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Abstract

This letter shows some counter-intuitive simulation results that the symbolic
sequences and the state variables of a digital filter with two’s complement arithmetic
and arbitrary initial conditions and order will be eventually zero when all the filter

parameters are even numbers, no matter the system matrix of the filter is stable or not.

1. Introduction

It is well known that chaotic behavior may occur in both a second-order digital
filter [Chua, 1988, 1990b; Galias, 1992; Kocarev, 1993, 1996; Wu, 1993; Yu, 2001]
and a third-order digital filter [Chua, 1990a] with two’s complement arithmetic.
Similar results are found in a second-order digital filter with other nonlinearities, such
as a saturation-type nonlinearity [Galias, 1990] and a quantization-type nonlinearity
[Lin, 1991].

However, it is found in this letter that chaotic behavior does not occur when all
the filter parameters are even numbers, no matter what the initial conditions, the order
and the stability of digital filter are. The main results are shown in section 2, and a

conclusion is summarized in section 3.

2. Simulation Results
Consider the following N™ order digital filter with two’s complement arithmetic:
X;(k +1)=x;,(k) for j=12,--,N-1and k>0 1)

x, (k1) = f(iaj .xj(k)]:ji;aj x (k) +2-5(k) for k=0 @

j=1
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where

f(v)=v-2-nsuchthat -1< f(v)<land ne Z 3)
ajeinor j=12,---,N (4)
~1<x,(k)<1 for j=12,---,N and k>0 (5)
and s(k)e {~m,---,—1,0,1,---,m} for k>0 (6)

in which m is the minimum integer satisfying
N
—2:m-1<>a;-x,(k)<2-m+1 @)
j=1
According to our intensive simulations, we have the following observation:

Observation.

If a; is an even number and ‘xj(o)‘<1 for j=12,---,N, then 3k, € Z"U{0} such
that x;(k)=0 and s(k)=0 for Vk >k, and j=12,---,N .
If 3j€{L,2,---,N| such that a; is not an even number, and the system matrix of the

digital filter is unstable, then chaotic behavior may occur. [ |

To understand this phenomenon, we model the filtering process as a sum of
Bernoulli shift operations. Since, for practical implementation, any number is
represented by only a finite number of bits, the initial condition can be represented in a

binary form as follows:
P

‘Xi(oj =2 P 2" (8)
n=1

where p,; € {01} for j=12,---,N 9)

and P is the number of bits, not including the sign bit, for representing the state
variables.

Since a; are even numbers, we can let:

M

&y =2 et -2 (10)
n=1

where o, ; € {01} for j=12,---,N (11)

and M is the number of bits, not including the sign bit, for representing the filter

coefficients. We have



Sani0-3] (S 2] (£ 27

j=1 n=1
N p-1 )
= Z(S; +2.8. '2_'] (13)
j=1 i=1
where s} e Z* U {0} (14)
p-1 )
Since the summation in > B ,-2" is from i=1 to i=P-1, the most
i=1

significant bit is absorbed in s after the first iteration, and all the bits will vanish after

P iterations. Therefore, the state trajectories will eventually converge to some origin.
To demonstrate the observation, a third-order and a fourth-order digital filter
with two’s complement arithmetic is shown. Results of higher order digital filter with
two’s complement arithmetic can be obtained similarly.
Figure 1 shows the state variables and symbolic sequence of a third-order
digital filter with two’s complement arithmetic when the filter parameters and the initial

conditions are randomly generated from a set of even numbers and the set [-171),

respectively. It can be seen from the figure that when the filter parameters are even
numbers, though the system matrix is unstable, the values of the symbolic sequence
and the state variables will be eventually zero. Similarly, figure 2 shows the cases with
the same initial condition as that in figure 1, but the filter parameters are deviated
slightly from those in figure 1. In this case, chaotic behavior occurs. Similar results for

the fourth-order cases are shown in figure 3 and figure 4, respectively.

3. Conclusion

In this letter, we report some counter-intuitive simulation results that the
symbolic sequences and the state variables of a digital filter with two’s complement
arithmetic and arbitrary initial conditions and order will be eventually zero when all the
filter parameters are even numbers, no matter the system matrix of the filter is stable or

not.
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Fig. 1. State variables and symbolic sequences of a third-order digital filter with two’s
complement arithmetic, x(0)=[0.8436 0.4764 -0.6475] , a,=—2 , a,=4 and
a, = 6. (a) State variable x,(k). (b) State variable x,(k). (c) State variable x,(k). (d)

Symbolic sequence s(k).




[3+]
=
2 =2 r_
2 = 2 "5
T T T T T T T T .Q — m d 7
—= = « X
— = - (<5} 6
— o ) . .l R = o
““““ — = . P sLat 1
I = 2 IR PR R - n_u
= SR ot 3 TR A 3
= = Sl s T T TR P ge]
= I e e e e N T = <
SRR ARG At SN AR SR TS = (o]
— = SR e e Za L IR RS R T b =
““““ =5 = = S e LR LN F e eI .......u.ﬁ.s...w.. MECT R o — N~
= — = B~ B T A S SO R A S R R P <
= = — = P e B e I T T T SRS © .
@ j— = Sy AT S Sl WO ».s.oww&.. T B T o
£ = £ DR, v .ﬂ}.«.&?ﬂ.&n.. G I e e 3 Y—
o = o ST AN U PLTRD AL S DT At Xt A SAUEES SIS R
E = E R A L A Tt AR o2 et S 8 =
E £ 3 Yor o ¥ 5 e :
- - - ] — Im = B t%."m.wh e u&.mﬂ.?&. L, f»...mn....u..w‘ s ' 4 O
= A S Froa FON S CaeP ..w.vﬁ.%@ ) 'S o™
= D M RSO LTt MDA Gt IR, 0T L o8
= AR R R sl AR i = <
LI AR P VRN 4 '+ %1 +— [e'e)
AR TR SR SR at i, Aol L S N —
S N L R N )
= = foh o Sg B bR gl Mo i o o
| g dry R A wh .m«v.mw.cm..b.w.\.n.wv: .......».w..w s o —
— b ot TR g R I S VIR,
ENRTAN (G ¢ Yoo of
R m.mruc.,v.ﬂwamw 7 m»ww m&s.m. »twvhm...&..nm%mﬂ feB) Il
= T iR e SR e N 5 T 7]
= TS Rt Sl DR Y s LN I
S St B NG S i S <
S AR R U S s
LAes ”, g - . * At >
g 7T bl GRS R e T D
() Let ey g i 4i ...c..*.....nu I.V%nm@%&.hm.@v g TRINgE I oy =
T hie paes S, L4 AT Yooy o
PEPRRAINIRIALRIAL Sl 030 B e v..(.m».w.&h‘.ww i, e <
— B MEAIRS SRR L0 W g o o ke
s P AR AN R Aot S SN R 4300 MR AL,
= Pl we TRl I e R R ST Y n
A eeg 3 rial SN TS O e N Tt AT
g AR & O et P LA IR O N b}
BN S DR S 3 S o A e o
SRR L G PSR u@. A AN
- g DRI L DR .smv.&.ﬁ %;nﬁ; SDELE SENRL c
& g D T R S o 2O B S L M ol Pt )
T T T T T T T T =] T T T T T T =) 3 Ve d o o g ....mfavt%. - AN
= m & R L T S TR T Y = |
b LR N S .W\.u.t.mns» W,P..”%... i w«.u v%.rw.%«.. o
.. ..%.....w .3..»&.&6}.;? bl ¥ w.«\&. S eiE o (<5}
= i ....x:.....:»uﬁ.w..vw h«.s.f,.. THHRA = n
= U o s e e % {nde o

[ER S £3 ?..%\W»ﬂ.&&.‘h’:% ety
It TR R e gl SR Nt
AR DI N (1ol s a.mw”:mt«w.b...

W oh

8000

S0
e
E3
-
ot
¥
2,
‘0
s
He
£33
5
%
%"
symbol

thy
ot
,
S
43,
é
:}t
%
eA
%3
.,
Pt

Titads

ERRT Y war iy’ MRS TIOA

g R S L N

Lt D VR e Ay T AT

R B IS R TR R ) Mgt L s
. kY OAR T R .../..»w...‘ W e P

v g

6000
Time index k
Time index k

iables,

4000

. *
Setamgetae

2000

]

o'

00

Fig. 2. State var

filter with two’s complement arithmetic, x(0)

a,=-199, a,=4.01 and a, =-5.99. (a) State variable x (k). (b) State variable

x,(k). (c) State variable x,(k). (d) Symbolic sequence s(k). (e) Phase portrait.
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Fig. 3. State variables and symbolic sequences of a fourth-order digital filter with two’s
complement arithmetic, x(0)=[0.6428 -0.1106 0.2309 0.5839], a, =2, a, =4,
a,=-6 and a, =8 . (a) State variable x(k). (b) State variable x,(k). (c) State

variable x,(k). (d) State variable x,(k). (e) Symbolic sequence s(k).
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Fig. 4. State variables and symbolic sequences of a fourth-order digital filter with two’s
complement arithmetic, x(0)=[0.6428 -0.1106 0.2309 0.5839] , a, =-2.01 ,
a,=4.01, a, =—6.01 and a, =8.01. (a) State variable x,(k). (b) State variable x, (k).

(c) State variable x,(k). (d) State variable x,(k). (€) Symbolic sequence s(k).



