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SPACE-TIME DISCONTINUOUS GALERKIN METHODS FOR WEAK SOLUTIONS
OF HYPERBOLIC LINEAR SYMMETRIC FRIEDRICHS SYSTEMS

DANIELE CORALLO!, WILLY DORFLER? AND CHRISTIAN WIENERS* 3

Abstract. We study weak solutions and its approximation of hyperbolic linear symmetric Friedrichs systems
describing acoustic, elastic, or electro-magnetic waves. For the corresponding first-order systems we construct
discontinuous Galerkin discretizations in space and time with full upwind, and we show primal and dual con-
sistency. Stability and convergence estimates are provided with respect to a mesh-dependent DG norm which
includes the L2 norm at final time. Numerical experiments confirm that the a piori results are of optimal order
also for solutions with low regularity, and we show that the error in the DG norm can be closely approximated
with a residual-type error indicator.
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1. Introduction

Linear wave equations are hyperbolic, and the formulation as first-order symmetric Friedrichs system provides a well
established setting for analyzing and approximating solutions. A specific feature of hyperbolic systems is the transport
of discontinuities along characteristics. Our goal is to provide a numerical scheme which is efficient for smooth solutions
as well as for weak solutions with discontinuities.

For smooth solutions of linear symmetric Friedrichs systems O(h*~1/2) convergence can be established for discontinuous
Galerkin approximations in space with respect to suitable mesh-dependent DG norm [Ern and Guermond, 2021, Chap. 57],
[Di Pietro and Ern, 2011, Chap. 7]. For acoustics, the convergence analysis of a space-time approximation in a DG semi-
norm provides estimates for all discrete time steps [Bansal et al., 2021, Prop. 6.5].

Finite volume convergence O(hl/ 2) for hyperbolic linear symmetric Friedrichs systems is established in [Jovanovié¢ and
Rohde, 2005] combined with first-order time-stepping. Discontinuous Galerkin methods in time are analyzed in [Falk
and Richter, 1999] for tent-type space-time meshes. This is adapted to space-time discontinuous Galerkin methods on
general space-time meshes with upwind flux for acoustics in [Bansal et al., 2021], where the convergence is established
for sufficiently smooth solutions based on estimates in a suitable DG semi-norm. In particular, the analysis includes the
adaptive approximation of corner singularities.

Here, we consider a DG method in space and time for linear symmetric Friedrichs systems, and we show inf-sup stability
and convergence in the DG norm. Therefore we transfer our results for space-time Petrov-Galerkin methods in [Dérfler
et al., 2016,Dorfler et al., 2019] with continuous approximations in time and for the DPG method in [Ernesti and Wieners,
2019a, Ernesti and Wieners, 2019b|, where convergence in a stronger graph norm is considered. Our analysis includes
bounds for the consistency error in the case that piecewise discontinuous material parameters are not aligned with the
mesh. Convergence in the limit for piecewise discontinuous solutions of Riemann problems is established only in Ls.

The space-time method is realized in the parallel finite element system M-++ [Baumgarten and Wieners, 2021]|. In our
numerical examples we confirm the a priori estimates for weak as well as for smooth solutions, and we demonstrate the
efficiency of the p-adaptive scheme.

The paper is organized as follows. In Sect. 2 we introduce the notation and the formulation of wave equations as first-
order systems, in Sect. 3 we introduce the DG discretization in time and in space. In Sect. 4 we consider well-posedness
and stability, in Sect. 5 we prove existence of weak solutions and convergence estimates, in Sect. 5.3 we introduce an a

Keywords and phrases: weak solution of linear symmetric Friedrichs systems, discontinuous Galerkin methods in space and time, error
estimators for first-order systems
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2 Space-time DG methods for linear Friedrichs systems

posteriori error indicator, and in Sect. 6 we present numerical results. In Sect. 7 we conclude with a discussion of possible
extensions and open problems.
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2. Symmetric Friedrichs systems

We consider weak solutions of linear hyperbolic first-order systems in the form of symmetric Friedrichs systems. Let
Q C RY be a bounded domain in space with Lipschitz boundary 0Q, I = (0,T) a time interval, and we denote the
space-time cylinder by @ = (0,7") x Q. Boundary conditions will be imposed on I'y, C 99 for k = 1,...,m depending on
the model, where m is the dimension of the first-order system.

For S C @ the Ly norm and inner product are denoted by || - ||s and (-,)s.

Let L = MO; + A be a linear differential operator in space and time, where (Mv)(t,x) = M(x)v(t,x) defines the
operator M with a uniformly positive definite matrix-valued function M € Lo (Q; R72X"™), and where Av = Z?=1 A;0pvis

sym
a differential operator in space with matrices A; € R
exists such that

mxXm
sym

. Since M is uniformly positive definite, constants Cps > cpyr > 0

vy 'y<y'Mx)y<Cuy'y, y € R™ and a.a. x € Q.
We observe

(LV,W)Q = (Matmw)Q + (AV,W)Q = —(V,MatW)Q — (V,Aw) = —(V,LW) V,W € C}:(Q;Rm),

Q Q’

so that L* = —L is the adjoint differential operator. This is now complemented by initial and boundary conditions.

For the unit normal vector n € Lo, (9Q; R?) we define the matrix A, = ijl njAj € Rmx™ g0 that

sym

(Av,w)Q + (V,AW)Q = (Anv,w)(,)Q = (V,Anw)aQ , v,w € CH(Q;R™).

Correspondingly, we get for the operator L in space and time

(Lv, W), + (v, Lw) , = (MV(T), w(T)), — (Mv(0),w(0))g, + (Apv. W) (0.T)x00 v,w € C'(Q;R™),
i.e., inserting L* = —L,
(v, L*W)Q = (LV,W)Q — (MV(T)7W(T))Q + (MV(O),W(O))Q — (ALv,w) (0.T)x 99 v,w € CH(Q;R™).
In order to define weak solutions, we include initial values for ¢ = 0 and boundary conditions on I'y for k =1,...,m in

the right-hand side. Therefore, we use a test space V* C C*(Q; R™) such that

(v, L*W)Q = (Lv,w)Q + (Mv(0),w(0)),, — (Anv’w)(O,T)XBQ’ v e CHQ;R™), we V*
with
(Apv,w) 0.T)x00 = Z ((Anv)k’wk>(0,T)ka ) v e CHQ;R™), w = (wy,...,wn,) € V*. (1)
k=1

The property (1) characterizes adjoint boundaries I';, C 9Q for k =1,...,m, so that the test space is defined by
VvV ={weC(QR™): w(l)=0inQ, w(t)e S* fort€[0,7)}
with & ={w e C'((GR™): (A4,w)r, =0onT;, k=1,...,m}
with homogeneous final values at ¢ = T and homogenous values at the adjoint boundaries.

Our aim is to find a weak solution u € La(Q;R™) solving

(u,L*W)Q = <€7W> with <£,w> = (f, W)Q + (Muo,w(O))Q — (g, w) (0.T)x89 ° w e V¥ (2)
for given volume data f € Ly(Q;R™), initial data ug € La(£;R™), and boundary data g € L2((0,T) x 9Q; R™), where
the boundary data g = (gx)k=1,...,m are extended to Q2 by gx =0 on N\ Ty, for k=1,...,m.

Testing the weak solution u € Ly(Q;R™) in (2) with functions in v € CL(Q;R™) defines the weak derivative Lu = f in
Lo(Q;R™). If in addition u(0) € Lo(Q;R™) and A, ul,r)xr, € L2((0,T) x I'y) for k = 1,...,m, the weak solution is
also a strong solution characterized by

Lu=fin LQ(Q;Rm)a 11(0) =up in LQ(Q;Rm) ) (Anu)k = gk On LZ((OvT) X Fk)a k=1,...,m. (3)
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This is now specified for acoustic, elastic and electro-magnetic waves.
Acoustic waves. The second-order wave equation
007¢ —V - (kV¢) = b
is considered as first-order system with p = 0;¢ and q = —kV ¢, i.e.,

00ip+V-q=0>b and 9;q+xkVp=0 in (0,T) x Q,
p(0) =po and q(0) = qo inQatt=0,
p(t) =pp(t) on I'p and n-q(t) = gn(t) on 'y on 9N for ¢ € (0,7T)
for volume data b, boundary data gy, pp, initial data qq, pg, positive parameters p, k, and the disjoint decomposition of

the boundary 92 = I'p U 'y into Dirichlet and Neumann part. The corresponding Friedrichs system with m = 1+ d
components is given by

_ (P _ [ ep _(V-a _(n-q _ (b N
n= (@) = () = () am=() (o) s=(n) @
so that for smooth functions ¢, 1 with ¢ =0 on (0,7) xI'p and n-9 =0on (0,7) x I'y

(An(p7 q)’ (SD7 T’b))(O,T)xaQ = (n : q) SD) (O,T)XFN + (p7 n- d’) (O,T)XFD N

In two space dimensions, this corresponds to the boundary parts I'y =I'f =I'p and I'y =15 =TI's =I'; =I'y, and

sym

0 01 0 00 1
M=10 ' 0 | €Lo(R}, A/ =1 0 0] eR¥3, A, =10 0 0] eR33.
0 0 0 0 1 00

Elastic waves. Linear elastic waves are described by the first-order system for velocity v and stress o

00v—V-o=Db and Jo0 —Ce(v)=0 in (0,7) x Q,
v(0) = vy and o(0) =09 inQatt=0,
v(t)=vp(t) on I'p and on =gy(t) onI'y on 0N for t € (0,T)

with mass density ¢ and, in isotropic media, with Ce = 2ue + A trace(e)I3 depending on the Lamé parameters u, A > 0.
This corresponds to the Friedrichs system with

0o (o) s (o) e (C507) a (o) 1= (8) 8 (Lo Zr) - @

Ford=3wehavem=9and 'y =1} =Ip for k=1,2,3,and 'y, =I';, =I'x for k =4,...,9.

Electro-magnetic waves. The first-order system for the electric field E and the magnetic field intensity H

e E—VxH=-J and poH+V xE =0 in (0,7) x Q,
E(0) =E; and H(0) = Hyp inQatt=0,
nxE(t)=0onTg and nx H(t) =gy on 'y on 0N for t € (0,T)

with permittivity e, permeability u, and boundary decomposition 92 = I'g UT'\; corresponds to a Friedrichs system with

(B e () e (S0 e (220) () e ()

Ford=3wehave m=6and I'y =1}, =I'g for k =1,2,3, and I'y, =I'} =T'y for k = 4,5,6.
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Remark 1. We only consider the case that the symmetric matrices A;, j = 1,...,d, are constant in Q. In general,
A; may depend on x € ), e.g., for the linear transport equation Lu = Owu + a - Vu with m = 1 and transport vector
a(x) € Re. Then, Ty is the inflow boundary, and for the adjoint equation we obtain L*v = —0yw —a- Vv — (V - a)v with
't = 9Q\T'y. For the DG analysis of this case we refer to [Di Pietro and Ern, 2011, Chap. 2] in the steady case and
to [Dérfler et al., 2016] for a Petrov—Galerkin space-time method.

The suitable choice of the subsets 'y C 92 for kK = 1,...,m for the boundary conditions in general Friedrichs systems is
discussed in [Di Pietro and Ern, 2011, Chap. 7.2]. Here we consider the special case for wave systems. The property (1)
characterizes the adjoint boundaries I';, C 02 for k = 1,...,m, and we observe

m m

((Anv)k"wk)(o,T)xl"k = (4,v,w) (0,T)x8Q (v, 4,w) (0,T)x8Q Z (v, (Anw)k)(o,T)xaQ\F;
k=1 k=1

for v=(vi...,v,) € CH{Q;R™) and w = (w1, ..., w,) € V* and thus, defining
V={veC(QR™):v(0)=0inQ, (4,v)r =0o0n (0,7] xTy, k=1,...,m}
with homogeneous initial value at ¢ = 0 and homogeneous boundary values on I'y, we obtain

(Av,w) v, A, w) 0, veV, weV".

(0,7)x0Q — ( (0,T)x0Q —

Boundary conditions are required in order to obtain uniqueness and well-posedness of the solution. Therefore, we require
for the subsets I'y, C 01, for k = 1,...,m, that the operators L and L* are injective on V and V*, respectively, i.e.,

{vev:iLv=0}={0}, {weV':L'w=0}={0}, (8)

where the relatively open adjoint boundaries I'; C 0 for k = 1,...,m are determined by property (1).

Now we show that both conditions in (8) are necessary. The first condition for T'y is required for uniqueness for strong
solutions: if v € V \ {0} exists with Lv = 0, then this is a non-trivial homogeneous strong solution, i.e., v solves (3)
with up = 0, f = 0, and g = 0. On the other hand, if the second condition is violated, weak solutions do not exist for
all volume data: if w € V*\ {0} and f € Ly(Q;R™) exists with L*w = 0 and (f,w)g # 0, no weak solution of (2) with
homogeneous initial and boundary data ug = 0 and g = 0 exists.

Remark 2. The formulation of wave equations in our examples as Friedrichs systems yields symmetric matrices of the

0 A. -
form Aj = (AT T with Aj € R™>™2 gnd m = my + ms. For the boundary conditions we can select a relatively
open set I'y C 0Q. Then, defining Ty =Ty for k =2,...,my, Iy = 0Q\ Ty for k =m; +1,...,m, and Iy =Ty for
k=1,...,m, we observe that property (1) and conditions (8) are satisfied.

Remark 3. For smooth domains and data, the solution is also smooth, e.g., for acoustics ¢(t) € H*(Q?) for all t € [0,T]
with s > 2. This allows for improved approzimation orders O(h®) for ¢. On the other hand, the necessary regularity
requirements are quite restrictive [Rauch, 1985/, and the second-order formulation does not allow for the convergence
analysis of piece-wise discontinuous solutions.

Remark 4. Waves in real media are dissipative and dispersive; e.g., modeling electro-magnetic waves in matter needs
to include conductivity and impedance. The DG analysis can be extended to this case; see, e.g., [Di Pietro and Ern,
2011, Chap. 7] for the steady case and [Déorfler et al., 2020] for visco-elastic waves with impedance boundary conditions.
In the elastic model for Rayleigh damping or for the Kelvin—Voigt model, the linear operator takes the form L = M O,+D+A
with (Dv)(t,x) = D(x)v(t,x) and D € Lo (4 RESD) symmetric positive semi-definite; then, L* = =M, + D — A.

All our subsequent results extend to this case, but for simplicity we only consider the case D = 0.
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3. The full-upwind discontinuous Galerkin discretization
In this section we introduce an upwind DG discretization for the first-order system.

3.1. The DG finite element space in the space-time cylinder

For the discretization, we use tensor product space-time cells combining the mesh in space with a decomposition in time.
For 0 =ty <t; <--- <ty =T, we define time intervals I, , = (t,—1,t,), time-step sizes At,, = t,, — t,—1, and

I, = (to,tl) y---u (tN—17tN) cl= (O,T), 8Ih = {to,tl,...,tN_l,tN}.

We set At = max At,, and we assume quasi-uniformity, i.e., At,, € [CsAt, At] with Cy, € (0,1] independent of N.

Let Kj be a mesh so that Qj = UKE,Ch K is a decomposition in space into open cells K € @ € R Then, we obtain a
tensor-product decomposition into space-time cells R = I,, , x K

N

Qu=InxU=JQui=|J RCQ=IxQcR™,  Quu= |J LupxK C L xQ
n=1 RER Keky

of the space-time cylinder Q. Let F' € Fi be the faces of the element K, and we set Fj, = |, Fx, so that 08, = UFeﬂ F

is the skeleton in space; Q) = Uivzo{tn} x 0, is the corresponding space-time skeleton. For inner faces F' € Fp N Q)
and K € Ky, let Kr be the neighboring cell such that F = 0K N9Kp. On boundary faces F' € Fj, N0 we set Kp = K.
Let nx be the outer unit normal vector on K. We assume that Q = Q;, U9y, and that the boundary decomposition is
compatible with the mesh, i.e., [ = UFe]-‘Kerk Ffork=1,...,m.

We set hg = diam K, hp = diam F', and h = maxhy. We assume quasi-uniform meshes and shape-regularity, i.e.,
hr > Cyhg for F € Fg with Cg, > 0 independent of hg. In the following, we use the mesh-dependent norms

N 1/2
/2|, = (Z 3 h‘}‘(||vh||§nwth) . acR. 9)

n=1KeK),

In order to calibrate the accuracy in space and time, we assume, depending on a reference velocity ¢t > 0, that the mesh
size in time and space are well balanced satisfying

Cref AT < h. (10)

Remark 5. For simplicity we use only tensor-product space-time meshes. For the extension to more general meshes in
the space-time cylinder we refer to [Gopalakrishnan et al., 2017/, see also the analysis in [Bansal et al., 2021]. General
meshes in R4 are considered in [Schafelner, 2022]. Then, the condition (10) can be relazed to a local condition.

The DG discretization is defined for a finite dimensional subspace V}, C V), C Cl(I n;Sh), where

Vi = {vh € CHQu;R™): Vih K = Vi|I, ,xk extends continuously to v, » x € CO(Inﬁh X K;Rm)} ,

Sp = {vi € CH(Qu;R™): vi ik = vi|k extends continuously to vj, x € C°(K;R™)}.

For the positive definite matrix function M € Lo (; RIZX™) let M), € Loo(Q; RILX™) be a piecewise constant approxi-

sym sym J ©
mation, and for K € K, let M, , € RIZX™ be the continuous extension of M|k to K; in case of material jumps this
can result to different values on the left and right side of a face, i.e., Mg|r # Mk, |F.

Let L;, = M0, + A be the corresponding linear differential operator, where the approximated operator M}, is given by
(Mpv)(t,x) = M, (x)v(t,x). Note that then Lj,(V}) C Vj,.
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For our applications, we use a tensor-product construction of the finite element space.

For every space-time cell R = I, , x K we select polynomial degrees pr = p,,x > 0 in time and gr = g»,x > 0 in space.
With this we define the discontinuous finite element spaces

Supn =[] PauwBK;R™) C S, Sp="51n+ -+ 5N CSh, (11a)
Kekp

Vo = H Py, x @Pg, o (KGR™) C Vs, Va=Vip+--+Vnn CVp, (11b)
Kek,

where P, denotes the set of polynomials up to order p. For the following, we fix p = maxpr and ¢ = maxgg, so that
Sn,h cS, C ]Pq(Qh;Rm) c Sy, Vi, C Pp(fh) ® Sy C Pp(fh) & Pq(Qh;Rm) c V.

On the space-time skeleton 0Q); = ngo{tn} x Q U I, x 9Qy, the inverse inequality and the discrete trace inequality
[Di Pietro and Ern, 2011, Lem. 1.44 and Lem. 1.46] yield

1220, 2 Lyvn |, < Cine D720, 20 (12a)
||M;/2vh;|th < ctth*l/?M;/thHQ, vy, €V, (12b)

with Ciny, Cir > 0 depending on the space-time mesh regularity (and thus also on ¢ef), the polynomial degrees in V},, and
the material parameters.

Let I, : Lo(Q; R™) — V}, be the space-time Ly projection defined by

(MhHhV,Vh)Q = (MhVth)Q s vy € V. (13)

For vj, € Vi, let v, p, € CO([tn_l,tn];Lg(Q, h; Rm)) be the extension of vy,

Qnn € L2 (Qnn;R™) t0 [tn—1,tn].

In every time interval I, , we use the projection II,, p,: Ly(; R™) — S, 5, C Sp, defined by

(MpIly hW, W) = (MnWa, Wan) Woh € Snh -

Q b
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3.2. A discontinuous Galerkin method in time

For vy, w), € V), we obtain after integration by parts in all intervals I, ;, C Iy,

N
(M0, 90) g, = (~ (M 0ew) g+ (M () W () — (M), W), -
n=1

Introducing the jump terms [wp], = Wyt1 4 (tn) — Wy p(ts) forn=1,...,N —1 and [wy]y = —wn ,(tn), we define the
dual representation of the full upwind DG method in time

N
mp(Vi, W) = —(MpVan, 3th,h)Qh - Z (Mp Vi (tn), [(Whln) g » Vi, Wi € Vi . (14)
n=1
We have dual consistency by construction, i.e.,
mp(vy, w) = —(thh,ﬁtw)Qh , w e V*. (15)

Again integrating by parts and defining [vj,]o = v1,,(0) yields the primal representation

N
mu(Vh, Wp) = (Mhatvh,wh)Qh + Z (Mp[Vi]n—1, Wnn(tn-1))g, - (16)

n=1

Together, we obtain

2mp(Vi, Vi) = ma(Vi, Vi) + mp(Va, Vi)

N
Z ( Mh Vh n—1,Vn, h(tn 1))9 - (thn,h(tn)a [V}L]n)9>

N—-1
= (Mypvi(0), vi(0)),+ ( My Vil Varin(tn)) o — (Mpvan(tn), [Vh]n)Q) + (Mypvi(T),vi(T))g »
n=1
which yields
1N
mp(Vp, Vi) = 3 ; (Mp[Vh]n, [Vh]n)Q >0, Vp € Vh, (17)
so that
mp (Vh,Vh) =0 = mp (V}“Wh) = —(thh,atW)Qh = (Mhatvh,w)Qh y Vi, Wh € Vh . (18)
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For mp, (v, vi) = 0 we observe vy, € H(0,T;Sp,). This yields with dr(t) =T — ¢

T T
(Mth, Vh)Q = /O (Mth (t), Vi (t))Q dt = — /0 (thh (f), Vh(t))ﬂath (t) dt

T
— 9 / (M0 (8), 1 (0) g (8) dt < 2T (| M, 2001l (| M2 vl -
0

i.e., we have HM,1/2V;LHQ <2T HM,;lmatvhHQh. This extends to discontinuous functions in V), as follows.

Lemma 6. We have
(Mpvn,vn) g + Z dr(tn) (Mu[Viln, [Valn) g < 2mn(vh,drvy), Vi €V,

Proof. The assertion follows from

(thh,vh Z/ Mth Vh( ))Qath(t) dt

n=1"1tn

—o / (Madrvi(8), va()) odr (1) dt
0

N
_ Z (dT(tn)(MhVn,h(tn)>Vn,h(tn))Q — dT(tn—l)(MhVn,h(tnfl)aVn,h(tn71>)9)

=2 (Mhatvh, dTVh) Qn

+ 30 drlta) (Vi a(t) Varan(ta)) g = (Mivaa(ta), Van(t) o) = T 1My *via(0)
2(Mh8tvh,dth On +2 Z dT Mh vh]n,vn+1 h(t ))Q
- Z dr (tn) (M[Valns [Viln) g = T 1My *v1 5 (0)[13

< 2mp (vh, drva) — Z dr (tn) (Mp[Vhln, [Va]n) o
using

(thn+1,h(tn)aVn+1,h(tn))Q - (thn,h(tn)avn,h(tn))g = (Mh(vn-i-l,h(tn) - Vn,h(t )) V41, h( ) + Vi, h(t ))Q
= (MalViln, Varin(tn)) o + (Mu[Viln, Von(tn) g = 2(Mu[Valn, Vig1n(tn)) g — (Mu[Valn, [Viln) g, -
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3.3. A discontinuous Galerkin method in space

For vy, wj € S we observe, integrating by parts for all elements K € KCp,

(AVh,Wh)QhVZ Z <—(Vh,K,AWh,K)K+ Z (AnKVh,K,Wh,K)F>~

KeKy FeFk

For conforming functions v, we have for the flux A4, v = —A, v on inner faces F' C (2, and for discontinuous functions
F

we define the jump term [wp]x r = Wp k, —Wp k. On boundary faces F' C 99 this depends on the boundary conditions,
and we set (A, [vr])k = —2(A,Vve)k on Ty, C 0Q and (A, [va])r =00n 0Q\ T for k=1,...,m.
We use the discontinuous Galerkin with full upwind discretization in space which is of the form

an(Vh, Wp) = —(Vh,AWh)Qh + Z Z (Vh,mAruli [WIL]K,F)Fa
KeK, FEFk

where the upwind flux AjP € R™*™ is obtained by solving local Riemann problems.
For the DG method we require dual consistency for the bilinear form and the right hand side for the boundary values

an (v, w) = —(vh,Aw)Qh and  (loon(t),w) = (g(t),w)m27 vy €Sp, weST, (19)

and for the inconsistency complement we require that C; > ¢; > 0 exists such that

e Anvil [, < an(vivi) < CollAalvil[5o, . va € Sh, (20)
so that
an(vi,vi) =0 = ap(vh,wy) = —(vh,Awh)Qh = (Avh,wh)Qh, Vi, Wi € Sh . (21)
We assume that C'; > 0 only depends on the material parameters, and that
Jan (i) + (vis Awn) o, | < Col| MV g [ AniWalllo, Vi € Si (22a)
Jan (viwi) + (Avi i), | < Cal| Anvil g, 1M Willyo,  vawi € Si, (22b)
(Lo (8), wn) = (80, W) po | < Collg(O)l o, 1M "Wl - Wi € Sn. (220)

For acoustic, elastic and electro-magnetic waves the upwind flux is explicitly evaluated, e.g., in [Hochbruck et al., 2015,
Sect. 4.3]. Here, we only consider the dual representation; integration by parts yields the primal representation.

Acoustic waves. The full upwind DG approximation for the acoustic wave equation (5) is given by

an((Pn> qn); (on, Pn)) = Z (- (anx, Von) e — (onx, V- ¥nk) (23)

KeKy,

1
- - o + Zkpng - , + Zrng -
FGZJ;K Zk + Zrky (Pr.n + Zrenii - dicons [on] i r + Zing [¢h]K7F)F>

for (pn, dn), (¢n, ¥n) € Sy with impedance Zx = VFh Kk 0n Kk depending on the piecewise constant approximations for the
material parameters %, 0 > 0. On inner boundaries material discontinuities can result in Zx # Z,., on boundary faces
we define Z), = Zg on 00 N OK. On Dirichlet boundary faces F' € F, N I'p, we set [pp]x.r = —2pp, and n - [qp]x,r = 0.
On Neumann boundary faces F' € F; NT'y, we set [pp|x,rp = 0 and n - [qp]x,r = —2n - q5. The right-hand side is
complemented by the stabilization, so that

(Coant). (on b)) = — (P (D)1 wn) ., — (an(Don)py + (P00 23 on)p, + (an (0, Zam - b . (24)

Integration by parts gives

1 1 2 2
an((pns an), (pnan)) = 5 K;} F;}( Zr + Zrr (H[Ph]K,FHF + ZKZKFHIIK . [qh]K,FHF> .
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Elastic waves. The full upwind DG approximation for the elastic wave equation (6) is given by
ah((Vha Uh), (Wh, nh)) = Z ((Uh.m E(Wh,K))K + (Vh,K, V- nh,K)K (25)
KeK,

1
—Fezf: W(nK (onxnkx — Zi Vi), 0k - ([n]x rnx — Z [Wh]KF)>F

1
- Z W(HK X (onxnk — Zi, Vi) 0k X ([M]krnk — Zi Wik, F))F>
FEFK

for (v, o), (Wh,mp) € Sp. The coefficients Z§. = \/(2,uh,K + Ak )on ik and Z5 = \/fin Kk On. ik are the impedance of
compressional waves and shear waves, respectively. On Dirichlet boundary faces F' € Fj, NT'p, we set [vp]x,r = —2vy
and [0k, pg = 0, and on Neumann faces F' € F;, NI'y we set [vy]x. p = 0 and [0k pig = —20png. The right-hand
side is given by
(Loan(t), (Wh,mp)) = (VD(t),UhH)FD + (gN(t),Wh)FN
+ (n -vp(t), (Zp)_ln . Wh)r + (n -gn(t), Z;n - nhn)FN
+ (nxvp(t),(Z;) 'nx wh) + (n x gn(t), Zin x 'r)hn)FN

with Z) = Z}, and Z} = Z5; on 0K N Q. Integrating by parts yields

an((Vi,on), (Vi on)) (26)

Zy +Z%,

'y ¥ (‘HK (fonlirmie) |2+ 228, [l - [onlscr |

KE)C;L FeFk

e < (nliconic) [ + ZicZie, e < fondicrll; )
Z5 + 75,

Electro-magnetic waves. The full upwind DG approximation for the electro-magnetic wave equation (7) is given by

an((En, Ha), (¢n,¥n)) = Z <(Eh,K; VX Yni) e — B ik, VX @ni), (27)

KeKy

1
+ 7(213 —ng x Hy g, ng X
Fezf:K Tn + Zr. (ZkEnkx —ng hiGNE X [YnlkF)

— (Zgng x Epx + Hy k, Zg, 0 X [‘Ph]K,F)F)>

for (Ey,Hy), (@n, ¥n) € Sy, with coefficient Zx = /e /. On the boundary faces, we set ng x [E]x r = —2ng x Ej, g
and ng x [Hp]grp =0 on F € F;, NI'g, and on impedance boundary faces F' € F;, N Ty, we set ng x [E]x p = 0 and
ng x H|g r = —2ng x Hy, . The right-hand side is given by

(Loa.n(t), (n,¥n)) = (8m(t), n — Z; 'n x d’h)rM

with Zy, = Zg on 0K NT. Again, integration by parts yields

an((En, Hp), (Ep, Hy)) Z Z T 7 Z (ZKZKFHIIK X [Eh,]K,FHQF + |Ing x [Hh]KFHQF) :
2 KR, rere Pt
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3.4. A discontinuous Galerkin method in time and space

Combining the two semi-discretizations, we obtain the full DG discretization

T
b},(Vh,Wh) = mh(Vh,Wh) + / ap, (Vh(t),Wh(t)) dt, Vi, Wi € Vh (28)
0

with right-hand side in the space-time cylinder

T
<£h, Wh> = (f, Wh)Q + (Mhuo, Wh(O))Q + /0 <£897h(t), Wh(t)> dt, vy €V (29)
For the space-time DG method we have by construction dual consistency for the bilinear form and the right hand side
b (v, W) = (vh,L;w)Qh and ({,,w) = (f,w)Q + (Mpug, w(0)) 5, + (g’w)(O,T)XBQ7 v €V, weVT (30)

and positivity for the inconsistency complement

1 N
b (Va, Vi) > 3 Z ||M§/2[vh]n||§, +cl||An[vh]||2Qh, Vi €W (31)

n=0
by combining (17) and (20). Together with (18) and (21) we obtain
b(Vi,vi) =0 = by(vh,wp) = (Vh,LZWh)Qh = (Lth,Wh,)Qh ; Vi, Wp € Vi s (32)

and (22) yields with C; > 0

o (Vi W) = (Vh’LZWh)Q,, = HMI}L/QVhHth\/HM;/Q[W’L]HZIMQ + ClHAn[WhmZQh ’ Vi, Wn € Vi, (33a)
|bh(Vh,Wh) - (thh;wh)Qh| < \/||Mi/2[vh” ZI}LXQ +C1HAn[Vh]||ZQh Mé/QwhHth ) Vi, Wp € Vh, (33b)
[(ewn) = (o wi)| < Mol 1A *wallg, + Crlgll, con | Wl o0 wa € Vi (33¢)

For sufficiently smooth functions v € Lo(Q; R™) with Lpv € Lo (Q; R™), v(0) € Lo (4 R™), [v], =0forn=1,... , N—1,
An[v] =0 on I, x F for inner faces F' € Fp, \ 09, and An[v] € Lao(I x 9Q;R™), we obtain consistency of the form

’bh<v7wh) — (b, wr) = (Lav — £, Wh)Q — (M (v(0) — uo)’wh)Q’ <G Z H(Anv)k - ngIth‘k HwhkaIhka - (39)
k=1

Lemma 7. We have, depending on ¢; > 0 in (20),
R = 2 r 2
HMi/QVhHQ-‘r Z dT(tn)”M}ll/Q[Vh]nHQ+2CI/ dT(t)HAn[Vh(t)]Hth dt < 2bh(vh,dth), v, €V .
n=0 0

Proof. By inserting v (t) into (20) and integrating over time we find

T T
o /0 dr(t) | Alvi ()], dt < /0 dr(t)an(va(t), vi(t)) dt,

and thus with Lem. 6 we get for all v, € V),

N—-1
(thh,vh)Q + Z dp(tn) (Ma[Viln, [Valn) g < 2ma(Vh, drv)
n=0

< 2mp(vp,drvy) + 2/0 dr(t) an (vi(t), vi(t)) dt — 2c1 /0 dT(t)HAn[Vh(t)]HZQh d¢

T
— 2y (v, drva) — 261 / ar(t)]| Anlva (]2, .
i ,
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4. Well-posedness and stability
We show that the discrete problem has a unique solution and is stable with respect to different norms.

4.1. Well-posedness of the space-time DG discretization

The well-posedness of the discrete equation is now established as in [Bansal et al., 2021, Prop. 5.1].

Lemma 8. A unique discrete approrimation uy, € Vy, exists solving
br(un, vi) = (lh, Vi), v € Vi (35)
Proof. Since dim V}, < oo, it is sufficient to show that u, = 0 is the unique solution of the homogeneous problem

bh(uh,vh) =0, vy € Vy. (36)

Since (36) implies by (up,up) = 0, we obtain by (31) for the jump terms ||Mi/2[uh]|| =0, so

Ol xQn Hén[uh] ||Ih><89h

that b (up, vy) = (Lhuh,vh) = 0. Since M), is piecewise constant in K € K, we observe Lyuy, € Vj, so that we can

Qn

test with v, = Lpuy; thus, also (Lhuh, Lhuh) = 0, i.e., Lpuy = 0. Now the assertion follows from Lem. 7 and (32) by

Q

||M;1/2uh||2Q = (Mpup,up), < 2bp(up, drup) = 2 (Lyup, drug), =0

Q Q ’ U

Remark 9. The previous lemma shows that the discrete graph norm defined by

b (Vi Wh)

sup _— vy € V ) 37

Ivallv, =

1s well defined and a norm in V.
Since the discrete graph norm is only a semi-norm in Vi, we have to use stronger norms for the convergence analysis.

4.2. Stability in space and time

Let 0 = cpo < cp1 < -+ <cpp <1 be the Radau Ia collocation points, so that

1 p
/O b(5)ds =Y wpdlcpr), B EPay
k=0

(with quadrature weights wy > 0 for k=0, ...,p), and let A\, ; € P, be the corresponding Lagrange polynomials

P
5—Cpj
Api(8) = H — B s €10,1].
Cpk — Cp i
J=0, j£k Pk DsJ
This defines Ay, n.x € Py, (In,n) by Anpk(tn—1 + sAtn) = Ay, k(s) for s € [0,1] and t,, ; = th_1 + Cp, Kk Aly.

Together this is combined to the corresponding interpolation Zp,: V), — V}, by

Pn
(In,hvn,h)(ta X) = Z )\n,h,k(t)vn,h(tn,ka X) ’ (t7 X) S In,h X Qh, Vo, h S CO([tn—lv tn]v Sh)a n ]-7 cee ’N .
k=0
For the interpolation we will use in the following the estimate
9 N pn 9 N pn )
1My 2T drvi) g = D D wpo kM Zildavi) (b )6y = D> darbn ) 2wp, k]| My v ()| 5
n=1 k=0 n=1 k=0
Y o 2 2
< T Y | M PVata) |6 = T2 M v, - (38)

n=1 k=0
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Lemma 10. If p, x =p, for all K € Ky andn=1,...,N, we have for vy, € V},

N Pn
HM%%ﬂé+§:QhwhﬂWﬁpWﬂmﬂ@+th)hwmwmﬂMJwﬁwﬂﬁm>§2%@mﬂwﬂwﬂ.

n=1 k=0

Proof. We observe

N  pn

N
(MhatvhadTVh)Qh’ = Z (MpOyvnh,drvan), X = Z prmk(Mh(atvn,h)(tn,k)ydT(tn,k)Vn,h(tn,k))Q
n=1 k=0

=

n=

Wpp k(M 0V 1) (b i), Tn p (A Vi i) (tn k) o, = (Mhatvhyzh(dTVh))Qh .

Nk

H
ES
Il

0

3

Using Zp, (drvi) (tn—1) = dr(tn—1)Van(tn—1) for n =1,..., N, we have

] =

mu(Vh, drvy) = (MhatvhvdTVh)Qh + (Mp[Vi]ns dr(tn—1)Va,n(tn-1))

n=1

N
= (MpOyvh, In(drvy)) Z Mup[Vi]n, Zn(dova)(tn-1)) o = mn (Vi Ta(drve))
n=1
and together with Lem. 6 we obtain

N
1305 vullg + D7 dr (b1, [vnlu- [l < 2mn(va,drvi) = 2 (Vi Ta(drva)) -

n=1

For the upwind DG discretization in space we obtain by (20)

Z Z n k wpn kH Vh( ”vk)H‘ZQh

P N pn

Z tok an N (Vh(t Z Z Wp,, k Gh Vh n k)yIn,h(dTVn,h)(tnyk))
n=1 k=0

T
_ / an (Vi (D), T (drvs)(8)) d = /0 an (v (0), T (dzva)(8)) dt

so that together we obtain the assertion by

N pn,
||M’1/2Vh|‘22 + Z <dT(tn—1)HM}1/2[Vh}n—lH; + 2¢; ZdT(tn,k)an,k||An[vh(tn,k)]H?)Qh>

n=1 k=0

T
S 2mh (Vh,Ih(dTVh)) +/0 ap, (Vh(t),Ih(dTVh)(t)) dt = 2bh(Vh,Ih(dTVh)) .

Remark 11. Together with (38) we obtain Ly stability with respect to the discrete graph norm by

b, (Vi Zn(drva)) | Zn(drvr, ||Q
||Ih(dTVh)HQ ||M,1/2vhHQ

1M, v, <2 < 2T |vallw,

for vi, € Vi \ {0}, i.e., [|IM}villg < 2T |[vallv,.-
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Corollary 12. Let uy, € Vj, be the discrete solution (35), and assume homogeneous boundary data g = 0.

If pr.x = pn for all K € Ky, andn=1,..., N, the solution is bounded by

N
HM}1/2Uth2 + Z dT(tn—l) (||]\/[’1/2[uh]n_1||?2 + 261||An[uh]||in,hxaﬂh> <4 HdTMh_l/2f||2Q + 4T ||]\4’1/2uo||?2 .

n=1

Proof. We have Zp,(drup)(0) = up(0) and forn =1,..., N

Pn Pn
dr(ta )| Anlwll[; o0, = @r(tn1) Y wpo ikl Ann ()], < D dr(tnk)wp, k]| Anftn(tn )], -
k=0 k=0

so that together with Lem. 10 we get the assertion by

1 1
S 15w+ 5 > drlin-) (11 fanl-a [ + 26 [ Anlsl[},, )
< bh (uh,Ih(dTuh)) = (Eh,Ih(dTuh» = (f, dTuh)Q + (Mhuo,Tuh(O))Q
_ 1 T
< [l o2 + S Bl G+ T o2+ 1A s 0]

O

Remark 13. The estimate in Lem. 7 directly implies that the Petrov-Galerkin method with test space V' = drV} is
well-defined and Ly stable: the Petrov-Galerkin solution ul € Vi, given by

bh(uEG,dTVh) = <€h,dTVh>, vy €Vy (39)
18 bounded by
Lian 2l 2+ L) 2a S )] < b (ubS, druf) = (6, drul®)
2 h h Q ) h h o = YUy 0Ty — \th, 0T Uy s
and thus, in case of homogeneous boundary data g = 0 we obtain
1/2 2 1/2 2 —1/2¢12 /2. 12
134, *0} % + T[22 *uf (0 [ < 4lar by ]|, + 4T || M, o |,
This is proposed and analyzed in [Babuska et al., 2001] for the semi-discrete case. Our numerical tests indicate, that the
Petrov-Galerkin modification does not improve the approrimation quality, and in the next section we show, that stability

and convergence in the DG norm can be established also for the Galerkin method with ansatz and test space Vi, and with
adaptively chosen p, k.
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4.3. Inf-sup stability in the DG norm

Suitable mesh-dependent DG semi-norms and norms can be defined for v;, € V}, by

N
Vilyog = VIV Vil per = J S (I8 2+ 2 E)]12) + oI
n=1
Ivallhne = VIvals e + 112 M PLval, o vallner = valspes + 1712002 2w 7 (40)

see [Ern and Guermond, 2021, Chap. 57|, [Di Pietro and Ern, 2011, Chap. 2 and 7|. Analogously to the proof of Lem. 8
we observe that thHh pe = 0 implies v, = 0, so that H . Hh pe indeed is a norm. Using (33), we obtain for vy, w;, € V

|bh(Vh,Wh) + (VhaLhWh)Qh| < |Vh|h,DG+ |Wh|h,DG and |bh(Vh,Wh) - (thh7wh)Qh| < |Vh|h,DG|Wh|h,DG+ . (41)

We have 2 |Vh}}217DG = 2bp(vp,vy) + <thh’vh)Qh — (vh’thh)Qh <2 |Vh|h,DG+{vh|h,DG’ ie., |vh|h,DG < ‘Vh’h,DG+’
and continuity of the bilinear form by, (v, wp) < thHh,DG||WhHh,DG+ and by (vp, wp) < ||VhHh,,DG+ HwhHh,DG'
The inf-sup stability for the advection equation [Di Pietro and Ern, 2011, Lem. 2.35] can be transferred to our setting.

Theorem 14. A constant cint.sup > 0 exists such that

bh(Vh,Wh) >
ZhA¥hy Wh) . eVy.
I N e e R

Proof. For given v;, € V, \ {0} we define z;, = hM{thvh € V4, and we obtain by the discrete trace inequality (12b)

S Ctr

WM, |, = Cu

h1/2Mh*1/2thhHQh < Cy (42)

|Zh}h,DG+ ||VhHh,DG )
and together with the inverse inequality (12a) this yields

1/2

211l o = 121l5.06 + 1120y 2Tzl < lanly pe + ol Ml < (CE + o) lvnllype- (43)

We observe, using (41),

C2 1 2 1
(thh7zh)Qh = bn(Vh,zn) < |Vh‘h,DG‘Zh|h,DG+ < %|Vh‘i,DG + ﬁ‘zhﬁ,mﬁ < ?|Vh‘i,DG + §thHi,DG'

This yields, inserting th/th_l/Qthth?h = (thh,Zh)Qh,

2
Ct T

2 2 2 2 1 2
thHh,DG = ‘Vh’h,DG + (thh?zh)Qh < ‘Vh’h,DG + 7|vh|h,DG + §th||h,DG +0n(Vi, 2n) ,

so that with Cy = 2 + CZ
2 2
||vhHh,DG < CQ|Vh|h,DG + 2bh(Vh,Zh) = bh(Vh, Covy + 2Zh) . (44)

Using (43), we obtain the assertion with cingsup = (C2 +24/C2 + C’fnv)_l by

bh(Vh, C2Vh + 2Zh) C_1 HV ||
||C2vh+2zh”h,DG = mtaupll A ll,DG

b
sup h (Vh7 Wh)

2 < |Covy + 2 ’
||Vh||h,DG = ” 2Vh Zh||h7DG w, €V, \{0} HwhHh,DG
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5. Convergence of the DG space-time approximation

In the first step, we show that stability in Ls implies convergence in the limit of the DG approximation. Then, by
assuming some regularity of the solution, qualitative convergence results are obtained in the DG norm.

5.1. Convergence in the limit

Let <Qh>heH be a shape-regular family of space-time meshes with H = {hq, h1, ha,---} C (0,00) and 0 € H.

Let (Vh) hen be corresponding DG finite element spaces, so that
li inf — =0 . 45
her vieVi HV VhHQ ’ vev (45)

For h € H, let up, € V}, be the solution of the discrete problem (35).

The proof of existence of a unique discrete solution in Lem. 8 only relies on the properties (31) and (32) of the DG bilinear
form and thus only implicitly on the boundary parts I'y, C 9. In order to obtain a unique weak solution of (2) in the
limit, constraints for the selection of 'y, C 99, k = 1,...,m, are necessary, cf. (8). This is used in the following.

Theorem 15. Assume that p, x = pn > 1 and g,k > 1. In case of homogeneous boundary data g = 0 and convergent

approximations of the material parameters My — M, Mh_1 — M~ in Loo (9 R;’;fnm), the discrete solutions (uh)h€H

are converging to a weak solution u € Lo(Q;R™) of (2). Moreover, u is a strong solution satisfying (3), and the strong
solution is unique.

Proof. By the assumption p, g = p, we can apply Lem. 10 with the construction of the interpolation Z;, and Cor. 12, so
that (up)pen is uniformly bounded by

3 a4+ 7 (3 2w O], < a7 (34,7722 4 (345 o | 5)

By (31) and the definition of ¢, (with g = 0), this also implies that
m
)y H(Anuh)kH?O’T)XFk = C1|‘An[uh]H?07T)Xth < b(up, up) = (lnun) = (F,un) , + (Mauo, un(0)),
k=1

IA

1 _ 1 1 T
g R+ S+ el L an o)

IN

1 _ 1
(5 +27) 125, ¢ + (57 +27) 1M, %ol

is uniformly bounded for h € H, so that together with the asymptotic consistency of the material parameters M;, — M,
M, ' — M~V in Lo (2 RZ™) we obtain with a constant Ct u, > 0 depending on the data

sym
|32l + 7| 2un () [ + e D7 | (Ann el pur, < Crmor hEH
k=1

The uniform stability in Lo(Q;R™) implies, that a subsequence Ho C H with 0 € Hy and a weak limit u € Ly(Q; R™)
with u(0) € La(Q2; R™) and (A, u)r|0,7)xr, € L2((0,T) x I'y) for k =1,...,m exists, i.e.,

(Mu, V)Q = hlér{(lo (Mhuh,v)Q , v € Ly(Q;R™)
(MU(O),VO)Q = hlégl-ll (Mhuh(O),Vo)Q, Vo € LQ(Q; Rm)
0
((Anu)k’ U)(O,T)XFk = hlg’;‘l-[lo ((Anuh)k’v)(O,T)ka ) v e L2((O7T) X Fk)v k=1,...,m.
Then we obtain
(u, L V)Q = hlér?{[lo (uh, L V)Qh = hlgq{[lg (uh,LhV)Qh = lgr{lo bp(ap,v), vEV,,

using dual consistency (30) for the last step. This extends to H}(Q;R™), and by the assumption p;, i, qn x > 1, for all
v € H}(Q;R™) a sequence (vp)nen, exists with v, € Vi, N HY(Q; R™) and hlirqr_ﬂl vj, = v, so that by (30)
€Ho

(u, L*V)Q = hlér{(lo br(up,v) = hlér%[lo bp(up, vpy) = hlég{lo (f, Vh)Q = (ﬂv)Q7
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i.e., for the limit u the weak derivative Lu = f in Lo(Q;R™) exists. This extends to initial and boundary data. Therefore,
let V° c HY(Q;R™) be the closure of V* in HY(Q; R™); then, for all v € V* a sequence (vj,)nen, with v, € V, NV and

lim vy, = v exists, and we get again by (30)
heHo

(u, L*v) = hlgr_}o bp(up,v) = hlé%r{lo bp(up,vy) = hlgtlo <€h,vh> = (f, V)Q + (ZMuO,V(O))Q )

Q
Thus, using v(T) = 0 for v = (vy ..., v,,) € V* yields
0= (u, L*V)Q — (f7 V)Q — (MuO,V(O))Q = (u, L*V)Q — (Lu,v)Q — (Muo,v(O))Q

= (Mu(O),v(O))Q — (45u,v) (0,T)x8Q (Muo,v(O))Q = (M(u(0) — uo), Q + Z ((Apu)r, v) (0,T)xT, *
k=1

so that u(0) = up in Q and (A u)y = 0 on (0,T) x 'y for k = 1,...,m, and thus u is indeed a strong solution with
homogeneous boundary conditions at (0,7 x 9.

Next, we show that the weak limit is unique. Therefore, select another subsequence H; C H with 0 € H; and with a
weak limit @ € Ly(Q; R™) with 6(0) € La(;R™) and (A, 0)k|0,7yx1, € L2((0,T) x I'y) for k =1,...,m. Then, we also

obtain 1(0) = up and (A4, 0)r =0 for k =1,...,m. A sequence (ep)nrey With e, € V}, exists such that limpcy e, = u—1,
and we get

1 1/2 1/2 . : : -

iHM / ( HQ - AIGH”;'}[ ||M / ehH < hm bh (eh,Ih(dTeh)) = hlél’{[lo bh (uh,Ih(dTeh)) - hlér”;'l-’[ll bh (u,Ih(dTeh))

=1 In(d -1 Iy (d
R (Cn,In(dren)) i (ln,In(dren))
= <€, dr(u— u)> — <Z, dr(u — ﬁ)> =0,
so that u = u. This shows that the weak limit is unique, so that the full sequence is converging, i.e., limpcy up = u.
The same argument applies to all strong solutions, i.e., u is the unique strong solution of (3). O

Remark 16. The result extends to inhomogeneous boundary data g # 0, if an extension ug € La(Q;R™) exists with
Lug € Lo(Q;R™) and (Anug)r € Lo(I x T'y) satisfying (Anug)r = gk, k = 1,...,m. In particular, the regularity result
that the limit of the DG approximations is a strong solution requires sufficient reqularity of the boundary data.
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5.2. Convergence in the DG norm

We adapt the convergence result for the DG norm (40) in [Di Pietro and Ern, 2011, Thm. 2.37] to our setting.

Theorem 17. Assume that the strong solution of (3) is sufficiently smooth satisfying u € H*(Q; R™) with s > 1.
Then, the error for the discrete solution up € Vi, of (35) is bounded by

o 0l s < B2 D], + CTH 2 312 01, — Aoy
with C' > 0 depending on the mesh regularity, the polynomial degree, and the material parameters.
Proof. Since we assume for the solution u € H'(Q; R™), we have Lu, Lyu € Lo(Q; R™), for all traces u|og, € L2(0Qn; R™),

[ul, =0forn=1,...,N —1, and A,[v] = 0 on I}, x F for inner faces F' € F; \ 99, and (A,u)x = gr on I x Iy for
k=1,...,m, so that by (u,vy) is well defined with

T
bh(u, Wh) = (Lhu,Wh)Q+ (Mhu(O),Wh)Q +/O <€ag7h(t),wh> dt = <£h7wh> + ((Mh — M)8tu,wh)Q, wp eV (46)

Thus we obtain for the discrete solution u, € V;, Galerkin orthogonality up to data error

bh(ll}“Wh) = bh(ll,Wh) + ((M - Mh)atll, Wh) wp €V

Q )
By the trace estimate (12) we obtain ||WhHZ pa+ < (CL + 1)h_1HM}1/2WhH2Q, so that by Lem. 7

HM;/QW'IHZQ < 2bn(Wh, drwp) <2 HwhHh,DGHdTwhHh,DG*' <2T HwhHh,DGHWhHh,DG‘*'

1 2
mhﬂwhnh,nm

< 2T2(C2 + l)hfluwhHi’DG +
1
< 21O+ D [wally e + 51w fg, -
so that the consistency term can by bounded by

(M = My)dpu, wi) , < | (M, 2 (M — Mo o | M, *w |,

< QTWh_l/QH(M{l/Q(Mh - M)atuHQHWhHh,DG :

For all vy, € V}, this yields the estimate, using Thm. 14 and continuity of the bilinear form b, (-,-) in the DG norms

bh(uh —Vh,Wh) bh(u_vhawh) + ((M_ Mh)atu7 Wh)Q
Cinf—sup ||uh — Vp ||h DG S sup _— = sup
’ wr€V\{0} HwhHh,DG wrEV\{0} HWhHh,DG

< lw =il pas +20y/CB 4+ 102 (M, V2 (M, = M)dpu| ,

Now select an H'-stable quasi-interpolation v;, = Hglu of Clement-type [Bartels, 2016, Sect. 4.4.2] with

|32~ 1), < Cae [Dull. M7 Ly(u — 1) |, < Cs|[Dull,
and

2720 = T |, + B2 M2 0 = T ) |, + B2 [ M 2E (0 — M) |, < Coh™=/2|Drul .

u) Haczh

Then, the result follows from interpolation estimates using [Di Pietro and Ern, 2011, Lem. 1.59] and

Hu < Hu - H%luHh,DG + Huh - HgluHh,DG

< fju- HgluHh,DG + Cntsup |1 — HgluHh,DG+ +2T/CE + 1 Ci—n%—suphil/QHMh_l/?(Mh - M)atuHQ
< Coh* 2| D%, + C7Th Y| M, (M, = M) Dyl , -

- uh”h,DG
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This recovers the convergence result [Bansal et al., 2021, Prop. 6.5] for the DG semi-norm (40).
Corollary 18. Assume that the strong solution of (3) is sufficiently smooth satisfying u € H*(Q; R™) with s > 1.
Then, the error for the discrete solution uy, € Vi, of (35) is bounded in every time step by

1342 (u(ta) = wn(t)) |, < Ch*~Y/2 D7 +OTh™ || M, (M = M)y,

uH(O,tn)xQ tn)XQ

with C > 0 depending on the mesh regularity, the polynomial degree, and the material parameters.

For the proof Thm. 17 is applied with T' = ¢,,; then, the assertion directly follows from %HM;/QV(T)HQ < Hth G-

Remark 19. If M € Lo (Q;RX™) is smooth, the consistency term can be estimated by

sym
(M, 2 (M, = Mo, < || M2 = M) M| || M 20,]|

If M is discontinuous and if the jumps of the material parameters are not resolved by the mesh, the consistency error can
be estimated in case of higher regularity of the solution: if Opu € La(0,T; Ly (Q;R™)) with ¢ > 2, we obtain

||Mh_l/2(Mh - M)atuHQ < ||Mh_1/2(M — Mp)M~ 1/2||L2q/(2 o (UREDX™ ||M1/2atu||L2(0,T;Lq(Q;Rm)) . (47)
5.3. Error control
For the error u — uy, in the DG semi-norm we obtain from (18) and (20)
N-1 ,
u—wnfy g < 5 (HMI/2 wn(0) = wo)[X + S 1ML [l + | MY (an(T) u(T))HQ) (48)
n=1
+ 3w = gy, + CrllAnlunlll, o,
k=1
and in the DG norm
ot = a5 s = = o 7205 L = )
< Ju =y e + 2|20, P Ly — B2, + 2[R0, 2 (M — M) ol (49)

Up to the error up — u at final time T in (48) and the parameter approximation error M — My in (49), this can be

1/2
evaluated explicitly by the residual error indicator 7es n = ( Z 77r2es, R) given by the local contributions
RERy

_ 2 o 2 2
77r2cs,R = "rzes,n,K +2hk HMh 1/2(Lhuh - f)HR + Z ||(An“h)k - gk“(tn,l,tn)x(l“kﬂaK) + ClHAn[“h]H(tn,htn)x(mak)
k=1

for R = (tn_1,t2) x K, n=1,..., N, with
Thes,1,K = §||M,1/2<uh<o> )i+ MY i, R= 0,0 x K,
Wasinsc = 3 IM sl %+ 5102wl R=(tu 1) x K, 1 <n <N,
Mo, NI = %HMi/Q[Uh}Nlei( : R=(ty_1,T) x K.

Lemma 20. Let u € Ly(Q;R™) be the weak solution of (2) and uy, € Vj, the discrete solution of (35).
Then, if u is a strong solution, the error in the DG norm is bounded by

2 1/2 2 12 3 ;—1/2 2 \1/2
(P + M2/ (n(T) = (D)5, + 2 [B/204, (M = M )pulf7, )

|u— uh“h,DG =
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6. Numerical experiments

The convergence estimates are illustrated by numerical experiments for acoustics (5) with Dirichlet boundary conditions.
Experiment 1. We test the convergence of the solution with smooth initial value and piecewise constant material

1 . <

g(x)—{ =T ix) =1/ox), £=0, Q=(0,1)x(0,1)2, y€(0,1), mMeR?, m-m=1,
2 x-m>vy,

so that the impedance is constant across the interface. We start with

sin(37z)?2
() = aofcem) () wih aom:{ (3ma)* @€ (0,173

0 else.
_¢ ‘m <
Then, the solution is given by u(¢,x) = o (x — tm) XS,
up(2x — (t+2/3)m) X m> .

Case a). If the material interface is resolved by the mesh (M = Mj,), we observe for linear approximations in space and
time on uniformly refined meshes the expected convergence rate in the DG norm (Fig. 1). For this configuration also the
dual problem is smooth which results in better convergence rates for the Ly error, in particular in the adaptive case.

J4 Hu - uhHDG A HMi/Z (u — uh) HQ 10° E =@~ )cs,, uniform refinement
3 0.744239 0.244213 ] - Hu - uhHDG,h uniform refinement
4 0.569868 0.135738 1 —— H[Mf/z (w(T) = up(7)) ||l uniform refinement
5| 0.328281 0.047846 107" 3 (M2 (u = up)[|g uniform refinement
6 0.143545 0.011040 ] & u- u;LHDGﬂ adaptive refinement
7 0.054274 0.002494 1 H]\/[J/Q (u—up) HQ adaptive refinement
8 0.019645 0.000615 1072 5
1073 E

3 4 5 6 7 8
mesh level ¢ with mesh size h = 27 ¢hy

F1GURE 1. Convergence test for the first experiment with v = 0.5 and m = <(1)>

Case b). If the material interface cannot be resolved by the mesh (M # Mj), the consistency error gets relevant, which
is observed by the results in Fig. 2.

14 Hu — uhHDG A HMi/Q (u — uh) HQ 10° E =@~ )rcs,, uniform refinement
3 0.803100 0.222789 ] - Hu - u;LHDG_h uniform refinement
4 0.566667 0.111046 1 - H]\Iﬁ/z (u(T)’ —uy (7))l uniform refinement
5| 0.298943 0.035623 107" 3 M2 (u = up) |l uniform refinement
6 0.126032 0.012112 ] & u- uhHDGﬂ adaptive refinement
7 0.051102 0.006775 1 N Hl\/fﬁn (u—up) HQ adaptive refinement
8 0.022482 0.004264 1072 5 \
1073 E

T T T T T T
3 4 5 6 7 8
mesh level ¢ with mesh size h = 27 ¢hy

FIGURE 2. Convergence test for the first experiment with v =4/7 and m = (82)

Although the material interface cannot be resolved by the mesh, the solution is sufficiently smooth so that the approxi-
mation error of the material data Mj; — M can be estimated by Rem. 19. We observe nearly optimal convergence in the
DG norm, but now the Ly convergence gets worse in comparison with the first case.
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In both cases, the convergence of u(T) — up(T') in Ly is faster than the convergence in the DG norm, and the residual
error indicator yield results close to the error in the DG norm; this confirms the estimate in Lem. 20 . We observe that
adaptivity provides better solutions with a substantial reduction of the required problem size dim V}, to achieve a certain
accuracy. Therefore a single adaptive step is sufficient, where the polynomial degree in space and time is increased for
Nres,R > U1 MaXRreR,, Nres,r7 a0d decreased for nyes, r < Yo MaxXprer,, Mres, 77, depending on ¥ > ¥g > 0. Note that this
results in a different refinement pattern in every time interval, and a simple refinement in space is not sufficient for a
strong reduction of the required degrees of unknowns. Here, we select 17 = 0.3 and ¢y = 0.02, and in the figures for the
adaptive results the mesh size is logarithmically interpolated depending on the degrees of freedom.

Experiment 2. Finally we test the convergence of a Riemann problem, where the solution is given by

0
x-m< —t,
0
1 0.8
u(t,x) = —t<x-m<t¢t, m= , k=1, =1, =0, = (0, x (—=1,1) x (0,1).
0.6 1 1, £f=0 1/2 1,1 1
m .
1
t<x-m,
0

Then, Lu = 0, so that u is a strong solution, and since the condition in Rem. 16 applies, we obtain convergence in the
limit by Thm. 15. On the other hand, the solution is piecewise discontinuous, so that the smoothness assumption in
Thm. 17 is not satisfied. We also observe convergence, cf. Fig. 3, but with a reduced rate O(hl/ 3). In particular, the rate
is not improved for the Ly error, and simple adaptivity is not sufficient to increase the efficiency.

10° —@— )5, Uniform refinement
14 HU - uhHDG A HMh1/2 (11 - uh) llo & ||u - | g, uniform refinement
3 0.965539 0.201996 -4 HZ\/[;/2 (u(T)y —uy(T))||e uniform refinement
4 0.769326 0.152608 H]Mé/Q (u - uh) |l uniform refinement
5 0.605518 0.116801 - Hu - uhHDGﬂ adaptive refinement
6 0.474996 0.089880 1 H]\/I;/Q (u— uh) HQ adaptive refinement
7 0.371885 0.069248
8 0.290613 0.053403 01

3 4 5 6 7 8
mesh level ¢ with mesh size h = 2~ %h,

FiGURE 3. Convergence test for the Riemann Problem.

Here, the solution is not smooth, and the results do not improve if the material parameters are aligned with the mesh.
Moreover, further tests show that the convergence rate @(h'/?) in the DG norm cannot be improved by adaptivity, which
indicates that without sufficient regularity and jumps along the characteristics the DG norm is not appropriate for a
qualitative convergence analysis, as it is possible for point singularities, see [Bansal et al., 2021]. Then, the convergence
analysis requires high regularity in weighted Sobolev spaces.

7. Conclusion and Outlook

The convergence analysis in the DG norm only assumes regularity of the space-time solution u in H!(Q;R™); this implies
regularity of the solution u(¢,) at all time steps in HY/ 2(;R™). This clearly extends convergence results with respect
to the graph norm, where the analysis requires higher regularity. Moreover, the simple residual error indicator yields
estimates very close to the error in the DG norm. On the other hand, for discontinuous Riemann problems we can prove
only convergence in the limit, and the numerical experiments demonstrate that we obtain convergence in Ly but with a
reduced rate, which can be improved by adaptivity in Lo but not in the DG norm.

All our estimates rely on a Hilbert space setting. This may be not appropriate for hyperbolic systems, and numerical
tests demonstrate better convergence rates in Lj (Q; R™), but a corresponding analysis remains an open problem.
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