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1. Introduction

The main object of this paper is to study the class of rings
IHtQ(OK) = Int(OK) N Q[X]

where K varies among the set of finite Galois extensions of Q; here O is the ring of
algebraic integers of K and Int(Ok) is the ring of polynomials f € K[X] such that
f(Ok) is contained in Ok.

The rings Intq(Ok) have been introduced in [LW12] and studied also in [Perl4b].
Among other things, the authors of [LW12| proved that Intq(Ok) is a Priifer domain.
It is immediate to see that Intq(Ox) is contained in

Int(Z) = {f € Q[X]| f(Z) € Z},

the classical ring of integer-valued polynomials. Moreover, if K is a proper field extension
of Q, then Intq(Ok) is properly contained in Int(Z): in fact, let p € Z be a prime which
is not totally split in O ; then it is not difficult to see that the polynomial

X(X-1)...(X—(p—1))
p

f(X) =

is in Int(Z) but not in Intq(Ok). This is an evidence of the fact that, for a finite Galois
extension K/Q, the ring Intq(Ok) is completely determined by the set of primes p € Z
which are totally split in O, and therefore by the field K itself. Our main result is a
characterization of finite Galois extensions of Q in terms of the rings Intq(Oxk). More
precisely, as a corollary of our main result Theorem 2.7, we prove the following:

Theorem 1.1. Let K and K’ be finite Galois extensions of Q. Then Intq(Ok) is equal
to Intq(Ok) if and only if K = K'.

The statement is false if we consider finite extensions of Q which are not Galois. In
fact, if K/Q is a finite non-Galois extension and K’ is any conjugate field of K over Q
different from K, then it is easy to see that Intq(Ox) = Intq(Ok).

A study somehow related to the present paper about the so-called polynomial over-
rings of Int(Z), that is, rings R such that Int(Z) C R C Q[X], has been recently done
in [CP16], in which a complete and thorough classification of such rings has been given:
each of them can be realized as the ring of integer-valued polynomials over some closed
subset of the profinite completion of Z.

We can reformulate our main result in more abstract terms as follows. Denote by G
the category whose objects are ring of integers O of finite Galois extensions K/Q with
homomorphism given by inclusions, and by C the category of subrings of Q[X] in which
morphisms are again inclusions. Then the functor
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IntQ:g—>C

which takes an object Ok of G to Intq(Ox) and the inclusion Ox C O to the inclusion
Intq(Ok/) C Intq(Ok), is a full and faithful contravariant functor (see also Remark 2.8).

We next address the problem of constructing a regular basis of Intq(Ok) as a
Z-module (see Section 2 for the definition of regular basis). In particular, we discuss
the value of the p-adic valuation of the leading term of the element of degree n in a
regular basis, for each prime number p. We show that this is equivalent to understanding
the analogous question for the ring

IntQp(K) =Int(Ox) N QP[X]

for each finite extension K/Q,, where Int(Ok) is the ring of f € K[X] such that
f(Ok) C Ok, and Ok is the valuation ring of K. We completely determine these values
in Theorem 3.2, in the case of tame ramification. As a consequence, we obtain the second
main result of this paper. To state the theorem, let K/Q be a Galois extension and, for
any prime p of Z, let ¢, and e, be the cardinality of the residue field of any prime ideal
of Ok above p and the ramification index of p in O, respectively. We also set

wg, (n) =Y m

j>1 dp

and define for every integer n > 1,

wg, (n
wp(n) = wi p(n) = {MJ
€p
Theorem 1.2. Suppose that K/Q is a Galois extension which is tamely ramified at each
prime. Let { fr,(X)}n>0 be a Z-basis of Intq(Ok) such that deg(f,) = n, for eachn € N.
Then we can write

o - 2

for some monic polynomial g,(X) in Z[X], where the product is over all primes p of Z.

The proof of the above theorem is constructive: first, we construct a basis of
Intq, (Ok, ), for any prime ideal p of Ok above the rational prime p, from knowledge
of a local basis of Int(Ok,) (here and for the rest of the paper, K, denotes the p-adic
completion of K); then, we use the Chinese Remainder Theorem to construct a global
basis of Intq(Ok).
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2. A characterization of Galois extensions

We introduce the following general notation, extending that of the introduction. Let
D be an integral domain with quotient field K and let A be a torsion-free D-algebra.
Let B := A®p K be the extended K-algebra; we have canonical embeddings A — B
and K < B. For a € A and f € K[X], the value f(a) belongs to B, and the following
definition makes sense (see also [PW14]):

Intg (A) :={f € K[X]| f(a) € A,Va € A}.

Clearly, Int i (A) is a D-algebra. It is easy to see that Intx (A) is contained in the classical
ring of integer-valued polynomials Int(D) = {f € K[X] | f(D) C D} if and only if
AN K = D, and this will be the case henceforth.

A sequence of polynomials {f,,(X)}nen C Intg(A) which forms a basis of Intx (A)
as a D-module and such that deg(f,) = n for each n € N, is called a regular basis of
Int i (A). We define J,, (Intx(A)) to be the D-module generated by the leading coeffi-
cients of all the polynomials f € Intx(A) of degree exactly n; we call these D-modules
characteristic ideals. For each n € N, by the above assumption and [CC97, Proposi-
tion I1.1.1], T, (Intx (A)) is a fractional ideal of D. Moreover, the set of characteristic

ideals forms an ascending sequence:
D CTy(Intg(A)) C ... C T, (Intx(A)) C Tpp1(Intx(4)) C ... C K.

The link between regular bases and characteristic ideals is given by [CC97, Proposi-
tion II1.1.4], which says that a sequence of polynomials {f,(X)},en of Intgx(A) is a
regular basis if and only if, for each n € N, f,,(X) is a polynomial of degree n whose lead-
ing coeflicient generates J,,(Intx (A)) as a D-module. In particular, note that Intq(Ok)
and Intq, (Ok) (for K/Q and K/Q, finite field extension) each admits a regular basis.

We fix from here to the end of this section a number field K and denote by O its
ring of algebraic integers. For any prime ideal p of Ok, we denote Ok (,, the localization
of Ok at p, i.e., the localization at the multiplicative set Ok \ p. Moreover, for any
Z-module M and any prime number p, we denote M, the localization at p, i.e., the
localization at the multiplicative set Z \ pZ. We also denote by K, the completion of K
at p and by Ok, the valuation ring of K.

Proposition 2.1. We have Intq(Ok) = ﬂp Intq (O (p)) and
0 (Intq(Ok)) = () In(Intq(Ok (p)
p

for each n € N, where the intersection is over all prime ideals of O .
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Proof. We first observe that Intq(Ox) = [, Intq(Ox ) (p); here the intersection is over
all primes of Z. Then one observes that Intq(Ok) ) = Intq(Ok, () (see for example
[Werl4]). We conclude that J,,(Intq(Ok)(p)) is equal to J,(Intq(Ok,(p))), showing the
second part. Further, Ok () = ﬂp‘p Ok, (p), Where O (p) is the localization of Ok at p,
and the intersection is over all prime ideals p of Ok which lie above p. Therefore

Intq(Ok, ) = Intq(Ok. ) (1)
plp

and the result follows. O

Remark 2.2. Note that, if K/Q is Galois, then Intq(Ok, (), for p | p, are all equal
because Gal(K/Q) acts transitively on the set of rings {Og () : p | p}. Therefore (1)
reads as

Intq(Ok, ) = Intq(Ok,(p))

for each p | p. A similar argument has been used in [Per16, Proposition 1.10].

In order to determine some relations of containments between the rings Intq(Ok (p)),
we introduce the following object: given an extension of commutative rings R C S, we
consider the null ideal of S over R, that is, Ng(S) = {g € R[X] | g(S) = 0} C R[X] (for
results connected to null ideals see for example [Perlda, PW16,Werl4]).

Proposition 2.3. Let K be a number field and let p € Z be a prime. Let p C Ok be a
prime ideal above p with ramification index e and residue class degree f. Then

Ne, (O /p¢) = (X* — X)°)

Proof. Since 7: Ok /p® — Ok [p*~! — ... - O /p = F,s and F, embeds in all of these
rings (because p'NZ =pZ =pNZ, foralli=1,...,e) we have

Ok /p¢ —== Ok /p¢™t —= ... —= Ok/p

]

Fp

so, in particular, we have the following chain of containments between these ideals of
F,[X]:

Ny, (Ok /p°) € Np,(Ok/p*™") C ... C Ng,(Ok/p).

Since Ok /p is a finite field with p/ elements, the ideal Ng, (O /p) is generated by the
polynomial X?" — X. The proof proceeds by induction on e. Suppose that Ng, (Ok /pe™1)
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is generated by (pr — X)L It is easy to see that (pr — X)¢ is contained in
Nr, (Ok /p©). Therefore, the latter ideal is generated by a polynomial g € F,[X] which
is zero on all the elements of O /p® of the form

= X) (X)) = F(X) T [TX =)
YyES

for some S C F,; = F,. Suppose that S is strictly contained in F, and let 5 € Fy \ S.
Without loss of generality, we may assume that 7 = 0 (apply the automorphism which
takes X — X — v, if necessary; this is an automorphism for F,; and Ok /p°©).

Let t € P/P¢ C Ok /p® be such that its index of nilpotency is e (that is, t* = 0 but
te=1 £ 0). Then F,(t)c~! =t~ . (1971 — 1)°~! is not zero in Ok /p®, because 197! — 1
is a unit of Ok /p¢ (because p/p° is the Jacobson radical of Ok /p®).

In the same way, h(t) = [[,cs(t — ) is not in the kernel of 7 : Ok /p® — Ok /pe~t,
which is p/p®, because modulo p, h(t) is not zero (w(h(t)) = h(w(t)) = h(0) # 0,
because 0 ¢ S). Hence, h(t) is invertible, so that g(t) = F,(t)°! - h(t) is not zero,
contradiction. 0O

Proposition 2.4. Let K, K’ be number fields, with prime ideals p,p’ of residual charac-
teristic p,p’, respectively, and with ramification index and residue class degree equal to
e, [ and €, f', respectively. Suppose that

IntQ(OK/7(p/)) Q IntQ(OK7(p))

Then pNZ =pZ =p' NZ, f|f and e < €. In particular, if the above containment is an
equality, we have that pNZ =pZ =p'NZ, f=f ande=¢.

Proof. Suppose that pNZ = pZ and p’ N Z = p'Z. Observe that

Intq(OK(p)) naQ= (Int(OK,(p)) NK)NQ = OK,(p) nQ= Z(p)

and analogously for p’ and p’. Therefore

Intq(Ok/, () N Q = Zy) C Intq(Ok, () N Q = Z,),

so that p = p'.
By Proposition 2.3, the containment of the hypothesis implies that

€ Intq (O, (p))- (2)

In particular, modulo p, we have

(X7~ X)¢ € Ne, (O /p%) = (X7 = X)°),
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again by Proposition 2.3. It follows that (pr, - X) e (pr — X)) and since the latter
is a radical ideal (because X " _Xisa separable polynomial), this means that X p’’ - X
belongs to (pr — X)) which is equivalent to F,; C F ;» which holds if and only if f[f’,
as claimed. )

In the same way, since X P _Xisa separable polynomial (every irreducible factor
appears with multiplicity 1 in the factorization of X r X over Fp), we deduce that
e<e. DO

We recall that, by a result of Gerboud (see [Ger93] and also [CC97, Prop. IV.3.3]) we
have

Int(Z ), Ok, (p) = {f € K[X] | f(Z)) € Ok ()} = Int(Z(y)) - Ok (p) (3)

Lemma 2.5. Let K be a number field and let p C Ok be a prime ideal which lies above a
prime p € Z. Let e = e(p|p) and f = f(p|p) be the ramification index and residue class
degree, respectively. Then the following conditions are equivalent:

I (Z(p)) - Int((’)K,(p)).
nt(Z ), Ok, () = Int(Or»))
IIth((DK7 p)) = IHt(Z(p))
=1.

If any of this equivalent conditions holds, then
Int(Z(p)) . OK,(p) = Int((’)K’(p)).

Proof. Obviously, conditions i) and iii) are equivalent, since Intq(Ox,(y)) is always con-
tained in Int(Z,)).

If i) holds, then by (3) above we have Int(Z,), Ok ) € Int(Og (), which is
condition ii), since we always have the containment Int(Z,), Ok p)) 2 Int(Ok (p)). Con-
versely, if condition ii) holds, then again by (3) above we have Int(Z,)) € Int(Og,))-

The equivalence between iii) and iv) follows immediately from Proposition 2.4. O

Corollary 2.6. Let K be a number field and let p € Z be a prime. Then the following
conditions are equivalent:

i) Int(Z(p)) = IntQ(OK,(p)).
ii) p is totally split in Ok.
iif) ¥ € Intq(Ok).

Proof. The proof of the equivalence i)<1ii) follows immediately from (1) and Lemma 2.5.
Indeed, if p is totally split in Ok then, for each prime ideal p of Ok above p, we have
Int(Z(p)) = Intq(Ok,(p)), so that by (1) we have the equality Int(Z,)) = Intq(Ox,())-
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Conversely, if the last equality holds, then by (1), for each prime ideal p of Ok above
p, we have Int(Z,)) C Intq(Ok, ) € Int(Z,)), so equality holds throughout and p is
totally split in Og.

We show now that ii)=-iii). Suppose that p is totally split in Ok, so that, by the
Chinese Remainder Theorem we have

OK/])OK gFZ

where n = [K : QJ. Hence, XP — X is zero on Ok /pOk, so that f(X) = XPP_X is

in Intq(Ok). Conversely, suppose that f(X) is in Intq(Ok). Then X? — X is zero on

Ok /pOk = [1L_, Ok /pii, where p1,...,p, are the prime ideals of Ok above p, with
ramification index e; = e(p;|p) and residue class degree f; = f(p;|p). Consequently,
XP? — X is zero on each factor ring Ok /p;*, for i = 1,...,¢g. Let @ be in the Jacobson
ideal of Ok /p;*, that is, @ is in p;/p;* (the unique maximal ideal of O /p;"). Then
1 —a” ! is a unit in O /p{*. But by assumption @ —a = @(a’~' — 1) = 0, so that
@ = 0. Therefore, Ok /p;* has trivial Jacobson ideal, which happens precisely when
e; = 1. If f; > 1, then Og/p; is a proper finite field extension of F,, so if we take an
element 7 of Ok /p; \ Fp, 7 will be a zero of a monic irreducible polynomial ¢(X) over
F, of degree strictly larger than 1. Since X? — X is zero on 7, we would have that ¢(X)
divides X? — X over F,,, which is clearly not possible because X? — X splits over F,.
This shows that iii)=-ii). O

The next result characterizes the finite Galois extensions of Q in terms of the rings

Intq(Ok). In particular, we can recover Ok from Intq(Ok), if K/Q is Galois. Given a
subring R of Q[X], for each o € Z we consider the following subset of Q(«):

R(a) = {f(a) | f € R}
Theorem 2.7. Let K/Q be a finite extension and let Rx = Intq(Ok). Then
K/Q is a Galois extension < {a € Z | Rk(a) C Z} = Ok.

In particular, if K and K' are two Galois extensions of Q such that Intq(Ok) is equal
to Intq(Ok), then K = K'.

Note that the condition Rx () C Z is equivalent to R (o) € Oqa)-

Proof. The second statement about K and K’ follows immediately from the first.
For the first statement, let Rx = Intq(Ok) and suppose that

{a €Z| Rk(a) CZ} = Ok.
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It is easily seen that the left-hand side is invariant under the action of the absolute Galois
group Gal(Q/Q). Hence, O contains the ring of integers of all the conjugates of K over
Q, so K/Q is Galois.

Conversely, suppose that K/Q is a Galois extension. It is clear that we have the
containment {a € Z | Rx(a) C Z} 2O Ok. Conversely, let o € Z, a ¢ Ox. We have to
show that there exists f € Intq(Of) such that f(a) ¢ Z. Let K, = Q(«) and let N,, be
the Galois closure of K, over Q (the compositum inside Q of all the conjugates over Q
of K,). We have that o ¢ K & K, ¢ K & N, ¢ K, where the last equivalence holds
because by assumption K/Q is Galois.

By Tchebotarev’s Density Theorem, a Galois extension K of Q is completely deter-
mined by the set of primes S(K/Q) which are totally split in K (see [Neu99, Chapter VII,
Corollary 13.10]). Hence, the condition N, ¢ K is equivalent to S(K/Q) ¢ S(N./Q),
that is, the set of primes p € Z which are totally split in K is not contained in the set of
primes which are totally split in N,,. Let p € Z be such a prime and suppose also that

— p is ramified neither in K nor in N,.
— p does not divide [Og,, : Z[«]]

The above primes are always finite in number and since the above set is infinite, by
removing the latter primes we still get a non-empty set. By Corollary 2.6, f(X) = XPT’X
is in Intq(Ok) but not in Intq(On, ). Recall that a prime p € Z splits completely in
the normal closure N, of K, (over Q) if and only if it splits completely in K, ([Mar77,
Chap. 4, Corollary of Theorem 31]). Hence, there exists some prime ideal p of O, above
p which has inertia degree strictly greater than 1. Since p does not divide [Ok,, : Z[a]], it
follows by Dedekind-Kummer’s Theorem (see [Neu99, Chapter I, Proposition 8.3]) that
the factorization in F,[X] of the residue modulo p of the minimal polynomial p,(X)
of o over Z has at least one irreducible polynomial over F, whose degree is strictly
greater than 1; this factor corresponds to a prime ideal p of O, above p which is not
inert, that is Ok, /p 2 Fp. In particular, this means that modulo p, « is not in F,,, and
so it is not annihilated by g(X) = X? — X (equivalently, modulo p, « is a zero of an
irreducible polynomial over F,, of degree strictly greater than 1). This implies that f(«)

is not integral over Z. O

Remark 2.8. We also offer a shorter proof of the second statement in Theorem 2.7 based
on the following claim: let K, K’ be two finite Galois extensions over Q. Then

Ok C Ok <— IHtQ(OK/) - IntQ(OK)

We prove the implication (<), the other being obvious (and it is true even without the
Galois assumption). Suppose then that Intq(Ok+) C Intq(Ox) and let p € Z be a prime
which is totally split in Og-. Then by Corollary 2.6 we have

Int(Z(p)) = IntQ(OK/’(p)) - Il’th(Opr)).
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Since in any case Intq(Of,(p)) is contained in Int(Z,)), the containment in the above
equation is an equality, so that again by Corollary 2.6 we have that p is totally split in K,
too. This shows that the set of primes p € Z which are totally split in Ok is contained
in the set of primes which are totally split in Og. Therefore, by [Neu99, Chap. VII,
Prop. 13.9] it follows that K C K’ < Ok C Og.

Note that the above statement shows in particular that the functor Intq : G — C is
full, as we claimed in the Introduction.

3. Characteristic ideals

Proposition 2.1 reduces the study of characteristic ideals of Intg(Ok ) to the study of
characteristic ideals in the local case. We will address a description of these ideals and
apply the local results to the global context.

3.1. Local case

Fix a finite field extension K/Q, having residue class degree f and ramification de-
gree e. Denote by v, the p-adic valuation of Q,, normalized such that v,(p) = 1. Let:

and, if ¢ = p’ is the cardinality of the residue field of K, put

-5 [s]

Jj=1
The following equality follows from [CC97, Corollary 11.2.9]:
—p (Tn (Int(Zy))) = wp(n)
and, similarly, we have:
—vr (In (Int(Ok))) = wy(n) (4)

where 7 is a uniformizer of K and v, the associated valuation.
We define finally

ng; (n) == —u, (Jn (IntQP(OK))) .

The following equality holds because of the next lemma, noticing that {—%] =— {—J:

wq(n)
J,(Int(Ox))NQ, =p~ 7= 17,
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and since J, (Intq, (O )) € Jn(Int(Ok)) N Qp, for every n € N we have:

W (n) < {“’q—(”)J . (5)

e

Lemma 3.1. Let n € Z and e = e(p|p), where p is the mazimal ideal of Ok . Then
p" N Qp = p(ngp.

Proof. (D). Clearly, pl 1 € pm < v, (pl€1) = e - [2] > n, which is true, so the contain-
ment follows, since clearly p™ N Q, is a Z,-module.

(©). Let a € p" N Qy, say a = p™u, where u € Z; and m = v,(a). Then vp(a) = me
which has to be greater than or equal to n. Therefore, m > [2], so o € p(%sz. ]

The main result of this section shows the opposite inequality in (5) in the case of tame
ramification for a finite Galois extension. By the above remarks, this corresponds to say
that 3, (Intq, (Ok)) = J.(Int(Ok)) N Q,, for each n € N. We show in Example 3.6 that
these two conditions, namely, Galois and tame ramification, cannot be relaxed.

Theorem 3.2. Let K/Q, be a finite tamely ramified Galois extension, with ramification
index e and residue field of cardinality q. Then for all n € N we have

wy (= | 4.

e

In particular, wgz (n) only depends on n, q and e.
Proof. By (5) it is sufficient to show that d = p‘quT@J is in J,(Intq, (Ok)).
We observe that if f(X) = >, a; X" belongs to Int(Ok), then

n
f(X) =) ola)X’
i=0
belongs to Int(Ok) for all 0 € G = Gal(K/Q,) (here we use crucially the assumption
that K/Q, is Galois). As a consequence, if we denote tr = trg/q, : K — Q, the trace
homomorphism, we see that

n

Tr(f)(X) ==Y f7(X) =) tr(a) X’

ceG =0

belongs to Intq, (Ok), if f € Int(Ok ). Therefore, the trace homomorphism between the
function fields Tr : K (X) — Qp(X) restricts to Tr : Int(Ox) — Intq, (Ok).

Since p t e, the trace homomorphism tr is surjective (the converse is also true, see
[Nar04, Chapter 5, Corollary, p. 227]). Fix a € Ok such that tr(a) = 1 and consider
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the element ¢ = da € K. In particular, since the trace is a Qp-homomorphism, we have
tr(c) = d. Note that the v;-value of ¢ is greater than or equal to feLw"T(n)J > —wg(n).
By (4), ¢ is in J,(Int(Ok)), so there exists f € Int(Og) of degree n whose leading
coefficient is equal to c. Therefore, Tr(f) is a polynomial of degree n in Intq, (O ) with
leading coefficient equal to d, as we wanted to show. O

Remark 3.3. We remark that, from the fact that tr = trg/q, : Ox — Z, is surjective
(because the extension is tame), the proof of Theorem 3.2 also shows that the restriction
of the trace homomorphism Tr : Int(Og) — Intq,(Ok) is surjective. In fact, for each
n € N, the n-th element of a regular basis of Intq,(Ok), whose leading coefficient has

qu(")J by the above theorem, is the image via the trace homomorphism

p-adic value — {
of a polynomial of Int(Ok).
Obviously, if Tr is surjective, it is easily seen that tr is surjective, because Z, is

contained in Intq,(Ok). Finally, we have the following commutative diagram:

Int(Ok) — = Intq, (Ox)

J o)

Ok Z,

The next corollary shows that Theorem 2.7 is false in the local case.

Corollary 3.4. Let K1, Ky be two finite tamely ramified Galois extensions of Qp. Then
Intq, (Ok,) = Intq, (Ok,) if and only if K1 and K> have the same ramification index
and residue field degree.

Proof. Suppose that K; and K5 have the same ramification index and residue field
degree. In particular, the functions wOZi (n), for i = 1,2, are the same, by Theorem 3.2.
Hence, by definition, the set of characteristic ideals of the rings Intq,(Ok,), i = 1,2,
coincide, so these rings have a common regular bases, and therefore they are equal.

Conversely, if the Intq, -rings are equal, a straightforward adaptation of Proposi-
tion 2.4 to the present setting shows that the ramification indexes and residue field
degrees of K7 and K5 are the same. Note that this part of the proof holds also without
the tameness assumption. 0O

Remark 3.5. In the case K/Q, is a finite unramified extension (so, in particular, a Galois
extension), we can given an explicit basis of Intq, (Ok). Let ¢ = p’ be the cardinality
of the residue field of O. By Theorem 3.2, for all n € N we have ws” (n) = wy(n). Let

X7 X

f(X): »
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which clearly belongs to Intq,(Ox). For £ € N, we denote by f°¥(X) the composition
of f with itself & times, namely f°¢(X) = fo...o f(X).If k = 0 we put fO(X) := X.
For each positive integer n € N, we consider its g-adic expansion:

n=mng+nqg+...+n.q"

where n; € {0,...,g— 1} for all i = 0,...,r. We define

T

Fa(X) =TT )™
i=0
Notice that f,(X) = X" forn=0,...,¢—1and f;(X) = f(X). Moreover, f, belongs
to Intq, (O ) and has degree n, for every n € N. It is easy to prove by induction that
le(f°") = p=*, where a; = 1+ ¢+ ...+ ¢! = w,(g"!). By the same proof of [CCI7,
Chap. 2, Prop. 11.2.12] one can show that lc(f,) = p~ (") for every n € N, so, finally,
the family of polynomials { f,(X)}nen is a regular basis of Intq, (Ok).

Example 3.6. In the next two examples we show the assumptions in Theorem 3.2 cannot
be dropped.

(1) If K/Q, is not a Galois extension, then the restriction of the trace homomorphism
to Int(Ox) may give a polynomial in Q,(X) which is not in Intq,(Ok). For example,
let K = Q(+/2), whose ring of integers is O = Zy[/2]. Then the polynomial

X(X - DX - ¥2)(X - (1+72))
2

f(X) =

P . . _ 3X?%(x-1)? .
is in Int(Og) but its trace over Qa(X) is equal to g(X) = ==—5——, which is not

integer-valued over O, since g(4/2) ¢ Ok. One can show by an explicit computation
that in this example the equality wgz (n) = {qu(n)J does not hold for n = 4. Indeed,

the first four elements of a Og-basis of Int(Ok ) are

_ x. _ XX -1, _ XX -1)(X - V2)
fl(X)_Xa f2(X)_ \3/5 ) f3(X)_ \3/5 )
X(X —1)(X —V2)(X — (14 V2))

fa(X) = 5 ;

and considering all possible O k-combinations of these elements which lie in Qo[ X] (recall
that Intq, (Ok) = Q2[X] NInt(Ok)), we see that there is no element in Intq,(Ok) of

w2 (4)
|-

(2) We now discuss the tameness assumption. Consider the case of K = Q3(i) with

i? = —1 and let {f,(X) : n > 0} be a regular basis of Int(Ox) obtained by means of

compositions and products of the Fermat polynomial Xf;ix (in the same way as in the

Remark 3.5; see [CC97, Chapter 11, p. 32]). We set G(X) = X? — X. One can check that

degree 4 whose leading coefficient has valuation —1 = —
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. G @ G
lotifi=—ptg =y
and
) . GS @ G?
f10+2f8—21f6+(1—2Z)f4—1—6+?—I+G

belong to Intqg, (Ok) and their leading coefficients have valuation equal, respectively, to
- {—WQ@J =—2and — {%J = —4; one can also check that

—vy (3, (Intq, (Ox))) = {wz(n)J

for all n < 11. On the other hand, writing down a basis of Int(Ok) up to degree 12, and
considering all possible Og-combinations of these elements which lie in Q2[X], we see
that

—v3 (J12 (Intq, (Ok))) = {%J L

It might be interesting to describe the values taken by v, (J, (Intq,(Ok))) in the case
of wild ramification.

3.2. Global case

Let K/Q be a finite Galois extension with absolute discriminant D and degree d over
Q. For each rational prime p, denote by f, the residue class degree and e,, its ramification
degree in Ok. As usual, we say that K/Q is tamely ramified if, for every prime p € Z,
ptep Let gp = pf» be the cardinality of the residue field of K,. The following is a
reformulation of Theorem 1.2 in the Introduction:

Theorem 3.7. Let K/Q be a tamely ramified Galois extension. Then

o (Intq(Ok)) = (H pvqu(n)J)

as fractional ideals of Z, where the product is over the set of all primes p € Z.

Proof. Note that for a fixed n we have wy(n) = 0 for almost all prime powers ¢, and
therefore the above product is well defined. The result follows immediately combining
Proposition 2.1 and Theorem 3.2. 0O
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