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We study the rheology of confined suspensions of neutrally buoyant rigid monodisperse spheres in
plane-Couette flow using direct numerical simulations. We find that if the width of the channel is a (small)
integer multiple of the sphere diameter, the spheres self-organize into two-dimensional layers that slide on
each other and the effective viscosity of the suspension is significantly reduced. Each two-dimensional
layer is found to be structurally liquidlike but its dynamics is frozen in time.
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Suspensions of solid objects in simple Newtonian
solvents (e.g., water) can show a kaleidoscope of rheo-
logical behaviors depending on the shape, size, and volume
fraction (ϕ) of the additives, and the shear rate (_γ) imposed
on the flow; see, e.g., Refs. [1,2] for reviews. Suspensions
can be of various types; e.g., suspensions of small particles
(smaller than the viscous scale of the solvent), where
the solvent plays the role of a thermal bath, are called
Brownian suspensions (e.g., colloids) [1]. At a small ϕ and
under a small _γ, the effective viscosity of such suspensions
increases with ϕ: μeff ∼ ð5=2Þϕ [3], as derived by Einstein
[4] (See also Ref. [5] for a d dimensional generalization.)
In the other category are suspensions of large particles
(e.g., emulsion, granular fluids, etc.), where the thermal
fluctuations are often negligible. Such suspensions are
called non-Brownian suspensions. For moderate values
of ϕ and _γ, non-Brownian suspensions show continuous
shear thickening (i.e., μeff increases with _γ) [6,7], which can
be understood [7] in terms of excluded volume effects.
Such a rheological response has been observed in many
natural and industrial flows, including flows of mud, lava,
cement, and corn-starch solutions. Dense (large ϕ, close
to random close packing) non-Brownian suspensions may
show discontinuous shear thickening [8,9]—a jump in
effective viscosity as a function of _γ.
Recent experiments have uncovered intriguing rheologi-

cal behavior of dense (large ϕ) suspensions under confine-
ment [6,8,10]. Common wisdom suggests that, under
confinement, the inertial effects are generally unimportant
at small _γ’s. However, a series of recent studies [11–14]
have demonstrated that the effect of fluid inertia, although
small, can give rise to a variety of effects even in micro-
fluidic flows. Drawing inspirations from these two sets
of works, we study the effects of confinement on non-
Brownian suspensions with moderate values of ϕ and _γ.
In particular, we choose the range of ϕ and _γ such that, in
bulk, the suspensions show continuous shear thickening.

As a concrete example, we consider direct numerical
simulations of three-dimensional plane-Couette flow—with
the x, y, and z coordinates along the streamwise, spanwise,
and wall-normal directions (see Fig. 1 of the Supplemental
Material [15]) seeded with neutrally buoyant rigid spheres
of radius a. The fluid is sheared by imposing constant
streamwise velocity of opposite signs, U0 ¼ _γLz=2 at
z ¼ �Lz=2. We study the effects of confinement by chang-
ing the dimensionless ratio ξ≡ Lz=2a, where Lz is the
channel width in the z direction.
The most striking result of our simulations is that at

or near integer values of ξ, the effective viscosity μeff
decreases significantly compared to its bulk value
[Figs. 1(a) and 1(b)]. This drop can be so large that the
volumetric flow rate in a thinner channel (ξ ¼ 2) is more
than in a wider channel (ξ ¼ 2.5); see Fig. 1(c). We further
demonstrate that, at small integer values of ξ, the rigid
spheres self-organize into an integer number of horizontal
layers, which slide on one another; see Fig. 2. This, in turn,
decreases the transport of horizontal momentum across the
layers generating the drop in effective viscosity. We also
show that at integer values of ξ, for which layers appear,
the following occurs: (i) the movement of spheres across
layers is not a diffusive process (see Fig. 3); (ii) the typical
residence time of the spheres in a layer is much longer than
the time scale set by the shear, _γ−1; in fact, a large number
of spheres never leave the layer within the runtime of the
simulations [see Fig. 4(a)]; (iii) the layers are structurally
liquidlike but dynamically very slow compared to the time
scale set by _γ−1 (see Fig. 4).
In the numerical simulations, the fluid phase is described

by solving the incompressible Navier-Stokes equations in
three dimensions. Periodic boundary conditions are impo-
sed on the two directions (x and y, with lengths Lx and Ly,
respectively). The motion of the rigid spheres and their
interaction with the flow is fully resolved by using the
immersed boundary method [16–18]. Lubrication models
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based on Brenner’s analytical solution and a soft-sphere
collision model are used to properly reproduce the inter-
actions among particles when the particle distance is
below the mesh size [19]. A complete description of the
equations and details of the algorithm are provided in the
Supplemental Material [15].
In practice, we change Lz but hold the particle radius a

fixed. The effective viscosity, μeff , is thus a function of the
dimensionless numbers, ϕ and ξ, and the particle Reynolds
number, Re≡ ρ_γa2=μf, where ρ and μf are the density and
dynamic viscosity of the solvent. The size of the rectan-
gular box is 16a × 16a in the streamwise and spanwise
directions. The Cartesian mesh uses eight grid points per
particle radius a. The surface of each particle is discretized
with 746 Lagrangian grid points.
Initially, the spheres are placed at random locations, with

no overlap between each other, and with velocities equal to
the local fluid velocity of the laminar Couette profile (see
Fig. 1 of the Supplemental Material [15]). We calculate the
effective viscosity, μeff , as the ratio between the tangential
stress at the walls and the shear _γ averaged over space and
time. See the Supplemental Material [15] for further details
of measurement and an estimate of errors.
The effective viscosity μeff is shown in Figs. 1(a) and 1(b)

as a function of Re and ξ, for ϕ ¼ 0.3. For large channel
widths, e.g., ξ ¼ 5, and large volume fractions, e.g.,ϕ ≥ 0.2,
we obtain shear thickening (see the Supplemental Material,
Fig. 4 [15]), as was found earlier in Ref. [7].
Here, we address how confinement affects the rheology.

Experiments [20], in agreement with earlier numerical
calculations [21], have found that at a small volume
fraction (ϕ ≤ 0.15), μeff increases as ξ decreases. Our
results (see the Supplemental Material, Fig. 4 [15]) also
support this conclusion. Furthermore, our simulations can
access hitherto unstudied higher values of the volume
fraction (ϕ ≥ 0.2) for which this trend seems to reverse;
i.e., μeff decreases with confinement. Upon deeper scrutiny,
a more striking picture emerges. As we show in Fig. 1(b),
for ϕ ¼ 0.3, at or near small integer values of ξ (ξ ¼ 2; 3,
and 4), the effective viscosity drops significantly. The

minimum value of viscosity is found at ξ ¼ 2, which is
as low as 50% of its bulk value (ξ ≥ 6). To appreciate how
dramatic this effect is, we measure the (dimensionless) flux
of matter (i.e., both the fluid and the spheres) through the
channel, defined as

F≡ 1

_γLza2

�Z
VxsgnðzÞdydz

�
; ð1Þ

FIG. 1. (a) Contour plot of the effective viscosity μeff=μf as a function of ξ and Re for ϕ ¼ 0.3. (b) The effective viscosity μeff=μf vs ξ
for ϕ ¼ 0.3 and for three different values of Re: Re ¼ 1 (red circles), 5 (blue squares), and 10 (black triangles). (b) The flow rate of
matter (both solvent and additive) F (blue squares, left vertical axis), defined in Eq. (1), and the flow-rate-per-unit cross section f (red
circles, right vertical axis) as a function of ξ, for Re ¼ 5 and ϕ ¼ 0.3.

Top

Bottom

FIG. 2. (a) Three-dimensional view of positions of the spheres
for Re ¼ 5, ϕ ¼ 0.3, and ξ ¼ 2 (top panel) and ξ ¼ 2.5 (bottom
panel) at later times after the initial transients. The particles are
color coded by their initial wall-normal position (red, close to the
top boundary; blue, close to the bottom boundary). (b) The
local average particle volume fraction, ρp, vs the wall-normal
coordinate z, for ξ ¼ 2 (red triangles), 2.5 (blue squares), and 3
(black dots).
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where V ≡ ζUp þ ð1 − ζÞu [22], with ζ ¼ 1 at a grid point
inside a rigid sphere but ζ ¼ 0 otherwise [23]. Here, Up is
the velocity of the sphere, u is the velocity of the fluid
and h� � �i denotes an averaging over time. In Fig. 1(c) we
report F as a function of ξ. As the flux F is not normalized
by the cross-sectional area of the channel, it is expected
to increase linearly as a function of ξ. This expectation
indeed holds for ξ > 4. But, below that, for integer values
of ξ the effective viscosity can decrease so much that F
is not even a monotonic function of ξ—in particular,
Fðξ ¼ 2Þ > Fðξ ¼ 2.5Þ; the flux through a wider channel
is actually smaller. The flux per unit area shown in
Fig. 1(c), f ≡ Fa2=ðLyLzÞ, is expected to be a constant at
large ξ’s. For the small integer values of ξ, it is significantly
higher than its bulk value.
The drop in μeff at integer values of ξ was experimentally

observed in Ref. [10], whose authors studied the problem in
a different parameter regime—negligible inertia and high
volume fraction—where the nonconfined solution shows
discontinious shear thickening. Other experimental [20]
and numerical work [21], again in the realm of negligible
inertia, also observed some signatures of this intriguing
phenomenon [24], which, according to our results, is an
effect of inertia missing from these earlier works.
To investigate the mechanism behind the rheology,

we examine snapshots of the spheres; see Fig. 2(a) for
ξ ¼ 2 (top panel) and ξ ¼ 2.5 (bottom panel). The spheres
are color coded by their initial wall-normal locations
(red corresponds to an initial position near the top boun-
dary and blue to the bottom boundary). It can be clearly
observed that, for ξ ¼ 2, the particles form a bilayered
structure. This layering is also confirmed by the wall-
normal profiles of the average particle volume fraction,
ρpðzÞ≡ hζðx; y; z; tÞix;y;t, displayed in Fig. 2(b) for
ξ ¼ 2; 2.5, and 3. In the first and the last case, one can
observe equally spaced two and three prominent peaks,
respectively. Note that a weaker layering is observed for
ξ ¼ 2.5. The drop in effective viscosity thus corresponds to
the formation of layers that slide on each other, with little
transport of momentum across the layers. For ξ ¼ 2, where
layering is most prominent, the particles form disordered
liquidlike structures within each layer, as seen by the radial
distribution function of the position of the spheres; see the
Supplemental Material, Fig. 7 [15]. Within a layer, each
sphere does not simply slide with the flow—it is also shows
rolling; see the Supplemental Material, Fig. 9 [15].
In order to understand the dynamics of particles in the

wall-normal direction, we show in Fig. 3(a) the probability
distribution function (PDF) of the displacement of the
spheres, dzðtÞ≡ zcðtÞ − zcð0Þ, at different times, where
zcðtÞ is the the z coordinate of the center of a sphere.
Obviously, as t → 0 the PDF [PðdzÞ] must approach a
Dirac delta function. Remarkably, for ξ ¼ 2 the PDF has
exponential tails; i.e., it is nondiffusive, with some particles
undergoing larger displacements as shown in Fig. 3(a).

At later times, for ξ ¼ 2, the PDF of dz develops a peak at
dz=ðLz − 2aÞ ¼ 1, indicating the hop between two layers.
A similar behavior is observed for ξ ¼ 3, too. Contrast
this result with the PDF of the displacement along the
spanwise (y) direction [see the inset of Fig. 3(a)], which
clearly shows Gaussian behavior at all times, implying
diffusive dynamics. The second moment of these PDFs
provides the mean squared displacement of the particles,

FIG. 3. (a) The PDF PðdzÞ of the displacement (dz) of the
center of the spheres along the z direction for ξ ¼ 2, at early
times, t ¼ 2.5_γ−1 (red filled triangles) and late times t ¼ 386_γ−1

(red open triangles) for Re ¼ 5. For comparison, the inset shows
the PDF PðdyÞ of the displacement (dy) along the y direction at
early times, t ¼ 2.5_γ−1 (black filled diamonds) and moderate
times t ¼ 5_γ−1 (black open diamonds). (b) Log-log plot of mean
squared displacement of the spheres Sz2 vs t_γ. The curves have
been translated in the y direction for clarity. At late times, Sz2 ∼ tβ,
where β ¼ 1 implies diffusion. For three different values of ξ ¼ 2
(red triangles), 2.5 (blue squares), and 3 (black dots), we obtain
β ≈ 0.61, 0.95, and 0.88, respectively. (c) The PDF PðdzÞ of the
displacement (dz) of the center of the spheres along the z
direction for ξ ¼ 2.5. The PDF of dy, PðdyÞ, is shown in the inset.
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Sz2ðtÞ ¼ h½zcðtÞ − zcð0Þ�2ip, the time evolution of which is
shown in Fig. 3(b). At late times, in general, a power-law
dependence on time is found, Sz2ðtÞ ∼ tβ, where β ¼ 1
would imply a simple diffusive behavior. For ξ ¼ 2; 3 we
estimate β ≈ 0.61 and 0.88, respectively. But for ξ ¼ 2.5,
β ≈ 1 is obtained. The diffusive behavior for ξ ¼ 2.5 can
be further confirmed by plotting the PDF of dz. At early
times (t ¼ 2.5_γ−1), for ξ ¼ 2.5, the PDF develops Gaussian
tails—indicative of a diffusive process—and at late times
it approaches a constant [see Fig. 3(c)].
To display the dynamics, we provide movies of the

particles’ trajectories in the Supplemental Material [15].
These clearly demonstrate that for ξ ¼ 2, each horizontal
layer is structurally disordered but dynamically frozen
(i.e., the particle motion relative to the layer is dynami-
cally frozen). We quantify this phenomenon by three
different measurements. (A) We calculate the residence
time (τ) of a sphere in a single layer. The residence time is
defined as τ ¼ max ftjdzðtÞ < �ag. Instead of calculating
the PDF by histograms of τ, we calculate the cumulative
PDF, QðτÞ, by the rank-order method [25], as the latter is
free from binning errors. The cumulative PDF, QðτÞ, is
displayed in Fig. 4(a) as a function of τ for ξ ¼ 2 and 2.5
for Re ¼ 1 and 5. For ξ ¼ 2,Q remains very close to unity
during the whole duration of the simulation; i.e., very few
spheres actually move from one layer to another. In other
words, the layers are quite stable to perturbations in wall-
normal directions. Conversely, for ξ ¼ 2.5, QðτÞ can be
fitted by a Gaussian. (B) The streamwise velocity auto-
correlation function of the spheres, Rxx ≡ hUp

x ðtÞUp
x ð0Þi,

is shown in Fig. 4(b). For ξ ¼ 2, Rxx ≈ 1 for a very
long time, implying that the temporal fluctuations of the
streamwise velocity are negligible. This suggests that
each sphere moves in a layer with a uniform streamwise
velocity, keeping their relative distances practically con-
stant. For the cases where the layering is not very strong,
e.g., ξ ¼ 2.5 the autocorrelation function decays rapidly.
For ξ ¼ 3, layering reappears and Rxx again shows slow
decay over time. (C) Let us define r∥ðt; r0Þ to be the

horizontal distance between a pair of spheres at time t
which were at a distance r0 at t ¼ 0 (and in the same
layer). If the layers formed by the spheres were truly
frozen in time, we would obtain r∥ðt; r0Þ ¼ r0 for all t’s
and r0’s. In Fig. 4(c), we show the time evolution of
hr2∥ðt; r0Þip, for r0 ¼ 4a, where the symbol h� � �ip denotes
an averaging over all possible particle pairs [26]. Had the
spheres moved chaotically within a layer, r∥ would have
grown exponentially with time. Clearly, for all of the cases
shown in Fig. 4(c), r∥ grows, at most, linearly with time.
In particular, when layering occurs (ξ ¼ 2; 3), it takes a
long time (t ≥ 430_γ−1) for r∥ðt; 4aÞ to grow by a factor
of 2. This quantifies again the dynamical stability of the
layer: the relative in-plane distance between pairs of
spheres changes slowly (linearly) with time.
In conclusion, using numerical simulations, we demon-

strate that the effective viscosity of an extremely confined
non-Brownian suspension can exhibit a nonmonotonic
dependence on the channel width; in particular, the
effective viscosity sharply decreases if the channel width
is a (small) integer multiple of particle diameter. We
demonstrate that this behavior is accompanied by a change
in microstructure, namely, the formation of particle layers
parallel to the confining plates. The two-dimensional
layers formed by the particles slide on each other—the
layers are structurally liquidlike because they evolve on
very slow time scales. Similar layering under shear has
been theoretically anticipated [27,28], but the conse-
quences for transport in extreme confinement that we
show have never been demonstrated before. We finally
note that our results are in contrast with the case of sheared
Brownian suspensions, where the structures were found
to be uncorrelated with measured viscosity [29]. Note
also that recent studies [30,31] have found anomalous
rheological behavior in confined suspension of vesicles
(and capsules), where the self-organization of the capsules
into files is also observed. In such suspensions, the
deformability and the nonsphericity of the capsules are
also expected to play a role.
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FIG. 4. (a) Cumulative PDF Q of the residence times of spheres (_γτ) in a layer for ϕ ¼ 0.3, Re ¼ 1 (in blue), and Re ¼ 5 (in black),
and ξ ¼ 2 (circles) and ξ ¼ 2.5 (squares). (b) The streamwise velocity-velocity autocorrelation function Rxx for Re ¼ 5 and ϕ ¼ 0.3 for
four different values of ξ ¼ 2 (red triangles), 2.5 (blue squares), and 3 (black dots). (c) Evolution of the averaged square of relative
distance between pairs of sphere hr2∥ðt; r0Þip, which were at distance r0 at t ¼ 0, for r0 ¼ 4a, for three different values: ξ ¼ 2 (red
triangles), 2.5 (blue squares), and 3 (black dots).
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