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SCHAEFFER’S REGULARITY THEOREM FOR SCALAR CONSERVATION
LAWS DOES NOT EXTEND TO SYSTEMS

LAURA CARAVENNA AND LAURA V. SPINOLO

ABsTRACT. Schaeffer’s regularity theorem for scalar conservation laws can be loosely speaking formu-
lated as follows. Assume that the flux is uniformly convex, then for a generic smooth initial datum the
admissible solution is smooth outside a locally finite number of curves in the (¢,z) plane. Here the term
“generic” is to be interpreted in a suitable sense, related to the Baire Category Theorem. Whereas other
regularity results valid for scalar conservation laws with convex fluxes have been extended to systems
of conservation laws with genuinely nonlinear characteristic fields, in this work we exhibit an explicit
counterexample which rules out the possibility of extending Schaeffer’s Theorem. The analysis relies on
careful interaction estimates and uses fine properties of the wave front-tracking approximation.
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2 L. CARAVENNA AND L. V. SPINOLO

1. INTRODUCTION

We are concerned with mild regularity properties for systems of conservation laws in one space
dimension, namely equations in the form

(1.1) U + 0, [G(U)] =o.

In the previous expression, the unknown U attains values in RV and depends on (¢, z) € [0, +-00[xR.
The flux function G : RN — R is of class C%. If N = 1, we call (LI)) scalar conservation law, if
N > 1 we term it system of conservation laws. In 1973, Schaeffer [24] established a regularity result
(see Theorem [Tl below) that applies to scalar conservation laws. This paper aims at showing that
this result does not extend to the case of systems.

When N > 1, system (1)) is called strictly hyperbolic if the Jacobian matrix DG(U) admits N
real and distinct eigenvalues

(1.2) MU) < < An(U).

We term 7 (U), ..., 7n(U) the corresponding right eigenvectors of DG(U) and we say that the i-th
characteristic field is genuinely nonlinear if

(1.3) VN(U) -7(U) > ¢ >0, forevery U € RY

and for some suitable constant ¢ > 0. In the previous expression, - denotes the standard scalar
product in RY . If the left hand side of (I3) is identically zero, then the i-th characteristic field is
termed [inearly degenerate.

In the present paper we deal with the Cauchy problem posed by coupling (1)) with the initial
datum

(1.4) U0,-) = Uy

and we refer to the books by Dafermos [14] and Serre [25] for a comprehensive introduction to
systems of conservation laws. In particular, it is well-known that, even if Uy is smooth and (LIJ) is
a scalar conservation law, the classical solution of (ILT]), (L4) breaks down in finite time owing to
the formation of discontinuities. The Cauchy problem (I.T]), (I4]) can be interpreted in the sense of
distributions, but in general distributional solutions fail to be unique. In the attempt at restoring
uniqueness, various admissibility conditions have been introduced: we refer again to [14], 25] for an
overview.

In the following we briefly go over some well-posedness and regularity results for systems of
conservation laws. We firstly focus on the scalar case N = 1. The celebrated work by Kruzkov [19]
establishes global existence and uniqueness results in the class of so-called entropy admissible solu-
tions of the Cauchy problem (LI), (L4 under the assumption that Uy € L>°. Regularity properties
of entropy admissible solutions have been investigated in several papers: here we only mention some
of the main contributions and we refer to [I4] 25] for a more complete discussion. First, a famous
result by Oleinik [22] establishes the following regularizing effect: when the flux G € C? is uniformly
convex, for every ¢ > 0 the solution U(t,-) has bounded total variation, namely U(t,-) € BV (R),
even if Uy is only in L. More recently, Ambrosio and De Lellis [2] improved Oleinik’s result show-
ing that, except at most countably many times, the solution U(t,-) is actually a special function of
bounded variation, namely U(t,-) € SBV (R); we refer to [3], § 4] for the definition of SBV(R). This
is a regularizing effect of the nonlinearity. A result due to Schaeffer [24], moreover, states that for
a generic smooth initial datum the admissible solution of the Cauchy problem is even better than
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this: it develops at most a locally finite number of discontinuity curves, see Theorem [L.1] below.
In the following statement, we denote by S(R) the Schwartz space of rapidly decreasing functions,
endowed with the standard topology (see [23, p.133] for the precise definition).

Theorem 1.1 (Schaeffer). Assume that N = 1 and that the flur G is smooth and uniformly convex,
namely G"(U) > ¢ > 0 for some constant ¢ > 0 and for every U € R.
Then there is a set § C S(R) that enjoys the following properties:

i) § is of the first category in S(R), namely

o0
(1.5) 3= U Cr, O} 1s closed and has empty interior, for every k.
k=1
ii) For every Uy € S(R)\ §, the entropy admissible solution of the Cauchy problem (1), (L4)
enjoys the following reqularity. For every open bounded set Q C [0, +oo[xR there is a finite
number of Lipschitz continuous curves I'y,...,T,, C R? such that

UeCc™(Q\um,Ty)

The curves I'y, ..., [, are usually termed shocks. We briefly comment the above result. First,
the assumption that G is uniformly convex can be relaxed, see for instance Dafermos [12]. See
also [27] for recent related results. Second, a characterization of the set § can be found in a paper
by Tadmor and Tassa [26]. Third, the result is sharp in the sense that one cannot hope that the
regularity holds for every smooth initial datum. More precisely, even in the case G(U) = U?/2
several authors constructed initial data in S(R) that develop infinitely many shocks on compact
sets; see for instance the counter-example exhibited by Schaeffer himself [24] § 5|. Among recent
works, we mention the construction by Adimurthi, Ghoshal and Veerappa Gowda [I].

The present paper aims at discussing whether or not Schaeffer’s Theorem [[LT] extends to systems,
i.e. to the case when N > 1. Investigating whether or not the number of shocks is (generically) finite
is motivated not only by intrinsic interest, but also by applications. In particular, knowing that the
limit solution admits at most finitely many shocks simplifies the study of several approximation
schemes. As an example, we recall that the proof of the convergence of the vanishing viscosity
approximation in the case when the limit solution has finitely many, non interacting shocks was
provided by Goodman and Xin [I7] and it is considerably simpler than the proof in the general
case, which is due to Bianchini and Bressan [0].

We now recall some well-posedness and regularity results for systems of conservation laws. The
pioneering work by Glimm [I5] established existence of a global in time, distributional solutions
of the Cauchy problem (1)), (I4) under the assumptions that the system is strictly hyperbolic,
that each characteristic field is either genuinely nonlinear or linearly degenerate and that the
total variation of the initial datum Uy is sufficiently small. Uniqueness results were obtained in
a series of papers by Bressan and several collaborators: we refer to the book [§] for an overview.
In the following, we call the solution constructed by Glimm admissible solution of the Cauchy
problem ([IJ), (I4). Note that this solution can be also recovered as the limit of a wave front-
tracking approximation [8] and of a second order approximation [6].

Several regularity results that apply to scalar conservation laws with convex fluxes have been
extended to systems of conservation laws where every vector field is genuinely nonlinear (i.e. con-
dition (L3)) holds for every ¢ = 1,...,N). See, for instance, the works by Glimm and Lax [16],
Liu [2I] and Bressan and Colombo [9] for possible extensions of the decay estimate by Oleinik [22].
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Moreover, the SBV regularity result by Ambrosio and De Lellis [2] has been extended to the case
of systems, see Dafermos [I3] for self-similar solutions, Ancona and Nguyen [4] for Temple systems
and Bianchini and Caravenna [7] for general systems where every characteristic field is genuinely
nonlinear.

The main result of the present paper states that Schaeffer’s Theorem [[I] does not extend to
systems, even those where every characteristic field is genuinely nonlinear.

Theorem 1.2. There are a fluz function G : R® — B3, a compact set K C [0,+00[xR and a set
B C S(R) that enjoy the following properties:
i) system (LI)) is strictly hyperbolic and every characteristic field is genwinely nonlinear,
namely ([L2)) holds and moreover property (L3) is satisfied for every i =1,2,3.
ii) The set B is non empty and open in S(R).
iii) For every Uy € B the admissible solution of the Cauchy problem (L), (L4]) has infinitely
many shocks in the compact set K

Some remarks are in order:

e in the statement of the above theorem by shock we mean a Lipschitz continuous curve
x =I'(t) at which U is discontinuous.

e The Baire Theorem implies that any set of the first category (L)) has empty interior. Since
the set of “bad data” 95 is open and non empty, it cannot be of the first category and hence
Theorem provides a counter-example to the possibility of extending Schaeffer’s Theorem
to the case of systems.

e By looking at the explicit construction one can infer that B satisfies the following further
requirement. For every Uy € 93, the total variation of Uy is sufficiently small to apply the
existence and uniqueness results in [8] [I5]. This means that the counter-example provided
by Theorem belongs to the same class where we have well-posedness.

e Our construction is explicit, in the sense that we provide an explicit formula for the function
G, the compact K and the set B, see (Z3)), (5I) and the construction in § @l

e Our construction shows, as a byproduct, that a finite total variation wave-pattern containing
infinitely many shocks can be robust with respect to suitable perturbations of the initial
data.

e Our counter-example requires 3 dimensions, namely N = 3. It is known that 2 x 2 systems
are usually much better behaved than higher dimension systems, see for instance the dis-
cussion in [I4] § XII|. An interesting question is whether or not Scheffer’s Theorem extends
to (suitable classes of) 2 x 2 systemsﬁ. We plan to address this question in a separate study.

To conclude, we briefly outline the proof of Theorem [L2 The set B will be basically obtained by
considering small W1 > perturbations of a certain function U. The main point in the proof is then
constructing G and U in such a way that

i) when Uy = U the admissible solution of the Cauchy problem (CI)-([T4) develops infinitely
many shocks, and

ii) the same happens when Uy is a small perturbation of U.
We choose as flux function G a particular representative of a family of fluxes introduced by Baiti and
Jenssen [0]. Note that in [5] the authors exhibit a wave-pattern containing infinitely many shocks.

1We thank Alberto Bressan for this remark.
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Actually, the original wave-pattern in [5] contains large amplitude waves, but the construction can
be adapted to obtain a wave-pattern with small total variation. Although we use several results
established in [5], our analysis is quite different from the one in [5]. More precisely, there are three
main challenges in adapting the construction in [5] for our goals:

e we need to show that the wave-pattern in [5] can be exhibited by a solution with smooth
initial datum: this issue is tackled by relying on the notion of compression wave, see § 211

e A much more severe obstruction is the fact that the wave-pattern we obtain by mimicking
the construction in [5] is a priori not robust with respect to perturbations. We refer to
the discussion at the beginning of § 3] for a more detailed explanation, but very loosely
speaking the problem is the following. By following the construction in [5] we obtain a
wave-pattern with infinitely many shocks, but, owing to the fact that we require that the
total variation of the solution is bounded, most of the shocks we construct are very weak,
and could be in principle canceled by an arbitrary small perturbation of the initial data.
Owing to this lack of robustness, we have to introduce a different and more complicated
construction than the original one in [5]. Even in the case when there is no perturbation,
the structure of the admissible solution is much more complex than the one considered
in [5].

e The analysis in [5] relies on the construction of ezplicit solutions. In our case, computing
explicit solutions is prohibitive and hence we argue by introducing a wave front-tracking
approximation. We perform careful interaction estimates to gain precise information on the
structure of the approximate solution and we eventually pass to the limit by using fine prop-
erties of the wave front-tracking approximation established by Bressan and LeFloch [10].

The paper is organized as follows. In § 2] for the reader’s convenience we go over some previous
results. More precisely, in § 1] we recall some of the main properties of the wave front-tracking
approximation, while in § 22l we introduce the Baiti-Jenssen system and recall some of the main
properties. In § Bl we establish preliminary estimates on admissible solutions of the Baiti-Jenssen
system. In § H we construct the function U. In § Bl we establish the proof of Theorem
In particular, we show that the solution of the Cauchy problem with initial datum U develops
infinitely many shocks and that this behavior is robust with respect to perturbations of U.
For the reader’s convenience, we collect the notation of this paper at Page [43]

2. OVERVIEW OF PREVIOUS RESULTS

For the reader’s convenience, in this section we go over some previous results that we will need
in the following. More precisely, we proceed as follows:

§ 21t we quickly summarize the wave front-tracking algorithm [§] and we fix some notation.
§ 22t we introduce the Baiti-Jenssen system and we discuss some of its properties.

2.1. The wave front-tracking approximation algorithm. In this paragraph we briefly go
over the version of the wave front-tracking algorithm discussed in [§] (see in particular Chapter 7 in
there). We refer to [§] and to the books by Dafermos [14, § 14.13] and by Holden and Risebro [I8]
for a more extended discussion and for a comprehensive list of references. Also, in the following
discussion we assume that each characteristic field is genuinely nonlinear (i.e., that (L3]) holds true)
because this hypothesis is satisfied by our system.
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We first introduce some notation. We recall that the i-wave fan curve through U is

(2.1) Dyls, U] = { Zi[f’g]] zig

In the previous expression, R; is the integral curve of 7 passing through U, namely the solution of
the Cauchy problem

dR;

()
(2.2) 5

R;[0,U] =U.

Also, we denote by S; the i-Hugoniot locus, i.e. the set of states that can be joined to U by a
shock of the i-family, namely by a i-shock. The speed of the shock can be computed by using the
Rankine-Hugoniot conditions. We call the absolute value |s| strength of the shock between U and
SZ‘ [S, U ] .

We are now ready to outline the the construction of the wave front-tracking approximation. We
fix a small parameter v > 0 and we denote by U" the wave front-tracking approximation. The
final goal is to show that when v — 07 the family U converges to the admissible solution of the
Cauchy problem ([L))-(I4]). The main steps to construct U” are the following (we refer to [8] § 7]
for a detailed discussion):

i) we construct Uy, a piecewise constant approximation of the initial datum Up.

ii) At each discontinuity of U} we solve the Riemann problem between the left and the right
state by relying on the Lax Theorem [20]. We want to define U in such a way that U” (¢, -)
is piecewise constant for almost every ¢ > 0. Hence, we replace the rarefaction waves
in the Lax solution of the Riemann problem with a suitably defined piecewise constant
approximation. The resulting approximate solution is called accurate Riemann solver.

iii) We repeat the above procedure at each discontinuity point of U} and we define U” by
juxtaposing the approximate solution of each Riemann problem. In this way, U" is piecewise
constant and has a finite number of discontinuity lines. By a slight abuse of notation, we
call rarefaction waves the discontinuity lines corresponding to rarefactions. We can also
introduce a notion of strength for the rarefaction wave (see [8, Chapter 7] for the technical
details).

iv) Let us consider the point at which two waves (i.e., discontinuity lines) interact (i.e. cross
each other). The interaction determines a new Riemann problem, which is solved by using
the same procedure as in step 2. above. In this way we can extend the wave front-tracking
approximation U" after the first interaction occurs.

v) In principle, it may happen that the number of discontinuity lines of U” blows up in finite
time: this would prevent us from defining U globally in time. The number of discontinuities
can blow up if for instance U" contains a wave pattern like the one illustrated in Figure Bl

vi) To prevent the number of discontinuities from blowing up, we introduce the so-called non
physical waves. The exact definition is quite technical and it is given in [8 §7.2], but the
basic idea is the following. We introduce a threshold p, and we consider an interaction
point. If the product between the strengths of the incoming waves is bigger than p,,, then
we use the accurate Riemann solver defined at step 2. If it is smaller, we use a so-called
simplified Riemann solver. The simplified Riemann solver involves a minimum number of
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outgoing waves. Basically, all the new waves are packed together in a single non physical
wave, which travels at a faster speed than any other wave.

vii) The analysis in [8, §7] shows that, by relying on a suitable choice of the approximate and of
the simplified Riemann solver, of the approximate initial datum U} and of the threshold s,
one can prove that the approximate wave front-tracking solutions U” converge as v — 0
to the unique admissible solution of the Cauchy problem (I1I), (LT4).

2.2. The Baiti-Jenssen system. In this paragraph we recall some results from [5]. More pre-
cisely, we proceed as follows.

§ 22Tk we introduce the explicit expression of the Baiti-Jenssen system and we comment on it.
§2.2.2F we recall the explicit expression of the eigenvalues and we go over the structure of the wave
fan curves.

2.2.1. The system. We introduce the Baiti-Jenssen system. We fix n €]0,1[ and we define the
function F;, : R3 — R3 by setting
4[(2} —Du— w] +np1(U)
(2.3) FU) = v?
ol —2)u— (= "1)w} +mps(U)

In the above expression, u, v and w denote the components of U, namely U = (u,v,w). The
functions p; and ps are given by

1
(2.4) p1(U) = 5{[11} — (v —2)u* = [w— vu]Q]} = 2uw — 2u*(v — 1),
1
(2.5) p3(U) = 5{1}[@0 — (v —=2)u)* - (v —2)[w — vu]Q} =w? —u’(v —2)v.
In the following we are concerned with the system of conservation laws
(2.6) U+ 0, [F,(U)] =0,

which we term Baiti-Jenssen system. Two remarks are here in order. First, (Z.3]) is exactly system
(3.11) in [5] provided that we choose € = 7, g(v) = v?, a(v) = v, b(v) = v — 2, ¢ = 4. The reason
why we only consider a particular representative of the class of systems considered in [5] is because
we want to simplify the analysis and the exposition. Indeed, some parts of the proof of Theorem
are already fairly technical and we have decided to keep the rest as simple as possible. However,
we are confident that our argument can be extended to much more general classes of systems.

Second, the celebrated existence and uniqueness results [I5] 8] mentioned in the introduction
imply that there are constants C' > 0 and § > 0 such that, if Uy is a compactly supported function
satisfying

TotVar Uy < 6,

then the Cauchy problem obtained by coupling (2.6) with the condition U(0,-) = Uy has a unique,
global in time admissible solution which satisfies

TotVar U(t,-) < C TotVar Uy, for every t > 0.

In principle, both § and C' depend on 7. However, by looking at the proof of the convergence of
the wave front-tracking approximation one realizes that C' and ¢ only depend on bounds on F;, and
its derivatives of various orders. Since all these functions are uniformly bounded in 1 €]0, 1], then
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we can choose C and J in such a way that they do not depend on 7. In the following, we will let n
vary but we will always assume that the function U attains values in the unit ball, namely |U| < 1.
This will be a posterior: justified because we will choose a compactly supported initial datum with
sufficiently small total variation.

2.2.2. FEigenvalues and wave fan curves. We now recall some features of system (23] and we refer
to [3, pp. 841-843] for the proof. First, the eigenvalues of the Jacobian matrix DF, (U) are

27 MU =2pw—(v-2u] -4 < XNU)=20 < MNU)=2n[w-—vu|+4.
Note that

(2.8) —6<)\1(U)<—g<—2<)\2(U)<2<3<)\3(U)<5 if\U]<1andO§n<i
and hence in particular

(2.9) M@, P, Ps(0)] <6 i [U] < 1and 0 < n < i

Note that (Z8) implies that the system is strictly hyperbolic if |U| < 1 and 0 < n < 1/4. Note
furthermore that 2 is a Lipschitz constant of each eigenvalue if |[U| < 1 and 0 <n < 1/4. The first
and the third right eigenvectors are

1
(2.10) _’1(U) =10 and Fg(U) = 0 5
v v—2
respectively. The explicit expression of the second eigenvector is not relevant here. Note however
that the assumption of genuine nonlinearity is satisfied since

(2.11&) V)\l(U)Fl(U) :4’1’/>0, V)\Q(U)'FQ(U) =2>0
and
(2.11b) V)\;J,(U) : 773(U) = —4n < 0.

Note that (2.I1D) implies (L3) provided that we change the orientation of 73. Owing to (210,
the 1- and the 3-wave fan curve through U = (1,9, w) are straight lines in the planes v = v. More

precisely,
oc+u
(2.12a) Dilo; U] = v =U+or(U) =U + o7 (v),
Vo +w
T+ u
(2.12b) Ds[r; U] = v =U+773U) = U + 773(0).
(v-=2)T+w

Owing to (ZIT]), we have that

e if 0 < 0, then U and D;o; (4,9, w)] are connected by a 1-shock. If ¢ > 0, then U and
D7 [o; (u,v,w)] are connected by a 1-rarefaction wave.

e if 7 < 0, then U and Ds|o; (u,9,w)] are connected by a 3-rarefaction wave. If 7 > 0, then
U and Dj3[o; (i, v,w)] are connected by a 3-shock.

To understand the structure of the second wave fan curve through U we use the following simple
observation, which for future reference we state as a lemma.
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Lemma 2.1. Assume that U = (u,v,w) is an admissible solution of the system of conservation
laws (28). Then the second component v is an entropy admissible solution of the scalar conservation
law

(2.13) Oyv+ 0, [v*] =0.

Proof. Lemma [2.]] was used in [5], but we provide the proof for the sake of completeness. Owing
to the analysis in [6] (see in particular Theorem 1 and § 15 in there), the admissible solution U can
be recovered as the unique limit € — 07 of the second order approximation

Oy Uz + 0y [Fy(Uz)] = 02, U..

We then conclude by considering the second component and recalling that the entropy admissible
solution of a scalar conservation law is the unique limit of the vanishing viscosity approximation

(see [14] § 6.3]). O

By combining ([2.I1]) with Lemma 2] and by recalling that the flux in ([2I3) is convex we
conclude tha we can choose the parametrization of Dy in such a way that

e if s < 0, then U and Ds[s, U] are connected by a 2-shock and the second component of
Dy[s,U]is v+ s <

e if s > 0, then U and Ds[s, U] are connected by a 2-rarefaction wave and the second com-
ponent of Dy[s, U] is ¥ + s > .

3. PRELIMINARY RESULTS CONCERNING THE BAITI-JENSSEN SYSTEM

This section concerns the Baiti-Jenssen system (2.6]). It is divided into two parts:

o In §B.1] §B.2 §B3and §B.4 we discuss interaction estimates for the Baiti-Jenssen system.
More precisely, in § B], § we recall some analysis from [5]. In § we state a new
version of a result established in [5]. The proof is provided in the companion paper [I1]. In
§ B4 we go over a new interaction estimate established in [IT].

e In § 3.5l we discuss new results concerning the solution of the Riemann problem in the case
when the left and the right states satisfy suitable structural assumptions.

Both parts will be used in §[Blin the analysis of the wave-front tracking approximation of a general
class of Cauchy problems.

3.1. Analysis of 1-3 interactions. In this paragraph we consider the interaction between a shock
of the first family, i.e. a 1-shock, and a 3-shock. More precisely, we term Uy, Uy, and U, the left,
middle and right state before the interaction, respectively (see Figure[I] left part). In other words,

(3.1) U = D31, Uy, U, = D1[o, Uy

for some 7 > 0, 0 < 0, where D;[-] and D3]-] are given in ([ZI2]).

We now want to solve the Riemann problem between U, (on the left) and U, (on the right). We
recall that the 1- and the 3-wave fan curves are just straight lines in planes where the v component
is constant, see (2I2)). The slope of the lines only depends on v. This implies that the 1- and the
3-wave fan curves commute and the solution of the Riemann problem between U, (on the left) and
U, (on the right) contains no 2-wave. In other words, the following holds. We denote by U], the
middle state after the interaction (see again Figure[I] left part). From BI) we get

(32) Urln - Dl [Ua UZL UT’ = D3[T7 UTI)’L]
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Ty + Tr

Up

Ty
Ty

FiGurE 1. A 1-3 interaction (left) and a 3-3 interaction (right). The value of v is
constant across each interaction

3.2. Analysis of 1-1 and 3-3 interactions. Owing to the particular structure ([212]) of the 1-
and 3-wave fan curves, the incoming shocks in 1-1 interactions and 3-3 interactions simply merge.
In particular, no new wave is produced. More precisely, we have the following: we focus on 3-3
interactions and we refer to Figure [I] for a representation. We term Uy, U,, and U, the left, middle
and right state before the interaction, respectively. In other words,

Un = Dg[Tg, Ug], U, = D3[7—r, Um]

for some 74, 7 > 0. Owing to (ZI2), we have U, = Ds[ry + 7, U] and hence the only outgoing
wave is a 3-wave. The analysis of 1-1 interactions is completely analogous.

3.3. Analysis of 1-2 and 2-3 interactions. In this paragraph we explicitly discuss the interaction
of a 1-shock with a 2-shock. The analysis of the interaction of a 2-shock with a 3-shock is completely
analogous. Lemma Bl below can be loosely speaking formulated as follows: if n and the strength of
the incoming shocks are sufficiently small, then the outgoing waves are three shocks (and hence, in
particular, no outgoing wave is a rarefaction). Also, we have a bound from below and from above
on the strength of the outgoing shocks. Note that a result similar to Lemma Bl is established
in [5]: the novelty of Lemma Bl is that we have a more precise estimate on the strength of the
outgoing 3-shock, compare the left part of ([B.6]) with [5 eq. (5.9)]. Also, in the case of Lemma B.1]
we restrict to data with small total variation. The proof of Lemma [B1]is provided in [IT] and is
based on perturbation argument: one firstly establishes Lemma Bl in the case when n = 0 and
then considers the case > 0.

To give the formal statement of Lemma B.I] we introduce some notation. We term U, U,, and
U, the left, middle and right state before the interaction, respectively. See Figure 2 left part, for
a representation. In other words,

(3.3) U = Da[s, Uy, U, = Di[o,U,,] for some s <0, 0 <0.
Also, we denote by U/, and U/ the new intermediate states after the interaction, namely
(34) Ur/n = Dl[o-la Uf]a UrI){L = D2[SI’ Ur/n]’ Up = D3[T’ Ur/rll]

for some o/, s’ and 7 € R. Here is the formal statement of our result.
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FIGURE 2. A 1-2 interaction (left) and a 2-2 interaction (right).

Lemma 3.1. Assume that B3) and [B4) hold. Then
(3.5) s =s.
Also, there is € > 0 such that the following holds. If |Uy|, |s|, |o| < 1/4 and 0 < n < g, then

1
(3.6) —2lo| <o’ < —|12| and 10057 <7 < 10s0.

3.4. Analysis of 2-2 interactions. In this paragraph we state a result from [II] concerning the
interaction between two 2-shocks. As usual, we term Uy, Uy, and U, the left, middle and right state
before the interaction. We refer to Figure [ right part, for a representation. Lemma can be
loosely speaking formulated as follows. Fix a constant ¢ > 0 and assume that Uy, U,, and U, are
all sufficiently close to some state (a,0,—a). Then the outgoing waves are three shocks.

The proof of Lemma is given in [II] and it is divided into two parts: we firstly establish the
result in the case n = 0 by relying on the explicit expression of the 2-wave fan curve. We then
extend it to the case n > 0 by using a perturbation argument.

Here is the formal statement.

Lemma 3.2. There is a sufficiently small constant € > 0 such that the following holds. Fiz a
constant a such that 0 < a < 1/2 and set U* := (a,0,—a). Assume that

’UZ_UM < ea, 31732<07 ’31’7 ‘82’<8a7 OSTIS&@

Assume furthermore that
U, =Dy [827D2[81, UZ]}-
Then there are o < 0 and 7 > 0 such that

(37) U, = Ds |:T,D2 [81+52,D1[0', Ug]]] .

3.5. The Riemann problem with well-prepared data. In this paragraph we discuss the struc-
ture of the solution of Riemann problems with “well-prepared” data. The main and most general
result of this section is stated in Lemma [B.4] below: under suitable and general structural assump-
tions on the constant states U~ and U™, which we express in the form of averages, the solution of
the Riemann problem is obtained by juxtaposing three shocks and hence, in particular, it contains
no rarefaction wave. Since the statement of Lemma B4 is a bit cumbersome, we first deal with
particular and simpler cases in Lemmas B3] and 3.4 below. In § B3] we will use all these results to
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discuss the wave-front tracking approximation of the initial datum for a general class of Cauchy
problems.

Lemma 3.3. There is 0 < ¢ < 1 such that the following holds. Fiz Ur € R® such that |Ur| < 1/2.
Let 711, To5 and 737 be the vectors

(38) _)1[ = ’Fl(U[), ’FQ[ = FQ(U[), ’FQ[ = Fg(U[)

IfU, Ut € R® satisfy

(3.9) U~ Uy <&
and
(3.10) Ut — U™ + b1 + biay — bityy| < &b

for some 0 < b < g, then the following holds. There are 7,0 and s such that

(3.11) 0<7<2bh, —-2b<o<0, —-2b<s5<0
and
(3.12) U+ = Dy [T, Dy[s, Dy[o, U‘]H.

Proof. First, we point out that, if € is sufficiently small, then (3I0) implies that
(3.13) Ut — U™ = —bi711 — barfar + bsiar

for some by, by, b3 satisfying

(3.14) %b < by, by, b3 < gb.

Next, we use the Local Invertibility Theorem and we determine 7, s and o satisfying (3.12)). Owing
to the regularity of the inverse map, we can infer from (3I3) and (BI4]) that

(3.15) lo| + |s| + |7| < Cb.

Here and in the rest of the proof, C' denotes a universal constant. The precise value of C' can vary
from line to line. Next, we recall that the wave fan curve D satisfies (2.12]) and we introduce the

notation

(3.16) U, =Dio,U | =U +0of(U)=U +oi+ a[fl(U—) - m}.

Also, we term

(3.17)  U" = Dols, U] = U’, + say + s|i(U",) — Fy] + [Dz[s, U] -U, - SFQ(U,;)]
By using (3.12) and the explicit expression of the wave fan curve D3 (see (2.12])) we arrive at

(3.18)
Ut=uU" + o711 + STor + 7731
o [F(U7) = 7| + [ (UL) = For| + [Dals, Up] = Up, = s7a(Up)] + 7[7(Un) — 7t

~~

R(o,s,7,U"7)
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We recall that 75(U),) is the derivative dDs[s,U),]/ds computed at s = 0. By using (3.3), (313),
we obtain that the rest term R can be controlled as follows:
IR(0,5,7,U)| < Cb(e +¢) + Cb* + Che

3.19
( ) < Cbe.

To establish the last inequality, we use the assumption that b < e. Next, we compare (B.I]])
with (BI3]) and by using (B.I9) we deduce that

|b1+0|+|b2+8|+|b3—’r|<C€b.

Owing to (3.I4)), this implies (BI1I]) provided that e is sufficiently small. The proof of the lemma
is complete. [l

We only sketch the proof of the following lemma because it is similar to Lemma B3l Note,
furthermore, that Lemma [3.3] can be recovered from Lemma [3.4] by taking the limit & — 0F.
However, we decided the give the complete statement and proof of Lemma B3] to highlight the
basic ideas underpinning Lemmas B4 and

Lemma 3.4. There is 0 < & < 1 such that the following holds. Fiz U; € R® such that |Uj| < 1/2.
Let 711, a1 and 731 be the same vectors as in [B.8]). Assume that Ur,U~, V=, Ut € R3, and b, & € R
satisfy the following conditions: formula [B9) holds and moreover

b
(3.20) |V*—U*|<fg, 0<b<e, 0<E&<Veb
Assume furthermore that
(3.21&) either ’U+—U_ —Dl[—g,V_]+V_+bF11+bF2[—bF3[] <b/4
(3.21b) or ’U+—U_—DQ[—§7V_]+V_+b7?1[+b7?2[—b7?3[’ <b/4
(3.21(3) or ’UJF—Uf—D3[£,V7]+V7+b7?1[+b7?2[—b7?3[’<b/4.

Then BI2) holds for some T, o, s such that

(3.22a) 0<7<2h, —-2b<s<0, —20—&E<o0<—€ if B2Ia)) holds
(3.22Db) 0<7<2bh, —20—E&E<s<—¢ —-2b<o<0 if (B.21D)) holds
(3.22¢) E<T<E+2, —20<s5<0, —-20<0<0 if B2Id) holds.

Proof. We only consider the case when (B.2ID]) holds since the analysis of the other cases is analo-
gous, but simpler. We first rewrite (3.21D) as

(3.23) Ut —U + bR (U )+ b+ U ) = bis(U™) + Ry (€, U, U, v—)( < b/4,
where the term R; is defined by setting
Ri(b,€, U, U, V") ::b[@l - FQ(U*)] n b[FH - Fl(U*)} bl — Fg(U*)}

= [Pl V=V (V)] + ¢ [RvT) - W)
Owing to (B.9) and (B:20), it satisfies
(3.25) IR1(b,&, U, U, V)| < Ceb+ C& + CEV™ —U | < C/eb

(3.24)
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Here and in the rest of the proof, C' denotes a universal constant. Its precise value can vary from
line to line. Next, we use the Local Invertibility Theorem to determine 7, s and o satisfying (3.12]).
Owing to the regularity of the inverse map, we have

(3.26) lo| + |s| + || < C(b+€).

We define U], and U/’ as (B.I6]) and (BI7) and by arguing as in the proof of Lemma B3] we conclude
that (B12) implies
U+ =U" + UFl(U_) + SFQ(U_) + T773(U_)

(3.27) +s|m(U) — (U~ )} + [Dg[s U]~ U — siy(UL, )] +T[r3(U/,) *(U—)]

Ra(o,s,7,U7)
By using ([3.28) we obtain
(3.28) |R2(0,8,7,U7)| < C(b+ )
Finally, we compare ([8.23]) and [B.27) and we use [8.25]) and [B28) and we obtain
(3.29) o+ b +|s+b+& +|7—b <b/d+CVeb+Cb+ €)%
By using the inequality £2 < &b, we eventually arrive at (3.220). O

By arguing as in the proof of Lemma[3.4], we establish the following result. Note that Lemmas
and 3.4l can be both recovered as particular cases of Lemma

Lemma 3.5. There is 0 < € < 1 such that the following holds. Let m be a Borel probability measure
on R. Fiz Uy € B3 such that |Uj| < 1/2. Let 711, ¥a; and 731 be the same vectors as in (38). Fiz
U~, Ut € R and assume that

(3.30) U™ —Uf|l <e.
Assume, furthermore, that the the functions
ViR R,  b,6,6,8:R— [0, +oof.
satisfy the following conditions for m-a.e. z € R:
(3.312) 0<b(z)<e,  0<&(z) <yeb() fori=123
(3.31b) [61(2) + &) + &(2 >}| “(2) = U] < VEb(2).
Finally, set
a1 b= [HinG), 6= [GEme). G- [ GEane). &= [ EEdne)

and assume that

Ut —uU- — /R {D3 [gg(z),DQ [~ &(2), Di[-&(2), ?*(z)]}] - V*(z)} dm(z)

+ b g+ biyy — ngI‘ < b/d.

(3.31d)

Then (BI2) holds for some T, o, s such that
(3.32) —2b—¢& <o < =€, —2b—§& < s < =&, &3 <71 < &34 2b.
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4. CONSTRUCTION OF THE COUNTER-EXAMPLE

In this section we start the construction of the set of “bad data” 95 as in the statement of
Theorem [[L21 In other words, we want to construct 8 in such a way that i) B is open in the S(R)
topology and ii) for every initial datum in B the solution of the Cauchy problem develops infinitely
many shocks in a compact set. Loosely speaking, we will construct 28 as a ball (in a functional
space) centered at a particular function. What we actually do in this section is hence to construct
an initial datum U satisfying the following requirements: first, the solution of the Cauchy problem
with initial datum U develops infinitely many shocks. Second, this behavior is robust with respect
to sufficiently small perturbations in the Sobolev space W1 (RR). As we will see in §[5.8 this is the
key step to establish Theorem To construct U we proceed according to the following steps.

§ LTt we go over the construction of a wave pattern with infinitely many shocks. This construction
is basically the same as in [5].

§ L2 we show that this wave pattern can be obtained from a Lipschitz continuous initial datum.
However, this does not conclude the construction of U. Indeed, at the beginning of §
we explain that in principle it it may happen that, if we take a very small perturbation of
the initial datum, the solution of the Cauchy problem does no more develop infinitely many
shocks. In other words, the wave pattern constructed in § 1] and § 2] is not robust with
respect to perturbations.

§ 3t we modify the construction given in §[ETland in §L.2in order to make it robust with respect
to perturbations. We eventually obtain an initial datum U and Proposition 4] states that
the solution of the Cauchy problem with initial datum U develops infinitely many shocks
and that this behavior is robust with respect to sufficiently small W' perturbations. The
proof of Proposition [£4] is provided in § Bl

In the rest of the present section we always assume that the parameter n in ([Z3)) is sufficiently
small to have that Lemma Bl applies.

4.1. A wave pattern with infinitely many shocks. In this paragraph we exhibit a wave pattern
containing infinitely many shocks. The construction is basically the same as in [5], however we recall
it for the reader’s convenience .

Lemma 4.1. Fiz ¢ > 0 and assume that Uy, Uy, Upp € R3 satisfy the following properties:

i) the state Ut satisfies |Ur| < 1/8 and the solution of the Riemann problem between Ur (on
the left) and Uy (on the right) contains 3 shocks and the strength of each shock is smaller
than 1/64.

ii) The solution of the Riemann problem between Uy (on the left) and Upr (on the right)
contains 8 shocks and the strength of each shock is smaller than 1/64.

iii) The following chain of inequalities holds true: vy > vy > vyy.

Then the admissible solution of the Cauchy problem obtained by coupling (2.6)) with the initial datum

U x<—q
(4.1) W(z):=¢ Us —q<z<gq
Unm ©>q.

contains infinitely many shocks.
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—-q q

FIGURE 3. The solution of the Cauchy problem obtained by coupling system (2.6])
with the initial datum (£I)

We refer to Figure [3] for a representation of the wave pattern contained in the solution of the
Cauchy problem obtained by coupling (2.6]) with the initial datum W.

Proof. First, we observe that, owing to property (i) in the statement of Lemma [A.T],
(4.2) speedy[Ur, Ugr] = vr + v > v + vy = speeds [Urr, Uy

In the previous expression, we denote by speeds[Ur, U] the speed of the 2-shock in the solution of
the Riemann problem between U; (on the left) and Uy (on the right). In other words, the 2-shock
that is generated at the point (¢,2) = (0, —q) is faster than the 2-shock that is created at the point
(t,z) = (0,q) (see Figure [3).

Next, we observe that the first interaction that occurs is the interaction between the 3-shock
generated at * = —q and the 1-shock generated at z = ¢, see again Figure Bl Owing to the
analysis in § 3.1l those two shocks essentially cross each other and, most importantly, no 2-wave
is generated. After this interaction, the 1-shock generated at z = ¢ interacts with the 2-shock
generated at x = —q. Owing to Lemma ] this interaction produces three outgoing shocks and
the speed of the outgoing 2-shock is the same as the speed of the incoming 2-shock, which is the left
hand side of ([A2). Also, the new 1-shock generated at this interaction will hit at some later time
the left 2-shock: owing to Lemma Bl this interaction produces three outgoing shocks. The new
3-shock will then interact with the right 2-shock, producing three outgoing shocks. This mechanism
is repeated infinitely many times between ¢ = 0 and the time ¢ = T at which the 2-shocks generated
at © = —q and x = ¢ interact, namely

~ 2
(4.3) 7=
vr —vnr
Note that, in general, owing to the nonlinearity, it may also happen that for instance two 3-shocks
interact at some point on the right of the right 2-shock. However, owing to § B2l these two shocks

simply merge and no 2- or 3-waves are generated. O
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4.2. Shock creation analysis. This paragraph aims at showing that the wave pattern in Figure Bl
can be exhibited by a solution starting from a Lipschitz continuous initial datum. More precisely,
we establish the following result.

Lemma 4.2. There is a sufficiently small constant € > 0 such that the following holds. Fiz ¢ = 20,
and Uy € R such that |Uy| < 1/2. Let w € R satisfy 0 < w < & and let Uy and Uy be the states
defined as follows:

(4.4a) Ui :== D3 |:w7 Dy [ —w, Di[~w, UI]H
and
(4.4b) Unr := D3 |:wa Dy [ —w, Di[~w, UII]H

Then the states Uy, U and Uy satisfy the hypotheses of Lemma [ Also, there is a Lipschitz
continuous initial datum such that the solution U of the Cauchy problem obtained by coupling (2.0])
with this initial datum satisfies U(1,x) = W (x), where W is the same as in ([@I).

The fact that the states Uj, Uy and Uy satisfy the hypotheses of Lemma E] follows from the
remarks after formula (ZI2), so we are left to prove the second part of the lemma. The proof is
organized as follows. Since we will use the notion of compression waves in § 21l we briefly go
over this notion for the reader’s convenience. In § 22 we give a technical lemma. In § L23 we
eventually complete the proof of Lemma

4.2.1. Compression waves. Consider a general, strictly hyperbolic system of conservation laws (ILT]).
We term R;[s, U] the integral curve of 7; passing through U, i.e. the solution of the Cauchy prob-
lem (Z2]). Assume that the i-th characteristic field is genuinely nonlinear, say VX;(U) - 7(U) > 0
for every U. Let U := R;[s, U] for some negative s < 0 and observe that the function

U r < )\Z(U)t
(4.5) Uew(t,z) =< Ri[s, U] x = N(Ry[s,U])t, s <s<0
U x> M)t

is a smooth solution of the conservation law on | — 0o, 0[xR and at ¢t = 0 it attains the values

U <0
U(O,x):{ U >0

We term the function Uy, defined as in ([L3]) a compression wave. Loosely speaking, compression
waves can be regarded as the backward in time analogous of rarefaction waves.

4.2.2. A technical lemma. First, we make a remark concerning the structure of the integral curves
Ry, Re and Rj3 of system (23]). Owing to (ZI0), we have the equalities

(4.6) Ry[o,U] = D1[o, U], R3[r,U] = D3|r,U].
The proof of Lemma is based on the following result.

Lemma 4.3. Assume that the hypotheses of Lemma [{.9 are satisfied and that Uy and Upy are
defined by ([@A). If the constant ¢ in the statement of Lemma[]-3 is sufficiently small, then

(4.7a) Un == D1 [O',Rz (s, D3|, UIH]
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1 1 1

for some T > -w, s < —=w and 0 < ——w. Also,
2 2 2

(4.7b) U[[[ = D1 |:0'*,R2 [8*,D3[T*,U[[H]

1 1
for some T > 3w s* < 5w and o < 5w

Proof. We only give the proof of ([Tal), since the proof of (ALT7h) is entirely analogous.

We basically proceed as in the proof of Lemma B3l First, we point out that (£4]) implies that
|Ur — Upr| < Cw < Ce. Here and in the rest of the proof C' denotes some universal constant. Its
precise value can vary from line to line.

By using the Local Invertibility Theorem, we infer that the values of 7, s and ¢ are uniquely
determined by imposing (£T7al). Also, we have

(4.8) I7| + |o| + |s| < Cw.

1 1 1
We are left to prove that 7 > oW S < 5@ and o < 5w We introduce some notation: we define

the states U’ and U’ by setting
U':= Difw,Uf], U= Dy[r,Uj].
By using (44 we infer
U = Da|—w,U'] + wiz(vp)

= U= wip(U) + { Dol -, U") = U" + wi(U") } + wiy(om)
(4.9) = Ur —wii(vr) — wia(U') + {Dg[—w, Ul-U"+ wﬁ(U')} + wi(vr)

= Ur — wry(vy) — wia(Ur) + wrz(vr)

+ {7 Un) = 72U} + { Do, U") = U + win(U) } + w{ s (om) = 7a(on) }.
Note that
(4.10) w(fz(UI) - fz(U')( n (Dz[_w, U - U + wFQ(U')‘ + w‘f'g(vn) - Fg(vf)( < Cw?,
By using (4.7a) and by arguing as before we obtain
Unr = Ur + 773(vr) + s7(Ur) + 07 (vr)
+ S{FQ(Q') - FQ(UI)} + {RQ[S,QI] -U - SFQ(Q/)} + 0{771(1)11) - 771(1)1)}7

where, owing to (L),

(4.11)

(4.12) ‘S{FQ(QI) — FQ(U[)}‘ + ‘RQ[S,QI] — Ql — SFQ(Q/)‘ + ‘0’{771(1)[[) — 771(?)[)}‘ < Cuw?.
By comparing (£9) and (@I and recalling (£I0) and (AI2]) we obtain that
|7 — w| + |s + w| + o + w| < Cw?.

1 1 1
Since w > 0, this implies that 7 > §w, s< ——wand o < —§w provided that e (and hence w) is

sufficiently small. O
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4.2.3. Proof of Lemma[}.-3 We are now ready to complete the proof of Lemma

We fix w > 0 and U; € R®, |U;| < 1/2. We term Uy and Upy the states satisfying (4).
We determine the values o, s, 7, o*, s*, 7* by using ([£Ta) and (£L7D), respectively. Owing to
Lemma (3] we have that o < 0, s < 0 and 7 > 0 and hence we can define the function U(t,z) by
“juxtaposing” six compression waves like ([L5]). More precisely, we introduce the following notation:

(4.13) U' = Ds[r,Uf], U":=Re[s, U], U":=Ds[r",Un], U™ := Ry[s",U"]
For ¢t € [0,1) we define the function U(¢,x) by setting

Ur x <—q+X3(Up)-(t—1)
Dsls,Ur]  if thereis 0 < ¢ < 7: r =—q+ X3(Dsls,Uyg]) - (t—1)
v —q+XU)-(t-1) < z <—g+2U) (t-1)
Ro[c,U']  if thereis s < ¢ < 0: r =—q+ (R, U']) - (t—1)
u” —q+ XU t-1)< z <—q+MU") - (t-1)
Di[s,U"] if there is 0 < ¢ < 0: r =—q+M(Di[s,U"])-(t—1)
(4.14) U(t,.%') = U —q + )\1(UH) . (t — 1) < x <q-—+ Ag(U[[)(t — 1)
Ds[s, U] ifthereis0<¢<7*: a =q+ A3(Dsls,Ur]) - (t—1)
u* g+ AU - (t-1) < z <qg+XU)-(t-1)
Rols,U*]  if there is s* < ¢ < 0: r =q+ (R, U"]) - (t—1)
u~ g+ XU™)-(t-1)< z <g+MU™) (t-1)
D[, U™] ifthereiso* <¢<0: x =g+ M(D1[s,U"])-(t—1)
L Umr v >q+MUm)) (t—1)

Note that the above function is well defined because
)\1(UH) . (t — 1) —q < Ag(U[[)(t — 1) +4q.

Indeed, ¢ = 20 > 12 by assumption and |A\1(Ur)|, [A3(Urr)| < 6 owing to ([2Z9).
Note furthermore that U(t,z) is a locally Lipschitz continuous function on [0, 1[xR and that
U(1,z) = W(x), where W is the same functions as in (£.I). This concludes the proof of the lemma.

4.3. A more robust initial datum. We firstly introduce our analysis with some heuristics. The
analysis in the previous paragraph shows that if the initial datum is given by the same Lipschitz
continuous function U(0, ) as in (@I4), then the solution of the Cauchy problem exhibits a wave
pattern like the one in FigureBland hence, in particular, develops infinitely many shocks. However,
the above behavior is not robust with respect to perturbations of U(0,-). The main obstruction
that might prevent the formation of infinitely many shocks is the following. We recall that the
strength of the shocks generated at time t = 1 at the points x = ¢ and x = —q is small, more
precisely it is of the order w < 1. By applying the second interaction estimate in ([B.6]), we conclude
that the strength of the 1- and 3-shocks bounced back and forth between the two 2-shocks is weaker
and weaker as one approaches the intersection point between the two 2-shocks, i.e. the tip of the
triangle in Figure Bl This means that, no matter how small a perturbation wave is, if it hits the
triangle at a point sufficiently close to the tip it might happen that the perturbation is bigger than
the shocks it meets. This might prevent the formation of infinitely many shocks because it might
happen that the perturbation annihilates the shock it meets.

In order to make the initial datum more robust with respect to perturbations we add to U(0,-)
the function ¥ defined in § 321 which is monotone in the direction of the eigenvectors. Very
loosely speaking, the heuristic idea underpinning this construction is that in this way only shocks
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come into play, and no rarefactions. This is made rigorous in § [l by considering the wave-front
tracking approximation of the solution: we prove that the presence of the function ¥ implies that
at ¢ = 0 the wave-front tracking approximation contains only shock waves. This will be the first
step in the analysis that will allow us to conclude that the solution of the Cauchy problem develops
infinitely many shocks, and that this behavior is robust with respect to perturbations.

We are left to make one last remark: by looking at the explicit expression of U we realize that
there are three compression waves that interact at the point (¢,2) = (1, —¢) and other three that
interact at the point (t,z) = (1,q). In § 31 we modify the datum U(0,-) by distancing the
compression waves one from the other. Loosely speaking, this will imply that the corresponding
shocks will form at time ¢ = 1 and then they will interact at some later time. This will simplify the
perturbation analysis because it will rule out the possibility that the compression waves interact
with each other before the corresponding shocks have formed.

This paragraph is organized as follows:

§ 3T we modify U(0,-) by distancing the compression waves one from the other.

§ 32 we construct the function W “monotone in the direction of the eigenvectors” .

§HE33t we eventually define the initial datum U in such a way that the solution of the Cauchy
problem develops infinitely many shocks and that this behavior is robust with respect to
perturbations. See Proposition .41

4.3.1. Compression waves separation: definition of V. We firstly introduce some notation. We fix
a sufficiently large p > 0 (its precise value will be discussed in the following, see ([A.20€)), we recall
that the parameter ¢ = 20 is the same as in the statement of Lemmas [£.1] and and we set

(4.15a) q:=q-+3, p:=q—3.

We also introduce the following notation:

Ry =] — p,—q — Ns(UD)], N} =] —q - A3(Ur), —q — M(U)];
Ry =] —q - A(U), —g — 2(U)] R} =] — g — W), —¢ — M(U")],
R =] —q—2U"), —p - M (U")], Ry =] —p— M (U"), —p - M(Un)],
(4.15b) R =] —p = M (Un),p — A3(Un)], R} :=lp — A3 (Un), p — A3(U7)],
R =lp = A3(U7), ¢ — A (U7)] RY =]g — Aa(U"), g — A (U],
R =lg — U™),q - (U™, Ry =]q — A\ (U™),q — M (Um)],

R, :=|q — M (Um), pl

We also define the open sets R, and R, by setting

(4.15¢) Re = R UR, UR] UR,, UR, UR, URY
and
(4.15d) Ry = REURTUR URSURZURL,

respectively. To give an heuristic interpretation of the above notation we point out that, if we had
q = p = q, then the intervals in (£I5]) would be the same as in the right hand side of ([@I4). In



A COUNTER-EXAMPLE TO THE REGULARITY OF SYSTEMS 21

particular, we would have that the function U(0, ) is constant on PR, and has a nonzero derivative

on Ry,.
w2 m! oW w2 m R,
R "W |, WOR R R
—p p
—q—>\3( )/ Q*)\l(U )
- \3(U) Cl - M (U™)
q Ao (U") — A (U™)
—q—X(U") q — A (U")
—p—M(U") —p—M(Un) 3(Urr) p—A3(U")

FIGURE 4. Intervals defined in Equations (LI5])

To construct the function V', we fix the parameters ¢ and w and we set
(4.16) Ur = (4,0,-9).

We determine the values o, s, 7, o*, s*, 7 by using ([@Tal) and (LTh), respectively. Finally, we
determine U’, U”, U* and U** by using [EI3). We now define the function V :] — p, p[— R? in

such a way that V is a 3-compression wave on 9“{3 U M3, a 2-compression wave on 9“{% UMR? and a

()

1-compression wave on 9“{% URL. More precisely, we set

Ur x € Ry
Dsls,Ur] ifthereisO<sc <7 2z =—q— A3(Dsls,Ur))
U’ r €N
Ro[s,U'] ifthereis s<¢<0: z =—q— X(Ras,U'))
U e 9{/@/
Di[s,U"] ifthereisoc <¢<0: x =-—p—\(Dis,U"])
(4.17) V(.’E) = U T € Ry,
Dsls, U] if thereis0 <¢ < 7% x =p—A3(Dsls,Ur])
ur x € R,
Rols, U] if thereis s* <¢ < 0: x =q— \(Ra[s,U"])
u zeNR!
Di[, U] if thereis 0" <¢<0: = =q—A(Di[s,U™])
L U r € R,

Note that if we had q = p = ¢, then V would coincide with the function U (0, -) defined as in (@.I4]).

4.3.2. Monotonicity in the direction of the eigenvalues: definition of ¥. We fix the parameters
. > 0 and ¢, > 0 and we define the function ¥ :] — p, p[— R? by requiring that ¥(0) = 0 and that

- c_) - c_) c_) if Gf-)%c
(418) \I[/(x) = { Crll CTQI +C Tg[ I

—CwT1 — CuwTar + Cuiar  if x € Ry,

In the previous expression, we used the notation 71y = 71 (Uy), 7or = 72(Ur) and 7351 = 75(Uy).
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X

/ol N/ N\

" R W, w2 R R now R W R R,

r

FIGURE 5. The solution of the Cauchy problem with initial datum the function V'

defined as in ([@I7)

4.3.3. Definition of the initial datum U. We now define the Lipschitz continuous function U:R— R
by setting

B o (2) T < —p
(4.19) Ux):=q V(z)+¥(z) —p<z<p
Ot () x> p.

In the above expression, the function V' is as in (£I7]), the function W is defined in § [£3.2] and the
functions @, ®* : R — R3 are Lipschitz continuous and defined in such a way that the function U
is continuous and compactly supported. We also require that each component of ®~(x) and ®*(x)
is monotone.

We can now state the main result of the present section. Proposition 4] below states that

i) the solution of the Cauchy problem obtained by coupling (2.6 with the initial datum
U(0,z) = U has infinitely many shocks;
ii) this behavior is robust with respect to sufficiently small perturbations of the initial datum.

Proposition 4.4. Fiz ¢ = 20. Let 0 < e < 1 and fix the parameters

(4.20a) d0:=¢, (u:i=c¢/2,
(4.20b) ni=¢2, w:i=¢,
(4.20¢) (o=, ri=¢10/2,

Note that by combining the above choices with [E3)) and (E4) we get

~ 20
(4.20d) T=%
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We also require
~ 6
(4.20e) p:=12T 440 =40 3 +1).

Consider the same function U as in (@I9). If the constant € is sufficiently small, then, for every
wmiatial datum Uy such that

(4.21) Uy — Ullyise <1

the admissible solution of the Cauchy problem obtained by coupling system (28) with the initial
datum U(0,-) = Uy has infinitely many shocks in the bounded set |0,2T[x] — 2q, 2q].

The proof of Proposition 4] is the most technical part of the paper and it is given in § B The
main result of the present paper, namely Theorem [[.2], follows as a corollary from Proposition [£4]
see § 6.8l

5. PROOF OF THE MAIN RESULTS

In this section we establish the proof of Theorem and Proposition 4l More precisely, in
§ we show that Theorem follows as a corollary of Proposition [£4l The rest of the present
section is devoted to the proof of Proposition 4l Since the proof is fairly technical and articulated,
we provide a roadmap in § Bl The proof is established in the remaining paragraphs.

5.1. Proof roadmap. In this paragraph we provide the proof outline and we discuss the basic
ideas underpinning the analysis in the following paragraphs.

We start with some heuristic considerations. We recall that the function V : R — R is defined
as in [@I7). The qualitative structure of solution of the Cauchy problem with initial datum V'
is illustrated in Figure by the time ¢t = 1, six shocks have formed. More precisely, moving
from the left to the right there are a 3-shock, a 2-shock, a 1-shock, a large interval where the
solution is constant and then again a 3-shock, a 2-shock and a 1-shock. These shocks interact at
some later time and produce a wave pattern with infinitely many shocks. The initial datum U
is obtained from V' by adding the function ¥ and the perturbation Uy — (7, which is W1 small,
see (£I9), (A21). Loosely speaking, the goal of the following paragraphs is to show that adding ¥
and Uy — U to the initial datum does not affect too much the qualitative structure of the solution of
the Cauchy problem and, in particular, does not jeopardize the formation of infinitely many shocks.
Since computing explicit solutions is prohibitive, we rely on the wave-front tracking approximation.

The proof of Proposition [£4] is organized as follows:

§ 628 We make some preliminary remarks that will be used in the following paragraphs.

§ We introduce the wave front tracking approximation U” (v is the approximation parameter)
of the solution of the Cauchy problem obtained by coupling the Baiti-Jenssen system (2.6])
with the initial datum U (0, -) = Uy satisfying ([£2I)). In particular, we construct a piecewise
constant approximation of the initial datum and we discuss the waves that are generated
at t = 0. A feature that will be very useful in the analysis at the following paragraphs is
that at ¢ = 0 only shock waves are generated. This is the reason why we introduced the
function ¥, monotone in the direction of the eigenvectors, see (LI8)), (AI9) and the analysis
in § and § 331
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§ 6.4 We carry on a qualitative analysis of the waves of the wave front-tracking approximation
U"”. In particular, we split the wave generated at t = 0 in two groups: group A comprises
the waves that will contribute to the formation of six “big shocks” like in the solution of the
Cauchy problem with initial datum V. Group B comprises all the other wave generated
at t = 0, which in the following will be regarded as perturbation waves. In § 5.4l we also
introduce groups of waves generated at interactions occurring at times ¢ > 0. They will
also be regarded as perturbation waves in the following. Note that perturbation waves are
important, even if they are small, because they contribute to the formation of infinitely
many shocks.

§ We establish quantitative bounds on the total strength of the waves belonging to the various
groups introduced in § B4l

§ We eventually establish the results concerning the shock formation, see Lemmas B3] and 541
In particular, we show that the wave front-tracking approximation U" contains six “big
shocks” like the solution of the Cauchy problem with initial datum V', see the discussion
in §

§ 67 We eventually conclude the proof of Proposition 4l In particular, we firstly provide a
bound from below on the number of shock fronts in the wave front-tracking approximation
UV, see Lemma [5.5l Next, we pass to the limit v — 0% and we conclude that the number
of shocks of the limit solution is infinite on a given compact set. The limit analysis relies
on fine properties of the wave front-tracking approximation established by Bressan and
LeFloch [10].

We conclude this paragraph with two technical remarks. First, as pointed out in § 21]in this paper
we use the version of the wave front-tracking approximation discussed in the book by Bressan [g].
This version involves the use of two kinds of procedures to solve wave interactions: the accurate
Riemann solver and the simplified Riemann solver. Whether one or the other is used depends on the
product of the strength of the incoming waves, see the discussion at the beginning of § B.7.I]and the
analysis in [8, Chapter 7| for more detailed information. To simplify the exposition, in § 5.4 § 5.5
and § 5.6l we pretend we always use the accurate Riemann solver. The fact that there are actually
two kinds of solvers is taken into account in § B.71

Second, to simplify the notation in the following we denote by O(1) any quantity which is
uniformly bounded and bounded away from 0, namely there are universal constants ¢,C' > 0 that
satisfy

0<e<O(1) <C.

5.2. Preliminary considerations. In this paragraph we collect various remarks that we will use
in the following. First, we fix &€ > 0 sufficiently small so that Lemmas B1] 321 B3] B4, [£2]
apply. Next, we recall formula ([@20):

vr — v =w p=01)w, T=01)w", w=¢e3 0=¢e,
Cw =€/2, n=e2, C=¢e”, r=¢el%/2,
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This in particular implies
(5.1a) Cow + Cep+1p < ew < e/4¢un
(5.1b) r < el <ew < ely

We will use the above inequalities in the following.
We recall that the intervals Ry, ..., R, are as in (£I5]) and that the function V is defined in (@I7]).
By construction, we have

(5.2) TotVar V < O(1)w
and
(5.3) IV =Utllco <OM)w,  [[Vl]co <O1)(4 +w).

We can infer from estimates (2.11al), (£7al), (AL7h),EI3),(@EI3) and ([£I5d) that the length of R,
is O(1)w because the length of R3, R}, R, R is O(1)wn while the length of R, RZ is O(1)w. Since

¥ (0) = 0, from [@IF), @E20a) and (GI) we get that
(5.4) ¥ ||co < TotVar ¥ < O(1)(uw + O(1){p < O(1)ew.

Also, we recall that each component of ®~ and ® is monotone and that ®~ and ®* both attain
the value 0. This implies that

[®7[|co + [|[ @] co < TotVar &~ + TotVar & < [V(—p) + U(—p)| + [V(p) + ¥ (p)]
(5.5) <|Ui| + |Um| + O1)(Cep + Cuw)
<OM)[0+w+ (ep+ Cuw].
By recalling (£20), (52)) and (&.4) we conclude that

(5.6) TotVar U < O(1)e.
Owing to (E21]), we have
(5.7) Uy — Ul|co + TotVar(Uy — U) < O(1)rp

If Uy satisfies ({21]), which means that Uy is a perturbation of U, then
(5.8) Up(z) = V(z) + ¥(z) + [Ug(x) — U(z)] for every z €] — p, p|.

By the explicit expression of V and by (211 we infer that |V'(z)| < O(1)n~! for every x €] — p, p|.
By using (4I8), (£21)) and (B.8) we arrive at

(5.9) |U{(x)] < O1)n~t  for every = €] — p, pl.
By taking into account (&.3)), (.4]), (E21) and (GII), we infer from ([@20) and (5.8) that
(5.10) Uo(z) = Uil < |Uo(x) = Ul)| + |0 ()| + [V (x) - U]

<r+0)ew+ 01w < O(1)e?  for every x €] — p, pl.
We point out that by estimates (£.20D)), (51al), (52) (4) and (57) one has the bound
(5.11) TotVar Uy < O(1)w < O(1)e?  on ] —p, p]
Since Uy = (9,0, —9), owing to (A20al) we arrive at
(5.12) |Uo(z)] < O(1)e, for every x €] — p, pl.
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Remark 5.1. We point out that the values attained on | — 2q, 2¢[x]0, ZT[ by the admissible solution
of the Cauchy problem are only determined by the behavior of the initial datum on | — p, p[. This
follows by combining our choice ([@20€]) of p with the finite propagation speed, more precisely
with (29]). Indeed, we have
p—2¢>12T > max |N(U)|-2T.
|U|<1,i=1,2,3

In the following, we will only be concerned with the behavior of the initial datum on the interval
] — p, p[. This is justified by the previous considerations and by the fact that we are only interested
in the behavior of the solution on | — 2¢,2¢[x]0, 2T'].

5.3. Wave front-tracking approximation: initial datum. In this paragraph we discuss the
wave-front tracking approximation of the initial datum. We recall that the intervals JRy, ..., R, are

defined in ([£I3)).

5.3.1. Mesh definition. We fix an approximation parameter v > 0 and a mesh size h, > 0. We
require that h, — 07 when v — 07. We choose zff < 2 < --- < ¥, in]— p,p|so that

(5.13a) (1—e)h, <ajy —xy <h, foreveryi=0,...,m, —1.
If h, is sufficiently small, one can as well assume that the extrema of the intervals Ry, ..., R, are
all contained in the set {xg yees ,xfny}. Define the wave-front tracking approximation of the initial

datum by setting

(5.13b) Uy (z) == Up(zY) for x €]zy, x7 [and i = 0,...,m, — 1.
We now describe the waves generated at the grid points xg, ..., z}, by separately considering the

regions Ry, ..., R,.

5.3.2. Waves generated in R, = Ry UR, URT UR,, UR, UR UR,. We only focus on the analysis
of the interval 2Ry because the analysis of the other intervals is entirely similar.
We fix 27 € R, and we consider the Riemann problem between the states

U™ = Tl(ir,{l), U (z) = Up(x¥_1) (on the left), U := il(irll})+ Uy (x) = Up(x}) (on the right).

Claim. If (5Ial) and (BID) hold, then the states U~ ,U",Ur := U satisfy the hypotheses of
Lemma with the choice b= ((x¥ — V)

Proof. Hypothesis ([B.9) in the statement of Lemma follows by (G.I0). Next, we focus on
hypothesis (B.I0). We use (B.8) and we recall that V is constant on each connected component of
R, while W' = ( (=11 — 7oy + 737). This implies that, if b = (.(z¥ — z¥_,), then

@2D
[UT —U_ + by + bar = biar| = [(Uo — U)(a}) — (Uo = U) (@) < r(af —xfy),
which owing to (B.ID) gives inequality (310). O

CONCLUSION: By using Lemma B3], we conclude that the only waves created in the open set
R, are 1-, 2- and 3-shocks. In particular, no rarefaction waves are generated. Moreover, owing
to (B.II) the total variation of all these waves is bounded by O(1)(.p.
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5.3.3. Waves generated in R, = R} URS URZ UR2UR] URL. We only focus on the analysis of
the interval ER? since the analysis of the other intervals is entirely similar. We fix 2} € 9‘{2 and we
consider the Riemann problem between the states

U™ = liTm U (z) = Up(x¥_1) (on the left), U := liim Uy (z) = Up(z}) (on the right).
Claim. Assume that U~,U™" are as at the previous line and that V™~ =V (z¥_;). Let £ > 0 be the
strength of the 3-shock between V= (on the left) and V(z) (on the right), namely

V(zi) = Dsl§, V7]
If b = Cu(x¥ —a¥_,), then all the hypotheses of Lemma [37] are satisfied.

Proof. Hypothesis (39) in the statement of Lemma B.3] follows by (5.I0). Next, we point out that
the condition 0 < b < ¢ is satisfied provided that v is sufficiently small. Indeed, b < O(1)(yh, and
h, — 07 when v — 0F.

To check the other hypotheses, we first recall that z} € 9“{2. By combining the explicit expression
of V ([@I7) with (ZITa) and (ZIIDH) we infer that the derivative of V satisfies V/(x) = O(1)n~L.
This implies that £ = O(1)(z¥ — 2¥_;)n~! and hence that

'ﬁgzmnﬁ@n

Next, we plug (4] and (57) into (5:8) and we get that the first condition in (B.20]) is satisfied:
V™= U] = [W(fy) + Up(afy) = Ulaf_y)| < O1) (Guw + Cep +7)

o1 souk@n<¢§.

To establish the last inequality we used (5.Ia). The condition £2 < eb is satisfied because
& =0()(af — 1)’ > = O(W)hyn~? < b= O(1)eluhs

provided that h, is sufficiently small. Finally, we check that ([8.2Id) holds. We use again (5.8)) and
we recall that ' = (, (=711 — 7oy + 737) on Ry,. By using (£21)) and (B.ID), this implies

U — U™ = D3[&, V7] + V™ 4 bffig + bitos — by |
= [Un(@) = Uo(i_y) = V(2) + V(2i_1) = U(a7) + W(ai_y))|

= [(Uo = U)(@7) = (Uo = U)(xi_y)|<r(ai — aiy) <eb
All the hypotheses of Lemma B.4] are therefore satisfied. This concludes the proof of the claim. [

By applying Lemma B4 and using ([3.22]) we arrive at the following conclusion.
CoNCLUSION: By Lemma [34] the only waves created in the intervals |3, R, 9‘{%, R2 ER% and R}
are 1-, 2- and 3-shocks. In particular, no rarefaction waves are generated.

The total variation of all the 3-shocks generated in the intervals R, ]2 is O(1)w and the total
variation of all the 1 and 2-shocks generated in the intervals ]3, R? is bounded by O(1)¢,wn.

The total variation of all the 2-shocks generated in the intervals /%, :2 is O(1)w and the total
variation of all the 1 and 3-shocks generated in the intervals |2, R? is O(1)(,w.

The total variation of all the 1-shocks generated in the intervals R}, R} is O(1)w and the total
variation of all the 2 and 3-shocks generated in the intervals R}, Rl is O(1)(,wn.
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5.4. Wave front-tracking approximation: qualitative interaction analysis. In this para-
graph we split the waves of the wave front-tracking approximation U into several groups, that
are defined in the following. As we will see in § B.6l and as we pointed out in the proof roadmap
in § 5.0], the waves of group A are the waves that will contribute to the formation of a wave pattern
similar to the one of the solution with initial datum V (see Figure B). The waves of groups B can
be heuristically speaking regarded as perturbation waves.

We now define the groups A, B, Cq, ..., C,,. In §[5.3] we discussed the waves that are generated
at t = 0. In particular, we proved that only shocks are generated at ¢ = 0. We split these waves
into two groups:

e SHOCKS OF GROUP A: group A comprises
— the 3-shocks generated in the intervals 9‘{2 and R and their right extreme;
— the 2-shocks generated in the intervals |2 and 2 and their right extreme;
— the 1-shocks generated in the intervals %} and R! and their right extreme.
We fix a shock i € A. Let V; be its strength, which is defined as in § 21 Due to the
conclusions at the end of § 533] the total strength of all the shocks of group A is O(1)w,
namely

(5.15) > Vi=0(1)w
€A
e SHOCKS OF GROUP B: group B comprises all the shocks generated at ¢ = 0 in the interval
] — p, p[ which are not comprised in group A. In other words, group B comprises
— the 1, 2 and 3-shocks generated in the open interval R;
— the 1 and 2-shocks generated in the intervals R} and R?;
— the 1 and 3-shocks generated in the intervals R? and R?;
— the 2 and 3-shocks generated in the intervals R} and !.
Owing to the conclusions at the end of § and of § 533 the total strength of all these
shocks can be bounded by

(5.16) > Vi < 0(1)(pCe + wlu)-

1€B
We now want to track the evolution of the shocks of groups A and B by discussing their interactions.
For the time being, we do not take into account the fact that in some cases we have to use a simplified
Riemann solver (see §[2.1]). We will take into account the presence of non-physical waves in § 5.7
We separately consider the following cases:

i) We fix two shocks, ¢ and j, and we assume that i is either a 1 or a 3-shock and j is a 2-shock.
Just to fix the ideas, let us assume that ¢ is a 3-shock. In this step, we do not care whether ¢
and j belong to group A or B. Let V; and V; be their strengths and we assume that ¢ and j
interact at some point. By Lemma [B.1] all the outgoing waves are shocks. By definition, we
still call ¢ the outgoing 3-shock and we still call j the outgoing 2-shock. Also, the outgoing
i belongs to the same group (A or B) as the incoming ¢, and the same happens for j. We
say that the outgoing 1-shock is the new shock which is created at the interaction. This
new shock belongs neither to A nor to B: we define a new group C; in the following.

We conclude by recalling some interaction estimates: let V, and VJ'- be the strengths of 4
and j after the interaction. By Lemma B.1], V;- = V). Also, we recall [§, formula (7.31) p.
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ii)

(5.18)

iii)

(5.19)

iv)
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133], which states that
Vi—Vi| < oM)VV;.

Also, [8, formula (7.31) p. 133] implies that the strength of the new shock generated at the
interaction is bounded by O(1)V;V;.

We fix two shocks, i and j, and we assume that 7 is a 3-shock and j is a 1-shock. Owing
to the analysis in § Bl the outgoing waves are a 3-shock and a 1-shock. By definition,
we still call ¢ the outgoing 3-shock j the outgoing 1-shock. We say that the outgoing ¢
belongs to the same group as the incoming 7. The same holds for j. Finally, we recall some
quantitative interaction estimates: we term V; and V;, V/ and VJ'- the strengths of ¢ and j
before and after the interaction, respectively. Owing to the analysis in § Bl

Vi=V, V=V

We fix two shocks ¢ and j and we assume that they are both 2-shocks. We term V; and V;
their strengths and we assume that they interact at some point. We set

a:= 5’ Uﬁ = UI = (5’0a _5), 51 = _Vi, S92 = _V]

and we claim that the hypotheses of Lemma are satisfied. The hypothesis
e |U; — U*| < ea holds owing to (5I0) and to the fact that a = § = ¢ (see (Z20al)).
e 0 <7 < ea is satisfied because 7 = ¢2 owing to (E20h)).
o |s1],|s2] < e are satisfied. Indeed, owing to Lemma [2.1] the maximal strength of a 2-
shock is bounded by the total variation of the v component. The total variation of the
v component at t = 0 satisfies TotVar vg < O(1)e® by (GI1). Since the total variation
of a scalar conservation law is a monotone non increasing function with respect to
time [19], we can conclude that |s1],|s2| < e.
Lemma states then that the outgoing waves at the interaction point are three shocks.
We now separately consider the following cases:
e if 7 belongs to A and j belongs to B, then we term i the outgoing 2-shock and we
prescribe that it still belongs to A. Note that the strength of ¢ after the interaction is
Vi=V;+V;. Weset V; =0, in such a way that

V£+V]/-=Vi+Vj.

e if 4 and j both belong to either A or B, then we proceed as follow. Just to fix the ideas,
assume that 7 is the fastest shock among the two, namely 7 is on the left of j before the
interaction. By definition, we still call ¢ the outgoing 2-shock and we prescribe that it
belongs to the same group (A or B) as the incoming shocks. We also set V; = 0, in
such a way that (219 holds.

In both cases, we say that the outgoing 1 and 3-shock are new shocks generated at the
interaction. Note again that these new shocks belong neither to A nor to B: they will
belong to the group C; defined in the following.

We fix two shocks, ¢ and j, and we assume that they belong to same family, which can be
either 1 or 3. Just to fix the ideas, let us assume that they are both 3-shocks. Owing to the
analysis in § 2] the only outgoing wave is a 3-shock. We separately consider the following
cases:



30 L. CARAVENNA AND L. V. SPINOLO

e if 7 belongs to A and j belongs to B, then we term i the outgoing 3-shock and we
prescribe that it still belongs to A. Note that the strength of ¢ after the interaction is
Vi =Vi+V;. Weset V; =0 in such a way that (5.I9) holds.

e if i and j both belong to either A or B, then we proceed as in case[l). Just to fix the
ideas, assume that i is the fastest shock among the two, namely i is on the left of j
before the interaction. By definition, we still call ¢ the outgoing 3-shock and we say
that it belongs to the same group as the incoming shocks. We also set V]‘ =0, in such
a way that (5.19) holds.

We explicitly stress three properties following from the analysis of cases [l)-ivl) above. First, the
outgoing waves are always shocks. Second, new shocks are only created when the interaction
involves at least one 2-shock. Third, the new shocks created at the interaction are either 1- or
3-shocks, namely no new 2-shocks are created.

We now focus on the new shocks created at interaction points. They can only be 1- and 3-shocks,
since by Lemma 2] and by the definitions in [) and [ above no new 2-shock can arise. We now
collect them into a sequence of groups C,, defined by recursion on m € N.

e GrOUP Cjp: we term C; the group of mew shocks that are generated at the following

interactions:

— between a shock 7 and a shock j both belonging to group A.

— between a shock i belonging to group A and a shock j belonging to group B.

— between a shock ¢ and a shock j both belonging to group B.
As mentioned before, Cq only comprises 1- and 3-shocks. It follows from the analysis in §[3.1]
that if two shocks of group C; interact then either they basically cross each other or they
merge: to label the outgoing waves at the interaction, we proceed as in case[ivl) above. Note
furthermore that, if a shock ¢ € C; merges with a shock j € A UB of the same family, we
term j the outgoing shock and we set V! = 0, V} = V; + V. Hence, the only possibility for
the generation of new waves is the one discussed at the next item.

e Group C,41: we term Cy,4q the group of new shocks that are generated at interactions
between a shock ¢ belonging to group C,, and a 2-shock j belonging to either group A or B.
As mentioned before, C,, only comprises 1- and 3-shocks. At interactions among shocks in
Ci+1 the shocks can basically either basically cross each other or they can merge. In any
case, no new shock is created: to label the outgoing waves at interaction points, we proceed
as in case [lv]) above. Also, if a shock i € C,;,41 merges with a shock j € C,,, UA UB of the
same family, we denote by j the outgoing shock and we set V! = 0: in this way equality

(19 is satisfied.

In this way we have classified all the shocks of the wave-front tracking approximation U".

5.5. Wave front-tracking approximation: quantitative interaction estimates. This para-
graph aims at establishing Lemma below. In the statement, V; denotes as usual the strength
of the shock 1.
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Lemma 5.2. There is a constant K > 0 such that, if the constant € in the statement of Proposi-
tion [{4] is sufficiently small, then we have the following estimates: for every t > 0

(5.20a) > Vi, (th) € Kuw,
iAEA

(5.20b) > Vi (th) < Kuwe,
iB€B

(5.20c) > Vit) < 2Kw)™
1€Cm

Proof. We point out that owing to (213 and (5.I6]) combined with (5.Tal) we can choose K in such
a way that we have the inequalities

G21) Y V=0 <gKe Y V,=0)<

TIAEA iB€EB

1
K(w(y + pc) < ins.

DO | —

The shocks of groups C,,, m € N, do not exist at £ = 0, but we can adopt the notation that their
strength is 0, in such a way that (5.20d) is formally satisfied. The proof of the lemma is based
on the following argument: we assume that estimates (5.20al), (5.20b]) and (5.20d) are satisfied for
every t < t and we show that they are satisfied for ¢ = . The technical details are organized in the
following four steps.

© STEP 1: we make some preliminary considerations.. We first introduce a new notation: we
denote by D the group

(5.22) D:=BU | Cn.
m=1

In the above expression, the groups B and C,,, are as in § 54l Note furthermore that here an in
the following we term groups the sets A, B, C,,, D, while we use the term family as a shorthand
for characteristic family.

Note that by combining all the inequalities in (5.20) and (20D we get that, if  is sufficiently
small, then

o0
(5.23a) ZVi(tJr) < Kwe + Z (2Kw)™ < 2Kwe for every t < ¢
€D m=1
(5.23b) Z Vi(th) < Kw + 2Kwe < 2Kw for every t <t
i€AUD

Note furthermore that the quantities at the left hand side of (5.20), (5:23al) can only change at
interaction times.

© STEP 2: we establish the bound on ), ., Vi,. Note that the only ways >, -5 Vi, can change
are the following interactions:

i) Interactions where a shock i € A with strength V; merges with a shock j with strength V; of
the same family and of the same group A. In this case (L.I9) ensures that >, -, Vi, does
not change at this interaction. For this reason, in the following we neglect these interactions.

ii) Interactions where a shock i4 €A with strength V;, merges with a shock jp of the same
family but of group D. In this case V{A = Vi, +Vj,- Each shock jp of group D may have
at most one of these interactions: let Jg‘ be the subset of shocks of group D that merge
with i4.
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iii) Interactions where a shock i4 €A with strength V;, interacts with a shock j of a different
family. In this case by the interaction estimate (5.I7) one has

Vi, < Vig + OV, Y5 = Vi (14 01V

Each shock j may interact at most once with a given shock i4 of a different family.

We recall that all shocks in group A are generated at time ¢t = 0 and we track the evolution of a given
shock i4 €A between time t = 0 and ¢t = ¢. If the shock i4 only interacts with shocks j € JEA CD
and with waves j,. .., ji of different families then by [), [ above one has the inequality

Vi) < [viut=00+ Y v | 1 <1+O(1)vj).

jeJiDA JjeEAUD

Note that the last factor in the above expression does not depend on i4. Also, by using the
inequality e* > 1 4+ x we get

H (1 + O(l)Vj) < PWEjeaun Vi,
JEAUD

We now sum over all the shocks i4 €A and be obtain

S <[ S vae=0+3 S| I (1+(9(1)V]-)

1A€A 1A€A 1A€A ]-EJiDA JEAUD
<UD Vat=0+ > Vi]expOM) YV,
ia€A Jp€D JEAUD

The last inequality holds because two sets Jg‘ and Jli;‘ are disjoint subsets of D (keep in mind
that we are neglecting the fact two shocks ig4 €A and ¢4, €A can merge). We now plug the above
inequality into (2.2I]) and we recall that by assumption at time ¢ < ¢ estimates (5.20) hold. Owing

to (5.23]) we obtain

(5.24) Z Vi, () < (%Kw + 2Kwe> exp (O(1)Kw) < Kw
1A€A

provided that ¢ is sufficiently small, since owing to (20h) w = *. Note that (524 implies
that (5.20a) holds for ¢ = ¢ provided that (5.20b]) and (G.20d) hold for ¢ < ¢ and (E21]) holds at
t=0.

© STEP 3: we control »; .pVig. The only ways >, Vi, can increase are the following:

i) If a a shock ip €B merges with a shock j €AUB of the same family. In this case ), g Vi,
does not increase owing to (B.19).
ii) If a shock ip €B with strength V;, merges with a shock j € U;,enCyy, of the same family.
iii) If a shock ip €B with strength V;, interacts with a shock j of a different family.
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By repeating the same argument we used in STEP 2 we conclude that, if the initial estimate (5.21])
holds and moreover (5.20) holds for ¢ < ¢, then by (5.23)

> Vi (th) D Vipt=0+> > Vilexp[0O1) YV,

(5.25) ip€EB ip€EB m=14i€Cp, jEAUD

IN

IN

1 (2Kw)?
— - 7 <
(QKwe—i— 1 o7 w) exp (O(1)Kw) < Kwe

provided that ¢ is sufficiently small, due to (£.20D)). Inequality (5235]) implies that (5.20b]) holds for
t =t provided that (5.20) hold for ¢ < ¢ and (5.21)) holds at ¢t = 0.

© STEP 4: we conclude the proof. To control } ;. V' we firstly recall that a shock of group
C1 can be generated when a shock j; belonging to either group A or B interacts with a shock js
belonging to either group A or B. As pointed out before, the strength of the outgoing new shock is
bounded by O(1)V;,V},. We denote by 1 the strength of the shock i € C; at the time when the
shock 7 is generated. We then have

SV oW+ D> D 0V VL + Y D 0V,
1€Cy J1EA jo€A Jj1€EA j2€B Jj1EB j2€B
< K? (w2 + w?e + (we)2> < 2K2w2.
Next, recall that » ;.o Vi(t) can increase not only when a new shock is generated, but also:

i) if a shock ¢ €Cy with strength V; merges with a shock j € C,,, m > 1 of the same family.
ii) if a shock ¢ €Cy with strength V; interacts with a shock j of a different family.

By arguing as in STEP 2, we find that if (520) holds for ¢t < ¢ and (G2I)) holds at ¢ = 0, then

Zv;hri S vilexp01) YV

> ViEh) <
1€Cy 1€Cq m=24i€Cp, jeEAUD
2Kw)?
< [ 2K%W? (2Kw)” DNKw) < (2Kw)?
_< w+1_2m>exp<0<> w) < (2Kw)

provided that ¢ is sufficiently small, since owing to (f20h]) w = 3. We have thus established (5.20d)
for all ¢ > 0 when m = 1. The case when m > 1 can be handled in an entirely similar way. This
concludes the proof of Lemma 5.2 O

5.6. Wave front-tracking approximation: shock generation analysis. In this paragraph we
finally show that the in wave-front tracking approximation one can recognize a wave pattern like
the one of the solution of the Cauchy problem with initial datum V', see Figure[Bl In particular, in
§ B.6.1] we establish the generation of six “big shocks” Lemma establishes the formation of two
1-shocks and two 3-shocks, while Lemma [54] established the formation of two 2-shocks, which are
moreover approaching. In § 5.6.2] we conclude the analysis of the wave pattern generation.

5.6.1. Shock formation: small times. We recall that the interval Y is defined by formula ([EI%)
and we establish the following lemma.

Lemma 5.3. By the time t = 6/5, some of (or all of) the 3-shocks of group A generated at time
t =0 in the interval 9‘{? merge into a single 3-shock with strength greater than w+/c/2.
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Proof. We first describe the idea underpinning our argument. We term j, and j, the 3-shocks that
are generated at ¢t = 0 at the left and the right extrema, of the interval Si3, respectively. In STEP 3
below we show that at ¢ = 0 these two 3-shocks are approaching. We then track the the evolution
of jg and j, on the time interval |0,6/5] and we point out that there are only two possibilities:

e The strength of both j, and j, remains smaller than w+/e. In this case we show in STEP 5
below that j, and j, keep approaching and they merge by time ¢ = 6/5. We also show that
this implies the creation of a 3-shock with strength at least O(1)w.

e The strength of either jy or j. surpasses wy/c at some time ¢ €]0,6/5[: just to fix the ideas,
let us assume that it is the strength of j,. In STEP 6 below we show that this implies that
the strength of the j, remains bigger than wy/2/2 on the whole interval |¢,6/5].

The technical details are organized as follows.

© STEP 1: we point out that in the time interval ]0,6/5[ the waves of group A generated in R}

can only interact among themselves and with the waves of group D (see (5.22)) for the definition of

group D). In other words, they cannot interact with shocks of group A generated in other intervals.
To see this, we proceed as follows. We recall definition (AI3]) and that the shocks of group A

are only generated in the intervals J?, i)‘i?, ZR%, M3, M2 and RL. The closest interval to ZR? is 9‘{%

and the distance between the right extreme of 9‘{2 and the left extreme of 9‘{% is

(5.26) —q+q—(U)+A3(U) >3 =X (U) + A3(U) > 6.

To establish the last inequality, we used (G.I2]) and the explicit expression of the eigenvalues,
see (27)). This implies that, if the constant ¢ in the statement of Proposition 4] is sufficiently
small, then in the time interval |0, 6/5[ the 3-shocks generated at ¢ = 0 in R} cannot interact with
the 2-shocks generated at ¢t =0 in 9‘{%.

© STEP 2: we focus on the time ¢t = 0 and we introduce some notation. Let x; and x, be the right
and left extrema of 9‘{2, namely x; = —q — A\3(U7) and z, = —q — A\3(U’). We recall that by the
mesh definition discussed in § 0.3.1l z; and x, are both points of discontinuity for Uy . Next, we
define the states U, (0), U, (0), U, (0), U, (0) by setting

(5.27a) Uy (0):= lm Ug (@), U/ (0) = lim U (x)
(5.27b) U (0) := liTm UY(x), U 0):= lifn UY ()

We denote by j; and j, the 3-shocks of group A generated at t = 0 at x; and x,., respectively. We
also denote by speed;, (0) and speed; (0) their speed at ¢ = 0.

© STEP 3: we control from below the initial difference in speed of j, and j.. More precisely, we
establish the following estimate:

11 11
(5.28) speed;, (0) — speed;, (0) > T length(%}) = = (Ag(UI) - Ag(g')).

To this end, we point out that owing to (2.9)),
hy,
77 7

The explicit expression (Z2.7) of A3 implies that |[VA3| < O(1)n and hence by using the above
inequalities we arrive at

hy

Uy (0) = U (0)] < 0(1) U (0) = U5 (0)] < 0(1) .

T

(5.29) |speed;, (0) — A3(U, (0))]| < O(1)h,, |speed;, (0) — A3(U;7(0))| < O(1)hy.
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Next, we use (£21), (54), (58), (5I3L) and the equalities V(x;) = Uy and V(z,,) = U’ to get
hy
(5.30) \U;7(0) — U] <0O(1) <5w +7r+ 7) : UF(0)-U'| <O1)(ew + 7).

Exploiting again the equality |[VAs| < O(1)n, we get that (B.30]) implies
X (U7 (0) = 23(Un)| < O(1) (wn + 71+ hy)
M (U (0)) = Ma(U)] < O(1) (ewon + ).

By plugging the above estimate into (2.29) we arrive at

(5.31) speed;, (0) — speed; (0) > A3(U;) — A3(U') — O(1) (ewn 4+ rn + hy)
Next, we point out that the equality |[VAs| = O(1)n implies that

(5.32) A3(Ur) = M3(U') = O(1)wn,

because by Lemma [£3] the parameter 7 in ({I3)) is of order w. We eventually obtain (5.28]) by
observing that terms in the last parenthesis in (5.31]) are of lower order than wn: this follows by
recalling (B5.1D), and the fact that h, | 0 when v | 0.

© STEP 4: we consider the evolution of the shocks j, and j, in the time interval ]0,6/5[. Let U," (t)
and U, (t), U (t) and U7 (¢) be the left and right state at time ¢ of j, and j,, respectively. Note
that the above functions are piecewise constant: to define their pointwise values, in the following
we choose their right continuous representative. One of the following two cases must occur:

i) we have
(5.33) U (t) = U, (t)] <wvye, |UF(t) = Uy (t)] <wye for every t €]0,6/5].

We handle this case in STEP 5 below.
ii) There is t €]0,6/5] such that

(5.34) cither Uy () — Uy (D] = wv/E or |UF () — Uy (B)] = w.

We handle this case in STEP 5 below.

© STEP 5: we conclude the proof of the lemma under the assumption that (5.33]) holds.

We recall from STEP 1 that in the time interval ¢ €]0,6/5] both j, and j, can either merge with
other 3-shocks of group A or interact with 1-, 2- and 3-shocks of group D (.22)), but they cannot
interact with other 1- or 2-shocks of group A. This implies that U, () and U (¢) can only change
owing to the interaction with some shock of group D: we recall (5.23a]) and we conclude that

(5.35) Uy () = Ug (0)] + (U7 (8) = U (0)] < O(1)we.
Next, we proceed as in STEP 3 and by combining (5.33]) with (535]) we conclude that
5 )
(5.36)  speed;; (t) — speed;, (1) > 2 length(%}) = 2 <)\3(U1) - Ag(g')) for every t €]0,6/5|

provided that ¢ (and hence w, owing to (£200)) are sufficiently small. In the previous expression,
we denote by speed; () and speed; () the speed of j, and j, at time t. Note that (5.36]) implies
that by the time ¢ = 6/5 the shocks j, and j, merge. By construction, this implies that all the
3-shocks of group A generated at t = 0 in 9%;’ merge by time ¢ = 6/5. In the following, we denote
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by A;? the group of the 3-shocks of group A generated at t = 0 in 9‘{;3. We follow the same argument
as in STEP 2 of Lemma and we use the inequality

I[[ a-omy)=1-001) Y v,
JEAUD JEAUD
which is a consequence of the elementary inequality (1 —z)(1 —y) > 1 — (x +y) if x,y > 0. We
conclude that the total strength of the shocks in A? can bounded from below, more precisely by
recalling (5.23a)) and the analysis in § .33l we have

S vit) > (1 —0Q1) Zvi) Y Vit =0) > O(1)w.

i€A3 i€D i€EAS

We eventually obtain that by time ¢ = 6/5 the shocks of group A;’ merge into a single shock with
strength O(1)w.
© STEP 6: we conclude the proof of the lemma under the assumption that (5.34]) holds.

First, we point out that (5.34]) implies that at ¢ = ¢ part of the waves of group A? have merged into
a shock of strength w+/z. Hence, we are left to prove that this shock “survives” with a sufficiently
large strength up to time ¢t = 3/2. To this end, we point out that for ¢ > ¢ this shock can merge
with other 3-shocks of group A;? and hence increase its strength. Also, it can interact with other
shocks of group D: however, by following the same argument as in STEP 2 of Lemma and by
recalling (5.23a)) the strength of the shock is bounded from below by

(1 ~omY vi>w\/5 > wy/2/2,

€D
provided that ¢ is sufficiently small. This concludes the proof of Lemma 53] O

Note that by repeating the above proof we obtain the an analogous of Lemma [(.3] holds for
the 3-shocks of group A generated at time ¢+ = 0 in the interval ;3 and the 1-shocks of group A
generated at time ¢ = 0 in the intervals %} and R}. In the case of 2-shocks we have a stronger
result.

Lemma 5.4. Let T be the same constant as in @3). The following conclusions hold true:

i) By the time t = 6/5, all the 2-shocks of group A generated at time t = 0 in the interval
9‘{3 merge into a single 2-shock Jg2 having strength greater or equal than O(1)w. The same
holds for the 2-shocks of group A generated at time t = 0 in the interval K2, let J> be the
resulting shock.

ii) The 2-shocks Jf and J? are approaching and they merge by the time t = oT.

Proof. The proof of ) is organized in two steps. We only discuss the 2-shocks of group A generated
at time ¢ = 0 in the interval i)‘i?, the argument for the 2-shocks generated in %2 is completely
analogous.

© STEP 1: we discuss the situation at time ¢ = 0. We recall that, owing to Lemma 211 the speed
of a 2-shock j between U~ and U™ is

(5.37) speed; = v~ + o™,

Next, we fix 2/, 2, | € ZR% We denote by j; and j;y; the 2-shocks generated at ¢ = 0 at the points
r = x; and 7, |, respectively, and by speedji(O) their speed at ¢t = 0. Let U{JO, v}, be the first
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derivative of the second components of Uy and V, respectively. By combining (£17), (ZI8]), (£21)
and (5.8) we have

1
vy, (@) + 5‘ = |vg, (z) — vy | < O1)Cw +O(L)r,  for every z € R}

By using the relations ¢, = ¢, r < €2, (513a) and (537), we get that, when ¢ is small enough, the
last inequality brings us to

1 v gV 1 B - .
(5.38) speed; (0) = speeds, (0) = (5 B 0(1)5> (2 — 2%y) > (2 o(1) )2(1 h,

> (@7 — ai} 1)

| Ot

© STEP 2: we show that the shocks j; and j;;1 merge in the time interval ]0,6/5[. By the
arbitrariness of = and x,; this establishes [).

We recall that the speed of a 2-shock does not change at the interaction with a 1- or a 3-shock.
Hence, the speed of j; and j;11 can only change when they merge with a 2-shock. Three cases can
occur:

e the shocks j; and j;41 merge: this proves the claim of the present step.

e j; merges with a 2-shock ¢ on the left of j;: this implies that the speed of j; increases.

e j;, .1 merges with a 2-shock ¢ on the right of j;;1: this implies that the speed of j;11
decreases.

If only the last two cases occur, by recalling (5.38]) we conclude that

5

speed;, (t) — speed;, , (t) > speed;, (0) — speed;,,, (0) > é(x;’ —xy,q) for every t €]0,6/5].

This implies that by the time 6/5 the shocks j; and j;11 merge, and hence concludes the proof of
.

© STEP 3: We are now left with establishing [, namely proving that the shocks Jg and J?
(defined as in the statement of Lemma [.4) merge by the time 27. To this end, we recall the
explicit expression of 2 and R? ([@IH):

R7 =] — g = Xa(l), —¢ - XU, R :=lg — X (U"), q — X(U)].

We also introduce the following notation: we term

e v, (t) the second component of the left state of the 2-shock created at ¢ = 0 at the left
extreme of ER%,

° v;(t) the second component of the right state of the 2-shock created at ¢t = 0 at the right
extreme of R2,

e speed,(t) the speed of the 2-shock arising at ¢ = 0 at the left extreme of RZ.

The functions v, (t), v, (¢) and speed,.(t) are similarly defined by considering R2. Note that v, ()
and v, (t) are the left, right state and speed of J? for ¢t > 6/5, because by () all the 2-shocks
generated at t = 0 in ER% merge by the time ¢ = 6/5. By using an analogous argument we prove
that v, (t), v; () and speed,.(t) are the left state, the right state and the speed of J?2, respectively.

By combining (EI7), (@21)), (54) and (G.8) with (GIal) and (E.I3D) we infer that
(539) [ {17 (0) 4+ (0)] — [ (0) 4 O]} — [or — vy < O(W)(we + ).
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+

Next, we point out that v, v, vy v can only vary with respect to ¢ owing to the interactions

with 2-shocks of group B. Owing to (5.20D)), this implies that
(5.40) vy (8) = vy ()] + o7 (t) = v ()] + |vy (8) — vy (O)] + [v (8) — v (0)] < O(1)we.
By combining (5.39) and (5.40]) we infer
speed,(t) — speed,.(t) > [v, (1) + v/ (t)] — [v; (t) + v, (1))
> [’U[ — UH[] — O(l)(we + h,/).
By using (BAT) and the definitions @3), @I5) of T and 92, we realize that the shocks J? and J?
merge by time
[a = 22(U™)] = [=¢ = Mao(U)] _ 29+ 0w _ 29+ O(Mw
sup,[speed,(t) —speed,.(t)] ~ vi —vm — O(1)(ew +h)  2¢/T — O(1)(cw + hy)

1+00w =

1- 0(1)(6 + Thu)

(5.41)

To get the last equality we have used the equalities T = O()w™! and ¢ = 20. Since h, — 07,
this implies that, if w = &3 is sufficiently small, then Jf and .J? merge by the time ¢ = 27". This
concludes the proof of Lemma (.41 O

5.6.2. Shock formation: wave pattern generation. By relying on the analysis at the previous para-
graph, at t = 6/5 the wave-front tracking approximation U"(t,-) contains at least six “big shocks”.
Going from the left to the right, i.e. as x increases, we encounter: a 3-shock with strength at least
wy/e/2 (see Lemma [.3]), a 2-shock with strength greater or equal than O(1)w, a 1l-shock with
strength greater or equal than w+/e/2, and then again 3-shock with strength at least wy//2, a
2-shock with strength greater or equal than O(1)w, a 1-shock with strength greater or equal than
wy/e/2. Note that the two 2-shocks are approaching and they meet by time ¢t = oT. Also, the six
big shocks do not interact on the time interval ]0,6/5[ because the generation regions R3, RZ, R},
M3, M2, R! are sufficiently separated, see [@I5a) and ([EIG). Besides those six “big shocks” there
are in general other waves, which however are all shocks by the analysis in § 5.4l

5.7. Conclusion of the proof. In this paragraph we conclude the proof of Proposition 4l
In § B7T] we take into account the presence of non-physical waves in the wave-front tracking ap-
proximation. In § 5.7.2 we establish a bound from below on the number of shocks in the wave-front
tracking approximation. Finally, in § E.7.3] we complete the proof of Proposition A4l

5.7.1. Non-physical waves. In this paragraph we take into account the presence of non-physical
waves. We firstly recall some facts about the simplified Riemann solver and we refer to [§], §7.2]
for a complete discussion.

First, one chooses a threshold parameter u, > 0. We discuss the choice of u, later in this
paragraph, however we point out that u, — 0" as v — 07. The accurate Riemann solver is used
to solve the interaction of a wave a of strength V, with a wave 8 of strength Vs in the wave
front-tracking approximation if the product of the strengths of the incoming waves satisfies

(5.42) Vo Vs > iy

If the above condition is violated, we use the simplified Riemann solver, which is defined at [8]
p.131] and involves the introduction of so-called non-physical waves. Non-physical waves travel at
a speed faster than any other wave and the simplified Riemann solver is defined in such a way that
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their interaction with the other waves has a minimal effect. To simplify the exposition, here we
do not recall all the technical details and we only discuss the properties of the simplified Riemann
solver for the Baiti-Jenssen system (2.3]) that we need in the following. These properties are either
a direct consequences of the definition of simplified Riemann solver or can be straightforwardly
recovered by combining the definition with the features of the Baiti-Jenssen system discussed in

§ 22

i) If the incoming waves are a 1-shock and a 3-shock, then the simplified Riemann solver
coincides with the accurate Riemann solver.
ii) If we use the simplified Riemann solver to solve the interaction between a 2-shock and a 1-
shock (respectively a 3-shock), then the outgoing waves are a 2-shock, a 1-shock (respectively
a 3-shock) and a non-physical wave. The value of the v component is constant across the
non-physical wave.
iii) If the incoming waves are both 1-shocks then the simplified Riemann solver coincides with
the accurate Riemann solver. The same happens if the incoming waves are both 3-shocks.
iv) If the incoming waves are both 2-shocks, then the speed of the outgoing shock is the same
in the simplified and in the accurate Riemann solver. Also, the value of the v component
is constant across the outgoing non-physical wave.
v) By combing all the above features we conclude that the strength of the v component is
always constant across non-physical waves.
vi) If a non-physical wave interact with a 2-shock, then the speed of the 2-shock does not
change.
vii) The strength of each non-physical wave is at most p,. Also, owing to the analysis in [8]
p.142] we can choose p,, in such a way that the total strength of non-physical waves satisfies

(5.43) total strength non physical waves < v,

where v is our approximation parameter. Owing again to the analysis in [8 p.142], this is
consistent with the requirement that p, — 07 as v — 07.

We now discuss how the presence of the non-physical waves affect the analysis at the previous
paragraphs. First, we point out that it does not affect at all the discussion on the initial datum
in § 6.3l because by definition the simplified Riemann solver is only used at time ¢ > 0. Next, we
point out that the use of the simplified Riemann solver forces the total number of waves to be finite.
In particular, there actually are fewer waves of groups Cy,..., C,, than those considered in § 5.4l
Lemma does not change if we take into account the presence of non-physical waves, provided
that we say that if a group C,, is empty, then the the total strength of its waves is 0. The reason why
Lemma does not change is because the proof is based on interaction estimates on the strength
of waves and by definition the interaction with a non-physical wave does not change the strength of
a shock. Also Lemma 53] does not change: indeed, the proof is based on the quantitative estimates
given by Lemma [5.2] which are still valid. The further perturbation provided by the non-physical
waves is arbitrarily small owing to (.43) and hence does not affect the proof. Finally, Lemma [(.4]
does not change because the proof is based on estimates that, as a matter of fact, involve only the
second component (i.e., the component v) of the wave front- tracking approximation. Owing to
properties ), 1v]), @) and ki) of the non-physical waves of the Baiti-Jenseen systems, non-physical
waves have basically no effect on the v component of the wave front-tracking approximation and
hence the proof of Lemma [5.4] is still valid if we take into account non-physical waves.
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5.7.2. A bound from below on the number of shocks. This paragraph aims at establishing Lemma [5.5]
below. In the statement, J? and J? are the same as in the statement of Lemma [5.4l and we denote
by [-] the entire part. Also, y, is the threshold to determine whether we use the accurate or the
simplified Riemann solver, see (0.42).

Lemma 5.5. Fiz a threshold 0 > ju,/w?. In the bounded set (t,2) €] — p, p[x]0,2T[, the wave-front
tracking approximation UY admits at least

s = e (20

shocks j such that strength V; of j satisfies
(5.45) V; > 0.

Proof. If there were only the six “big shocks” mentioned in § .6.2] then the wave pattern would
be qualitatively like the one represented in Figure 5l To understand the impact of the other waves
and to establish (.44]) we track the evolution of the left 3-“big shock” Jg’, which has strength at
least wy/z/4 when it interacts with the left 2-“big shock” J?. We recall that the strength of J7 is
O(1)w and we use estimate (7.31) in [§, p.133]: we conclude that after this interaction the strength
of J} is at least
w

4
After this interaction, the shock JE’ moves towards the right 2-“big shock” J2. Before interacting
with J2, however, Jg’ can interact with 1- and 3-shocks and with 2-shocks different than Jg2 and
J2. The interaction with a 3-shock increases the strength of J? because the shock merges with
Jg’. The interaction with a 1-shock does not affect the strength of Jg’. We are left to consider the
interactions with 2-shocks different than Jf and J2. We recall that 2-shocks are only generated at
t = 0 and that, owing to Lemma [5.4] all the 2-shocks generated at t = 0 in ZRE and M2 have merged
by the time ¢ = 3/2 to generate Jf and J?2, respectively. Hence, what we are left to consider are
the interactions of .J} with the 2-shocks that are not generated at ¢t = 0 in 7 U 2. Note that
all these 2-shocks belong to group B. We recall (B.220D]) and the interaction estimate (7.31) in [8]
p.133] and we infer that after the interaction with all these 2-shocks the strength of J3 is at least

- O(1)y/zw? > wT\/E

w
8

5 wy/e wy/e 2 3/2 o WVE
— > — > X
O(1) 5 EEB Vig > 3 O(1)w* e’ > 16
iB

(5.46)

Owing to Lemma B.I], when J} interacts with J2, then a 1-shock is created: by combining (5.46)
with the fact that the strength of J2 is O(1)w, we get that the strength of this 1-shock is at
least O(1)y/ew?/16. Also, this 1-shock moves towards J?, but before reaching J7 may interact
with 1-, 2- and 3-shocks. By arguing as before, we infer that when it reaches J£2 its strength
is at least O(1)y/ew?/32. When this 1-shock interacts with J7, a 3-shock with strength at least
O(1)\/ew3/32 is created. We repeat this argument as long as the strength of the reflected 1- or
3-shock j satisfies (5.45]), namely we can repeat it a number ng of times, where ny satisfies

O(1)/zw (%)"9 >0,

This implies (5.44]). We are left to justify the fact that we used the accurate and not the simplified
Riemann solver. Note that, owing to the inequality 6 > j, /w? and since the strengths V g2 of J?
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and V2 of J? are equal to O(1)w, if (5.45) holds then

V;-max {Vys, Vy2} > O(1)w > 0(1)% >

provided that w is sufficiently small. This implies that we must use the accurate and not the
simplified Riemann solver and it concludes the proof of Lemma [5.5] O

5.7.3. The limit solution has infinitely many shocks. We are eventually ready to conclude the proof
of Proposition L4l First, we rely on the analysis in [8, Chapter 7| and we conclude that when
v — 0% the wave front-tracking approximation U¥(t,-) converges strongly in L (R) to a limit
function U(t,-) for every ¢ > 0. Also, the function U is the admissible solution of the Cauchy
problem obtained by coupling (Z.6) with the initial datum U(0,-) = U,.

We are left to prove that U admits infinitely many shocks in | — p, p[x]0, o7 [. We rely on
Lemma and on fine properties of the wave front-tracking approximation established in [10]
(see also [8] §10.3] for an introductory exposition).

More precisely, we firstly point out that the function ny defined as in (5.44)) satisfies
(5.47) 911)r(1)1+ ng = +00
since w < 1. Next, we refer to the definition of mazimal 0-shock front given in [8 p.219]: loosely
speaking, a maximal #-shock front is a polygonal line made by consecutive shocks of the same
family where the strength of each shock is greater or equal than /2 and there is at least one shock
having strength greater or equal than 6.

Also, we consider the “big” 2-shocks J£2 and J? given by the statement of Lemma 5.4l We term
(t5,z}) their intersection point and we remark that by construction z}, € [—2¢,2q]. Note that by
looking at the proof of Lemma we realize that, if @ > p, /w?, then there are at least ny shocks
with strength bigger or equal than 6 and that cross the part of the plane between J? and J2,
namely they intersect the vertical line x = z}, at some time ¢ < t7,.

We now argue inductively as follows. We fix a threshold 6; > 0 such that ny, > 1, namely there
is at least one shock j! such that the strength of j! is at a some point greater or equal than 6;. In
particular, j! is a maximal f;-shock front.

Next, we fix 05 such that ng, —ng, ;o > 1: this implies that, for very v sufficiently small, U" has
at least a shock j2 satisfying
61

(5.48) 0y < strenght j2 < 5

By arguing as in [8 p. 220] we infer that when v — 0% the shock curves jl and j2 converge
uniformly (up to subsequences) to two shocks of the limit function U: we term them jl and j2 .
Also, the value z}, converges (up to subsequences) to some limit value z*. Note that the limit
shocks jL and j2, both intersect the vertical line x = x* and, moreover, the strength of jl is
greater or equal than #; and the strength of j2, is comprised between #y and /2. This implies
that jL and j2, are two distinct shock curves and, hence, the limit solution has at least 2 shocks
with strength greater or equal than 6s.

Owing to (B.41), we can iterate the above argument: for every natural number k, there is 6 > 0
such that the limit U has at least k distinct shocks with strength greater or equal than 6. This
implies that U has infinitely many shocks and concludes the proof of Proposition 4]
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5.8. Proof of Theorem[I.2l This paragraph aims at establishing the proof of Theorem[L.2] Before
entering the technical details, we make some preliminary heuristic considerations. To establish
Theorem we need to construct a set B C S(R) that satisfies condition M) and [) in the
statement of the theorem. Proposition B states that, if U is the same as in (@19, then the
admissible solution of the Cauchy problem with initial datum U develops infinitely many shocks
and this behavior is stable with respect to W!>-perturbations. Note, however, that both U and its
W _perturbations have discontinuous first order derivatives and hence they do not belong to S(R).
To construct 5, we mollify U to obtain a smooth function and we consider W1 perturbations of
the mollified function.

We now provide the technical details: we first introduce the notation. We fix a convolution
kernel ¢, namely a smooth function

(5.49) ¢: R — [0, +o00], /R¢(x)dx =1, ¢(x) =0if |z| > 1.

We fix ¢ > 0 and we define the mollified function (NJg ‘R — R3 by setting
1

(5.50) Ud(z) := / Uz +s2)¢(2)dz,

-1
where U is the same function as in @IJ). Note that U, € S(R) since
° (7} is compactly supported because so it is U.
e [ is smooth by the classical properties of convolution.

Theorem is a direct corollary of the following result.

Proposition 5.6. There is a sufficiently small constant € > 0 such that the following holds. Assume
that ¢ = 20 and that 9,Cy, e, n,w,r and p are as in the statement of Proposition [{.4] Assume
furthermore that ¢ < e2nl.. Let U, be the same function as in (B50) and set

(5.51) B = S(R) N {Uo e WIS(R) : ||[Us — Uslyioe < r}.
Then condition[d), ) and[izd) in the statement of Theorem [L3 are satisfied.

The proof of Proposition is divided into two parts: in § B.R.I]we establish a technical lemma,
which loosely speaking says that Lemma applies to the Riemann problems obtained from the
piecewise constant approximation of Uy € B. In § 582 we conclude the proof of Proposition
and hence of Theorem

5.8.1. Analysis of the Riemann problems arising at initial time. This paragraph is devoted to the
proof of Lemma 5.7

We assume that the hypotheses of Proposition are satisfied and we recall that the set 8B
is defined as in (B.5I). We also recall the mesh definition in § B3dF we fix v > 0, h, > 0 and
xh <@ <---<ay in]—p,p[in such a way that (5.13a)) holds.

Lemma 5.7. Assume that the same hypotheses as in the statement of Proposition [2.8 hold true.
Fiz x¥ €] —p+¢e,p—¢[ and set

(5.52) U~ := lim U (x) = Up(x¥_,), U™t := lim U¥(x) = Up(z¥)

xtxy zlxy

and

\7_(2) =V (%‘V—l + gz) ,
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where V' is the same function as in ([LIT). Also, let U be the same function as in ([EIS) and
consider the functions b,&1,82,83 : [—1,1] — R which are defined for every z € [—1,1] by the
equalities

— b(2)71r — b(2)Par + b(2)Tar = U (af +¢2) — W (a¥_; + c2)
V(¥ +¢z) = Dy [Eg(z), Dy [—é(z), D, [—a(z), f/*(z)m .

Finally, let ¢ be the same function as in (549) and m the L'-absolutely continuous measure defined

(5.53)

by setting
(5.54) m(E) := / o(x)dx for every L'-measurable set E.
E

Then all the hypotheses of the Lemma [3.2 are satisfied provided that v is small enough.

Observe that (.49) and (5.54) yield that the measure m is concentrated on [—1,1]. The function
b is therefore defined for m-a.e. z € R, even if the function ¥ is only defined in | — p, p[.

Proof. We proceed according to the following steps.
© STEP 1: we establish ([B30). We first point out that, by combining (5.10), (5.49) and (G.50), we
can conclude that the following estimate holds for every € R:

ﬁg(x) - UI/Rgb(z)dz

This implies that, if Uy € 9B, then, since r < 3 owing to ([{£20d), we have

|Us(a) = Ut] =

/R T (2 + o2) — Uflé(2)dz| < O(1)&5.

Uo() = Utl < |Us() = Us()| + [Us(z) = Ur| <7+ O(1)e® <ce,

namely (B.30) holds true.
© STEP 2: we establish the first inequality in (B3Ta). We fix z € [—1, 1] and we first point out
that, owing to the explicit expression ({I8) of ¥, we have

(5.55) b(2) = min{Ce, G} - (w7 — 1) = Ce- (27 —2i_1) >0
owing to ([@20). Also, for every z € [—1, 1], we have that, owing to (5.13a)),
g(z) < (mz - xifl)gw <hyQw<e

provided that v is sufficiently small because h,, — 07 when v — 07. This concludes the proof of

the first inequality in (33Tal).
© STEP 3: we establish the second inequality in ([8:31al). We combine the explicit expression ([£17)
of V with the inequality |V’| < O(1)n~! (see § 52) and we obtain that

0<&(z) < oM@ — 22 It <Oy hy, fori=1,2,3and z € [-1,1]

and this, jointly with (5.13a) and (5.53), implies the second inequality in ([B.3Ial) provided that v
is sufficiently small.
© STEP 4: we establish ([B.31d)). We first point out that, owing to (ZI9) and (B.53),
Uz +2)—U (27 ) +c2) = [V (2} +52) =V (a}_) +c2)] + [V (2} +2) = U (2}_; +52)]
= —g(z)Flf —E(Z)le +g(z)F31

+ Dy [&(2), D [-&a(2), D1 [-E(2), V= (2)]]] - V= (2)
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By integrating the above equality with respect to the measure m and by recalling (8.31d) and (5.50])
we conclude that

ﬁ( (z7) _ﬁc (xlz‘jfl) = —bifi; — by + b3y
+ [ {812 [, 1 [,V @)]]] - V(o) f ),

Next, we recall (0.52]) and we infer that

(5.56)

(5:57) U*=U~ = Up(aty) ~Uo(a?) = Ue(wy-1) ~ O ()~ Ueat) + Uy~ Up(e) + Uc(a).
Owing to ([B51), if Uy € B, then
Up(wty) = Uslwty) = [Uo(at) = O] | < r(at = a7,

By recalling (5.57) with (251 and (B56]) we conclude that, if Uy € 9B, then

U+ — U™ 4+ bty + by — by — /R {4 [&6(2). D2 [-&(2). 01 [-62).7-(2)]]] - V() L dm(2)

b

1

To achieve the last two equalities we have used ([£20) and (G.55]). This establishes (B.31d).

© STEP 5: we establish (B:31h]). We first recall that the first derivative of V satisfies |[V’| < O(1)np~!
and we infer that the same bound holds for |U’|. By recalling (550), (5:49) and the inequality
¢ < 6277Cc we conclude that

v— 1 v—
<r(af a7 < ZCc(xlz‘/ —ay7h) <

1
U (x}1) = Uclay )| = /1 [U(27 1) = U}y +c2)] ¢(2)dz
< 11 O(L)y~ c¢(2)dz < O(1)e%C.

By using again the inequality |[V'| < O(1)n~!, we infer that, for every Uy € B and every z such
that |z| <1 we have

V= (z) - U | <[V (27 1 +ez) =V (af ) [+ |V (2} y) - U (z7_1) |
(5.58) +|U (z7y) — U (z71) | + U, (z71) = Uo (x71) |
<Oy~ Y|z + O(1elwn + O(1)e* ¢+ r < O(1)?n.

To establish the last inequality we have used [@20), (5.14) and the inequality ¢ < e2n¢.. Next, we
recall the explicit expression ([LI7)) of V and (553]) and we conclude that

(5.59) 0<&(2) 4+ &(z) +&(2) < (9(1)1771£1< [} 1 +sz,2] + 2] N Eﬁw).
By using the explicit expression ([{I8]) of ¥ we infer that, for every z such that |z| <1,
b(z) = (e El( [xéj_l + sz, 27 + CZ] N 9{0) + Cw E1< [xi”_l +cz, 27 + gz] N ﬁ%w)
> G £ [y + 62,07 +62] N9y ).

By combining the above formula with (558) and (.59) we eventually arrive at (B.3ID). This
concludes the proof of the lemma. O
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5.8.2. Proof of Proposition [50: conclusion. In this paragraph we complete the proof of Proposi-
tion [5.6] which has Theorem as a direct corollary.

We consider the Baiti-Jenssen system (2.6]) and the set B defined as in (B.51). We have to show
that conditions [ll), ) and ) in the statement of Theorem [[.2 are satisfied. Condition [l]) is satisfied
owing to the considerations in § 221l Condition ) is satisfied: indeed

e B is nonempty since it contains U, because U, € S(R). Also,
e B is open in the topology of S(R), which is stronger than the strong W% topology.

We are left to show that condition [I) is also satisfied. The reason why condition condition ) is
satisfied is because the proof Proposition 4] continues to work if we replace the function U with
the function (70 provided that ¢ < €2n¢.. To see this, we first fix Uy € B and we introduce its
wave front-tracking approximation by arguing as in § B3Il Next, we point out that, owing to
Lemma (.7, we can apply Lemma [3.5 This implies that the same conclusions as at the end of
§ and § 5.3.3] hold true. This in turn implies that all the analysis in § 541§ 5.7 applies. We
can infer that Proposition 4] holds true if we replace U with (7} and hence we conclude the proof
of Proposition and Theorem [[.2

NOTATION

General mathematical symbols

LV the Lebesgue measure on RY

O(1): any function satisfying 0 < ¢ < O(1) < C for suitable constants ¢,C' > 0. The precise value
of C' and ¢ can vary from line to line

S(R): the Schwartz space of rapidly decreasing functions, endowed with the standard topology (see
for instance [23], p.133] for the precise definition)

|lljy100: the standard norm in the Sobolev space W1

TotVar U: the total variation of the function U : R — RV, see [3] § 3.2| for the precise definition
7| - Z5 : the Buclidian scalar product between the vectors z;, Z» € RY

D;[o,U]: the i-wave fan curve through U See (2.1)
F’: the first derivative of the differentiable function F': R — RV

F(2%): the left and right limit of the function F at x (whenever they exist)

R;[s,U]: the i-rarefaction curve through U See (22)
Si[s,U]: the i-shock curve through U See § 2,11
WL the space of Lipschitz continuous functions

a.e. (t,z): for L2-almost every (¢,z)

a.e. z: for £L'-almost every x

Symbols introduced in the present paper

0: a strictly positive parameter See (AI4)), (£20al)
n: the perturbation parameter in the flux function F, See ([Z3)),

Ai(U): the i-th eigenvalue of the Jacobian matrix JF, See (2.7)
q, p: strictly positive parameters See (AI0), (£20al)
Ry, ..., R, open subsets of R See ([AI3)
iy the threshold for using the accurate Riemann solver See § 211
v, hy,: parameter and mesh size for the wave front-tracking approximation See § 631

w: a strictly positive parameter See (@4), (4.20D)
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U: the function ¥ : R — R3 See §§[4.3.2] 1.3.3]
p: the strictly positive parameter in (£20e) See § 1331 Remark [B5.1]
U', U", U* and U**: fixed states in R3 See (AI3)
V;: the strength of a shock ¢ See Page
e: a strictly positive, sufficiently small parameter See Proposition (7))
75(U): the i-th right eigenvector of the Jacobian matrix JF; See § 222
T: the strictly positive interaction time See ([L3), ([20d)
U, U,: the function U : R — R? and its mollification See § £33 (E.50), (B.51)

(.t a strictly positive parameter See ([£I3), (£20d), (BG-Ia)
Cw: a strictly positive parameter See (£I8), (£20a), (C.Ia)

q: a strictly positive parameter that we fix equal to 20 See Lemma [T} Remark 5.1
r: a strictly positive parameter See (£20d), (E10), (£21)
u,w,v: the first, second and third component of the vector-valued function U See § 22,11
U?: wave front-tracking approximation of the admissible solution U See § 211
Uy wave front-tracking approximation of the initial datum Uy See § 2.1
V: the Lipschitz continuous function V : R — R3 See (A7)
W: the piecewise constant function W : R — R3 See (A1)
x: mesh points for the wave front-tracking approximation See (B.13a))
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