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Abstract 
 

A method to calculate the optical transmission evolution of a ferrofluid after 
exposure to an external magnetic field is proposed. In the first part of this work, a 
simulation program is employed to simulate the nanoparticle rearrangement for different 
particle concentrations and different magnetic field intensities. In the second part, the 
simulated particle distributions’ optical response is determined by means of a mixture 
law, which avoids typical huge computational times associated to this stage of the 
calculation. Experimental and simulated results with both parallel and perpendicular 
magnetic field orientations with respect to the incident light are compared. A significant 
correlation is obtained, which proves the usefulness of the proposed method in order to 
obtain the optical transmission evolution of a ferrofluid. 

 
 

Keywords: Ferrofluid simulation, magneto-optical evolution, mixture law, transmission 
calculation 

 

1. Introduction 

Ferrofluids are colloidal suspensions of magnetic nanoparticles immersed in a 
carrier fluid. In presence of an external magnetic field, the particles tend to form chains 
parallel to the field lines [1]. This effect induces changes in the optical properties of these 
media such as optical absorption variations or even dichroism and rotatory power in some 
particular cases [1–3]. Control of these properties makes these substances interesting face 
to potential photonic applications such as variable attenuators or optical magnetic sensors 
where the ferrofluid entails the basic functional media [4–6]. 

 
Once the magnetic field is applied, both the magnetic response and the consequent 

optical effect depend on many ferrofluid intrinsic parameters (particle’s size and 
magnetization, stabilizing coating, concentration, etc.) as well as on the measurement 
conditions (magnetic field intensity and relative orientation, light wavelength). This 
complexity causes a wide diversity of experimental results reported in the literature, 
which may present even opposite trends under the same magnetic field orientation: an 
increase [7–9] or a decrease [7,8,10] of the optical transmission after magnetic field 
application. This variety is even observed with the same sample depending on the 
magnetostatic field intensity [1,2] or the light wavelength [11]. However, there is a lack 
of a complete model capable of predicting this diversity of optical behaviors departing 
from the ferrofluid parameters or measurement conditions, which makes it difficult to 
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anticipate the final magneto-optical response (if the sample reaches a stable state), and 
even more difficult to predict its time evolution.  

 
As a consequence, numerical simulations are frequently used to analyze the 

dynamics of this process. Many authors have simulated the particle rearrangement in 
chains departing from the mutual interactions between particles under the presence of an 
external homogeneous magnetic field [12–15]. Most of the works are aimed to verify the 
particles aggregation and chain coalescence process [16,17]. Others study more specific 
characteristic such as the influence of particles polydispersity [18,19], the different 
analytical modeling of the repulsive coating action [15,20], the aging process of the 
particles which may change their response [18], or other research areas such as 
thermodynamics [21]. However, not many of them have been extended to deduce the 
corresponding optical response. Those which study the optical effects are based on 
calculating the area projected by the particles in the light direction to determine the optical 
attenuation through scattering models such as the Mie theory [22], or directly calculating 
the propagation of a plane wave [23]. Due to the limitations of these theories or the 
difficulty of specifying exactly the characteristics and conditions of the real ferrofluid, 
determining the correlation between the magnetic effect and the optical consequence is 
not an easy task, and sometimes only a qualitative study of trends related to the magnetic 
processes is possible [24]. It is remarkable that the main obstacle for any adequate 
calculation of light propagation through the sample by means of the typical numerical 
methods is the computational time which any kind of software would require. It implies 
that the above mentioned works which delve into the magneto-optical calculation are only 
applied to any particular step of the ferrofluid evolution, but cannot be extended to 
calculate the response evolution itself since it would imply unaffordable computational 
times. 

 
In this work, an alternative method is proposed in order to calculate the optical 

transmission evolution of a simulated ferrofluid without the need for long calculation 
times. First, the magnetic response of a ferrofluid as a consequence of the application of 
an external magnetic field is simulated. Then, a mixture law is employed to estimate the 
corresponding transmission changes. Its application to optical transmission calculation in 
ferrofluids has been previously studied [25], with good results. The law requires the 
determination of an equivalent average aspect ratio of the formed chains, which is one of 
the key points of this work. Finally, the transmission of the simulated ferrofluid at each 
evolution step is obtained with such minimal calculation time that it is negligible 
compared to the magnetic response calculation time. Predicting the magneto-optical 
response of any ferrofluid by means of this procedure is not the aim of this work since 
there are too many parameters involved which are difficult to know exactly. Our aim is 
to verify whether this numerical procedure allows us to obtain the experimentally 
observed behaviors by finding a theoretical-to-experimental concordance so that the 
magneto-optical response is adequately reflected by the entire simulation, which could be 
a useful tool for optimizing the characteristics of ferrofluids face to potential photonic 
applications. 

 
The paper is organized as follows. Section 2 is devoted to present the particle 

evolution program employed and the simulations carried out with it. In Section 3 the 
theoretical mixture law model is explained as well as the procedure to obtain the optical 
transmission evolution corresponding to the previous simulations. Section 4 presents the 
comparison between the experimental transmission results obtained with the reference 
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ferrofluid and those obtained by applying the procedure explained in Section 3 to 
simulations from Section 2. This comparison will allow us to verify whether the evolution 
program and the method to calculate the corresponding transmission are adequate. 

 

2. Evolution of nanoparticle distribution: numerical simulation 

2.1. Numerical method and considerations 

A computer program developed by us [26] has been used to simulate the 
nanoparticle distribution evolution immediately after magnetic field switch-on. The most 
relevant interactions between particles are calculated in order to obtain the evolution of 
their positions, speeds, and magnetic dipole orientations. The program takes into account 
the dipole-dipole interactions which lead the particles to form chains along the magnetic 
field lines. The effect of the particle coating is also simulated as a repulsive interaction 
which prevents them to aggregate in an irreversible way. Resultant forces and torques 
suffered by the particles are calculated at the beginning of each simulation step. This 
allows calculating the linear and angular acceleration so that the new position, speed and 
dipole orientation of every particle are obtained at the end of each step. In order to do so, 
Brownian and friction effects are considered, as detailed in next subsections. The new 
data are taken as starting conditions for the next simulation step, and so on. This way, the 
evolution of particles is simulated. 

 
The simulation cell is a cube of 5.2 μm edge. This size has been selected from the 

compromise between simulating the highest possible number of particles and taking an 
assumable computational time. In order to carry out comparisons to experiments, the 
nominal parameters of the sample employed in [26] have been introduced to the program. 
Particles have been considered as spheres with a magnetic core of magnetite with radius 
𝑅  50 nm (saturation magnetization 𝑀  30 emu/g indicated by the manufacturer, 
density 5170 kg/m3 [27]). This value has been considered after TEM imaging of the 
particles [25]. A spherical polymeric coating (density 983.6 kg/m3, calculated from its 
composition fully detailed in [25,26]) surrounds the magnetic core so that the complete 
particle has a hydrodynamic radius 𝑅  92 nm (as indicated by the manufacturer, 
measured by DLS technique). The particle polydispersity, PdI = 0.176, indicates that the 
sample is close to being considered monodispersed, so particles have been simulated as 
identical spheres for simplicity. The superparamagnetic behavior of the magnetic cores 
have been checked by measuring the 𝑀 𝐻 curve [28], so they are monodomain and it 
is valid to assign the saturation magnetization value to each particle in the simulation. For 
Brownian and friction effects, viscosity considered in the simulations is 𝜂  1 mPs, as a 
reference value corresponding to water at 20ºC. 

 
Nevertheless, the particle coating is not spherical at all but consists of a complex, 

irregular polymeric structure. As a consequence, parameters which account for friction 
and Brownian motion are difficult to assess. In addition, all those phenomena entail a 
delay in the particle evolution and a high number of simulation steps will be required to 
simulate a long enough particle evolution and chain formation. An important problem in 
this type of numerical methods is its computational time. In order to overcome all these 
difficulties and to minimize the computational time, some considerations are taken into 
account, as detailed below. 

2.1.1. Rotational dynamics 
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In this subsection, we analyze the numerical treatment of two effects: rotational 
Brownian dispersion and rotational friction.  

 
The rotational Brownian motion is the only interaction in the ferrofluid which 

opposes the mechanical alignment of the particles’ magnetic dipoles, which is the main 
cause of particle aggregation. Thus, it is decisive for the chain formation process but also 
a key factor to its dependence on the magnetic field intensity. It has been included in the 
program as a random angular displacement of the particles orientation in each simulation 
step, whose mean value is determined by the rotational Brownian diffusion coefficient 
𝐷 𝑘 𝑇/8 𝜋𝑅  𝜂 [29]. Figure 1 compares two calculations either neglecting or 
considering the Brownian effect. They have been carried out with 182 particles within the 
simulation cell (corresponding to a particle concentration of 7 mg/mL). The time interval 
used corresponding to a simulation step is Δ𝑡  10 μs, so the particle movements can be 
considered infinitesimal. The magnetization 𝑀  of the simulated ferrofluid along the 
magnetic field direction (X direction) is presented. Its value is shown normalized to the 
case that all the particles are ideally aligned with the field lines: 𝑀  1 represents a 
perfect alignment and 𝑀  0 represents the state when particles are randomly oriented 
just before the switch-on. 

 
As shown in Figure 1(a), if rotational Brownian motion is neglected, magnetization 

becomes saturated no matter the magnetic field intensity, which would also lead to a long-
term optical response not dependent on the magnetic field intensity. In contrast, if 
Brownian motion is considered, Figure 1(b), a clear magnetic dependence of the final 𝑀  
appears: the lower the magnetic field, the further the particles’ magnetic dipoles are from 
being perfectly aligned, so the attractive forces and the consequent aggregation are 
expected to be lower. As experiments show that the magnetic field intensity does have an 
influence on any stage of the optical response of this sample [25], long-term included, the 
conclusion is clear: rotational Brownian motion must be considered in numerical 
simulations. Non-monotonous behavior observed in Figure 1(b) can be attributed to the 
effect of Brownian movement on an extremely low number of particles, compared to a 
realistic case: with more than 1020 particles, 𝑀  curves would appear as totally smooth 
and monotonous. 

 

 

Figure 1.- Evolution of the simulated ferrofluid magnetization along the magnetic 
field direction (X direction) as a function of the magnetic field intensities when 

rotational Brownian motion is (a) neglected and (b) considered. Magnetization is 
normalized with respect to the value in which the particle dipoles were perfectly 

aligned. 
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Regarding the rotational friction, profiles and proportions relating the different 
𝑀 𝑡  series depend on the rotational drag coefficient, 𝛾 , which relates rotational drag 
torque and angular velocity in the well-known Stokes law: 𝜏 𝛾 �⃗�. As mentioned 
above, the particles are not spherical but irregular and even with a complex micellar 
structure. In addition, the viscosity of the carrier fluid (water and SDS surfactant) may be 
somewhat different to that of water, which have been considered as a reference value in 
the simulations. Therefore, the average effective 𝛾  coefficient cannot be easily assessed 
beforehand. For this reason, in further comparisons between numerical and experimental 
results, the average rotational drag is considered a fitting parameter. In Figure 1(b) 
calculations, a value 𝛾 30𝛾 ,  has been employed, being 𝛾 , 8𝜋𝑅 𝜂 the Stokes drag 
coefficient of a sphere with the particle average hydrodynamic radius [29]. Eventually, 
this value provides the best fit to the experimental results, as will be seen in Section 4. As 
it could be expected, its value is much higher than the corresponding to a spherical 
particle. 

2.1.2 Translational dynamics 

Concerning translational Brownian motion, it has been incorporated to the 
simulation program the same way as the rotational contribution: a random displacement 
can be added at each simulation step, with a mean value determined by the translational 
Brownian diffusion coefficient 𝐷 𝑘 𝑇/6𝜋𝑅 𝜂 [29]. In our simulations, inclusion of 
this effect simply gives rise to a delay: the optical transmission evolution curves obtained 
with and without translational Brownian motion are the same, save for their different time 
scales. With regard to the drag coefficient 𝛾  in the translational Stokes law, �⃗� 𝛾 �⃗�, 
its influence is the same as the translational Brownian motion: we find in our numerical 
simulations that changes in the 𝛾  value do not modify the optical transmission curves 
obtained, save for their different time scales. On the other hand, it deals with a parameter 
whose previous measurement is very difficult, for the same reasons mentioned above 
about 𝛾 . For all these reasons, we treat both translational effects together, by means of 
an effective 𝛾  coefficient to be determined by a fitting procedure. This way, explicit 
simulation of the translational Brownian motion is avoided in the final version of the 
numerical program, which entails a notable reduction of computational time. 

 
Besides, handling 𝛾  as a fitting parameter turns out to be very simple as its 

relationship with time scale is simply proportional. There is a straightforward 
mathematical justification for that: at each instant along the system evolution, the 
acceleration of each particle can be calculated as: 
 

 �⃗� �⃗�
𝛾
𝑚
�⃗�  (1) 

 
where �⃗�  accounts for the effect of the different interactions and the last term accounts 
for the friction effect (being 𝑚 the particle mass). The displacement Δ�⃗� during an 
infinitesimal interval Δ𝑡 can be found by integration:  
 

 𝛥�⃗� 𝑚�⃗�
𝛥𝑡
𝛾

𝑚
𝛾

�⃗�
𝑚
𝛾
�⃗� 𝑒 ⁄ 1  (2) 

 
being �⃗�  the initial speed of the particle. If the quotient 𝛾 Δ𝑡/𝑚 ≫ 1, the second term on 
the right can be neglected compared to the first, so this expression becomes:  
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 𝛥�⃗� ≅ 𝑚�⃗�
𝛥𝑡
𝛾

  (3) 

 
The time interval in our simulations is Δ𝑡  10 μs, so that 𝛾 Δt/𝑚  3.2×103 in our 

sample considering the Stokes drag coefficient for a sphere with the particle average 
hydrodynamic radius, 𝛾 , 6𝜋𝑅 𝜂 [29]. Therefore, this approximation is valid in our 
simulations and it will also be fulfilled by higher 𝛾  values. According to this expression, 
scaling the numerical time and 𝛾  by the same factor does not affect the amount of the 
particle displacements and, eventually, does not modify the optical response profile.  
 

A fitting 𝛾  significantly greater than that of Stokes law is expected: the fitting drag 
coefficient must account for the Brownian delay effect, the average friction of particles 
much less hydrodynamic than a sphere and any possible deviation from the reference 
water viscosity considered in the program. Nevertheless, according to equation (3), using 
the same Δ𝑡 step time interval, an identical Δ𝑥 displacement can be obtained either 
simulating 𝑛 steps with 𝛾 𝑛𝛾 ,  or simulating just one step with 𝛾 𝛾 , . However, 
the latter case needs a smaller number of steps and so it would allow us to reduce the 
computational time needed by a factor 𝑛. Several tests have been carried out to verify the 
validity of this relationship in our simulations. Thus, in order to minimize our 
computational time, the value of the equivalent drag coefficient employed in calculations 
is that of a sphere with radius 𝑅 . Only in Section 4, in which numerical calculations will 
be fit to experimental results, the effective 𝛾  characteristic of the sample studied will be 
found. Once this value is obtained, the real timescale will be directly obtained by simply 
multiplying by 𝑛 the original simulation timescale. 
 

On the other hand, if the actual translational drag were high enough, the chain 
formation degree could be reduced: the displacements due to the resulting attraction 
between two particles far enough away could then be comparable to or smaller than the 
Brownian ones. Nevertheless, several tests have been carried out to verify that this effect 
does not occur in our simulations, and the only consequence is a delay in the particle 
evolution. For that reason, the assumptions taken in the previous paragraphs are possible. 

2.1.3. Lateral coalescence   

The program developed does not account for the possible lateral coalescence of 
chains [26]. Every particle generates a magnetic field corresponding to its magnetic 
dipole. When a second particle is near enough as occurs when they get chained, the field 
lines of both particles are modified. For a long chain with a high number of particles, this 
effect turns the lateral repulsion of the dipole-dipole forces to be negligible, and then Van 
der Waals attractive forces lead the chains to coalesce. Taking into account all these 
considerations in a manageable model is a challenge still to be overcome. Apart from that, 
it would involve a more complex code and probably a much longer computational time. 
As a result, our program only accounts for the initial chain formation when all the chains 
are short enough so that the coalescence is not relevant yet. 

 
2.2. Simulations 

Two examples of simulations are shown in Figure 2. They have been carried out 
with a homogeneous magnetic field of 72 G and two different particle concentrations: 7 
and 3.5 mg/mL of particle mass per solution volume, which correspond to 182 and 91 
particles in the simulation cell. These two particle concentrations are labeled as (1) and 
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(2) respectively. The time interval corresponding to a simulation step is Δ𝑡  10 μs, so 
the particle rotational and translational displacements can be considered infinitesimal. 
Since the realistic time scale of our simulations has yet to be adjusted in Section 4, the 
results in this section will be presented as a function of the simulation steps. Simulations 
have been stopped after 90000 simulations steps so that a complete evolution of the 
ferrofluid response takes place, as will be seen later. The evolution after the first 50000 
steps has been observed as small enough to consider it as approximately saturated. Since 
our program does not account for lateral coalescence of chains as mentioned above, no 
more than 90000 steps are necessary: it would result in a proportional increase in 
calculation time and, furthermore, the chain coalescence could have already started so 
that our simulations would not be correct. At step 0, particles are randomly distributed as 
it occurs in the dispersed ferrofluid in absence of magnetic field, Figure 2(a). Then, the 
magnetic field is applied along the X direction and the simulation starts running. The 
particles distributions after 10000 and 50000 simulation steps are shown in Figure 2(b) 
and 2(c) respectively. As the sample evolves, chains grow and join up to 15 particles in 
the longest case. The higher the concentration, the lower the average mutual distances 
between particles and, therefore, the longer the chains, as expected. 

 

 

Figure 2.– Simulated ferrofluid cubic cell with the particle distribution at steps 0, 
10000 and 50000, (a), (b) and (c) respectively. Two particle concentrations have 

been simulated, 𝜑  7 and 3.5 mg/mL, indicated by labels (1) and (2) respectively. 
Axes units specified in microns. 

 
Additionally, a set of simulations with four magnetic field intensities with the 

highest nanoparticle concentration has also been carried out (omitted in this point for 
simplicity). The corresponding results will be shown later. 
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2.3. Evolution of the chains’ average aspect ratio 

In order to analyze the particle evolution and the chain formation, a code is 
incorporated to the program to obtain information of the chains’ aspect ratio evolution, 
which will be also useful for further transmission calculations. The aspect ratio of any 
particle chain is defined here as the ratio of its width to its length. The particles’ shadow 
cast on the YZ plane transverse to the magnetic field direction is calculated. Consider the 
spherical individual particles in the initial dispersed distribution. When 𝑁 particles 
become chained along the X direction due to the ferrofluid’s magnetic response, the total 
shadow projected on the YZ plane is reduced by 𝑁 as they overshadow each other. Since 
our program does not account for lateral coalescence, chains are formed with one particle 
in thickness, so that the chain aspect ratio would also be reduced by 𝑁 in an ideal case. 
Thus, a parameter 𝐾 related to the average chain’s aspect ratio can be determined as the 
quotient between the area projected by the particles at any simulation step and that of step 
0 when spheres are dispersed. The relationship between 𝐾 and the aspect ratio in this 
simplified approach will be better refined in Section 3. 

 
This method could present a problem: the initial randomly distributed particles can 

somehow overshadow each other so that the initial projected area may not correspond to 
the transverse particle section multiplied by the total number of particles, but to a value 
somewhat smaller. It can also happen during the particle evolution between two particles 
(or chains) that are partially eclipsed by occupying a close YZ position, but totally 
separated in the X direction and, therefore, far from being chained. However, the 
simulated cell thickness and the particle concentrations employed are small enough, and 
this effect has been checked to be negligible in our simulations.  

 
Figure 3 presents the evolution of the area projected by the particles on the YZ plane 

(colored in black) from Figure 2 simulations. Particles in Figure 3(a) are randomly 
distributed (step 0), and begin to get overshadowed as they evolve and form longer chains, 
Figure 3(b) and 3(c), so the total projected area is clearly reduced. 
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Figure 3.– Area projected by the particles from Figure 2 simulations on the YZ 
plane transverse to the magnetic field direction. Figures (a), (b) and (c) 

correspond to simulation steps 0, 10000 and 50000 respectively, with particle 
concentrations 𝜑  7 and 3.5 mg/mL, indicated by labels (1) and (2) respectively. 

Axes units specified in microns. 

 
Figure 4 shows the 𝐾 parameter evolution of Figure 3 results. It clearly decreases 

after magnetic field switch on, as expected due to the chain formation. As the sample 
evolves, the change slows down: the chain formation begins to be stabilized since 
particles are already chained and it is more difficult to attract new particles that are further 
away. Regarding the dependence on nanoparticle concentration, the higher the 
concentration, the longer the chains formed (as observed in Figure 2), and therefore the 
greater the change in the 𝐾 parameter. 

 

 

Figure 4.– Evolution of the 𝐾 parameter in simulations of Figure 3. 
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As indicated in Figure 4, after approximately 54000 simulation steps, the particle 
evolution cannot be taken into consideration: the longest chains formed have reached the 
limits of the simulation cell so that the system evolution stops being realistic. This is 
clearly observed in the highest concentration but also in some chains for the lowest one. 
For that reason, only results up to 54000 simulation steps will be considered from now 
on. In order to avoid this limitation, it would be required to increase the simulation 
volume, what would increase proportionally the total number of nanoparticles. The 
computational time in our program is approximately proportional to the square of the 
number of particles, so that it would take an unaffordable computational time. As an 
example to contextualize it: Figure 4 simulations took around a total of 55 hours in a 
conventional computer. Obviously, this time depends on the available computer and the 
code optimization; we just provide it in order to give a limit about the magnitude of the 
calculations. Anyway, the chains formed after this number of steps are of considerable 
length (see Figure 2(c)), and coalescence may already be significant. Since our program 
does not account for coalescence, the evolution might not be realistic even if the 
simulation volume and steps were increased. Thus, the volume employed has been 
considered convenient, and it will be checked when analyzing the results if it adequately 
reflects the initial magneto-optical response of the ferrofluid before lateral coalescence 
may occur. 

 
In addition, simulations with magnetic field intensities of 54, 36 and 18 G have 

been carried out with the highest particle concentration. The aim of these simulations is 
to check the ferrofluid evolution dependence on the magnetic field intensity under 
identical conditions, and the capability of the numerical method and the considerations 
mentioned in subsection 2.1 to simulate the ferrofluid experimental response. The 𝐾 
parameter evolution results are presented in Figure 5. It is observed that the higher the 
field intensity, the more reduced the 𝐾 parameter, that is to say the longer the chains are 
formed in average. This is consistent with Figure 1(b) results: the higher the magnetic 
field, the more aligned the particles’ magnetic dipoles and, as a consequence, the more 
intense the mutual attractive interactions that lead to chain formation. 

 

 

Figure 5.– Evolution of the 𝐾 parameter in simulations using different magnetic 
field intensities (particle concentration 𝜑  7 mg/mL). 
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3. Optical transmission calculation 

Looking at Figure 3, it could be assumed that light transmission would be greater 
when the particle chains are formed as there is a larger space through which the light 
would not find any obstacle. However, as it will be seen in experimental results in Section 
4, this assumption is not correct in our sample (and similar results in the literature). The 
particle size and even the chain size are lower or comparable to the wavelength of interest 
(𝜆  632.8 nm), or those for possible photonic applications (visible and near infrared). 
Therefore, light scattering in these systems is highly dependent on sizes, wavelength, 
chain formation and materials’ refractive indices [30]. Simple ray tracing approaches 
found in the literature are not adequate: although they can be adapted to reflect the results, 
they are usually based on theories that are not completely valid for these systems [31]. 
On the contrary, the calculations proposed in this work attempt to simulate phenomena 
that do occur in the ferrofluid. 

 
Calculating the optical transmission of these particle distributions could be faced 

by means of theoretical models which consider the parallel [32–34] or 
perpendicular [32,35] orientation of chains with respect to the incident light. These 
models are typically quite complex and would require a high precision in the ferrofluid 
parameters to obtain adequate quantitative results. On the other hand, numerical software 
for calculating the propagation of an electromagnetic pulse, typically by means of finite 
integration methods, usually requires long computational times for just one particle 
distribution at a specific time step [24]. Therefore, determining the transmission evolution 
of the ferrofluid would take an unaffordable time. As a solution, we propose the use of a 
mixture law to deduce the transmission changes and evolution departing from the 𝐾 
parameter obtained in Section 2. Usefulness of this law to relate ferrofluid optical 
transmission to average chain aspect ratio has already been checked by us in a former 
paper [25]. This method entails a direct calculation so that no high computational time is 
required to determine the transmission evolution, and therefore, it could even be 
implemented within the particle evolution program from Section 2. 
 

3.1. Mixture law 

Mixture laws often refer to formulae which predict the effective optical properties 
of a mixture of several homogeneous media departing from their characteristics and 
proportion. Thus, they are useful for estimating the optical properties of ferrofluids: 
inclusions (particles or aggregates of them) immersed in a continuous phase (carrier 
fluid). An adaptation of the Maxwell-Garnett formula [36] is considered in order to 
account for inclusions with ellipsoidal shape and uniform orientation [37]. The effective 
dielectric permittivity of the mixture in the 𝑈 direction can be deduced as the host 
permittivity, 𝜀 , plus a small contribution due to the inclusions immersed in it: 

 
 𝜀 ,

∗ 𝜀 1 𝜒∗   (4) 
 

where the term 𝜒  is given by: 
 

 𝜒∗
𝑝

𝑁 1 𝑝 𝑏∗
 (5) 

 
In this expression, 𝑏∗ 𝜀 / 𝜀∗ 𝜀 , where 𝜀∗ is the inclusions permittivity, 𝑝 is the 
volume fraction occupied by them, and 𝑁  is the ellipsoid depolarization factor in the 𝑈 
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direction [25,37]. Every complex magnitude is denoted by an asterisk, except 𝜀  in which 
the imaginary component for water is negligible at the wavelength employed (𝜀∗  
1.7739 – 4.41⨯10-8j [38]). When no magnetic field is applied, particles can be considered 
statistically spherical so that 𝑁  1/3 in any calculus direction. When the magnetic field 
is switched on, the particles gather into chains or somehow ellipsoids of revolution with 
the polar axis aligned along the field lines. The depolarization factors along the polar and 
equatorial directions, denoted by ‖ and ⊥ subscripts respectively, can be calculated 
departing from the ellipsoid axes [37]. Then, the characteristic depolarization factors of 
the average ellipsoid which represents the whole variety of shapes in the ferrofluid can 
be expressed as a function of its aspect ratio 𝐴 𝑟 /𝑟∥ as follows: 

 

 

𝑁∥ 𝜋 2 𝐴 1 2 𝑡𝑎𝑛
1

√𝐴 1

𝐴
2 𝐴 1 /

𝑁
𝜋
2

√𝐴 1
𝐴

𝑡𝑎𝑛
1

√𝐴 1

𝐴
2 𝐴 1 /

 (6) 

 
which satisfy the relationship 𝑁∥ 2𝑁 1. The effective permittivity of the mixture 

determines its optical attenuation, 𝛼 2𝑘Im 𝜀∗ , so that the optical transmission of 

a sample of length 𝐿 can be calculated using the well-known expression 𝑇 𝑒 . The 
volume fraction of nanoparticles in a ferrofluid for optical applications is usually much 
smaller than one, so that taking into account the typical permittivities of the materials 
employed, the particles contribution 𝜒∗ to the effective permittivity is small. Under this 
consideration, the ferrofluid transmission when the magnetic field is applied parallel or 
perpendicular with regard to the light beam (𝑈  ∥ or ⊥ respectively) can be calculated 
with the mixture law as [25]: 

 

 𝑙𝑛 𝑇
4𝜋𝐿
𝜆

 𝐼𝑚 1
1
2

𝑝
𝑁 1 𝑝 𝑏∗

 (7) 

 
This expression relates the absolute ferrofluid transmission with the particle 

concentration, the permittivity of both fluid and particles, and the depolarization factor of 
the average aggregate, which can be obtained from its shape by introducing the aspect 
ratio in equations (6). In order to apply this theory to the particle arrangements described 
in Section 2, it is necessary to establish a link between the 𝐾 parameter obtained there 
and the aspect ratio representing the ferrofluid state. 

 
3.2. Equivalent ellipsoid aspect ratio 

The 𝐾 parameter obtained in subsection 2.3 provides information about the average 
aspect ratio of the particle chains within the ferrofluid. Nevertheless, the original mixture 
law was developed for ellipsoidal inclusions instead of chains of spherical inclusions so 
the aspect ratio of an equivalent ellipsoid is needed. In addition, in the original law it was 
considered that all inclusions had the same size, while in the case studied here there are 
chains of different lengths together with individual particles, whose global contribution 
requires averaging their effect in a certain way.  

 
On the other hand, it must be taking into account that it exists some separation 

between consecutive particles due to the coating’s repulsive force, and the chains present 
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an irregular shape caused by the Brownian motion (as appreciated in Figure 2). So, both 
𝐾 parameter and the aspect ratio would be slightly different from an ideal definition. Our 
proposal in this work is to consider that the differences are small enough so that a linear 
relationship between 𝐾 and 𝐴 can be assumed, and therefore their temporal variations 
would be proportional: 

 
 𝐴 𝑡 𝐴 0 𝛿 𝐾 𝑡 𝐾 0  (8) 

 
Remind that, in absence of chains (𝑡 0), 𝐾 0 1 and 𝐴 0 1. As a result, this 
expression can be rewritten as: 
 

 𝐴 𝑡 𝛿 𝐾 𝑡 1 𝛿  (9) 
 
where 𝛿 is a proportionality parameter to be determined by fitting to experimental results. 
This way, the aspect ratio of an ellipsoid equivalent to the average particle chain is 
obtained. Anyway, it deals with a purely heuristic assumption whose usefulness can only 
be validated by comparison between simulations and experiments. 
 

4. Comparison between experimental and simulated results 

Experimental results have been obtained by means of the setup and procedure 
detailed in [25], which corresponds to a standard setup for magneto-optical 
measurements. The sample employed contains magnetite particles (NanoMyp, MagP®) 
with the specifications already detailed in subsection 2.1. The ferrofluid is contained in a 
cuvette with dimension 9.5 mm × 36.8 mm × 2 mm (inner light path). Optical 
transmission evolution of the sample after magnetic field switch on has been registered 
with both particle concentrations simulated in Section 2, 𝜑  7 and 3.5 mg/mL, 
employing a magnetic field intensity of 72 G and both parallel and perpendicular 
orientations with respect to the incident light beam (𝜆  632.8 nm). Besides, three more 
magnetic field intensities (54, 36 and 18 G) have also been applied to the sample with the 
highest concentration. This way, the conditions of both series of simulations carried out 
in Section 2 have been experimentally measured. 

 
Permittivities used in mixture law calculations are 1.7739 for the water of the carrier 

fluid [38] and 3.2388-0.1224j for the particles (obtained as a compromise between the 
refractive indices and proportions of the materials that compound the magnetic core and 
stabilizing coating of the entire particle). Three fitting parameters have been employed: 
𝛾 , 𝛾  and 𝛿. All curves of the series are fit with the same drag coefficients, while the 𝛿 
parameter is allowed to take a particular value for each curve. For the reasons explained 
in subsection 2.1.2, the value of 𝛾  does not alter the curve profiles, but only the time 
scale, which is finally determined by means of this fit. 
 

Figure 7 shows the results obtained for both particles concentrations under a 
magnetic field intensity of 72 G in both parallel and perpendicular relative directions. 
Simulations from Figure 4 have been used to adjust the entire evolution response to the 
experimental one. The fitting effective drag coefficients are: 𝛾 30𝛾 ,  (as advanced in 
subsection 2.1.1) and 𝛾 22𝛾 , . These values, remarkably greater than the 
characteristic of a sphere, 𝛾 ,  and 𝛾 , , are consistent with what could be expected: they 
account for a drag effect corresponding to particles much less hydrodynamic than spheres 
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and, besides, the translational coefficient also accounts for the additional delay effect 
caused by translational Brownian motion. A precise quantitative comparison to any 
expected value is not possible since there is no theoretical calculation to be matched 
which considers all these phenomena together. Nevertheless, their validity is supported 
by the good correlation between experimental and simulating results below. The fitting 𝛿 
parameters obtained are: 𝛿∥ = 0.51 and 𝛿  = 0.67 for 𝜑  7 mg/mL, and 𝛿∥ = 0.48 and 𝛿  
= 0.66 for 𝜑  3.5 mg/mL (𝛿∥ and 𝛿  correspond to parallel and perpendicular relative 
orientations of the magnetic field with respect to the light beam). These results present a 
similar value for both concentrations, and significantly different depending on the relative 
orientation. As inclusions are not ellipsoidal, the depolarization factor on both parallel or 
perpendicular orientations, 𝑁∥ or 𝑁 , may present an imperfect match between the 
experimental transmission results and relationship 𝑁∥ 2𝑁 1. As a consequence, it is 
not surprising that some differences arise between the aspect ratio obtained from 
experimental results in both magnetic field directions [25]. 

  

 

Figure 6.– Comparison between the experimental (dashed line) and simulated 
(solid line) results of the ferrofluid’s optical transmission evolution with both 

parallel and perpendicular magnetic field orientation with respect to the incident 
light beam (𝐵  72 G) and with both particle concentrations employed. 

 
It is noteworthy that the four curves in Figure 6, all fit significantly well to the 

experimental evolution. Besides, once 𝛾  has been determined, the time scale indicates 
that the simulation corresponds to the first seconds of the sample response. The effects 
associated to chain coalescence have been experimentally observed in this sample after 
several tens of seconds (sample#1 in [24]), when a trend inversion on the transmission 
evolution is detected. Therefore, Figure 6 results are consistent with the fact that the 
program only accounts for the initial formation of individual chains of particles. Both 
remarkable aspects verify, first, the adequate development and fine tuning of the program 
to simulate the test sample, and second, the feasibility of our proposal to calculate the 
magneto-optical transmission evolution from the simulations. 

 
On the other hand, Figure 7(a) shows the results obtained with different magnetic 

field intensities under both relative orientations (𝜑  7 mg/mL). Simulations from Figure 
5 have been used to adjust the entire evolution response to the experimental one. As said 
before, the fitting values of the drag coefficients are the same as for Figure 6. The 
parameters 𝛿∥ and 𝛿  obtained are shown in Figure 7(b). The dependence on the magnetic 
field intensity reflects significantly well the experimental responses in all cases. The 𝛿 
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parameters show again a significant deviation between the parallel and perpendicular 
orientation, which also depends on the magnetic field intensity: the higher the magnetic 
field, the greater this deviation from the average value. This is consistent with the point 
already mentioned in Figure 5 discussion: the more intense the magnetic field, the longer 
the chains are formed and, as a consequence, the more the deviation from an ideal 
ellipsoidal shape [25]. These results confirm the adequate development of the simulation 
program as well as the capability of the proposed method to calculate the magneto-optical 
transmission evolution departing from the simulations. 

 

 

Figure 7.– (a) Comparison between the experimental (dashed line) and simulated 
(solid line) results of the ferrofluid’s optical transmission evolution using different 

magnetic field intensities under both parallel and perpendicular relative 
orientations (𝜑  7 mg/mL). (b) Proportionality factor δ as a function of the 

magnetic field intensity for both relative orientations. 

 

5. Conclusions 

A numerical method has been applied to simulate the optical transmission evolution 
of a ferrofluid after exposure to a magnetic field. Simulations of the particle evolution of 
a test ferrofluid have been carried out. A procedure based on treating the chain 
distributions by means of equivalent ellipsoids whose aspect ratio can be easily tracked 
has been employed to calculate the corresponding optical transmission evolution through 
a mixture law. Brownian and friction effects have been adapted or offset by comparison 
to experimental results in order to minimize the computational time. The optical 
transmission evolution of the simulated ferrofluid fits adequately to the experimental 
results with the test sample, both for different particle concentrations and for different 
magnetic field intensities and relative orientations. 

  
On the one hand, the results verify the adequate performance of the particle 

evolution program employed to simulate the initial formation of particle chains. On the 
other hand, the good agreement between experimental and simulated results shows up the 
viability of the method proposed and the approximations considered. Once the sample 
has been characterized, this procedure allows us to calculate the optical transmission of 
the ferrofluid at all times with a negligible calculation time compared to that of the 
magnetic response program, so that it could even be calculated simultaneously to the 
latter. This way, simulating the initial evolution of the magneto-optical response of a 
ferrofluid caused by an external magnetic field is feasible in reasonable computational 
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times. Obviously, a first adjustment is necessary to obtain the fitting parameters, and some 
parameters or considerations could be further refined in future works. However, these 
results represent a very interesting starting point to simulate the magneto-optical response 
evolution avoiding unaffordable computational times and with significantly good results. 
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