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Abstract
Fiber orientation tensors represent averaged measures of fiber orientations inside a microstructure. Although,
orientation-dependent material models are commonly used to describe the mechanical properties of representative
microstructure, the influence of changing or differing microstructure on the material response is rarely investigated sys-
tematically for directional measures which are more precise than second-order fiber orientation tensors. For the special
case of planar orientation distributions, a set of admissible fiber orientation tensors of fourth-order is known. Fiber
orientation distributions reconstructed from given orientation tensors are of interest both for numerical averaging
schemes in material models and visualization of the directional information itself. Focusing on the special case of planar
orientations, this paper draws the geometric picture of fiber orientation distribution functions reconstructed from
fourth-order fiber orientation tensors. The developed methodology can be adopted to study the dependence of material
models on planar fourth-order fiber orientation tensors. Within the set of admissible fiber orientation tensors, a subset
of distinct tensors is identified. Advantages and disadvantages of the description of planar orientation states in two- or
three-dimensional tensor frameworks are demonstrated. Reconstruction of fiber orientation distributions is performed
by truncated Fourier series and additionally by deploying a maximum entropy method. The combination of the set of
admissible and distinct fiber orientation tensors and reconstruction methods leads to the variety of reconstructed fiber
orientation distributions. This variety is visualized by arrangements of polar plots within the parameter space of fiber
orientation tensors. This visualization shows the influence of averaged orientation measures on reconstructed orienta-
tion distributions and can be used to study any simulation method or quantity which is defined as a function of planar
fourth-order fiber orientation tensors.
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1. Introduction

Suitable microstructure descriptors are essential for the prediction of effective properties of fiber-
reinforced composites. Fiber orientation distribution functions (FODFs) represent exact microstructure
descriptors of the orientation of axisymmetric fibers within a specified volume of a fiber-reinforced com-
posite [1,2]. However, in practice [3,4], the exact distribution of fibers is commonly approximated by
fiber orientation tensors which represent averaged directional measures and can be directly determined
by non-destructive analysis methods, such as computer tomography [5,6]. Furthermore, fiber orienta-
tion tensors fit into the tensor-based framework of continuum mechanics which is frequently used in
material modeling [7–9]. The dependence of material models on the set of admissible second-order fiber
orientation tensors is studied numerically in, e.g., [10,11]. However, the dependence of material models
or other quantities of interest such as reconstructed FODF itself on fourth-order fiber orientation ten-
sors is rarely studied analytically. In addition, for some applications, e.g., damage modeling [12] or aver-
aging schemes [8,9], the identification of an FODF based on given fiber orientation tensors is beneficial.
Due to the averaged character of fiber orientation tensors, no one-to-one correspondence to an FODF
exists. Nevertheless, for a given fiber orientation tensor, any associated FODF is of interest and eases
the indirect visualization of fiber orientation tensors. Many fiber-reinforced composites are plate-like,
and if the mean fiber length is larger than the plate thickness, the resulting fiber distribution is approxi-
mately planar. This holds, e.g., for sheet molding compound [4]. For such planar fiber distributions,
Bauer and Böhlke [13] identify a set of all admissible fourth-order fiber orientation tensors. Based on
this set and reconstruction methods following [1,14], the variety of reconstructed FODF based on pla-
nar fiber orientation tensors of fourth-order is studied in the current work.

This paper is structured as follows. Definitions of FODF and fiber orientation tensors are followed
by a reformulation of planar fiber orientation tensors following Bauer and Böhlke [13]. Within the
admissible set of planar fourth-order fiber orientation tensors given by Bauer and Böhlke [13], a subset
of distinct planar fourth-order fiber orientation tensors is identified. FODF approximations by trun-
cated Fourier series with planar leading fiber orientation tensors in a three-dimensional (3D) framework
are identified as non-planar and motivate a two-dimensional (2D) framework. The reconstruction of
FODF based on the maximum entropy method following Müller and Böhlke [14] is recast into this 2D
framework. Discrete slices and points of the set of admissible and distinct planar fourth-order fiber
orientation tensors are used to visualize reconstructed FODF based on fourth-order fiber orientation
tensors. A note on FODF reconstruction solely based on second-order fiber orientation tensors includ-
ing the exact closure [15] closes this paper.

1.1. Notation

Symbolic tensor notation is preferred in this paper. Tensors of first order are denoted by bold lowercase
letters such as q, n, v, e. Tensors of second order are denoted by bold uppercase letters like N or Q and
fourth order tensors are denoted by, e.g., N or D. Tensors in representations for varying tensor order are
represented by, e.g., D\k . , where k defines the tensor order. Tensorial quantities are defined in a 3D
space, unless underlined. If a tensor is underlined like, e.g., q or N, it is defined in a 2D space and follows
this spaces algebra. A linear mapping of a second-order by a fourth-order tensor reads as A=C½B�. The
scalar product reads as A � B. The tensor power, i.e., the kth dyadic product of, e.g., a first-order tensor
a is denoted by a�k yielding, e.g., a�3 = a� a� a. An orthonormal basis is denoted by feig with
ei � ej = dij and the Kronecker delta dij. If a matrix of tensor coefficients is used in mixed notation, the
coefficient matrix is directly followed by the tensor basis where the first index of the basis corresponds to
the rows of the coefficients matrix, and the second one to the columns. Summation convention applies,
unless otherwise stated. Representations in index notation always refer to an orthonormal basis. The
Rayleigh product is used to represent an active rotation of a physical quantity and for a first-order ten-
sor is defined by QHn= niQei. Sets, i.e., collections of quantities, are denoted by calligraphic symbols,
e.g., F and are constructed by curly braces. Inside the curly braces, elements of the set are given expli-
citly, or by a generator expression following the pattern {quantity | condition fulfilled by element con-
tained in set}. Although, this work and related code is based on [16,17], numbering and indices follow
the continuum mechanics convention starting at one.
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2. Fiber orientation distributions based on planar fiber orientation tensors
of fourth order

2.1. Directional measures as microstructure descriptors

Taking the average of a tensorial quantity over orientations requires a directional measure which quanti-
fies the orientations. Established directional measures of axisymmetric fibers are the FODF and fiber
orientation tensors of several kinds and orders. Both FODF and fiber orientation tensors quantify orien-
tations inside a reference volume which might be interpreted as a section of specified size at a specific
position x inside a structural component. Consequently, the directional measurement depends on the
size of this reference volume which usually represents a scaling parameter in measurement algorithms
(see, e.g., Görthofer et al. [4, Figure 4] or Schöttl et al. [6]). This section introduces basic quantities and
in large parts follows [13, sections 2.1 and 2.2].

2.1.1. Fiber orientation distribution function. The FODF c at a given position inside a component

c : S2 ! R, with S2 = n 2 R
3j nk k= 1

� �
, ð1Þ

maps any direction n onto a scalar value c(n). S2 is the 2D surface of a unit sphere in three dimensions
parameterized by, e.g., a unit vector n. The function c(n) is non-negative, i.e.,

c nð Þø 0, 8 n 2 S2, ð2Þ

holds and normalization of c(n) implies ð
S2

c nð Þdn = 1: ð3Þ

As fibers have a direction but no attitude, c(n) is symmetric, i.e.,

c �nð Þ= c nð Þ, 8 n 2 S2, ð4Þ

holds (see [2,11]).

2.1.2. Fiber orientation tensors. Fiber orientation tensors of Kanatani [1] first kind are defined by

N\k . =

ð
S2

c nð Þn�k dn, ð5Þ

with n�k being the kth moment of n. In this work, only the second- and fourth-order fiber orientation
tensors

N=N\2 . =

ð
S2

c nð Þn� ndn, ð6Þ

N=N\4 . =

ð
S2

c nð Þn� n� n� ndn, ð7Þ

are used. More details on the properties of N\k . can be found, e.g., in Bauer and Böhlke [13]. Higher-
order fiber orientation tensors of Kanatani first kind contain all tensors of lower order as

N\k�2 . =N\k . I½ �, ð8Þ

holds for 2 ł k with the identity on second-order tensors I= dij ei � ej. In addition, for the second-order
orientation tensor

N � I= tr Nð Þ= 1, ð9Þ

Bauer and Böhlke 3



holds due to normalization (see [13]). Orientation tensors of Kanatani first kind are commonly used to
represent directional data obtained by computer tomography scans or results of flow simulations [4].
Basic properties of the second-order orientation tensor N are briefly summarized following Bauer and
Böhlke [13]. N is symmetric and positive semi-definite. In consequence, N can be diagonalized, i.e., pairs
of eigenvalues li with li ø 0 and orthonormal eigenvectors vi for i 2 ½1, 2, 3� exist, such that

N= N (2)
ij ei � ej =

X3

i = 1

livi � vi =
l1 0 0

l2 0

sym l3

2
4

3
5 vi � vj, ð10Þ

holds and there exists a rotation defined by an orthogonal tensor

Q= vi � ei, ð11Þ

mapping the arbitrary but fixed basis feig onto the basis fvig. The orthonormal basis fvig spanned by
the eigenvectors is, in the following, called orientation coordinate system. Based on the ordering
convention

l3 ł l2 ł l1, ð12Þ

an established classification of structurally differing N exists (see [10,18–20]). A visualization correspond-
ing to this classification exists and is called orientation triangle. Any second-order orientation tensor can
be represented by a pair (l1, l2), which is connected to a point inside the orientation triangle and by a
mapping Q which defines the orientation coordinate system. The FODF can be expressed in terms of
fiber orientation tensors as a 3D tensorial Fourier series

c nð Þ= 1

4p

X‘

k = 0

2k + 1

2k

2k

k

� �
dev N\k .ð Þ � n�k, ð13Þ

which is called spherical harmonic expansion [1, p. 154]. The operator dev(�) extracts the deviatoric part
and its definition for higher-order tensors in a 3D framework is given in Spencer [21]. Equation (13)
implies that in general an infinite number of orientation tensors of increasing order is required to express
c(n). However, for many practical applications, only second- and fourth-order orientation tensors are
available at a specific location inside a component. Recent developments in computer tomography meth-
ods for fiber-reinforced composites lead toward the identification of the FODF instead of fiber orienta-
tion tensors (see, e.g., [22]).

2.2. Admissible and distinct planar fiber orientation tensors

A parameterization of planar fiber orientation tensors of second-order Nplanar is given by

Nplanar l1ð Þ= l1 v1 � v1 + 1� l1ð Þv2 � v2 =
l1 0 0

1� l1 0

sym 0

2
4

3
5vi � vj, ð14Þ

in the orientation coordinate system fvig defined in equation (11) and with 1=2 ł l1 ł 1. Bauer and
Böhlke [13, equation (87)] identify planar fiber orientation tensors of fourth-order N

planar(a1, d1, d8)
which can be reparameterized in l1 with a1 = 4=3 l1 � 1=2ð Þ leading to

N
planar l1, d1, d8ð Þ=

l1 � d1 � 4
35

d1 + 4
35

0 0 0
ffiffiffi
2
p

d8

1� l1ð Þ � d1 � 4
35

0 0 0 �
ffiffiffi
2
p

d8

0 0 0 0

completely symmetric

2
6666664

3
7777775
Bv

j � Bv
z, ð15Þ
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in Kelvin–Mandel [23–25] notation, which is explained in detail in Appendix 1. The Kelvin–Mandel
basis Bv

j � Bv
z is spanned in the orientation coordinate system fvig, i.e., for example, the fourth basis vec-

tor in equation (78) becomes Bv
4 =

ffiffiffi
2
p

=2(v2 � v3 + v3 � v2). In equation (15), a short hand notation for
completely symmetric fourth-order tensors following Bauer and Böhlke [13] is used, which is explained
in Appendix 1. Demanding positive eigenvalues of Nplanar in equation (15) leads to the set of admissible
planar fourth-order orientation tensors

N planar
= N

planar l1, d1, d8ð Þ j 1

2
ł l1 ł 1, � 4

35
ł d1 ł � 4

35
+ l1 � l1

2, � f l1, d1ð Þł d8 ł f l1, d1ð Þ
� �

,

ð16Þ

with

f l1, d1ð Þ= 1

35

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�16� 280d1 � 1225d2

1 + 140l1 � 140l1
2 + 1225d1 l1 � 1225d1 l1

2

q
, ð17Þ

see [13, equation (89)]. The set N planar
implicitly defines a body in the parameter space fl1, d1, d8g. This

body is visualized in Figure 1(b) and contains all admissible planar fourth-order fiber orientation ten-
sors. Any point inside this body represents a fourth-order orientation tensor.

As Bauer and Böhlke [13] derive N planar
solely from algebraic properties of Nplanar, no planar fourth-

order fiber orientation tensor outside N planar
exists. Consequently, the parameterization

N
planar(l1, d1, d8) combined with the parameter space N planar

allows for a complete study of the influ-
ence of fiber orientation on the mechanical response of material models, which are based on fourth-
order fiber orientation tensors of planar fiber architectures. However, not necessarily all points inside

N planar
represent orientation states which differ structurally, and therefore lead to different mechanical

behavior. Two tensors A and B are called structurally identical if they differ solely by a rotation, i.e.,

9Q 2 SO(3)withQHA=B, ð18Þ

holds with the special orthogonal group in three dimensions SO(3). The parameterization of Nplanar in
equation (15) and the corresponding set of admissible parameter combinations N planar

in equation (16)

Figure 1. (a) Orientation triangle visualizing second-order orientation tensors. (b) Visualization of the set of admissible planar fourth-
order fiber orientation tensors N planar

in the parameter space fl1, d1, d8g using the parameterization of Nplanar in equation (15).
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are based on the orientation coordinate system which is introduced in equations (10) to (12). However,
for orientation states with planar isotropic second-order orientation tensor, i.e., l1 = 1=2, the eigenvalue
problem identifying v1 and v2 is ill-posed. As the eigenvalues of N(l1 = 1=2) are 1=2, 1=2, and 0, any pair
of two orthonormal vectors being pairwise perpendicular to v3 is a valid choice for the eigenvectors. The
ambiguity of the orientation coordinate system introduces a redundancy in the set of admissible fourth-
order orientation tensors given in equation (16), i.e., multiple parameter combinations lead to structu-
rally identical Nplanar. The shape of the body N planar

in Figure 1(b) motivates the reparameterization of
N

planar(l1, d1, d8) as a function of l1, r̂, and b̂ with

d1 = d̂1 +
1

2
l1 � l2

1

	 

� 4

35
, ð19Þ

d̂1 = r̂ sin b̂
� �

, ð20Þ

d8 = r̂ cos b̂
� �

: ð21Þ

The parameters r̂ and b̂ are visualized in Figure 2(a) and lead to a reformulation of equation (15) with

N
planar l1, r̂, b̂

� �
=

�r̂ sin b̂
� �

+
l2

1

2
þ l1

2
r̂ sin b̂

� �
� l2

1

2
+ l1

2
0 0 0

ffiffiffi
2
p

r̂ cos b̂
� �

�r̂ sin b̂
� �

+
l2

1

2
� 3l1

2
þ 1 0 0 0 �

ffiffiffi
2
p

r̂ cos b̂
� �

0 0 0 0

completely symmetric

2
6666666664

3
7777777775
Bv

j � Bv
z,

ð22Þ

and equation (16) by

N planar
= N

planar l1, r̂, b̂
� �

j 1

2
ł l1 ł 1, 0 ł r̂ ł

1

2
l1 � l1

2
	 


, 0 ł b̂\2p

� �
: ð23Þ

For the special case l1 = 1=2, the reparameterized fourth-order fiber orientation tensor reads as

N
planar l1 = 1=2, r̂, b̂

� �
=

�r̂ sin b̂
� �

+ 3
8

r̂ sin b̂
� �

+ 1
8

0 0 0
ffiffiffi
2
p

r̂ cos b̂
� �

�r̂ sin b̂
� �

+ 3
8

0 0 0 �
ffiffiffi
2
p

r̂ cos b̂
� �

0 0 0 0

completely symmetric

2
6666664

3
7777775
Bv

j � Bv
z,

ð24Þ
and comparison with representations of rotations in the Kelvin–Mandel notation in Cowin and
Mehrabadi [26, section 3] and Mehrabadi and Cowin [25, section 3] indicates a rotational redundancy.
Active rotation of Nplanar(l1 = 1=2, r̂, b̂) by an angle of �b̂=4 around the axis v3 leads to

Qv3 g = � b̂=4
� �

HN
planar l1 = 1=2, r̂, b̂

� �
=N

planar l1 = 1=2, r̂, b̂ = 0
� �

, ð25Þ

=

3=8 1=8 0 0 0
ffiffiffi
2
p

r̂

3=8 0 0 0 �
ffiffiffi
2
p

r̂

0 0 0 0

completely symmetric

2
6666664

3
7777775
Bv

j � Bv
z,
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with a rotation around the axis v3 parameterized by the angle g with

Qv3 gð Þ=
cos gð Þ � sin gð Þ 0

sin gð Þ cos gð Þ 0

0 0 1

2
4

3
5vi � vj: ð26Þ

As the angle b̂ in equation (25) is arbitrary and the right-hand side of equation (25) is independent of b̂,
any Nplanar(l1 = 1=2, r̂, b̂) can be expressed by a reference tensor Nplanar(l1 = 1=2, r̂, b̂ = 0) combined with
a rotation by

N
planar l1 = 1=2, r̂, b̂

� �
=Qv3 g = b̂=4

� �
HN

planar l1 = 1=2, r̂, b̂ = 0
� �

: ð27Þ

In consequence, coincidence or symmetry of the eigenvalues l1 and l2 in the special case of l1 = 1=2,
degenerates the space of structurally differing planar fiber orientation tensors of fourth-order from a
circle to a line. Fiber orientation tensors along this line act as reference tensors following equation (27).
The line is, e.g., parameterized by r̂ or equivalently by d8 and one arbitrary choice is colored red in
Figure 2(a).

If Nplanar serves as a directional measure, the full parameter range of d8, specified in equation (16), is
necessary to account for all admissible orientation states. If, in contrast, the influence of Nplanar onto
mechanical properties or reconstructed FODF is to be studied, a minimal parameter set of structurally
differing planar fiber orientation tensors is of interest. This set is given by

N̂
planar

= N
planar l1, d1, d8ð Þ j 1

2
\l1 ł 1, � 4

35
ł d1 ł � 4

35
+ l1 � l1

2, 0 ł d8 ł f l1, d1ð Þ
� �

,

[ N
planar l1 = 1=2, d1, d8ð Þ j d1 = 0, 0 ł d8 ł 1=8

� �
,

ð28Þ

with N
planar and f (l1, d1) defined in equations (15) and (17) and f (l1 = 1=2, d1 = 0) = 1=8. Equation (28)

accounts for the special case l1 = 1=2 and removes a second redundancy which is visualized in Figure 2(b)
and derived by the following observation. Two fiber orientation tensors of fourth order N

planar(l1, d1, d8)
which differ solely by the sign of the parameter d8 are structurally identical and only differ by the rotation

Qmonox =
1 0 0

0 �1 0

0 0 �1

2
4

3
5vi � vj, ð29Þ

Figure 2. (a) The parameter space N planar
spanned by (l1, d̂1, d8) or equivalently (l1, r̂, b̂) following equations (19) to (21). The line

(l1 = 1=2, r̂, 0) with 0 ł r̂ ł 1=8 is colored in red. (b) As an example, an admissible parameter triplet (l
0

1, d
0
1, d

0
8) is randomly

selected to be (2=3, 1=½16
ffiffiffi
2
p
�, 1=½16

ffiffiffi
2
p
�). The polar plot (1) shows the projection of Nplanar(l

0

1, d
0
1, d

0
8) onto the v1�v2�plane, i.e.,

N
planar(l

0

1, d
0
1, d

0
8) � n�4(u, p=2) with the fourth-order moment n�4(u, u) of a unit vector n(u, u) in polar coordinates, e.g., defined in

equation (33). The polar plot (2) shows Nplanar(l
0

1, d
0
1, � d

0
8) � n�4(u, p=2).

Bauer and Böhlke 7



which rotates any physical quantity by 1808 around the axis v1. Due to its symmetries, for any planar
fourth-order fiber orientation tensor

Qmonox
HN

planar l1, d1, d8ð Þ=N
planar l1, d1, � d8ð Þ, ð30Þ

holds and motivates restriction to positive values of d8 in the minimal set specified in equation (28). This
set can be used to study the influence of planar fourth-order orientation tensors on derived quantities.

2.3. Reconstructed FODF

In the previous section, distinct and admissible planar fiber orientation tensors of fourth order are iden-
tified. The question of interest is, which fiber orientation distributions are associated with these tensors?
It is evident from equation (13) that for a given leading fiber orientation tensor, there is non one-to-one
correspondence to an FODF. However, identification of any FODF which is connected to the given
leading fiber orientation tensor is of interest. An approximation of an FODF by leading fiber orienta-
tion tensors up to fourth order in a 3D framework is given by

ĉ n,Nð Þ= 1

4p
1 +

15

2
dev Nð Þ � n�2 +

315

8
dev Nð Þ � n�4

 �
, ð31Þ

following equation (13), where N can be expressed by N based on equation (8). Müller and Böhlke [14]
discuss that the approximation ĉ(n,N) is not necessarily non-negative, i.e., the condition stated on c(n)
in equation (2) does not hold for the approximation ĉ(n,N), due to the truncation after the fourth-order
term. For the special case of planar fiber orientation tensors Nplanar, the approximation in equation (31)
leads to

ĉ
N

planar

u, u, l1, d1, d8ð Þ= ĉ n u, uð Þ,Nplanar l1, d1, d8ð Þ
� �

,

=
1

2048p
½20160d8 sin

4 uð Þ sin 4uð Þ+ 3 72� 6720d1½ � sin4 uð Þ cos 4uð Þ,

� 3 1120l1 � 560½ � 3 cos 2uð Þ+ 1½ � sin2 uð Þ cos 2uð Þ � 420 cos 2uð Þ,
+ 945 cos 4uð Þ+ 435�,

ð32Þ

with a parameterization of the unit vector n in two spherical angles

n u, uð Þ= sin uð Þ cos uð Þv1 + sin uð Þ sin uð Þv2 + cos uð Þv3: ð33Þ

The approximation ĉN
planar

is not planar. Figure 3(a) to (c) shows three-dimensional spherical plots of
ĉN

planar

(u, u, l1, d1, d8) for three selected combinations of the parameters l1, d1, and d8. Representation
of non-smooth functions by the Fourier series requires an infinite number of non-vanishing Fourier
coefficients. For any given planar FODF, the transition from non-vanishing values in the plane spanned
by v1 and v2, to vanishing values outside this plane is not smooth. In consequence, this transition is
inadequately represented by the truncated spherical Fourier series ĉN

planar

. As a result, planarity of a
given fiber orientation tensor in a 3D framework does not imply that derived quantities, such as recon-
structed FODF, are planar as well. Following Bauer and Böhlke [13, equation (59)], any fourth-order
fiber orientation tensor in three dimensions can be expressed by two deviators dev(N) and dev(N)
fulfilling

N=N
iso +

6

7
sym dev N I½ �ð Þ � Ið Þ+ dev Nð Þ: ð34Þ

Vanishing deviators, i.e., dev(N) = 0 and dev(N) = 0 describe the isotropic state Niso = (7=35) sym(I� I)
which corresponds to the FODF c(n,Niso) = 1= 4pð Þ and which is not planar. For Nplanar, the deviators
from the isotropic state which are also utilized in equation (31) read as

8 Mathematics and Mechanics of Solids 00(0)



dev Nplanar
� �

=
l1 � 1=3 0 0

2=3� l1 0

sym �1=3

2
4

3
5vi � vj, ð35Þ

dev N
planar

� �
=

l1=7� d1 � 1
35

d1 1=35� l1=7 0 0
ffiffiffi
2
p

d8

1� l1ð Þ=7� d1 � 1=35 1=35� (1� l1)=7 0 0 �
ffiffiffi
2
p

d8

3=35 0 0 0

completely symmetric

2
6666666664

3
7777777775
Bv

j � Bv
z,

ð36Þ

and demonstrate the drawbacks of expressing planar fiber orientation tensors in a 3D framework since
the planarity has to be enforced by deviation from the isotropic state. Note that the fourth-order devia-
tor depends on the parameter l1 which defines the second-order fiber orientation tensor.

2.3.1. Transition from 3D into 2D. Motivated by the previous section and following [1,27–30], planar quantities
are expressed in a 2D framework with representations

a=
X2

i = 1

aiei = a1e1 + a2e2 + 0 e3, ð37Þ

A=
X2

i = 1

X2

j = 1

Aijei � ej =
X2

i = 1

X2

j = 1

Aijei � ej +
X3

i = 1

0 ei � e3 +
X3

j = 1

0 e3 � ej, ð38Þ

A=
X3

j = 1

X3

z = 1

AjzBj � Bz =
X3

j2½1, 2, 4�

X3

z2½1, 2, 4�
AjzBj � Bz, ð39Þ

with generic tensors a, A, and A. This notation directly connects objects in R
2 and R

3 and requires the
reader to select the appropriate two-dimensional or three-dimensional view onto the planar physical
quantity of interest, which is part of the three-dimensional reality. For the two-dimensional Kelvin–
Mandel bases, B1 =B1, B2 =B2, and B3 =B4 hold. To be explicit, for indices of tensor components in
the 2D framework i, j 2 ½1, 2� and j, z 2 ½1, 2, 3� hold in contrast to i, j 2 ½1, 2, 3� and
j, z 2 ½1, 2, 3, 4, 5, 6� in the 3D framework.

Figure 3. Approximation of the FODF by leading fiber orientation tensors up to fourth-order following equation (32), i.e.,
ĉN

planar

(u, u, Nplanar(l1, d1, d8)) for three selected points in N planar
. Positive values are plotted in blue and negative values are plotted

in red. The parameters in the format (l1, d1, d8) are (a) (1=2, 3=280, 0) (b) (2=3, � 1=315, 0), and (c) (1, � 4=35, 0).
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If planar orientation tensors are derived from a 2D framework, naturally no out-of-plane tensor com-
ponents exist. Basic planar isotropic tensors in the 2D framework are given by

I= dij ei � ej =
1 0

sym 1

 �
ei � ej, I

S = djz Bj � Bz =
1 0 0

1 0

sym 1

2
4

3
5Bj � Bz, ð40Þ

P1 =
1

2
I� I, P2 = I

S � P1, ð41Þ

following Blinowski et al. [27, equation (2.3)] and Aßmus et al. [31, equation (38)]. Deviator operators
are defined by

dev Að Þ=A� 1

2
A � Ið ÞI, ð42Þ

dev Að Þ= sym Að Þ � sym sym Að Þ I½ � � Ið Þ+ 1

8
sym I� Ið Þ I � A I½ �ð Þ, ð43Þ

following Kanatani [1, (7.13)] and Vianello [28, section 3]. The central fiber orientation tensor in the 2D
framework is identified as

N
piso =

P1

kP1k
� n�4

� �
P1 +

P2

kP2k
� n�4

� �
P2 =

1

2
P1 +

1

4
P2,

=
1

8

3 1 0

3 0

compl: sym:

2
64

3
75Bj � Bz =N

planar l1 = 1=2, d1 = 0, d8 = 0ð Þ,
ð44Þ

and is called planar isotropic fiber orientation tensor of fourth order. It should be noted that this is not
the only fourth-order fiber orientation tensor which contracts to the planar isotropic second-order fiber
orientation tensor. Deploying harmonic decomposition in the 2D framework following Blinowski et al.
[27, equation (2.25)] or Desmorat and Desmorat [29, equation (18)] with

A=
P1

P1k k � A
� �

P1 +
P2

P2k k � A
� �

P2 + sym dev A I½ �ð Þ � Ið Þ+ dev Að Þ, ð45Þ

and knowledge on irreducible tensors, any fourth-order fiber orientation tensor is parameterized by

N l1, p1, p2ð Þ=N
piso + sym F l1ð Þ � Ið Þ+F p1, p2ð Þ, ð46Þ

with

F l1ð Þ= l1 �
1

2

� �
1 0

sym �1

 �
vi � vj, ð47Þ

F p1, p2ð Þ= p1

�1 1 0

�1 0

compl: sym:

2
4

3
5+ p2

0 0
ffiffiffi
2
p

0 �
ffiffiffi
2
p

compl: sym:

2
4

3
5

0
@

1
ABv

j � Bv
z: ð48Þ

Coincidence with the parameterization in the 3D framework is given by the prefactor in equation (47)
and the specific choice of the factors p1 = d1 � 3=280 and p2 = d8 leading to
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N l1, d1, d8ð Þ=
l1 � d1 � 4=35 d1 + 4=35

ffiffiffi
2
p

d8

(1� l1)� d1 � 4=35 �
ffiffiffi
2
p

d8

compl: sym:

2
4

3
5Bv

j � Bv
z: ð49Þ

The shift by 3=280 is required due to the different expansion points in 2D and 3D. As the point of expan-
sion in equation (46), i.e., Npiso, is planar itself, the deviators are compact and formatted into the 3D
framework read as

dev Nð Þ=
l1 � 1=2 0 0

1=2� l1 0

sym 0

2
4

3
5vi � vj, ð50Þ

dev Nð Þ=

3
280
� d1 � 3

280
� d1

� �
0 0 0

ffiffiffi
2
p

d8

3
280
� d1 0 0 0 �

ffiffiffi
2
p

d8

0 0 0 0

completely symmetric

2
6666664

3
7777775
Bv

j � Bv
z: ð51Þ

The deviators specified in equations (35), (36), (50), and (51) directly enter approximations of the FODF
in terms of truncated Fourier series.

2.3.2. Truncated fiber orientation distribution function in the 2D framework. In analogy to the three-dimensional case in
equation (13), FODF can be reconstructed in a two-dimensional framework. An FODF is given in terms
of fiber orientation tensors by a tensorial Fourier series [1, p. 158]

c nð Þ= 1

2p

X‘

k = 0

2kdev N\k .ð Þ � n�k, ð52Þ

with a unit tensor of first order n and fiber orientation tensors of kth order in two dimensions N\k . . An
approximation of the FODF c(n) by leading fiber orientation tensors up to fourth order is given by

ĉ n,Nð Þ= 1

2p
1 + 4 dev Nð Þ � n�2 + 16 dev Nð Þ � n�4
	 


, ð53Þ

and combined with N(l1, p1, p2) and n(u) = cos (u) v1 + sin (u) v2 leads to

ĉ u, l1, p1, p2ð Þ= 1

2p
1 + 4 l1 � 2ð Þ cos 2uð Þ � 16 p1 cos 4uð Þ+ 16 p2 sin 4uð Þ½ �: ð54Þ

Introducing the coordinate transformation

p1 = ^̂r sin ^̂
b
� �

, p2 = ^̂r cos ^̂
b
� �

, ð55Þ

yields the following formulation

ĉ u, l1, ^̂r, ^̂
b

� �
=

1

2p
1 + 4 l1 �

1

2

� �
cos 2uð Þ � 16^̂r sin ^̂

b� 4u
� � �

: ð56Þ

The parameterization of ĉ in equation (56) separates second- and fourth-order contributions into one
trigonometric summand each. The cosinus contribution of the second-order fiber orientation tensor is
always aligned with the coordinate axes of the orientation coordinate system and its amplitude scales
with l1, being zero for the planar isotropic case, i.e., l1 = 1=2 and the frequency is two in the interval
u 2 ½0, 2p). The fourth-order summand is a sinusoidal function of double the frequency of the second-
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order term, with phase shift
^̂
b and an amplitude which scales with ^̂r. The frequency implies that this

fourth-order term has four maxima and four minima within the parameter range of u 2 ½0, 2p). In con-
sequence, in the planar isotropic case, equation (56) degenerates to

ĉ u, l1 =
1

2
, ^̂r, ^̂

b

� �
=

1

2p
1 � 16^̂r sin ^̂

b� 4u
� �h i

, ð57Þ

which directly indicates that the parameter
^̂
b implies a rotation of ĉ by an angle of

^̂
b=4 around the axis

v3 of the 3D framework pointing out of the 2D plane. If l1 6¼ 1=2, the interference of the second- and

fourth-order summands, which have different frequencies, leads to the variety of ĉ. The structure of

equation (56) shows that ĉ may be represented by circular harmonics. Further details on harmonic

representations of planar tensors of fourth-order can be found, e.g., in Vannucci [30, Chapter 4] and
Forte and Vianello [32].

2.3.3. Maximum entropy reconstruction of the FODF. Identification of a representative FODF based on a given
leading fiber orientation tensor is of importance for several applications, e.g., numerical calculation of
orientation averages of direction dependent mechanical properties [8,9,12]. Truncated Fourier series are
used in literature to identify an FODF based on fiber orientation tensors [6,33] although the identified
functions do not meet the non-negativity requirement of an FODF. Naive averaging with partly negative
FODF leads to non-physical results. Müller and Böhlke [14] give a solution to the reconstruction problem
and identify FODF based on leading fiber orientation tensors by maximizing the information-theoretic
entropy fulfilling normalization and non-negativity constraints. For limited available information, the
entropy principle yields the most likely FODF fulfilling specified constraints. In this context, ‘‘most
likely’’ corresponds to ‘‘maximizing entropy.’’ The procedure of Müller and Böhlke [14] is briefly repeated
for the special case of fourth-order fiber orientation tensors and tailored to planar fiber orientation ten-
sors. The maximum entropy approximation ĉme(n) maximizes the information-theoretic entropy E(ĉ)

E ĉ
� �

= �
ð

Sn�1

ĉ nð Þ ln ĉ nð ÞdS, ð58Þ

and fulfills the constraints

G =G\0 . = �
ð

Sn�1

ĉ nð ÞdS � 1, ð59Þ

G=G\2 . = �
ð

Sn�1

ĉ nð Þdev n�2
� �

dS � dev Nð Þ, ð60Þ

G=G\4 . = �
ð

Sn�1

ĉ nð Þdev n�4
� �

dS � dev Nð Þ, ð61Þ

where the constraint G ensures the normalization, and G and G ensure that the solution ĉme(n) meets
the given orientation tensors. The domain of the integral depends on the dimensionality of the given
orientation tensor and is either the surface of the unit sphere S2 for planar 3D tensors or the circumfer-
ence of the unit circle S1 for 2D tensors. The problem

max
ĉ

E ĉ
� �

with G\a . = 0\a . fora 2 0, 2, 4½ �, ð62Þ

corresponds to the Lagrange functional

L ĉ
� �

= E ĉ
� �
�

X
a2½0, 2, 4�

L\a . �G\a . , ð63Þ
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with Lagrange multipliers L =L\0 . , L=L\2 . , and L=L\4 . . The solution is given by the root of the
first variation of L, i.e., dL(ĉ) = 0 and is formulated in the Lagrange multipliers by

ĉme n,L,L,Lð Þ= exp �1� L� L � dev n�2
� �

� L � dev n�4
� �� �

, ð64Þ

which fulfills the non-negativity condition identically. The Lagrange multipliers are obtained by solving
the system of equations stated by the constraints in equations (59) to (61), with ĉ(n) being replaced by
ĉme(n, L,L,L) from equation (64). Due to the projection of the Lagrange multipliers onto deviators of
the moment tensors in equation (64), the Lagrange multipliers are without loss generality irreducible,
i.e., completely symmetric and traceless [21,34]. Table 1 lists the number of independent components of
irreducible tensors which depend on the tensor order and the dimensionality of the vector space. The
number of independent components of the Lagrange multipliers L, L, and L sum up to 1 + 5 + 9 = 15
and 1 + 2 + 2 = 5 in three and two dimensions, respectively, and correspond to the fourteen indepen-
dent components of N and four independent components of N plus one normalization constraint
each. In tensor notation, equations (59) to (61) read as 1 + 9 + 81 = 91 scalar equations, whereas in
symmetric Kelvin–Mandel notation, the identical equations yield 1 + 6 + 36 scalar equations. These
naive views on the set of equations illustrate that a minimal and redundancy-free parameterization
deploying index symmetry of the Lagrange multipliers is required. Such a parameterization is neces-
sary to reduce the dimensionality of the system of equations to at most 15 or 5 depending on the
dimensionality of used tensor framework. Three out of five independent components of N in 3D and
one out of two independent components of N in 2D define the orientation coordinate system. In the
orientation coordinate system, the second-order orientation tensor has diagonal structure. Off-diago-
nal components of the second-order Lagrange multiplier ensure that the orientation coordinate sys-
tems of the reconstructed FODF and the original fiber orientation tensors coincide. Based on the
orientation coordinate system, a generic representation of the Lagrange multipliers of order two and
four in three dimensions is given by

L b1, :::, b5ð Þ=
b1 b5 b4

b2 b3

sym � b1 + b2ð Þ

2
4

3
5vi � vj, ð65Þ

L c1, :::, c9ð Þ=

� c1 + c2ð Þ c1 c2 �
ffiffiffi
2
p

c4 + c5ð Þ
ffiffiffi
2
p

c6

ffiffiffi
2
p

c8

� c1 + c3ð Þ c3

ffiffiffi
2
p

c4 �
ffiffiffi
2
p

c6 + c7ð Þ
ffiffiffi
2
p

c9

� c2 + c3ð Þ
ffiffiffi
2
p

c5

ffiffiffi
2
p

c7 �
ffiffiffi
2
p

c8 + c9ð Þ

completely symmetric

2
666666664

3
777777775
Bv

j � Bv
z:

ð66Þ

Starting from the triclinic case in equations (65) and (66), material symmetries may be deployed to fur-
ther reduce the number of independent components of the Lagrange multipliers, as the fiber orientation
tensors and the reconstructed FODF share their symmetry group, i.e., Sĉ =SN with

ĉ QHnð Þ= ĉ nð Þ 8Q 2 Sĉ, ð67Þ

Table 1. Number of independent components of irreducible tensors depending on order and dimensionality of the vector space.

Tensor order 2D 3D

2 2 5
4 2 9
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QHN=N 8Q 2 SN, ð68Þ

which follows directly from the definition of N in equation (7). Similar to the FODF reconstruction by
truncated Fourier series, the ansatz ĉme in equation (64) contains deviators from a central state, which
in 3D is the isotropic state. In order to reconstruct planar FODF based on planar fiber orientation ten-
sors, it is beneficial to deploy a 2D framework with deviators deviating from the planar isotropic state.
In the orientation coordinate system, the Lagrange multipliers of order two and four read as

L f1, f2ð Þ= f1 f2
sym �f1

 �
vi � vj, ð69Þ

L g1, g2ð Þ=
�g1 g1

ffiffiffi
2
p

g2

�g1 �
ffiffiffi
2
p

g2

compl: sym:

2
4

3
5Bv

j � Bv
z: ð70Þ

In consequence, combination of equations (69) and (70) leads to

ĉ
me

u,L, f1, f2, g1, g2ð Þ= exp �1� L� f1 cos 2uð Þ � f2 sin 2uð Þ+ g1 cos 4uð Þ � g2 sin 4uð Þð Þ: ð71Þ

For a given N(l1, d1, d8) following equation (49) and a specific selection of independent tensor compo-
nents, the resulting five scalar equations areð

S1

ĉ n, L, f1, f2, g1, g2ð ÞdS � 1 = 0, ð72Þ

ð
S1

ĉ n, L, f1, f2, g1, g2ð Þ 1

2
cos 2uð Þ

� �
dS � l1 �

1

2

� �
= 0, ð73Þ

ð
S1

ĉ n, L, f1, f2, g1, g2ð Þ 1

2
sin 2uð Þ

� �
dS � 0 = 0, ð74Þ

ð
S1

ĉ n, L, f1, f2, g1, g2ð Þ � 1

8
cos 4uð Þ

� �
dS � d1 �

3

280

� �
= 0, ð75Þ

ð
S1

ĉ n, L, f1, f2, g1, g2ð Þ
ffiffiffi
2
p

8
sin 4uð Þ

� �
dS �

ffiffiffi
2
p

d8 = 0: ð76Þ

The equations are solved numerically for a given tripled (l1, d1, d8). Numerical integration on the unit
circle is done with nschloe [35] based on Krylov and Stroud [36].

2.3.4. Visualization of reconstructed planar fiber orientation distribution functions. Fiber orientation tensors represent
averaged properties of an underlying FODF. In consequence, a complete reconstruction of the underly-
ing FODF is not possible. It is of interest to visualize possible shapes of reconstructed FODFs based on
admissible mean values. The admissible mean values are given by the set of distinct and admissible fiber
orientation tensors of fourth-order N planar

which can be combined with the developed reconstruction
methods ĉ and ĉ

me
. The parameter space N planar

is discretized and for selected points in N planar
, i.e., for

selected N, reconstructed FODFs are visualized. The discretization is based on several slices through
N planar

which are given in Figures 4 and 6(a). The arrangement of the visualizations of the reconstructed
FODFs in Figures 6 and 7 mimics the position of the points on the slices and reuses the color coding of
the overview plots. In consequence, the influence of the position insideN planar

on the shape of the recon-
structed FODF is obtained. The developed visualizations directly show the variety of reconstructed
FODFs and as a side effect acts as an intuitive view on fiber orientation tensors of fourth order. As the
truncated FODF reconstruction does not fulfill the non-negativity constraint, negative values of ĉ are
highlighted in red, as defined in the shared legend in Figure 5. Parameters of the utilized orientation
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tensors are listed in Table 2 in Appendix 2. The scaling of all polar plots of FODFs in Figures 6(b) and
(c) and 7 is homogeneous, with the lower radial limit being zero and the upper radial limit being 0:9.

A slice containing orthotropic [13] fiber orientation tensors is shown in Figure 6(a) and the corre-
sponding FODFs are given in Figure 6(b). The transition from the planar isotropic state in Figure 6(b)
(4) toward the unidirectional state in Figure 6(b) (10) demonstrates the degeneration of the variety of
fourth-order fiber orientation tensors towards the unidirectional state, which is defined completely by
l1 = 1. Figure 6b (1)–6b (3) corresponds to orientation states represented by orange points in Figure
6(a). These points keep a distance in the d1-direction from the boundary of the admissible body, as orien-
tation states at the boundary itself, correspond to Dirac distributions into two directions each (see, [13,
Figure 9]). In analogy, Figure 6(b)(7) to (b)(9) corresponds to points highlighted in magenta in Figure
6(a) and are also located off the boundary of the admissible region. Figure 9 in Bauer and Böhlke [13]
contains FODF approximations based on a limited number of discrete fibers aligned along the axes of
the orientation coordinate system which correspond to points on the boundary of the admissible region
specified by the line d1 = � 4=35 and d8 = 0 in Figure 6(a). Planar fiber orientation tensors at the bound-
ary of the admissible region directly correspond to orientation states of a limited number of Dirac distri-
butions. This observation explains why experimentally identified fiber orientation tensors obtained from
comparably large fiber arrangements may not fill the complete admissible region but fill only a (equally
shaped) subregion within the admissible region. In a comparably large fiber arrangement, Dirac distribu-
tions are unlikely. The entropy reconstruction scheme contains a basis function involving a direction
depended exponential function. Although the slope of an exponential function is rather steep, extreme
values of the Lagrange multipliers are necessary to approximate Dirac distributions. Therefore, the
entropy reconstruction scheme, which includes numerical integration and a numerical solver, is not com-
pletely stable when operating on orientation states at the boundary of the admissible region. As the uni-
directional case in Figure 6(b) (10) lies on the radial boundary of the admissible orientation states, the
corresponding entropy-based reconstruction FODF degenerates to a single Dirac distribution. The
approximation ĉ

me
in this figure is localized, i.e., vanishes for all angles except those pointing along axes

of the orientation coordinate system.
The slices defined in Figure 4 and the corresponding FODF approximations in Figures 6(c) and 7(a)

and (b) visualize the variety of reconstructed FODF among fourth-order fiber orientation tensors which
contract to identical second-order fiber orientation tensors. Any FODF in Figure 6(c) leads to the

Figure 4. Definition of representative points in the parameter space N̂ planar
of planar fourth-order fiber orientation tensors. The

outer points in radial directions do not lie on the boundary of the admissible region. Parameters of each point are listed in Table 2 in
Appendix 2. (a) Paths and points in the plane l1 = 3=6 used in Figure 6(c). (b) Points in the plane l1 = 4=6 used in Figure 7(a). (c)
Points in the plane l1 = 5=6 used in Figure 7(b).

Figure 5. Shared legend for Figures 6(b), 7(a) and 7. ĉ(u) and ĉme(u) are defined in equations (53) and (71), respectively.
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planar isotropic second-order fiber orientation tensor N(l1 = 1=2). In analogy, any FODF in Figure
7(a) has an identical second-order fiber orientation tensor being N(l1 = 2=3). From this viewpoint, each
of the Figures 6(c) and 7(a) or 7(b) visualizes the variety of planar fourth-order fiber orientation tensors
for a fixed second-order orientation tensor. Figure 6(c) shows the redundancy inside N planar

identified
in equation (27) as FODFs with identical radial distance to the centered Figure 6(c) (x) only differ by a
rotation. In contrast, interference of the non-vanishing second-order contribution with the fourth-order
contribution in Figure 7(a) and (b) leads to a variety of FODF approximations. The developed views
on N planar

based on slices and selected points can be reused to analyze and visualize any quantity which
depends on planar fourth-order fiber orientation tensors.

2.3.5. Reconstruction solely based on second-order fiber orientation tensors. If fourth-order fiber orientation informa-
tion is not available, the parameter space of reconstructed FODFs degenerates to one parameter, e.g.,
1=2 ł l1 ł 1, which defines the second-order fiber orientation tensor. Missing fourth-order fiber orien-
tation information implies vanishing fourth-order deviators, and therefore leads to FODF

Figure 6. Parameters of points in N planar
, i.e., N, are listed in Table 2 in Appendix 2. (a) Ten points in the plane of planar

orthotropic fiber orientation tensors of fourth-order being a slice of N planar
. The points are used in Figure 6(b). (b) Reconstructed

FODF at specific points which are defined in Figure 6(a). A legend is given in Figure 5. (c) Reconstructed FODF at specific points
along paths defined in Figure 4(a). The radial spacing of the plots along the green and blue paths are not to true scale to allow for
larger plots (a) legend is given in Figure 5.
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reconstructions with ĉ(u, l1, p1 = 0, p2 = 0) in equation (52) and ĉ
me

(u,L, f1, f2, g1 = 0, g2 = 0) in equa-
tion (71). Figure 8 shows the influence of l1 on reconstructed FODFs for the methods used in the previ-
ous section and in addition for the FODF approximation obtained by the exact closure approximation
[15]. The exact closure approximation is frequently used, e.g., in [9–11,37] and postulates a one-to-one
correspondence between a given second-order fiber orientation tensor and an a priori unknown FODF

ĉ
exact closure

of special shape. In the general 3D case, this FODF can be identified by solving elliptic inte-
grals [15]. For the planar case, [11] gives explicit formulas which, combined with equation (14), lead to

ĉ
exact closure

u, l1ð Þ= 1

2p

1� l1ð Þl1

l2
1 + 1� 2l1ð Þ cos uð Þ2

: ð77Þ

Visualization of equation (77) for five values of l1 is given in Figure 8. If missing fourth-order orienta-
tion information is compensated by deploying closure approximations, the variety of resulting FODFs
shown in Figures 6(b) and 7 is not reachable. Instead, the parameter space of structurally differing
resulting FODFs degenerates to the parameter space of the second-order orientation tensor within the
orientation coordinate system. If closure approximations are used in the context of planar fiber orienta-
tions, the complete orientation information is contained within two scalar parameters. One scalar

Figure 7. Reconstructed FODF along several paths. The radial spacing of the plots along the green and blue paths are not to true
scale to allow for larger plots. A legend is given in Figure 5 and parameters of the points in N planar

, i.e., Nplanar, are listed in Table 2 in
Appendix 2. (a) Paths are defined in Figure 4b. (b) Paths are defined in Figure 4(c).
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parameter specifies the orientation coordinate system and the other parameter specifies the structure of
the second-order fiber orientation tensor. In contrast, if the discrete orientation of each single fiber is
known, e.g., based on direct fiber simulation [38], the variety of resulting FODF is generic. However,
averaged information of such a discrete set of fibers expressed by fiber orientation tensors is still limited.

3. Summary and conclusion

Planar fourth-order fiber orientation tensors describe the fiber orientation in many sheet-like fiber-rein-
forced composites. The variety of these tensors is known [13]. The variety of reconstructed FODFs based
on planar fourth-order fiber orientation tensors is studied in this work leading to the following insights:

1. Based on the set of admissible planar fiber orientation tensors in Bauer and Böhlke [13], a mini-
mal set of admissible and distinct planar fiber orientation tensors of fourth order N̂ planar

is
derived and given in equation (28). This set is the basis for studies on the influence of planar
fourth-order fiber orientation tensors on any physical quantity or material function which is for-
mulated in this directional measure.

2. The variety of reconstructed FODF is visualized by an arrangement of polar plots which mimics
the shape of the admissible and distinct parameter space. This arrangement or view is generic and
may be applied to study the dependence of other quantities on planar fourth-order fiber orienta-
tion tensors.

3. Reconstructed FODF based on truncated series expansion within a 3D framework is identified to
be not planar as the central state in three dimensions is isotropic.

4. A 2D formulation of planar fiber orientation tensors is introduced and linked to parameteriza-
tions of planar fiber orientation tensors in three dimensions. The central, i.e., ‘‘isotropic,’’ state in
two dimensions is planar isotropic.

5. Within the 2D framework, it is shown that interference of second- and fourth-order contributions
leads to the variety of reconstructed FODF based on truncated Fourier series.

6. Visualizations of truncated FODF reconstructions in Figures 6(b) and 7 highlight their limita-
tions and motivate more advanced reconstruction methods. The maximum entropy reconstruc-
tion of Müller and Böhlke [14] is explicitly formulated for the general 3D case and recast for the
planar case in a 2D framework which leads to a low-dimensional optimization problem.
Resulting FODF approximations are normalized and non-negative.

7. For given reconstruction methods, the structural variety of reconstructed FODF based on planar
fourth-order fiber orientation tensors is limited. Throughout this work, separation of rigid-body
rotations, and thus orientation in space, from structural properties of represented FODFs is
accomplished by representations in the orientation coordinate system.

Figure 8. Influence of l1 on reconstructed FODF for selected reconstruction methods based on second-order fiber orientation
tensors. For l1 = 1=2, all approximations coincide.
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8. Visualization of reconstructed FODFs solely based on second-order fiber orientation tensors,
including a reconstruction method based on the exact closure [11,15], closes this paper and moti-
vates higher-order directional measures.
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Appendix 1

Kelvin–Mandel notation and completely symmetric tensors of fourth order

This appendix directly follows [13] for the current work to be self-contained. Kelvin–Mandel nota-
tion, explicitly introduced in Mandel [24], originating from Thomson [23], discussed in [25,39,40] and
also known as normalized Voigt notation, enables compact two-dimensional representations of
fourth-order tensors with at least minor symmetry. A fourth-order tensor A= Aijkl ei � ej � ek � el is
minor symmetric if it has both minor symmetries, i.e., Aijkl = Ajikl = Aijlk holds. Introducing base ten-
sors in an arbitrary Cartesian basis feig by
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B1 = e1 � e1, B4 =

ffiffiffi
2
p

2
e2 � e3 + e3 � e2½ �,

B2 = e2 � e2, B5 =

ffiffiffi
2
p

2
e1 � e3 + e3 � e1½ �,

B3 = e3 � e3, B6 =

ffiffiffi
2
p

2
e2 � e1 + e1 � e2½ �

ð78Þ

any minor symmetric tensor A is represented by a six by six matrix of coefficients Ajz

A= Aijkl ei � ej � ek � el = Ajz Bj � Bz, ð79Þ

with j and z summing from 1 to 6. Complete index symmetry of a tensor N implies the structure

N=

N (4)
11 N (4)

12 N (4)
13

ffiffiffi
2
p

N (4)
14

ffiffiffi
2
p

N (4)
15

ffiffiffi
2
p

N (4)
16

N (4)
22 N (4)

23

ffiffiffi
2
p

N (4)
24

ffiffiffi
2
p

N (4)
25

ffiffiffi
2
p

N (4)
26

N (4)
33

ffiffiffi
2
p

N (4)
34

ffiffiffi
2
p

N (4)
35

ffiffiffi
2
p

N (4)
36

2N (4)
23 2N (4)

36 2N (4)
25

major symmetric 2N (4)
13 2N (4)

14

2N (4)
12

2
66666664

3
77777775
Bj � Bz: ð80Þ

As complete index symmetry implies major index symmetry, the coefficient matrix in equation (80) is
symmetric. In equation (80), indices of redundant tensor coefficients are colored. The redundancy
implies that six coefficients in the upper left quadrant and nine coefficients in the upper right quadrant
of the coefficients in Kelvin–Mandel representation define a completely symmetric tensor. This moti-
vates a short hand notation ‘‘completely symmetric’’ (see, e.g., equation (15)).

Appendix 2

Parameter sets in polar plots

Table 2. Parameter combinations leading to selected fourth-order fiber orientation tensors, which are used to generate polar plots
in Figures 6(b) and (c) and 7(a) and (b). Numerical values of the Lagrange multipliers in equation (71) are given with limited precision
and absolute values smaller than 10�5 = 1E�5 set to zero.

Figures l1 b̂ r̂ d1 d8 L f1 f2 g1 g2

6b (1) 1=2 p=2 9=80 69=560 0 4:42E0 0 0 �5:30E0 0
6b (2) 2=3 p=2 1=10 61=630 0 6:43E0 �7:69E0 0 �6:12E0 0
6b (3) 5=6 p=2 1=16 89=5040 0 1:66E1 �2:46E1 0 �9:77E0 0
6b (4) 1=2 0 0 3=280 0 8:38E�1 0 0 0 0
6b (5) 2=3 0 0 �1=315 0 9:56E�1 �6:67E�1 0 1:20E�1 0
6b (6) 5=6 0 0 �113=2520 0 1:45E0 �1:34E0 0 6:49E�1 0
6b (7) 1=2 �p=2 9=80 �57=560 0 4:42E0 0 0 5:30E0 0
6b (8) 2=3 �p=2 1=10 �13=126 0 5:01E0 �3:63E�1 0 5:89E0 0
6b (9) 5=6 �p=2 1=16 �541=5040 0 8:26E0 �8:34E�1 0 9:13E0 0
6b (10) 1 0 0 �4=35 0 1:81E3 �5:51E0 1:03E1 1:81E3 �5:18E0

6c (x) 1=2 0 0 3=280 0 8:38E�1 0 0 0 0
6c (o1) 1=2 �p=2 1=16 �29=560 0 1:15E0 0 0 1:16E0 0
6c (o2) 1=2 �p=2 9=80 �57=560 0 4:42E0 0 0 5:30E0 0
6c (c1) 1=2 �p=4 1=16 3=280�

ffiffiffi
2
p

=32
ffiffiffi
2
p

=32 1:15E0 0 0 8:20E�1 �8:20E�1

6c (c2) 1=2 �p=4 9=80 3=280� 9
ffiffiffi
2
p

=160 9
ffiffiffi
2
p

=160 4:42E0 0 0 3:75E0 �3:75E0

6c (m1) 1=2 0 1=16 3=280 1=16 1:15E0 0 0 0 �1:16E0

6c (m2) 1=2 0 9=80 3=280 9=80 4:42E0 0 0 0 �5:30E0

(continued)
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Table 2. Continued

Figures l1 b̂ r̂ d1 d8 L f1 f2 g1 g2

6c (g1) 1=2 p=4 1=16 3=280 +
ffiffiffi
2
p

=32
ffiffiffi
2
p

=32 1:15E0 0 0 �8:20E�1 �8:20E�1

6c (g2) 1=2 p=4 9=80 3=280 + 9
ffiffiffi
2
p

=160 9
ffiffiffi
2
p

=160 4:42E0 0 0 �3:75E0 �3:75E0

6c (y1) 1=2 p=2 1=16 41=560 0 1:15E0 0 0 �1:16E0 0
6c (y2) 1=2 p=2 9=80 69=560 0 4:42E0 0 0 �5:30E0 0
7a (x) 2=3 0 0 �1=315 0 9:56E�1 �6:67E�1 0 1:20E�1 0
7a (o1) 2=3 �p=2 1=18 �37=630 0 1:30E0 �4:54E�1 0 1:30E0 0
7a (o2) 2=3 �p=2 1=10 �13=126 0 5:01E0 �3:63E�1 0 5:89E0 0
7a (c1) 2=3 �p=4 1=18 �

ffiffiffi
2
p

=36� 1=315
ffiffiffi
2
p

=36 1:31E0 �5:86E�1 3:36E�1 9:53E�1 �8:36E�1

7a (c2) 2=3 �p=4 1=10 �
ffiffiffi
2
p

=20� 1=315
ffiffiffi
2
p

=20 5:20E0 �1:39E0 2:51E0 4:22E0 �4:15E0

7a (m1) 2=3 0 1=18 �1=315 1=18 1:32E0 �9:01E�1 4:71E�1 1:20E�1 �1:19E0

7a (m2) 2=3 0 1=10 �1=315 1=10 5:69E0 �3:93E0 3:60E0 8:21E�2 �5:99E0

7a (g1) 2=3 p=4 1=18 �1=315 +
ffiffiffi
2
p

=36
ffiffiffi
2
p

=36 1:33E0 �1:21E0 3:30E�1 �7:18E�1 �8:40E�1

7a (g2) 2=3 p=4 1=10 �1=315 +
ffiffiffi
2
p

=20
ffiffiffi
2
p

=20 6:21E0 �6:56E0 2:59E0 �4:26E0 �4:35E0

7a (y1) 2=3 p=2 1=18 11=210 0 1:33E0 �1:33E0 0 �1:07E0 0
7a (y2) 2=3 p=2 1=10 61=630 0 6:43E0 �7:69E0 0 �6:12E0 0
7b (x) 5=6 0 0 �113=2520 0 1:45E0 �1:34E0 0 6:49E�1 0
7b (o1) 5=6 �p=2 5=144 �401=5040 0 2:00E0 �9:88E�1 0 1:96E0 0
7b (o2) 5=6 �p=2 1=16 �541=5040 0 8:26E0 �8:34E�1 0 9:13E0 0
7b (c1) 5=6 �p=4 5=144 �113=2520� 5

ffiffiffi
2
p

=288 5
ffiffiffi
2
p

=288 2:04E0 �1:29E0 9:33E�1 1:59E0 �9:71E�1

7b (c2) 5=6 �p=4 1=16 �113=2520�
ffiffiffi
2
p

=32
ffiffiffi
2
p

=32 9:37E0 �4:00E0 7:92E0 6:69E0 �6:27E0

7b (m1) 5=6 0 5=144 �113=2520 5=144 2:07E0 �1:93E0 1:25E0 6:77E�1 �1:36E0

7b (m2) 5=6 0 1=16 �113=2520 1=16 1:23E1 �1:20E1 1:17E1 5:68E�1 �9:41E0

7b (g1) 5=6 p=4 5=144 �113=2520 + 5
ffiffiffi
2
p

=288 5
ffiffiffi
2
p

=288 1:95E0 �2:37E0 7:97E�1 �1:91E�1 �9:20E�1

7b (g2) 5=6 p=4 1=16 �113=2520 +
ffiffiffi
2
p

=32
ffiffiffi
2
p

=32 1:55E1 �2:09E1 8:87E0 �6:48E0 �7:31E0

7b (y1) 5=6 p=2 5=144 �17=1680 0 1:86E0 �2:47E0 0 �5:16E�1 0
7b (y2) 5=6 p=2 1=16 89=5040 0 1:66E1 �2:46E1 0 �9:77E0 0
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