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1 | INTRODUCTION

Matrices with all their minors nonnegative are called totally positive (TP), and matrices whose minors of the same order
have the same sign are called sign regular (SR). They arise in approximation theory, differential equations, statistics,
combinatorics, mechanics, computer-aided geometric design and economics, among other subjects (see previous stud-
ies' and*). An important subclass of TP matrices are the almost strictly totally positive (ASTP) matrices, matrices whose
minors are positive if and only if all their diagonal entries are positive (see Gasca and Pefia®). ASTP matrices contain
Hurwitz matrices and B-splines collocation matrices. In Huang et al,® the class of almost strictly sign regular (ASSR)
matrices was introduced and characterized by a reduced number of minors. ASSR matrices form a subclass of SR matrices
including all ASTP matrices.

In Alonso et al,” an algorithmic characterization of ASSR matrices is provided. It used the Neville elimination (NE) of
a matrix, which is an elimination procedure alternative to Gaussian elimination. Roughly speaking, NE makes zeros in a
column of a matrix by adding to each row an adequate multiple of the previous one (see Gasca and Pefia® for more details),
instead of using just a row with a fixed pivot as in Gaussian elimination. So, NE transforms a nonsingular matrix into an
upper triangular matrix. More results about NE and SR matrices can be seen in previous studies®'* and Alonso et al.'®

In this paper, we introduce the concept of depth of an ASSR matrix. At the end of Section 4, we see that strictly M-banded
ASSR matrices (see Alonso et al.!®) are included in the class of ASSR matrices with depth n — M. We also see in Section 4
that the use of the depth of an ASSR matrix allows us to simplify the algorithms of Alonso et al” and to reduce their
computational costs. If the matrix has a large depth, then this reduction is considerable.

The paper is organized as follows. Section 2 contains basic notations and definitions concerning the zero pattern of
a matrix. Section 3 recalls definitions and some fundamental results on ASSR matrices. In Section 4, we introduce the
concept of depth of an ASSR matrix and prove that the depth of an ASSR matrix determines its initial signature. We also
provide the mentioned simplified characterization and the corresponding algorithms. Section 5 includes some numerical
results and applications. Finally, Section 6 summarizes the main conclusions of this work.

This is an open access article under the terms of the Creative Commons Attribution-NonCommercial-NoDerivs License, which permits use and distribution in any medium,
provided the original work is properly cited, the use is non-commercial and no modifications or adaptations are made.
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2 | BASIC NOTATIONS AND DEFINITIONS

For k,n € N, with 1 < k < n, Q, denotes the set of all increasing sequences of k natural numbers not greater than n. If
Aisareal n X n matrix and a = (ag, ... , @), f = (b1, ... , Px) € Qk.n, then Ala|f] is by definition the k X k submatrix of A
containing rows ay, ... , ax and columns f, ... , fx of A. In particular, when @ = f, A[a] := Alala] is the corresponding
principal submatrix. Besides, Qg’n denotes the set of increasing sequences of k consecutive natural numbers not greater
thannandifa € Qo’n, then det A[«] is a principal minor.

From now on, it will be frequently used the backward identity matrix n x n, P,, whose element (i, j) is defined as

lifi+j=n+1,
0 otherwise.

Throughout this document, we will work with matrices whose zero and nonzero entries are grouped in certain positions.
Then we introduce the type-I and type-II staircase matrices.

Definition 2.1. A real matrix A = (a;j)1<ij<n iS called type-I staircase matrix if it satisfies simultaneously the
following conditions:

(@) a; #0,Vie {1, ... ,n};
(b) a;; =0,i>j=>au=0,ifI<j,i<k;
() aj=0i<j=>ay=0ifk<i,j<L

Definition 2.2. Matrix A is called type-II staircase if P,A is a type-I staircase matrix.

Conditions introduced in definitions 2.1 and 2.2 produce a staircase structure for the zero pattern, which can be defined
through the following indices (see earlier research>7):

Definition 2.3. For a matrix A = (a;;) , type-I staircase, we define

1<i,j<n
ip=1, Jo=1, €))
andfork=1, ... ,?¢:
ik =max{i/a;,_ #0}+1(<n+1), @)
je=max{j <ix/a;; =0} +1(Sn+1), 3)

where £ is given in this recurrent definition by j, = n + 1.
Analogously, we define

j():l, 2():1 (4)

andfork=1, ... ,r:
fk=max{j/a;k_lj#0}+1(5n+1), (5)
ie=max {i < ji/a; =0} +1(Sn+1), (6)

where f, =n+1.
Finally, we denote by I, J, 1, and J the following sets of indices

I={i07i1’”-’if}’ J={j09j1’”"jf}’
jz{,l:(),,il,...,,ir}, jz{fo,fl,...,fr},

thereby defining the zero pattern in the matrix A.

Note 2.4. Note that if card(I) = 2, then a;; # 0when 1 < j < i < n, where card(I) denotes the number of elements that
the set I has. In the same way, ifcard(f) =2,thena;; #0whenl1 <i<j<n

So, if A is a type-1I staircase matrix, the zero pattern of A is the zero pattern of P,A.

To describe the zero pattern of a type-I staircase matrix, we define the following indices.
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Definition 2.5. Let A be a real n X n matrix, type-I staircase, with zero pattern I, J, I,andJ. Let1 <i, j<nlIfj<i,
we define
jtzmax{js/oSssk_:l’j_jssi_is}’ (7)

being k the unique index satisfying that jx_; < j < ji, and if i < j,
ft=max{fs/0§s§k’—1,i—fsSj—fs}, ®)

being k’ the only index satisfying that oy <i<ip.

3 | ASSR MATRICES

Next, we define ASSR matrices, which are matrices whose nontrivial minors of the same order have all the same strict
sign. To store the sign, we are going to define the vector of signatures.

Definition 3.1. Givenavectore = (g1, €5, ... ,&,) € R", we say that  is a signature sequence or, simply, is a signature,
ife; € {+1,-1} foralll1 <i < n.
ASSR matrices form a subclass of SR matrices. A matrix is SR if all its minors of the same order have the same sign.

That is as follows:

Definition 3.2. A real matrix A = (a;j)1<ij,<n is said to be SR, with signature € = (e1, €3, ... ,&p), if all its minors
satisfy that
emdetAla|f] 20, a,p € Qm,ns 1<m<n. 9)

In a staircase matrix, there are some minors which are trivially zero due to the position of their zero entries. We are
going to distinguish those minors from those that do not verify that condition.

Definition 3.3. Let A = (ai j)l <ij<n be a type-I (type-II) staircase matrix. A submatrix A[«a|f], with a, f € Qpp, is
said to be nontrivial if all its main diagonal (secondary diagonal) elements are nonzero.

The secondary diagonal (sometimes called antidiagonal) of a square matrix A = (a,- ,-)1 <ij<n is the collection of entries
a;jsuchthati+j=n+1foralll <i,j <n.

The minor associated to a nontrivial submatrix (A[«|p]) is called nontrivial minor (det A[«|S]).

The nontrivial minors play an important role in ASSR matrices.

Definition 3.4. A real matrix A = (a;)1<i,j<n With type-I or type-II staircase is said to be ASSR, with signature € =
(¢1, €2, ... , €p), if all its nontrivial minors det A[a|f] satisfy that

emdetAla|p] >0, a,f € Qun. 1<m<n. (10)

Note 3.5. Observe that an ASSR matrix is SR, since the trivial minors are zero and the nontrivial minors satisfy the strict
inequality (9). Observe also that an ASSR matrix is nonsingular.

Next, we present the characterization given in Huang et al.,® Tehorem 10 for ASSR matrices.

Theorem 3.6. Let A be a real n X n matrix and € = (g1, &3, ... ,&y,) be a signature. Then A is ASSR with signature ¢ if
and only if A is a type-I or type-1I staircase matrix, and all its nontrivial minors with a, f € Q‘,],m, m < n, satisfy

emdetAla|p] > 0. (11)

A characterization of the ASSR matrices using the pivots of NE is given in Alonso et al.” This characterization uses the
following results:

Theorem 3.7. Let B = (bij)1<i j<n be a nonsingular type-I staircase matrix, with zero pattern defined by I, J, 1 andJ. If
B is ASSR with signature € = (g1, €2, ... ,&p), then the NE of B can be performed without row exchanges and the pivots
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pij satisfy, for1 < j <i<mn,
pij=0%sb; =0, (12)

€j-j€j—j+1Pij > 0 & by; #0, 13)
where g9 = 1 and j; is defined in (7).

Theorem 3.8. Let B = (b;j)1<i j<n be a nonsingular type-II staircase matrix, with zero pattern defined by I, J, I,andJ. If
B is ASSR with signature € = (g1, €3, ... ,&y), then the NE of BT can be performed without row exchanges and the pivots
qi; satisfy, for1 <i< j<n,

qij:()@bij:()s (14)

£i_;[€i_ft+1qij >0s bij $é 0, (15)
where gy = 1 and i is defined in (8).

From now on, we will denote by A, = A[h, ... ,n]. Note that A; = A and A,, = (any).
Note 3.9. Let A be a type-I (type-II) staircase matrix. Then, in relation to Ay (AZ) matrices, the next results are verified:

1. Ay andAZ are also type-I (type-1I) staircase matrix forallh € {1,2, ... ,n}.

2. If the zero pattern of A is given by I = {ig, ... ,ie},J = {jo» .- sjebs I = {ios ., il T = {Jo» ...+ Jr}, then the
zero pattern of A, matrices is given by I" = {1,i, —h +1, ... iy —h+1,J" = {1,j,—h+1, ... ,j, —h +1},
m"={10-h+1, .. ,,—h+1},J"=(1./,—h+1, .../, —h+1},

where a = min{s/j;—h+1>2}and b =min{s/i;—h+1 > 2}.

3. If A is ASSR matrix with signature € = (g1, €3, ... ,&y) then A, and AZ are ASSR matrices with signature ' =

(€1,€2, -.. » En—hs1)-

Finally, in the following result (Theorem 5 of Alonso et al.”), a characterization of ASSR matrices, with e, = 1, is
presented:

Theorem 3.10. A nonsingular matrix A = (ai,—)m.jq is ASSR with signature € = (€1, €3, ... , &€,), With e, = 1 if and
onlyif foreveryh =1, ... ,n — 1, the following properties hold simultaneously:

(i) A s type-I staircase;
(ii) the NE of the matrices A, = Alh, ... ,n] and AZ can be performed without row exchanges;
(iii) the pivots pg. of the NE of Ay, satisfy conditions corresponding to (12), (13), and the pivots qf;. of the NE AZ
satisfy (14) and (15);
(iv) for the positions (i", j") of matrix Ap:

A

ieih s ik h _ h _ ih _ :h _
o ifi"> j"andi" - j" =i} — j then Ejn_jhEjh_jiy1 = Ejr1Ejh,
. ifih < jh and i* — jh = l.f —j? then Ep_pEpp_pp1 = En-1Eim

where indices i*, j*, 1, j* are given by conditions corresponding to (7) and (8).

4 | DEPTH AND CHARACTERIZATION OF ASSR MATRICES

In this section, the characterization of ASSR matrices obtained in Theorem 3.10 is simplified. To that end, following the
Definition 2.3, we denote by r = card(I) — 1 and by s = card(I) — 1. Observe that if » = 1 and s = 1, then A has not zero
entries.

For further results, it is convenient to introduce the depth of an ASSR matrix, that is, the length of the longest diagonal
with nonzero elements which is close to a zero entry.

Definition 4.1. Let A an n X n matrix, type-I staircase with zero pattern give by I, J, I, J. We define 6; (6y) as the
length of the shortest diagonal below (above) the main diagonal without zero entries, that is,

1 if r=1,
0 = max {n— (g —jp)} if r>1
ke(l, ... r—1)
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and
1 if s=1,
by = max {n-— (-1} if s> 1.
kel(l, ... .s-1)

To illustrate Definition 4.1, let us look at the following example.

Example 4.2. Given the matrix

6

8 30 48 42 28
0 39 82 172 176
0 0 28 176 259

O O O OoON

the zero pattern bellow the main diagonal is I = {1,3,6,7} and J = {1, 2,4, 7}. We observe that 6, = max{6 — (3 —
2),6 — (6 —4)} = 5 and 5 is the length of the shortest diagonal below the main diagonal without zero entries.

The zero pattern above the main diagonal isf = {1,2,3,4,7} and J= {1,4,5,6,7}. We observe that 8y = max{6 —
(4-2),6—(5-13),6— (6 —4)} = 4 and 4 is the length of the shortest diagonal above the main diagonal without zero
entries.

Considering the previous definition, the depth 0 of A is defined.
Definition 4.3. Let A = (a;;)1<;;<n be a real matrix. We define the depth 6 of A as follows:
« if the matrix A is type-I staircase, then § = max{60;, 0y},
« if the matrix A is type-II staircase, then 6 is the depth of P,A.
Example 4.4. Let A be the matrix given in Example 4.2. Then 6 = max{5,4} = 5 and 5 is the length of the longest
diagonal close to a zero.
The next result shows that the depth 6 of an ASSR matrix determines the first & components of its signature.

Theorem 4.5. Let A = (a;j)1<i j<n be an ASSR type-I staircase matrix with depth 6. If A is nonnegative, then its signature
ise=(1,1, ... ,1,€911, ... , ). If A is nonpositive, then its signatureis € = (-1,1, ... , (=11, (=1)?, €941, ... ,€n).

Proof. Observe that it is enough to see that
ex = (e Vke {1,2, ... ,6}.

Firstly, we suppose that e; = 1. If 6 = 1, the result holds.

We can suppose that § = 8 because, otherwise, we can apply the same reasoning to A’. Let m be such that 9 = 0, =
n — (im — jm)- The proof is performed by induction on k.

If k =1, then £; = 1 by assumption.

We suppose that ¢y = 1 for all k < £ — 1 with # < 0, and we will prove that e, = 1.

IfZ <n+2-i,,we consider the square matrix of order m

B=Alin—-1, ... ,in+€ =2|jm—1, ... ,jm+¢ —2]

then
detB=aq; 1, —1detAlip, ... ,im+7 = 2jms ... s jm +€ —2].

Thus, e, = £1€4-1. By hypothesis £; = 1 and by the induction hypothesis, e,_; = 1; thus, e, = 1.
If£ > n+ 2 —i,, we consider the square matrix of order m

B=An-7¢+1, ... .nn—(>Gn—jm)—¢+1, ... ,n—= (i — jm)]
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then
detB=detA[n—¢+1, ... ,in—1n—(>Gn—Jjm)—C+1, ... ,jm— D] -detAliy, ... ,0ljms ... s = (m — jm)].

Thus, e, = €444, _n-16n-i,+1- By the induction hypothesis e,,; _,1 =1and &,; 41 = 1, thus, &, = 1.

Therefore, in any case, e, = 1, and the result holds; that is, e = (1,1, ... , 1, €g41, ... , €n)-

Suppose now that e; = —1, then we define B = 14 = —A. Bis an ASSR matrix with signature ¢’ with g;( = (=Dkey,
and 6’ = 0. Applying the previous reasoning to B, e;( =1forallk e {1, ...,0} and

e = (-Dfe, = (en)".
So, the result holds; that is, e = (=1,1, ... , (=11, (=1)?, gg41, ... , €n). O
Example 4.6. Given the matrix
-4 —16 -2

-8 —40 —44
-2 —32 -133

0 0

—60
—368 —248 —144

—240 —972 —1344
—144 —1752 —13300

ASSR with signature e = (—1,1,-1,1,—1,1)and § = 4. Then &; = —1, &, = (1), &3 = (=1)3, g4 = (-1)*.
In a previous study,” the authors establish the relationship between the signatures of A and P,A that we are going to use.

Proposition 4.7. A matrix A is ASSR if and only if P,A is also ASSR. Furthermore, if the signature of A is ¢ =
m(m—1)
(e1,€2, ... ,€n), then the signature of P,A is €' = (6’1,6’2, e Withe, =(-1)"2 gp,m=1,... ,n

Taking into account the previous result, it is possible to determine the first & components of the signature vector for
type-1I staircase ASSR matrices.

Corollary 4.8. Let A be an n X n ASSR type-II staircase matrix with signature . It is verified that e, = (—1)@ (€1)¥ for
allk € {1, ... ,0} where 0 is the depth of the matrix A.

Proof. If we define B = £, P,A and we call €' its signature, then we have that £ = 1 and B is type-1. By Theorem 4.5,
k(k+1)

g, = 1forallk € {1, ... ,0}. Finally, using Proposition 4.7, we have & = (—1)@(.51)"5;c =(=1) 2 (e)*. O

In order to simplify the relationship between the elements of the signature vector collected in Equations (13) and (15),
the following auxiliary results are obtained.
Lemma 4.9. Let B = (by),_; .,

Lete = (g1, €2, ... ,&,) be a signature vector with e, = 1 and g, = (&,)* forallk € {1, ... ,0}. Then for all the pairs (i, )
such that1 < j <i < n, it holds that

be a type-I staircase nonsingular matrix, with zero pattern I, J, 1, and J and depth 6.

Ej=ji-iHl = Ej-18)-
Proof.
. Ifjt = 1 then it is direct, Ej—jEj—j+1 = Ej1Ej.

« If j; > 1 then by (7), there exists s such that j — j; < i —is. So,

jSi_is+js:i_(is_js)ﬁn_(is_js)s max {n_(ik_jk)}ZHLSQ-
ke(l,... -1}

Thus,

=i (¢ Y=+ 20D Y=t ( g VimirF1
Ejmji€jmjptr = (€1) Ti(ery T = (1)U D (&) Te(er) T =

(e e ey e I = (e1) TN e) =€)
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By applying Lemma 4.9 to matrix BT, the next result is obtained.

Lemma 4.10. Let B = (by),; .,
Lete = (g1, €2, ... ,&,) be a signature vector with e, = 1 and g, = (&,)* forallk € {1, ... ,0}. Then for all the pairs (i, )
such that1 <i < j < n, itisverified that

be a type-I staircase nonsingular matrix, with zero pattern I, J, 1, and J and depth 0.

€841 = Ei-180

The following result provides a simplification of the conditions given in Theorem 3.7.

Proposition 4.11. Let B = (bi j)l <ij<n be a nonsingular matrix ASSR with signature € = (€1,€3, ... ,€y) and e, = 1.
Then the NE of B can be performed without row exchanges and the pivots p;; satisfy, forany1 < j <i<n,

pij=0&b; =0, 16)
Ej-1€jDij > 0¢>bij #0, (17)
where ¢ = 1.
In addition, for j € {1, ... ,0}, condition (17) can be expressed as follows:

&1pij > 0 bij #0.

Proof. As Bis an ASSR matrix with £, = 1, by Theorem 2 in Alonso et al,” the matrix B is type-I staircase. We denote
by € = (e, ... ,e) the signature, the zero pattern I, J, I, J, and @ the depth of B.
By Theorem 3.7, we know that the NE of B can be performed without row exchanges and the pivots p;; satisfy (12)
and (13), forany 1 < j <i < n, that s,
pij=0¢> bij=0,
Ej_j€j—j+1Pij >0 b #0,
where gy = 1 and j; is defined in (7).
So, (16) holds and we only have to prove that (13) and (17) are equivalent.
By Theorem 4.5, £ = (&) for k < 6 and so the hypothesis of Lemma 4.9 holds. Therefore, we have

Ej=ji-it1 = Ej-18)-

Then, Ej_1€pPij = 8j—jt€j—jt+1pl'j >0, and (17) holds.
Finally,if1 < j <6,thenj—1<0ande; = (e;) and g1 = (g1 !

i1, \j 2j-1
gj-1€; = (1) (e1) = (e =¢€1.

Thus, the condition €;_;€;p;; > 0 is simplified to £, p;; > 0. O
Analogously, by using Theorem 3.10, conditions (14) and (15) can be simplified.

Proposition 4.12. Let B = (bij)m.jq be a nonsingular matrix ASSR with signature € = (e1,€3, ... ,€,) Where g, = 1.

Then, the NE of BT can be performed without row exchanges and the pivots q;; satisfy, forany 1 <i < j < n,

gij =0 b;; =0, (18)
Ei-1€iqij > 0 bij #0, (19)
where gy = 1.
In addition, forindicesi € {1, ... , 8}, condition (19) can be expressed as follows:

€14ij > 0 bij #0.
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Note 4.13. Let A be an n x n matrix, type-I staircase with depth 6. Then, the depth of Ay, which is denoted by 6", verifies
that 0" <0 —h + 1.

The following theorem is a simplification of Theorem 3.10 and the depth 6 of the matrix will play a key role.

Theorem 4.14. A nonsingular matrix A = (al-j) is ASSR with signature ¢ = (e1,€5, ... , €n) and €, = 1 if and

1<i,j<n

only if A is type-I staircase with depth 0, €, = (e1)* forallk € {1,2, ... ,0}, and foreveryh = 1, ... ,n — 6 + 1, the
following properties hold simultaneously:

(i) the NE of the matrices A, and AZ can be performed without row exchanges;
(ii) the pivots of the NE of Ay, denoted as pg., satisfy conditions corresponding to (16) and (17), and the pivots of the

NE of AT, denoted as ql’; satisfy (18) and (19).

Proof. Let us start by assuming that the matrix A is ASSR with signature € = (e1, &3, ... , £,) With e, = 1.

By Theorem 2 in Alonso et al,” as e, = 1, A is type-I staircase and using Theorem 4.5, &, = () for all k €
{1,2, ... ,6} holds.

Foreach h € {1, ... ,0}, we apply Theorems 4.11 and 4.12 to B = Ay, and conditions (i) and (ii) hold.

For the converse, we assume that A is type-I staircase with depth 0, ¢ = (e))*forallk € {1,2, ... ,0}, and for every
h=1,...,n—0+1, (i) and (ii) hold and we shall prove that the matrix is ASSR.

The proof is based on Theorem 3.10, so we have to prove that the conditions (i)—(iv) of this theorem are fulfilled.

+ Condition (i) and (ii) of Theorem 3.10 are trivial by considering that A is type-I staircase and (i).
« Using the hypothesis (ii), ey = (¢1)* if 1 < k < 0, and Lemma 4.9, condition (iii) of Theorem 3.10 is fulfilled.
« Finally, let us check condition (iv) of the Theorem 3.10.

Given the matrix Ay, its depth 6", and the signature vector &" = (e, ... ,eﬁ_hﬂ) = (€1, ... , En_ns1)- It is clear
that EZ =g =(e) = (ei‘)k, so we are under the hypothesis of Lemma 4.9 and Lemma 4.10 and it is verified, for
the positions (i", j*) of matrix Ay, that:

- ifi" > jhand i" - jh = i" — j then E b€ jh_jhy1 = €ji_1€n,

- ifi" < j®and i* — j* =" — j then EpninEin

?f’+1 = Ejh_1Ejh,

where indices i, j", i, j* are given by conditions corresponding to (7) and (8).

The last part of the proof is that the conditions must hold for the matrices A, with h € {1, ... ,6}. To prove
this, we take the matrix B = €A, whose signature verifies that ¢ = 1 for all k € {1, ... ,0}. So the matrix Bj,_g41
with the signature vector ¢* = (1, ... ,1) verifies the hypothesis of Theorem 3.3 in> and the matrix B,_g; it is
ASTP. Thus, the matrix A,,_g;1 = €1Bn_g4+1 is ASSR and conditions (i)-(iv) are fulfilled for it and all its submatrices
Ay withk € {n -0+ 1, ... ,n}. Thus, conditions (i)-(iv) of Theorem 3.10 are fulfilled and the matrix A is ASSR
with signature €. O

Note 4.15. Notice that the previous result is a generalization of Theorem 6 of Alonso et al.’® That result is applied to
strictly M-banded matrices, while the new proposal allows us to characterize any ASSR matrices of type-1 staircase, taking
into account their depth. In fact, one can observe that a strictly M-banded type-I staircase matrix has depth n — M. On the
other hand, we should take advantage of this moment to correct the last condition of Theorem 6 of Alonso et al,’® which
should be written as Ay,1 =AM + 1, ... ,nl.

When the matrix A is type-II staircase, a result similar to Theorem 4.14 is presented. For that, we consider the matrix
B = P, A and the submatrices B, = B[h, ... ,n] and BZ withh € {1, ... ,n—0+1} being 0 the depth of A. So, the following
result is a consequence of Corollary 4.8 and applying Theorem 4.14 to B.

Theorem 4.16. A nonsingular matrix A = (aij)1<l.j<n is ASSR with signature € = (€1,€3, ... ,€y) and e, = —1if
and only if B = P,A is type-I staircase with depth 6, g, = (—1)@(61)1( forallk € {1,2, ... ,0}, and for every h =
1, ... ,n— 0 + 1, the following properties hold simultaneously:

(i) the NE of the matrices B, and BZ can be performed without row exchanges;
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(ii) the pivots pg. of the NE of By, satisfy conditions corresponding to (16) and (17), and the pivots qf;, of the NE BZ
k(k-1)

satisfy (18) and (19) for the signature vector € = (&1, ... ,&n) With & = (—1)" 2 &.

Theorems 4.14 and 4.16 allow us to implement a fast algorithm to check if matrix A is ASSR by performing the NE
algorithm to the submatrices Ay,.

Algorithm 1 NE characterization

Input: A: matrix of order n and a signature vector €
Qutput: If matrix A is ASSR with signature ¢, TRUE else FALSE
- Check that A is type-| staircase, calculate its depth 8 and check that gx = (81)k for ke {2,..., 0}
cforh=1ton—0+1do
Apply NE to matrix Ap, checking that no row exchanges are needed and pivots pZ- satisfy (16) and (17)
Apply NE to matrix A}, checking that no row exchanges are needed and pivots gj} satisfy (18) and (19)
end for

a R wne

Algorithm 1 allows us to test if a type-I staircase matrix is ASSR using the simplification obtained in Theorem 4.14. If
we consider a type-II staircase matrix, then we apply Theorem 4.16 and the following changes in Algorithm 1 should be
considered:

1. Check that B = P,A is type-I staircase, calculate its depth 6, and check that g, = (—1)@(51)" forke {2, ...,0}
3. Apply NE to matrix By, checking that no row exchanges are needed and pivots pg, satisfy (16) and (17) for the

signature vector £ = (&1, ... ,&,) With & = (—l)k(k;n Ek
4. Apply NE to matrix B, checking that no row exchanges are needed and pivots qg satisfy (18) and (19) for the

. _ _ _ . _ k(k—1)
signature vector £ = (&1, ... ,&,) With & = (=1)" 2 g

It is possible to implement the algorithm so that the input argument is only the matrix and the output arguments are
the signature, the zero pattern, and the depth in case the matrix is ASSR.

Notice that the computational complexity of Algorithm 1 depends on the number of times NE is applied to the matrices
Apand AT, withh =1, ... ,n — 6 + 1. If we consider that computational cost of NE is 2n3/3t., where t. is the time spent
to carry out one operation in floating point, it is evident that the characterization presented in Theorem 4.14 has a lower
computational cost than the characterization achieved in Theorem 3.10, where h =1, ... ,n —1.

We have done it in these terms, and we have applied it to the following examples.

Example 4.17. Given the matrix

0 0
0 0
-9
0 0 | -30 —-48 —42 28
0 0 -9 —42 172 -176
0

0 0 —-28 —176 —259

the algorithm returns the following results

0=6I=1{1,3,67},J=1{1,3,4,7},1 ={1,2,3,4,7},T = {1,3,5,6,7},
e=(-1,1,-1,1,-1,1).

It should be noted that since the depth 6 is 6, NE elimination must only be applied to the matrices A; = A and
Al = AT, while with the previous algorithms, it was necessary to apply the NE elimination to the matrices

{Al?A{’AZ’A§9A37A§9A49AZ;9AS’A§}'
In this example, the computational cost of Algorithm 1, considering the number of floating point operations resulting

from the application of the NE, would be 2 * (2 = (63)/3) = 288, while if we use the characterization obtained in
Theorem 4.14, it would be necessary to perform approximately 587 floating point operations.
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Example 4.18. Given the matrix

the algorithm returns the following results

0=61I=1{1,3,67},0=1{1,3,4,7},1 ={1,2,3,4,7},T = {1,3,5,6,7},

e = “false”,
.. -1 -2 —42 —45
because the matrix is not ASSR, det(B[1, 2|1, 2]) = det 6]~ 2 and det(B[4, 5|5, 6]) = det 172 -176 ) =

—348. In this example, the ASSR conditions fail when we apply the NE elimination to BT. At the beginning of the fifth
step, we get the matrix

-1-2 0 0 0 0
0-20 0 0 0

BHe=| 0 0 -21 =30 -9 0 _
0 0 0 —51429 -29.1430 -28 |
00 0 0 -3 -17.3330
00 0 0 101.5000 116

it can be seen that the pivots of the fifth column must all be negative; however, the pivot gss = (BT)®[6]|5] = 101.5 is
positive.

5 | NUMERICAL EXPERIMENTS AND APPLICATIONS

In this section, we present a numerical experiment associated with a problem modeled through a differential equation.
In this sense, it should be noted that classic problems as:

« an elastic cord held at both ends with unitary tension and subjected to a transverse load of intensity f(x)
« an elastic bar held at both ends and subjected to axial load of intensity f(x) or
« the conduction of heat in a bar subjected to a distributed heat source f(x) with constant temperature at the ends

can be established from a differential equation in one dimension and of the second order of the type:

u’'() +gtu®) = f(t), tela,bl,
u(a) =0,
u(b) = 0.

The finite element method consists of looking for the solution in a finite dimensional vector space and reducing the
problem to calculating the coordinates of the solution with respect to a given base. This reduces the problem to a system
of linear equations in which the matrix of coefficients, called the stiffness matrix of the system, is a structured matrix.
When applying the method to certain cases, an ASSR matrix results. In these cases, high precision methods specifically
designed for this type of matrices can be used and a highly accurate solution is obtained.

We performed several experiments, and here, we show one. We solve the next differential equation

—u”"(t) + 3000u(t) = tsin(t + 2z /3), te[1,3],
u(l) =0,
u(3) =0.
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Using 51 nodes in the equation, we obtain a tridiagonal linear system, A - X = b, where the matrix A (stiffness matrix) is
of order 49

80501975 0 ... O
1975 8050 1975 ... O

A=| 0 19758050 ... 0 |,
0 0 0 ..8050

and the right-hand side vector is obtained as b = (b1, b;, ... ,by) = (2.8871e — 04,—0.0014, ... ,—0.1115), with

by = %/01 <x*f(2x—5+tk—1>+(1—x)*f<2x—5+tk>)dx, where f(x) = xsin<x+ %”) and t, = 1+ k(;l), with

k=1,2,...,49.

Thus, applying Algorithm 1, it is possible to verify that the obtained matrix (stiffness matrix) is an ASSR matrix with
signature sequence ¢ = (1,1,1, ... ,1,1). Next, we will use Neville's method to solve the resulting system, and we will
analyze the error made with respect to the exact solution of that system. It should be noted that the exact solution of the
system has been obtained using symbolic computation in Matlab.

To carry out the Neville process (see Gasca and Pefia®), the following algorithm has been implemented using Matlab
(see Alonso et al.»):

function [A Piv Ak] = Neville(A,n)
% Function to apply the Neville Elimination method to a square matrix.
% Input arguments:

A A oLl a square matrix

% n ... the order of the matrix A (optional)

% Output arguments:

A A ool the matrix we obtain at the end of the process

yA Piv ....... Matrix with the pivots of the NE algorithm

% Ak ........ A 3-dimensional array with all the matrices A_k
% of the procedure A_1=Ak(:,:,1), A_2=Ak(:,:,2),...

if nargin < 2; n = size(A,2); end
Piv = zeros(n,n);
for j = 1:n
Ak(:,:,3) = A;
[I,bnd] = Pivoting(A(j:end,j),j,n);
A= A(T,:);
Piv(j:end,j) = A(j:end,j);
for i = bnd:-1:(j+1)
A(i,:) = A(i,:)-A(i,j)/A(1-1,3)*A(i-1,:);
end
end

function [I bnd] = Pivoting(v,j,n)
% Function to apply pivoting strategy
% Input arguments:

% Vo a column vector with the elements (a_jj,a_{j+1j},...,a_nj)
A Jooaaaaa index of the column we are applying the method

A no......... order of the matrix

% Output arguments:

" I . the new order to put the zero entries down

A bnd ....... the position of the last element different from zero

vv = ones(n,1);

vv(j:n) = abs(v)/max(abs(v)) “= 0;%We can use (>10"k*eps) instead of (7=0)
[vv I] = sort(vv,’descend’);

bnd = find(vv,1,’last’);

It should be noted that other efficient tools that use NE to work with SR matrices can be found, for instance, in!® and.}7-1?
In the first one, several algorithms (functions) have been implemented using Matlab to work with ASSR matrices. The
second includes a software package that can perform virtually all matrix computations with nonsingular TP matrices to
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TABLE 1 Absolute and relative errors: ML, NE, and TNS
[I[ML—SY|| [INE-SY|| |[ITNS—SY| [IML-SY||/IISYll [INE-SYI|/ISY| [|ITNS—SY||/IISY]|

1-norm  3.0626e-20 2.2327e-20 2.3757e-20 1.2002e-16 8.7502e-17 9.3104e-17
2-norm  6.4365e-21 5.4095e-21 5.5032e-21 1.5055e-16 1.2653e-16 1.2872e-16
co-norm  1.6941e-21 1.6941e-21 1.6941e-21 1.4442e-16 1.4442e-16 1.4442¢-16

high relative accuracy (HRA), under certain conditions. HRA means that the relative errors of the computations are of
the order of machine precision, independently of the size of the condition number. If the stiffness matrix A is a TP matrix,
it is possible to use the function TNBD, to compute the bidiagonal decomposition of the matrix A by performing NE, next,
using the function TNSolve, we can solve the triangular linear system AX = b using backward substitution.

In Table 1, we compare the solution obtained by using the MatLab command X = A\b (ML), the Neville algorithm
(NE), the functions TNBD and TNSolve (TNS), and symbolic computation (SY), with the usual norms:

It can be seen that the combination between the algorithm characterization and the Neville algorithm is efficient for
this type of applications.

6 | CONCLUSIONS

It is shown that the new concept of depth (6) of an n x n staircase matrix A is a very useful tool to deal with ASSR matrices.
On the one hand, it determines the initial # components of the signature of A. In particular, if the depth is maximal, that
is, & = n, then the signature is completely determined. On the other hand, the depth can be used to simplify and reduce
the computational cost of the algorithm to check if a given matrix is ASSR with a given signature. This reduction increases
with the depth of the matrix.
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