. mathematics mﬁ

Article

Fractional Generalizations of Rodrigues-Type Formulas for
Laguerre Functions in Function Spaces

Pedro J. Miana '* and Natalia Romero

check for

updates
Citation: Miana, PJ.; Romero, N.
Fractional Generalizations of
Rodrigues-Type Formulas for
Laguerre Functions in Function
Spaces. Mathematics 2021, 9, 984.
https:/ /doi.org/10.3390/
math9090984

Academic Editor: Ferenc Hartung

Received: 26 March 2021
Accepted: 22 April 2021
Published: 27 April 2021

Publisher’s Note: MDPI stays neutral
with regard to jurisdictional claims in
published maps and institutional affil-

iations.

Copyright: © 2021 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

2

Departamento de Matematicas, Facultad de Ciencias & IUMA, Universidad de Zaragoza,

50009 Zaragoza, Spain

Departamento de Matemdticas y Computacion, Facultad de Ciencia y Tecnologia, Universidad de La Rioja,
26006 Logroiio, Spain; natalia.romero@unirioja.es

Correspondence: pjmiana@unizar.es

Abstract: Generalized Laguerre polynomials, LS,'X), verify the well-known Rodrigues’ formula. Using
Weyl and Riemann-Liouville fractional calculi, we present several fractional generalizations of
Rodrigues’ formula for generalized Laguerre functions and polynomials. As a consequence, we give
a new addition formula and an integral representation for these polynomials. Finally, we introduce
a new family of fractional Lebesgue spaces and show that some of these special functions belong
to them.
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1. Introduction

In approximation theory, the classical orthogonal polynomials of Jacobi, Laguerre, and
Hermite have many properties in common, namely, the Rodrigues formula, the differential
equation, the derivative formula, and the three-term recurrence relation. Under some con-
ditions, these common properties are equivalent and characterize these classical orthogonal
polynomials. See more details, for example, in [1] [Chapter 12] and [2] [Chapter V].

Polynomial solutions in the differential equation

zw"(z) + (. +1—2)w'(z) + nw(z) =0,

withn =0,1,2... and a € C are called generalized Laguerre polynomial, LS,‘X). They verify

Rodrigues’ formula,

x~%e* 4" _
L (x) = o (e ), M)
where we have .
(@) 0y . Cym (e X"
Lo (x) = mgo( D) (n = m) m!’

. n+ay I'n+a+1)
with <n -~ m> = Tatmt Dn—m)’ see, for example, [2] [p. 241] and [1] [Chapter 12].

In particular, they are

Lg’x)(x) =a+1-x,
L (x) = %((oﬁ—l)(tx—l—Z) ~2a+2)x+22).
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Generalized Laguerre polynomials satisfy several recurrence equalities, see [2] [p. 241],
between them, for example,

AL (6) = (a4 DL (1) — (n 4+ DLW, () @

Rodrigues” formula was initially introduced for Legendre polynomials by Olinde
Rodrigues in 1816. The name “Rodrigues formula” was given by Heine in 1878, after
Hermite pointed out in 1865 that Rodrigues was the first to discover it instead of Ivory and
Jacobi. The term is also used to describe similar formulas for other orthogonal polynomials,
mainly Laguerre and Hermite polynomials and many other sequences of orthogonal
functions. These are also called the Rodrigues formula (or Rodrigues’ type formula) for
that case, especially when the resulting sequence is polynomial.

By means of fractional calculi, several generalizations of Rodrigues formula have
appeared in the literature in the last years. We present some of them in the next lines.

Several important special functions can be expressed as derivatives of complex order
of elementary function, see, for example, [3]. The derivative of a complex order v of a
complex function f of a complex variable z is defined by the generalized Cauchy integral,

196 = (£) 16 = N2 [ -z,

under some assumptions about v, f and the path v [3,4] [p. 113]. In the case of Laguerre

functions, we have
(n) z’ ¥ &7 i ! VU ,—2Z
L6 = e (2) e,

which coincides with the Rodrigues” Formula (1) for v = n.
In [5], certain Laguerre polynomials of arbitrary orders are defined. The fractional
Caputo derivative D* of order a € (n —1,n] of a function f is given there by

Pix) = r(nl—zx) /Ox(x — e (d,  x >0,

see [5] [Definition 1.3]. The author defines the Laguerre polynomials LE of order « > 0 by

—Bex
B x e & (=X 0+p _
By (x) = T(l—l—oc)D(e xR, x>0, 6>-1,
and proves
lim ££(x) = lim ££(x) = LY (x).
a—nt a—n-

A wide generalization of Rodrigues’ formula is treated in [6]. The author considers the
Riemann-Liouville integral to include a large numbers of special functions, in particular
Laguerre polynomials and functions [6] [Section 1].

In [7], authors use a generalization of the Rodrigues” formula to define a new special
function. They study some of its properties, some recurrence relations, orthogonality
property, and the continuation to the Rodrigues’ formula of the Laguerre polynomials as a
limit case. In addition, the confluent hypergeometric representation is given.

In this paper, we consider the Weyl and Riemann-Liouville fractional calculi, W and
Dﬁ with & € R in the half real line in the second section. In Section 3, Theorem 1, we show
the following fractional Rodrigues’ formulae:

M((X,U+1,Z) = r(r(,xvjj—i)—l)z_v zD (tv 4 _t)(z)/

3
U(e,v+1,z) = (e )( ), )
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where M(«, v +1,z) and U(a, v + 1, z) are the confluent hypergeometric functions,

_ vty ') 7
MevE) = LR T
U(a,v,z) = MM(%V,Z)—#Wzl_"M(uc—l—l—v,Z—v,z).

This theorem extends [8] [Theorem 3] and completes the picture given in formulae [6]
[(8)—(12)], where the author only considers the Riemann-Liouville fractional calculus.

In the particular case —« = n € N, the confluent hypergeometric functions are
essentially the Laguerre polynomials and we get a second fractional Rodrigues’ formula,

L (x) = (—711!) W (e (x), x>0,

in Theorem 2. As a consequence, we get a new integral addition formula for Laguerre
polynomials in Corollary 1. We also obtain a integral representation of W% (#e~*), i.e.,

& (1a=APY () = A=At 4 A Y (L kL(a+k) (n ®(p_ pyklnk-Ar g,
WE (F1e M) (1) = Ae Mt 4 A k;( 1) r(“)r(k)(k)/t (r—1) dr,

and apply it to get a new integral representation of Ll (t),ie.,

(a—n) 7(_1)71 - F(“+k) n —k [ n—k, —r
L == efk;)(—nkm(k)wﬁ(r ke )(t), t>0.

in Theorem 3. All of these results show the deep and interesting connection between
fractional calculi, in particular Weyl fractional derivation, and Laguerre polynomials.

In the last section, we introduce new fractional Lebesgue space 7;,(“) (#" 4 t*) which
are contained in L”(R*) with 0 < y < wand p > 1. Note that we understand that

7;,(0) (19 +19) = LP(R™). As in the classical case, we show that the space 7;(“) (tH + )
for p > 1 is module for the algebra 7'1(0() (t" + t*) (Theorem 4). This family of function

spaces contains as a particular case some spaces which have appeared previously in the
literature [9-13]. Finally, we present some special functions which belong to these fractional

Lebesgue spaces 7;,(“) (t" 4 t*) in Remark 2.

2. Weyl and Riemann-Liouville Fractional Calculi

We denote by D the set of test functions of compact supportin [0, ), D, = C([0,0))
and by Sy the Schwartz class on [0, ), i.e., functions which are infinitely differentiable,

which verifies ;

sup th

t>0

(0] <,

for any m,n € NU{0}.

Definition 1. Given f € S, the Weyl fractional integral of f of order & > 0 is defined by

Wi f(u) = F(l) /uw(t W) ()t ©>0,

o

with « > 0. This operator W, " : S, — S, is one to one, and its inverse, WY, is the Weyl
fractional derivative of order a, and

W) = o o [ (5= 0 s, £>0,
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holds with n = [a] + 1; see, for example, [14,15].
dﬂ
It is easy to check that, if « = n € N, then W} f = (—1)“f("‘) = (—1)”ﬁ and
WP F — W (WP ) witha, € R, WO = Idand f € S; and
WE(fr) = (Wi f)r, (4)
where f,(s) := f(rs) for r > 0; see more details in [14,15].
Example 1. Let A € C* and ey (s) := e~ with s > 0. It is clear that e € Sy and
Wi%(er)(s) = A% s, s> 0.

Then, W¥e) (s) = A% "% for a € Rand s > 0. In Theorem 3, we give an integral expression of
W4 (re=71).

Proposition 1. Takex € Rand f € Sy then :
WS (s (s)) (1) = EWS £(H) — aWSLf() >0,
Proof. If & < 0, it is shown in [14] [p. 246]; if « > 0, we have
WS (sSWEf(s) —aW3TLf()) (1) = () + aWL (1) — aWZL£ (1) = t(1)
witht > 0. O

The usual convolution product * on R* is defined by

(Fr9)0):= [ fli-s)g6)s  teR?,

for functions f, g which are “good enough”, for example, absolutely integrable functions.
For functions f, g € &4, the following integral equality for the convolution product holds

_o)a—1
WE(Frg)(s) = fowig(r) [2, B —we f(tdedr

o [eS) —g)a—1
— W) [ W f (¢t dr

©)

fors € R™ ([10,12] [Proposition 1.2]).

Definition 2. Given f € S, Riemann—Liouville fractional integral of order & > 0 is defined by

D f(f) = r(la) /Ot(t ) f(s)ds, £>0.

If &« = n € N, the Riemann—Liouville derivative Riemann—Liouville of order n, D", is the usual
derivative and, if « € RT\N, Riemann—Liouville fractional derivative of order a is defined by

DY f(t) == 1"(;11—11);;’ /Ot(t —5)" %L (s)ds, t>0,

with n = [a] + 1, see, for example, [14-16].
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If f € Sy, then D;“D:_ﬁf = D;(H’g)f for o, > 0, but, in general, it is false that
D% Dif = Dfﬁf with a, B € R. For example,

ot
DI'DY(e75)(t) = —/ e fds=e T —1#e"
0

If« > 0and f,g € S4, we apply the Fubini theorem to get that

/W"‘f dt/f

and, if we apply W *(W{ g) = g, we obtain the following “integration by parts” formula:

|7 siognae = [~ Dzt pwegio ©

We will use both equalities in the following sections. Note that Formula (6) shows the
dual behaviour between both fractional calculi.

3. Fractional Rodrigues’ Formulae for Confluent Hypergeometric Functions
Two linearly independent solutions of Kummer’s differential equation

zw”(z) + (v — 2)w'(z) — aw(z) =0, a,vER

are given by confluent hypergeometric functions M(—a,1 + v,z) (also written by
1Fi(—a,1+v,z)) and U(—a,1 + v, z), see definitions in the Introduction, Formula (3).
In the particular case of —a = n € N, we have that

Trlv+n+1) (=1)"
T N . - 1 == - 1 .
T(1+0)n! M(—n,1+v,z2) i U(—n,v+1,z), zeC

LY (z) =

There is a big amount of equalities which confluent hypergeometric functions verify.
We consider the following ones:

L (672" M(a,¢,2)) = (—=1)"(1—c)pe 2z " 'M(a —n,c—n,z),
@)
L (67325 U (a,c,z)) = (—1)" 2" 'U(a—n,cz).
The following integral representations hold:
M(a,v,z) = F(v a) Jo etz =ty lat, Rv > Ra > 0;
®)
1-v )
Ua,v,z) = *;(7) IN et (z 4 1)V 14t Rv >0,z >0,
and also the recurrence relation
U(e,v,z) —U(a,v—1,z) —al(a+1,v,z) =0, 9)

see all these formulae and much more in [2] [Chapter VI].

The part (i) of the next theorem includes [8] [Theorem 3] for « < 0 and v > —1 and for
« € Rand v > a — 1 are presented in [6] [Section 1]. We include the proof of both parts to
avoid the lack of completeness.

Theorem 1. Given o € R and Rz > 0, the following equalities hold:

(i) M(a,v+1,2) = m VDM (e (z), forv > — 1.

(i) U(a,v+1,z) =z YW “(t" % t)(z), forv € R.



Mathematics 2021, 9, 984 6 of 15

Proof. (i) Letv > a« —1. Fora = 0, M(0,v +1,z) = 1 and the equality holds. Take

a > 0and
_ F(V+1)Z_V z ta—1 v—u
M(a,v+1,z) = F(ua)F(v+1—oc)/() et (z — )"t
_ F(v—f—l)z‘” z z —t(, _ pa—1lv—a
n F(uc)l"(v+1—oc)e /0 ez
r(v+1)

— -V zD—a v—uo ,—t
F(—oc+1/+1)z eDA(E e ) (),

for z > 0 and by holomorphy Rz > 0. Finally, take « < 0. We write n = [—a] +1

DIMEt () = (D)) (),

and we apply the above equality for « > 0 to get

F'(v+1—«a)

Dfnfoc tvfuc —t _ ,ZV+n
F e ) = e T

Mn+a,v+n+1,z2),

for z > 0. We apply the first formula in (7) to get

DY M (z) = 11:551111101‘;{1;1(6Zz””M(n—}—rx,v—kn—kl,z))(z)
_ ?Eﬁi;‘;‘;esz(—l)"(—v—n)nM(a,uH,z)
rlv+1—a)

= —————~e¢ *Z"M(a,v+1,2),

and we get the equality for z > 0 and then Rz > 0.
(ii) Let v € R. Fora = 0, U(0,v + 1,z) = 1 and the equality holds. Take a > 0. We apply
the second formula in (8) to get

z”V « —ta—1 v—u N
Ula,v+1,z) = F(oc)/o e T (z4t) Mt =

— vaezw_?x (tvflxeft) (Z),

z e

I'(a)

/ e t(t—2)* 1t
z

for z > 0 and by holomorphy $z > 0. Finally, take « < 0 and n = [—a] + 1. Firstly, we
consider n = 1,i.e,, =1 < a < 0. By the second formula in (7) for n = 1 and the above
equality for & > 0, we get that

U, v+1,z) = (—1)6227(1/7“71)% (72" *U(1+wa,v+1,2))
_ (*1)622_(1/_“_1) diz (Z—aW;(lJr“) (tv—zx—le—t) (Z))
aezz—vW;(lthX)(tv—(l-i-zx)e—Z) —|—eZZ_(V_l)W_:x)(tv_l_a)e_z)
al(l+wa,v+1,2)+ eZz*(Vfl)W;"‘(t”*lf’Xe*Z),

for z > 0. By the recurrence relation (9), we have that
U(w,v+1,z)=al(l+a,v+1,2)+ Ula+1,v,z2),

and we conclude that U(a, v+ 1,z) = e*z~""DW_*(#*"1=%¢ %), for z > 0 and Rz > 0.
Now, we suppose that the equality holds for n +1 > —a > n, and we claim that it also is
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true for n +1 > —a > n. Again, by the second formula in (7) for n = 1 and our hypothesis,
we get that

U v+1z) = (—1)ezz_("_“_1)£( MU+ v+1,2))

_ mezzfvwl(l-&-a)(tv7(1+a)efz)+e = (v— 1 +1x pr—l-a 72)
= DCU(1+DC,V—|—1,Z)+6227(V71)W a(prolmapmzy,

for z > 0. Again, by the recurrence relation (9), we conclude that
U(a,v+1,z) = ezz*(Vfl)W;"‘(tvflf“e*Z),
for z > 0 and $z > 0, and the proof is finished. [

4. Fractional Rodrigues’ Formulae for Laguerre Polynomials

Now, first we check L( - )(x) = 1) W (e ") (x) witha € Rand x > 0. In the
case « = 0, the equality holds directly (see [2] [p 240]) since

and then

ot ety ) = X = 1),

Analogously, we have L(()“) (x)=1.

Theorem 2. Letw € R, n € N. Then,

L) = E o e (), x>0
Proof. We give a proof by induction. Take « > 0; for n = 1, we apply Proposition 1 to get
W (te ™) (x) = xW (e ™) (x) —aWi (e ) (x) = e (x —a) = —L{* Y (x).
Taking the case 1 + 1 and again by Proposition 1, we obtain
WE (" e ) (x) = x W (t%e ) (x) — aWA 1 (H7e7") (x), x>0
and, using induction hypothesis,

We (£ e ™) (x) = et (<1)" (xLi T (@) oL (1), x>0

We apply the recurrence Formula (2) and

W (" e ) (x) = e nl (1) (- 1) (n + DLEL ) (x)
=¥ (— 1)”+1(1’l+1)'L( (n+l))(x)

and we get the equality. In the case « < 0, we work in a similar way. O

Remark 1. In the case « = m € N, we obtain an equivalent formula to

xPex gm _
LP(x) = e ),

Y
To check this, we use L,(fk)(x) = (—x)F (n n!k)'L,(qk_)k(x), 1<k <n, ([2]p. 240).
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If A > 0, we also get

W2 (t"e M) (x) = )\”‘*”e*)‘x(—l)"n!L,(f_") (Ax)

:/\aef/\x - Amn(_l)nm( & )n!xm )
0 n—m) m!

The addition formula for Laguerre polynomials states that

n
LEP Dy =Y LW (),  tremr.
=0 ] ]
([2][p. 249]). The following corollary shows a new integral addition formula for Laguerre polynomials.

Corollary 1. Let « € Rand n,m € N. Then,

[eS) ) _ o\a—1
L) = /S E’VL;S“”)(V)/S (tﬂm)s)eiﬁfm)(t)dtdr
s _n s F4+7r— a—1 B m
- /Oe rL,(q“ )(r) /S_r (rr((x)s)e tLg,f )(t)dtdr
forse RT.

n

Proof. We write p,(s) = %efs fors € R". Note that p, * pu = ppimy1 for n,m € N. By
Theorem 2, W*(p,)(s) = (—1)”(3_SL£,’X7”) (s) for a,s € R and n € N. Finally, we apply
Formula (5) to conclude the equality. O

Now, we want to give another representation, an integral representation of W% (#"¢~*t)

and LE,%”). To do this, we check the following Lemma about the Pochhammer symbol
(«)j, where

(oc)j::a(oc+1)...(oc+j—1):F(lix(:)j), jEN, acC.
Lemmal. Letl € Nand x € C. Then,
i n l —
k;(_l)k(k()i)! <k) - (51);!‘ (10)

Proof. Since
(—a); _ )loc(uc—l)...(vc—l+1)
(I-1) (I—-1) !

it is enough to prove that P, is a polynomial in « of degree /, the leading coefficient (—1)* /1!
and roots {0,1,...,] — 1} where

I N ! ! a(w co(e+k=1) (1
Pi(a) = Z(_l)k(k(—)li)! (k) _ Z(_l)k ( +1)(k _(1)!-1- 1) (k)

k=1 k=1

Letj e {1,...,I — 1} and we consider the polynomial:

Y11 -2 = (-1) i (,lc) (—1)f

k=0



Mathematics 2021, 9, 984

9of 15

We derive j times and evaluate in x = 1 to obtain

Lo/l r .
— k —-1)...k=0,
kgo(k)< k4 j—1).. k=0

and then

o jG+1)...(j+k—=1) (1
Pi(j) = k;(—l)k (k—1)! (k)

l
!
, —Dfk(k+1)... '+k—1():0,
and we conclude the proof. [J

Theorem 3. Ifn € Nand A, a > 0, we have that

n

ijr(rne—/\r)(t) — A Z(_l)kr(“ + k) (”) W

k=0 [(a) k(”n_ke_Ar) (t), £>0,

and

k) wk (r”‘ke_r) (1), t>0.

Proof. By Lemma 1, we have that

i 5 e (o) -5 ()

for! > 1and 0 < j < n. By the second remark in Theorem 2 and taking in the last
expression | = n — j, we have that

n—1 ) 1.
Afuce/\tch_(rnef/\r)(t) =t 4 Z )\]7"(—1)”7] n‘i]‘)?"t]
j=0 '
nl oot T(a+k) (n—j
="+ Y N : -1 k( >
LYy 5 Tarm Lk

nt(m—j\ (M (n—k
an ()00 )
In the other hand, we apply Newton’s formula, to get the equality:

() n—k _ i () i
/ (T _ t)kflrnfkef/\rdr 2 <Tl ] k) t]/ (1’ _ t)n—]fleﬁ)\rdr
t ; t
j=0

n—k _ o
e My (n . k) A (n—1—j)!
=0\

with t > 0. From here, we have that

n

W4 n,—Ar — ¥ —Atyn AX 1 kr(a—'—k) n oor_ k—lrn—k —/\rdr’
O X e () [t
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and we obtain the equality. As a consequence, we apply Theorem 2 and the first equality to
obtain the second one. [J

As a corollary of this theorem, we show an equality considered in [14] [p. 315].
However, first, we need to comment some aspects about Laplace transform. Given f € &,
the Laplace transform of f, £(f), is given by

L(f)(z) = /O Y fhe T, Rz >0,

see, for example [17]. If f is a function in two variables f = f(t,s), L(f;t) and L(f;s) are
Laplace transforms, if there exist, in each parameter.

If we apply equality (6) in the integral representation of the Laplace transform, we get
that, fora > 0

L(f)(z) = /Ow WEF(8)Su(t,2)dt, Rz >0, (1)

with f € S; and where

Su(t,z) := D "(e;)(t) = 1 ] /Ot(t — s)”‘*lefzsds Rz, t > 0.

)

In fact, function S, (¢, z) may be defined for any z € C and
1t .
Surp(tz) = W3)/0 (t—s)P184(s,2)ds, z€ C,t>0. (12)

Corollary 2. Leta,a > 0, A > aand n € N U {0}. Then, we have that

Ar & n\ T'(a+k
o = 1 LV () et~

Proof. By the equality (6) and Theorem 3, we get that
1 ot at ,—At 1 & A (11— AT —u(ar
W:/o —ette dt:m/o WE (e~ M) (1)) D72 (%) (1) dt

- /,\TT i(_l)klm (Z) /O°° Sa(t, —a) /too(f’ — ke A gt

1 AL T(a+k) (n S L B
e~ R (1) e e o

14 n o0
= % (_1)kr(0( _'_ k) <Z) ‘/O r"—ke_MSgth(V/ _a)dr/
* k=0

and we conclude the equality. [

5. Fractional Lebesgue Spaces

The well-known Hardy inequality states that

T IWoeF (et < o)\ | £(1) Pt 13
/0 f < m /0 f , (13)

for p > 1and & > 0, see, for example, [18] [pp. 244-245].
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For 0 < u < a, we introduce a family of subspaces 7;,(“) (t" + t*) that are contained in
LP(RT).

Definition 3. For « > 0, let the Banach space 7;,(”‘) (t" + t*) be defined as the completion of the
Schwartz class Sy in the norm

A ), p == r(alﬂ) (/Ooo [WE F(£) [P (# +t“)Pdt>’”.

We understand that ’7;,(0) (19419 = LP(R") and || ll00),p =1 |lp- Thecase p =1,
u = 0 and &« € N were introduced in [9], and, for p = 1,0 < y < aand « > 0in [10]
[Section 1]. Finally, the case p > 1, 4 = a and & > 0 were considered in [11] [Definition 2.1]
and [13] [Section 1.2]. In [19], other families of function spaces are studied connected with
a kernel function k on [0, o).

In the next proposition, we present some results for spaces 7;(“) (t" 4 t*) which ex-
tends [11] [Proposition 2.2].

Proposition 2. Takep > 1and p > a > u > 0.
(i) The operator Dy : ’7;(“) (t +t*) — LP(R™) defined by

Dyaf(t) == r(al (' +EYWEF(), teRY, fe TN+ 1),

+1)
is an isometry whose inverse operator (Dy,) 1 : LF(R') — 7;,(“) (t + 1Y) is given by
(Dpa) Vf(E) = Wit ((#F + )1 f)(E), teRYFe TN (# + ).

(i) TP (b= 4 1B) s T, (11 4 %) — LP(RT).
(iii) If p > 1and p' satisfies % + % =1, then the dual ofﬁ(“) (th + %) is 7;(,0()(1?“ + %), where
the duality is given by

(f & ua = L 2 /OooWj'ﬁf(t)Wj'ﬁg(t)(tV—i—t“)zdt:(Dy,af,Dy,agh

Ia+1
for f e TVt + 1), g € Ty (#4 + 1),
Proof. (i) By definition, we have

1 © 1/p
e (@ o) = 1,

(ii)Let fe St and 0 < p < a < B.For p =1, see [10] [Section 1, p. 16]. Let 1 < p < oo,
then

||Dy,zxf||p =

1My = DT /w(t”+t“)”I(W‘(ﬁ‘“)(Wﬁf))lp(t)dt

I'(3)
2P| A
T(a+1)I(B—a+1 ) / (PP (¢ )P WP P (1)t

T(;)r(B+1)
= (F(a—i—f)l"(ﬁ—tx—i— )) Hf||(”+ﬁ wp).p

IN
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where we have used Hardy’s inequality (13). The part (iii) is a straightforward consequence
of (i) and the duality of LP(R™"). O

Note that, in fact,
”f”(y,a),p = |[Duaflp, (f,&)va = (Dyuaf, Dyag)os (14)

for f € T (# + 1), g € Ty (¢ + ) with L+ & = 1.

Example 2. In this example, we consider some functions which belong (or not) to 7}(“) (t* + 1)

forp>1and0 <y <a.

(i)  Note that tP ¢ 7;(“) (t% + t1) for B € C due to tP does not belong to LP (R ).

(i) For0 <y < danda >0, it is well known that W, " (a + t)~° = r(ré(;)w) (t+a)7=2; see, for
example, [20] [p. 201]. With this formula, it is easy to check that

o - _F(D‘+ﬁ) —(«
W (a4 t) ﬁ—w(t—i—a) (a+p),

Write f(t) := (a+t)~F and then

P Gl L0 LA / © 1
11y = C"‘"’/o |(t+a)(“+5)r’\dt < Cap J, (t—i—a)Pﬁdt <%
and we conclude functions (a +1)~P € 7;,(0‘) (t*+t") for p>1/panda > 0.

(1 _ t)C*l
I'(c)
Jate for w > 0. Then, j. € 7;,(“)(1%"‘ +t)ifand only ifc > a +1 — %.

(iii) We define functions j.(t) := X(o)(t) for t > 0.1t is easy to check that Wi " (jc) =
Note that, for f € Tp(“)(t"‘ +t") for p,a > 1, then f € C(R"), lim¢ o f(¢) = 0 and

supt?|f(1)] < Cuplfllgarpr S € Ty (1 4 1),
>

where Cy p is independent of f, compare with [11] [Proposition 2.4].
The following theorem extends the case B = &, which was proved in [13] [Proposition
4.19] and p = 1in [10] [Proposition 1.4].
Theorem 4. Take p > 1and a > y > 0. Then,
T (4 10 5 T (8 4 1) s TR (8 4 1),

e |1 *8lluarpy < Copllflloarpllgl eyt for £ € T +1%), and g € T (1 + 1),
where Cyp is a constant independent of f and g.

Proof. Take p > 1and f,g € S4+. Then, we apply Formula (5) to get
s s p
W) @P < Cup([ sl [ (o)t arar)
S—r
© o P
+Cayp (/ Wog()] [ (b r =) W ()] e dr)
S s

for s > 0. From now, we write all constants by C, ,, which may be different in each line.
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We start with the second summand. By the Minkowski inequality ([21] [p. 200]), we
get that

© 3 0 p
(/ (s +sﬂ)r’(/ |W“‘g(r)|/ (t 47— )1 |WeF(8)] dtdr) ds) ’
0 s s
1
o r 0 p P
< / IWeg(r)| (/ (s —l—s”)p(/ (t 47 —s) 1V [WEF ()] dt) ds> "ar.
0 0 s
In the inner integral, we apply the Holder integral with :} + ; =1 to obtain:

/m(t b — )L WAL dt

0 _ o\(a—1) /oo 5
(/S Wdt) (/S (t“+t”)”|W“f(t)|Pdt)

1
© (f4r—s)le-lg 1
1 e ( [T )
We change the variable t — s = u to have that
) _ o\(a—1)g © xq q © 4] |
/ wdt:/ u+r 1 dug/ L;duchriq,
s taq 0 \u+s u+r o s (utr) s% ¥ b

where we have applied that (u +7)/(u+s)~! <r/sforu > 0and 0 < s < r. Finally, as
0 < u < a, we get that

IN

IN

([ esr([err—ortmwesoa) pdsy = Cerlllmr 7

Now, we consider the first integral in the bound of [W*(f * ¢)(s)|P. Again, by the
Minkowski inequality, we obtain that

(/Ooo(s"‘—l—sp‘)p</os|wag(r)/Ss_r(t+r—s)“_1|W"‘f(t)|dtdr>pds>p

< /Ow Weg(r)] (/r'w(s“ +s”)p(/:_r(t+r o WD) dt)pds> % dr.

We split the interval (r, ) in two parts (r,2r) U [2r,00). In the first summand, as
s < 2r, then (s* 4 s#)P < 2% (r* + r#)?, and

</r2r(sw + sH)P (/:r(t Fr— ) L WE A ()| dt) pds>;

< zw+rﬂ>(/fr(/:_r<t+r—s>“1|W“f<t>|dt)pds);.

We change the variable s — r = x, and by the Hardy inequality (13), we get that

<z (T[Tl dt)pdx)’l’ < Capr* 1) F a0
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In the second summand, we change the variable x = s —r > r, and then

"t kP ([ et e a ) ’
(f (f

< o (/rw(x“ + xP)P (/x’”(t e a10] dt)pdx> ’

We change the variable t — x = u, in the inner integral, and we apply the Minkowski
inequality to get

% (/r‘m(x"‘ + PP </(;r W W f ()| du) pdx>,1]

1
T (e "
> [ u”‘_l(/ (x“+xﬁ)P|W"‘f(u+x)|”dx>pdu,
0 r

<
r o ,
<o [t ([Tt ety oo i) an
1
< [ 1(/ Py we ”d)pd < Copr® :
< | Hr(s +sP)P W f(s)[Pds | du < Capr™ | fll ua),p

Finally, we join every summand to get that

Hf*gH(;t,a),p < Hf”(y,a),p”g”(y,a),ll

and the proof is finished. [J

Remark 2. (a) We consider the confluent hypergeometric functions U (a, v, z) treated in Section 3,

and we defined
Upy(z) :=2"¢*U(a,v,z2), z> 0.
By Theorem 1 (ii), functions u,, € 7;,(“)(1%1* +tY) forv>a—pu— % witha > p > 0and p > 1.
n

(b) For n > 0, we write functions q,(t) := %e*t. Note that qo(t) = e " and g, = (9,1 * 90)
or n > 1. It is straightforward to check that gy € T('X) tH+ %),
8 q 1

. Me+1)
190!l (a)1 =1+ Ta+1)

qo € 7;,(“)(1%’ + t%) and

2 <2F(u¢p+1)>;,

<
100l o) = T(a+1)pH p

for p > 1. By Theorems 2 and 4, we conclude that

1 1
OO e u\p,—tp (a—n) 14 b n 3 2r(1xp+1)
([Cesmpemiipar)” <cr, 2 (2UEED

<
7 N
—_
+
—| =
|
2=
—_
S— [ —
~~_
2

forp>1,neNanda > pu > 0.
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