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Abstract In this article a stabilizing feedback control is computed for a semilinear
parabolic partial differential equation utilizing a nonlinear model predictive (NMPC)
method. In each level of the NMPC algorithm the finite time horizon open loop
problem is solved by a reduced-order strategy based on proper orthogonal decompo-
sition (POD). A stability analysis is derived for the combined POD-NMPC algorithm
so that the lengths of the finite time horizons are chosen in order to ensure the
asymptotic stability of the computed feedback controls. The proposed method is
successfully tested by numerical examples.
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1 Introduction

In many control problems it is desired to design a stabilizing feedback control, but
often the closed-loop solution can not be found analytically, even in the unconstrained
case since it involves the solution of the corresponding Hamilton-Jacobi-Bellman
equations see, e.g., [7, 11] and [22]. But this approach requires the solution of a
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nonlinear hyperbolic partial differential equation with a high-dimensional spatial
variable.

One approach to circumvent this problem is the repeated solution of open-loop
optimal control problems. The first part of the resulting open-loop input signal is
implemented and the whole process is repeated. Control approaches using this strat-
egy are referred to as model predictive control (MPC), moving horizon control or
receding horizon control. In general one distinguishes between linear and nonlinear
MPC (NMPC). In linear MPC, linear models are used to predict the system dynam-
ics and considers linear constraints on the states and inputs. Note that even if the
system is linear, the closed loop dynamics are nonlinear due to the presence of con-
straints. NMPC refers to MPC schemes that are based on nonlinear models and/or
consider a nonquadratic cost functional and general nonlinear constraints. Although
linear MPC has become an increasingly popular control technique used in industry, in
many applications linear models are not sufficient to describe the process dynamics
adequately and nonlinear models must be applied. This inadequacy of linear mod-
els is one of the motivations for the increasing interest in nonlinear MPC; see. e.g.,
[3, 12, 15, 24]. The prediction horizon plays a crucial role in MPC algorithms. For
instance, the quasi infinite horizon NMPC allows an efficient formulation of NMPC
while guaranteeing stability and the performances of the closed-loop as shown in [4,
13, 19] under appropriate assumptions. For the purpose of our paper we will use a
different approach since we will not deal with terminal constraints.

Since the computational complexity of NMPC schemes grows rapidly with the
length of the optimization horizon, estimates for minimal stabilizing horizons are of
particular interest to ensure stability while being computationally fast. Stability and
suboptimality analysis for NMPC schemes without stabilizing constraints are studied
in [15, Chapter 6], where the authors give sufficient conditions ensuring asymptotic
stability with minimal finite prediction horizon. Note that the stabilization of the
problem and the computation of the minimal horizon involve the (relaxed) dynamic
programming principle (DPP); see [16, 23]. This approach allows estimates of the
finite prediction horizon based on controllability properties of the dynamical system.

Since several optimization problems have to be solved in the NMPC method, it is
reasonable to apply reduced-order methods to accelerate the NMPC algorithm. Here,
we utilize proper orthogonal decomposition (POD) to derive reduced-order models
for nonlinear dynamical systems; see, e.g., [18, 28] and [17]. The application of POD
is justified by an a priori error analysis for the considered nonlinear dynamical sys-
tem, where we combine techniques from [20, 21] and [27]. Let us refer to [14], where
the authors also combine successfully an NMPC scheme with a POD reduced-order
approach. However, no analysis is carried out ensuring the asymptotic stability of
the proposed NMPC-POD scheme. Our contribution focusses on the stability analy-
sis of the POD-NMPC algorithm without terminal constraints, where the dynamical
system is a semilinear parabolic partial differential equation with an advection term.
In particular, we study a minimal finite horizon for the reduced-order approximation
such that it guarantees the asymptotic stability of the surrogate model. Our approach
is motivated by the work [6]. The main difference here is that we have added an
advection term in the dynamical system and utilize a POD suboptimal strategy to
solve the open-loop problems. Since the minimal prediction horizon can be large, the
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numerical solution of the open-loop problems is very expensive within the NMPC
algorithm. The application of the POD model reduction reduces efficiently the com-
putational cost by computing suboptimal solutions. But we involve this suboptimality
in our stability analysis in order to ensure the asymptotic stability of our NMPC
scheme.

The paper is organized in the following manner: in Section 2 we formulate our
infinite horizon optimal control problem governed by a semilinear parabolic equation
and bilateral control constraints. The NMPC algorithm is introduced in Section 3. For
the readers convenience, we recall the known results of the stability analysis. Further,
the stability theory is applied to our underlying nonlinear semilinear equations and
bilateral control constraints. In Section 4 we investigate the finite horizon open loop
problem which has to be solved at each level of the NMPC algorithm. Moreover,
we introduce the POD reduced-order approach and prove an a-priori error estimate
for the semilinear parabolic equation. Finally, numerical examples are presented in
Section 5.

2 Formulation of the control system

Let @ = (0,1) C R be the spatial domain. For the initial time ¢, € R(J)r ={s €
R|s > 0} we define the space-time cylinder Q = Q x (f,, 00). By H = L*(Q)
we denote the Lebesgue space of (equivalence classes of) functions which are

(Lebesgue) measurable and square integrable. We endow H by the standard inner
1/2

product — denoted by (-, -) g — and the associated induced norm |¢|lg = (¢, @) 5"

Furthermore, V = HO1 (2) C H stands for the Sobolev space

V:{goeH ‘/ |<p/(x)|2dx<ooandgo(0)=(p(1)=0}.
Q

Recall that both H and V are Hilbert spaces. In V we use the inner product
(9. 9)v = /990/(X)¢’(X)dx forg.¢p eV

and set ||¢lly = (o, (p)l,/2 for ¢ € V. For more details on Lebesgue and Sobolev
spaces we refer the reader to [11], for instance. When the time ¢ is fixed for a given
function ¢ : Q — R, the expression ¢(¢) stands for a function ¢(-, ¢) considered as
a function in €2 only. Recall that the Hilbert space L2(Q) can be identified with the
Bochner space L%(t,, c0: H).

We consider the following control system governed by a semilinear parabolic par-
tial differential equation: y = y(x, ) solves the semilinear initial boundary value
problem

Vi = O0yex e + o —y) =u in Q, (2.1a)
y©0,)=y(1,)=0 in (£,, 00), (2.1b)
y(to) = Yo in Q. (2.1¢)
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In Eq. (2.1a) it is assumed that the control # = u(x, t) belongs to the set of admissible
control inputs

Ui (ts) = {u € U(t,) |u(x, t) € Uyq for almost all (f.a.a.) (x,1r) € O}, (2.2)

where U(to) = L2(to, 00; H) and Uyg = {u € Rluy < u < up} with given u, <
0 < uyp . The parameters 6 and p satisfy

©.p) € Daa = | 0. ) € R?

Gaféandpafls}

with positive 6, and p,. Further, in Eq. (2.1c) the initial condition y, = y,(x) is
supposed to belong to H.

A solution to Eqgs. (2.1a-2.1c¢) is interpreted in the weak sense as follows: for given
(to, ¥o) € Rg x H and u € Ugy(t,) we call y a weak solution to Egs. (2.1a-2.1c¢)
for fixed (0, p) € Dyq if y(t) € V, y;(t) € V' hold fa.a. r > ¢, and y satisfies
y(ts) = yo in H as well as

d
m y@®), ey +/ Oy (1)@’ + (yx(t) + o () — y(t))) pdx = f u(t)p dx
t Q Q

2.3)
forall ¢ € V andf.a.a.t > t,. Here, y;(¢) stands for the distributional derivative with
respect to the time variable satisfying [10, p. 477]

d
@ (Y@, 0 g = (ye(t), @)y y forallgpe V.

The following result is proved in [8], for instance.

Proposition 2.1 For given (t,, yo) € Rar x H and u € Ugy(t,) there exists a unique
weak solution y = Y[y 1,.y,] to Eqs. (2.1a-2.1¢) for every (8, p) € Dqyq.

Let (¢, yo) € RS‘ x H be given. Due to Proposition 2.1 we can define the quadratic
cost functional:

. [ , A [ )
Tt yo) = 3 I Vluto. 301 (1) — Yallg dt + 5 llu ()|l de (2.4)
1o 1o

for all u € U(t,) D Uguqa(t,), where ypu .y, denotes the unique weak solution to
Egs. (2.1a-2.1c). We suppose that y; = y4(x) is a given desired stationary state in
H (e.g., the equilibrium y; = 0) and that A > 0 denotes a fixed weighting parameter.
Then we consider the nonlinear infinite horizon optimal control problem

min f(u; o, ¥o) subjectto (s.t.) u € Uyqg(to). 2.5)
Suppose that the trajectory y is measured at discrete time instances
t, =t, +nAt, neN,

where the time step Az > 0 stands for the time step between two measurements.
Thus, we want to select a control u € Ugy(¢) such that the associated trajectory
Vlu,t,v,] f0llows a given desired state y; as good as possible. This problem is called
a tracking problem, and, if y; = 0 holds, a stabilization problem.

@ Springer



Asymptotic stability of POD based MPC for a parabolic PDEs 1077

Since our goal is to be able to react to the current deviation of the state y at time
t = t, from the given reference value y;, we would like to have the control in
feedback form, i.e., we want to determine a mapping u : H — Ugq(t,) with

u(t) = p(y@)) fort € [ty, tny1].

3 Nonlinear model predictive control

We present an NMPC approach to compute a mapping @ which allows a represen-
tation of the control in feedback form. For more details we refer the reader to the
monographs [15, 24], for instance.

3.1 The NMPC method

To introduce the NMPC algorithm we write the weak form of our control system
(2.1a-2.1c) as a parametrized nonlinear dynamical system. For (6, p) € D4 let us
introduce the #-and p-dependent nonlinear mapping F which maps the space V x H
into the dual space V' of V as follows:

F(9,v) = 0¢ux + ¢x + p(p° —9) —v for (p,v) € V x H.
Then, we can express Eq. (2.3) as the nonlinear dynamical system
y'(t) =F(y@),u)) € V' forallt > t,, y(t,) =y,in H 3.1

for given (t,, yo) € Rar x H. The cost functional has been already introduced in
Eq. (2.4). Summarizing, we want to solve the following infinite horizon minimization
problem

o0
min J (u; to, yo) = / L (y[u,lo,yo](t)a u(t)) dr st u e Uyg(ts), P(1,))
1o
where we have defined the running quadratic cost as

1
t.v) =5 (Il = yally +11vl})  forp.ve A. (3.2)

If we have determined a state feedback u for Eq. (P(7,)), the control u(¢) = u(y(t))
allows a closed loop representation for ¢t € [#,, 00). Then, for a given initial condition
yo € H wesett, =0, yo = yo in Eq. (3.1) and insert x to obtain the closed-loop
form

Y(0)=F@), n(y@)) inV'fort e (t, 00),

y(te) = Yo in H. (3.3)

Note that the infinite horizon problem may be very hard to solve due to the dimen-
sionality of the problem. On the other hand it guarantees the stabilization of the
problem which is very important for certain applications. In an NMPC algorithm a
state feedback law is computed for Eq. (P(z,)) by solving a sequence of finite time
horizon problems.
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To formulate the NMPC algorithm we introduce the finite horizon quadratic cost
functional as follows: for (¢, y,) € Rg‘ x Handu € Uivd (t,) we set

i

fN(u;to,yo)=f € (Vuto,yo1 (D, u(0)) dt,

to

where N is a natural number, tév = t, + N At is the final time and N At denotes the
length of the time horizon for the chosen time step Ar > 0. Further, we introduce the
Hilbert space uN (t,) = Lz(to, tév ; H) and the set of admissible controls

Uy to) = {u € UV to) |utx, 1) € Upg faa. (x,1) € 0 ]

with QN = Qx (t,, 1Y) € Q; compare (2.2). In Algorithm 1 the method is presented.

Algorithm 1 (NMPC algorithm)

Require: time step At > 0, finite horizon N € N, weighting parameter A > 0.
1: forn=0,1,2,...do
2: Measure the state y(t,) € V of the system at f,, = nAt.
3: Sett, = t, = nAt, y, = y(t,) and compute a global solution to

min JV (u; o, yo) st u € UN(10). PN (1))

We denote the obtained optimal control by ™.

4: Define the NMPC feedback value u™ (15 1o, vo) = u™ (t), t € (to, to + At]
and use this control to compute the associated state y = yy,v() .y, bY
solving (3.1) on [#,, t, + At].

5: end for

We store the optimal control on the first subinterval [z,, t, + At] = [0, At] and
the associated optimal trajectory. Then, we initialize a new finite horizon optimal
control problem whose initial condition is given by the optimal trajectory y(t) =
Vi ()oto,y0] (1) LT = 1o + At using the optimal control u™ (¢; 1., yo) = ™ (¢) for
t € (t,, t, + At] . We iterate this process by setting 7, = t, + At. Of course, the
larger the horizon, the better the approximation one can have, but we would like to
have the minimal horizon which can guarantee stability [16]. Note that Eq. (PN (1))
is an open loop problem on a finite time horizon [#,, ¢, + N At] which will be studied
in Section 4.

3.2 Dynamic programming principle (DPP) and asymptotic stability

For the reader’s convenience we now recall the essential theoretical results from
dynamic programming and stability analysis. Let us first introduce the so called value
function v defined as follows for an infinite horizon optimal control problem:

v(to, o) := inf Ju; to, Yo) for (t5,y,) € ]RE)" x H.

uelyq(to)
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Let N € N be chosen. The DDP states that the value function v satisfies for any
ke{l,...,N}witht* = + kAt

7
V(fo, yo) = inf {/ € (Vustoryo) (1), u(2)) dt
to

uelk (t5)
4 (fo + kAL, Yju 1001 (o + kKAL)

which holds under very general conditions on the data; see, e.g., [7] for more details.
The value function for the finite horizon problem (PN (1,)) is of the following form:

vV (to, o) = inf  JNwito, y0) for (1o, yo) € RS x H.
uel¥, (1)

The value function v" satisfies the DPP for the finite horizon problem for ¢, + kAt,
0<k<N:

to+kAt
vV (to, o) = inf ){ / € (Viuto,yo1 (1), (1)) dr
to

MEU];d(tO
A0 (Yt 1 (o + kAD))

Nonlinear stability properties can be expressed by comparison functions which we
recall here for the readers convenience [15, Definition 2.13].

Definition 3.1 We define the following classes of comparison functions:

K = {B:RJ — Ry | B is continuous, strictly increasing and B(0) = 0},
Rg — Rg ’,3 ek, Bis unbounded} ,

h h8
[

{ ‘R — Ry ’ Bis continuous, strictly decreasing, tlim B(t) = 0} ,
00

B : Ry x RS — Ry | B is continuous, B(-,1) € K, B(r,-) € L}.

Utilizing a comparison function 8 € KL we introduce the concept of asymptotic
stability; see, e.g. [15, Definition 2.14].

Definition 3.2 Let y[;(.),s,,y,] be the solution to Eq. (3.3) and y, € H an equilibrium
for Eq. (3.3), i.e., we have F(yy, u(y4)) = 0. Then, y, is said to be locally asymp-
totically stable if there exist a constant > 0 and a function 8 € KL such that the
estimate

1910 t0y01 (0 = Yill g < B (Iyo = Yl 1)

holds for all y, € H satisfying ||y, — y«|lg < nand all t > ..

Let us recall the main result about asymptotic stability via DPP; see [16].
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Proposition 3.3 Let N € N be chosen and the feedback mapping " be computed
by Algorithm 1. Assume that there exists an o € (0, 1] such that for all (t,, y,) €
R(')" X H the relaxed DPP

0V (10, 0 2 0N (1o + AL vy 1y o+ AD) + 0V (o 1V (00)) (B
holds. Then we have for all (t,, y,) € Rg x H:

oM u(to, o) < @™ TN (Vv ()10 or ¥o) < VN (fo, Yo) S (e, ¥0),  (3.5)

where yy N () 1. v, solves the closed-loop dynamics (3.3) with p = uN. If in
addition, there exists an equilibrium y, € H and a1, ar € Ko satisfying

Z>)<(_)}o) = min Z(yo, Lt) > o] (HYO - y*”H) ) (363.)
uelyq
@ (Ilyo = ysllg) = v" (to, yo) (3.6b)

hold for all (t,,y,) € R(‘)" X H, then y, is a globally asymptotically stable
equilibrium for Eq. (3.3) with the feedback map jn = " and value function v

Remark 3.4. 1) Our running cost £ defined in Eq. (3.2) satisfies condition (3.6a) for
the choice y; = y,. Further, Eq. (3.6b) follows from the finite horizon quadratic
cost functional J | the definition of the value function v™ and our a-priori anal-
ysis presented in Lemma 3.6 below. Therefore, we only have to check the relaxed
DPP (3.4).

2) [Itis proved in [16] that Nlim o™ = 1. Hence, we would like to find oV close to

— 0

one to have the best approximation of v in terms of v . On the other hand, a large
N implies that the numerical solution of Eq. PN (t,)) is much more involved.
We will discuss the numerical computation of o next.

3) By Eqg. (3.5) we obtain the suboptimality estimate

N
[ N . v (to, yo) U(tm yo) .
J (M (V0¥ () terye) 3 fos yo) STV STy

compare [15, Section 4.3].

In order to estimate o in the relaxed DPP we require the exponential controllability
property for the system.

Definition 3.5. System (3.1) is called exponentially controllable with respect to the
running cost £ if for each (¢,, y,) € Rg x H there exist two real constants C >
0,0 € [0, 1) and an admissible control u € U,,4(t,) such that:

E(y[u,to,yo](t)» u(t)) < Co‘titog*(yo) faa.t>1t,. 3.7

We present an a-priori estimate for the uncontrolled solution to Eq. (3.1), i.e.,
the solution for # = 0. For a proof we refer to the Appendix A. Recall that V is
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continuously (even compactly) embedded into H. Due to the Poincaré inequality [11]
there exists a constant Cy > 0 such that

lelly = Cvllglly forallg e V. (3-8)

Lemma 3.6 Let (1., y,) € RS’ x Handu = —Ky € Uyq(t,) with an appropriate
real constant K > 0. Then, the solution y = yu.1.,y.] to Eq. (3.1) satisfies the
a-priori estimate

ly@Olly < e 7 ®R) 1y, faat >t (3.9)
withy (K) = y(K;0,p) =K +60/Cy — p.

Remark 3.7 1) Let K = 0hold. Then, for6 > pCy we have y > 0. Then, Eq. (3.9)
implies that ||y(¢)||g < ||Yo|lg for any t > t,. Moreover, the origin y, = 0 is
unstable for y < 0; see[15, Example 6.27].

2) IfK > p—6/Cy holds, |y(t)| g tends to zero for t — oc.

Let us choose y; = 0. Suppose that we have a particular class of state feedback
controls of the form u(x, t) = —Ky(x, t) with a positive constant K; see [6]. This
assumption helps us to derive the exponential controllability in terms of the running
cost £ and to compute a minimal finite time prediction horizon N At ensuring asymp-
totic stability. Combining Eq. (3.9) with the desired exponential controllability (3.7)
and using y; = 0 we obtain for all > 1, [6]:

€y (2), u(r))

1 1
5 (IO + 21 ) = 5 4+ 263 1y 1

1
<5 C(K)e 2rEN=) |1y |12, = C (K)o (K)' ™" £4(y0)
(3.10)
f.a.a. t > t, and for every (¢, y,) € Ra’ x H, where
C(K)=(1+21K?, o(K)=e 2V, (3.11)

In the following theorem we provide an explicit formula for the scalar o in

Eq. (3.4). A complete discussion is given in [16].

Theorem 3.8 Assume that the system (3.1) and £ statisfy the controllability condition
(3.7). Let the finite prediction horizon N At be given with N € N and At > 0. Then
the parameter a™ depends on K and is given by:

_ aw &) = DI, (k) = 1)
[T mi(K) =TT, (i (K) = D

where n;(K) = C(1 — O’i)/(l — o) and the constants C = C(K), 0 = o(K) are
given by Eq. (3.11).

N (K) =1

(3.12)
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Remark 3.9 1) Theorem 3.8 suggests how we can compute a minimal horizon N
which ensures asympotic stability; see [S5]. Due to Eq. (3.11) we fix a small finite
horizon N € N compute a (global) solution K to

maxa™(K) st y(K)>e¢ (3.13)

with 0 < ¢ « 1 and 5;(K) from Theorem 3.8. If the optimal value oY (I_E ) is
greater than zero, the finite horizon guarantees asymptotic stability. If oV (K) <
0 holds, we enlarge N and solve Eq. (3.13) again.
2) Since we suppose that u € [Uflvd (t,), we have to guarantee the bilateral control
constraints
ug < —Ky(x,1) <up faa (x,1)eQV (3.14)
with u, < 0 < up. This leads to additional constraints for K in Eq. (3.13).
Since we determine K in such a way that y (K) > 0 is satisfied, we derive from
Eq. (3.9) that
lyOllg = yollg faat=>t.
Let us suppose that we have y, # 0 and ||y(t)||C(§) < ||yo||c(§) faa. t > t..
Then, we define
Yoa :miﬂ))o(x)s Yob Im%)’o(x)- (3.15)

xeQ2 x€Q

Then, K has to satisfy y (K) > ¢ and the restrictions shown in Table 1. Summa-
rizing, K has always an upper bound due to the constraints u,, u#; and a lower
bound due to the stabilization related to y (K) > 0.

4 The finite horizon problem (P (z,))

In this section we discuss (PV(z,)), which has to be solved at each level of
Algorithm 1.

4.1 The open loop problem

Recall that we have introduced the final time tc{V = t, + N At and the control space
UN(t,) = L?(t,, tN; H). The space YV (t,) = W (t,, tV) is given by

W(to,tiv) = {w € L*(to, 1Y, V) ‘% elL? (to,té\’; V/) }

Table 1 Constraints for the feedback factor K in u(x,t) = —Ky(x, t) considering the bilateral control
constraints (3.14) and the initial condition (3.15)

K Yoa <0 Yoa =0

Yob =0 no constraints not considered
Yob < 0 K <up/|yop| impossible
Yob >0 K < min{|ual/yop, us/1yoal} K < lual/yob
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which is a Hilbert space endowed with the common inner product [10, pp. 472-479].
We define the Hilbert space XV (t,) = YV (t,) x UV (t,) endowed with the standard
product topology. Moreover, we introduce the Hilbert space Z" (t,) = Ziv (to) x H
with ZJIV (to) = L2(to, tév; V) and the nonlinear operator ¢ = (e1, e3) : XV (t,) —
ZN (15)' by

zoN zoN
@z = [ @@yt [ [ onaew
L t t, JQ

+ (50 +p (07 = y©)) = u®) p() dxar,
{e2(x), @) = (y(to) = yo, D)y

for x = (y,u) € XV, (¢, ¢) € ZN(t,), where we identify the dual Z" (z,)’

of ZN (t,) with L2(to, tiv; V) x H and (-, ')Zf’(to)/,ZlN(tc) denotes the dual pairing

between Ziv (t,) and Z]IV (t,). Then, for given u € UM (t,) the weak formulation for

Eq. (2.3) can be expressed as the operator equation e(x) = 0 in 7N (1,)'. Further, we

can write Eq. (PN (1,)) as a constrained infinite dimensional minimization problem
lN

min J (x) =/° (@), u@)dr st x € FY (1) .1
12

)

with the feasible set
FY (1) = {x — (v, u) € XV (1) ‘ e(x) = 0in ZV (1,) and u € UY,(z,) } .

For given fixed control u € I[Jflvd (t,) we consider the state equation e(y,u) = 0 €
ZN(1,), i.e., y satisfies

d
SO0 + [ 0300+ (520 + o0 = 30 o
t Q

= / u()odx faa.re (1,1, 4.2)
Q

(y(to), @)y = (Yo, ¥
for all ¢ € V. The following result is proved in [29, Theorem 5.5].

Proposition 4.1 For given (t,, y,) € RSL x Handu € [Uivd (t,) there exists a unique
weak solution y € YN (t,) to Eq. (4.2) for every (0, p) € Dug. If. in addition, y, is
essentially bounded in Q, i.e., yo € L®(Q) holds, we have y € L®(QN) satisfying

¥ lln oy + 191 oo oy < C (llllyn oy + 1ol Lo () (4.3)
fora C > 0, which is independent of u and y..

Utilizing Eq. (4.3) it can be shown that Eq. (4.1) possesses at least one (local)
optimal solution which we denote by = ()"JN ,uV) e Févd (t,); see [29, Chapter 5.
For the numerical computation of ¥» we turn to first-order necessary optimality con-
ditions for Eq. (4.1). To ensure the existence of a unique Lagrange multiplier we
investigate the surjectivity of the linearization ¢’ (x"V) : XN (t,) — ZM (1)’ of the
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operator e at a given point "V = ( N, alN ) € XM (t,). Note that the Fréchet derivative
e &Ny = (¢ (V). &) (xV)) of e at XV is given by

N N
(el (+V) x. 0) = [T ooy i [ [ onoee
) to to Q

+ (30 +p (33707 = 1) y) —u)) p(0) dxdr,
(GE)x, @)y = (y(t0), D)1

forx = (y,u) € XN (1), (¢, ) € Z (1,). Now, the operator ¢’ (xV) is surjective if
and only if for an arbitrary F = (Fy, F2) € ZN (t,)’ there exists a pair x = (y, u) €
XN (t,) satistying ¢’ (¥V) = F in Z (t,)’ which is equivalent with the fact that there
existau € UV(t,) and a y € YV (t,) solving the linear parabolic problem

ZY (1) ZY (16

o=y 4o (352 —1)y= AinZY @), y)=FinH.  (44)

Utilizing standard arguments [10] it follows that there exists for any u € UM (¢,)
a unique y € YV (z,) solving Eq. (4.4). Thus, ¢'(x") is a surjective operator and
the local solution ¥V to Eq. (4.1) can be characterized by first-order optimality
conditions. We introduce the Lagrangian by

L(x, p, po) = J(x) + (e(x), (P, Po))ZN (1), ZN (1)
for x € X¥(z,) and (p, po) € 7N (t,). Then, there exists a unique associated
Lagrange multiplier pair (5", p,) to Eq. (4.1) satisfying the optimality system
VoL (XN, pN, pN)y =0 vy € YN(1,) (adjoint equation)
VoL (N, pN, pY) (u — ) =0 Vu € UN, (1) (variational inequality),
(€M), (P, P zN(y.zv iy =0 Y(P, o) € ZN (1,) (state equation).
It follows from variational arguments that the strong formulation for the adjoint

equation is of the form

—pN —0pY —pV —p (1 =36 pY =ya— 7V in OV,

=)
pN 0, =pN(.") =0 in (t,, 1), (4.5)
ARGAD) =0 in Q.

Moreover, we have ﬁév = ﬁN (t5). The variational inequality base the form

if
/ / O™ — pNy(u — a™ydxdt > 0 forall u € UY,(1,). (4.6)
. JQ
Using the techniques as in [30, Proposition 2.12] one can prove that second-
order sufficient optimality conditions can be ensured provided the residuum |3V —
Ydll 2@, V. mry 1s sufficiently small.

4.2 POD reduced order model for open-loop problem

To solve Eq. (4.1) we apply a reduced-order discretization based on proper orthogonal
decomposition (POD); see [17]. In this subsection we briefly introduce the POD
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method, present an a-priori error estimate for the POD solution to the state equation
e(x) = 0 € ZV(1,) and formulate the POD Galerkin approach for Eq. (4.1).

4.2.1 The POD method for dynamical systems

By X we denote either the function space H or V. Then, for gg € N let the so-called
snapshots or trajectories y*(t) e X be given f.a.a. t € [to, 1) ] and for 1 < k < p.
At least one of the trajectories y* is assumed to be nonzero. Then we introduce the
linear subspace

V = span {yk(mte[to,tc{"]a.e.andlgkgp}cx @7

with dimension d > 1. We call the set ¥ snapshot subspace. The method of POD
consists in choosing a complete orthonormal basis in X such that for every [ < d the
mean square error between y*(¢) and their corresponding [-th partial Fourier sum is
minimized on average:

[ tN !
mian yk(t)—Z@k(l),Wﬁx Vi
k=171 i=1
st{yill_, C Xand (Y, ¥;)y = 8ij, 1 < i(] <1

where the symbol §;; denotes the Kronecker symbol satisfying 6;; = 1 and §;; = 0
fori # j. An optimal solution {y;}!_, to Eq. (P") is called a POD basis of rank .
The solution to Eq. (P") is given by the next theorem. For its proof we refer the reader
to [17, Theorem 2.13].

dr

Ph

Theorem 4.2 Let X be a separable real Hilbert space and y{‘, ey y,]; € X be given
snapshots for | <k < g. Define the linear operator R : X — X as follows:

® N
Ry = Z/ W,y ) x Y0yt fory € X. (4.8)
k=11

Then, R is a compact, nonnegative and symmetric operator. Suppose that {A;}ien
and {;}ien denote the nonnegative eigenvalues and associated orthonormal eigen-
functions of R satisfying

Ry =hivi, Al >...2hg>Agg1=...=0, A —0asi — co. (4.9)

Then, for every | < d the first | eigenfunctions {1}[}1.[:1 solve (PY). Moreover, the
value of the cost evaluated at the optimal solution {\; }i[:1 satisfies

5([)_2/

2

dr Z A (4.10)

i=[+1

y (t)_ (y (t) 1//1>X W;

=1

Remark 4.3. Inreal computations, we do not have the whole trajectories y*(¢) at hand
faa.t € [to,t Jand for 1 < k < . Moreover, the space X has to be discretized
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as well. In this case, a discrete version of the POD method should be utilized; see,
e.g., [17].

4.2.2 The Galerkin POD scheme for the state equation

Suppose that (¢, y,) € R+ x H and tN = t, + N At with prediction horizon N At >
0. For given fixed control u e [U 1 (1) we consider the state equation e(y, u) = 0 €
ZN(t,), i.e., y satisfies Eq. (4.2). Let us turn to a POD discretization of Eq. (4.2).
To keep the notation simple we apply only a spatial discretization with POD basis
functions, but no time integration by, e.g., the implicit Euler method. In this section
we distinguish two choices for X: X = H and X = V. We choose the snapshots
y! = yand y?> = y,, i.e., we set p = 2. By Proposition 4.1 the snapshots y*,
k=1,..., ¢, belong to Lz(to, tc{V; V). According to Eq. (4.9) let us introduce the
following notations:

» tN

Ryy = Z/ (W, YE @)y y* (1) dr fory € V,
k=171

Ruy = Zf (W, Y5 (0) g ¥ (1) dt for y € H.

To distinguish the two choices for the Hilbert space X we denote by the sequence
{()Liv , 1/f,»v)}ieN - Rar x V the eigenvalue decomposition for X = V, i.e., we have

Ry =21)y) foralli e N.
Furthermore, let { ()LZH , wiH )}1 en C RO x H in satisfy
Ruyl =1yl foralli e N.

Then, d = dim Ry (V) = dimRy(H) < oo; see [27]. The next result — also taken

from [27] — ensures that the POD basis {wiH }l[: ] of rank [ build a subset of the test
space V.

Lemma 4.3. Suppose that the snapshots {y* }]6:): | belong to L%(to, tN; V). Then, we
havelﬁiH eVfori=1,...,d

Let us define the two POD subspaces
V[:span {wlv,...,i[/[‘/}CV, H[:span {Iﬁfi,,lﬁ[H} CVCH,

where H' C V follows from Lemma 4.4. Moreover, we introduce the orthogonal
projection operators 77,[1 :V - H'c Vand P\[, :V — VI C V as follows:

v[=73;1<p forany o € V iff v' solves min ||g0—w[||v,
wleH!

v = P‘K,cp forany ¢ € V iff v' solves IPin[ [l — w[||v. (4.11)
w'eV
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It follows from the first-order optimality conditions for Eq. (4.11) that v' = 731[_1<p
satisfies

WLyl = (e, 1=<ist (4.12)
Writing v' € H' in the form v' = Z;zl viy 1 we derive from Eq. (4.12) that the
vector v! = (Vi, R v{)—r € R satisfies the linear system
[
waw =(p. ")y, 1=izL (4.13)

Summarizing, v' = 77;,<p € H'is given by the expansion Z;‘:l V; w;’ , where the
coefficients {v;. }5.:1 satisfy the linear system (4.13). For the operator 7?‘[, (V- V!
we have the explicit representation

[

Pho =Y (¢ Wilv i forgeV. 4.14)
i=1

We conclude from Eq. (4.10) that

® N 5 d
Z/ Iy @) = Pyy @l de= Y ). (4.15)
k=1

i=l+1
Let us define the linear space X LcVas

=span {1, ..., Vi),

where ¥; = 1//V incaseof X = V and ¢; = wH in case of X = H.Hence, X' = V!
and X' = H' for X = Vand X = H, respectlvely Now, a POD Galerkin scheme
for Eq. (4.2) is given as follows: find y () e X' faa.re [to,t ] satisfying

d
SO+ [ ortow+ (o + o0t - o) v
Q

=/Qu(t)1/fdx faa.t e (t, 1N, (4.16)
(3'(te). V) = (Yo ¥y

for all ¥ € X" It follows by similar arguments as in the proof of Proposition 4.1 that
there exists a unique solution to Eq. (4.16). If y, € L>®(QN) holds, y[ satisfies the
a-priori estimate

1y vy + 19 oo ony < € (I3ll ooy + lleellgn ey ) - 4.17)

where the constant C > 0 is independent of [ and y,. Let P' denote 73‘[, in case of
X =V and ”P}i in case of X = H. The next result is proved in Appendix B.

Theorem 4.5 Suppose that (t,, y,) € Rg x L°(L2), té\' = t, + N A with prediction
horizon NAt > 0. Further, let u € Uflvd(to) be a fixed control input. By y and y"'
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we denote the unique solution to equations (4.2) and (4.16), respectively, where the
POD basis of rank | is computed by choosing g =2, y' = y and y* = y;. Then,

d
2
1" to) = Py yolly + Y A X=V,
ly—vy ||YN(1) =C ) ':;H )
1Y'te) = Phyolly + > Al =Py, X=H
i=I41

for a C > 0 which is independent of I. In particular, lim_, ||y — y[”YN(to) =0.
4.2.3 The Galerkin POD scheme for the optimality system

Suppose that we have computed a POD basis { w,}[_ | of rank [ by choosing X = H
or X = V. Suppose that for u € [U "1 (1o) the function y'is the POD Galerkin solution
to Eq. (4.16). Then the POD Galerkln scheme for the adjoint equation (4.5) is given
as follows: find p e X' =span{yy, ..., ¥} faa.t e [to, th] satisfying

d
-5 (P'®, vf>H+/ opk 0y’ — (PL0) +p(1=3y' 1) p ()W dx

=fg(yd—y‘(t))1/fdx=0 faa.te(t,tY), (4.18)
(PN, )y =

for all € X'. A-priori error estimates for the POD solution p' to Eq. (4.18) can
be derived by variational arguments; compare [26] and [17, Theorem 4.15]. If p'is
computed, we can derive a POD approximation for the variational inequality (4.6):

il
/ /(,\u — pY@@ —u)dxdr >0 foralld € UY,(1,). (4.19)
to Q
Summarizing, a POD suboptimal solution vt = GNLahh e X;Vd(to) to

Eq. (PN (1,)) satisfies together with the associated Lagrange multiplier pV-! e
Yi\] (t,) the coupled system equations (4.16), (4.18) and (4.19). The POD approxima-
tion of the finite horizon quadratic cost functional (4.1) reads

il
3 ) = [ (0000

where y[u o, y0] is the solution to Eq. (4.16). In Algorithm 2 we set up the POD dis-
cretization for Algorithm 1. Due to our POD reduced-order approach an optimal
solution to Eq. (PN+1(z,)) can be computed much faster than the one to Eq. PN (t)).
In the next subsection we address the question, how the suboptimality of the control
influences the asymptotic stability.
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Algorithm 2 (POD-NMPC algorithm)

Require: time step Ar > 0, finite control horizon N € N, weighting parameter
A > 0, POD tolerance tpoq > 0.
1: Compute a POD basis {w,-}l!zl satisfying Eq. (4.10) with £(I) < 7p04.
2: forn=0,1,2,...do
3: Measure the state y(t,) € V of the system at t,, = nAt.
4: Sett, = t, = nAt, y, = y(t,) and compute a global solution to

min SV b 10, v st ut e UY,@0). PN-(1,))
We denote the optimal control by ! and the optimal state by y"-!.

5: Define the NMPC feedback value u™'(r; 1., yo) = a™''(r) and use this
control to compute the associated state y = y,v.1( . y,] by solving (3.1)
on [to, to + At].

6: end for

4.3 Asymptotic stability for the POD-MPC algorithm

In this subsection we present the main results of this paper. We give sufficient con-
ditions that Algorithm 2 gives a stabilizing feedback control for the reduced-order
model. Due to Definition 3.5 we have to find an admissible control u € UM (z,) for
any N € N so that the solution to Eq. (3.1) satisfies Eq. (3.7).

In Eq. (3.2) we have introduced our running quadratic cost. As in Section 3.2 we
choose y; = yx = 0. Suppose that y' is the reduced-order solution to Eq. (4.16) for
the control u' = —Ky'. If K satisfies appropriate bounds (see Remark 3.9-2)), we
can ensure that u' € Ug’d(ro) holds. Analogously to equations (3.9) and (3.10) we
find

1Y Ol < oK) llyell}y faat>1, (4.20)
and

C(K
((vo.do) = o (421)

with the same constants C(K) and o (K) as in Eq. (3.11). Let Vil i, yo] be the (full-

order) solution to Eq. (4.16) for the same admissible control law u = ut. Utilizing
the Cauchy-Schwarz inequality we get

1
¢ (St s -0 ©) = 5 Wity O = Ol + € (0.1 0)
FVt 1y O = YOI 1Y Ol g (4.22)

If yo # 0 holds, we infer that ||y'(r)|| g is positive for all ¢ € [to, tN]. Then, we
conclude from equations (4.21), (4.22) and (4.20) that the exponential controllability
condition (3.7) holds for the admissible control law u' = —Ky":

¢ (y[ul,,o’yo](t), u[(t)) < % (Err(t; 0% + C(K) + 2Ere(t; [)) 'Ol

IA

1
3 CYK) o (K) 7 llyoll} = CHK) o (K)' ™" £u(yo)
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with the error term

”y[u[’tm)/o](t) - y[(t)”H
V'O

Err(z; 1) = (4.23)

and the constant
CHK) = C(K) + 2Err(t; I) + Err(t; )?> > C(K). (4.24)

Thus, the constant C'(K) takes into account the approximation made by the POD
reduced-order model. In the following theorem we provide an explicit formula for the
scalar ™! which appears in the relaxed DPP. The notation ™! intends to stress that
we are working with POD surrogate model. We summarize our result in the following
theorem.

Theorem 4.5 Let the constant C' be given by Eq. (4.24) and N At denote the finite
prediction horizon with N € N and At > 0. Then the parameter a™-' is given by the
explicit formula:

(7 (K) = ) [T, (nf(K) = 1)

oaVYK)y=1-
[T nf(K) = [T, (nf(K) — 1)

(4.25)

with U,-[(K) =CcYK)(1 - Ui(K))/(l —0o(K)) and o (K) as in Eq. (3.11).

Remark 4.7 1) If Err(¢; I) is small, Theorem 4.6 informs we can compute the con-
stant aV-! ~ oV basically in the same way of the full-model, replacing the
constants C, n with c', n[, respectively, taking into account the POD reduced-
order modelling. Then, Eq. (3.5) implies that a suboptimality estimate holds
approximately; see Remark 3.4. To obtain the minimal horizon which ensures
the asymptotic stability of the POD-NMPC scheme we maximize (4.25) accord-
ing to the constraints ™' > 0, K > max(0, p — 8/Cy) and to the constraints
in Table 1.

2) Dueto Eq. (4.20) and u' = —Ky" the norm ||u'(¢)| 5 is bounded independent of
[. By Theorem 4.5 and Eq. (B.12) we have lim(_ oo [[y,1 4, y.1(f) — Y ®Ollg =0
holds for all ¢ € [z, tév ]. Thus, if we choose [ sufficiently large we can ensure
that Err(z; I) is small enough provided the denominator satisfies || y[(t) lg = Cy
with a positive constant C, which is independent of [.

3) In Algorithm 2 we compute the control law ™! instead of —Ky'. Therefore,
one can replace Err(z; [) by

1Y@av1().1,.90 @ = YOI,

Bl b = VOl

that can be evaluated easily, since y"'(r) and YiaN-ts,,y, are known from
Algorithm 2, steps 4 and 5, respectively. It turns out that for our test examples
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Fig. 1 FD state y for y, = 0.1sgn(x — 0.3) (left plot) and y, = 0.2sinmx (right plot) with u = 0,
®, p) =(0.1,11) and N = 99

both error terms lead to the same choices for the prediction horizon N € N, for
the positive feedback factor K and for the relaxation parameter aN-te (o, 1].

5 Numerical tests

This section presents numerical tests in order to show the performance of our pro-
posed algorithm. All the numerical simulations reported in this paper have been made
on a MacBook Pro with 1 CPU Intel Core i5 2.3 Ghz and 8GB RAM.

5.1 The finite difference approximation for the state equation

For N' € N we introduce an equidistant spatial grid in by x; = iAx, i =
0,...,N + 1, with the step size Ax = 1/(M +1). Atxo = 0 and xpr4; = 1 the
solution y is known due to the boundary conditions (2.1a-2.1c). Thus, we only com-
pute approximations yl.h (r) for y(t,x;) with 1 <i < N andt € [t,, t7]. We define

Fig. 2 Open-loop solution y for y, = 0.1sgn(x — 0.3), (0, p) = (0.1, 11), N' = 99, ty = 2 (left plot)
and y, = 0.2sin7wx, (6, p) = (0.1, 11), N' =99, 1y = 2 (right plot)
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Table 2 Run 5.1: Setting for the optimal control problem, minimal stabilizing horizon N and feedback
constant K

T At Ax 6 0 yo(x) Ug up N K

0.5 0.01 0.01 1 11 0.2 sin(wx) —00 00 10 2.46

the vector y"(t) = (y'(), ..., yjh\/(z‘))T € RV of the unknowns. Analogously, we
define u" = (u]f, R uﬁ'\/)T € RN, where ul’.’ approximates u(x;,-) for 1 <i < N.
Utilizing a classical second-order finite difference (FD) scheme and an implicit Euler
method for the time integration we derive a discrete approximation of the parabolic
problem. In Fig. 1 the discrete solutions are plotted for A” = 99, for ¢t € [0, 2] and
two different initial conditions.

As we see from Fig. 1, the uncontrolled solutions do not tend to zero for t — oo,
indeed it stabilizes at one.

5.2 POD-NMPC experiments

In our numerical examples we choose y; = 0, i.e., we force the state to be close
to zero, and A = 0.01 in Eq. (2.4). A finite horizon open loop strategy does not
steer the trajectory to the zero-equilibrium (see Fig. 2). Therefore, stabilization is
not guaranteed by the theory of asymptotic stability. Note that we are not dealing
with terminal constraints and the terminal condition of the adjoint equation (4.5) is
zero. In our tests, the snapshots are computed taking the uncontrolled system, e.g.
u = 0, in Egs. (2.1a-2.1¢) and the correspondent adjoint equation (4.5). Several
hints for the computation of the snapshots in the context of MPC are given in [14].
The nonlinear term is reduced following the Discrete Empirical Interpolation Method
(DEIM) which is a method that avoid the evaluation of the full model of the nonlinear
part building new basis functions upon the nonlinear term; compare [9] for more
details. Note that, in our simulations, the optimal prediction horizon N is always
obtained from Theorem 4.6.

Run 5.1 (Unconstrained case with smooth initial data) The parameters are presented
in Table 2. According to the computation of &V in Eq. (3.12) related to the relaxed
DPP, the minimal horizon that guarantes asymptotic stability is N = 10. Even in the
POD-NMPC scheme the asymptotic stability is achieved for N = 10, provided that

Fig. 3 Run 5.1: NMPC state with N = 3 (left plot), with N = 10 (middle plot) and with u = —Ky
(right plot)

@ Springer



Asymptotic stability of POD based MPC for a parabolic PDEs 1093

Table 3 Run 5.1: Evaluation of the cost functional, CPU time, suboptimal solution

J time K ||yFD = Yl2e, 7 m
Solution with u = —Ky 0.0025 2.46 0.0145
Algorithm 1 0.0015 49s
Algorithm 2 ([ = 13, [PEIM — 15) 0.0016 8s 0.0047
Algorithm 2 ([ = 3, [PEIM — 2) 0.0016 6s 0.0058

Err(t; ) < 1073 for all ¢ > t.. red Note that the horizon of the surrogate model is
computed by Eq. (4.25). In Fig. 3 we show the controlled state trajectory computed
by Algorithm 1 taking N = 3 and N = 10. As we can see, we do not get a stabilizing
feedback for N = 3, whereas N = 10 leads to a state trajectory which tends to zero
for t — o0. Note that we plot the solution only on the time interval [0, 0.5] in order
to have a zoom of the solution. Further, in Fig. 3 the solution related to u = —Ky is
presented. As we can see, the NMPC control stabilized to the origin very soon while
the control law u = — Ky requires a larger time horizon. This is due to the fact that
MPC stabilizes in an optimal way, in contrast to the control law u = —Ky. In Table 3
we present the error in L2(to, T; H)-norm considering the solution coming from the
Algorithm 1 as the ’truth’ solution (in our case the finite difference solution denoted
by y¥P). The examples are computed with Err(¢, [) < 1073. The CPU time for the
full-model turns out to be 49 seconds, whereas the POD-suboptimal approximation
with only three POD and two DEIM basis functions requires 6 seconds. We can easily
observe an impressive speed up factor eight. Moreover the evaluation of the cost
functional in the full model and the POD model provides very close values. We have
not considered the CPU time in the suboptimal problem since red it did not involve a
real optimazion problem. As soon as we have computed K, within an offline stage,
we directly approximate the equation with the control law u = —Ky.

Run 5.2 (Constrained case with smooth initial data) In contrast to Run 5.1 we
choose u, = —0.3 and u; = 0. As expected, the minimal horizon N increases com-
pared to Run 5.1; see Table 4. As one can see from Fig. 4 the NMPC state with
N = 14 tends faster to zero than the state with u = — Ky. The solution coming from
the POD model is in the middle of Fig. 4. Note that £(I = 3) = 0.01, £(I = 13) =0,
and Err(z; ) < 1073 for any [and ¢ > t,. Indeed, Table 5 presents the evaluation
of the cost functionals for the proposed algorithms and the CPU time which shows
that the speed up by the reduced order approach is about 16. Note that K in Run 5.2
is smaller compared to Run 5.1 due to the constraint of the control space. Further,

Table 4 Run 5.2: Setting for the optimal control problem, minimal stabilizing horizon N and feedback
constant K

T At Ax 0 ] yo(x) Ug up N K

0.5 0.01 0.01 1 11 0.2 sin(x) —-0.3 0 14 1.50
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Fig. 4 Run 5.2: NMPC state with N = 14 (left plot), POD-NMPC state with N = 14 (middle plot) and
state with u = —K'y (right plot)

the error is presented in Table 5. To study the influence of Err(z; [) we present in
Figure 5, on the left, how the optimal prediction horizon N changes according to dif-
ferent tolerance. The blue line corresponds to the optimal prediction horizon in Run
5.1, and the red one to Run 5.2. It turns out that, as long as Err(z; [) < 1073, we can
work exactly with the same horizon N we had in the full model in both examples.
In the middle plot of Fig. 5 there is a zoom of the function « with different values
of Err(t; [) with respect to Run 5.2. The right plot of Fig. 5 shows the relative error
Err(z; I) for 0 < ¢ < 0.5 with [ = 3. One of the big advantages of feedback control
is the stabilization under perturbation of the system. The perturbation of the initial
condition is a typical example which comes from many applications in fact, often
the measurements may not be correct. For a given noise distribution § = §(x) we
consider a perturbation the following form:

yo(x) = (1 +8(x)) yo(x) forx € Q.

The perturbation is applied only at every initial condition of the MPC algorithm (see
Eq. (PN (1)) in Algorithm 1) and it is random with respect to the spatial variable.
The study of the asympotic stability does not change: we can compute the minimal
prediction horizon as before. As we can see in Fig. 6 the POD-NMPC algorithm is
able to stabilize with a noise of [6(x)| < 30 %.

Run 5.4 (Constrained case with smooth initial data) Now we decrease the diffusion
term and, as a consequence, the prediction horizon N increases; see Table 6 and
middle plot of Fig. 6. Even if the horizon is very large, the proposed Algorithm 2
accelerates the approximation of the problem. The decrease of 8 may give some
troubles with the POD-model since the domination of the convection term causes a

Table 5 Run 5.2: Evaluation of the cost functional, CPU times, suboptimal solution

J time K lyFP — Y2 7:m)
Solution with u = —Ky 0.0035 1.50 0.0089
Algorithm 1 0.0027 65s
Algorithm 2 ([ = 13, [PEIM = |5) 0.0032 5s 0.0054
Algorithm 2 ([ = 3, [PEIM — 2) 0.0033 4s 0.0055
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OPTIMAL ALPHA 107
——En(tl)=10"* I
——Er(t,)=10"
——En(t))=10?

HORIZON N

0° 0 10 07;0 005 01 015 02 025 03 035 04 045 05
PERTURBATION K TIME

Fig. 5 Run 5.2: Optimal horizon N and o' according to different Err(z; [) = 1073, Influence of the
relative error t — Err(t; [) = 1073 for [ = 3

Fig. 6 Run5.2: POD-NMPC state with 30 % noise (left plot); Run 5.3: NMPC sta-te with N = 30 (middle
plot) and POD-NMPC state with N = 30, [ = [PEIM = 16 (right plot)

Table 6 Run 5.3: Setting for the optimal control problem

T At Ax 6 P yo(x) Ug up N K

0.5 0.01 0.01 1//2 10 0.2 sin(mx) -1 0 30 5

Table 7 Run 5.3: Evaluation of the cost functional and CPU time

J time K ”yFD - y”Lz(TD.T;H)
Suboptimal solution (¥ = —Ky) 0.0021 5 0.0208
Algorithm 1 0.0016 84s
Algorithm 2 ([ = 16, [PEIM = 16) 0.0017 9s 0.0092
Algorithm 2 ([ = 2, [PEIM — 3) 0.0018 5s 0.0093

Table 8 Run 5.4: Setting for the optimal control problem

T At Ax 0 P yo(x) Ug up N K

0.5 0.01 0.01 172 5 0.1sgn(x —0.3) -1 1 43 9.99
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Table 9 Run 5.4: Cost functional, CPU time and suboptimal solution

J time K ||yFD — y||L2(t°,T;H)
Solution with u = —Ky 4.7e-4 9.99 0.0060
Algorithm 1 4.1e-4 50s
Algorithm 2 ([ = 17, [PEIM = 19) 4.4e-4 12s 0.0034
Algorithm 2 ([ = 3, [PEIM — 4) 4.4e-4 4s 0.0035

high-variability in the solution, then a few basis functions will not suffice to obtain
good surrogate models (see [1, 2]). Note that, in our example, the diffusion term
is still relevant such that we can work with only 2 POD basis functions. The CPU
time in the full model is 84 seconds, whereas with a low-rank model, such as [ = 2
we obtained the solution in five seconds and an impressive speed up factor of 16.
Even with a more accurate POD model we have a very good speed up factor of nine.
The evaluation of the cost functional is given in Table 7. In the right plot of Fig. 6
the POD-NMPC state is plotted for [ = 16 POD basis and [PE/M = 16 DEIM
ansatz functions. The error between the NMPC state and the POD-MPC state is less
than 0.01.

Run 5.4 (Constrained case with no-smooth initial data). In the last test we focus
on a different initial condition and different control constraints. The parameters are
presented in Table 8. The minimal horizon N which ensures asymptotic stability is
N = 43. Table 9 emphazises again the performance of the POD-NMPC method with
an acceleration 12 times faster than the full model.

The evaluation of the cost functional gives the same order in all the simu-
lation we provide. In Fig. 7 we present the NMPC state for N = 43 (left
plot), the POD-NMPC state with N = 43, [ = 3, [PEIM = 4 (middle plot)
and the increase of the optimal horizon N according to the perturbation Err(z; [).
The error between the NMPC state and the POD-MPC state is 0.0035 when
E(l=3) =0.01, whereas for £([ = 17) = 0 the error is 0.0034.

HORIZON N

10° 10
PERTURBATION

Fig.7 Run 5.4: NMPC state with N = 43 (left plot), POD-NMPC state with N = 43, [ = 17, [PEIM —
19 (middle plot) and increase of the optimal horizon N according to the perturbation Err(z; I) (right plot)
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6 Conclusions

We have proposed a new numerical method for optimal control problems which
tries to stabilize a one dimensional semilinear parabolic equation by means of Non-
linear MPC. We presented asymptotic stability conditions, where the control space
is bounded for a suboptimal problem coming from a particular class of feedback
controls.

Since the CPU time of the full dimensional algorithm may increase with the
dimension of the prediction horizon, we have presented a deep study of the subop-
timal model which comes from POD model reduction. We have given an a-priori
error estimate for the computation of the prediction horizon of the suboptimal model.
The new reduced model approach turns out to be computationally very efficient with
respect to the full dimensional problem. If the approximation quality (4.23) of the
reduced-order model is taken into account, stabilization is also guaranteed by our
theory. Although the algorithm is applied to a one dimensional problem, the theory
is rather general and can be applied to higher dimensional equations, not only with
POD model reduction but any (reduced-order) method provided the error term in
Eq. (4.23) is small for reasonable small [.

Acknowledgments This author wishes to acknowledge the support obtained by the ESF Grant no 4160.
This author gratefully acknowledges support by the DFG grant VO no 1658/2-1. S. Volkwein is the
corresponding author.

Appendix A: Proof of Lemma 3.6

Choosing u(t) = —Ky(t), ¢ = y(t) in Eq. (2.3) and using [, y()*dx > 0,
Joyx@y@)dx =0faa.r > 1, we find

1d
v lyON% +0 Iy + (K — o) Iy@)ll3; <0 faa.r>1
Hence, Eq. (3.8) imply
d 2 0 2 2
@ Ol = =2{ G-+ K =p ) IyOll = =2y K) IyOlly faat>t,.

Thus, by Gronwall’s inequality we derive
Iyl < e TRy |1f faar = 1.

which gives (3.9).

Appendix B: Proof of Theorem 4.5

Recall that H' C V holds. Consequently, ||1pl.” — ’P}i W,-H lv is well-defined for
1 <i < [. First we review a result from [27, Theorem 6.2], which is essential in our
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proof of Theorem 4.5 for the choice X = H: Suppose that y* € L2(t,, tév ; V) for
1 <k < g. Then,

12 N d

° 2 2
2/ Iy @) = Py @lly de = Y A 1w = Puyfiy. (B.1)
k=11 i=l+1

Moreover, 731[,1 y* converges to y* in L?(0, T; V) as [ tends to oo for each k €
{1,....¢}

Proof of Theorem 4.5. To derive an error estimate for ||y — y[||YN (t,) we make use of
the decomposition

y(t) = y'() = y(t) = Ply(®) + P'y(t) — y' (1) = 0" (1) + 9'(1) faa. t € [to, )]

with 0'(r) = y(1) — Ply(r) € (XYt and 9'(r) = Ply(r) — y'(r) € X" Recall
that YV (t,) = W(t,, t) holds. Since o/(t) € V holds f.a.a. t € [t,, 1], we have
lol(®)ly: = llo!(®)|lv due to the Riesz theorem [25, p. 43]. Hence it follows from
equations (4.15) and (B.1) that

(2 o (o2
o lyn g,y = lle Iy + lle; @l dt
1o

d
Z 2y for X =V,
= 1 = : (B.2)
S il =Pyl forx =H.
i=l+1

Next we estimate ©'(¢). We infer from 9'(r) = P'y(t) — y'(¢) that
B[O W) yry + 001, )y = () = 3/ O +Ply@) =y @), )y y
+6 (P'y() = y' (@), ¥y (B.3)
forall € X' and f.a.a. t € [to, tV]. For X = V we have
(Pyy(®),¥), = (y(t), ¥)y forally € X'andfaa.z € [to, 1) ].

Hence, we derive from equations (B.3), (4.2) and (4.16) that

OO ) oy + (0010, ¥y = (@) = y'@) — p(y@) = 'O )y
H(PyY () = 3 (@), )y y (B.4)

forall v € V'andfa.a.t € [to, tcfv]. For s € [0, 1] we define the function &'(s) =
y' 4+ s(y — y"). Then it follows from equations (4.3) and 4.17 that

||§[(S)||L°°(QN) < slyllzeony + (L =) ”y[”LOO(QN) <C; foralls €[0,1]
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with a constant C; > 0 dependent on y,, u, and uy, but independent of y, y' and [.
By the mean value theorem we obtain

1 1
@O =y )y = <Z/ g0 (v —y'0) ds, w>
0 H
Colly(®) = ' Ollgllly forally e V!

IA

with Cp = Cf/4. We set C3 = p(1 + C»). Hence, choosing ¢ = ?'(@#) € Vviand
utilizing # > 6, > 0 we obtain from y(r) — y'(r) = 0'(t) + ¥'(¢), (B.4), (3.8) and
Young’s inequality

1d [ 2 [ 2
q 10Oy + 6a 10" @)ly

< Cslly® = Y Ol 19 Ollg + 1Py ye(0) = v Ol 19 O lly
C? 2 3 2 1 2 6, 2
< Vo' Z 19« — ot Ns + = 10' ¢
<G ( 310" Oy + 5 12 lly ) + 3= e Olly: + 5 19 Olly
Cy 2 2 3C3 2 6, 2
= = (I' Ol + et 1) + =2 19 Ol + 5 19 Oy
2 2 2
faa.r e [t,, tév] with the constant Cy = max(C3C\2,, 1/6,). Hence, we have
d 2 2 2 2 2
1B + 0, 19" O = Cs (I Olly + {0y +19'Ol)  B.5)

for Cs = max(C4,3C3) and fa.a. r € [to,t(ﬂv]. By Gronwall’s inequality and
Eq. (B.2 ) we derive from Eq. (B.5)

N
2 B 2 lo 2 2
19 @)y < S (nﬁ‘(ro)uH +/ lo' ()l + ||g,‘<s>||vds>
to
2 o0
<G|y + DA | faarelt )] (B.6)
i=[+1

. N
fa.a.t € [to, tV] with Cg = €5 ~'o), Now we turn to the case X = H. We have

(Pay@),¥)y = (30, ¥)y + (Pyy@) — y(0), %)y
so that Egs. (B.3), (4.2) and (4.16) that
@O, Yy y + 0910, ¥)y = (@) —y' @) — p(r@® =y @), ¥y
HPy(®) =y, %)y + (Pyyi@) = (@), ¥y y

B.7)
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forall v € H' and fa.a.r € [to, tcfv ]. Now we proceed analogously as in the case
X =V and obtain

1d
2dt

C7 2 2 2 0 2
=5 (1 @Iy + el + 19" Oly) + 5 19' )1y

2 2
19 1 + 6a 17 Oy

faa.t € [t,, tév] with the constant C7 = max(C3C‘2, + 2/6,, 2C3). Therefore, we
derive

d
IO +6a 12Oy = €7 (I Oly + lef @Iy + 19" Ol ) s (B.8)

compare (B.5). Utilizing Gronwall’s inequality and (B.2 ) we infer — instead of Eq.
(B.6) — that

o
2 2 2
19Ol < Cs LI )l + D> A 1w =Py (B.9)
i=[+1

fa.a.t € [t,, tV] with Cg = €10 1) We summarize Egs. (B.6) and (B.8) in

d

12 )y + Y A for X = V.,
2 i—

19" @)y < Co- =i 2
2
1l + > 2wl =Py, forX=H
i=l+1
(B.10)

faa. t € [t,, tiv] with C9 = max(C¢, Cg). Furthermore, Eqgs.(B.5) and (B.8),
respectively, imply by integration over [z,, V]

2 1 2 Cio 2 2
19" Wz, vy = 5 19 @+ 2 (10 v + 19 W2, )
a a
2 d-
19 )l + X A for X =V,
<Ch- ) l:;-Fl .
')y + > Ay —PLyll,  forX=H
i=l+1

(B.11)

with Cj9 = max(Cs, C7) and C1; = Cjomax(1, (tON — t,) max(Cg, Cg))/6,. From
estimates (B.10), (B.11), from

NORESRONE (Q[(f) + ﬁ[(t)) (y(t)2 +y0y' ) + y[(t)z) faa.re [to, ION]
and from the embedding inequalities [11]

el < Co ll@lly forallp € V,
el () my < Cwll@llwa, vy forallg € Wi, 1)
(B.12)
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for two constants Coo, Cw > 0 we infer that
1
||’3[||L2(to,t§’;V’) = sup [ (ﬁ[(t)’(ﬂ(t»\/’,v dr
Il 2, Ny =1 /1o
1
sup / () =y ), o)y

Il 2, Ny =1 /1o

Ho @) —y'(1)?), 1))y dr

N

IO
s / Py () — (0 9D yr
= to

el 26, N,y
—(00' (1), (1)) y dr
< pCy (||g‘||Lz(lo,,oN;H) + ||ﬂ‘||Lz(to,,0N;H)) + 019 N 20, v

IA

+Cr (0" N zovtenysy + 19 e ) + Nof 2 v

where C7 > 0 satisfies Coo ||y + yy' + (y[)zlle(,o,,N;H) < C7. Hence, there is a
constant Cg > 0 depending on 8, p, Cyw, Co, C11 such that

[2
1 ”Lz(to,téV;V’)

d
2
19 el + Y A for X =V,
<Cg- =l (B.13)
2 2
19 )y + > 2wl —PLyHI, for X = H.
i=I[+1

Form Egs. (B.10), (B.11) and (B.13) we infer the a-priori error estimate of
Theorem 4.5, which motivates the use of a POD approximation for our state
(4.2). O
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