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Abstract

We study a proposal of D’Hoker and Phong for the chiral superstring measure for genus three. A minor
modification of the constraints they impose on certain Siegel modular forms leads to a unique solution. We
reduce the problem of finding these modular forms, which depend on an even spin structure, to finding a
modular form of weight 8 on a certain subgroup of the modular group. An explicit formula for this form,
as a polynomial in the even theta constants, is given. We checked that our result is consistent with the
vanishing of the cosmological constant. We also verified a conjecture of D’Hoker and Phong on modular
forms in genus 3 and 4 using results of Igusa.
© 2008 Elsevier B.V. All rights reserved.

MSC: 83E30; 46T12; 14K25; 05B25

Keywords: Superstrings; Amplitudes; Modular forms; Finite geometry; Theta constants

1. Introduction

Formally string theories in the perturbative approach can be formulated using the path integral
formalism outlined by Polyakov, and this is the starting point for the computation of the scatter-
ing amplitudes. The conformal invariance of the string theory forces the amplitude to be invariant
under the action of the modular group as was exploited by Belavin and Knizhnik [1] who conjec-
tured: “any multiloop amplitude in any conformal invariant string theory may be deduced from
purely algebraic objects on moduli spaces M, of Riemann surfaces”. Indeed, for bosonic strings
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this permitted the computation of the vacuum to vacuum amplitude up to four loops in terms
of modular forms [2,14]. For superstrings there are some difficulties: the presence of fermionic
interactions makes the splitting between chiral and antichiral modes hard, moreover one needs
a covariant way to integrate out the Grassmannian variables arising from the supersymmetry on
the worldsheet. In a series of articles, D’Hoker and Phong showed that the computation of g-loop
amplitudes in string perturbation theory is strictly related to the construction of a suitable mea-
sure on the super moduli space of genus g super-Riemann surfaces. They also claimed [7-9] that
the genus g vacuum to vacuum amplitude should take the form

A= / (detint) ™ Y a4 dulAN(R) A AU A(D), (1)
Mg A,A,

where A and A’ denote two spin structures (or theta characteristics), ca_ 4’ are suitable constant
phases depending on the details of the model and du[A](7) is a holomorphic form of maximal
rank (3g — 3,0) on the moduli space M, of genus g Riemann surfaces. The Riemann surface
is represented by its period matrix t, after a choice of canonical homology basis. Since the
integrand should be independent from the choice of homology basis, it follows that the measure
du[A](r) must transform covariantly under the modular group Sp(2g, Z).

In [5] and following papers, D’Hoker and Phong explicitly solved the problems outlined be-
fore for the two loop vacuum to vacuum amplitude, giving an explicit expression for the two
loop measure in terms of theta constants. Next, in [7,8], they tried to extend their results to three
loop amplitudes. Mimicking the structure of the two loop chiral measure, they proposed three
reasonable constraints (see below) which should characterize the modular forms composing the
measure. Then, they tried to find such modular forms, without success. This negative result, ap-
parently, can be imputed to their requirement that the modular form, of weight eight, should be
a product of the fourth power of a theta constant and modular form of weight six. This led us to
look for a weaker form of the constraints, in particular relaxing the second one, by not requiring
such a decomposition and we do succeed in finding such a form. Our assumptions are consistent
with the expression for the amplitudes at genus one and two, and at genus three they provide a
unique solution. In this paper we will show the existence, provide an explicit expression for the
measure and show that the corresponding cosmological constant is zero. For the unicity of our
solution, and the fact that a solution to the constraints of D’Hoker and Phong does not exist, we
refer to a future paper [4].

The constraints, and the well known one loop chiral measure, also determine the modular
forms Z¢[8] of [5,6] uniquely, as we show in this paper. In particular, if one could prove a priori
that the two loop chiral measure has the form indicated in Section 2.2, formula (2) with g =2,
then we would have an easy derivation for the explicit formula of this measure.

In this paper we will use action of the modular group on modular forms as a powerful tool to
solve the problem. We took advantage of the theory of induced representations: the representation
furnished by the space of forms is built up from the representation given by a suitable subspace
left invariant by a subgroup of the entire modular group. This approach is similar to the method
that Wigner used to classify the irreducible representations of the Poincaré group induced from
the representation of the little group. A systematic account of the representation of modular group
on modular forms of genus three and level two will also be given in [4].

A delicate point is the assumption, made by D’Hoker and Phong and also in this paper, that 1
is true also for three loops. Moreover we will take contributions from even characteristics only.
Even if there are many arguments leading to the conclusion that these last assumptions should
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not be valid for g > 2 (see for example the discussion in [3]), we think that existence, uniqueness
and simplicity of the solution are strong arguments for the opposite conclusion, at least for g = 3.
Also for g = 4 it seems that the modified constraints have a solution, we hope to report on this in
the near future. !

The structure of the paper is the following.

In Section 2 we recall some results on the measures for the bosonic string and the chiral
superstring. This leads us to consider the possibility that the chiral superstring measure might be
obtained from the bosonic string measure by multiplication by a modular form of weight 8.

In Section 2.3 we formulate some constraints which this modular form should satisfy. These
constraints are very similar to the ones considered by D’Hoker and Phong in [8], the differences
are discussed in Section 2.4. It turns out that for genus two we recover the chiral superstring mea-
sure as determined by D’Hoker and Phong [5,6]. In genus three our constraints have a (unique)
solution.

In Section 3 we study the Siegel modular forms on I, (2) for g =1, 2. In particular, we show
how our constraints lead to the functions Z¢[d] in genus two found earlier by D’Hoker and
Phong. Our explicit formula for these functions in Section 3.4 is different from theirs and might
be of independent interest.

In Section 4 we show that our constraints have a solution in genus three, and show that the
corresponding cosmological constant is zero.

In Section 5 we briefly discuss some results of Igusa which are related to a conjecture of
D’Hoker and Phong.

In Appendix A we discuss characteristics and symplectic geometry in a vector space over a
field with two elements. In Appendix B we recall some facts on the transformation theory of theta
constants. In Appendix C we determine the restriction of certain modular forms to ‘reducible’
period matrices.

2. Measures and modular forms
2.1. Basic definitions

The Siegel upper half space of complex g x g symmetric matrices with positive definite imag-
inary part will be denoted by Hy. The action of I', := Sp(2g,Z) on H, is denoted as usual by

A B
c D) €Sp(2g,Z), teH,.
A Siegel modular form f of genus g and weight k on a subgroup I" C Sp(2g, Z) is a holomorphic
function on H, which satisfies
f:H, — C, f(M-t):det(Cr+D)kf(t), VMel, tcHg

(and in case g = 1 one should also impose a growth condition on f). The factor det(Ct + D)
satisfies a cocycle condition:

y(MN,t)=y(M,N -1)y(N,t), where y(M,1):=det(Ct + D).

For a subgroup I" of Sp(2g, Z) which acts without fixed points on H, one can then define a
linebundle, the Hodge bundle A, on the quotient I"\H,, as the quotient of the trivial bundle C x H,
on Hy by the action of I" given by y:

M-t:=(At+ B)(Ct+ D)}, M:=<

I See [17,18] and also [19] for the case g = 5.
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A:=T\(Cx Hy) - I'\Hg, M. (t,7):= (y(M, r)t,M-r).

Even in case I" has fixed points, we can use this action to define a sheaf, still called A, on
I'\H,. The global sections of A correspond to the Siegel modular forms of weight 1; more
generally, Siegel modular forms of weight k correspond to sections of A®¥. For the definition of
the well-known theta constants [ A](t) with even characteristics A, which are modular forms of
weight 1/2 on a subgroup of Sp(2g, Z), see Section 3.1. Recall that there are 2871 (2% + 1) even
characteristics.

2.2. Measures

We recall some results on the bosonic measure for g < 3, the chiral superstring measure for
g < 2 and on the proposal of D’Hoker and Phong for the chiral superstring measure for g = 3.
In this section, ¢ and cg, are constants.

The genus one bosonic measure is

1
(€)) dz®
dpp’ = m) 2y 24(1(1)) :

The genus one chiral superstring measure is (cf. e.g. [6, Eq. (8.2)])
orAM*(z (D
d/L[A(l)] _ [ 1" (')
257[47]12(.[(1))
so that
du[A(l)] = c’le[A(l)]4(r<1))n12(r(1)) du(l)

Note that Q[A(l)]“(t(]))nlz(r(])) is a modular form of weight 2 + 6 = 8 on a subgroup of
SLQ2,7Z).
The genus two bosonic measure is [2,14]:
duy du;j,
Hp = ‘1’10(T(2)) l_[ Tij

where ¥1¢ is a modular form of weight 10 on Sp(4, Z). The genus two chiral superstring measure

is (cf. [5,6]):

LA} (@) 86[AP](z?)
167‘[6l1/10(‘f(2))

d/L[A(z)] = Tjj
i<y
so that

] = AT (<) 2 AV ) i

Note that 0[APT1*(z @) E4[AP](x?) is a modular form of weight 2 4+ 6 = 8 on a subgroup of
Sp4,Z).
The genus three bosonic measure is [2,14]:

3)
dup’ = %(T@)) H dz;j,

where W92(T(3)) is a Siegel modular form of weight 18 for Sp(6, Z) (cf. [11] for ¥y).
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In [8, Eq. (1.1)], D’Hoker and Phong propose that the genus three chiral superstring measure
is of the form
LA (D) [ AP (x D)

Tii,
87‘[41119(1'(3)) Sy 1]

d/L[A(3)] —

and they give three constraints on the functions Ee[AP1(z®). However, they do not succeed in
finding functions which satisfy all their constraints (we will prove that there are indeed no such
functions in [4]).

This leads us to weaken the proposal of [8] and to search for functions F3[AP(z @),
these should behave like the products G[A(S)]4(T(3))E6[A(3)] which occur in the numerator of
d,u[AG)]. So we assume that for g = 3:

du[A(g)] =CéES[A(g)](t(g)) duﬁ_é”, ®

where the functions E3[A®(z®) satisfy three constraints which are obtained from those im-
posed on the functions O[APH () E[AP () in [8]. For example, in [8] the function
E6[AP (D) is required to be a Siegel modular form of weight 6 on a subgroup of Sp(6, Z),
and we require that Zg[A] is a Siegel modular form of weight 2 + 6 = 8 on a subgroup of
Sp(6,Z). We give the three constraints on the Eg[A®] in Section 2.3. The main result of this
paper is that functions &Zg[A®)] which satisfy all three constraints actually exist, the uniqueness
of such functions will be shown in [4].

In general, one should keep in mind that since the canonical bundle on the moduli space M,

of genus g curves is 134, where A is the Hodge bundle, the bosonic measure du%’) transforms as

a modular form of weight —13 (so the sections of f du%’) of the canonical bundle correspond to

modular forms f of weight 13). The chiral superstring measure is known to transform as a section
of —5X under the action of a subgroup of Sp(2g, Z) (see [9] and [15,16] for the supersymmetric
case). Thus, taking only the transformation behaviour into account, it is not unreasonable to
expect that Eq. (2) should hold for general g, for some function &3[A] which corresponds to a
section of 8A. As we just observed, this is proven to work for g = 1,2 and for g =3 we can at
least find unique Zg[A®)] which satisfy reasonable constraints.

2.3. The modular forms Eg[A]

The discussion above thus leads us to search for functions

Eg[A(g)] :H, — C, where A® = [Zlng]

1.--Og

is an even characteristic, that is a;, b; € {0, 1} and )_a;b; = 0mod2. It is convenient to define
F3[A®)] =0 in case A is an odd characteristic.

Actually, the Zg[A®)]’s should be defined on the subvariety Jg C Hy of period matrices of
Riemann surfaces of genus g (note that dim J; =3¢ — 3 and dimH, = g(g + 1)/2). As we do
not consider the cases g > 3 in this paper we will write H, instead of J,.

In order to formulate constraints for these functions for all g, we require that in case g = 1
one has:

gs[aM](@) :=0[aD] ) *n()',

see Section 2.2. Then, almost copying [8], we impose the constraints:
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(i) The functions Eg[A®)] are holomorphic on Hy.
(ii) Under the action of Sp(2g, Z) on H,, these functions should transform as follows:

Eg[M - A®](M 1) =det(Ct + D) &5[A®] (1), (3)

for all M € Sp(2g, Z), here the action of M on the characteristic A is given by

(¢ B)t=t (5)=(5% W)+ () o

where Ng = (N11, ..., Ngg) is the diagonal of the matrix N.
(iii) The restriction of these functions to ‘reducible’ period matrices is a product of the corre-
sponding functions in lower genus. More precisely, let

T, 0 ~
Ap gk = {Tk,g—k = ( g ) eHg: reHy, 141 € Hg_k} =H; x Hg .
To—k
Then we require that for all k£, 0 < k < g,

—~ [ 1Ak Ak ].--Ag _ o [a1-ak o Aj41...0g
‘-"‘S[bl...bkbk+1...bg](Tk»g—k) = “8[b1...bk](Tk)“fﬂ[bkﬂ...bg](fg—k)

for all even characteristics A®) = [Z:Zi] and all 7 ¢ € Ak g—k-

2.4. Remark: Comparison with [8]

We compare these constraints with those of D’Hoker and Phong in [8] for the func-
tions Z¢[A] on H3. The only essential difference is in constraint (ii). Note that the products
9[A]4(1)E6[A](t), with Zg[A] as in their constraint (ii) and T € Hs, transforms in the same
way as our Zg[A] but with a factor (M, A)4+4. However € (M, A)8 =1,s00[A]* (1) Es[Al(T)
transforms as Zg[A]. Conversely, if each Zg[A] were a product of 9[A]* and another function,
these other functions would satisfy constraint (ii) of [8].

2.5. Remark on condition (ii)

Let I';(2) be the (normal) subgroup of Sp(2g, Z) defined by:

Iy(2) =ker(Sp(2g,Z) — Sp(2g.F2))
={MeSp(2¢.Z): A=D=1, B=C=0 mod2},

where we write F; := Z/2Z for the field with two elements. For M € I';(2) we have M - [ ;] =

[Z] for all characteristics [Z], hence the E5[A(®)] are modular forms of genus g and weight 8
on I, (2).

2.6. Remark on condition (iii)

In [8], the third constraint is imposed for an arbitrary separating degeneration. However, any
such degeneration is obtained from the one in condition (iii) by a symplectic transformation.
Thus one has to consider the functions E§[A](N - tx g—) for all N € Sp(2g, Z). Constraint (ii)
shows that this amounts to considering Eg[N -1, AJ(tk,g—1) (up to an easy factor) and constraint
(iii) determines this function.
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2.7. Reduction to the case [A®)] = [8]

The second constraint, in particular Eq. (3), can be used to restrict the search for the
28¢~1(2¢ 4+ 1) functions Eg[A®] to that of a single one, for which we choose Eg[(())] with

[8] = [8"'8]. We work out the details of this reduction. In particular, we give the constraints
which the function Eg[g] should satisfy and given this function we define functions Eg[A®),

for all even characteristics A®), which satisfy the constraints from Section 2.3.

Let Iy (1, 2) be the subgroup of Sp(2g, Z) which fixes the characteristic [8] =[]

0.0J°
rg(1,2):={Mely: M-[)]=[] mod2}
= {M € I'y: diagA'B = diagC' D =0 mod2}.

For M € I';(1,2) we required that 53[8](M -7)=(Ct + D)SEg[g](‘E), that is, Eg[g] is a
modular form on I, (1, 2) of weight 8.
Given such a modular form Eg[ 8 ] on Ig(1,2) we now define, for each even characteristic
A a function Eg[A] in such a way that Eq. (3) holds. As the group Sp(2g, Z) acts transitively
on the even characteristics, for any even characteristic [A®)] there is an M € Sp(2g,Z) with
M - [8] = [A(g)] mod 2 and then we define, with y as in Section 2.1,
— — 8 — _
E[a®) (@) ==y (M. M~ 1) E[J](M " 7). 4)
It is easy to check that the definition of E3[A®)] does not depend on the choice of M: if also
N - [8] =[A®] mod?2, then N~ M fixes [8] soN"IMe Iy (1, 2). To verify that

y(M M) S o) =y (VN ) [V )

we let T = M T/, so we must verify that
— ? _ 8 - _
y(M, ‘E/)Sag[g](l'/) =y(N,N "'m. ') dg[g](N "M . ).
AsN“'Mer ¢(1,2) and y satisfies the cocycle condition, we get

y(NNT'M - B[ (NI M- ) =y (N N M- )y (NI, ) 5[ O]

=y (M.t 5[ ().

which verifies the desired identity. Finally we show that the functions Eg[A®)] satisfy constraint
(ii) of Section 2.3. So with M, A® as above, we must verify that for all N € Sp(2g, Z) we have

E3[N - AI(N - 1) = y (N, 1)3 B[ A]().
AsN - A=NM- [8], we have:

EsIN - AIN -0) =y (NM, (NM) ' N -7)* 55[ 0] (VM) N - )

=y(NM. M o) E[ ] (M)
=y(N. D)y (M. M7 T)8ES[8](M_1 - 7)
= y(N, 0)¥E5[Al(v),
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0

where we used the cocycle relation. Thus the second constraint is verified if &g [ 0

constraint (iig) below and if the Z3[A(®)] are defined as in Eq. (4).
(iip) The function Eg[ 8 ] is a modular form &g of weight 8 on I, (1, 2).

Next we show that, in case g < 3, constraint (iii) follows from the constraints:
(iiip) (1) For all k, 0 < k < g, and all 7; ¢ € Ay ¢ We have

] satisfies the

Es[ o]k g—1) = s[ o] (@) Es[ ] (Tg—4)-
(iiig) (2) If A®) =[] with ac = 1 then Z3[A®)] (7} g1) =0.
Obviously (iii) implies (iiip) (1), (2). We will only show how to use (iiip) (1). Let

A9=[ ) aY=[] A=

and assume that A®) is even, then also A®~X) is even. Thus there are symplectic matrices M €
Sp(2k, Z) and M, € Sp(2(g — k), Z) such that M, - [ )] = [A®] and M, - [ )] = [A®~9]. Hence
the matrix M € Sp(2g,Z) obtained from M;, M, in the obvious way has the properties: M -
(Akg—k) = Agg—k and A® = M . [8]. As M, 1y o are made up of k x k and (g —k) x (g —k)
blocks one has

y(M, M~ g g i) =y (M, M7 )y (Mo, My e y), AW =M -[(].

Moreover, M~! . Tk, g—k 18 the matrix in Ay ¢ with blocks Ml_1 - 7 and MZ_1 - Tg—k. Thus if
(iiig) (1) is satisfied we have:

S 1017 tige) = S 007 w) S [1015 - 7).
Then we have:
B[4 )tk g—t) =y (M. M~ 'T)gEs[g](M_l - Thg—k)
=y (107 )y (02, My ) ES[) (- )
x Es[o] (M5 e)
= B[ AN (m) Bs[AC P (1),

so for these A(®) the functions Zg[A®)] satisfy (iii).
3. Siegel modular forms
3.1. Theta constants

Modular forms of even weight on I'¢(2) can be obtained as products of the even theta con-
stants

Q[Z](‘E) — Z eni(’(m+a/2)r(m+a/2)+’(m+a/2)b)
meZs

witha =(ay,...,ag),b=(b1,...,bg),a;,b; €{0,1} and > a;b; =0 mod2 (note that we write
a, b as row vectors in [Z] but as column vectors in m +a/2, " (m + a/2)b). These theta constants

are modular forms, of weight 1/2, for a subgroup of Sp(2g, Z).
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It is convenient to define the 28 theta constants:
Olol(r):=0[3]Qr). [ol=lo1 0 - 0gl 0;€{0.1}, T €H,.

The ®[o] have the advantage that they are algebraically independent for g < 2 and there is a
unique relation of degree 16 for g = 3, whereas there are many algebraic relations between the
0[A]’s, for example Jacobi’s relation in g = 1.

3.2. A classical formula

A classical formula for theta functions shows that any §[A]? is a linear combination of prod-
ucts of two @[o]’s. Note that there are 28 functions @[c] and thus there are (28 + 1)28/2 =
28~1(28 4 1) products @[ ]@[c']. This is also the number of even characteristics, and the prod-
ucts @[o]@[o’] span the same space (of modular forms of weight 1) as the 0[A]?’s.

The classical formula used here is (cf. [12, IV.1, Theorem 2]):

0[] =D (=17 6101000 +eél,

where we sum over the 28 vectors o and [ j] is an even characteristic, so ee’ = 0 mod 2. These
formulae are easily inverted to give:

1 e
Olo10lo +el= 53 (~1)“0[ 5]

3.2.1. Example
In case g = 1 one has

[0 =eP +onr, o[ =eP-enr, o[} =206,
or, equivalently,

olr = O[3 +o[{)/2. enr =[] -6[\T)/2

oo =6[ /2.

o . . . . 4 4 4
Note that upon substituting the first three relations in Jacobi’s relation 6] )]" = 6[ V] + 6[ ;]
one obtains a trivial identity in the ®[o]’s.

3.3. The case g =1

In the genus one case, the modular forms Zg[A] are given by Zg[A] = 9[A]4n12. A classical
formula for the Dedekind 7 function is: n°> =@ [ 8]9[ 0]9[ 1], SO

11"Lo
12 0144107497 174
n =6[0] 0[1] 9[0]
= (0101 + O[117)* (0101 — O[11%)* (20[010[1])°.
Another useful formula for 5'2 is closely related to Jacobi’s relation:

12 12 12
32 =051 —o[}1" 0[]
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it suffices to use the classical formula’s, expressing the 6 [ Z] ’sinthe ®[o]’s, to verify the identity.
The function &g [ 8] =0 [ 8]47112 is a modular form on I (1,2) of weight eight. Another
modular form of the same type is 6 [ 8 ]4 Sf21(7) with

L 0712 0712 17112
Jari= 29[0] +9[1] +9[0]
Below we write some other modular forms, which we will need later, in terms of f>1, nlzz
1
0ol =3 u+n"

O[T 6Lo1 + 671 +6[1%) =6[51” + 51" e [31° ~ 20710 5]°)

< Hr+n! >+< i +n! ) 2n'?

=§f21,
12 12 12 12
9[8] +9[(1)] +9[é] :f21_9[8]
2 12

==f1—n

3
oL [T +oLgT 0 1" =001 G LT + 03T +ol5]) — o (31"

_2, LPRNNE
—3 21 3 21 n
1

o
—3f21 n

3.4. The case g =2

In case g = 2, we define three holomorphic functions on Hj:
12
A=l L= e8P fi=6[g Ze[s
s

where we sum over the 10 even characteristics § in genus 2. The functions 9[ ] fi-i=1,2,3,
are modular forms of weight 8 for I>(1, 2), see Appendix B.3.

The function ) _; 6[4] 16 is a modular form on Sp(4,7Z), and hence is a modular form of weight
8 for I3(1, 2), but we do not need it. In [4] we will show that the three @[ ] fi and Z o[8]'0
are a basis of the modular forms of weight 8 on I5(1, 2).

The third constraint on the function Sg[ OO] is:

Es[ O = O[3 ") @ ([ O n'2) (x.

. . 4
where 71,1 = diag(ty, rl’) and 11, r{ € H;|. We try to determine a@; € C such that 0[88] >aifi
factors in this way for such period matrices. Note that

o[ gl =e[{]@e[ 7).
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in particular 9[“b](t1 )=0ifac=1. As 9[ ](n 1) produces 9[ ] (r1)9[8]4(r{), it remains
to find a; such that

02 (x)n'2 (1)) = (a1 fi + ar fo + a3 f3)(z1.1).

Using the results from 3.3, the restrictions of the f; are:

o[22t = 0[] @no[ ]2 )

1 1
= <§f21 + 7712) <n><§f21 + nlz) (),

(me”)m,]) =(O[9)7+0[°)2 + o[ 1)@ O[] +6[ 0 +6[ 11D

= (%fm - 7712>(Tl)<§f21 - 7712)(1{),
(o801 S o1t ) = OLST OIS +oL51 + oL e
8

< O[T @[T + o[\ + o[ 1) D)
= %fﬂ(ﬁ)%fﬂ(ﬁ/)'

Next we require that the term f») () disappears in the linear combination (}_ a; f;)(71.1), that

gives
1 12 2 12 2 N
ai §f21+fl +2a; §f21—77 +2a3§f21 (=0

for all 7| € Hj. This gives two linear equations for the ¢; which have a unique solution, up to
scalar multiple:

ay +4ar +4a3 =0, a1 —2a> =0, hence (aj, az,a3) =A(—4,-2,3).
A computation shows that (4 f1 +2f> —3 f3)(t12) = 6n12(r1)n12(r{). Thus we conclude that

&5l 00] =0l 0] <49[°° +229[8]‘2 88]429[8]8>/6
8

satisfies the constraints. We will show in [4] that this is the unique modular form on I5(1, 2)
satisfying the constraints.

As 9[ 00] A_46|: 88] satisfies the same constraints (with Eﬁ[ 88 ] the modular form determined
by D’Hoker and Phong in [5,6]) we obtain from the uniqueness (or from a direct computation
using the methods of [3]) that

Z o0] = <49[ +2Ze[3]12—39[88]429[5]8)/6
s 5
Another formula for this function is:

4 4 4
Zoloo) ==(O[1W10[60)0Lor D" = ©CLot1eLip10[00])" = L1 LaoToL11])"
which is the one found by D’Hoker and Phong in [6], to check the equality between the two
expressions for ._,6[ 00] one can use the classical theta formula.
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4. The genus three case
4.1. Modular forms in genus three

In case g =3, the 8 ®[o]’s define a holomorphic map
H; — P/, T > (©[000](7):.. :O[111](1)).

The closure of the image of this map is a 6-dimensional projective variety which is defined by
a homogeneous polynomial Fig (in eight variables) of degree 16. In particular, the holomorphic
function t — Fig(..., @[c](7),...) is identically zero on Hj.

To write down F¢ we recall the following relation, which holds for all T € H3:

: 000
ri—rp=r3, withry= 1_[ [Oab](r)
a,bEFz

= [T eltpl@. rs= [T élop]@-

a b€F2 a,bEFz

From this we deduce that 2rir; = rl2 + r22 — r% and thus

ri s = 20irg s 4 r33)
is zero, as function of t, on H3. Let Fj¢ be the homogeneous polynomial, of degree 16 in the
®lo]’s, obtained (using the classical theta formula (3.2)) from this polynomial (of degree 8) in
the O[A]%. In [10] it is shown that Fig is not zero as a polynomial in the eight @[o]. Thus the
polynomial Fi¢ defines the image of H3 — P”.

A computer computation, using once again the classical formula, shows that Fjg coincides,
up to a scalar multiple, with the degree 16 polynomial in the ®@[o] obtained from

2
8 0[A]'0 - (Zemﬁ)
A A
by the classical theta formulas.

4.2. The functions F;

000

000] of weight

In analogy with the genus two case, we now want to find a modular form Eg[
8 on I13(1,2) which restricts to the ‘diagonal” Aj 2 as

Es[ W (r1.2) = Es[ §] () &s[ ]2 = (6] 3]*0'2) (x) (0] L] Z6[ ]) (r2).

where 712 € H3 is the block diagonal matrix with entries 7y € H; and 7 € H. An obvious
generalization of the functions f; which we considered earlier in Section 3.4 are:

:9[888]12, Fyi=) 6[A1%  F3: 888 ZG[A]S
A

. . . . 4
where the sum is over the 36 even characteristics A in genus three. The functions 9[ 888 ] F; are

modular forms of weight 8 on I3(1, 2), see Appendix B.3. However, there is no linear combi-
nation of these three functions which has the desired restriction. Therefore we introduce another

modular form G| 888 ] of weight 8 on I'3(1, 2) in the next section.
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4.3. The modular forms G[A]

For each even characteristic A in g = 3 we define a modular form G[A] of weight 8 on I3(2).
For a brief introduction to characteristics, quadrics and isotropic subspaces see Appendix A.
An even characteristic A corresponds to a quadratic form

qAIVZFg—>F2

which satisfies ga(v + w) = ga(v) + ga(w) + E(v, w) where E(v,w) := Z?:l(viw3+,~ +

v3piw;). If A = [Zeb;] then:

qA(v) = v1v4 + V25 + V3V6 + avy + bvy + cv3 +dvg + evs + fug,
). Let Op={veV: ga(v) =0} be

vv2v3

where v = (v1, ..., v6) € V, we will also write v = (v4vsv6

the corresponding quadric in V.

A Lagrangian (i.e. maximally isotropic subspace) L C V is a subspace of V such that
E (v, w)=0forall v, w € L and such that dim L = 3. For example, the eight elements (Sgg) eV
with a, b, ¢ € F, form a Lagrangian subspace Lo in V.

For such a subspace L we define a modular form on a subgroup of Sp(6, Z):

Py =[] 014o)
ODL
here the product is over the even quadrics which contain L (there are eight such quadrics for each
L) and Ag is the even characteristic corresponding to Q. In case L = Ly with

L0:={(U1,...,v6)€V: v4=v5=v6=0}, PL0=(r1r2)2= 1_[ 9[000]2

abc
a,b,ceF,

with 7y, r, as in Section 4.1. The action of Sp(6,Z) on V = Z%/2Z° permutes the Lagrangian
subspaces L, the subgroup I3(2) acts trivially on V. Similarly, the P; are permuted by the action
of Sp(6,Z), see Appendix B.4, and as I'3(2) fixes all L’s, the Py are modular forms on I3(2) of
weight 8.

For an even characteristic A, the quadric Q o contains 30 Lagrangian subspaces. The sum
of the 30 P’s, with L a Lagrangian subspace of Q 4, is a modular form G[A] of weight § on
I3(2):

Glal:= Y Po= Y [] 01401
LCQa LCQa QDL

Note that 8] A]? is one of the factors in each of the 30 products. As the Py are permuted by the
action of Sp(6, Z), also the G[A] are permuted:

G[M - Al(M - 1) = det(Ct + D)3G[A](7).

000
000

000

As I'3(1, 2) fixes the characteristic [ 000

], the function G[ )] is a modular form on I3(1,2).

4.4. The restriction

Now we try to find a linear combination of the functions 6| 888]417,-, i=1,2,3and G[ggg ]
which satisfies the third constraint:

©O[* ") @O L1 E6[ LN (22) = (0] 0T (b1 F1 + ba Fa + b3 F3) + baG[ {0]) (z1.2).
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It is easy to see that the theta constants satisfy:
b b
9[36;](11,2) = 9[3](11)9[2;](12),

in particular 9[55;] > 0 if ad = 1. Thus 6 of the 36 even theta constants map to zero, the other
30 =3 x 10 are uniquely decomposed in the product of two even theta constants for g = 1 and
g=2 respectively Using the results from (3.3), the functions F;(t; 2) are then easy to describe,
the function G[ (t1,2) is determined in Appendix C.3. The restrictions to A2 = H; x Hp
are:

000 ]

12
(©Lo00) )ia.

651" 651"
( 1+t > [88]12,
(Soar®) | =11 o) +of3]) (T o)

[A12

_ % _ 12 12
—(3f21 0 );e[a] ,

(18 otar) | =olSFOL oLt ol (ot

(412 )

=2 (ot (o))
o1m). = (1 (2 —””))

(LR (50007 + 3 oo - ol 51 o) ).

Thus we found the restriction of 9[888]4(b1 Fi4+byF>+b3F3) + b4G[888] to Ay 2, note that
000

000]4 in front of the F; gives the function 9[ ] (1:1)9[ ] (12). In part1cular the

_ 4 4 .
restriction has a factor 6] J]"0[ 0] In order that this restriction is a multiple of 9[0] n'% we
need that the term f>; disappears, which leads to the equation

b16[ 2" +2b226[8]12+2b39 (Zemf‘)
+b< 29[3]12 00 Ze[a )

There is a unique solution (up to scalar multiple):

the function 9[

With & = 1 and the formula for ._46[ ] from Section 3.4 one finds:
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(B[ O] @F) +4Fy — 3F5) — 12G[ 120])(11.0)

= (0[]*n 12)(1:)( [99] (89[00 12+4Ze[5]12—69[83]420[8]8>>(r2)
= 12(0[1'n") (B[ 0] e[ 0] (x2).

Hence the modular form Eg[ of weight 8 on I'3(1, 2) defined by

000]
Zsoo) = (B 00] 4F1 +4F> = 3F3) — 12G[ gG7]) /12

satisfies all the constraints except maybe (iiip) (2). To check this last constraint, let M - [ 888 ] =

[Si’;] withad =1,s0a=d =1. As G[ggg](r) = 02[888](t)Gb[888](r) for a holomorphic

function Gb[ggg] [Zeb;](M 7) is the product of Qz[gb;](r) and a holomorphic function,

hence G gof [(M - 71 2) = 0 because 62[ 427 |(r1 2) = 02[ |](x)62[ /5] (r2) =0.

We conclude that ag[ggg ], defined as above, satisfies all three constraints.
In [4] we will show that it is the only modular form of weight 8 on I73(1,2) which satisfies

the constraints. This then implies that the desired functions Z¢[A] from [8] indeed do not exist

000 000

000 000]4 with a modular form of weight 6.

because G| o] is not the product of 6]

4.5. The cosmological constant

In supersymmetric string theories one expects for the cosmological constant to vanish because
of perfect cancellation between the positive contribution from bosonic states and the negative
one from fermionic states. As a consistency check we will show that our solution for the chiral
measure gives a vanishing contribution to the cosmological constant. Like in [6], for type II
strings the GSO projections gives c4, o = 1 and we will prove that

Zd,u[A] =0, equivalently (Z Eg[A]> (r)=0
A

A

for all T € Hs.
The sum of the 36 functions &3[A] is invariant under Sp(6, F>), hence it is a modular form of
weight 8 on Sp(6, Z). In [4] we will show that it must then be a scalar multiple of ) , g[A]le:

(Z EsM])(T) = x(Ze[A]w)(r).
A A

The function ) , Eg[A] is given by:

429[A]16+429[ (ZeA A0[A ) (Ze A]8> —IZZG[A
A A A

where the constants €4 4» = £1 are determined by the transformation theory of the theta con-
stants.

We will show that A = 0 by taking first T = diag(zy, 72, t3) and then let 71, 72, 73 — i00. On
the theta constants this gives

1 = = = A16
(I TV E St
9 A .
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In the summand ) , 9[A]4(ZA/ eA,A/G[A’]u) we thus need only consider the terms with A =
[2], .A/ = [1?’]' The terms with A = [2] are summands of Eg[g](t). Let M be the symplectic
matrix

I B .
M:(o 1>, B =diag(b1, by, b3), so M'[l?’]z[bfb/}

In particular, M - [8] = [2] and thus Eg[g](‘t) = Eg[g](M_l‘L') (note that y (M, M~ . 7) =1).

From the definition of the theta constants as series in 3.1 it is obvious that

9[1?/]4(1‘/[71 1) = e[hfb’]4(f)

hence eq pr =+1if A= [2], A= [bo,]. Thus we get:

Z@[A]4(ZGA,A’9[A/]12) — 29[2]4(26[0] [o]e[;),]”) — 8.8 =64.
A A b po b

Finally, each G[A] is a sum of Pr’s and each Py is a product of eight distinct theta constants.
Thus all P’s map to zero except for P, =[], ¢ 0[32/9] which maps to 1. Note that Lo =

{(gé’g )} and that Lo C Q4 iff A = [32]9] Thus exactly 8 of the G[A] map to one, and the others

map to zero. The constant A can now be determined:
4.844-8-3.64—12-8=1-8 = A=0,

hence the cosmological constant is zero.
5. A conjecture of D’Hoker and Phong

In [7, Section 4.1], D’Hoker and Phong conjecture that:
28505(1) — W) =0 (Y1 e Jy(CHy)),

where J, is the closure in Hy of the set of all period matrices t of Riemann surfaces of genus g,
in all genera g, where ([7, (3.10)])

Yy (T) i= Z @[A]Sk(t)y
A

the sum is over the 26~1(22 + 1) even characteristics A. They verify this conjecture for g = 1, 2.

The conjecture is actually known to be true for g < 4, due to results of Igusa in [13] which we
briefly sketch now. Schottky discovered a modular form J of weight 8 on Hy, whose zero locus
is known to be J4. According to [13, Theorem 1 and its proof], the modular form J is, up to a
scalar multiple, equal to

2 u(0)” — 274 (1) = 278 (245 (0) — WA (D))

(use that Igusa’s 59,16 = W3, cf. his definition on p. 356). This verifies the conjecture for g = 4.
For the case g =3 we already verified the conjecture in Section 4.1. Alternatively, one can
use the Siegel operator, which is:

() (1) i= lim f(re1.0).
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where 7,1 1 is the matrix in H, with diagonal blocks t,1 € Hg—1 and 7, € Hy (and the other
coefficients are zero). It is easy to verify that ¢ maps 0[3}’;5] to zero if d = 1 and else the result

is 6 [ Zg] Thus applying the Siegel operator to 2*Wg — l1/42 we get:

P (2405 — W) (13) = (2005 — (2¥4)?)(13) = 4(2° ¥ — W) (13).

As any element in Hs, viewed as boundary component of Hy, is in the closure of J4, the modular
form 23Wg — w2, of weight 8 on Sp(6, Z) is identically zero on Hs.

6. Conclusions

In this paper we considered the problem of finding the chiral measure for supersymmetric
strings. We have taken the stance that the vacuum to vacuum amplitude should split as in (1).
Such a point of view requires a detailed analysis of the geometry of the moduli space of super-
Riemann surfaces, however, we did not perform such an analysis here.

Instead, we determined the weakest possible constraints that should be obeyed by the mea-
sures diu[A®] in order to provide a modular invariant expression for the vacuum to vacuum
amplitude. Our constraints are a slight modification of the ones of D’Hoker and Phong in [8].
Using the transformation properties of certain basic functions under suitable subgroups of the
modular group, we found that it suffices to consider only one fixed spin structure. This led us to
consider modular forms of weight 8 on I'3(1,2) and we explicitly identified the constraints on
these modular forms.

The strategy for searching solutions has been to use group representation theory on the space
of modular forms. This permitted us to reproduce the genus g = 1, 2 results and to find a solution
for the ¢ = 3 case. Indeed, it happens that our solution is also unique, but this will be proved
in [4], together with a systematic study of the modular group representation on modular forms
on [3(2). We also checked that our result is consistent with the vanishing of the cosmological
constant, and proved a conjecture of D’Hoker and Phong.

Although the question of the chiral splitting for superstrings in the genus g = 3 case is open,
we think that our results provide some evidence for a positive answer.

Appendix A. Characteristics and quadrics

We recall the basics about characteristics, in particular their relation to quadratic forms on

V= F%g , where Fy := Z /27 is the field with two elements (cf. [12, §5.6], but we use the ad-
ditive convention). We introduce a symplectic form on V (so E is non-degenerate, bilinear and
E(w,v)=0forallveV),

E:VxV —>F,,
E(v, w) =0 Weil + 02Wgy2 + 4 VgWrg + Vg1 Wi + -+ - + V2 W

We consider the quadratic forms g on V whose associated bilinear form is E, that is the maps
q:V —Fy, g +w)=q@)+qw)+ E(,w).

Note that g(ax) = a’q(x) = aq(x) for a € F, ie., a =0,1. If g,q’ are such quadratic
forms then, as 2 =0 in F», g + ¢’ (defined as usual: (g + ¢")(v) = g(v) + ¢'(v)) is linear
inv: (g+qg)v+w)= (g +q)W) + (g +q')(w) and hence there is a w € V such that



582 S.L. Cacciatori et al. / Nuclear Physics B 800 [PM] (2008) 565-590

q'(v) =q() + E(v,w) for all v e V. Conversely, if E is associated to g and w € V, then ¢/,
defined by ¢’ (v) = ¢(v) + E(v, w) also has E as associated bilinear form. Thus, once we fix g,
for each of the 2%¢ elements w € V we have obtained a quadratic form whose associated bilinear
form is E and all quadratic forms associated to E are obtained in this way. One verifies easily
that for all €;, €/ € F, the function

I /
q(V) = V1Vgq1 +V2Vg42 + -+ -+ VeU2g + €101 + -+ €V + €1 Vg1 F -0+ €,V

satisfies g(v+w) = q(v) +¢q(w) + E (v, w). In this way we obtain 228 quadratic forms associated
to E, and thus each of the 2%¢ quadratic forms associated to E is defined by certain ¢;, €,i=

1,..., g. The characteristic associated to g is defined as
€1€)...€ 8 !
Agi=lag o] et e(dg)=(=DE=99 ({1, ~1)).

We say that A, (or g) is even if e(A,) = +1 and odd else. One can verify that

e(Ay)28 = Z(—l)q(”.

veV

For example in case g = 1 and ¢g(v) = vjv, then g(v) = 0 for v = (0, 0), (0, 1), (1,0) and
qw) =1 forv=(1,1) so 26([8]) =3 —-1=2;if g(v) = vivy + v; + v then g(v) =1 ex-
cept if v = (0, 0) so 2e([11]) =1 —3=—2.1It follows that ¢(v) has 2¢6~1(2¢ 4 1) zeroes in V
if A, is even and has 28 —1(28 — 1) zeroes if A, is odd. Moreover, there are 28 —1(28 4+ 1) even
characteristics and 28~1(2% — 1) odd characteristics.

The group Sp(2g,Z) actson V = 728 /(27)8, the subgroup I (2) (see 2.5) acts trivially, so
we get an action of the quotient Sp(2g,Z)/1,(2) = Sp(2g, F2) (cf. [12, V.6, Lemma 25]) on V.
Let g : V — F, be a quadratic form associated to E, then we define a function o - ¢ on V by

(0-q)(v):= q(oflv) (v eV, o €Sp(2g, Z)).

As E(c™ v, 07 'w) = E(v, w) foro € Sp(2g,Z) and v, w € V, one verifies that also o - g is a
quadratic form associated to E. Obviously o - g and g have the same number of zeroes, so the
parity of ¢ and o - g are the same: e(o - q) = e(q). The group Sp(2g, Z) acts transitively on the
even and the odd quadrics (cf. [12, V.6, Proposition 3]). If A, = [:/] and we write v = (v/, v")
as a row vector with v',v” € F3, then ¢(v) = v'"v” + €'v + €/"v”. With the formula for o ~!
from Section B.2 one then easily verifies that

Asqg=0-A; mod2

with o - A, as in Section 2.3. Thus the interpretation of characteristics as parameters for quadrics
associated to E leads to a transformation formula which is exactly the one of the characteristics
of the theta constants 6] A] when we consider the A modulo two.

A subspace W C V is isotropic if E(w,w’) =0 for all w, w’ € W. Given a basis ey, ..., e
of W it is not hard to see that one can extend it to a symplectic basis ey, ..., ez, of V (so
E(ei,e;) =0 unless |i — j| = g and then E(e;, ;) = 1). In particular, the group Sp(2g, Z) acts
transitively on the isotropic subspaces of V of a given dimension. The number of k-dimensional
isotropic subspaces of V = F%g is given by
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(228 — 1)(228~1 —2)(2%84 —4) ... (228~ k=D) _pk=1y
#GL(k, F)
(228 — 1)(22871 —2)(2%872 — 4) ... (228~ k=D) _pk=Ty
- 2K 1)k —2)...(2k — 2k 1)
Q¥ —DEB2_1)R2E A -DEBO—1)... (222 _1)
Rk—DF-T—1...2-1)

in the numerator we count the ordered k-tuples of independent elements vy, ..., vy € V with
E(v;i,v;) =0 for all i, j: for v; we can take any element in V — {0}, for v, we can take any
element in (v;)+ & Fgg_l except 0, vy, 80 v € (V)T — (v1), next v3 € (vy, v2)+ — (vy, v2).

If Wy, ..., Wy are the k-dimensional isotropic subspaces in an even quadric Q C V defined
by g =0, then o (W), ..., o (Wy) are the k-dimensional isotropic subspaces in the even quadric
o(Q) C V defined by o - ¢ =0, indeed (o - g)(ocv) = g(v). In particular, any even quadric
in V contains the same number of isotropic subspaces of a given dimension. An even quadric
contains a maximal isotropic subspace L, for example Lo = {(U(l)gg ):vi € F2} is contained in
the even quadric Q corresponding to the characteristic [88 ] An odd quadric does not contain
a maximal isotropic subspace however: if L C Q were such a subspace, then o (L) = L for a
suitable o € Sp(2g, Z), if o(Q) corresponds to the characteristic [ ] then Lo C o(Q) implies
that €; = --- = ¢, = 0, hence the characteristic must be even. On the other hand, an odd quadric

does contain an isotropic subspace of dimension g — 1, for example Wp = {( ':)1 "‘Ug”%): v; € Fz}

is contained in the odd quadric with characteristic [8811]
The number of even quadrics which contain a fixed k-dimensional isotropic subspace is easy

to count: we may assume that the subspace has basis ey, ..., ex and then the characteristic of an
even quadric containing it is
0 0 € € g
e k+1 e . /
1o €k €y co- € N

so one has 2% . 28=k=1(28=% 4 1) such even quadrics. To find the number of k-dimensional
isotropic subspaces in an even quadric one can now count the pairs (W, Q) of such a subspace
W contained in even quadric Q in two ways: first as the product of the number of W with
the number of even Q containing a fixed W and second as the product of the number of even
quadrics with the number of k-dimensional isotropic subspaces in an even quadric. For example
the number of pairs (W, Q) of a maximally isotropic subspace in an even quadric in Fg is 135.23,
and thus the number of such subspaces in a fixed Q is 135 - 23 /36 = 30.

For small g we list some of these dimensions in Table 1 on the left, in Table 1 on the right we
list the number of k-dimensional isotropic subspaces contained in an even quadric.

Table 1
g dimension g dimension
1 2 3 4 1 2 3 4
1 3 1 2
2 15 15 2 9 6
3 63 315 135 3 35 105 30
4 255 5355 11475 2295 4 135 1575 2025 270
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Appendix B. Transformation theory of theta constants
B.1. Transformation formula for the 6[ A]

We recall the transformation formula for the functions 6[A], for an even characteristic A as
given in [12, V.1, Corollary].

LetA = [Z] with row vectors a, b € Z8 and a;, b; € {0, 1}. We consider the characteristic m =
(m',m") € (R$)? given by m’ =a/2,m"” =b/2. Then O[A](t) = 6,,(r) and for o € Sp(2g, Z)
the transformation formula is:

i A B
bom(0 - T) = k(@) Ty (0, 0)1 20, (1), 0= (c D) €5p(2¢,2),

where k(o) is an eight root of unity ([12, V.3, Theorem 3]), y is as in Section 2.1 and
g

dn(0) =) —((DB)yaxar —2(' BC) abs + ('CA), bibi)
k=1

1
+ Z((tD)kzak = ('C)ube) (A" B),;-
B.2. Transformation formula for the O[ AT*

We apply this formula above to 9;‘1, so we get the factor k(o) expB8idm (0))y (o, T). As
exp(2rwin) = 1 for integers n, we obtain:

egﬂi¢m (o) — (_l)atDB%H»thAtb'

The condition that o € Sp(2g, Z) is that 0 E'’c = E where E has blocks A= D =0, B =
—-C=1I:

_RBt tp _pt t
aya=E1ﬁ< B'A+A'B BC+AD)=<O 1)

—D'A+C'B —-D'C+C'D -1 0
As E~! = —E we find that

t t
o '=—E'0E, o7!'= (—’DC ,AB) .

As o € Sp(2g,Z), also o' € Sp(2g,Z), thus o satisfies also ‘BD — DB =0 and 'AC —
'CA =0, that is, “DB and 'CA are symmetric matrices. Hence the integers aya;, byb; in
a'DB'a + bCA'b are multiplied by an even integer if k # [, and thus they do not con-
tribute to e37i¢m(@) In the exponent there remains ), (a,% (DB, + b,% (*CA)ix), but note that
a]% = a; mod2. For a g x g matrix M, let diag(M) be the column vector (M1, M2, ..., Mgg)
of diagonal entries. Then we get the formula:

eSnidJm (o) — (— l)a diag(' DB)+bdiag('CA) )

Next we consider the case that o € I',(1,2). Then also o le I';(1,2) which implies that
the diagonals of ‘DB and 'CA are zero mod 2, hence we conclude that e87i9m(@) — 1 for all
o ely(1,2).

A final remark is that o - m in [12] is computed in R2¢ whereas we normalize the characteris-
tics modulo vectors in Z?$ to have coefficients m}, m/ € {0, 1/2}. This is justified for the 6, by
formula (6.2) in [12, 1.10].
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B.3. Applications

Let [ 8 ] = [ 8:::8] be a genus g characteristic and let

A=0[01"% p=d60[a9]2 me=6[0]Y e[a®],

A A

where we sum over the even characteristics A®) in genus g. We show that the functions 6 [ (()) ]4 fis
i =1,2,3, are modular forms of weight 8 for I, (1, 2).

In the cases i = 1,3 these functions are polynomials of degree two in the A[A®)]8. The
transformation formula for 931 (note k (0)® =1, el07iom(0) — 1), is in our notation:

0[2a90 -1) =y, )00 " - A9 (0) (0 €Sp2g. 7).

Hence the 6[A]® are permuted by the action of o € Sp(2g,Z), up to the common cocycle
y (o, 7)*. In particular, if o € I,(1,2) then o~ - [8] = [8] and it follows that the 9[8]4ﬁ,
i =1, 3, are modular forms of weight 8 for I, (1, 2).

In case i = 2 we use the formula for the 6. For o € I'y(1,2) we have ¢871%n(®) = | 50 in our
notation we get:

0[a®] 0 - 1) =)y (0, )00 - a®T @) (0 € I(1,2).

Hence the 6[A®)]* are permuted by the action of o € I';(1,2) up to a common (i.e. independent
of A®) factor «(0)*y (0, 7)? and these o fix [8] Thus 9[8]4 f> transforms with the factor

K(O’)l6)/(0, 7)8, but as x (0)® = 1 for any o € Sp(2g, Z), this implies that it is a modular form of

weight 8 on I, (1, 2).
B.4. Transformation formula for the Pr,

In Section 4.3 we defined, for a Lagrangian subspace L of V = Fg the function Pp =
]_[QD L 6?[AQ]2 where the product is over the eight even quadrics which contain L. We will show

that these functions are permuted, up to a factor y (o, ‘1,')8, by the action of o € Sp(6, Z).
We write representatives in Z° for the eight elements of L as

0) (0) 0) 7 (7 (7)
e={p= (M B S )er®= (S T T )]
- - 0 0 0 [ - ?
oy nooyoys
x/g])’ y[(j) c {0’ 1}’

and we will assume that p© = (8). As L is a subgroup of FS, it is not hard to see that

7 7 7 7 7
ZXIEJ) = Z )’IEJ) =0 mod4, leij)xl(ﬂ = Z ylij)yl(J) = leij)yl(ﬁ —0 mod?2
j=0 j=0 j=0 j=0 j=0

for k,l =1,2,3 (use for example (;) > x¢ (or yx) is a homomorphism of L = F3 to F, and
thus each fiber has either 4 or 8 elements; similarly, the fibers of the homomorphism L — F2,

(;) — (xx, x;) contain an even number of elements, etc.).
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; (1.
Let O 4 be one of the quadrics containing L with A = [Z] Then AY) := [Z:y (;)] is an even
X

characteristic:
(a+yD) (b+xD)=a'b+xDyD 1+ a'xD 4 b1y =0+ ga(p) mod2,
with ¢4 the quadratic form defining Q4; as L C Q4 we have g (p") =0 for all j and thus

.
[Z:y (] is indeed even. Moreover, L C Q »(j) because
X

G (p®) = x®1y® 4 (g 4 DY 10 (b g x D)1y D)
=qa(p®)+ E(pY, p®) =0 mod2.

In this way, given A, we get 7 other even characteristics AY) of quadrics which contain L.
Therefore the characteristics of the eight even Q with Q D L are:

[67] eV =a+y? mod2, b =b+xP mod2, a,bY €0, 1).

It follows that we have the following congruences for the coefficients of the characteristics:

7

7 7 7 7
Yo =3 =0modd, Y ala” =305 =3 "a b’ =0 mod2.
Jj=0 j=0 j=0

j=0 j=0

The transformation formula for the theta constants, given in Appendix B.1, shows that

.7
Py.r(0 - T) = k() 6™ Zi=0%; )y (o )8 Py (1),

where we wrote m; = (@, b7)/2. As k(o) is an eight root of unity we get k()10 =1.
As we observed in Appendlx B.2, the matrices DB and "C A are symmetric. The first term in

ZZj ¢m; (o) is then

7 3 3 7
-1 — .
ERDNCLMIESS SEUN Ol
j=0k,I=1 k j=0
Iy 5O
) Z(tDB)kl (Zakj ay’ )
k<l j=0

hence this is an integer. Similarly the third term (with (‘C A)) is an integer. The second term

3

7 3 7
-1 —1 o
. Z Z (tB /4 I((])b(J) 5 2 :(IBC)kl<§ :al(c])bl(]))
j=0k,I=1 Jj=0

k=1

is an integer because  _ ; a(j)b(j)

linear in each ag, by and ) ; a(]) > b =0 mod4.

Again we observe that o - m in [12] is computed in R?¢ whereas we normalize the character-
istics modulo vectors in Z?¢ to have coefficients m/, m € {0, 1/2}. This is justified for the 62 by
formula (6.2) in [12, 1.10].

Thus we showed that e
y (o, )8 Pr (1), as desired.

is even for all &, /. The last term is also an integer because it is

7
4mi 2 =09 @) _ | for all o and it follows that Pyry(o - T) =
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Appendix C. The restriction of the G[A] to Ay >
C.1. The restriction of the Pr’s to the diagonal

Now we determine, for each Lagrangian subspace L C V, the functions Pr(t12) which are
modular forms in both 71 and ;.
We already recalled that 6| Zf} Jmi2) =6[,]o[ f;] (12). This ‘decomposition’ of the char-

acteristic A = [55;] corresponds to the restriction of the quadratic form g 4 to the two summands
in:

i ._ [{000y (100\ (000y (100
V=il I:= {(000)’ (000)’ (100)’ (100)}
so [ is a two-dimensional symplectic subspace of V' (that is, the restriction of the symplectic form
E to [ x [ is non-degenerate) and its perpendicular is the four dimensional symplectic subspace

Fi={veV: E@w)=0Vwell={()")eV:a.....deF,}.

The restriction of g4 to [ (respectively /1) is the quadratic form on F% (respectively on F‘2‘),
associated to the characteristic [Z] (respectively [f;]):

q[Z](vl, v4) = v1V4 + avy +dvy,

q[bc](UZ» U3, Vs, Ug) = V2Us + V306 + bva + cv3 + evs + fve,

ef

and g = q[s] + q[f;].
Let L be a Lagrangian subspace in V and consider the intersection L N /. As E is non-

degenerate on [, but is identically zero on L, we cannot have [ C L. Thus dim L N[ < 1. For

dimension reasons, dim L N/ > 1 and it is at most two since L N [ is an isotropic subspace

of I+, We will show that

dmLNl=0=dimLNit =1, dmLNl=1<=dimLN/*=2.
An example of the first case is
L=((g0)- (110)> (o0)): ~ LNI=10} Lo =((gy)):

whereas Lo = {( ggg )} is an example of the second case.

To prove the assertions, consider the exact sequence

0> L—V -2 L*=Hom(L,F)) > 0, ¢®@):=E®, 1),

(v € V,v' € L), note that ker(¢) = L because so E(v,v") = 0 for all v/ € L implies v € L by
maximality of L, hence dimim(¢) =6 —3 =3 =dim L*.

In case L NI+ is one-dimensional, that is, dim(ker(¢) NI1) = 1, the subspace ¢ (I 1) is three-
dimensional so ¢ (I-) = L*. Hence for any non-zero v’ € L there is a v € [+ with E(v, v') #0,
and thus L N[ = {0}. In case L N[+ is two-dimensional, ¢ (I*) is also two-dimensional and
hence there is a w € L — {0} such that E(v, w) = 0 for all v € [*+. Hence w €[, so in this case
L N1 ={0, w}. This concludes the proofs of the assertions.

In the first case we claim that there exists an even g such that L C (¢ = 0) and such that the
restriction of g to [ is the odd quadratic form (with characteristic [11]), hence Py is identically
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zero on the diagonal. To see this, let wo be the unique non-zero element in /- N L. Any w €
L can be written uniquely as w = w; + w, with w; € [ and w), € I*+. As L is isotropic, we
have 0 = E(wo, w) = E(wo, wp) + E(wo, wy), but E(wp, w;) =0 as wp € I+ and w; €1, hence
E(wo, wp) = 0. Let ¢’ be an odd quadratic form on I+ which is zero in wg: ¢’(wo) = 0. Then

q/(wO +wpy) = q/(wO) + q/(wp) + E(wo, wpy) = q/(wp)~

In case wp # 0, wo, we cannot have q'(w p) =0, since then g’ = 0 would contain the maximal
isotropic subspace (wo, wp) of / L, but odd quadrics do not contain maximal isotropic subspaces.
Hence ¢’ (w,) = ¢q'(wo + wp) = 1 for any w € L. Now let ¢” be the unique odd quadratic form
on/ and define

qg: 1@t =V > Fs, q(o.1p) :=q"lo) +4q'p).

Then ¢ is an even quadratic form on V which restricts to the odd quadratic form ¢” on . More-

over, L C (g = 0) because if w € L then either w = 0 and so obviously ¢(0) =0, or w = wq € [+

and ¢ (wo) = g'(wo) =0 or w = w;+w, withw; #0and w, #0,s0¢” (w;) =1 and ¢’ (w)) =1

hence ¢(w) = 0. (In the example above one has L N[+ = ((000)) and then ¢’ = a5y with
10

001

f=0,1andthusg =g with A = [ ﬁ(’;]) Thus the summands Py, of G[A] such that LN/ = {0}
are identically zero on the diagonal.

It remains to consider those L such that L N[ = {0, w} for a unique non-zero w = wy, € [.
In that case L N[+ is a maximal (2-dimensional) isotropic subspace Lg of I+ If L C Q, the
restriction of Q to I+ contains L. There are four even quadratic forms ¢’ on [+ containing a
maximal isotropic subspace, let 81, ..., 84 be their characteristics. There are two even quadratic
forms ¢” on [ with ¢”(w) = 0, let 81, 8, be their characteristics. Defining, as before, ¢ = ¢” + ¢’
we get 2 - 4 = 8 even quadrics which contain L. As L is contained in exactly eight quadrics, this
implies that these are exactly the quadrics containing L and the product of the squares of the
corresponding theta nulls is Pz . This implies that Py, restricts to

Pr(t12) = (181 13018:21%) (1) (0181101621 01831*01641%) (72).
C.2. The restriction of the G[A]’s to the diagonal

Now we determine, for each even A, the functions G[A](r,2) which are modular forms, of
weight 8, in both 71 and 15.

Recall that G[A] is a multiple of 0[A)%. In particular, if A = [55;] and ad = 1, then 6[A]
restricts to zero on the diagonal H; x H and thus also G[A] restricts to zero.

As we saw in Appendix C.1, the restriction of Py to H; x Hj is non-zero iff L N1 = {0, w}
for a non-zero w € [. In that case L N[+ = {0, Wy, W, wy + w;} for some w, w}) cllisa
maximal isotropic subspace of /. In particular, L = (L N 1) @ (L NI+). Thus these Lagrangian
subspaces correspond to pairs of a non-zero point in Q N/ and a Lagrangian plane in Q N[+,

Let Q4 C V be the (even) quadric corresponding to A and assume that ad = 0. Then Q N1 is
an even quadric in / and consists of three points, 0 and wy, w € [ (for example, if [ ] = [?] then

Q Nl is defined by viv4 + v4 = 0 so consists of the points (:ji) = (8), (é), ( 11)) The intersection

Q NIt is an even quadric in /- and has 10 zeroes, such a quadric contains 2 - 3 = 6 Lagrangian
subspaces.
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As the Lagrangian subspaces L C V such that P;, has non-zero restriction to the diagonal
correspond to pairs of a non-zero point in Q N/ and a Lagrangian plane in Q N[+, there are
2 -6 = 12 such subspaces in Q.

Using the formula for Py, (712) from Appendix C.1, it follows that the restriction of G[A] is
given by:

GLANT12) = (6] 1761611 +6[ 5]°016:1°) (n)( > T1 9[8Q])(rz)
L'cQanit QDL

where [ 7], [81], [82] are the three even characteristics in g = 1, L’ runs over the six Lagrangian
subspaces in /- which are contained in Q4 and Q’ runs over the even quadrics in [ which
contain L'. In particular, the restriction of a G[A] is a product of a modular form of genus one
and one of genus two:

G[jeb;](fl,z) =g1 [;](fl)gz[ffc](rz).

C.3. The restriction of G[ 888 ]

The modular forms of genus one g; [ 8 ] and genus two 82[88 ] are as follows.
8,1 078 8,1 118
silol=0[oTe[}T +e[oT e[ ]

:9[8]4<%f21 - 7’/12>,

where we used the formulas from Section 3.3. The genus two modular form is:

sLool = OL0T (@I + CLIeLad10000])" + (CLGaleL 0I5
+ @[ laale 1) + @lGlelaleloo)) + €Ll 1ol 11D))
=0[ 01" sl 0]
where gz[ 00] is a genus two modular form of weight 6. A computation, using the methods from

[3], that is, using the classical theta formula (3.2) to write the 0[8]%’s in terms of the @[ ]’s,
shows that

br 00 OO 12 _ 00 4 8
80l = _9 29[6] oo] 0]
8
thatis, g5[ 0] = 1 fi + 2 f2 — 3 with f; as in Section 3.4.
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