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The Nanocrystaline diamonds are very important biomedical material with vari-
ety of applications. The experimental procedures and results have been done in 
the Institute of Functional Nanosystems at the University Ulm, Germany. There 
is an existing biocompatibility of the diamond layers, selectively improved by bio-
mimetic 3-D patterns structuring. Based on that, we have been inspired to ap-
ply the graph theory approach in analysing and defining the physical parameters 
within the structure of materials structure samples. Instead the parameters values, 
characteristic at the samples surface, we penetrate the graphs deeply in the bulk 
structure. These values could be only, with some probability, distributed through 
the micro-structure what defines not enough precious parameters values between 
the micro-structure constituents, grains and pores. So, we originally applied the 
graph theory to get defined the physical parameters at the grains and pores levels. 
This novelty, in our paper, we applied for thermophysical parameters, like thermo-
conductiviy. By graph approach we open new frontiers in controlling and defining 
the processes at micro-structure relations. In this way, we can easily predict and 
design the structure with proposed parameters.
Key words: nanocrystallinity, synthetized diamonds, biomaterials, biomimetics, 

graph theory, thermal parameters

Introduction

Self similarity and biomimetic materials properties are getting very high importance, 
nowadays. One of the best examples is nanocrystalline diamond, with its unusual bioadaptive 
characteristics. The fabrication of these nanocrystalline diamonds with biomimetic surface lay-
ers is viable today, based on specific diamonds properties and possibilility to be synthesized by 
homogenous nanocrystalline diamond films. There are variety of applications, from biomedi-
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cal, up to high professional fields. In that sense, the properties characterization and parameters 
defining is very important. One of the most important research goals in this paper is based on 
idea that we can predict and in advance to prognose the physical properties in process of mi-
cro-structure creation. From this point of view, we develop the graph theory application with 
one important novelty to understand and calculate the property values, instead only at the sam-
ples surface, in the micro-structure grains and pores levels. We understand the differences be-
tween the structure and morphology in synthesized and nanocrystalin diamonds, but here in this 
paper we just, on the thermophysical field characteristics, develop the first phase new frontiers.

New frontiers in applications of graph theory

Graph theory is already implemented on modelling the processes, in order to calculate 
physical characteristics of materials [1-4], and modelling some parameters of electrophysyical 
nature [5]. Graphs are simple and easy for use. They are visual and there are a large number of 
possibilities for applications, especially if we use graph matrices. Application of graphs in re-
search of intergranular impedances is introduced in [6]. The concept of graph theory application 
and artificial neural networks is a part of our extended research in the field of electronic ceram-
ic materials, sintering science and micro-structure analysis and related phenomena especially 
based on fractal nature analysis and involved corrections [7-13].

In order to granulate and distribute-disperse the grains, by associating graph vertices 
at the top of the grain and at the bottom of the grain there are researches and results focused on 
1-D, 2-D, and 3-D graphs [2, 3, 5]. This novel approach offers variety of further possibilities, 
especially if we locate vertices in some imaginary points, at positions in the middle of a grain, 
or in the space between grains. In this paper n represents any electrothermical or magnetic 
property for our interest, in this paper particulary thermal conductivity. 

In previous works there were applications of 1-D graph with two vertices, 2-D graphs 
with four vertices, and 3-D graphs with eight vertices. There were, also, applications using oth-
er geometrical shapes or displacement of vertices, inside graph, especially in 3-D case, in order 
to mapp simple 2 × 2 × 1 sample, on those various shapes. Some of them are shown in fig. 1.

Very important results, based on 3-D graph theory application, within the measure-
ments and calculation the values of some thermophysical parameters on microstructural level, 

Figure 1. Different (1-D, 2-D, and 3-D) graph 
representations of 2 × 2 × 1 sample (diamond particle, 
considered as grain sample, shown in the middle)
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are chosen to be scope of this research. This direction came over our previous results by imple-
mentation graph theory, see [2, 3], which are considering capacity as the parameter. So, this is 
some kind of top of the pyramidal hierarchy structure, with the essence of graph theory applied 
in electronic, ceramics, materials area. 

Using this method, developed in acccordance to results [3-5], we disposed com-
pletely new approach for getting much more precise value calculations of conductivity, which 
are concretely connected with experimental sources. Based on graph theory we can dispose 
one unique reviewed feature, which explains what have we done and what can we do in next 
steps [14, 15]. 

Experimental methods for measurment of thermal conductivity

In order to obtain the cross-plane thermal conductivity of nanocrystalline diamond 
films, we employed the 3ω-method [16]. To this end, a thin metal line, placed on the surface of 
the diamond layer is used as heater and thermometer. A current I1ω with angular frequency ω is 
applied to the heater. The linear dependence of the resistance on temperature leads to a voltage 
component U3ω with angular frequency 3ω that can be measured by means of a lock-in ampli-
fier. Knowing the linear temperature coefficient of the resistance:

0

1 d
d

R
R T

α =

where the voltage U3ω and current I1ω can be used to calculate the temperature oscillation of the 
metal line:
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When the thin metal heater is placed directly on a semi-infinite substrate, the ampli-
tude of the temperature oscillation can be calculated:
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When a thin film exists between the heater stripe and the semi-infinite substrate, an ad-
ditional, frequency independent temperature drop is added across the film with thickness t and 
thermal conductivity λfilm. This offset can be expressed:

film
film2

PtT
lbλ

∆ =

Hence, the temperature oscillation measured by the metal line is ΔT = ΔTsubs + ΔT-
film. The thermal resistance that is added by the thin film consists however of the thermal 
resistance of the film and the additional interface resistance between the heater and the film, 
as well as the interface resistance between the film and the substrate. Since the interface re-
sistance between gold and diamond is known, the interface resistance between the diamond 
layers and the silicon substrate can be obtained by the measurement of several films with 
different thicknesses [17]. 

In our experiment, we obtained some experimental results, for thermal conductivity, 
that are shown in tab. 1. 
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Table 1. Thermal conductivity in dependence of grain size
Grain size [nm] 6.00 7.40 9.30 9.80 12.30 12.90 13.60 14.60

Thermal conductivity [W–1mK–1] 0.56 1.29 5.92 9.28 22.35 13.66 27.70 38.21

We will use those results in following theoretical experiment.

Theoretical experiment

Theoreticaly, we will split the diamond surface into a small particles. On each of them 
we will implement similar approach like with grains in [18-20]. Lets consider one infinitely 
small part of diamond surface, of dimension 2 × 2 × 1, shown in the middle of fig. 1. We will 
locate graph vertices in upper surface of diamond, then vertices on lower surface of diamond. 
Additionally, we can locate some vertices in the middle of the diamond sample, shown on  
fig. 2(a). This will be basis for construction of appropriate 3-D graph, for simulation and calcu-
lation of thermoconductiv property on this sample, between vertices of our graph. This graph 
is shown on fig. 2(b).

 
Figure 2. Diamond internal structure and appropriate 3-D graph model

We will use this graph model and we will calculate elements of weight matrix fro that 
graph. This matrix will represent thermoconductive properties between vertices in graph i.e. 
between parts of sample. We can assume that thermoconductivity will be noted with v, and we 
can assign values on those graph edges, so we can represent this graph with weight matrix W. 

Graph G = (V, E), has a set of vertices V = {1, 2, 3,... 18} and a set of edges:

{ } { } { } { } { } { } { } { } { } { } { } { }
{ } { } { } { } { } { } { } { } { } { } { }

{ } { } { } { } { }

{ 1,2 ,  1, 4 , 1,6 , 1,15 , 2,3 , 2,16 , 3,4 , 3,7 , 3,17 , 4,18 , 5,6 , 5,7 ,

6,8 , 6,9 ,  7,10 , 7,11 , 8,12 ,  9,13 ,  10,13 ,  11,12 , 12,14 ,  12,18 , 13,14 ,

13,16 , 15,16 , 15,18 , 16,17 , 17,18

E =

Horizontal edges of this graph will have weight v, direct vertical edge also v, and skew 
edges, through the structure, with weight v/4. It is divided with 4, because in this model every 
algebraic path through this graph, starting from upper surface down to lower surface, consist 
from 4 edges, i.e. length of algebraic path is 4.

Results and discussion

First particular case of measured thermalconductivity, from tab. 1, will map to graph with 
a set of 18 vertices and 28 edges, and corresponding weight matrices. Size of grain is 6.00 nm 
and thermal conductivity 0.56 W/mK, fig. 3.
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0.56 0 0.56 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0.56

0 0 0 0 0 0.14 0.14 0 0 0 0 0 0 0 0 0 0 0
0.14 0 0 0 0.14 0 0 0.14 0.14 0 0 0 0 0 0 0 0 0
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0 0 0 0.56 0 0 0 0 0 0 0 0.14 0 0 0.56 0 0.56 0
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Same type of graph, for grain size 7.40 nm and thermal conductivity 1.29 W/mK, has 
matrix fig. 4:

0 1.29 0 1.29 0 0.325 0 0 0 0 0 0 0 0 1.29 0 0 0
1.29 0 1.29 0 0 0 0 0 0 0 0 0 0 0 0 1.29 0 0

0 1.29 0 1.29 0 0 0.325 0 0 0 0 0 0 0 0 0 1.29 0
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0 0 0 0 0 0.325 0.325 0 0 0 0 0 0 0 0 0 0 0
0.325 0 0 0 0.325 0 0 0.325 0.325 0 0 0 0 0 0 0 0 0

0 0 0.325 0 0.325 0 0 0 0 0.325
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0 0 0 0 0 0 0.325 0 0 0 0 0 0.325 0 0 0 0 0
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0 0 0 0 0 0 0 0 0 0 0 0.325 0.325 0 0 0 0 0
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0 1.29 0 0 0 0 0 0 0 0 0 0 0.325 0 1.29 0 1.29 0
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0 0 0 1.29 0 0 0 0 0 0 0 0.325 0 0 1.29 0 1.29 0
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Figure 3.  
Graph for  
size of grain 
6.00 nm 
and thermal 
conductivity  
0.56 W/mK 

Figure 4. 
Graph for 
size of grain 
7.40 nm 
and thermal 
conductivity 
1.29 W/mK
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Same type of graph, for grain size 9.30 nm and thermal conductivity 5.92 W/mK, has 
matrix fig. 5:

0 5.92 0 5.92 0 1.48 0 0 0 0 0 0 0 0 5.92 0 0 0
5.92 0 5.92 0 0 0 0 0 0 0 0 0 0 0 0 5.92 0 0
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0 5.92 0 0 0 0 0 0 0 0 0 0 1.48 0 5.92 0 5.92 0
0 0 5.92 0 0 0 0 0 0 0 0 0 0 0 0 5.92 0 5.92
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                     Same type of graph, for grain size 9.80 nm and thermal conductivity 9.28 W/mK, 
has matrix fig. 6:
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Figure 5. Graph 
for size of 
grain 9.30 nm 
and thermal 
conductivity  
5.92 W/mK

Figure 6. 
Graph for size 
of grain  
9.80 nm 
and thermal 
conductivity 
9.28 W/mK 
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Graph for grain size 12. 30 nm and thermal conductivity 22.35 W/mK, has matrix, 
fig 7:

0 22.35 0 22.35 0 5.59 0 0 0 0 0 0 0 0 22.35 0 0 0
22.35 0 22.35 0 0 0 0 0 0 0 0 0 0 0 0 22.35 0 0
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0 0 0 0 0 5.59 5.59 0 0 0 0 0 0 0 0 0 0 0
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Graph for grain size 12.90 nm and thermal conductivity 13.66 W/mK, fig. 8:
0 13.66 0 13.66 0 3.415 0 0 0 0 0 0 0 0 13.66 0 0 0

13.66 0 13.66 0 0 0 0 0 0 0 0 0 0 0 0 13.66 0 0
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Figure 7. Graph 
for size of grain 
12.30 nm  
and thermal 
conductivity 
22.35 W/mK

Figure 8.  
Graph for size of 
grain 12.90 nm  
and thermal 
conductivity 
13.66 W/mK



Mitić, V. V., et al.: Thermal Parameters Defined with Graph Theory Approach ... 
2184	 THERMAL SCIENCE: Year 2022, Vol. 26, No. 3A, pp. 2177-2186

Graph for grain size 13.60 nm and thermal conductivity 27.70 W/mK, fig. 9:
0 27.70 0 27.70 0 6.925 0 0 0 0 0 0 0 0 27.70 0 0 0

27.70 0 27.70 0 0 0 0 0 0 0 0 0 0 0 0 27.70 0 0
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Graph for grain size 14.60 nm and thermal conductivity 38.21 W/mK, fig. 10:
0 38.21 0 38.21 0 9.552 0 0 0 0 0 0 0 0 38.21 0 0 0
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Figure 9.  
Graph for size of 
grain 13.60 nm  
and thermal 
conductivity 
27.70 W/mK

Figure 10.  
Graph for size of 
grain 14.60 nm  
and thermal 
conductivity 
38.21 W/mK
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Outlook

In the future research, we plan to correlate graph theory application on electrical con-
ductivity in correlation with thermal conductivity. Also, we assume that is very interesting to 
compare the results based on neural networks and graph application, simultaneously.

Conclusion

The nanocrystalline synthetized diamonds are very advanced materials for high tech 
applications esspecially in medicine, electronic and space research. In our research we applied 
the graph theory with thermal conductivity in synthetized diamonds. In this paper we pres-
ent the complex relation between graph theory and consolidated nanodiamond thermophysi-
cal parameters. We presented related experimental procedure with corresponding results. This 
novelty as graph applications, have the great importance in creating the additional ideas in 
thermal conductivity phenomena analysis, better understanding. Before the graph and neural 
network theories applications, we have used different experimental methods for measurements 
and collecting the physical parameters from the samples surfaces. Now we can define values 
directly at the level of the grains and pores, and, also, between them. Based on this method we 
provided way for defining the thermophysical parameters on micro and nanograins and pores 
constituents, what is important for advance predicting microelectronic structures and related 
parameters.
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