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Abstract

Upon solving a finite discrete reduction in the difference Heun equation, we arrive at an
elliptic generalization of the Racah polynomials. We exhibit the three-term recurrence
relation and the orthogonality relations for these elliptic Racah polynomials. The well-
known g-Racah polynomials of Askey and Wilson are recovered as a trigonometric
limit.

Keywords Difference Heun equation - Racah polynomials - Exactly solvable
quantum models - Eigenfunctions - Tridiagonal matrices

Mathematics Subject Classification Primary 42C05; Secondary 33C47 - 33E10 -
47B36 - 81Q80

1 Introduction

The Askey—Wilson polynomials [2] constitute a master family from which all other
members listed in Askey’s celebrated scheme of (basic) hypergeometric orthogonal
polynomials can be recovered via parameter specializations and limit transitions [13].
In particular, for parameters subject to a suitable truncation condition the Askey—
Wilson polynomials reduce to g-Racah polynomials [1], a finite-dimensional discrete
orthogonal family that is known to express the 67 symbols associated with the SL (2)
quantum group [12]. In the limit ¢ — 1, this reproduces a previously observed
interpretation of the classical 6j symbols for the Lie group SL(2) in terms of a hyper-
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geometric orthogonal family known as Racah polynomials, which arises similarly as
a finite discrete truncation of Wilson’s master family of hypergeometric orthogonal
polynomials.

A remarkable elliptic hypergeometric generalization of the 6 j symbols originating
from the Yang-Baxter equation for exactly solvable lattice models [7, 8] has been
identified and studied by Frenkel and Turaev [9]. It was pointed out by Spiridonov and
Zhedanov [31, 32] that rather than expressing orthogonal polynomials, these elliptic
6 symbols constitute in fact an elliptic hypergeometric counterpart of biorthogo-
nal rational functions that had been found previously at the basic hypergeometric
level by Wilson as a (non-polynomial) generalization of the g-Racah polynomials
[38]. From the point of view of representation theory, the elliptic hypergeometric
biorthogonal rational functions in question arise, respectively, as matrix elements for
(co)representations of an elliptic quantum group associated with U (2) [14] or as a
transition matrix between two different solutions for generalized eigenvalue problems
in a finite-dimensional representation of the Sklyanin algebra [26, 28]. A correspond-
ing extension of the Askey scheme to the case of (basic) hypergeometric biorthogonal
rational functions has been worked out in [39, 40].

The hallmark duality symmetry [1, 18] between the orthogonality relations and the
dual orthogonality relations for the (¢g-)Racah polynomials and the corresponding 6 j
symbols is known to persist at the level of the elliptic hypergeometric biorthogonal
rational functions and the elliptic 6 symbols [31] (cf. also [14]). The purpose of
the present note, however, is to point out an elliptic generalization of the (g-)Racah
orthogonal polynomials that avoids the transition to biorthogonal rational functions, at
the expense of sacrificing this manifest duality symmetry. To this end, we start from a
difference Heun equation that is obtained from the eigenvalue problem for a quantum
Ruijsenaars—Schneider-type particle Hamiltonian introduced in [41] (cf. also [15, 16]
for a proof of the integrability), upon specializing to the case of just a single particle.
Systematic studies of the solutions of this difference Heun equation were performed
in [6] for integral values of the (coupling) parameters and in [27] for parameters
pertaining to a much larger domain of orthogonality. Particular solutions for special
parameter instances of the difference Heun equation can be found in [36] (within the
framework of the finite-gap integration of soliton equations) and in [29, 30] (through
elliptic hypergeometry). Moreover, the difference Heun equation arises in the context
of the representation theory of the Sklyanin algebra [24, 25, 30], as a linear problem
associated with the elliptic Painlevé VI equation [21], and it turns out to describe the
introduction of surface defects to the index computation of certain four-dimensional
compactifications of the six-dimensional E string theory on a Riemann surface [20].

The difference Heun equation admits a rich hierarchy of degenerations general-
izing the Askey scheme (cf. [42]), the solutions of which are currently under active
investigation [3-5, 34, 35, 37]. In this same spirit, we will introduce below a finite-
dimensional reduction in the difference Heun equation that is obtained by means of
a truncation procedure that should be viewed as an elliptic counterpart of the trun-
cation yielding the g-Racah polynomials from the Askey—Wilson polynomials. We
thus end up with a finite discrete Heun equation describing the eigenvalue problem
for a finite-dimensional tridiagonal matrix with explicit entries given by theta func-
tions. By means of standard techniques from the theory of tridiagonal matrices, we
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will solve the corresponding spectral problem in terms of an orthogonal system of dis-
crete Heun functions given by an elliptic generalization of the (¢-)Racah polynomials.
This elliptic Racah polynomial is defined by a tridiagonal determinant giving rise to a
three-term recurrence relation and explicit orthogonality relations determined by the
Christoffel-Darboux identities. In the trigonometric limit, one recovers the g-Racah
polynomial of Askey and Wilson.

Let us now outline the precise layout of this note. In Sect. 2, we recall the defini-
tion of the difference Heun equation; by implementing a truncation condition on the
parameters the finite discrete Heun equation is introduced. This finite discrete Heun
equation encodes the eigenvalue problem for a finite-dimensional tridiagonal matrix
with simple spectrum. In Sect. 3, we construct the corresponding eigenvectors, which
entails the elliptic Racah polynomials together with their three-term recurrence rela-
tion and orthogonality relations. In Sect. 4, it is verified that in the trigonometric limit,
the elliptic Racah polynomials recuperate the g-Racah polynomials together with the
corresponding recurrence relation and orthogonality relations. We also point out a
Lamé type parameter reduction in the elliptic Racah polynomials that diagonalizes
a recently found elliptic generalization of the Kac—Sylvester matrix [43]. This is a
discrete elliptic counterpart of a well-known parameter reduction retrieving Rogers’
g-ultraspherical polynomials from the Askey—Wilson polynomials [13]. The main text
exploits some standard formulas involving the construction of eigenvectors for tridiag-
onal matrices via the theory of orthogonal polynomials. For the reader’s convenience,
the pertinent formulas are recalled in Appendix A at the end.

2 Finite discrete Heun equation

2.1 Difference Heun equation

The difference Heun equation is an eigenvalue equation for a complex function f(z):
Hf =Ef, (2.1a)

which is determined by a linear second-order difference operator of the form

(Hf) (@) =A@ fz+ 1D +A(=2) f(z—1) +B(2)f(2) (2.1b)

and a spectral parameter E € C; notice that we have scaled the independent variable
z such that the steps of the difference equation take unit values. The coefficients A(z)
and B(z) denote meromorphic functions that are given explicitly by

_ [z +urlr [z + % + vl
o= 11 =575 I,

’

1<r<4
2+ 1 +ul[z— 1 —ul
B(z) = r , (2.1¢c)
: 15,2540 t+1,  lz-1
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with
2 I1 [ 1} (7, ()] (2.1d)
Cr =3 1 U (s) — 5 Ur(s)ds- .
[hfu+ 10y 2L [T 2] R
In these formulas, mq, ..., w4 stand for permutations that act on (the indices of) the

parameters representing translations over the half-periods of the elliptic functions:
m =id,m = (12)(34), w3 = (13)(24), m4 = (14)(23). Moreover, we have employed
the following rescaled and normalized variants:

ICE) 6%

_6:(52)  0(52)
561(0)

[z]z = 830) )4 = 820’

2.2)

of the Jacobi theta functions

oo
61(2) = 61(z5 p) =23 (= 1) p* D’ sin(2n + 1)z
n=0

o
=2p"sin@) [ J(1 = p*) (1 = 2p™ cos(22) + p*").

n=1

oo
02(2) = O2(z: p) =2 ) p" 2’ cos(n + 1)z
n=0

o
=2p'"*cos(zx) [ [0 = p) (1 +2p™ cos(22) + p**).

n=1

o0
03(z) =6(z;p)=1+2 Z p"2 cos(2nz)

n=1

(1= P (1 +2p eos(22) + p*'72),

=T

3
I

04(2) = 04z p) = 1 +2)_(—1)"p" cos(2nz)

n=1

(1= p*)(1 = 2p* T eos(22) + p*'72),

=T

3
I

where 0 < p < 1 stands for the elliptic nome and the scaling parameter « > 0
regulates the real period %” of the coefficients of H. The difference Heun equation
depends on eight coupling parameters u1, ..., u4, v1, ..., V4 and a virtual regulariza-
tion parameter u; this last parameter merely shifts the spectrum of H (because the
elliptic function B(z) has only simple poles with positions and residues that do not
depend on u).
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The difference Heun operator H (2.1b)—(2.1d) goes back to a difference operator
introduced in [41, Egs. (4.1)—(4.3)] (upon specialization to the case n = 1). Notice that
for a precise comparison between the above formulas and those in [41], it is needed
to pass from Jacobi theta functions to Weierstrass sigma functions associated with the
period lattice Q2 = 2w Z + 2wy Z (cf. e.g., [17,Chapter 6]):

ant o

[z, =0r—1(@e 215, r=1,...,4, (2.3)
where w; = 7, p = €T with T = w3 /w1, w3 = —w1 — w) and
.20 (2 + oy .
00(z) =0(z), o5(z) =e pe 7@+ ) with ng = ¢(ws) s =1,2,3.
o (wy)

Here, 0 (z) and ¢ (z) = 0’(z)/0 (z) stand for the Weierstrass sigma and zeta functions,
respectively. Indeed, it is readily seen by means of the relation in Eq. (2.3) that—upon
conjugation with a Gaussian and multiplication by an overall constant—our difference
Heun operator H can be converted into a difference operator H of the same form as
in Egs. (2.1b)—(2.1d) but with all rescaled theta functions [-], being replaced by sigma
functions o, _1(-) (r =1,...,4):

~ _ 2 2
H=c¢ a+be az” fr 4z ,

wherea = S 3 _4(u, +v,) and b = S Zl$r54(u% + 02 +v,), e,
H— H < [z], = 0,-1(2).

The gauged and normalized difference Heun operator H thus obtained coincides there-
fore with the difference operator in [41,Egs. (4.1)-(4.3)] (with n = 1, Bh = 1/i,
y=1/2,u=—u,and | = u,, p,_; = v, forr =1,....4).

For the case of nonpositive integral values of the coupling parametersuy, . . ., u4 and
v1, ..., V4, eigenfunctions for H were computed in [6]. A more general construction
of the difference Heun eigenfunctions covering a much larger domain of parameter
values can be found in [27].

2.2 Finite-dimensional reduction

From now on, we will pick real-valued coupling parameters u1, . . . u4, vy, . . . v4 from
the domain

1
u, >0, |v| <u + 3 r=1,2) and u,,v, e R(r =3,4), (2.4a)

while throughout it will be assumed that the virtual parameter u is chosen in R such
thatu,u+1 # 0 mod %’TZ. To truncate the difference Heun equation, we adjust the
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real period %’T in terms of the coupling parameters in the following way:

a=—"___ withMmeN (2.4b)
uy+u +M

(souy +ur+M = g). Indeed, the conditions on the parameters ensure that the
(M + 1)-dimensional space of functions f : Ay, — C over the shifted finite integer
lattice

Av={ur,ur+1,u1+2,...,u1 +M}
is stable for the action of the difference operator H (2.1b)—(2.1d), because A(—u;) =
A(u; +M) = 0 in view of the zeros of [z]; and [z]; atz = 0 and z = %, respectively.

This gives rise to the following finite-dimensional reduction in the difference Heun
equation:

an—k fi1 + ax fi—1 + b fk =B fi (2.52)
fork =0,1,...,M, where f; = f(u; + k) and
ar = Ay +M —k), ar =A(—uy — k), by =Bui+k) (2.5b)

(sodag = ag = 0).
It is helpful to write out the coefficients in question explicitly:

w=T] [uy — uy + K, [u1 — v, — 3 + &,

2.6
lur +&l ug— 54Kk 2o

1<r<4

(because [—z]; = —[z]1 and [—z], = [z], if r # 1),

0 1_[ (U2 — ttny(r) +klr (U2 = Umy(r) — % + ki,

= = 2.6b
a s+ AL Ty ma(ar)  (2.6b)

1<r<4

(because [z + 21, = [~2]x,(r)), and similarly

ur+k+Lru) g +k—31—u
bk:ZC[l ) 1r [uy 2 Ir

, (2.6¢)
[ +k+ 31w k=5l

SO

lr +hk+ L +ul, up+k -1 —u
by = Z Cr(r) 2 - 2

L= my) (26d
e e R

1<r<4

(because 7, o s = 7y, (5)), Where 7, is understood to act on the coefficients a; and
by by permuting the parameters: 7, (us) = Uy, (s) and 7, (Vs) = vy, (5). With the aid
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of these formulas, one readily checks the positivity of the off-diagonal coefficients in
the finite discrete Heun equation.

Lemma 2.1 (Positivity) The off-diagonal coefficients ay, . .., ayand ay, . . ., ay of the
finite discrete Heun equation (2.5a), (2.5b) are all positive.

Proof Since a; = w3 (ay) (cf. Eq. (2.6b)) and the parameter restrictions in Egs. (2.4a),
(2.4b) are invariant with respect to the action of m, it suffices to verify the positivity
of ai. To this end, we observe from the product expansions for the theta functions
that the sign of ay (2.6a) coincides with the overall sign of the principal trigonometric
factor:

sin(§k)  cos(§@uy —up + k) sin($ g — vy — 3+ k) cos(§(uy —va — 5 +4)
sin(5 (uy +k))  cos(5(ug +k)) sin(§ (uy — § +4)) cos($(uy — 1 +k)

For parameters in accordance with Eqs. (2.4a), (2.4b) and 1 < k < M, the positivity
of this trigonometric factor is clear because all sine functions are evaluated at angles
between 0 and 7:

b4
O<k<u+k<urtuy+mM=—
o
and

1 1 1 2
0<u1—|v1|——+k§u1——+k§u1+|v1|——+k<2u1+M<—T[,
2 2 2 o

whereas all cosine functions are evaluated at angles between —7 and 7
b4 b4
—— <uy—urt+k<u +k<—
o o

and

b4 1 1 1 b4
—— <ur—ur<u;— | —z+k<ug—<-+k<u+|v-s+k<—.
o 2 2 2 o

]

The upshot is that the finite discrete Heun Eqgs. (2.5a), (2.5b) encode the spectral
problem for a real-valued finite-dimensional tridiagonal matrix of the form

Hf = Ef, (2.7a)
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with
bopay 0 --- 0 Jo
ay by . : ji;
H=|0a . & 0 and f = : (2.7b)
: “Lby—1 aq fM.—l
0---0 au bu fu

In view of the positivity of the matrix elements on the sub- and superdiagonal by virtue
of Lemma 2.1, it is clear that the spectrum of H is given by M + 1 distinct and real
eigenvalues (cf. e.g., [23, Chapter I11.11.4]):

Eg > E{ > --- > Ey. (2.8)

Moreover, the tridiagonal matrix H in Egs. (2.7a), (2.7b) is quasi-centrosymmetric in
the sense that its matrix elements H; ; obey the relation

Hyu—jm—k =m (Hjx) for0<j k <m. (2.9)

3 Elliptic Racah polynomials
3.1 Diagonalization

We will now solve the eigenvalue problem in Egs. (2.7a), (2.7b) in terms of orthogonal

polynomials on the spectrum by applying standard techniques involving the interplay

between tridiagonal matrices and orthogonal polynomials, cf. e.g., [33, Chapter III]

and [10, Chapter 2]. To keep our presentation self-contained, a minimal compendium

of the pertinent formulas from the literature has been collected in Appendix A.
Specifically, let po(E) = 1 and

E — by —am 0 v 0
—a) E — b :
pr(E) = det 0 —ap T —Am3—k 0 3.1
: E—bi2 —Gutr—k
0 0 —Aj—1 E— by

fork = 1,...,M + 1. In other words, pi(E) is given by the kth leading principal
minor of the matrix (EIy+; — H) governing the characteristic polynomial of H (2.7b).
(Here Iy denotes the (M + 1)-dimensional identity matrix.) We will refer to the
polynomials pg(E), p1(E), ..., pu+1(E) as (monic) elliptic Racah polynomials. By
construction, these polynomials capture the characteristic polynomial of H at the top
degree k =M + 1:
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Put1(E) = det(Ely1 —H) = (E—Eo)(E— E1) - - (E — Eyp) (3.2)

(cf. Eq. (2.8)).
The following three-term recurrence relation is manifest from the definition (cf.
Appendix A, Lemma A.1):

Pk+1(B) = (E — bp) pr(E) — aray1—kpr—1(E) fork =0,....M (3.3)

(where ag = ay+1 := 0). Moreover, by expanding the determinant pg (E) (3.1) as an
alternating sum of products of matrix elements pulled from the distinct rows/columns,
one arrives at the following explicit expansion for the elliptic Racah polynomials (cf.
Appendix A, Lemma A.2):

Lk/2]
i ~ ~
p@® =) D" Y ajdwei—j o apauei— ] €=bj)
1=0 1<ji<ja<--<ji<k 1<j<k
Js+1—Js>1 J&s.s+1}
for s=1,....,I—1 for s=1,...,1

(3.4)

(with the convention that empty factors are equal to 1).
This brings us in position to solve the finite discrete Heun equation in terms of
elliptic Racah polynomials (cf. Appendix 1, Lemma A.4).

Proposition 3.1 (Eigenvectors) For any eigenvalue E in the spectrum {Ey > E| >
- > Ey} of H (2.7b) (i.e., on shell), the (M + 1)-dimensional (column) vector f(E)
with components given by normalized elliptic Racah polynomials of the form

fk®) =capr®), k=0,1,...,M, (3.5)
where
~ [z +M — ], [us — L +M—1]
Ck = l_[ aMll = l_[ r 2 1 r ’
0<l<k 1<1<k M2 = Umy ) +M =] [u2 = Uy — 3 + M = 1],

1<r=<4

solves the corresponding eigenvalue Eq. (2.7a).

Proof Since on shell we assume that E belongs to the spectrum of H and py1(E) =
det(Ely41 —H), itis clear that py1 (E) = Oin this situation. The three-term recurrence
relation (3.3) for the elliptic Racah polynomials then affirms that on shell:

Epi(E) = Pi+1(E) + axamy1—k pr—1(E) + b pp(B) fork=0,...,M—1,
¢ ayidit py—1 (B) + by pu(E) for k = M.

Multiplication of the kth equation by ¢, = ]_[0S 1<k Oy ! ; on both sides and rewriting
the result in terms of f;(E) for k = 0, ..., M, verifies that on shell the components of
the vector f(E) solve the finite discrete Heun equation (2.5a), (2.5b). O
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66 Page 10 of 26 J.F.van Diejen, T. Gorbe

Since all eigenvalues (2.8) are simple and f(E) is not a null vector (because
fo(E) = 1), it is clear that the corresponding eigenvectors in Proposition 3.1 pro-
vide an eigenbasis diagonalizing H:

F 'HF =E (3.6a)

with
F = [f(E0),f(E)),....f(Ew)]| and E = diag(Eo.Ei,...,Ew). (3.6b)
Moreover, upon pulling out the normalization constants from the rows of F and bring-

ing the resulting (M 4+ 1) x (M + 1) matrix of monic elliptic Racah polynomials to
Vandermonde form via unitriangular row operations, it is readily seen that

det(F) = (=MD TT a7 [ & e (3.7)

1<i<m 0<j<k=<m

3.2 Orthogonality relation

Let

H=mH), fE& =n(®), mHE =n(p®), adk; =mnE).
(3.8)

From Eq. (2.9), one learns that the matrices H and H are related by conjugation to the
M+ 1) x (M + 1) palindromic involution matrix:

0 0 1
0o . 0

H=JHJ with J=|: .- - - :|. (3.9)
0 1 0 0
1 0 0 0

Lemma 3.2 (Palindromic quasi-symmetry) (i) For any 0 < j <M, one has that

~ ~ D (E
B =k and B, = e d0(;) withe; = 2NE) (3.10a)
ai - -ay
(ii) Let €; = ma(€j) = pm(Ej)/(ayr - - - aw). Then
¢jé; =1 and Sign (e;) = Sign (&;) = (= 1)/ (3.10b)
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Proof Because H and H are related by a similarity transformation, it is clear that
E j =E;j and

HIf(E;) = JAf(E;) = E;JE(E)).

Since the eigenvalue E; is simple, this implies that J f (Ej) = ¢;f(E;) for some constant
€j = € (u,, v;) inR. Upon comparing the last components on both sides of the second
equality in Eq. (3.10a), we see that €; = €; fo(E;) = fM (E;) = pu(Ej)/(ar - an),
which proves (i).

Twice iterated application of Eq. (3.10a) shows that f(e i) =¢€;JEE}) =¢€; Ejf (E;)
(since J? = Iy41), s0 €j€j = 1(as f'(Ej) isnot anull vector). To compute the sign of €,
we evaluate the confluent Christoffel-Darboux identity in Eq. (A.5b) of Lemma A.3 for
n = MatX = E; by means of the factorization py41(X) = (X—Eo)(X—E1) - - - (X—En);
this reveals that py(E;) HO?;EM(Ej —F) = pM(Ej)pI/\,[_H (E;j) >0, s0

J

Sign(e;) = Sign(é;) = Sign(pw(g;)) = Sign [ [] & —&) [ = (1)
0<i<m

I#]

(upon recalling the ordering of the eigenvalues from Eq. (2.8)). This completes the
proof of (ii). O

Notice that it follows from the relation € ;€; = 1 in Lemma 3.2 that

pwENpuE) = ] arar. (3.11)
1<k<m
Moreover, if
(u1,v1) = (uz,v2) and (u3, v3) = (ug, v4), (3.12a)

then our matrix becomes centrosymmetric: JHJ = H = H. We then have that &; = ¢;
with ejz. =1,s0

€ = (=17 (3.12b)
on this particular parameter manifold enjoying palindromic symmetry.

The orthogonality relations for the elliptic Racah polynomials are governed by the
positive weights

A = HM (fork=0,1...,M)
aj
1<i<k
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_ [2u +2k1 (U2 = )y + M+ 1 =11, [uz — vayry) + M+ 5 — 1],
[2u1]: [y — uy + 1 [uy — v, — 5 + 11,

——
—

(3.13)

(where the expression was simplified using the duplication formula [2z]; =
211 <r< 4121, for the scaled theta functions).

Proposition 3.3 (Orthogonality relation) The normalized elliptic Racah polynomials
fr(E) (3.5) satisfy the orthogonality relation

- N ifi=j
> RED fiEpag =10 T (3.14a)
k=0 O lJCl #]7
for0 <i,j <M, with
N—— L [] Iej—=l
o _E
! l€jlar-aw 22 /
I#]
1 k uy— 4k
- [ur + k], [u 2 : 1r 1—[ |Ej—El|. (3.14b)
€1 1<k<M uy —ur + 5kl [ug — v, — > + k] 0<i<m
I<r<4 I#£]

Proof The asserted orthogonality follows by combining the Christoffel-Darboux for-
mulas in Lemma A.3 for n = M with Eq. (3.2) (cf. Appendix 1, Remark A.5):

!/
M M Pus1EDpm(E))
Pk (Ei) pre(Ej) — " ifi=,
Z.fk(Ei)fk(Ej)Ak = Z l_IlT] = ]_[lngMalaMH_[
k=0 k=0 1 L=<k ifv+i= 0 ifi # j.

Indeed, since pr/v[+1(EJ') = HO?;{EM(E'/ — E) and py(E;) = ap---au/€; (by Egs.

J
(3.10a), (3.10b)), the expression for the quadratic norm readily simplifies to the formula
stated in the proposition. O

The orthogonality relation in Proposition 3.3 supplies the following expressions for
the inverse and the determinant of the elliptic Racah matrix F from Egs. (3.6a), (3.6b).

Corollary 3.4 (Inverse Elliptic Racah Matrix) The inverse and the determinant of the
elliptic Racah matrix F (3.6b) are given by

F'=N"'FTA (3.15a)
and
LM(M+1) N 12
det(F) = (—1)2 — )
et(F) = (—1)2 I (Az) , (3.15b)
0<l<m
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where N = diag (No, Ny, ..., Ny), A =diag (Ao, Ay, ..., Ay) and

fo®o)  fi(Bo) --- fum(Eo)

fo®D  fiB) -+ fu(ED
Fl=| Poor
Jo(Em—1) f1(Em=1) -+ fm(Em—1)
JoEm)  fi(Bm) -+ fm(Bm)

If one compares Eq. (3.15b) with the evaluation of the determinant in Eq. (3.7),
then it follows that

~ N\
coer ey = (~D2MOHD T <ﬂ> , (3.16)

a
1<i<m !

or equivalently (cf. Eq. (3.11))

Pu(EQ) pu(ED - pu(En) = (=DM TT (@aws1-)'.  (3.16b)

1<i<m

Remark 3.5 1t is clear from the Christoffel-Darboux formulas (cf. Lemma A.3 of the
appendix) that the general form of the orthogonality relation in Proposition 3.3 holds
for an arbitrary real tridiagonal matrix H of the form in Eq. (A.1) with gjay41—; > 0
for/ = 1,...,M (upon reading JHJ for H). The same is then true for Eq. (3.11),
Corollary 3.4 and Eqgs. (3.16a), (3.16b). If in addition ¢; = a; forl = 1, ..., M, i.e.,
if we are in the centrosymmetric situation that JHJ = H, then the norm formulas in
question simplify as in this case €; = (—1)7 (cf. Eq. (3.12b)).

3.3 Finite discrete Heun function

In order to describe the complete solution of the finite discrete Heun equation (2.5a),
(2.5b) in terms of elliptic Racah polynomials, the following theorem summarizes the
main findings of this section.

Theorem 3.6 (Finite Discrete Heun Function)

(i) The finite discrete Heun Eq. (2.5a), (2.5b) only possesses nontrivial solutions
forE € {Eg,...,Eu}, where Eg > E| > --- > Ey denote the roots of the top-degree
elliptic Racah polynomial pyi+1(E) (3.1).

(ii) The solutions of the finite discrete Heun equation from part (i) are given by

hiE)) =hoEppeE)) [ ayl,  (=0.....m), (3.172)
0<i<k

where it is convenient to fix the normalization picking

ap - - ay

Pm(Ej)

1/2

ho(Ej) = le;|'/? = (3.17b)
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(cf. Proposition 3.1).
(iii) The finite discrete Heun function (3.17a), (3.17b) satisfies the palindromic
quasi-symmetry

h(E)) = (=1) hy_i(Ej) with E; =€; (j,k=0,...,m), (3.17c)

where hy (E i) denotes the finite discrete Heun function with permuted coupling param-
eters: (uy, v1) < (u2, v2) and (u3, v3) <> (U4, v4) (cf. Lemma 3.2).
(iv) The finite discrete Heun functions satisfy the orthogonality relation

[To<i<m [E; —E| ifi =],

th(El)hk(E]) [] aweiy J] ai=q i

1<j<k k+1<j<m 0 ifi 7’5 J
(3.17d)

(0 <i, j <M), and the dual orthogonality relation

M

Z CmEDE) (]_[lfjfdeH_j]_[kaijaj) ifl =k,
[1

0<1<M|EJ_E1| 0 ifl #k
(3.17¢)

(0 <1, k < M), which encode, respectively, the column and row orthogonality of the
elliptic Racah matrix F (3.6b) (cf. Proposition 3.3).

4 Degenerations
4.1 Finite discrete Lamé equation

If all parameters v, tend to zero, then the difference Heun operator H (2.1a)—(2.1d)
reduces to a second-order difference operator stemming from the Sklyanin algebra
[24, 25, 28, 30]:

@ =y [T 5o [T 52 @

1<r<4 [ I<r<4

The corresponding parameter degeneration of Theorem 3.6 solves a finite discrete
Heun equation of the form

av—k fi+1 + ag fr—1 = Efy fork =0,...,M, (4.2a)
with

— k - k
ao= [T Mt g g = [T P20 BE o
I<r<d4 [uy + k], l<r<4 [un + k]
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After this reduction, the diagonal of the discrete Heun matrix H in Egs. (2.7a), (2.7b)
vanishes, so the corresponding elliptic Racah polynomials p(E) (3.1) are even in E if
k is even and odd in E if k is odd. This implies that in this situation the eigenvalues
Eg > E; > --- > Ey of H are distributed symmetrically around the origin:

Ev—j=—-E; (j=0,...,M). 4.3)
Moreover—via the duplication formula [2z]; = 2 I—[]<,<4[z]r —it is seen that if

all parameters u, are equal (to u > 0 say), then the eigenvalue problem in Egs. (4.2a),
(4.2b) reduces to a finite discrete Lamé equation of the form studied in [43]:

M — k] k11 B
mfk+1+[ e fie1 =Efx fork=0,...,M, (4.4)
Wlthot—2 (so2u+M_ =),

4.2 Trigonometric limit: g-Racah polynomials

In [43], it was shown that the solutions of the finite discrete Lamé Eq. (4.4) can be
expressed in terms of Rogers’ g-ultraspherical polynomials in the trigonometric limit
p — 0. Here we finish by checking that the elliptic Racah polynomials degenerate in
turn to the g-Racah polynomials of Askey and Wilson in the limit p — 0. To this end,

let us first observe that in the trigonometric limit the scaled theta functions degenerate
as follows:

gigb[z]l = ésin(%z), ;@0[212 = cos(52), ,1)i_r)n0[z]3 =1, giglo[zh =1
The corresponding coefficients of the difference Heun equation thus become
A(2) = lim A(z)
p—0

sin (%(z + u1)> cos (%(z + ug)) sin (%(z + % + vl)) cos (%(z + % + vz))

sin (%Z) cos (%z) sin (%(z + %)) cos (%(Z + %))

(4.52)
and
b.(5) — lim B — 1, sin (% % u)) sin (%(z - % — u))
p—0 sin (%(z + %)) sin (%(z - %))
cos (%(z + %)) cos (%(z - %))
(4.5b)

@ Springer



66 Page 16 of 26 J.F.van Diejen, T. Gorbe

with

2 sin (%(un,(l) — %)) sin (%Wr,-(l)) cos (%(unr(z) — %)) cos (%Um&))

sin (%u) sin (%(u + 1))

Ctr =

We now have that

o
Ar(2) + Ar(=2) +B,(2) = G = 2cos (w1 +uz + v +v2) + >
1<r<4

(4.6)

Indeed, as a periodic function of z all poles on the LHS of Eq. (4.6) are seen to cancel,
while for Im (z) — oo the expression in question tends to the constant value on the
RHS.

The g-Racah polynomials [1] are basic hypergeometric orthogonal polynomials of
the form [13, Chapter 4.2]:

—k k+1  —x x+1
Ri(X) = Re(X(x); @, b, ¢, dlg) = agps (170 ' *cdd™ g g)  (4.7)
with
X = X(x) = cdg* ! +¢7*. (4.7b)

From the basic hypergeometric representation, the k <> j, a < ¢, b < d duality
symmetry [1, 18] of the g-Racah polynomial Ry (X(j); a, b, ¢, d|q) is immediate:

Re(X(j);a, b, c,dlq) = Rj(R(k); a,b,¢,d|q), (4.82)
with
R(x) =édg*™ +¢™* and (a,b,¢,d) = (c,d,a,b). (4.8b)

The following proposition recovers the g-Racah polynomials as a trigonometric limit
of the elliptic Racah polynomials. The proof hinges on the observation that the
trigonometric degeneration of the recurrence in Eq. (3.3) can be identified with the
three-term recurrence relation for the g-Racah polynomials found by Askey and Wil-
son [1,Section 3]. Throughout, we will implicitly exploit that the normalized theta
functions [-], (2.2) extend analytically in p to the domain —1 < p < 1. The matrix
elements of H (2.7a), (2.7b) inherit this analyticity in p and thus so do the eigenvalues
Eg, - - , By (cf. e.g., [11,Chapter II, Theorem 6.1]).

Proposition 4.1 (g-Racah limit) For 1 < j, k < Mand parameters in accordance with
Egs. (2.4a), (2.4b), one has that

Qi tum v+ Y (4.92)
) J TUpr T U2 TV T U2 Ct.r 9a

1<r<4

lim E; =E; ; = 2cos
J \J
p—0
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and
[}iglo Jx(®) = fik(E) = Re(X(x); a, b, ¢, d|q) (4.9b)
—k 2uj+k ,—x jujtup+vitvy+x
= 4¢3 (:Iqul’zuz’qui(iv[#’»‘{/2q_qul+v2+l/2; q, q) ’
where
: o
q=e'", E:Zcos§(2x+u1+u2+v1+v2)+ Z Crr (4.9¢)
1<r<4
and

a = _qu1+u2—l, b=—qg""2, ¢ = _qMH-UZ—]/Z’ d = —q”2+vl_1/2. (4.9d)

Proof From the recurrence relation for the normalized elliptic Racah polynomials, it
follows that in the trigonometric limit:

ar v—k f1.k+1(E) + ar i frk—1(E) + (Cr — arm—k — ark) f1.k(E) = Ef; k(E)
(4.10)

for 0 < k < M as a polynomial identity in E, where

as j = Ar(—uy —k)
_ sin § (k) sin §(ug — vy —%—!—k) cos §(uy —up + k) cos §(ug — vy — % +k)

~sin S (uy +k) sin % (u — 1 +k) cos §(uy +k) cos $(uy — 3 +k)

ar = Ar(uy +M—k)

sin% (k) sin % (up — vy — 5 +k) cos $(ua — uy +k) cos $(uz — vy — 5 + k)

CsinS @2k sin$up — 14k cos § (uz + k) cos % (up — 5 +4)

and the coefficient b; ; = B,;(u + k) has been rewritten with the aid of the identity
in Eq. (4.6). Upon comparing with the three-term recurrence relation for the g-Racah
polynomials [13,Eq. (14.2.3)] for 0 < k < M:
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ArRip1(X) + Cr R 1(X) + (cdg + 1 — A — Cp) R (X) = XR(X), (4.11)
with

B ( _aqk+l)(1 —abqk+1)(1 _ bqu+l)(1 _ qu-i-l)

A
k 1 - abq2k+1)(1 _ abq2k+2)

and

_ g1 —¢"1 = bg")(c — abg")(d — ag")
- (1- abqZk)(l _ abq2k+1)

Cr

b

one observes that a; y—x = (ch)_l/2Ak, ark = (ch)_l/ZCk, and E — C; =
(ged) V2 (X(x) — cdg — 1) provided the variables and parameters are identified in
accordance with Eqgs. (4.9¢), (4.9d). The upshot is that the recurrences in Egs. (4.10)
and (4.11) coincide while f; o(E) = Ro(X) = 1, so Eq. (4.9b) follows.

To infer the limit in Eq. (4.9a), it suffices to check that the eigenvalues of the
trigonometric degeneration of our finite discrete Heun operator are indeed given by
the asserted formulas on the RHS. In principle, this can be deduced via the explicit
formula for the roots of the top degree M+ 1 g-Racah polynomial found by Askey and
Wilson, cf. [1, Section 3]. Here, however, we prefer to rather determine the eigenvalues
at the trigonometric level directly from the g-difference equation [13, Eq. (14.2.6)]
for the dual g-Racah polynomial Ii’j (X(k)) = Rj(X(k); a, b, ¢, ¢|q) (4.8a), (4.8b):

AR Rk 4+ 1)) + CkR;(R(k — 1) + (cdg + 1 — Ax — COR;(X(K))
= X(j)R;(X(k))

for 0 < j,k < M, where Ay = 0 (because 1 — agM*! = 1 4+ g1+2tM — () and
Co = 0. Indeed, with the aid of the duality symmetry in Eqgs. (4.8a), (4.8b) this yields
Eq. (4.11) evaluated at X = X(j) for 0 < j, k < M. Upon rewriting the latter formula
interms of f; x(E) by means of Egs. (4.9b)—(4.9d), we conclude that Eq. (4.10) holds at
E =E,; (4.9a) for 0 < j, k < M. The upshot is that E; ; (4.9a) must be an eigenvalue
of the trigonometric degeneration of the matrix H in Egs. (2.7a), (2.7b). Since our
parameter restrictions (2.4a), (2.4b) guarantee that the ordering of the eigenvalues
in question agrees with the convention in Eq. (2.8): E; o > E;1 > -+ > E;u, the
trigonometric limit asserted in Eq. (4.9a) now follows. O

Proposition 4.1 reveals that on shell the trigonometric degeneration of the normal-
ized elliptic Racah polynomial f(E;) is given by the following g-Racah polynomial

ft,k(Et,j) = Ry (X(]), _qul—&-uz—l’ _qul—uz’ _qu1+v2—l/2’ _qu2+v1—1/2|q>

(4.12)

o ¢ qfk,qZMI+k’q—/)qu|+u2+v|+v2+j .
= 493 _qu1+u2 qu1+v1+1/2 _qul+vz+1/27 q9,9),
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with X(j) = g1T#2+vi+v+/ 4 4=/ The corresponding degeneration of the orthog-
onality relation from Proposition 3.3 becomes

M
Z k@ i) freBr ) Ak =

k=0

[N”f A (4.13a)

0 ifi#j,

for 0 < i, j <M, with

sina(uy + k) 1—[ sin S M+ 1 —1)sin 5 (up —va + M+ % -1

rk = sin(ouy) N

1<i<k sin 21 sin§ (up — v — 5 +1)

l_[ cos$(uz —uy +M+1—1)cosdus — vy +M+ 5 — 1)

X
1<i<k cos & (uy —up +1)cos $(uy — vy — 5 +1)
(4.13b)
and
Nij = [] &=k
" €,j a1 atM0<ll_<[M tJ t
I#j
_ b sin§ (i +4k)  sin§u— 3 +k)
€t,j l<k<M Sin%k Sin%(”l—m—%—i-k)
1—[ cos 5 (uy + k) cos &(uy — 5 + k)
1<k<y 08 5y —uz + k) cos Sy — vy — % +k)
o
2 —(2j
x l_[ ( 0052( JAur+ur+ v+ v2)
0<i<m
I#]
o
— 2cos 5(21 +ui +uz + v +12)), (4.13c)
where

1 pt,M(El,j) -M q2u1+M q —j qu1+u2+u1+L2+/ )

= = Ej) = ( ;
t,j A1y ffM( t]) 4¢3 uy+up qu1+v1+1/2 M1+L2+]/2 q.49

By means of the relation q“1+”2+M = —1, we reduce the latter 4¢3 series to a 3¢,
series that can be evaluated via Jackson’s g-Pfaff-Saalschiitz sum [22, Eq. (17.7.4)]:

172  —up— 1/2—j.
ur+vi+1/ .q uy—vo+1/ j’q)].

g'172 g —J qu1+uz+tl+v2+1 ) - (_q
u1+1,1+1/2 u1+u2+1/2 L - — U1 — —7.
q (qu1+v|+1/2’ —q ur—va+1/2 ]’ q)j

1
E,j—3¢2<
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. sin%(uy+vy+1/2+10)cos%(uy+vy+1/2+1)

inj 2 (4.14)
sin § (ur +v1 + 1/2+1) cos § (ur +v2 + 1/2+1)

0<i<j

(where (z; ¢)j = [ooo;(1 —2z¢) and (21, ..., 253 @) = @139) -+ (253 9),).

It is instructive to compare the orthogonality in Eqgs. (4.13a)—(4.14) with the (dual)
orthogonality relations for the g-Racah polynomials subject to the truncation condition
agMt! =1 (cf. [13, Eq. (14.2.2)]):

M
Y R(X(); a,b, ¢, dlg)Re(X(j); a, b, ¢, dIg) Ax(a, b, ¢, d; q)

k=0
_ No/Aj(c,d,a,b; q) 1fl=] (4.15)
0 ifi #j
with
,bdq,aq, abq; 1 — abg?+!
Ala.b.c.d: q) = (cql q aqla 4Pk ( ka q=") (4.15b)
(g, c™abq,d™"aq, bq; q)r (cdg)*(1 — abq)
and
M M —1 2
b~ ! cd
No=3 Aca.b.c.diq) =3 Ajle.d.abig)= — UMy s

k=0 =0 (b7'cq.dq; g@)m

Indeed, the orthogonality weights in Eq. (4.13b) and Eq. (4.15b) coincide for parame-
ters in accordance with Eq. (4.9¢), (4.9d) (subject to the truncation condition (2.4b)):

At,k — Ak(—q”1+“2_1, _qul—uz’ _qul+vz—1/27 _qu2+v|—1/2; 9

when g = ' With. a= m This implies that the quadratic norms N, ; (4.13¢),
(4.14) can be rewritten in the form:

Nij = Nt,O/At,j (4.16a)
with

Atj — Aj(_qu1+vzf]/2’ _qu2+v171/2’ _qu1+u2713 _qu|7u2; q)
_osinS(uy +uz + v +v2+2))
T sin%(up +up +vp + v2)
< T1 sin§(M+1—Dsin§uy—vy+M+3—1)
sin(§0) sin § (uz + vz — 3 +1)

1<i<j
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1—[ cos%(—vl—vz—f—M—i—l—l)cos%(uz—vl—i—M—}—%—l)
X
cos 5 (v1 +v2 + 1) cos 5 (uz + vy —%+l)

I<I<j
(4.16b)
and
M M
No=> M=) A (4.16¢)
k=0 j=0
sin 5 2uy +1) sin 5 (uy +uz + vy +v2 +1)
B |2roy SN G U1 =01 = 5+ D sin§ w2 +v2— 3 +1)
We thus conclude that the inverse of the matrix
fi.0E0)  fro®L1) o fr0(Bem)
Sfi1(Er0) fiaEa) - fr1(Bem)
F, = : : : :
Sim=1Er0) fim—1Es1) -+ fr.m—1(Erm)
Jim(Ero)  fimEr1) oo frm(Eem)
is given by (cf. Corollary 3.4)
F ' =N, JAF] A, (4.17a)

with
At = diag(A[,o, A[,l, ceey AI,M)? A[ = diag(A,,o, A[,l, ceey AI,M)? (417b)
while its determinant is given by

Ty o3 MFD)
(=1)2MOHDN

\/ I—[OSISM AI,IAZ,Z

det(F,) = 4.17¢)
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Appendix A. Eigenvectors of tridiagonal matrices via orthogonal poly-
nomials

This appendix collects a few standard formulas concerning the construction of eigen-
vectors for tridiagonal matrices in terms of orthogonal polynomials. These formulas
were used in Sect. 3 to build the solutions of our finite discrete Heun equation and
to derive their orthogonality relations. For the broader context in which formulas of
this type arise in connection with the theory of orthogonal polynomials, the reader
is referred to, e.g., [33, Chapter III] and [10, Chapter 2]. Explicit expansions for the
determinants of tridiagonal matrices are discussed in further detail in [19, Chapter
XII].
For any tridiagonal matrices

by ay O e 0
aj bl :
0 a . ap 01, (A.1)
: ' by-1 51
0 0 awv by
with ay, ..., ay, ai,...,ay and by, ..., by in C, let px(X) denote the polynomial

given by the kth leading principal minor stemming from the characteristic polynomial:

X—by —ay 0 0
—ai X — by :
Pk(X) = det 0 —ap . —GM43—k 0 . (A2)
: X—br— —awt2—k
0 0 —ag_1 X — by_1
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Lemma A.1 (Three-term recurrence relation) The polynomials py(X) obey the follow-
ing three-term recurrence relation

Pr+1(X) = (X = b) pr(X) — aganr1-kpr—1(X) fork =0,....M,  (A.3)

with the convention that po(X) = 1 and ag = ay+1 = 0.

Proof Immediate upon expanding the determinant for py 1 (X) with respect to the last
row/column. O

Lemma A.2 (Explicit expansion) The polynomial py(X) is given explicitly by

pe(X) =
Lk/2]
i ~ ~
> =1 S apawp—jaianp—y [ x=bjio). (A4
=0 1<ji<jo<-<ji<k 1<j<k
Js+1—Js>1 J¢s, Js+1}
for s=1,....1—1 for s=1,...,1

with the convention that empty factors are equal to 1.

Proof Letus recall that the determinant of any k x k matrix [A; jl1<;, j<k is given by an
alternating sum of terms (—1)* A1 ¢(1)A2,7(2) - - - Ak, z(k) summed over all permutations
T = (1(11) T(22) i T{‘k)) of the symmetric group Si (where (—1)° refers to the sign of
7). In the case of a tridiagonal matrix, nonvanishing products can occur only when ©
decomposes as a product of 0 <[/ < |k/2] commuting simple transpositions:

T=0ULAa+DGn2+D - Gnji+ 1)
with
I<ji<jp+l<p<pt+l<---<ji<jyj+1=<k

(so the sign of 7 is equal to (—DY). In the case of pi(E) (A.2), each transposition
(Js, js + 1) contributes a factor a;j ay1—j, to the product, while the indices j that
are fixed by 7 each contribute a factor of the form (X — b;_1). By collecting the
contributions

1~ ~
(=D'ajavt1-j, - ajanr1—j H (X—bj-1)
1=j<k

J s, Js+1}
for s=1,..., 1

from all such permutations 7, the asserted formula for py (X) follows. O

Lemma A.3 (Christoffel-Darboux formulas) For any 0 < n < M, the polynomials
PO, - - -, Pn+1 enjoy the following Christoffel-Darboux identities:

i PkOPY)  pup1(X)pn(Y) = pu(X) put1(Y)
! _

~ , (A.5a)
o n
k=0 11j=14jMm+1-j xX=Y) Hj:1ajam+17j
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and
X": PR P () = py(X) pas1(X) (A.Sb)
purdl | R TNIRY [Tj=1 ajams1- ’

assuming ay ---ay - ay ---ay #Z 0.

Proof From the three-term recurrence (A.3), it follows that

Pnp1(X)pn(Y) — pu(X) pr1(Y)
= (X = Y) pu(X) pu(Y) + andns1-n (Pn () pr—1(Y) = pa—1(X) pa(Y)).

Downward iteration entails that
n n
P10 Pa(Y) = pa()pap1 (V) = X =) Y | peOpe() [ ajamsi-;
k=0 j=k+1
Upon dividing both sides by (X—Y) ]_[;’ —1 @jayy1—j,the Christoffel-Darboux formula
in Eq. (A.5a) is immediate, while Eq. (A.5b) follows subsequently via the confluent

limit Y — X. O

Lemma A.4 (Eigenvector) IfE is a root of py+1(X) and ay - - - ay # 0, then

by ay 0 o 07 [Po®]  [copo®)]
i c1p1(E) c1p1(E)
ar b c2p2(E) c2p2(E)
0 ar .. Elz 0 . =E . s (A6)
: by @ : :
0O --- 0 am by | cvpm (E)_ | cMPm (E)_

where ¢y = [[o<; i 51\;11 with the convention that co = 1 (and po(E) = 1).

Proof Since py+1(X) encodes the characteristic polynomial of the matrix in Eq. (A.1),
itis clear that the root E is an eigenvalue. The asserted eigenvalue equation in Eq. (A.6)
amounts in turn to the recurrence relation of Lemma A.1 evaluated at X = E. O

Remark A.5 If the upper diagonal matrix elements are nonzero, Lemma A.4 produces
a complete basis of eigenvectors provided the spectrum of the matrix in Eq. (A.1) is
simple. If both the matrix elements on the upper and lower diagonals are nonzero,
then the eigenvectors in question satisfy (generally complex) orthogonality relations
stemming from the Christoffel-Darboux identities in Lemma A.3 with n = M.

@ Springer



Elliptic Racah polynomials Page250f26 66

References

11.

12.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

. Askey, R., Wilson, J.: A set of orthogonal polynomials that generalize the Racah coefficients or 6 — j

symbols. SIAM J. Math. Anal. 10, 1008-1016 (1979)

. Askey, R., Wilson, J.: Some basic hypergeometric orthogonal polynomials that generalize Jacobi

polynomials. Mem. Am. Math. Soc. 54, 319 (1985)

. Baseilhac, P., Tsujimoto, S., Vinet, L., Zhedanov, A.: The Heun—Askey—Wilson algebra and the Heun

operator of Askey—Wilson type. Ann. Henri Poincaré 20, 3091-3112 (2019)

. Baseilhac, P, Vinet, L., Zhedanov, A.: The g-Heun operator of big g-Jacobi type and the g-Heun

algebra. Ramanujan J. 52, 367-380 (2020)

. Bergeron, G., Gaboriaud, J., Vinet, L., Zhedanov, A.: Sklyanin-like algebras for (g-)linear grids and

(g-)para-Krawtchouk polynomials. J. Math. Phys. 62(1), 013505 (2021)

. Chalykh, O.: Bethe ansatz for the Ruijsenaars model of BCj-type. SIGMA Symmetry Integr. Geom.

Methods Appl. 3, 028 (2007)

. Date, E., Jimbo, M., Miwa, T., Okado, M.: Fusion of the eight vertex SOS model. Lett. Math. Phys.

12, 209-215 (1986)

. Date, E., Jimbo, M., Kuniba, A., Miwa, T., Okado, M.: Exactly solvable SOS models. II. Proof of

the star-triangle relation and combinatorial identities. In: Jimbo, M., Miwa, T., Tsuchiya, A. (eds.)
Conformal Field Theory and Solvable Lattice Models. Advances in Mathematical Physics, vol. 16, pp.
17-122. Academic Press, Boston (1988)

. Frenkel, I.B., Turaev, V.G.: Elliptic solutions of the Yang—Baxter equation and modular hypergeometric

functions. In: Arnold, V.I., Gelfand, .M., Retakh, V.S., Smirnov, M. (eds.) The Arnold-Gelfand Math-
ematical Seminars. Geometry and Singularity Theory, pp. 171-204. Birkhéuser Boston Inc, Boston
(1997)

. Ismail, M.E.H.: Classical and Quantum Orthogonal Polynomials in One Variable. Cambridge Univer-

sity Press, Cambridge (2005)

Kato, T.: Perturbation Theory for Linear Operators. Reprint of the 1980 edition, Classics in Mathe-
matics. Springer, Berlin (1995)

Kirillov, A.N., Yu, N.: Reshetikhin, representations of the algebra Uy (s1(2)), g-orthogonal polynomi-
als and invariants of links. In: Kac, V.G. (ed.) Infinite-Dimensional Lie Algebras and Groups. Advances
in Mathematical Physics, vol. 7, pp. 285-339. World Sci. Publ., Teaneck (1989)

. Koekoek, R., Lesky, P.A., Swarttouw, R.F.: Hypergeometric Orthogonal Polynomials and Their q-

Analogues. Springer Monographs in Mathematics, Springer, Berlin (2010)

Koelink, E., van Norden, Y., Rosengren, H.: Elliptic U (2) quantum group and elliptic hypergeometric
series. Commun. Math. Phys. 245, 519-537 (2004)

Komori, Y., Hikami, K.: Quantum integrability of the generalized elliptic Ruijsenaars models. J. Phys.
A 30, 4341-4364 (1997)

Komori, Y., Hikami, K.: Conserved operators of the generalized elliptic Ruijsenaars models. J. Math.
Phys. 39, 6175-6190 (1998)

Lawden, D.: Elliptic Functions and Applications, Applied Mathematical Sciences, vol. 80. Springer,
New York (1989)

Leonard, D.A.: Orthogonal polynomials, duality and association schemes. SIAM J. Math. Anal. 13,
656-663 (1982)

Muir, T.: A Treatise on the Theory of Determinants, Revised and Enlarged by W.H. Metzler. Dover
Publications Inc, New York (1960)

Nazzal, B., Razamat, S.: Surface defects in E-string compactifications and the van Diejen model.
SIGMA Symmetry Integr. Geom. Methods Appl. 14, 036 (2018)

Noumi, M., Ruijsenaars, S., Yamada, Y.: The elliptic Painlevé Lax equation versus van Diejen’s 8-
coupling elliptic Hamiltonian. SIGMA Symmetry Integr. Geom. Methods Appl. 16, 063 (2020)
Olver, EW.]., Lozier, D.W., Boisvert, R.F., Clark, C.W. (eds.): NIST Handbook of Mathematical
Functions. Cambridge University Press, Cambridge (2010)

Prasolov, V.V.: Problems and Theorems in Linear Algebra, Translations of Mathematical Monographs,
vol. 134. American Mathematical Society, Providence (1994)

Rains, E., Ruijsenaars, S.: Difference operators of Sklyanin and van Diejen type. Commun. Math.
Phys. 320, 851-889 (2013)

Rosengren, H.: Sklyanin invariant integration. Int. Math. Res. Not. IMRN 2004, 3207-3232 (2004)

@ Springer



66

Page 26 of 26 J.F.van Diejen, T. Gorbe

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

Rosengren, H.: An elementary approach to 6j-symbols (classical, quantum, rational, trigonometric,
and elliptic). Ramanujan J. 13, 131-166 (2007)

Ruijsenaars, S.: Hilbert-Schmidt operators versus integrable systems of elliptic Calogero—Moser type
IV. The relativistic Heun (van Diejen) case. SIGMA Symmetry Integr. Geom. Methods Appl. 11, 004
(2015)

Sklyanin, E.K.: Some algebraic structures connected with the Yang-Baxter equation. Representations
of quantum algebras. Funct. Anal. Appl. 17, 273-284 (1983)

Spiridonov, V.P.: Elliptic hypergeometric functions and models of Calogero—Sutherland type. Teoret.
Mat. Fiz. 150, 311-324 (2007)

Spiridonov, V.P.: The continuous biorthogonality of an elliptic hypergeometric function. St. Petersburg
Math. J. 20, 791-812 (2009)

Spiridonov, V., Zhedanov, A.: Spectral transformation chains and some new biorthogonal rational
functions. Commun. Math. Phys. 210, 49-83 (2000)

Spiridonov, V.P., Zhedanov, A.S.: Generalized eigenvalue problems and a new family of rational func-
tions biorthogonal on elliptic grids. In: Bustoz, J., Ismail, M.E.H., Suslov, S.K. (eds.) Special Functions
2000: Current Perspective and Future Directions, pp. 365-388. Kluwer Academic Publishers, Dor-
drecht (2001)

Szego, G.: Orthogonal Polynomials, vol. XXIII, 4th edn. American Mathematical Society, Providence
(1975)

Takemura, K.: Degenerations of Ruijsenaars-van Diejen operator and g-Painlevé equations. J. Inte-
grable Syst. 2, xyz008 (2017)

Takemura, K.: On g-deformations of the Heun equation. SIGMA Symmetry Integr. Geom. Methods
Appl. 14, 16 (2018)

Treibich, A.: Difference analogs of elliptic KdV solitons and Schrodinger operators. Int. Math. Res.
Not. 698, 313-360 (2003)

Tsujimoto, S., Vinet, L., Zhedanov, A.: The rational Heun operator and Wilson biorthogonal functions.
Ramanujan J. (2021). https://doi.org/10.1007/s11139-020-00383-7

Wilson, J.A.: Orthogonal functions from Gram determinants. SIAM J. Math. Anal. 22, 1147-1155
(1991)

van de Bult, FJ., Rains, E.M.: Basic hypergeometric functions as limits of elliptic hypergeometric
functions. SIGMA Symmetry Integr. Geom. Methods Appl. 5, 059 (2009)

van de Bult, FJ., Rains, E.M.: Limits of elliptic hypergeometric biorthogonal functions. J. Approx.
Theory 193, 128-163 (2015)

van Diejen, J.F.: Integrability of difference Calogero-Moser systems. J. Math. Phys. 35, 2983-3004
(1994)

van Diejen, J.E.: Difference Calogero—Moser systems and finite Toda chains. J. Math. Phys. 36, 1299—
1323 (1995)

van Diejen, J.F., Gorbe, T.: Elliptic Kac—Sylvester matrix from difference Lamé equation. Ann. Henri
Poincaré 23, 49-65 (2022)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer


https://doi.org/10.1007/s11139-020-00383-7

	Elliptic Racah polynomials
	Abstract
	1 Introduction
	2 Finite discrete Heun equation
	2.1 Difference Heun equation
	2.2 Finite-dimensional reduction

	3 Elliptic Racah polynomials
	3.1 Diagonalization
	3.2 Orthogonality relation
	3.3 Finite discrete Heun function

	4 Degenerations
	4.1 Finite discrete Lamé equation
	4.2 Trigonometric limit: q-Racah polynomials

	Acknowledgements
	Appendix A. Eigenvectors of tridiagonal matrices via orthogonal polynomials
	References




