three stability boundatigsi
=1,2,3. Inother words, in this region there are two disjoint
stability domains for the elliptically polarized solution
Hxs< < pel1 AN tre) o< U< el 3.

Since these domains are always placed to the rigft.of
i.e., in a region where, above,s, both linearly polarized FIG. 2. Behavior of the intensity of the-polarized(solid line)
solutions are unstable, as soon as the first stability boundaandy-polarized(dashed lingemitted light during a forwarda) and
Mei1 IS crossed in a forward sweep of the pump parameter backward(b) scan of the pump parameter The parameters are the
[Fig. 2a)], the laser enters a dynamical regime, and it re-same as in Fig. (b), with y,=60. The pump parametgr is adia-
mains there even whea is further increased and the upper batically varied at a rate of one unit every 0.1 ms. The meaning of
stability domain is reached. the particular valueQuys, tei1, Mel1 Mel1 and w of the pump

But our numerical study of the dynamical equationsparametei is explained in the text.

(1)<(3) revealed an interesting feature: for a certain value

H> pei 3 Of the pump, the laser switches to a new dynamicalassociated with the two supercritical Hopf bifurcations and
regime, characterized by oscillations with different fre- they coexist in a finite interval of values betweeg ; and .
quency and amplitudes. For the chosen parameters, the tragstead, between ; and pe 3, i-€., in the upper stability
sition occurs at aboyt=6.8, and this value represents a true domain, bistability between the elliptically polarized state
deterministic threshold, in that it is independent from theand the first dynamical regime is observed.

initial seed of the noise generator. Another rather trivial consequence of tSeshaped stabil-

If now the pump is decreased in a backward swg€p. ity domain is that, in a forward sweep of the pump parameter
2(b)], we observe that, unlike in the forward sweep, the up-,, the size of the stability domain for the elliptically polar-
per Stablllty domain of the elllptlcally polarized solution be- ized solution Sharp|y varies in Correspondence \thbe|ng
comes accessible, and stable elllptlcally polarized |Ight ianuch larger to the right of this birefringence value.
emitted between the pump valugg > and e 3. Only below A better estimate of the relative importance of the ellipti-

Hel 2 the same behavior as in the forward sweep is found. Bugally polarized states in a VCSEL can be provided by the
this hysteretic behavior is not observed, and the backwarguantity

sweep is always identical to the forward one, if the backward

sweep of the pump parameterbegins when the laser is still _ Mel™ Mxs

in the first dynamical state, i.e., below r= s = Hihx
We can conclude that, among the three Hopf bifurcations ’ ’

of the elliptically polarized state that exist fbh<y,<I';, ~ which measures the relative size of the stability domains of

two (ue 1 @and ue ) are supercritical, while the other one the elliptically polarized state to the-polarized state. We

(te1,2) is subcritical. The two observed dynamical states areplot in Fig. 3 this quantity for the same parameters as in Fig.

intensities
(2] o]

B

(29)
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0.6 — ubiquitous character in SFM. It determines not only the po-
sition of the Hopf instability domain for thg-polarized so-
ry lution, as seen previously, but also the shape of the stability
04 domain for the elliptically polarized solution.
IV. SUBCRITICAL BIFURCATION TO THE

0.2} ELLIPTICALLY POLARIZED STATE

§ In this section we want to analyze if and under which

i conditions the static bifurcation which leads to the ellipti-
oob—e v cally polarized state from the-polarized state may be sub-

0 20 40 60 80 critical. If this happens, the elliptically polarized solution

YP which emerges from th&-polarized state at the bifurcation
g p

FIG. 3. Plot of the ratio which measures the relative size of the point u, s will extend initially to the left ofu, s, until a turn-
stability domain for the elliptically polarized solution. Same param-ing point ug,p, iS reached.
eters as in Fig. 1. Solid line for negativg, and dashed line for The interest for such a situation lies on the fact that it
positive . implies that both the elliptically polarized state and the

- ) x-polarized state exist in the interval,,<u < uys There-
1. This figure shows that the ratioreaches comparable val- e it the elliptically polarized state is stable in that interval
ues in correspondence with the two critical paramelers yhere s pistability between the two states. In a deterministic
an_dl} In these_pomts the size of the stability domain of thesystem, a hysteresis cycle would be observed sweeping for-
elliptically polarized state could be as large as 30% to 50%,/4,q and backward the pump parametemwith discontinu-
_of the stablllty domain of the-polarized state, while there g jumps from one state to the other at u, s and u
is a large region betweeli, andI', where it is only a few = teup
Su

percent. _ . The analysis of the possible subcritical character of the

Our calculations showed that the shape of the stabilityi rcation can be carried out much more simply in the limit
domain of the elliptically polarized solution depends strongly,, —q Therefore, we will consider first that limit and then we
on the spm-fhp rateyS+ In Fbltg 4dW9 'f}?nSIdSegyizg i‘gg will extend the result to the general situation. Fge=0 we
compare the curves for obtained wi =50, ,150. — . - .

P s know thatNg=0 in the x-polarized state andlls>0 in the

Clearly the critical valued'y, I',, andI'5 increase asy. in- - . . . .
y b2 3 ¥s glliptically polarized state. To investigate the condition for a

creases. In particular, we checked, using also other values f - . ) . )
a, thatT'; andT’, are approximated very well by the simple subcritical bifurcation we consider the equation that relates

equations Ns with w«, which, in this limit, reduces t§11]
r=2- FE (30 kZ[Ns(yi = Ng= 1)+ a?(Ng+ 1) (s - ﬁs_— 1)]
X[Ng(ys+ 1) + 1 =]+ %(ys+ n—Ng=1)?=0.
I,= z—f =3I (31) (32)

We assume tha[qS is positive and much smaller than 1. This

The ratioys/ «, which contains the main ingredients of SFM, 4)10ws for a series expansion gf of the type = iy s+ PN

i.e., spin flip and saturable dispersion, reveals in this way its+o(ﬁ2) The bifurcation is subcriicalsupercritical for
2.

06 ————r———— 1 negative(positive) p. The calculated coefficient is
_ 2
r _ kysk—ka" + 226%), 33)
0.4 2(ka - 'yp)
' and the bifurcation is subcritical when the inequality
2(ka = ¥p)? < kys(k = ka? + 2ay,) (34)

0.2 is satisfied. In terms of the parametethis condition can be

| ] reformulated as
oob——+ Y _ } ')’s(kz + 'yzg) <a< Y + } 75(k2+ ')/29)
0 20 40 60 80 . 100 k Kk V 2+, kK kV 24y

FIG. 4. Plot showing the ratio for the indicated values of the _ _ _ N
spin-flip ratey.. The other parameters are the same as in Fig. 1Taking into account thatr is positive andys>1 we can
with y,=0. consider the single approximated condition

(35
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o T T T solution and hence the bifurcation to the elliptically polar-
ized state can be more easily observed.
-”Q In Fig. 5 the stationary intensities of the elliptically polar-
3t I . ized state are shown in one case where the bifurcation from
the x-polarized state is subcritical, fdt=600, ys=100, «

=0.9, %,=20, andy,=-0.3 (,0=-0.1,7=-0.01. The lin-
early polarized state is also shown, with dashed lines above

intensities
[\%]
)

il I | the bifurcation poing, s, where it is unstable. For this choice
y 1 of the parameters Eq(38) gives the critical valuea,
</ =1.063. We checked numerically that the exact value is
0 ______________ -
1.054.
480 485 490 a9 500 Similarly to what we have done in the preceding section,
' ' ' ' M ' we introduce the ratio
FIG. 5. Stationary intensities for the two orthogonally polarized
components of the electric field in a region around the instability _ Msub™ Mxs 39
threshold of thex-polarized component fok=600, 5=100, R (39
X,S X

=0.9, ¥,=20, and negative,. Thex-polarized state bifurcates sub-
critically to the elliptically polarized state.
which is negative by definition, and whose absolute value is
5 the relative size of the region where the elliptically and
a< Yo AJ1+ (ZE> ) (36) x-polarized solution coexist with respect to the region where
k k the latter is stable.
In Fig. 6 we show botlr andrg,,as a function ofy, for

the same parameters as in Fig. 5. As in the previous cases,
presents a maximum for a small value of the birefringence

which, however, is different fromy/4«. In the coexistence

>2 region there is bistability untit remains positive. For nega-

Since we have alsg, <k for realistic values of the birefrin-
gence parameteyy, it turns out that the condition for a sub-
critical bifurcation is simply

(37) tive r the elliptically polarized state is stable only in a part of
the coexistence region. In our calculation we found that there
is always a fourth critical valu€', of the birefringence pa-
rameter at which the stability domain of the elliptically po-
larized solution shrinks to zerQue =g, and the whole
upper branch is unstable. We checked that &lsincreases
with increasingys, but we were not able to determine a
E‘. (38) simple link withI";, also because the conditian< «, for the
Yp subcritical bifurcation does not allow to explore a wide range
of values fora.
In a real experiment the deterministic hysteresis cycle be-
eenugypand uy s Will be affected by the presence of noise.
If noise is small, this simply means that the size of the cycle
is reduced. Larger noise induces irregular jumps between the
two coexisting states for any value gf and the hysteresis
cycle could disappear. In this case the existence of an under-
lying bistability can be inferred looking at the intensity his-
tograms of the two linearly polarized modes, which in a cer-
tain interval of injected current should present two distinct
peaks. Similar effects were observed in presence of bistabil-
ity between orthogonally polarized first-order transverse
modes[21].
In order to simulate this behavior we introduced in Egs.
0.04 - L S (1) some sources of Gaussian no&ewhich reproduce the
0 20 r 4 v 60 effects of spontaneous emission. The complex functigns
4 P have a zero mean value and ateorrelated in time
FIG. 6. The ratiorg,, whose absolute value measures the rela-
tive size of the region where, for a subcritical bifurcation, the ellip-
tically polarized andk-polarized linearly polarized solutions coex- (&(1))=0, (40)
ist, is shown together with. Same parameters as in Fig. 5, apart
from 1y, which is now a free parameter. Af,=I", the elliptically
polarized solution is always unstable. (& (D E&()) =0, (41

Y Y
<1+—9+o(—9
“ k k

If the effects of dichroism are also included allowing for

being different from zero, we found that the critical value for
the a parameter can be approximated as

azac:1+—T(E—2

We see that is larger fory,<0, which is also the condi-
tion under which thex-polarized solution is the first lasing -

0.06 T T I T
0.04
0.02
0.00

-0.02
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jumps are dynamical states, rather than elliptically and lin-
early polarized stationary states.

V. CONCLUSIONS

In this paper we have studied the stability of the ellipti-
cally polarized solutions in the SFM. The importance of this
analysis is due to the fact that, according to the SFM, ellip-
tically polarized states always exist as soon as the lower-
frequency linearly polarized state destabilizes. Hence, these
states play an important role in the so-called type Il polar-
ization switching, from the lower- to the high-frequency
0 20 40 60 80 100 mode. In spite of this, the elliptically polarized states have

time (us) been often considered of little importance, because it was
assumed that they are stable only in a very limited range of
T T T the pump parameter.

Our analysis showed that this is not always the case, and
in correspondence with particular values of the birefringence
parameter the size of the stability domain of the elliptically
E polarized states can be considerably large.

Quite interestingly, those particular values of the birefrin-
gence are shown to scale rationally with the rajig «,

_ which was already known to determine the position of the
Hopf instability domain for the high-frequency linearly po-

larized state. Thus, the role of the ratio of the spin-flip rate to
| the linewidth enhancement factor in the SFM is further em-

w

intensities
[\]

e

counts

32 34 36 38 407 phasized.

. S x The linear stability analysis revealed also that in some

FlG 7. Dyl’.lamlcs of the electric field in a bistable case, WhereCases there is an interval of values for the birefringence pa-
noise induces jumps from one state to the other. Same parameters@gneter for which, as the pump parameter is increased, two
in Fig. 5, with x=4.878. Time evolution of the intensities of the two disjoint stability domains for the elliptically polarized states

orthogonally polarized components of the fighj, and histogram

, ) s are met. The dynamical simulations showed that, in corre-
for thex-polarized component, showing a two-peak distribution

spondence with the two supercritical Hopf bifurcations asso-
ciated with the upper stability boundaries of the two do-

(g;(t)gi(t’» =B6, L6 _6(t—t'). (42) mains, two different dynamical regimes are created, and they
can coexist in a finite interval of the pump parameter.
The strength of noise is measured by the paramgtdfor We have also shown that when the parametes roughly

B=2.5x10"2 we still observe a hysteresis cycle, althoughsmaller than 1, the bifurcation from the lower-frequency lin-
its size is much smaller than that predicted by the deterearly polarized state to the elliptically polarized state can be
ministic equations. FoB=5x10"3 the hysteresis cycle subcritical. In that case there is bistability between the two
disappears, and two-peak histograms are found. Figurstates and a hysteresis cycle can be observed sweeping for-
7(a) shows the time evolution of the two mode intensitiesward and backward the pump parameter. In presence of
on a time interval of 10Qus for the same parameters as in noise, however, the hysteresis can disappear, and there is an
Fig. 5 andu=4.878.Irregular jumps between the linearly interval of values for the pump parameter where two-peak
polarized statel,=3.881),=0 and the elliptically polar- histograms in the intensity of the two perpendicular compo-
ized statel,=3.447),=0.424 areclearly visible. The two- nents of the emitted light can be observed, due to noise in-
peak histogram of Fig. (b) has been obtained recording duced jumps from one state to the other. Valueg simaller
2 X 10° data, with a sampling rate of @samples/s, Wile  than 1 are not common, but they can be achieved by tem-
the time step in the numerical integration was 10 ps. perature tuning the laser frequency to the blue side of the
With the chosen value of8 two-peak histograms were gain spectrunj22,23, which is also the condition for which
found for 4.876= u<4.882, i.e., in an interval of length the lower-frequency state is stable at threshold, and the bi-
0.006 scaled to the threshold pump, which in the theoreticdiurcation to the elliptical state can occur quite close to
model is unity. This interval looks very small, but we remark threshold.
that in Refs.[8,9] two-peak histograms in correspondence
with a PS Il were reported in an intervall =30 uA, when ACKNOWLEDGMENT
the lasing threshold wak,=4.3 mA, which means\l/ly, This work was funded by the European Commission
=0.007. However, the analogy between those experimenthirough the network VISTAVCSELs for Information Soci-
and our numerical simulation probably ends here, because igty Technology Applications, Contract No. HPRN-CT-2000-
the experiments the two states between which the VCSEID0034.
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