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Abstract

In this work we establish the relation between the Jacobi last multiplier, which is a geomet-
rical tool in the solution of problems in mechanics and that provides Lagrangian descriptions
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1 Introduction

The study of the integrability by quadratures of a given system of first-order differential equations
is not an easy task and a very relevant advance is due to Jacobi, who introduced the concept of
Jacobi multiplier [27] and proved that the knowledge of one such Jacobi multipliers and some first
integrals is sufficient to carry out the integrability by quadratures [22] 28] [41]. Jacobi multipliers
have been attracting some attention all over the last years (see e.g. [8] and references therein) and
have several applications in the analysis of systems of first-order ordinary differential equations

[2, 12, 23|, 135, 136 [42].



In the geometric approach autonomous systems of first-order differential equations are replaced
by vector fields on a manifold ) and the solutions of the corresponding system in a chart provide
us the integral curves of the vector field. Systems of second-order differential equations can also be
seen as systems with a double number of first-order differential equations and the associated vector

field is then a vector field of a special kind on the tangent bundle 7 : TQ) — Q.

In many problems in nonholonomic classical mechanics, where the systems of second-order differ-
ential equations appear, it is useful to consider quasi-velocities, and then the dynamics is determined
by Hamel’s equations [25] [34], 37]. For instance for a system with linear nonholonomic constraints
one can define quasi-velocities in such a way that some of them coincide with the constraints,

obtaining as a result less equations to solve.

Our aim in this work is to establish some relations between Jacobi multipliers for such nonholo-
nomic systems [14] 211 28] and Hamel’s formalism. The structure of this article is as follows: In
Section 2 in order to the paper be more self-contained we recall the geometric theory behind Jacobi
multipliers. Section 3 is devoted to study Jacobi multipliers in the framework of regular Lagrangian
systems, and we prove that the determinant of the Hessian matrix of the Lagrangian in the veloci-
ties is a Jacobi multiplier for the system with respect to the natural volume element on the velocity
phase space. A more general result in the particular case of generalised forces only depending on
the positions is explicitly proved. The theory is illustrated in Section 4 with some simple prob-
lems: starting with that of spherical geometry, then we analyse the case of Liénard’s equation and
Chiellini’s condition, and finally the dynamics of a position-dependent mass particle is analysed
from this perspective. In Section 5, we consider a system determined by linear nonholonomic con-
straints, and the use of quasi-coordinates and the Boltzmann-Hamel equations are reviewed, and
then we write the dynamics and determine Jacobi multipliers with respect to several proportional
volume forms in the Lagrangian formulation in terms of quasi-coordinates. Jacobi multipliers for a
nonholonomic system is studied in Section 6. The main result of Jacobi on multipliers is given in
Section 7 in geometric terms: it is shown how a Jacobi multiplier of a nonholonomic system can be
used with other constants of motion, to obtain a reduced system endowed with a Jacobi multiplier.
Then, when such reduced system is two-dimensional, this Jacobi last multiplier allows us to solve

the reduced system by quadratures.



2 Jacobi multipliers and volume forms

Let (M,Q) be an oriented n-dimensional manifold, where € stands for a volume form on the
manifold, i.e. a never vanishing n-form on the manifold. Given a vector field X on M we define

the divergence of X as the unique function div(X) : M — R satisfying (see [§])
LxQ=div(X) Q. (2.1)
A Jacobi multiplier for X is a non-vanishing function u: M — R satisfying
L,x(2) =0, (2.2)

that is, div( X) = 0. Notice that as € is closed, Cartan’s magic formula implies that £, x () =
d(pi(X)Q) and then p is a Jacobi multiplier for X if and only if ©i(X)Q is a closed form, and
equivalently, if and only if £x(u ) = 0. Furthermore, using that £x is a derivation of degree zero,

we see that Lx (1) = (Xp + pdiv(X))Q, which proves that is equivalent to
Xp+ pdiv(X) =0, (2.3)
sometimes written as (see e.g. [21), 36} [42])
X(In |p|) +div(X) = 0. (2.4)
This means that along the integral curves of the vector field X

d
pn In|p| + div(X) =0, (2.5)

which is called the generalised Liouville equation.

Remark that, as indicated above,
Lx(nQ) = d(pi(X)Q) = d(i(1 X)Q) = L, x (),

and we see that p is a Jacobi multiplier for X if and only if the vector field X is divergence-free
with respect to p 2. In this sense u plays the role of the component of the X-invariant n-form p €2,
which means that the behaviour of the Jacobi multiplier under changes of coordinates is not that

of a function but that of a pseudo-function.



This property is very relevant because it shows the equivalence of searching for Jacobi multipliers
and for invariant volume-forms: a volume form Q' = p is X-invariant, i.e. LxQ = 0, if and
only if 41 is a Jacobi multiplier for the vector field X on the oriented manifold (M, €2). Moreover
this property also shows that p is a Jacobi multiplier for X in the oriented manifold (M, Q) if, and
only if, the function f p is a Jacobi multiplier for X on the oriented manifold (M, f~!Q), for each

positive function f.

The theory of Jacobi multipliers which was introduced to integrate the system is also particularly
useful to find first-integrals (i.e. constants of motion): the knowledge of two Jacobi multipliers p;
and po for X implies that I = pi/uo is a first-integral of X (see e.g. [8, 22, [41]). In the case of
a two-dimensional system, a Jacobi multiplier ;1 determines a (only locally defined) first-integral
of the system, I, and vice versa, by means of pi(X)Q = dI. Recall that if a first-integral I of a
vector field X on a two-dimensional manifold is known, then using the condition I(z1,z2) = k € R,
if, for instance, I /0xy # 0, the implicit function theorem shows that we can locally express the
variable xo as a function of x; for each value of k, what provides us the general solution for the
integral curves of X. Conversely, if a Jacobi multiplier i for a vector field on a two-dimensional
manifold is known, there exists a, at least locally defined, function I such that pi(X)w = dI, and

consequently the function [ is a first-integral which can be found by a quadrature.

When considering another volume form ' on M, there exists a non-vanishing function n : M —
R, such that, Q" = 7, and there is a relation between two Jacobi multipliers of X for both volume
forms, u/ = p/n. This particular relation will be crucial to deduce the integrating factor of a system

with nonholonomic constraints.

The simplest case is when M is an open set of the n-dimensional Euclidean space. There exist

global (Euclidean) coordinates (z!,...,2™) and we can choose the volume form Q = dz! A--- Adz"™.
If the vector field X is given by
n
; 0
X = X : 2.6
Z (#) 5= (26)
then the divergence of X with respect to such volume form takes the usual form
n ,
oX'
div(X) = —. 2.7
W) =3 G (27)

As a first instance of the usefulness of Jacobi multipliers, it has been proved [2| 22} [41] that in the

case of a three-dimensional system with a Jacobi multiplier p and a first-integral I satisfying the
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condition 011 /0x1 # 0, which allows us to express x1 as a function of x5 and x3, we get a reduced

on

system in the coordinates (22, 23) that has an integrating factor p/(z9,r3) given by u/ = 1/ g

where in the functions of the right hand side x; is expressed as a function of x2 and x3, and this
integrating factor determines a second first-integral I, depending only on the coordinates (z2, z3),
by u'i(X)(dx? A dz3) = dI3, and then, as indicated above, the general solution can be found by
quadratures. This is but a particular example of the more general case which motivated Jacobi for
the introduction of Jacobi multipliers: If a Jacobi multiplier ;1 and (n —2) functionally independent

first-integrals, {Iy,...,I,—2}, for a given vector field X on an oriented manifold (M, Q) are known,

the determination of the integral curves of the vector field X is reduced to quadratures.

3 Jacobi multipliers for regular Lagrangian systems

Even if the concept of Jacobi multiplier is defined for any vector field X on an oriented manifold
(M, ), in the search for integral curves of X the existence of geometric structures compatible with
X is very useful and in particular in the very important case of second-order differential equations
appearing in many physical applications and deserving therefore an special attention. We will see
that in the particular case in which such systems of second-order differential equations admit a

Lagrangian formulation it is possible to find a Jacobi multiplier directly from such a Lagrangian.

It is a well-known fact that autonomous systems of second-order differential equations
= f(a?,37), i,j=1,...,n, (3.1)

on an open set U of R™, can also be seen as systems with a double number of first-order differential

equations
it =t
. . (3.2)
v = fZ (l‘, U)
In the simplest case of the n-dimensional Euclidean space, the Euclidean coordinates (z!,...,z")
mentioned above induce global coordinates in its tangent bundle, denoted (z!,...,z" v',... v"),

and there is a natural volume element (tangent and cotangent bundles are identified by the Eu-
clidean metric)

Q=dz' A Adz” ANdvt A -+ A do™. (3.3)



The autonomous system of second-order differential equations (3.1)) and its corresponding system
(3.2) can be described by a special kind of vector field I', to be called SODE vector field, on the

open set 71 (U) of TR™, with 7 : TR™ — R" and coordinate expression

(0 9
r= ; <v D + f'(x,v) 81}1) , (3.4)

whose integral curves are the tangent lift of solutions of the given system (3.1), i.e. solutions

of (3.2). More specifically, such curves are the solutions of the associated system of first-order
-
- ov

differential equations 1’ Observe that in this case div(I") =

1=

The geometric framework for the study of Lagrangian mechanics is that of tangent bundles
[7, 15, 16]. The tangent bundle 7 : TQ — @ is characterised by two geometric tensors, the vertical
endomorphism S, a (1,1)-tensor field on 7'Q, also called tangent structure, which satisfies Im S =
ker S and an integrability condition and the Liouville vector field A generating dilations along fibres
in TQ [17). If (U, ¢) is a local chart on @ and 7’ : R® — R are the natural projections on the i-th-
factor and ¢' = 7’ 0  we define the coordinate system (U, ¢',...,¢") on @, and the corresponding
chart in = 77Y(U), given by (%, ¢, p.) defines a coordinate system (U, q',...,q"% v, ... ")
on TQ. Correspondingly, we consider the coordinate basis of X(U) usually denoted {0/9¢’ | j =
1,...,n} and its dual basis for Q'(U), {d¢’ | 7 = 1,...,n}. Then a vector v in a point ¢ € U is
v =07 (0/0¢")y, i.e. v' = dg'(v). With this notation the coordinate expressions of the vertical

endomorphism S and the Liouville vector field A, are [I5] [16]:

0 - -0
- ®dq" A =v'—.
® dq', (z,v) v o

S(z,v) = i

(3.5)

Recall also that given a Lagrangian L € C°°(T'Q)) we can define a 1-form 67 = dL o S and the
exact 2-form wy = —df. When wy, is regular the Lagrangian L is said to be regular and then wy,
is a symplectic form and the dynamics is given by the uniquely defined SODE vector field I' such
that

i(Dwr = dEp <= A0 —dL =0, (3.6)

where the energy function Fp, is defined by £, = AL — L.

It is also a well-known property that if a second-order differential equation & = f(x, &) admits a

Lagrangian formulation in terms of a Lagrangian function L, then the function
2L
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is a Jacobi last multiplier for the volume 2-form dz A dv [41]. Actually, if the system (3.1)) admits
a Lagrangian formulation, then the function f is given by

1 /0L 0’L
f(a:,v):; (837_1}8:1;811) . (3.8)

We can now see that the function function p defined by (3.7) satisfies the condition for being a

Jacobi last multiplier, because if I is given by

r— (”aag; + f(z, mi) , (3.9)

the condition
. _ Iuv) Ouf)
div(ul') =0 = . + oy = 0,

when pf is given by , becomes
op 0 (0L _ O’L\ 83L+82L_82L_ ’PL
Yor Tov\or  “ozav ) "0v20r " 9rxdv  dxdv | 0vdr

0,
and then p is a Jacobi last multiplier.

The corresponding result for n-dimensional systems is given in the following theorem:

Theorem 1 If a reqular Lagrangian L € C*°(TR"™) determines the autonomous system , i.€.
the vector field , then the determinant of the Hessian matriz in the velocities, W = (%),
is a Jacobi multiplier for the system , i.e. for the vector field .

Proof.- The vector field determined by the regular Lagrangian is the solution of the equation
i(Iwr, = dEL, where, as defined above, Ey, is the energy of the system, wy, is the Cartan 2-form
wr, = —dfr, and 0, = S*(dL) is the Cartan 1-form determined by the Lagrangian, with S denoting
the vertical endomorphism (see [15, [I6]). Then the solution of the equation is a Hamiltonian
vector field w.r.t. wr, and then Lrwy = 0. Hence, if 0/ = wﬁ", then L1 = 0, and therefore

' =1 1is a Jacobi multiplier for (I',’). The relation between € given by (3.3) and Q' is

n

/ _ _ n - 8L il aL in
Q= (-1 d<zavi1dx A Nd ooi 0

i1=1 in=1
= > dx“Ad( oL > /\---/\dmi"/\d< oL >
P ovu ov'n
oL oL
— (=1 2 oy gl AL n it =
(-1) nldx” A--- Ndx /\d<601>/\ Ad(@v”)
= (=1)"= D2 p1 det(W) Q (3.10)



and as det(W) is the proportionality factor between both volume forms the results follows. [J

Remark that, as a corollary, if we have two equivalent regular Lagrangians Ly and Lo, the quotient
det(Ws)/ det(W7) is a constant of motion. This result has been given in [18] for the onedimensional
case and in [26] as a particular case of other more general result, which is that the characteristic
polynomial of the recursion operator R = @211 oWr,, is a constant of motion, or in other words, the
traces of powers of the recursion operator R are constants of the motion (see e.g. [6] and references

therein).

The theory can be extended to more general cases where the configuration space is not the
Fuclidean space. If a given second-order differential equation vector field I' admits a Lagrangian
description by the regular Lagrange function L in the tangent bundle 7 : TQ — @, i.e. i(I")wy =

dEp, then Lrwy, = 0 implies that Lrw)™ = 0, and therefore the vector field T' is divergence-free

with respect to the volume form w}". In other words, we are able to find a I'-invariant volume
form.
If a chart in the open set U C @ is chosen, i.e. we consider a coordinate system (U, q',...,q")

on the open set U of Q and the corresponding chart in % = 7=(U), then this coordinate system
determines a basis ((0/9¢" ) - -, (0/0¢™)|m) of the tangent bundle at each point m of %, and the
local basis of the C*°(U)-module of vector fields X(U) given by {0/9¢" | i = 1,...,n} defines a local
basis of the C°°(T% )-module of vector fields X(7T% ) given by {0/0q¢',0/0v* | i =1,...,n}. When
restricted to such a tangent chart on the open set % of T'Q), i.e. in terms of the associated local
coordinate system (q',...,¢"% v',...,v™) on the tangent bundle T'Q, we can consider the volume

form locally given as follows
Q=dg' A ANdg" NdvP Ao A dO, (3.11)

and then the volume form w}" on % = 7~ Y(U) is proportional to Q = dg* A---Adg" Adv A- - - Ado™
with proportionality factor det(W), and this shows that det(W/) is a Jacobi multiplier for the

restriction of I' onto the oriented manifold (%, §2).

Let (@, g) be a n-dimensional manifold endowed with a Riemann metric g, and consider a co-
ordinate system (U, q!,...,¢") on the open set U of Q. The metric g is represented on U by
the matrix G with elements g;; = ¢(8/9¢',0/9¢’). In the associated local coordinate system
(¢',...,¢",v!, ..., v") of the tangent bundle T'Q, the volume form is locally given by . The



remarkable point is that if the local coordinates are orthonormal, i.e. g;; = d;;, €2 is well defined
no matter of the choice of the orthonormal system of coordinates, because for an orthonormal
change of coordinates the determinant of the Jacobian matrix with elements J;; = G’ /o¢’ is 1,

and therefore dg' A --- Adg® Adv A Adv™ =dgt A - AAGP AN AT A - - A dD™.

Suppose we have an autonomous second-order vector field I' in a neighbourhood of a point in the
velocity phase space T'Q), with coordinate expression (3.4)) whose integral curves are the solutions
of the associated system of first-order differential equations . Then, if we choose in such a
neighbourhood the volume form , we can conclude, in full similarity with the preceding result

for the Euclidean case that:

Theorem 2 If the vector field I' in is determined by a regular Lagrangian L € C*(TQ),

where (Q, g) is a n-dimensional Riemann manifold, and the local coordinates are orthonormal, then

0%L
ovtovd |’

the determinant of the Hessian matriz in the velocities, with coordinate expression W = (

is a Jacobi multiplier of the system with respect to the volume form .

As a consequence of Theorem [2] for second-order differential equations (i.e. one degree of freedom)
we recover the above mentioned well-known result on the theory of Jacobi multipliers, that is, the

function (3.7)) is a Jacobi multiplier of the system (see e.g. []]).

Nucci et al. extended in [35] this result for systems with one-degree of freedom to systems with
n-degrees of freedom if the generalised force is independent of velocities. The authors stated that,
for each pair of indices, the partial derivative j;; = 0?L/0v'0v7 is a Jacobi multiplier of the system
and proved the result for the particular case of systems of two second-order differential equations.

The extended result given in [35], valid for SODE vector fields I" of the form

(00 O
F:;<v aqi—l—f(q)avi). (3.12)

We first remark that if the system (3.2)) is such that the generalised forces f*(¢,v) do not depend
on the velocities, then as the divergence of I' is zero, p is a Jacobi multiplier of the system iff it
is a constant of motion, because since the generalised force of the system is independent of the

velocities, div(I') = 0 and then div(uT) = T'(u).

The extended result is summarised in the following theorem:



Theorem 3 If the vector field I in is determined by a regular Lagrangian L € C*(TQ),
where (@, g) is a n-dimensional Riemann manifold, and the local coordinates are orthonormal, then,
for each pair of indices the partial derivative p;; = 0*L/0v'0v? is a Jacobi multiplier of the system

with respect to the volume form .

Proof.- If a chart of orthonormal local coordinates in the open set U C @ is chosen and we consider
the corresponding chart on % = 7~!(U), and the corresponding local bases of the C°°(U)-module
X(U) and the C*°(% )-module X(% ), then, having in mind the explicit form of the 1-form 67,

—~ L

o1 = P ot

dq’, (3.13)

we see that for each SODE vector field I on 771 (U), as

oL . 0L
XFHL = gp (81)’) dq’ + (%i Cl?)l,

we have that

) i B AN fp(aL)
oq

o't
79 Py Y , (3.14)
i 4 = :
v L ov'
and consequently I" is a solution of the dynamical equation (3.6)) if and only if
0 oL oL
| — )|dL = — =4 : 3.15
(ar) =55 == (57). 319

because if Z0r, — dL = 0, the second equation in (3.14]) reduces to an identity and the first one to
(3.15)), and conversely, if (3.15)) holds, the 1-forms dL and 4101, on T'Q) take the same value on a

local basis of vector fields, and then both coincide.

We can make use of these results to prove that if the SODE vector field I' is solution of the
dynamical equation (3.6) for a Lagrangian L such that the f/ components f/ = i(9/0v/)T" are
basic functions, namely, the vector field T" is given by (3.12]), then the Lagrangian L is such that

L 19°(TL)
dqtovi 2 Qviowd

In fact, taking into account the commutation relation

0 0
[ ’81}’] aqt’ (3.16)
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we obtain the mentioned result, because

#L 9 (9L _ 0 (g, (L) _ @ (OL) oL
dgiovi — Ovi \dqt )] Ovi '\ ovi ov | ot oq' )’

where use has been made of 4 0i(9/0v') —i(0/Ov') o LA = i([l',0/0v"]) = —i(9/dq"). Therefore,
the regular Lagrangian regular L defining a vector field I' as in (3.12]) satisfies

9’L  9°L
0qiovi  Ogiovt

(3.17)

Hence, the functions u;; = 0?L/dv'0v7 are constants of the motion, because using the commutation

relation (3.16)) of T with 9/0v7, we see that

(D (OLYY_ O (p(PLYY O (o
ovi \ Ovt Ol ovt ogl \ovt )’

which can be rewritten as

(D (LYY 0 (ory o (oL
ovi \ Ovt vl \ O¢? Oqi \ovt )’

as a consequence of the Euler-Lagrange equations, and then (3.17)) show that the functions 92 L /9v*0v7

are constants of the motion. Therefore, dpu;;/dt =0 and p;; is a Jacobi multiplier for (I'z, §2). O.

Using this result in the example of a 2-dimensional coupled oscillator it is possible to find a

general Lagrangian for such system [35].

4 Examples

In this section, some examples are given to illustrate several applications of the theory of Jacobi
multipliers in the integration of dynamical systems, or as a way to find new constants of motion.
A Jacobi multiplier can also be used to solve the inverse problem for a second-order differential
equation, allowing us to find a (may be non-standard) Lagrangian description for a given second-
order differential equation when a Jacobi multiplier is known [5, 28] 3], [36], or also constants of
motion when two inequivalent Jacobi multipliers are known, leading to the result, usually attributed
to Currie and Saletan [I8], that if two regular Lagrangians L; and Ly are known for a second-order
differential equation, the quotient function f defined by

O*Ly 0Ly
o2 Ov?

f (4.1)

is a constant of the motion.
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4.1 Spherical geometry

Consider the motion of a unity mass point on a sphere of radius R = 1/ VA centred at the origin.
In the usual spherical polar coordinates [3], a chart is fixed by two coordinates (6, ¢) such that

0<fd<m0<¢<2rm, and
x(0,¢) = (R sinf cos ¢, R sinf sin ¢, R cosf).

The sphere can be seen as a Riemann manifold with the metric induced by the Euclidean metric
in R? and then

g0 = R, gos =0, gss = R*sin’0,

i.e. the arc-length is ds?> = R%(df? + sin® 0 d¢?). The geodesics are given by maximal length arcs.
In particular, if we choose as origin in the sphere the North pole N, the distance of a generic point
with coordinates (0, ¢) to N is R6. If we consider the free motion on the sphere the Lagrangian

reduces to the kinetic energy
1
T(97 ¢7 Vg, U¢) = §R2 ('Ug + Sin2 0 ’U;)

Suppose a central motion, i.e. under the action described by a potential function V(6) that does
not depend on ¢ but only on 6, a parameter proportional to the distance to the North pole. The

Lagrangian of such mechanical system is (see e.g. [3])
1
L6, ¢,vp,v4) = §R2(’Ug + sin? 91)35) — V().
The dynamics is given by the integral curves of the vector field
1 6V> 0

0
ﬁ% 7—2C0t0’l}9’l)¢87.

0 0
FL209%+U¢6—¢+ <sin0 COSGU;— v o

Then, by Theorem 1, we conclude that, as
Woo = R?, Wys =0, Wys = R*sin’0,

p = det(W) = R*sin? 0 is a Jacobi multiplier for I'z, with volume form Q = df A d¢ A dvg A dovy.

In fact, one can check that
Iy =2R* vy sinf cos b, divI';, = —2cot 0 vy,
and therefore I'ppu + pdivl'y = 0.
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4.2 Liénard’s equation and Chiellini’s condition

Consider the classical Liénard equation [33]
Z+ f(z)d +g(z) =0. (4.2)

This is a class of second-order differential equations (SODE) in which the damping term is propor-
tional to the velocity, f(x)&, where f is a non-vanishing function. The Liénard equation defines a
SODE vector field in TR ~ R? given by

0 0
I'= Vo (f(z)v+ 9(@)%-

(4.3)

We can consider the 2-form w = dx A dv on TR and look for (see [4]) a Jacobi last multiplier for
I'. Since divI' = —f, the function p is a Jacobi multiplier of the system iff 'y — pf = 0. This is
partial differential equation whose most general solution is not easy to find but we can look for a

particular solution of the form pu(z,v) = (v — W (z))'/*, wherein s is a non-zero real constant [4].

This function p is a Jacobi multiplier of the system iff

0 = Ug—g—(f(m)ijg(:E))%—Mf@)
Iul—s , Ml—s
= W@ =@ +g(@) - pflz)
1-s
= —E— (W@ v+ f@) + g(x) + 57 ()
1-s
= —E (W@ + 1+ 9)f@)] v+ g(@) = sf@)W (@)).

So p is a Jacobi multiplier iff sW(z) = g(x)/f(z) and W'(z) = —(1 + s) f(z). Combining the two
equations we obtain the following compatibility condition between f and g for the existence of a

Jacobi last multiplier p of the previously chosen form

% (?) =kf, withk=—s(1+ s). (4.4)

The above condition (4.4]) is known in the literature as Chiellini condition [13], and appears in this

example as a consequence of the Jacobi multiplier theory. More details can be found in [4] 31].

The Chiellini condition (4.4)) is used to integrate the first kind Abel equations [24], and has been
applied for obtaining exact solutions of second-order differential equations that can be reduced to

an Abel equation. It was shown in [30] the relationship of this condition to its linearisability under
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an appropriate Sundman transformation [39], and then it was shown in [31] that the corresponding

Lagrangian can be easily derived from that of the damped harmonic oscillator.

Using (3.7)), the Jacobi multiplier we have found can be used to derive a non-standard Lagrangian

for the classical Liénard equation [4].

4.3 Dynamics of a position-dependent mass particle

In a recent paper [11] Casetta studied a particular example of a position-dependent mass one-

dimensional system whose dynamical evolution is given by a Meshchersky’s equation,
m(q)q—}——q—aq 7:03 OZER, (45)

where m = m(q) is the position-dependent mass function and the real function V' is the potential
energy. This kind of position-dependent mass systems were studied in [40] in the context of the
quadratic Liénard type equation, and it was proved to have an autonomous first integral and,

consequently, a Jacobi last multiplier, and therefore to be derived from a Lagrangian.

The associated vector field is

0 0
Fo=v—+ F,(q,v) =—, 4.
Vo T (,v) 5 (4.6)
where

1 av dm
F.(q,v :<—+av2>. 4.7
(@) m(q) \ dq dgq (4.7)

Note that
oF, 1 dm
divl, = =2 — 0,
iv 50 am(q) dq v

and we can look for a Jacobi multiplier u, for the vector field I', that depends only on the position,

i.e. du/Ov =0, and then a solution for the differential equation for the Jacobi last multipliers:

d—'u—i—2aLd—mv:O,

T, +udivl, =wv
() + 1 dq m(q) dq

which admits as a particular solution u = (m(q)) 2.

Therefore, the dynamical system can be defined by a Lagrangian L, uniquely defined, up to
addition of a gauge term, that verifies 4 = 9?L/0v?. The Lagrangian is then given, up to a gauge
term, by

Lalg,v) = 5(m(@)) ™ v* ~ Vala), (1)
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for an appropriated function 17&, with an associated energy function

B, (4,0) = 5(m(a)) ™ v* + Vala), (4.9

and then, in order to the dynamical vector field to be (4.6) with the function F, given by (4.7),

the function 17& must be such that

_OE,

~(m(0))™* Fa(g.0) = 52 = —a(m(a) " (a) o + V(o)

which determines the function 17(1 as follows:

Tal) = [ () V() e (4.10)

as established in [I1I]. This means that l' with this value of the function V, is the only func-

tionally independent constant of motion.

A particularly interesting case is when o = —1/2, for which (4.5 reduces to
m(q)q’+7q+fq —— =0, (4.11)

which, as V_; /2(q) = V(q), is described by the Lagrangian
1 2
L_y/5(q,v) = §m(Q)’U - V(q). (4.12)

Casetta deduced a conservation law along curves in the same level F of the energy function Ef,
by
L o
I(q,v):fE §mv +V )

where the following function fg,

B 1 7 o2m'm2(E —V)
fz = exp (— <2 + a> / e Vd<> ,

depends only on the position. Note that, there is a different function for each value of the parameter

E. We can prove that dI = —fgmn, with n = F_, 5(q, v)dg — v dv, so, as expected, the new

constant of motion I and the generalised energy Ej are functionally dependent. In fact,

1 1
dl = [ij <2mv2 + V) + fE <2m/02 + V’)} dq + fgpmvdv

15



and since fj = —fg(3 + a)m'v?/(Amv? + V) we obtain
I = [-fk (% +a) m'v? + fg (%m’v2 + V)] dg + femudv
— o ([ (@) w0+ & (bt + V)] dg + v
= fom (-4

However, if the potential energy function is identically zero we obtain fr = m™'72% thus mfr = u

am/v? + LV dg+vdv) = fgm (—F_15(q,v) dg +vdv) = — fgmn.

and I = Fp, and then if o = —% we have fp =1and I = Ey.

5 Jacobi multipliers for Boltzmann-Hamel equations

The use of quasi-coordinates or nonholonomic coordinates (see e.g. [9] and [25, 29, B7] for a
geometric interpretation of quasi-coordinates) has been shown to be very efficient to deal with
many problems in Mechanics. In this section we recall the concept of quasi-coordinates and the
implications they have on the equations of motion. We will see that the choice of quasi-coordinates
will have a direct effect on the Jacobi multipliers of a Lagrangian system, the associated Lagrangian

being the counterpart of the one proved by Ghori [21] for the Hamiltonian formalism.

5.1 Quasi-coordinates overview and Boltzmann-Hamel equations

Consider a configuration manifold Q where a mechanical system is evolving. Recall that usual
coordinates on a tangent bundle T'Q) are induced from a chart on its base manifold ). As indicated
above, given a coordinate chart (U, ) of @, we can induce a chart on % = 7~ 1(U) by the tangent

map ¢ = T, i.e. p(m,v) = (¢(m), Psm(v)), and then, if ¢ = (¢*,...,q¢") then the coordinates of

a vector v are given by dq'(v) = v(q'). However, we can substitute the 1-forms dgq',...,dq", by n
linearly independent non-exact 1-forms o', ..., a",
. n . . .
a’:Za’j(q)qu , i=1,...,n, with  det(a’j(q)) # 0,
j=1

and the inverse relation
dq1:25lj(q) o, i=1,...,n, with Za’j(q)ﬁj k(q) = o;.
j=1 j=1

Then the 1-forms o' are such that a' A --- A a” = det(&)dq', ..., dq", with o/ the matrix with

elements o j» and then a' A---Aa™ is a volume form on (. Consider the basis {X1,..., X, } of the

16



C*(Q)-module of vector fields on @ dual to the basis of 1-forms {a!,...,a"}, ie. (', X;) = 5]“

The expressions of such vector fields are
n n
1= 1=

They provide a local trivialization of the tangent bundle T'Q) on % and the quasi-velocities ¥* at a
point m € @ (also called nonintegrable velocities) are the coordinates of the vector with respect to

the basis { X1, ..., Xnm} of T,,U determined by such basis of vector fields at m € U.

The base coordinates ¢¢ on TQ are the original ones but the fibre coordinates are related by
n n
@Z:Za’jv], U’:Zﬂ’jﬁj.
j=1 J=1

The coordinate expression of the Lagrange function in terms of these quasi-coordinates is
n
L(¢",v") =L | ¢, Zaljvj
j=1

Remark that the notation ¢’ is convenient because ¢* = ¢*, but

o d ”laala g l,raala o & ., .98, 0

- = — 4 v = 5= — (e’ o
o o 2 "Xt o2, o
while

n k k l
a+ Z’Dlaﬁ,-li:i‘i‘ Z alrvraﬁq-lak_a'_ Z ,UT/Bklaa'Ti.

= ) ) k ) ) ) i k
0q 0q Pyt aqt v Jq Pt dq* v Jq ) dq* Ov
On the other side,
0 - 0
7 = k. 5.2
61}2 Za vi’ ot ;B L Ok (5:2)
As a consequence, we also have the following relation

g o0 ;0 r O g, 0 0

oui o~ onl (“ a) = gl g (5:3)

The Euler-Lagrange equations for the system defined by the Lagrangian function L € C*°(T'Q)

are (see [9] and [25] for a geometric approach)
. OL
(avl> Zﬁ] + Z ]'7;{:[8 5 l:1,...,n, (54)

17



where the Hamel symbols '711%1 are the functions given by

" [daF; dak,
ko _ § : i Jj i

ij=1

The geometric interpretation in terms of the Lie algebroid structure was given in [9], where it
was shown that the use of quasi-velocities is equivalent to use the Lie algebroid structure of T'Q
but deliberately forgetting the tangent structure, and using a local basis of sections given by the
above mentioned vector fields X;. Note that the structure functions in such a basis, given by the

relation [X;, X;] = Cj; k X}, coincide with the corresponding Hamel symbols, because

- 0 < 0 = op™; 0 opti 0
Y m Y — l J m Y
;Bzaq“mzlﬂ ”8qm] 2 (62 o ogn i ogn 8ql>

Il,m=1
8 l
= Z ( 5 - B"; B ) oF 1 X,
klm
and if we take into account that, as Z o' i(q) B k(q) = 6L,
7=1
~ 8Bl] ko ° l aakl i 8511 ko l 80{
Zaqmal__zﬁjaqm’ aqmal_ Zﬁ
=1 =1 =1 =1
we obtain
- 6a 8a dak oo
_ m ol l m ol l m  nl I m
XX = > (ﬁ 8L 2L gm gt ) S g, < %)Xk,

k,l,m=1 k,l,m=1

from where we see that Cj; k coincides with the Hamel symbol %kj given by 1)

The Boltzmann-Hamel equations [34], 37] determine the projections on the configuration manifold

of the integral curves of the vector field with local expression

Z /BZ]T)J —1 + Zf Q7 8817 (56)

i,7=1

where (see later on for a proof)

. n — . n 2_
P =30 (st dk 3y e 2L zwmajk;l SR

=1 k=1 3,k=1
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92L
OV 0vI

and W represents the matrix element of the inverse matrix of W = ( ) More explicitly,

such integral curves are solution of

n
=300
Jj=1

v = f(q,v)

(5.8)

In such quasi-coordinates on the tangent bundle we can consider the following two alternative

volume forms

Q=dg" N Adg" NdO" A+ AdD", Q=0a A~ Aa" AdB" A+ AdD",

which are related to €2 by

Q=det() Q, Q= (det(x))*Q. (5.9)

n

Similarly a covector ¢ € T;@Q can be expressed as ¢ = Zﬁjaj(q), and then (m,...,7m,) are
j=1

called the quasi-momenta of ¢ in the given basis and (¢’, 7;) are called the quasi-coordinates of

¢ € T*Q (see [9]). The relation between standard momenta and quasi-momenta is given by the
n

well-known basis change formulas, m; = Zpi X j(q). The Hamel symbols are such that daF =

i=1
n

- Z %anlam A ol. Note that when the 1-forms o are all exact the quasi-velocities ©/’s and the
I,m=1

quasi-momenta 7;’s would be the velocities v/’s and momenta p;’s w.r.t. a new local coordinate

system on Q).

5.2 Dynamical equations in terms of quasi-velocities

Let us first remark that in terms of quasi-coordinates the two geometric objects characterising the
tangent bundle structure of T'Q), the Liouville vector field A, infinitesimal generator of dilations
along fibres, and the vertical endomorphism S are respectively given by

"o AN I
A:ZU 350 S:Zaiﬁéédq,
i=1 ik=1

because

0 N~ O 0 ok 0
am‘zﬁ Lok avi_;a Yok

k=1
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Consequently, the expression in terms of quasi-coordinates of the energy is given by

EL—ZU @—L

because
OL = OL
o~ 2a k7
and therefore,
"N 0L K 0L "\ OL
vV = —— gkl = —— ¥
= kR k
ot v/ Pyt ov — v
Hence
"\ 0L = 9*L NN "\ 0L "\ 0L
R 2 T 5 k 5J k A5 — = diI
B = = v dv jz " agkov 47 ]Z v ama@kd” z:: o 9 z; v 4w’
i.e.
(& 9PL OL " 92
- 5J _ = 7 57 =k
dE; = Zv 00T o g + Z v 8616@kdv . (5.10)
Moreover, the expression in quasi-coordinates of the Liouville 1-form 6y, is
L "\ 0L 81} a L . = 0L
dd* = Rt I~<:Z i __ Yk

and therefore,

and developing these expressions

- " . " 9L daF
d]/\ _ J k_ e J g1
Z 838 74q aF J; 81}"?6 ]dv A« j%;lavk ad dq /\dq

and therefore,

" . 0°L . 0L (O« dak ~
. —l dit+—— k gt Y [P YR g —q
Z( ) Zamka l q+z< A T 8v’“(6q]’ 8qi>dq>’

and




In other words, the matrix representing &y, is

R c  —dTw
or=| . (5.11)
Wao 0

Here &y, denotes the map &, : X(TQ) — AN(T'Q) defined by &r(X) = i(X)wr. In the usual
bases given by {0/0q",...,0/0q",0/0v',...,0/0v"} and its dual it is represented by a matrix

cC M
N 0

where

{0\ .[ O {0 \.[ O {0\ .[ O
=) (o) o M= ()i (g ) o o= () ()

Then we have

Nz’jzi(a)i(a)w’:: Wira® j = (W o)y,

ovt o —
and similarly,
(O \.[ 0 - = g _ Ty
Mi; =i <8qi) i <8W> wr, = _;ija i = (" W)ij,

and

- 9?L 9?L OL [(daF; 0aF;
P _ k. ko, YE J i
Cij ; ( Y o + agook " I * ook ( oq o >> ’

i.e the matrix representation is the above matrix where 77 denotes the transpose matrix of 7.

n

Therefore, taking into account (5.10|) we see that a vector field I' = Z(fza/&f +n'0/00") is a
i=1

solution of the dynamical equation (3.6 if and only if
D Winakj¢ =3 Wyt! = €' =3 p'x ",
k=1 j=1 k=1

and (summation on repeated indices is understood)

. O°L 0’°L OL [daF; 9ok, - 0’L  , . . 0°L oL

L o ER e N e - -
ogovk  ovkog 7 ouk \ oF O 0

Recall that according to the definition (5.5)) of Hamel symbols,

n n
ook 0k ook 9ok,
2 ( o7 8@'1)5”5]1%:’75@1 = o5 " ow > o aliny,

2,j=1
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n
and then using this together with & = Zﬂi 1 0%, the preceding equation becomes (summation on

k=1
repeated indices is understood)

%L 0*L OL , %L OL
k k Ik - _ ok
<_°‘ apost T ovtag " I T o 1° me> Bl ™ = Wikal i =0 5oy = 50
ie.,
62L 8L . oL
k J o 2 Wk = 22
and we can obtain then the second component of the dynamical vector field
oL = O%L
LR R I L o I )
1,5=1 J,k,m=1 k,l,m= 1
n
and then, using that Zak B = ok,
i=1
SO PLECED "D Gt
f 8q38 o gk Tms Y
S= m=1 m:

which shows ([5.7)) with a different notation.

5.3 Jacobi multipliers for systems defined by Lagrangians in quasi-coordinates

As far as Jacobi multipliers for the dynamics of systems defined by Lagrangians in quasi-coordinates

is concerned, we have the following result:

Theorem 4 If the vector field T' whose expression in quasi-coordinates is (@ is defined by a
reqular Lagrangian with quasi-coordinate expression L(q,v), then the determinant of the product
AW is a Jacobi multiplier of T' with respect to the volume form , and therefore the determinant

of the product &/*W is a Jacobi multiplier of T with respect to the volume form €.

Proof.- Computing the n-exterior power of the Cartan 2-form, we obtain in quasi-coordinates

Qr=wp" = Z oz“/\d(aafz/) -'/\ai”/\d<aaf;n>

U15eesin=1

= Y ()" DEpldet(W)alt A A AdD A AdD"
i yersin=1

= Y ()" D2l det(W) det(«) dg' A+ Adg" AdB' A~ AdD"(5.12)

1yeyin=1
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ie. Qp = (=1)"=D/2p1 det(W)Q = (=1)""=D/2n) det(W) det()Q. The solution of the dy-
namical system defined by a Lagrangian is a Hamiltonian vector field w.r.t. the symplectic form
wr, then g/ = 1 is a Jacobi multiplier for (I',w/™). Therefore, ii = det(&/W) is a Jacobi multiplier
of I' w.r.t. the volume form Q, and pu = det(=/2W) is a Jacobi multiplier of I w.r.t. the volume
form Q. O

The above result is the Lagrangian equivalent of the one proved by Ghori [21] for the Hamilto-
nian formalism in quasi-coordinates. In [2I] Ghori proved that the determinant of .2 is a Jacobi

multiplier for Hamel’s equations.

Example 1 (Kepler problem [3,19]) Consider a particle P of mass m moving in a plane under the
action of a central force F(r) = —kmm'/r? on the direction of a fized point O of mass m' > m,
where k > 0 and r = dist(O, P). The configuration space of the system is Q = R? — {O}. Let 6 be
the angle that the line OP makes with a fized direction on the plane. The dynamics is determined

by the reqular Lagrangian in the chart of polar coordinates given by

k /
L= %(vf +r20d) 4+ (5.13)
Therefore, as
T
o2 7 Qudvg T Ovp ’

Theorem 1 gives us a Jacobi multiplier for the system in polar coordinates with respect to the volume

form Q = dr Adf A dv, A dvg: pp = det(W) = m?2r2.

As the coordinate 0 is cyclic, 8L/89 = mr2 6 is a constant of motion. This suggests us to consider
the following set of quasi-velocities on the tangent bundle TQ: v, =7 and vg = T’Qé, determined by

the 1-forms o = dr and as = 12 df, with associated vector fields X; = 0/0r and Xy = r‘28/80

and Hamel symbols vi, = 0 and vy = —2/r. The dynamics in quasi-coordinates is determined by
the Lagrangian
2 !
= o m [ _ v kmm
(0, 00) = 7 (a2 4+ 72 ) + (5.14)

and the matrices o/ = (o' ;) and B = (B' ;) associated to this set of quasi-velocities are given by

0
%: y (@:
2
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Therefore, ji = det(aW) = m?, i.e. any constant, is a Jacobi multiplier for the system in quasi-
coordinates and the volume form Q = dr A df A dv, A dvg. Note that as vy = 0, vy = —2/r

and - ~
oL m_o kmm' OL

— = - — =0
Oor 3 r2 700 ’

the vector field determined by the system of second-order differential equations is

_J 1y 0 <_7m’ v%) d

r2 r3 ) 0v,"

6 Jacobi multipliers and nonholonomic systems

The use of quasi-coordinates is particularly useful when we have linear nonholonomic constraints,
n

i.e. constraints on the velocities of the type Zai(q)vi = 0, that are not derivable from holonomic
i=1

n

constraints [I], 0} 29, B4]. If ¢ is a 1-form on @, with coordinate expression ¢ = Zg(q) dq’, then
=1

we denote ¢ the function ¢ € C*(TQ) given by ((v) = () (v). In the usual coordinates ( is

n

given by E (q,v) = Z(Z-(q)vi, and therefore the linear nonholonomic constraints are given by the
. i=1

1-forms a = Zai(q) dq’, and those that are not derivable from holonomic constraints correspond

i=1
to non-exact 1-forms.

In the usual formulation [10, [32] B8] for a n degrees of freedom system with r < n functionally
independent linear nonholonomic constraints EA =0,for A=n—r+1,...,n, we can set the
last r quasi-velocities equal to the constraints and solve the remaining 2n — r Hamel’s equations:
such a set of r linear constraints defines a rank r vector subbundle & of 7 : TQ — @ called the
constraint submanifold Sy. The admissible velocities are the elements of &, and a curve in @ is
said to be admissible if its velocities take values in 2. From the annihilator 2° C T*Q of 2, i.e.
the set of 1-forms on T'Q) vanishing on the elements of 2, we can construct the vector subbundle

2° of T(TQ) defined by 2° = {C o T € T*(TQ) | ¢ € 2° }.

Given a regular Lagrangian function L € C*°(T'Q), consider the nonholonomic system defined by
the Lagrangian L and the linear constraints given by %. The evolution of the nonholonomic system

is determined by the Lagrange—d’Alembert principle, which states that the dynamics of the system
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is given by the integral curves of the vector fields I' tangent to & satisfying the Lagrange—d’Alembert
equation

(i(Mwr, — dEL)|o € 2°. (6.1)

If 2° is generated by the set {¢4 | A =n'+1,...,n} of 1-forms in Q, with n’ = n — r, then the

vector bundle Z° is generated by the set of basic 1-forms {r*¢A | A=n"+1,...,n}.

More explicitly, the dynamics is given by a vector field I' determined by the equation (see e.g.

[10])

n
iDwy, —dEL = Aat*¢h, (6.2)
A=n’+1
where the functions Ay € C*°(T'Q) are the Lagrangian multipliers of the system, to be determined

by the tangency conditions L’FE A=, forall A=n'+1,...,n. This vector field can be written as
n

asum I'=1p + Z A4 Z4, where Ty, is given by the right hand side of (5.6 and (5.7), and Z4
A=n’+1
is the vertical vector field corresponding by @y, to 7*¢4, i.e. i(Z4)wy = 7°¢*. Each vector fields
n

Z4 is vertical, because it corresponds to a basic 1-form 7*¢4, and therefore Z4 = ZZAZG/ o'
=1

n
with 247 = —ZWU QJA, i.e. the local expression in quasi-coordinates of Z4 is
=1
n n n
A _ ijoa O i virikal A s O ~ kol A O
z __ZW Jout Z Bﬂwﬁkglalaﬁr__zwﬁkcla@j’
ij=1 i k=1 jkl=1

where use has been made of (5.3), which implies W = (&/)TW .o7. The same result can be obtained

directly in quasi-coordinates using the form of @y, given by (5.11) and so, if Z4 = ZZAiﬁ/ﬁz_}i,
i=1

n
then 24 = — ) " Wik ;¢/l.
J,k=1

Consider appropriate quasi-coordinates as mentioned before, (¢*,77) = (¢, 9%, v4) on TQ, with
it=1,....,n,a=1,...n"  and A = n/ +1,...,n, for which the equations defining the constraint
manifold 2 are simply 74 = ZA = 0, with A = n’ +1,...,n. In other words, (¢*,v%), with
t=1,...,nand a = 1,...7n/, are the coordinates for 2. Recall that the tangency conditions are

L4 =0, forall A=n'+1,...,n.

If the matrix of functions in 7Q M4B = ZAZB is regular we say that the constrained system

is regular, and then the tangency conditions uniquely determine the coefficients A4 as solutions of
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n
T LZB + Z MABX,4 = 0, and the equation (6.1]) has a unique T solution of l} and tangent

A=n'+1
to 2.

When using such quasi-coordinates is convenient to choose as a basis for vector fields in T'Q),
{X;,0/0v"}, where the vector fielsds X; are given by (5.1). In particular, a SODE vector field on

TQ tangent to the constraint manifold is of the form

I = ZUZX +Zfa 'L—z

The constraints 74 = ZA = 0 define a (2n — r)-dimensional submanifold Sy of T'Q,

§:U=TQ, (G- s Gn, 0., 0" ") = (G1y s Gny 0, ..., 0"7,0,...,0),

where U is an open set of R"~", and there is a vector field Iy on U that is j-related to T.

Hence, the system of differential equations for the integral curves of vector field obtained by

restricting ' to the constraint submanifold, which has the same coordinate expression as in (6.3)),

are
n/
¢ = Zﬁl a(q_)qja
=1 , (6.4)
o= (T
with
TL/ / / 8 E
IR SLE W CRCRD oL e ]
b=1 k=1 c=
We can consider the volume form in 7'Q)
Q=dg' A...NdGT* NdT A ... A dT, (6.5)
and in the constraint manifold Sy the following volume form
Qo=dg" A...NdT* NdB* A ... AT, (6.6)

and then the divergence of Iy with respect to such a volume form is given by

e (=08 OF
dlv(Fo):Z<Zv 3 +ava>‘ (6.7)

a=1 \i=1
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Notice that, according to ((6.2)),

Lrwp =Y _d(Aar"a™).

a=1
So, in general, LrQ # 0, with Q7 = w}"™. If p is a Jacobi multiplier for (I',Qy) then, as
Qp = § det(o/W)Q, with § a constant, i = pdet(«/W) is a Jacobi multiplier for (I',). On the
other hand, if a Jacobi multiplier fi for (T, Q) is known, then p = fi/ det(«/ W) is a Jacobi multiplier
for (I, Qp).

It is to be remarked that the true tangency condition is the less restrictive condition (,CFZ A) 4o =
0, and therefore the vector field I' is not fully determined by the tangency conditions but only its

restriction T'y to the constraint submanifold Sp.

Example 2 Consider the motion of a free particle of unitary mass in the configuration space R3,
under the action of the linear constraint v, = v, — yv, (see [1, [9]). Let (x,y, 2,0z, 0y, V:) be a

system of quasi-coordinates on the tangent bundle TR?, where
Up = Vg, TVy=vy and U, =0, — Yv,,

i.e.

t=de, C=dy, =dz—ydx.

Hence, the transformation matriz is given by

1 00 1 00
gd=| 0 10|, B=|010
-y 0 1 y 0 1

The motion of the free particle is defined by the reqular Lagrangian function

L(z,y,2, 05,0y, 0:) = = (02 + 0, + (0 + y0,)?) ,

N

and the corresponding Hessian matriz in the quasi-velocities is given by

1—|—y2 0 y
W = 0 10
Y 01
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Then, det(o/W) = 1 is a Jacobi multiplier for the free system whose solution is given by the vector
field
'y =v,0/0x +v,0/0y + (U, + yv,) 0/0z — 0,0, 0/ 0.

The nonholonomic system is given by the vector field I' =Ty + A\ Z tangent to 9, where Z is a

vertical vector field determined by the equation izwr, = 7*C3, namely:

_, 9 9 _
_yf)vx 8vz_y(%x

o 2
(1+y )(%Z,

A 1s the Lagrange multiplier associated to the constraint v, = 0 determined by the tangency condi-

tion,
_ Ugly
1+y2’
and then
F—vxax+vy§y+(vz+va)§z— ffzg ffix’
whose restriction to the constraint submanifold coincides with

_ 0 _ 0 _ 0 YUy, 0
FO:'Uraix‘f‘?)yafy‘Fyvm Y

9z 1+12 du,

The divergence of the solution T with respect to the volume form € is non-zero,

: Yo
div(T) = — : +yy2, (6.8)

and similarly for the divergence of the vector field Ty with respect to the volume form Q.

However, the equation implies that

%111(\/1 +42) + div(I") = 0, (6.9)

and similarly for Tg Therefore, = /1 + y? is a Jacobi multiplier for (T',Q) and also for (T',Qyp),
because det(AW) = 1. Additionally, we can prove that n = (1+y?)v, is also a Jacobi multiplier of
the system, and then I = p/n = +/1+ y2 v, is a constant of motion for the nonholonomic system.

7 A reduction theorem of a nonholonomic system in quasi-coordinates

Consider the nonholonomic system defined in the previous section, given by the vector field T

Remark that i(I')dEr = 0, that is, the energy of the free system is a constant of motion of the
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nonholonomic system. Indeed, by the formula (6.2,

iD)dEL = i(M)iMwr — Y Aai@) 750t == > Mai(@) 77, (7.1)
A=n'+1 A=n’+1

Since the tangency condition i(I') 7*a? = 0, for all A =n/ +1,...,n, then we obtain i(T')dE;, = 0.

Recall now the main property leading to the introduction of the concept of Jacobi last multiplier

for a given vector field.

Theorem 5 Let pu be a Jacobi multiplier for a vector field X € X(M) on an oriented n-dimensional
manifold (M, Q). If {I1,..., It} is a family of k functionally independent first-integrals of X, then
for any k real numbers, ay, ..., ax, the vector field X is tangent to the (n— k)-dimensional manifold

S(ar,..ap) given by the level set

k
Starymar) =T Har, .. ax) = (I Har)
I=1

where I: M — R is the map 1(p) = (Ii(p), ..., I(p)), p € M. Moreover, j*u € C*(S(ar,....ar)) 18
a Jacobi multiplier for the restriction of X to such level set S, . q,) endowed with the (n—k)-form

J*7, where j : S(a,,. ay) — M defines the (n — k)-dimensional submanifold S, .. 4, and T is the

k

(n —k)-form 7 = x(dly A\ --- N dl}), with x denoting the Hodge operator.

Proof.- The functions I; are first-integrals, XI; = 0, and therefore X is tangent to each one of the
mentioned level sets, i.e. for any k real numbers, a,...,ay, there exists a vector field X in the

manifold defining S(q, .. 4,) such that X is j-related to X.

Note that as the k-first integrals are assumed to be functionally independent, di; A --- Adl # 0,
and the set of k 1-forms {dI,...,dI} span a (n — k)-dimensional integrable distribution, which
can also be defined by the k-form dIy A --- A dI. The leaves of such foliation are the above
mentioned level sets of I and the vector field X belongs to such distribution. There are adapted
local coordinates systems with coordinates (11, ..., Iy, y', ..., y”_k) for which the expression of the
vector field X is X = Y, (I, y) 9/0y®. The leaf S, . 4, is defined by a map j : U — M, where U

is an open set of R %, given by

](y 7-"7yn_k) = (a17"'7ak7y17"'7yn_k)'
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Now note that the n-form Q; = dI; A--- Adl Ady' A--- Ady™* is proportional to the volume
form €, i.e. there exists a function f such that 2 = f Q. The fact that p is a Jacobi multiplier for
X with respect to the volume form {2 means that .Z, x(2) =0, i.e £, x() = (e X f/f). On
the other side, as £, x(dl1 A --- Ndl) =0, we have £, xQ1 =dIli A--- ANdI A .Zux(dyl A A
dy™*), and therefore, comparing both values of %, x (1) we arrive to &, x (dy' A+ A dy"F) =
w(Xf/f)dy* A --- A dy"*. Now, using the Hodge operator defined on (M,Q) we obtain that
T=x*(dlL A---ANdly) = (1/f)dy' A--- Ady™ ", and then

1
f

1 X
LuxT=Zux <dy1 A-ee /\dy"’f> S fdy1 A Ndy R+ =L x(dyt A A dy" R,

f f?

and therefore,

X X _

Recall that (5% u)(y',...,y" %) = play,...,ary',...,y" %) and that the vector field j*u X is

j-related to pu X. Moreover, as

Loy x(77) = d (i(((7" ) X) (7)) = d (7" (i(n X)7)) = 5" (d(i(n X)7)) = j" (LuxT) |

and p is a Jacobi multiplier for X, then we see that 'g(j*u) 5 (j*1) =0, i.e. j*u is a Jacobi multiplier

for X with respect to the volume form j*7.0]

Corollary 6 If a Jacobi multiplier p and (n—2) functionally independent first-integrals, {11, ..., In_2},
for a given vector field X on an oriented manifold (M,$) are known, the determination of the in-

tegral curves of the vector field X is reduced to quadratures.

Proof.- It is a particular case of the previous result for K = n — 2. Once that n — 2 values
ai,...,an_2, of the first integrals I1,...,I,_o have been fixed, we consider the 2-dimensional man-
ifold j : S(q, )y — M endowed with the 2-form j*7, defined as above, 7 = *(dl1 A--- Adl,_2).

seeeyn—2

Now the pull back j*u is a Jacobi last multiplier for the restriction of the vector field, i.e.

J*p [i(X)j*7] is closed, and the problem is reduced to quadratures.l

The preceding result is due to Jacobi (see e.g. [28]) and this is the reason for the adjective ‘last’

for this Jacobi multiplier.
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The case of a nonholonomic system described by a regular Lagrangian L defined in T'Q), for a
n-dimensional manifold @), and under the action of r nonholonomic linear constraints ZA =0, for
A=mn—r+...,n,is a particular case of a N = 2n dimensional oriented manifold (7Q,w}") and
the constants of motion are given by the r linear constraints E 4 = 0 and the leaf we are interested

in is given by the zero values set.

The functions ZA are first-integrals, because the vector I' has been chosen to be tangent to each
one of the mentioned level sets, and in particular for the zero level, and then there exists a vector
field Ty in the manifold defining Sy such that I' is j-related to I'g. Moreover, if u is a Jacobi
multiplier for the vector field I' with respect to Q, then j*u € C*°(Sp) is a Jacobi multiplier for the
restriction of I' to such level Sy endowed with the (2n —r)-form j*7, where j : Sp — T'Q) defines the
(2n — r)-dimensional submanifold Sy and 7 is the (2n — r)-form 7 = *(dvy—r41 A - -+ A dy,), with
*x being the Hodge operator. If, furthermore, we know s = 2n — r — 2 functionally independent
constants of motion Iy, Io, ..., I, the dynamics reduces to a two-dimensional system endowed with
a symplectic form that admits a Jacobi multiplier, and consequently the reduced two-dimensional

system is integrable by quadratures.

8 Summary and outlook

In this paper we have reviewed from a geometric point of view the theory of Jacobi multipliers
and some of its applications, and in particular in the case of second order dynamics described by
a Lagrangian. As our aim was to show how the Jacobi multiplier theory can be used to solve
nonholonomic systems that are described by Hamel’s formalism we have presented the concept of
quasi-velocity in a geometric approach and the Boltzmann-Hamel equations of the dynamics are
rederived. The theory of Jacobi multipliers in the particular case of systems with linear nonholo-
nomic constraints have been developed as well as an updated geometric rederivation in geometric
terms of the Jacobi’s main result concerning the role played by the Jacobi ‘last’ multiplier for the
integrability by quadratures. The particular case of systems with linear nonholonomic constraints

and its reduction has been analysed.

There remain many applications to be developed from this new perspective of Jacobi multipliers

and the use of appropriate quasi-coordinates. The study of Chaplygin systems [19] 20] deserves a
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special attention and will be developed in a future paper. Moreover, as the problem of a Jacobi
multiplier for a given vector field in an oriented manifold can be seen as the search for a confor-
mally related vector field leaving invariant the considered volume form, this suggests the study of
geometric structures, given by tensor fields, that are invariant under a conformally related vector

field, a particular case being the process of Hamiltonisation of a vector field.
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