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Abstract. In this paper we extend the theory of thermo-elasticity devised
by Green and Naghdi to the framework of finite thermo-electroelasticity.
Both isotropic and transversely isotropic bodies are considered and thermo-
dynamic restrictions on their constitutive relations are obtained by virtue of
the reduced energy equality. In the second part a linearized theory for trans-
versely isotropic thermo-piezoelectricity is derived from thermodynamic re-
strictions by constructing the free energy as a quadratic function of the
eleven second-order invariants of the basic fields. The resulting theory pro-
vides a natural extension of the (linear) Green and Naghdi theory for type
IT and type III rigid heat conductors. As a particular case, we derive the
linear system which rules the processes depending on the symmetry axis
coordinate, only.

Keywords: Heat conduction, Green-Naghdi type II and type III models,
Thermal wave propagation, Finite thermo-electro-elasticity, Piezo-thermo-
elasticity.

Introduction

We consider a body B whose particles are identified with their positions
X = (X1,X5,X3) € € in the region B = k(B) of a fixed reference config-
uration k in a three-dimensional Euclidean point space £. Given a scalar-
or vector- or tensor-valued field (X ,t), (X,t) € £ x RT, we respectively
denote by
. Oy . % _ 9y
Y= Y= 5 Vxe=ox
its first and second time derivatives and its spatial gradient. The vector field
x(X,t) denotes the current position of X at time ¢. Accordingly, V, =



0/0x denotes the spatial gradient with respect to the current configuration.
Letting (X, t) = ¢(x(X,t),t), we have
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Nomenclature for thermo-mechanical magnitudes

mass density in the current configuration
X displacement field
Vxzx deformation gradient
HFTF — 1] strain tensor
(Vzu + Vi) linearized strain tensor
velocity field

thermal displacement [16]
Vxa thermal displacement gradient [16]

empirical temperature (‘thermal displacement rate’ [16])
zl empirical-temperature gradient
absolute temperature
Vg0 absolute-temperature gradient

thermal conductivity

external body force per unit mass

external rate of supply of heat per unit mass
=r/f external rate of supply of entropy per unit mass
internal rate of supply of entropy per unit mass
Cauchy stress tensor (due to deformation) per unit area
heat flux vector per unit area
entropy flux vector per unit area
extra entropy flux vector per unit area
density of entropy per unit mass
internal energy density per unit mass
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Nomenclature for electric magnitudes

¢ electric potential per unit volume

€0 vacuum electric permittivity

EM = _V_¢ quasistatic Maxwellian electric field [29, p.589]
P electric polarization vector per unit volume

w=P/p electric polarization vector per unit mass
D=¢EM+P electric displacement vector

TF Maxwell stress tensor




The specific Gibbs free energy (also known as free enthalpy [13, p.101]) den-
sity per unit mass is defined as ([29, p.596], [1])

p=e—0np—EM .« (1)

Classical thermo-electroelasticity. The constitutive relations of
piezoelectric ceramics are essentially nonlinear. Indeed, the so-called
“piezoelectric strain constants” are not constants but depend on the
induced strains. The pioneering paper by Toupin [30] deals mainly with
the isothermal case. In view of applications, however, thermal effects
have to be taken into account, both in connection with mechanical
(thermo-elastic) and electric (thermo-electric) behaviors.

Tiersten [29] derived a natural extension of the coupled field of ther-
moelasticity to involve electro-coupling. The resulting thermo-electro-
elastic equations are cubic with respect to displacement and electric
potential gradients and are specialized to isotropic elastic solids by way
of the theory of invariants. The involved constitutive equation for the
heat flux is the classical Fourier’s law. Starting from the isothermal ver-
sion of this constitutive theory, Yang & Batra [32] developed a second-
order theory for the transversely isotropic case which is based on the
Taylor expansion of invariant polynomial constitutive relations. More-
over, they obtained isothermal linearized field equations when small
deformations and weak electric fields are involved. Due to the impor-
tance of heat effects in miniature components of electro- and magneto-
mechanical devices (MEMS), more general approach have been recently
proposed (see, for instance, [27] and references therein). Unfortunately,
the study of wave propagation in classical piezo-thermoelasticity is frus-
trated by the presence of a first-order-in-time parabolic heat equation
induced by Fourier’s law.

In order to overcome this difficulty and devise a model with fi-
nite wave speeds, different approaches were proposed in the framework
of thermoelasticity (see, for instance, [20] and references therein). In
connection with thermo-electroelasticity and piezo-thermoelasticity, re-
cent contributions have been proposed by lesan [19] and Montanaro
[25]. In the former paper, heat propagation without energy dissipation
is ensured by assuming a linear version of the Green-Nagdhi type II
model. In the latter, the finite speed propagation of thermo-electro-
elastic waves is ensured by the linearized Cattaneo-Maxwell-Vernotte
model. A detailed and updated survey on these subjects can be found
in [11, 26].

In the next subsection we compare different models of heat conduc-
tion which are compatible with a traveling wave description.



Different models for heat conduction. Fourier’s law for the heat
conduction states that in a reference configuration the heat flux vector
q is opposite and proportional to the (absolute) temperature gradient,

A(X,t) = —kVO(X,t), ko>0

For simplicity, here and throughout this section we use V instead of
Vx. Assuming that the absolute temperature is a given increasing
function of the empirical temperature T', namely 6 = 0(T"), we obtain

q(X, 1) = —K(T)VT(X,1) (2)

where k(T) = ko' (T) > 0 for all T. This constitutive law has served
as a reliable model for predicting the temperature in a medium, as
well as the rate of heat propagation through a medium, that has been
validated by numerous experiments [28]. In a rigid body, Fourier’s law
may be combined with the internal energy equation

pe+V.-q=pr

to give the conventional heat conduction equation

pé — k(T) AT = pr

where A = V -V and a superposed dot denotes the material time
derivative. Assuming p = 1 and e = ¢o0(T) + ey, ¢o > 0, it provides
the parabolic heat equation

dT)T — k(T)AT — h(T) |VT|> =r (3)

where W(T) = ko0"(T) and ¢(T) = ¢o0'(T) > 0 for all T. Letting 0 be
an affine function, that is

6(T> = 19T + o, Vo, to > 0

the heat conduction equation takes the usual form of Fourier’s heat
equation '
cT —kEAT =r (4)

where ¢ = ¢y1y and k = kv are positive constants.

Fourier’s heat equation gives a macroscopic description of the mi-
croscopic phenomena associated with heat diffusion and is an excellent
approximation at length scales much greater than the mean free path
and at time scales much greater than the thermal relaxation time, so
that the local equilibrium assumption is applicable. Nevertheless, one



of the predicted results of Fourier’s heat equation, as with all diffu-
sion processes, is that the effect of a source will be instantaneously
felt everywhere in a medium, although such a nonzero effect is prac-
tically negligible at large distances. Since heat is carried by particles
such as electrons, and quanta such as phonons, which are forbidden
to propagate at speeds greater than that of light, it is impossible that
the response to a sudden heat flux at one location in a medium should
be instantaneously felt at all other locations within the medium. This
paradox has spurred much academic interest in the last half century
towards seeking a model that can predict a finite speed of propagation
(see, for instance, [28, 21, 2] and references therein).

In order to extend the macroscopic description of heat transfer to
very short time scales at which Fourier’s law is no longer appropriate,
an additional time derivative of the heat flux term was introduced in
the formulation of the rate equation independently by Cattaneo [9] and
Vernotte [31]

Tq(X,t) +q(X,t) = —k(T)VT(X,1), T,k >0 (5)

where 7 was named relazation time. The Cattaneo-Vernotte model
leads to a form of the heat equation known as the hyperbolic heat equa-
tion, ) _

r¢T +cT — kAT =r+ 77 (6)

which is a weakly damped-wave equation and predicts that heat will
propagate in non-equilibrium temperature waves with a finite speed
[2, 28]. However, there exists no convincing experimental evidence yet
to support the validity of (6). For instance, in [3] and [22] it was shown
that the (absolute) temperature of a heat wave, reflected from a con-
stant temperature boundary, may take negative values. In addition
they proved that the interference of two cold thermal waves may result
in negative values of the temperature, so that the maximum principle
is violated. More recently, in [8] both Fourier and Cattaneo-Vernotte
models are scrutinized within statistical mechanics, classical thermo-
dynamics, and irreversible thermodynamic frameworks.

Green & Naghdi [16, 17] developed a thermo-mechanical theory of
deformable continua that relies on an entropy balance law rather than
an entropy inequality. A theory of thermoelastic bodies based on the
new entropy balance law has been derived. The linearized form of this
theory leads to three different models of heat conduction: type I (which
is essentially the Fourier’s law), type IT and type I1I, respectively. They
involve a new variable «, which is called thermal displacement and
represents a sort of time primitive of the empirical temperature 7". In
[16, p.180] we read “The temperature 7' (on the macroscopic scale) is



generally regarded as representing (on the molecular scale) some ‘mean’
velocity magnitude or ‘mean’ (kinetic energy). With this in mind, we
introduce a scalar & = a(X, t) through an integral of the form”

a:a(X,t):/OtT(X,T) dr + ap(X), t>0 (7)

... “In view of the above interpretation associated with 7" and the phys-
ical dimension of the quantity defined by (7), the variable a may jus-
tifiably be called thermal displacement magnitude or simply thermal
displacement. Alternatively, we may regard the scalar o (on the macro-
scopic scale) as representing a ‘mean’ displacement magnitude on the
molecular scale and then”

T(X,t)=a(X,t)
The Green-Naghdi linear model of type II (GNII) is given by
q(X,t) = =AVa(X, 1), A>0
In rigid conductors with p = 1, it leads to a hyperbolic heat equation
ci—ANAa=r (8)

which represents a conservation law in that it does not sustain energy
dissipation and permits the transmission of heat as thermal waves at
finite speed [17, 18]. Moreover, the heat flux vector is determined by
the same potential function that determines the stress [28]. The Green-
Naghdi linear model of type III (GNIII) reads

a(X,t) = =A\Va(X,t) — kVa(X,t)
and leads to a parabolic heat equation of the second order in time,
ca+AXAa+EAa=r 9)

which represents a strongly damped-wave equation and predicts heat
propagation with a traveling-wave-like profile [6, 7]. The Green-Naghdi
theories have been extensively studied (see [28] and references therein).

A comparative test. In connection with the propagation of ther-
mal disturbances, the difference between Fourier and GNIII models is
apparent if a semi-infinite rigid heat conducting rod with no external
heat source and a temperature jump ¥* at X = 0 is considered (see
Fig.1). In particular, the wave-like front is given by X, = v.ty, where
ve = y/A/c. A similar comparison between the Cattaneo-Vernotte and

6
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Figure 1: Temperature profiles ¥(X, tg) and 9(X, 2ty) for Fourier (dotted), Green-
Naghdi type II (dashed) and type III (solid), where ¥ =T — Tp, Tp = limx 00 T
Here, A = 20k and Xy = 1, so that tg = \/¢/\.

%
0*

0 X, X 0 2%, X

Figure 2: Temperature profiles 9(X,ty) and 9(X,2ty) for Cattaneo-Vernotte
(dashed) and Green-Naghdi type III (solid), where ¥ = T — Tp, Tp = limx 00 T
Here, 7 = 20, A = 20k and Xy = 1, so that to = \/¢/A.

type III Green-Naghdi models was performed in [24] (see Fig. 2).

As apparent from Fig. 1 and according to [7], the GNIII linear the-
ory is preferable to Fourier’s law of heat conduction if the large-time
behavior (¢t > y/c¢/)) is concerned in the propagation of thermal distur-
bances. In addition, Fig. 2 spotlights that GNIII succeeds in mimicking
the behavior of a damped wave. On the other hand, we need to warn
the reader that this model predicts an asymptotic behavior of solutions
completely different than Fourier’s and Cattaneo-Vernotte’s laws. In-
deed, as A goes to 0, GNIII solutions tend pointwise to Fourier solutions
only in the range t < ¢/ (see for instance [12]). As a consequence,
we can conclude that the GNIIT model works well provided that small
values of A (A < ¢) are considered and the time range is restricted to

Vel <t </

Aims and plan of the paper. In the first part of the paper we ex-
tend the procedure devised in the theory of thermo-elasticity by Green
and Naghdi [14, 16] to the framework of finite thermo-electroelasticity.
Then, isotropic and transversely isotropic bodies are separately consid-
ered because of the different assumptions on the relation between the



heat and entropy fluxes.

Thermodynamic restrictions on the constitutive relations are ob-
tained for isotropic and transversely isotropic bodies, respectively. Un-
like theories that provides thermodynamic restrictions by exploiting
the Clausius-Duhem inequality, here they are directly derived from the
field equations by virtue of the reduced energy equality. The Second
Law of Thermodynamics is stated in the form of a dissipation inequal-
ity and leads to a sufficient condition that prescribes the constitutive
equation of the heat flux vector. As stressed in Remark 0.3, the heat
flux constitutive equation (62) generalizes the corresponding relations
for Green-Naghdi type II (when k& = 0) and type III (when k& > 0) rigid
conductors.

The second part of the paper is devoted to deduce a linearized
theory for transversely isotropic thermo-piezoelectricity. We first con-
struct the free energy constitutive equation as a quadratic function
of the eleven second-order invariants of the basic fields. Then, from
thermodynamic restrictions we derive the linearized expressions of the
constitutive relations (elastic stress, polarization vector, entropy, etc.).
In particular, the linearized heat flux constitutive equation (104) gives
rise to a GNII-like model when kg = 0, but, unlike the original Green
and Naghdi framework, here energy dissipation always occurs because
of the presence of an extra-flux along the symmetry axis.

The final sections deal with a linearized system which results when
processes depend only on the symmetry axis coordinate. In particular,
when kg = 0, all equations of the resulting symmetric system (131)
turns out to be linear and hyperbolic, including the heat equation. Ac-
cordingly, in this case the study of wave propagation can be performed.

Finite thermo-electroelasticity
in isotropic bodies

The body B is assumed to be an electrically polarizable and finitely
deformable heat conducting elastic continuum which interacts with the
electric field. According to the Noll’s general approach to thermome-
chanics, we assume the following

Definition 0.1 The material filling B is characterized by a given pro-
cess class IP(B) of B as a set of ordered 11—tuples of functions on
B X [Ovdp);

P = (p()u(), T(),6(), (), 0(), 7(), P(),a().b(),r()) - (10)

satisfying the balance laws of mass, linear momentum, moment of mo-



mentum, energy, the entropy equality and the field equations of electro-
statics listed below in (11).

Above and in the sequel for simplicity the dependence on X (which
occurs when the body is not materially homogeneous) is implicit and
not written.

Local balance laws in spatial form. Under suitable assumptions
of regularity the usual integral forms of the balance laws of mass, lin-
ear momentum, moment of momentum, energy, entropy, and the field
equations of electrostatics are equivalent to the system
(p+pVe-v=0

po =V T+ P-V,EY 4 pf

skwT +skwT¥? =0

pii=p(s+& -V p (11)
pe =7 -Vv—Vg-q+EM. pw+pr

V. x EM=0

V. -D=0

where the internal energy density e is defined by (1),
e=v¢+0n+EM.

and w = P/p is the electric polarization vector per unit mass and
1
T" =D®EY — 5eO(EM - EM)I (12)

is the Mazwell stress tensor (cf. [29, Eq. (3.19)], [30]). Note that, of
course, eq (11)g is equivalent to the existence of an electric potential ¢
such that

EM = -V _¢ (13)

Following [29], the total stress tensor o is defined by
oc=1+TF (14)

Note that the use of o allows to write the field equations of momentum
and angular momentum (11), 5 in a form as if the electric fields were
missing, i.e.

pv =Vg-o+pf, o=o" (15)



Finally, eliminating r between equations (11)4, (11)5 and using (1)
yields the reduced energy equation

p(+0n) + pbé — 1 -Vo+EM . P4+V,-q—0Vy,-p=0 (16

Reduced energy equation and second law of thermodynamics.
Constitutive relations arise when the quantities

v, n, 0, p,q, 1, & P (17)

are assumed to be objective functions of the variables (T, 3,~, F, EM).
In particular, we assume

(¢ =(T, B, v, F, EM)
n:/{](T7 ﬁ? 77 F7 EM)
QZQ(T7 /6? 77 F’ EM)
¢ =¢&(T, B, v, F, EM) (18)

\

and we take the constitutive relation for the entropy flux in the general
form

1
P=gqa+i (19)

where 2 is usually referred to as extra entropy fluz,
i=14(T, B,~, F, EM) (20)
Hereafter, a general objective response function will be denoted by
Geld, i 0.6 p 7 P i} (21)
Note that by (19) we have
Vo q—0Vs-p=g-p—Va-(07) (22)
and the reduced energy equality (16) becomes
p(ih+6n) +pbé —7 Vo +EM . Prg.-p—V, (05)=0 (23)

Unlike theories that provides thermodynamic restrictions on the
constitutive relations by exploiting the Clausius-Duhem inequality, we
here derive such restrictions directly from the field equations by virtue

10



of the reduced energy equality. To this end, we follow here the pro-
cedure devised by Green and Naghdi [14], [16] within their theory of
thermoelasticity. As they said, “the reduced energy equation ... must
be identically satisfied for all processes and will place restrictions on
the functional dependence on the constitutive equations ” ([16, p.259]).

Accordingly, we apply here the same point of view in the frame-
work of thermo-electroelasticity. Namely, we assume that the reduced
energy equation (23) is identically satisfied for all processes and this
will place restrictions on the constitutive equations (18), (19), (20).
By paralleling [14, p.257] and [17, p.259], we take the following

General Assumptions. The process class IP(B) of B (see Defini-
tion 0.1) has sufficiently many processes in the sense that, locally (i.e.
at any given point), for each admissible choice of the values for the
local state (T, B, v, F, EM) including, if required, a large enough ar-
bitrariness in the choice of their space and time derivatives, the field
equations hold for some process of IP(B). In addition, the heat flux
vector q s assumed to be necessarily non zero on physical grounds.
Hence, by (19),

p—it0 (24)
Furthermore, to complete the theory, a statement of the second law

of thermodynamics is needed. Following [10, 2|, we assume that the
second law is expressed in the form of a dissipation inequality.

Dissipation Principle. The dissipation inequality
§=>0 (25)

must be satisfied for all processes in the constitutive class IP(B) .

Although all results of this first part are independent of the dissipa-
tion principle, its exploitation is needed to obtain restrictions on the
expression of the internal rate of entropy supply £ and the heat flux
vector q.

Exploitation of the reduced energy equation. According to
Green and Naghdi, in the sequel of this first part concerning isotropic
bodies we assume 2 = 0, i.e. p = g /6, and we deduce the corresponding
constitutive restrictions. A brief discussion of the general relation (19)
is carried out in Remark 0.2, where the need to assume a non vanishing
entropy extra flux, ¢ # 0, is motivated in connection with transversely
isotropic bodies.

Assuming ¢ = 0, here we find the restrictions on the response func-
tions implied by the first part of the Dissipation Principle. Thus, the

11



reduced energy equality (23) becomes
p(¢+9n)+p9£—T-VU+EM-P+g-p:0 (26)

Proposition 0.1 Assume that constitutive equations (18) fulfill

q=10p (27)
0
o7 >0 (28)

Then the validity of the reduced energy equation (26) along any smooth
enough process p implies the following restrictions on the response func-
tions

v =4y(T, B, F, EM),  0=0(T) (29)
L. .o
T=pFon  P=—paoy n==2g (30)

) A
p%-FT'Hp@ﬁer-g:O (31)

Since the assumption (28) implies that 0 is an invertible function, in
any response function the dependence on T' can be replaced by 6.

Remark 0.1 Note that (31) coincides with (3.12) in [17, p.259] where,
accordingly with the first term to (3.4) in [17, p.258], the term p -~y
should be replaced by p - g. The same remark applies to (2.79) in [28,
p.56], where p;c; should be replaced by p;g,.

Proof. Introducing the constitutive equations (18) into the re-
duced energy equation (26) we have

o 90\ . op 90\ . (o 80\ .
<8T +’76T) o <8B +”aﬁ> A+ (67 +n8’y> L
oy 090 R
P <8EM +n8EM) + P
o 00 .
P(a?”a?)‘F T

where the spatial temperature gradient, g = V, é, by (18)3 reads

+ -EM (32)

- F4+pdé+p-g=0

~ A

90 90 a0 L 0 "

12



Step 1 By the arbitrariness of 7', 4, F and EM equation (32)
yields

a¢+ 0 aw
or "7 =

0
G e oy 00 .
(am”ap) —F '+ =0, p(aEM+naEM>+P 0 (35)

Thus, using (33), (32) reduces to

(34)

. ae aA Rl a0 "
p a8 wﬁ+ V 2Vt pp Ve + 5 Ve B ]
(36)
oY .
<aﬁ+naﬂ>-ﬂ+p6§—0
Step 2 Now

Vev, VoF, ViEY

just appear in (36) explicitly as right factors, and thus, according to
our General Assumptions, their arbitrariness gives the relations

00 00 00
oy = oF =" gEv (37)
ie., R R
; 06 06
= T 1= — _—
0=0T8), §=5757+75V=0 (38)
As a consequence (36) becomes
o o0 aA
+ + pbE + @ 39
<ﬂnaﬂ)ﬁp£p< ﬁﬂ> (39)
and (34)s, (35) become
o _ . M
;1 5 O
T—pFaF, P__p—aEM (41)

Step 3 Note that V, 8 = V,Vxa appears in (39) once as coefficient
of 00 /0B3; hence by its arbitrariness we have

a0

0=0(T), g¢g= o7 (42)

13



Moreover, the following relation holds,
B=F'y

Accordingly, (39) reduces to (31). Lastly, from (42), using 86/0T > 0,
equation (34); becomes

2

= Y (43)

Exploitation with invariant response functions. In order to sat-
isfy the principle of material objectivity the constitutive functions must
be scalar invariant under rigid rotations of the deformed and polarized
body. The invariance of ¢ in a rigid rotation is assured when ) is an
arbitrary function of the referential quantities

r, B B E W
where F is the Green-Lagrange strain tensor and
B=F'~y=F'v,T (44)

E = %(FTF 1), W =F'EM (45)

Hence, for any objective response function €2, we define the associated
invariant response function

Gel{d.i 0. p 7 P}
by putting
T, 8.8, E,W) =T, B, ~, F, EM) (46)

where (v, F, EM) and (8, E, W) are related by (44)-(45) and 8, E,
W are independent.

Proposition 0.2 Assume any constitutive equation in the form
Q=Q(T, 8,3, E,W) (47)

that is frame-indifferent and invariant under rigid rotations of the de-
formed and polarized body. Moreover, let

q="0p (48)
90
o7 >0 (49)

14



and let the internal energy response function € be defined as in (1).
Then the validity of the reduced energy equation (26) along any suit-
ably smooth process implies the following conditions for the response
functions

v=UT. B, E, W),  6=6(T) (50)
p(?jé + ;;f/, ® EM> ~F#=0 (51)
pFaa—;‘p/ +P=0 (52)

i=-2 (53)
pg—gﬁ+p9~§+ﬁ@:0 (54)

As in Section we point out that the assumption 9 /OT > 0 implies
that 6 can be inverted and thus in any response function the variable
T may be replaced by 6.

Proof. First, we compute the time derivatives appearing in the
reduced energy equation (26) by using Q instead of €, according to the
identity (46). Thus we find

o .. [0 . 00 Ml e O 0N
oF T~ [8EF toweF ] F. sgiE <F6W> E
Moreover,

o0 oNoB\ . o0 .

o3 L 55

5y (B(’)”Y) A B 0 (55)

Consequently, the reduced energy equation (32) becomes

oY : oY : o .
o| (5o 7+ (G03m) 4w (55 955) ]
o o " a0 a0 A FU|
S5 F Tt @B <8EFT o ©F )——T]-F(56)

p
oY -
F P
T <6W - "8W> "
where, by (18)3 and (46), the temperature gradient g = 009z, reads

- Lrrpe P, ﬁ+aﬂ wﬁ+ v g v w

+

EM 4 phE+p-g =0

98 oW

15



The arbitrariness of the time and spatial derivatives of v, F and EM,
which is required in the proof, is equivalent to the arbitrariness of the
corresponding derivatives of 8, E and W. Then, by virtue of (56) and
applying step by step the procedure devised in the proof of Proposition
0.1, we obtain the results from (50) to (54).

Remark 0.2 In the isotropic case, the assumption q = 0p 1is consid-
ered as convincing by all authors. On the other hand, some authors
contend its validity in the general case, in particular when transversely
isotropic bodies are concerned [5, 4, 23].

Exploitation of the Dissipation Principle. Now we use previous
results and the statement of the Dissipation Principle to obtain restric-
tions on the internal rate of entropy supply &. By substituting < from
(42)2, (44) into (54) we have

~ a0 . 81/) :
—F! 57
so that the requirement (25) of the Dissipation Principle reads
00 . o
F'p <
<8T oo w
As well as in the Fourier case, this inequality may be satisfied by letting
a0 o : N
Since 6 is invertible, we define T = 6~1. As a consequence we have
. o -
=-TF|p—+k 60
p (p 26+ ﬁ) (60)
where T" = dT/df. By (57), this choice implies
N
=—0- 61
E=—uhb (61)
From (44) and (48) it then follows
: 2 -, L
= 0T — =—0T"0)F | p— + kF 2
or'(0)F <8ﬁ+kﬂ> 01" (0) <8ﬁ+k ) (62)

As in the theory of Green and Naghdi, the free energy is strictly
related to both p and g by means of the partial derivative 9¢/983.

16



Remark 0.3 In a rigid body F = I. If we choose 1 quadratic in B so
that

o
P =AB
then (62) becomes ) ‘
qg=—0T"(A\B+kB) (63)

In the special case O(T) = O,expT, 0, > 0, then T(0) = In(6/6,)
and (63) becomes the constitutive equation of a Green-Naghdi type III
conductor ¢ = —\B — k B3 provided that k > 0 (see, for instance, [5,
Sect.5]), If k = 0, it reduces to the constitutive equation of a Green-
Naghdi type 11 conductor ¢ = —\ 3 (see, for instance, [5, Sect.4]).

Elastic stress. The so called elastic stress used in [32] is defined as
T:=7+PEY (64)

where EM = (FT)='W . From equalities (51), (52) we have

. oY T, R B _
T=oF(opF gy o BY). P=—pFgn ()
thus
31/1 o M M
T =pF E P®FE
pF (5F" + -9 BY ) + P& (66)
Hence by replacement we find the equality
- oF 2 F (67)

8E

that coincides with equation (1)3 in [32].
Now we find the link between elastic stress (64) and total stress
(14):
€M M
(B EM)I

:7-—{—P®EM—|—60EM®EM—%O(EM.EM)I

T + ¢EM @ EM —

€0
2
Hence, total stress and elastic stress are related by

=74+ (D -6E"MYQEM + (¢EM 9 EM - —(EM - EMI =0

oc=T+e¢qEM@EM - %O(EM CEM)T (68)
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and the balance of linear momentum (11), is equivalent to
po =V [T+ eEY @ EM - %O(EM CEMI| +pf  (69)

which coincides with equation (1); in [32] when f = 0.

Finite thermo-electroelasticity in
transversely isotropic bodies

We start by pointing out that the relation

q

P=y (70)
is considered as natural and generally valid for all materials by Green
and Naghdi. Indeed, they said [15, p. 184]: “Because we use a balance
of entropy, and not an entropy inequality, it is noted that the entropy
flux vector may be interpreted as the heat flux vector over temperature.
It is claimed by a number of writers that such a result cannot be true in
general, mainly because they obtain a different expression for entropy
flux in second- and higher-order expansions in the kinetic theory of
gases. However, this is only because the definition of entropy flux in
the kinetic theory is different from that used in our continuum model
and there is no reason to accept that it is better or more appropriate”.
In spite of these arguments, the general validity of relation (70) has
been criticized by some authors [5], [6], [4]. In particular, it has been
pointed out (see [5, p.144]) that (70) “holds if both p and g depend
1sotropically on the state variables, whereas it does not hold if that
dependence is only transversely isotropic. That isotropy guarantees
(70), whereas transverse isotropy does not, was first suggested by Liu
23], for elastic bodies studied in a Muller-Liu framework. Recently,
one of us has offered a simple argument to prove, in a standard ther-
modynamic setting, that influx proportionality holds (does not hold)
if heat conduction is isotropic (transversely isotropic) [5]”. This argu-
ment seems more convincing and then we follow the approach devised

in [23, p.102] and [4, eq.s (4.11), (4.12)].
Hence, for a transversely isotropic body we assume the relation
between entropy flux and heat flux in the form (19)-(20) with ¢ =

f(T, X)a, ie.

p-g=fa. [=[TX) (71)

where a is a unit vector parallel to the preferred direction of transverse
isotropy. According to this different assumption we now perform the
exploitation of the reduced energy equation.

18



Exploitation of the reduced energy equation for a transversely
isotropic body. Equality (23) can be rewritten in the form

p(h+0n)+pbé — 7 -Vo+EM . P+ (p—1i)-g—0Vgy-i=0 (72)
where ¢ = fa and V, - a = 0, by virtue of (71). Then, it follows

p(+0n)+pbé —7-Vo+ EM-P+(p—fa)-g—0(Vaf)-a =0 (73)
This expression differs from (26) just for the additional term

—Va(0f)-a

Hence all the steps in the proofs of Proposition 0.1 and Proposition
0.2 remain in force provided that in each occurrence of the reduced
energy equation such term be added. In particular, the latter yields
the following

Proposition 0.3 Let the body be transversely isotropic and let a be a
unit vector of the symmetry axis. Assume constitutive equations Q in
the form (46), with
00
T
and let the internal energy function be defined by (1). Furthermore let

>0 (74)

p=5+fa.  [=[TX) (75)

Then the validity of the reduced energy equation (23) along any suit-
ably smooth process implies the following conditions for the response
functions

=0T, B, E,W),  6=0(T) (76)
p(% avd[]/ ©EM) - F % =0 (77)
) L
oy o s = 00

P55 B+ oIt (b= fa) - Sy~ B(Vaf) a (79)

where oF 9f

; Of f
Vaf = o5y + F~ TaX (80)
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Note that, using the elastic stress representation (64), relation (77)
turns out to be equivalent to (67). From (1) and (78)

g0y OV
so that the specific heat is given by
_0e 07 877
a0 "0 ow (8

since EM = (FT)"'W.

On internal rate of entropy supply and heat flux for transverse
isotropy. Here we adapt the arguments previously developed to the

case of transverse isotropy. Taking into account (44) and (71), from
(79) and (80) we find

s w _q 09 ;of o Of
poE = — 5 B 5T —|—88T -a+0F ax @
Since A(T) is invertible, we introduce f such that f(8(T), X)=f(T, X)
and we have _ o ~ B
of _ofob  of _of
or —o9or’ 09X 0X

As a result, it follows

' 00 (@ ;0F N, 0] . . 0f
== aTF <9 055 a)+p rog| PHE axe 82
and the requirement of the second law of thermodynamics (25) becomes
00 . rq ~Of ol . of
—F1(Z - — F-T ca <
a (9 I=sa a)+p vo| BIF G as0  (s3)

This inequality can be satisfied by setting k = IE(T) > 0 and letting

of _, 8_9F1<a ~8f) oY

ax 0 ar ; P8~

7~ %% —kB  (84)

As a consequence, £ still takes the form (61). These conditions are
equivalent to assume f = f(#) = f(T) and the following constitutive
equation for the heat flux,
o .
= 0T'F ( % + kﬁ) +6*f'a (85)
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Remark 0.4 By comparing (85) with (62), we infer that the trans-
verse isotropy induces an extra heat-flur along the direction a. Never-
theless, the resulting expression for & equals (61). According to Remark
0.3, when either k =0 or k > 0, the resulting constitutive relations for

q are related to a Green-Naghdi type II or III conductor. In particular,
if k =0 then £ =0.

On the other hand, from (71) we find

~ q~ r ald 61/} 7.1 r 07!
pz;—l—fa:—TF(p%—l—kﬂ)—l—(f+6’f)a (86)

and the entropy-flux constitutive relation differs from (60) by an extra-
flux contribution along the direction a. Since this additional term
vanishes provided that f(6) = fo/60, we conclude that if this is the case
then anisotropy induces no change in the entropy flux expression with
respect to isotropy.

Transversely isotropic thermo-piezoelectricity

In this section we assume an explicit quadratic form of the Gibbs
free energy (free entalphy) density and then derive the related linearized
theory for transversely isotropic thermo-piezoelectricity.

Field invariants and free energy function. Extending the proce-
dure devised in [32], let us consider the first-and second-order invariants
of the triple (E, W, 3),

(1) L=a-E-a, L=trE, I3=a-W, ILi=a-3,
(2) IL=a-E*a, ILh=trE? I=W -W, II,=3-8,
I,—a-EW+W-E-a, IIy=a-E-B8+38 E-a, II,=W-3

where a is the unit vector along the symmetry axis of transverse
isotropy. In order to construct a linear theory (see [32]), we assume
a reference uniform temperature Ty, which gives rise to the reference
absolute temperature

0o = 0(Tp)

Then, we choose a free energy function which is quadratic with respect
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to the invariants of the field variables E, W, 3, 0, that is

Y=oyl + agly + aszls + ayly
+ eI} + el + e3ly Iy + ey Il + cs 11,
+ e I3+ ells + e Iy I3 + ey lo I3 + e3ll; (87)
+ v l3ly + volly + MIF + Mo Ily + pr I Ly + podoly + pi3lls

1
+ (bljl + boly + K115 + /@2[4)(9 + §h02

where aq, G, (3, Oy, C1, C2, C3, C4, Cs, €1, €2, €1, €2, €3, V1, V2, )\1; )\27
W1, Mo, 3, b1, ba, K1, Ko, h are material constants. In particular,

(1) the scalars a1 and s represent the initial stresses, ag the initial
polarization, and a4 the initial entropy flux, i.e. entropy flux for
zero temperature gradient g = 0 = ~;

(ii) 6 is identified with its increment %) = § — , with respect to the
reference absolute temperature.

For the sake of simplicity, hereafter we assume vanishing initial stresses,
polarization and entropy flux by putting

a1:a2:a3:a4:0 (88)

Now, we compute the derivatives of the free energy in order to ob-
tain the linearized constitutive equations for elastic stress, polarization
vector and entropy. To this end, we first list the non vanishing deriva-
tives of invariants,

o1, _ 9(a-E-a) oIy, _ O{rE) oI3 _ OIx __
aE= o5 —0®a Gp=—p =1 Gw=%=a
=2L% =2a®a =20%2 =2(trE)I

%z (a.W)a:2(a®a)W 3—5‘:2(a-[3)a=2(a®a)5

r=a®Eat+E'a®a Yp=2E Gu=22W S4=23

MW _qoW+Wea =9 - ETqt Fa=2Fa
Ch=a®B+Boa YI=W =0

For the sake of definiteness, hereafter we assume

a = jg (89)
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where the set of vectors (j1, Jo, J3) represents the standard orthonormal
basis related to the coordinate system (O, X, X, X3). Accordingly,

3
a-E-a=Ey3, a-W=W;, EGZZEi3ji (90)

i=1
As a result, accounting for (88), from (87) we obtain

ox ) ) ] .

a_E = 2C1E33<]3 ® ]3) + 202(tTE>I + Cg[(]3 ® ]3) tT’E
+ B3 I+ c4(Js ® Eisdi + E3,3: @ J3) + 26 E
+e1Wsjs ® gs + eoaWsl +e3(js @ W + W ® j3)

+ 1118393 @ g3 + pofsI + p3(gs © B+ B ® Js)
+ (b1J5 @ js + bod )0

0x . . .
W 2(€173 @ gz + 2l )W + 11375 + 1.8
+ (61E33 + €2tTE + 2€3E + ﬁlg)jg
oY

— =2(MJ3® J3+ X I)B + 11 Wsjs + 1, W
93 (1.73 J3 2 )ﬁ nmwsjs + 12 (93)

+ (1 B33 + potr B + 213 E + k20) g3
o)y

o = 01fss + batr B+ W0 + iy Ws + 1z s (94)

Linearized theory. By linearization, the spatial and referential de-
scriptions coincide and then we can identify p with pg, F' with I, 3
with v and EM with W. Moreover, the Green-Lagrange strain tensor
(45) is replaced by

1
E=3(Vu+t Vi) (95)
Let po = po(X) be given. We consider the triple (u, a, ¢), where
u=u(X,t), a=aX,t), ¢=0¢X,1t) (96)

are the displacement, the thermal displacement and the electric po-
tential, respectively. This triple of fields can be viewed as a thermo-
electro-kinetic process superimposed to a natural state, that is a refer-
ence configuration where the body is stress-free at uniform (absolute)
temperature Ty (0y), with uniform electric potential ¢y and such that
Bo = 0. In addition, we assume that in the natural state the body
forces and heat supply vanish. Then, by virtue of (44), (74) and (76),
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in the natural state the empirical temperature is constant and the re-
lated temperature gradient vanishes,

T’nat = T(‘90> = TO; B’nat = 'ﬂnat =% = 0 (97)

Moreover, under assumption (84);, the internal rate of entropy supply
¢ is given by (61) and then it vanishes in the natural state,

glnat =0 (98)
In order to set up a linearized theory, we let
poth =% (99)

and we point out that the Gibbs free energy X is an homogeneous
quadratic form with respect to the invariants of the the state variables,
because of the vanishing of initial fields (88). Hence, the free energy
derivatives are linear and homogeneous. We start by putting

¢ = ¢ — ¢y

o =a—Tyt, TO .= a@ =T -T,

mZ—G b, C:=T'(0), T'(60)

Z:=0(T)=1/¢, Zy:= 9’( ) 1/

fo = f(To), f _f() ( )

where 0y = 0(Ty), T = T(6). Then it follows

TO) ~Ty+ bV,  O(T) = by + ZyTY (100)
B=~r=VxT®,  g=Vx0r~ Z,VxT" (101)

In the linear approximation, we disregard all infinitesimal terms of
order greater than one in the constitutive restrictions (67), (77), (78),
(82), so that it follows

) . Ry )y
T=38 FP="aw »="% (102)
1 1 o% 4
—70 VxTW = 1
potof + | -d ~(80+ - )fiat 55| VxTO =0 (103)

Accordingly, the response functions (85) and (86), respectively for the
heat and entropy flux vectors, become

= —0(o [% + ko VxTW <90 + g T¢ >f0a} (104)
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1 1 (i 0% i
pP= 0—0(1 + (fo+ fiTD)a =— ¢ 98 + ko VT )]

+ (fo + Cobo fy + Qf(/)T(i)) a

(105)

where ko = k(Tp).

Now, taking into account of (91)-(94), we give the explicit linear
expression of the elastic stress tensor, the polarization vector and the
entropy. The components of the (symmetric) elastic stress are

Ty = 2(ca + ¢5) By + 2000 + (262 + ¢3) Bz + eaWs + p1p B3 + byt

Ty = 2coFn1 + 2(ca + ¢5) Ea + (2¢2 + ¢3) Esg + eaWs + 1283 + byl

T3 = (2o + c3) Evy 4 (2¢2 + ¢3) Eog + 2(c1 4 ¢ + ¢34+ ¢4 + ¢5) Es3

+ (e1 4 e + 2e3)Ws + (1 + po + 2u3)Ps + (b + b2)0

Tos = Ty = (¢4 + 2¢5) Eag + e3Wa + 3 fo

Ty = Ty = (¢4 + 2¢5) B3y + esW1 + sy

Tio =Ty = 2¢5Er9

(106)

and generalize [32, eq.s (1), (20)]. The polarization vector can be ex-
pressed in components as follows,

Py = —=26;W, — 11 — 2e3 B3
Py = —26;W5 — 13y — 2e3b003
Py =—2(e; + e)W3 — (11 + 112) 53
— ea(E + Eay) — (61 + ez + 2e3) Fs3 — k10

(107)

Finally, the entropy reads
pon = —[ba(Er1 + Ezz) + (by + b2) E33 + ho + ki W3 + k233]  (108)
On axisymmetric processes. Accounting for (89), next we consider

waves propagating along the symmetry axis X3. To this end, we restrict
our attention to thermo-electro-kinetic processes having the form

U; = Ui(Xg, t), 7= 1,2,3, o = Oé(Xg, t), ¢ = qb(Xg, t) (109)

and, for the sake of simplicity, we neglect the superscript . In partic-
ular,

B=(0,0,08;), ~v=(0,01), W=(0,0 W) (110)
Ps =03, =03~ 21 3="2003 Ws=-¢3
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where 3 = 0/0Xs5. In addition, we assume the vanishing of external

sources,
f=0, r=20

For ease of writing, hereafter we adopt the following notations,

c=c+cC+c3tcest+cs
€ =€+ €, )\:2()\1+)\2), €:€1+€2+263 (111)
m =y + po +2u3, v=vi+ra, b=0b+0b

Elastic stress, polarization vector, heat flux, entropy flux, in-
ternal rate of entropy supply. In order to write the field equations
for processes that just depend on the symmetry axis coordinate, we
take advantage of (91)-(94), where all derivatives with respect to X
and X5 vanish. The components of the symmetric elastic stress reduces
to

Ty, = (202 + C3)U3,3 - €2¢,3 + o 3 + ba6
Ty = (22 + c3)ug 3 — €20, 3 + oy 3 + bol

112
T35 = 2cug 3 — ep 3 +ma, s + bl (112)
T23:0, T31:O, T12:O
and the polarization vector components become
P1:P2:0, p3:2€¢73—1/a’3—6163,3—l§,19 (113)

As a consequence
Dy =Dy, =0, D3 = —(eg — 2€)¢p 3 — va 3 — eus 3 — K16
where the material constant
€ =€y — 2€

is positive and represents the electric permittivity of the body at rest
and at uniform reference temperature.
By virtue of (109)-(110), we note that

) 1 1 ) )
Ea = Ej; = SU1.301 + U232 + U3 373 (114)

Therefore, using (111), from (93) we obtain

1))

_— = —V¢,3+7TLUJ373+H29+)\0673 (115)
9Ps
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Now by substituting the above equalities into (104), we obtain

@1 =q¢=0 (116)

g3 = 00Co(vd,5 — mug 3 — Ko — Ao 5 — koT 3) + 60 foT + 050 f7) (117)
After substituting the above formulae into (105) we obtain

P1 = P2 = 0 (118)

%

P3 =yt fo+ JoT = Co(v,s — mus s — k26 — A5 — koT3)

0 (119)
+ 2foT + 0oCo fo + fo

Linearized field equations for X;— processes. Note that the total
stress tensor

T+60W®W—%O(W~W)I (120)

differs from 7" by quadratic terms in W, and therefore in the linear
approximation it reduces to the elastic stress. Thus, the linearized
Cauchy equation (69) becomes

po=Vx-T. (121)
Since all components of Vx - T vanish except for

0

8_X3T33 = 2cu3 33 — € 33 + ma 33+ bZy a3

the components of the linear momentum balance (11)y become

podg = 2c U3, 33 — eqb, 33 + mao, 33 + bZO d73 (124)

By virtue of (113) and since EM = W, the electrostatic equation
(11); takes the form

6@25’33+VO(}33+6U3733+K1206.Y,3 =0 (125)
Under the assumptions of this section, the entropy (108) becomes

pon = —bus 3 — hl + K19 3 — Koo 3
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and from (81) we obtain the heat capacity
poé = —ho + R1¢73 (126)

In addition, V, - p = Vx - p = p3 3 and from (119) it follows

K
P33 = CO(V¢,33 — musg, 33 — = T,3 - )\04,33 - k?0T,33) + Qf(,]T,:s
0

After substituting these terms into the entropy balance equation (11),
and remembering that 7' = & and s = r/6 = 0, we get

biis, s + hZoti — k1,5 + 2(ky — f1) drg =

. (127)
+ Co(v¢, 33 — mug 33 — A, 33 — ko 33)

The system (124)-(127) gives the linearized field equations along the
symmetry axis X3 in the unknowns ug, ¢ and «, respectively.

A reduced system for X3;—processes. In general, we can reduce
the system (122)-(127) by eliminating the electric variable ¢. This can
be done by integrating the electrostatic equation (125) with respect to
X3, which yields

_€¢,3:V04,3+€U373+li120d+g (128)

where ¢ is an arbitrary time function. Provided that € # 0 we replace
the resulting expression of ¢ 3 into (124) and (127), respectively, and
we obtain the following reduced evolution system

{m%—%w&+mww+%¢3 (129)

B . . . o
hate = A 33 + maus 33 — batis 3 — Ko O3 + kodr 33 — 29

where

2 1
CUZQC—l—e—, mu:ma:m—k%, bu:ba:_<b+ﬂ>
€ € Go

- 1 K1 2 2 VK,1>

<g<h+€>, )\a:/\—ky?, /@a:a<m2—fé+

For the sake of simplicity, hereafter we consider the special case

3

/11:0, h <0

The former condition means that the heat capacity (126) is independent
of the electric potential, namely

poC = —h
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and the latter implies that it is a positive quantity, as occurs for the
most common materials. In this special case, the reduced system reads

poliy = Cy Uz 33 + Myt 33 + byt 3 (130)
hatt = Aot 33 + My Uz 33 — byliz 3 — Kol g + ko 33
where
e2 ev b
Cu:20+_7 My =M+ —, by = —
£ £ Co
h v? 2
ha:__7 )\a:>\+_7 K/a:_<"i _f/)
g € o 20

In order to rewrite the reduced system in a more compact form, we
introduce the unknown vector z = (ug, «)” and the matrices

_ £o 0 _ Cy TNy
o= () =)

0 b. (0 0
(A 5) e
Since pg, ho > 0, we finally obtain

Z= Ny 233+ Nazs+ N3z a3

where N; = My 'M;, i=1,2,3.
Alternatively, the reduced system can be rewritten in a symmetric
form. Since pg, h, > 0, we are allowed to introduce the unknown vector

y = (Vpous, Vha o)

and we obtain
4= My s+ My s+ M3y, s3 (131)

M, = ( Cu/ o m*/\/%)

where
m*/\/ p(]ha )\a/ha

MQ:(_b*/?/M b*_/my MSZ(g kO?hQ)

As apparent, the last term prevents this system to be homogeneous

with respect to space-time derivatives.

Wave equations. In the sequel we assume kg = 0. As a consequence,
the reduced system (130) turns out to be linear and homogeneous with
respect to space-time derivatives, so that usual techniques to scrutinize
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wave propagation can be applied. If this is the case, then (131) looks
like a symmetric hyperbolic system provided that M; is positive definite.
This condition occurs if

Cy >0, det M, =

Cula — mz >0
Poha [ }
Remembering that ¢ > 0, h < 0 (h, > 0), M; is positive definite
provided that

2 m2 VQ

e
> —— A>— — — 132
¢ 2¢’ Cu € (132)

Alternately, we rewrite (130) as a first-order system. We let x = X3
and

U)([E,t) :U3’3(X3,t), Z(ZE,t) :ibg(X:g,t)

133
W, t) = ay(Xat), (e, 1) = G(Xy, 1) (133)
Then, we have
W= 2y

W= Uy

hoU = MWy + AWy — beZy — KaUs

where the subscript , stands for 9/0z. In a more compact form, it can
be rewritten as

U= AU, (135)
where
w 0 1 0 0
| - et 0 maee b
U= w , A= 0 0 0 1
v Mys/he  —bi/ha Aa/ha —FKa/ha

In particular, since det A = det M;, det A is positive provided that
(132) holds. The hyperbolicity of (135) can be established by scruti-
nizing the eigenvalues of A.
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