DE GRUYTER

) Mech Behav Mater 2014; 23(5-6): 169-176

Mikhail Guzev, Chengzhi Qi*, Jiping Bai and Kairui Li
Equilibrium equations and boundary conditions
of strain gradient theory in arbitrary curvilinear

coordinates
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1 Introduction

In the early 1960s, Toupin [1, 2] and Mindlin [3, 4] pro-
posed a strain gradient theory, which suggests that
energy depends not only on deformations, but also on
gradient of deformations. Since then, various exten-
sions or versions of the theory have been developed and
applied to different problems [5-8]. In the past 20 years
there has been a growing interest in various versions of
this theory in the field of mechanics due to its successful
application to a number of problems pertaining to current
technologies including nanotechnology. Classical contin-
uum theories are not capable of addressing problems for
which the size effect due to the underlying microstructure
is important to include in a phenomenological descrip-
tion. Moreover localization of strain due to material sof-
tening cannot be captured. Both these issues have been

*Corresponding author: Chengzhi Qi, Beijing High Institution
Research Center for Engineering Structures and New Materials,
School of Civil and Transportation Engineering, Beijing University of
Civil Engineering and Architecture, Beijing 100044, China,

e-mail: gichengzhi@bucea.edu.cn

Mikhail Guzev: Institute for Applied Mathematics, Far Eastern
Branch, Russian Academy of Sciences, Vladivostok 690041, Russia
Jiping Bai: Faculty of Computing, Engineering and Science,
University of South Wales, Pontypridd CF37 1DL, UK

Kairui Li: Beijing High Institution Research Center for Engineering
Structures and New Materials, Beijing University of Civil Engineering
and Architecture, Beijing 100044, China

considered successfully within internal length or strain
gradient theories, as has been demonstrated by Aifantis
et al. for plasticity [9-12] and elasticity [13-16], as well as
by other authors including Fleck and Hutchinson [17-19],
Chambon et al. [20], Lurie and co-workers [21, 22], and
Zhao et al. [23, 24]. Possible application of this theory to
the macrodescription of materials was given by Qi et al.
[25], and the relation of kinematical parameters with
internal geometrical material characteristics was demon-
strated by Guzev [26, 27].

The strain gradient theory developed by Toupin [1]
and Mindlin [3] was formulated in Cartesian rectangular
coordinates. For problems which require curvilinear coor-
dinates, the corresponding equilibrium equations and
boundary conditions cannot be obtained automatically
from the theory. Therefore, an appropriate form of equilib-
rium equations and boundary conditions of strain gradient
theories in curvilinear coordinates would be desirable to
obtain. An effort in this direction has been made by Zhao
and Pedroso [28], who adopted the approach proposed by
Eringen [29] suggesting that the transition from rectangular
coordinates to any of the curvilinear coordinates follows
two rules: (a) the partial differentiation symbol (,) must be
replaced by the covariant differentiation symbol (;); and
(b) the repeated indices must be on diagonal positions.
However, a systematic derivation following this approach
was not explicitly provided in Eringen’s book [29].

This task was undertaken during our study where
equilibrium equations and boundary conditions of the
strain gradient theory in arbitrary curvilinear coordinates
are provided. The axisymmetric plane strain problem for
long cylinder was also considered in detail as a special
case. The structure of the present article is as follows.
Section 2 summarizes the principle of virtual work used
for derivation of equilibrium equations and boundary
conditions of strain gradient theory. Section 3 provides the
form of equilibrium equations in curvilinear coordinates,
while Section 4 lists the corresponding curvilinear coordi-
nate form of associated boundary conditions. Finally, in
Section 5, the formalism is specialized for a plane strain
problem of a pressurized long cylinder.
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2 Principle of virtual work

The governing equations of the gradient theory can be
derived using the principle of virtual work. It states that,
for any given material volume V, the virtual work done
on V by material forces and sources exterior to V (i.e.,
the external work) is equal to the virtual work generated
within V (i.e., the internal work). External work is assumed
to be done by the macroscopic body force F,, and the mac-
roscopic surface traction F:

W, =| F,-0udV+] F-oudl (1)

where 6 denotes variation; du denotes virtual displace-
ment; and I" denotes boundary of V.

For the description of reversible deformations, the
elastic strain tensor ¢ and its gradient Ve may be taken as
internal variables.

The internal work W,  is assumed to arise from the
action of elastic stress tensor ¢, as well as the generalized

force T conjugate to Ve:
W, =[ o-8edV+| T-0VedV=| o, -0e,dV+] T,-de, AV
=[ 0,08,V T 06 ndV-[ T, -6c,dV
=] 0, -0udV+] o,noudr+[ T oendv
v U i r v i r kT k
+] T pyroudv-] T, oundv,

@

where the symbol (,) as usual denotes partial differentia-
tion. The internal work can now be written in the form
W, ='IV( Gij,j-];jk,kj )'5uidV+J‘F [ 0y -Tijk,k )nj ] oudr
+] T, 0e,ndr.
r ij ok

ijik

3
The principle of virtual work expressed as
We =W (@)
demands
[ (o, T, *E,)0udV+[ (F,-0,-T, n)oudr
+'|'FTI.].késl.].nde=0. -

The equilibrium equations may then be obtained from
the above variational statement as

o. -T

i.j iikokg

+E, =0, (6)

and the boundary conditions can also be obtained by uti-
lizing the second and third integrals on the left-hand side
of Eq. (5).
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In forming boundary conditions it is necessary to
note that the external boundary I" may be divided into two
parts: the surface boundary T, for static forces and the
other one I' for displacements. Then the boundary condi-
tions on the static boundary I' | can be obtained by utiliz-
ing the second and third integrals on the left-hand side of
Eq. (5). On the kinematic surface I, the normal and tan-
gential derivatives are not independent [12]. In our work,
we have not dealt with kinematic condition but have paid
more attention to the systematic derivation of equilibrium
equations and the static boundary conditions in arbitrary
curvilinear coordinates. Though this case is simpler than
the situation given in Ref. [12], it allows us to demonstrate
in detail the mathematical tools of the continuum.

3 Equilibrium equations in arbitrary
curvilinear coordinates

The equilibrium equation given by Eq. (6) may be written
in an equivalent form as

0 |:0ij'iTijk:|+ﬁ':0 @)

8)(], ox,

where f=F,. denotes the components of the body force.

Overall stress is formed as a result of the superpo-
sition of the usual second-order stress field o, and an
additional gradient stress field aTi).k/axk. It is written in
the rectangular coordinates x,. Let us now introduce the
curvilinear coordinates z* linked with x, by means of the
transformation [29]:

Zi:Zi(Xsz’X3)s Zi:Zi()?)~ )

By assuming that this kind of relation between x, and z* is
one-to-one, we can uniquely invert Eq. (8) to obtain
x=x(z',2,2’), x=x(2). ©
In Egs. (8) and (9) coordinates are specified by super-
scripts and subscripts which, in geometrical terminology,
means accounting for contravariant and covariant vectors,
respectively. There is no distinction between super-
scripts and subscripts for the rectangular coordinates:
x=x'. This supposition is not contradictory because in
curvilinear coordinates, transition from superscripts to
subscripts is carried out with the corresponding metric
tensor, which for Cartesian coordinates is the identity
gij( ’—‘)zéu matrix. Then, the following operations of



DE GRUYTER

D . 5
raising and lowering indices: —=gk(X)—=7 and

ox. ax*

o"()=g"(N)g" (X0, (N)=0,()=g" (N0 (X)=0](X)
are valid where the components g*(x)=(g") (X)=
o =(§2 =(§ik are equal to the identity matrix when the
indices repeat, and equal to zero otherwise (i.e., the usual
symbol of Kronecker delta).

In transition from rectangular coordinate systems to
curvilinear systems the components of the first-, second-,
and third-rank tensors f,(x), ai}.(xf), Tl.).k(xf) are transformed
according to the following rules:

Z)= X o 8_xk0 (%)
a Az i > ap Az aZ/f ik ’
o ooxioxfFox" . . . 0z%
afu z zazaaz_ﬂazll T;kn(x)’fk(x)zwfa(z)’
_y_0z“ 9z 0z* 9z” oz" _
Uik(x) a X 5 aﬂ( ) uk( X)= a_FWTaﬁ#(Z)’ (10)

The metric tensor gij(Z) in curvilinear coordinates is
given as:

¢ (3 _ox* ox*

* 0z% 92"

11

This permits us to compute the square of the length
element (ds)’= gaﬂ(é)dz“dzﬁ and to determine the tran-
sition from covariant to contravariant components of
tensors; in particular,

04(2)=g"(2)0 ,(2), T;"(2)=g"(2)g" (DT, (2),
g(5)=2 02

. (12)
ox* ox*

The quantity g“*(Z) denotes the inverse of the metric
tensor, i.e., g%( 2)g, (2)=0..

The equilibrium equations in terms of objects [Eq.
(12)] can be expressed as follows.

The derivative d/dx, is related to d/dz* as per the fol-
lowing expression:

90z 0
ox, 0x, 9z*

(13)

By using Egs. (10) and (13), we have

9 (D)=L ()22 2 {az % (2 )}
ox; i ox’ ¥ ox’ 9z [ ax' ax’ T
9z 9 [82/*}&? (549292 9 {y}
o oz L ax' Jox ¥ ox’ oxt 9z% | ox’
£, 00, (Z)
Uﬁy(2)=8z 0z" oz w2 (14)

ox’ 9x' ox’  9z“
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Noting that in the first and last terms on the right-
hand side of Eq. (14) the convolution by index j gives the
components of the inverse of metric tensor of Eq. (12), we
have

9z 92" 9z 00, (Z)

92" 9 [a_}a_ (3
ad azLox Jox) 7T o axt . az"
) qu 50 = 02" aGﬁy(Z)
= = +g¢ (15)
8 az“[ax LA PV
o —[...] is obtained from the equality
X' 0z
2ol by means of differentiation

Px 9z' ax 9 [azf*}
0z°9z" ax' oz’ az"LGX

From that we obtain
P) {azﬂ }
0z ox'

The last equation may be written through the Christof-
fel symbols Fiy:l“ﬁy( Z) of the second kind:

90X 2" f =1* i{%}z.r

@ 9z%z" ox"’ 7 9z¢ ox!

%" 9z* dz"
0z°0z" ox" ax

Y
s 0Z

ay aXi ° (16)

Substituting Egs. (15) and (16) into Eq. (14), we obtain

9 0, ()T0 (z)}

pa” vy

5(2)
o (X = gv
R (z ){
oz
_8 -87(2)V 0, (2). (17)
The expression in the square brackets defines the
covariant partial derivative [22]:

do, (Z)

B T 2\ T =
4= s Faﬁaw(z) Fayaﬁv(z).

It is clear that

_, 087(2)0,(2) ag(z)
(zoﬁy(z)z aza : aZa oﬁy(z)

Fflﬁg‘”/(Z)GW—Fflﬂg“y(E)oﬁv(Z).

(18)

From Eq. (12) it follows that

987(2)__9 [az }a_ a_i{a_}
ox*

ko2’ ox*  ox* 9z | ox*

Substitution of Eq. (16) into the above equation yields
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08 (z)

7 =087 (2)-T,8”(2). (19)
Combination of Egs. (18) and (19) gives
d8“(2)o, (2)
N2V 0, (Z)=—""=
g7 (2)V, 5(Z) P
(20)

T4 g"(2)0, (2)T",87(2)o, (2).

By using the operation for raising index in Eq. (18), Eq.
(20) can then be expressed in the form

20%(2)
g2V, 0, (5)=—LiTe 0" (5) T 0%(2). (@D
Y aZa
Using the covariant derivative for the stress tensor
-
oo ﬁ( Z) (22)

VQOZ(Z)E

+I7 0" (2)-T 07 (Z),
aZzz va pa v
it turns out that Eq. (21) is equivalent to the following
equation

g§7(2)V 0, (2)=V 0%(2). (23)
Now let us consider the term aZTﬁk/ax).axk in Eq. (7). The
tensor T, =7;jk(fc) is a third-order tensor, and its compo-
nents are transformed according to the rule of Eq. (12).
Passing on to curvilinear coordinates, we may write the

derivative of Tijk( X) in the following form:

9 .. .. 0z° 9 |0z’ 9z 9z a}
—T (X)= ——— T, (z
ox, (0 ox* 9z ox' ax’ ox* i 2)
9z 9 [0z |z ozt . .
= — | ==T
ax* oz ax' Jox’ ox* m(?)

L0202 9 {a_}a_ 2)
ox* ax' 9z¢ | ax’ Jox* Pm
3z“ 9z 32" 9 [82"} B

+ —_— — T
ox* 9x' ax’ 9z | ox* m(Z)

0z 9z 9z" 9
PRI [T

ox* dx' oax’ 9z”

(2)].

Bru

(24)

By using the expressions for the connection coefficients
(the Christoffel symbols) given by Eq. (16) and the metric
tensor given by Eq. (12) we obtain

oT. (%) N aZV’—BT (2) -
ijk T i i PBru I—w T
ox 8 D orad| o LlD
T, (2T T (2)]. (25)
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The expression in the square brackets defines the covari-
ant partial derivative of the tensor Tﬂw( Z):

(=23 1 1

VT 9z Pa” vyu

a” Py

(2)I'T

ya© Pvu

(2)r'r

ua” pyv

(2).

Then Eq. (25) may be written as

) v ey =y 027 027 .
—Ti}.k(x)zg "(z)——.VaTW(z).

ox, ax ox (26)

Further differentiation of Eq. (26) results in

v B Y
29 =ai-i[g“”(2)ai.ai.v T, (2)}
aXi axk ox’ 0z’ o oxl ¢ P

02" 0 [ .=y, 02 027
= “ ——V T
ox’ 0z” Lg*(2)] oxt ox! @ P

oz P {82’3}827

+—g(Z)—| — |—
ax’g ( )E)z”/ ox' Jox! «Pm

9z’ .. ..0z" 9 |oz" .
+—g ”(Z)gy{ﬁ}vaTﬂw(z)

ox’
0z" . 102" 0z" 0 .
Yo S Do gz L)

T,(%)
(2)

(2)

@27)

The derivative dg“/dz” is obtained from Eq. (19); then by
using Eq. (16), Eq. (27) has the form

J 9 _ _.0z* T, (2) B

—— T (X)=g™ ()= | — e Ly T

7% ox, 5 (X)=8"(2)g"(2) BX[ w WV.I,.(Z)
-F/KSVV&TW( z)-I "WVaTW ( 2)-F;VVGTW( 2):‘.

(28)

The expression in the square brackets given in Eq. (28)
defines the covariant derivative of tensor V T ﬂ(?).

VV = _avaTﬁwl(z) © Y = v =
v aTﬁwt( 2)= oz -rav KT/W(Z)-F/SV aTWM( z)
-FKwVaTﬂxu( Z) -FZVVMTWC( z).

Summarizing the results of the above operations, we
obtain

9 9

0x. ox

j k

B
a—.V VT (2).

Z
v Pru (29)

T, (x)=g"(2)g"(Z)

The property of Eq. (19) allows us to write Eq. (29) in the
following form:
oz’

=Y.V [8"(2)8" (DT, (D).

d 0 -

—— T
aX,» an Uk(X) GO
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By using the operation of raising index in Eq. (12), we
express Eq. (30) in the form

J 9 oz’

O (=L vV
o, ax, #0750 )

(1)

Combining Egs. (17), (23), and (31) with Eq. (7) gives the
following result:

0,(% )+a_a% T (0)+f= § IV, 05(2) 4V Y, T(2)]
+f.=0.

Then, passing to components f, (Z) according to Eq. (10),
we obtain the equilibrium equations in arbitrary curvilin-
ear coordinates:

0 0

o, (D 1,

5 TS T, ()+f=V 0%(2)+V V,T7(2)

+£,(2)=0. 32)

This establishes the derivation of the equation of
equilibrium in arbitrary curvilinear coordinates. The deri-
vation in this case is new and distinct from the work of
Zhao and Pedroso [28] in that it is not based on heuristic
prescription and the derivation is performed in arbitrary
curvilinear coordinate system.

4 Boundary conditions in arbitrary
curvilinear coordinates

In order to determine the form of boundary conditions
correctly, we firstly decompose the derivative 8<I>/ax]. of
an arbitrary function @ into tangential and normal com-
ponents. To this end, we express the surface in the para-
metric form xj:xj(u, v), j=1, 2, 3, where z'=u and z’=v are
curvilinear coordinates. Secondly, we introduce metric

tensors G“ﬁ_a 5 —5

may be decomposed into tangential and normal compo-
nents in the following form

(a, =1, 2), and prove that BQJ/BX

B(I) 0P Gyﬂ %aﬁ

s 33
8x i on dz" 9z° G3)
where G and G” are mutually inverse metric tensors.
G G"= 6y and n, are the components of the normal to

af
surface unit vector.
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In order to establish Eq. (33), we decompose belax].
into components along the normal direction 7 and tan-
gential directions 7, and 7,.

VO=if°+7 f'+7,f, (34)
where
_ 00
fo=Vd.ii=—— (35)
on’
In order to determine f' and %, we express 7 as
7 =(%, o, ox, j (36)
“ \0dz* dz% 9z°
The dot product of Eq. (34) with 7, gives
7,7 +f%7,=Vo-7 , 37)
f%,7,+f%,7,=VO-7,.
;9%
Because of G“ﬂ_az“ P T, T o Eq. (37) may be expressed
as
G, fP=Voz,. (38)
The solution of Eq. (38) is
=GV, (39)

By substituting Eqgs. (35) and (39) into Eq. (34) we obtain

od

VO=1i—-+G"7 VO-T . (40)
on 4 “

Expressing Eq. (40) in component form gives Eq. (33)

(Vo) = aq)— 0P, G" 9x; 00 0, =n 0P, G" ox; o0 .
axi " on dz" dx, dz* ' on 0z” dz*
By using dl“:\/adzldz2 and G=det||G_||, we transform

the third integral on the left-hand side of Eq. (5).

Béu.
| T,0e,n,d0=] (T,n, Wdr
du, BX aou,
=T\ 56 5 }dedz
J.( Uknk)n —ldF+J.( i k)Gyaa . E) - fdz dz, (41)

where S is the area of variation of z! and z2. Because of the
arbitrariness of dou,/on, from the first term in the last expres-
sion of Eq. (41) we obtain the first boundary condition
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T .nn =0.

ijk ik

(42)

Next, we continue transforming the second term in
the last expression of Eq. (41) as

X; dou,
J.S(Tijknk a a a \/_ dZ
I3 (,[@,knkw“ —LouG }dzldzz
ox,
J.saia|:( uknk)Gya oz ]\/7:|5uidzldzz

-], dlderj [(Tuknk)am i\/a}éuidzldzz, 43)

where d1vF_——(F“\/_) F*=(T.n )Gyaa i Su.
VG oz T 9z !

According to Stokes’ theorem [4], the divergence inte-
gral over the above closed surface is zero, hence Eq. (43)
may be written as

. 9X; dou
J.( ijk k)GV a y a a\/_dZdZZ
1 « 9%
Hence,
Wim=',[V(Uij,j'ij,k;)auidV+J.F[(a ukk)n ’C]audr (45)

where K‘;ﬁaﬁ { T.n k)Gﬂy \/_}

The quantity «, may be further expressed through T;,

and surface characteristic parameters as follows:
d J \/7 uk i \/E
a 1z /f 1)k k

azy az" "h
k G/ﬂ \/7

oG” ax
Uka B 1]k k a ﬁ a ;\\//77
azx X, NG
B B
TG azﬁazy \/E+];’knk6y az; oz’

Gyﬁ

(46)

The last several terms may be expressed in terms of surface
invariants.

According to differential geometry, we have the fol-
lowing equation

on, b G ox

_ ya 9%
9z P 9z¢

(47)

where bﬁy denotes fundamental quantities of the second
kind.
Using Eq. (19) in which we replace g—G, we have
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96" =G"T? -T" G
0z 5

Therefore, the third and fourth terms on the right-
hand side of Eq. (46) is equal to

v dx 9°x,
i e 224

0z" oz 0z°9z"

ox; ;
apf vﬁ 1 BTo
~T,n k[GV G167 G467 Fﬁya V6
ox; ox,
TG T, —L\G=T,n kGy“—’&
i oz R 97 o

(48)

the last terms on

1 oG

In view of the relation I'¥,=————,
@ JG oz

the right-hand side of Egs. (46) and (48) are mutually can-
celled. Substituting Eq. (47) into Eq. (46) yields

d
azﬁ|: uk k }\/7:|

Zz;ﬁk kGVﬁ ]\/7 Tuk b, G™ Zk Gyﬂ “/7

{aaTUﬁk TGS 2" }Gw 827\/_ (49)
Hence,
(] )

:{a;z:? n, T, b, G™ %}GW%' (50)

The second boundary condition can be expressed as
follows from Eq. (45)

(0,-T, ), 4,=0 (51)

ijk k

with «, given by Eq. (50).

5 Equations for axisymmetric plane
strain problems

Consider a long cylinder with initial inner radius a and
external radius b, respectively, as shown in Figure 1. It is
assumed that the cylinder is subjected to axisymmetric
loading, so that the stress-strain state is axisymmetric.
It is also assumed that the length of the cylinder is much
larger than the cylinder thickness, so that the generalized
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Figure1 Model of the cylinder.

plane strain conditions apply and all the components of
strain and strain gradient associated with the axis coor-
dinate are zero.

For the description of the stress-strain state, a cylin-
drical coordinate system is adopted. In this case the vari-
ables involved are

z'=r, z’°=0, z’=z; x =x=rcosf, x,=y=rsinf, x,=z
(52)
and the element of arc in the cylindrical system is given by

ds’=dr’+r’do*+dz?,

such that

1
g,=8"=1, g22=?=r2, g£,=87=1, g,=0 (k=#l). (53)

The corresponding Christoffel symbols of the second
kind have the following values in cylindrical coordinates

I} =I2=1/r, T, =-r,allothers being zero. (54)

In strain gradient theory, it is assumed that in addi-
tion to the conventional Eulerian strain ¢, and Cauchy
stresses oy, strain gradients M and their work-conjugate
higher-order stresses T, are also present in the material
body [1, 4]. The strains and strain gradients are defined,
respectively, by

&y =(u 4, )12,y =, (55)

where u, denotes displacement (si]. and 7, are symmetric
with respect to the indices i and j).

Within the framework of linear elasticity, the follow-
ing generalized Hooke’s law type of relation between o,
and & and between T and 1, are assumed [2, 4, 8]
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o =/15kk5,~;+2/‘8f;

T =010, (1,,0,471,,0,0)+0,(1,,,0,+2,,,0,471,,0,) (56)
+a1,,, 05+ 8,y + 5 (1 +7,.)]

where A and u are the usual Lamé constants, [ is the inter-
nal length scale due to the introduction of strain gradi-
ents, and a(i=1, ..., 5) are higher-order elastic constants
associated with gradient terms in a material.

For the present axisymmetric problem of pressurized
cylinder, the displacement u, does not depend on ¢ and
z coordinates, and is a function only of the r coordinate.
Under plane strain conditions, only six components of
the conventional strains & and strain gradients Wi [17] are
NONZEI0: &, £,y 1, » Ny M, @0A 7, , Which can be expressed
in terms of radial displacement u, in the following form:

1 1 u
Mo =Uy s Mooy =—3(1U,,-U), ’799:7799:_(“ —j (57)
nr T "y r.r T or\U " 2r

By neglecting body forces, Eq. (32) gives the following
equilibrium equation for the radial direction:

a[a My L0r . }
- — - T
ar r ar r mr T 60r " roo

1 1
+-|0,-0,—"+—2—(7_-2t, -21 T, }:0. (58)
r

The boundary conditions of Egs. (42) and (51) on
the inner r=a and outer r=>b radii of the cylinder take the
following form, respectively.

ot 1
T =0 +—"+(-1 -1, )=
ar r ( nr ~60r ) pa

a m (59)
Rr:a Z‘L'm_IO
o 1
T;JZO'”' ar +;( -Trrr+2‘[r09+.[90r)=-pb . (60)
R =7 =0

Here, we will follow Zhao et al. [24; and consider the
values of g, as following: a,=-c, a,=—c, a;=-c, a,=3c,
and a,=—c where ¢ denotes a single gradient-dependent
elastic parameter. Substituting Eq. (57) into Eq. (56) yields

o= E i Ju u }
" (1-2v)(1+v)L or r

o = E Uaur .(1_,U)£:|
T (1-20)(1+v) L or - r

(61)

and
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az
rmzclz[S—u2'+4
oar
: 1 [38214 110u, 7urJ
e A L

I _d{382u“36ur 1urj
o 4or: 4ror 212)°

,[30%u 7du 11u
TGSr:Cl 2r : - ;
20r* 2ror 471

. _dz(382ur 30u 5uy)
zr 20r2 2rdr 4r

Ju, 13urj
ror 4 r?

(62)

It is clear from Egs. (58-62) that not only the equilib-
rium equations, but also the boundary conditions are very
complex. It follows that it is difficult to obtain analytical
solutions of the problem.

6 Conclusions

In this article, the equilibrium equations and boundary
conditions of the strain gradient theory in arbitrary curvi-
linear coordinates are obtained. An axisymmetric problem
is also considered as a special case. The obtained equi-
librium equations and boundary conditions of the strain
gradient theory may serve as a basis for solving related
analytical and numerical problems.
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