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Preface

In this work, we provide a general and unified setting for a systematic and in-depth
investigation of a broad variety of functions, including several special functions like
the Euler gamma function, the polygamma functions, the Barnes G-function, the
Hurwitz zeta function, and the generalized Stieltjes constants.

We know for instance that the gamma function

o0
I'(x) =/ et dr
0

satisfies several fundamental properties and identities such as Bohr-Mollerup’s
characterization, Euler’s infinite product, Gauss’ multiplication formula, Stirling’s
formula, and Weierstrass’ infinite product. In this book, we show through a series
of new and elementary results that a large range of functions of mathematical
analysis satisfy analogues of several properties of the gamma function, including
those mentioned above.

The starting point of our theory is the remarkable characterization of the gamma
function on the open half-line R = (0, co) by Harald Bohr and Johannes Mollerup
[23]. It simply states that the log-gamma function f(x) = InT'(x) is the unique
convex solution vanishing at x = 1 to the equation

fx+1)— f(x) = Inx, x > 0.

This result can actually be slightly generalized as follows, where A denotes the
classical forward difference operator.

All eventually convex solutions to the equation Af(x) = Inx on Ry are of the form f(x) =
¢+ InT'(x), where c € R.

(Here and throughout, a function is said to be eventually convex if it is convex in a
neighborhood of infinity.)

This characterization was later generalized to a wide class of functions by Wolf-
gang Krull [54] and then independently by Roger Webster [98]. They essentially

vii
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showed that for any eventually concave function g: R4 — R having the asymptotic
property that the sequence n — Ag(n) converges to zero, there exists exactly one
(up to an additive constant) eventually convex solution f: R} — R to the equation
Af = g. When g(x) = Inx, this latter result clearly reduces to the above Bohr-
Mollerup characterization of the gamma function.

Krull-Webster’s result constitutes an important contribution to the resolution
of the difference equation Af = g on the real half-line R.. Indeed, it provides
analogues of Bohr-Mollerup’s characterization for many functions, including the
gamma function, the digamma function, and the g-gamma functions. Nevertheless,
we can see that the asymptotic condition imposed on the function g remains rather
restrictive. For instance, it is not satisfied by the functions g(x) = xlInx and
g(x) = InT'(x). In fact, it is not even satisfied by the identity function g(x) = x.

In this book, we generalize Krull-Webster’s result by relaxing considerably the
asymptotic condition into requiring that the sequence n — APg(n) converges
to zero for some nonnegative integer p. Each of the functions g(x) = xInux,
g(x) = InT'(x), and g(x) = x clearly satisfies this new assumption for p = 2.
Moreover, in our generalization, the convexity and concavity properties used by
Krull and Webster are naturally replaced with their p-order versions. On this matter,
it is noteworthy that many of the familiar functions of real analysis are eventually
convex or concave of any order.

The solutions arising from Krull-Webster’s characterization are called log I'-type
functions. Those arising from our generalized version are called multiple log I'-type
functions. As we demonstrate through this work, this latter class of functions is very
rich and includes a wide variety of special functions.

In the diagram opposite, we describe how our result generalizes to any nonneg-
ative integer p the special case when p = 1 obtained by Krull and Webster, who
both generalized Bohr-Mollerup’s theorem.

We also follow and generalize Webster’s approach and provide for multiple
log I'-type functions analogues of Euler’s constant, Euler’s infinite product, Gauss’
limit, Gauss’ multiplication formula, Gautschi’s inequality, Legendre’s duplication
formula, Raabe’s formula, Stirling’s constant, Stirling’s formula, Wallis’s product
formula, Weierstrass’ infinite product, and Wendel’s inequality for the gamma
function. We also introduce and discuss analogues of Binet’s function, Burnside’s
formula, Euler’s reflection formula, Fontana-Mascheroni’s series, Gauss’ digamma
theorem, and Webster’s functional equation. Some additional properties of mul-
tiple log I'-type functions are also provided and discussed, including asymptotic
equivalences, asymptotic expansion formulas, Taylor series expansion formulas, and
Gregory formula-based series representations.

Lastly, we apply our results thoroughly to several usual special functions,
including the gamma and digamma functions, the polygamma functions, the g-
gamma function, the Barnes G-function, the Hurwitz zeta function and its higher
order derivatives, and the generalized Stieltjes constants. We also briefly discuss
some further special functions such as the Gauss error function, the exponential
integral, the regularized incomplete gamma function, the multiple gamma functions,
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Higher order version of Krull-Webster’s theory

Af(x) = gx)
g is eventually p-concave and APg(n) — 0
f is eventually p-convex

Solutions: Multiple log I'-type functions

1

Krull-Webster’s theory
Af(x) = gx)

g is eventually concave and Ag(n) — 0
f is eventually convex

Solutions: log I'-type functions

1

Bohr-Mollerup’s characterization

Af(x) = Inx
f is eventually convex

Solutions: f(x) =c+1InT(x)
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and the Bernoulli polynomials. All these examples illustrate how powerful is our
theory to produce formulas and identities almost mechanically.

For example, applying our results to the gamma function I': Ry — Ry itself,
we easily retrieve the following Gauss limit

n!n*
'x) = lim , x >0,
n—oox(x+1)--- (x +n)

and the Weierstrass infinite product

Q
=

e v

-

x>0,

+

x
k

where y is the Euler constant. We also easily establish the double inequality

1 1
1) 2 r )2
(1 + ) = (x)l =< (1 + ) ; x >0,
X V2 x¥ T2 ex X

from which we immediately derive the Stirling formula
'x) ~ «/anxféefx as x — oo.

To give another example, let us consider the restriction to R of the Barnes G-
function (see Barnes [14—16]). That is, the function G: Ry — R whose logarithm
f(x) =InG(x) is the unique 2-convex solution vanishing at x = 1 to the equation

fx+1)—f(x) = InI'(x), x> 0.

Thus defined, the function In G(x) is a multiple log I'-type function, and we can
therefore state the following analogue of Bohr-Mollerup’s characterization.

All eventually 2-convex solutions to the equation Af(x) = InT'(x) on Ry are of the form
f(x) =c+InG(x), where c € R.

Using our results, we can also easily show that the Barnes G-function satisfies the
following analogue of Gauss’ limit for the gamma function

I(HrQ) --- T(n) 5

n* n'2), x > 0.

G(x) = lim
n—oo F(x)['(x +1) --- T'(x +n)

Moreover, it satisfies the following analogue of Weierstrass’ infinite product

eCr=DG) = k)

G =" | e ®G) x50,
(x) C(x +k)

k=1
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where 1 is the trigamma function defined by the equation
Yi1(x) = D*Inl(x)  forx > 0.

We also establish the double inequality

5 | | 5

1\ 2 G)T(x)2 A2 (2m)4 1\ 12

<1+ ) < (X)l ) (ln) =< <1+ ) , x>0,
X x12 e¥-200+ X

from which we immediately derive the following analogue of Stirling’s formula
G(x) ~ A2Q2m) 4 x D) 2 V20 a5 x — o0,

where 1/_» is the polygamma function defined by the equation

X
Y_o(x) = / InT"(¢) dt forx >0
0
and A is the Glaisher-Kinkelin constant defined by the equation

(=1 ! In A
=D = p ~nA.
In this work, we also derive many other properties of the Barnes G-function simply
as analogues of properties of the gamma function.

To sum up, in this book, we develop a far-reaching generalization of the Bohr-
Mollerup theorem, along lines initiated by Krull, Webster, and some others but
going considerably further than past work. In particular, we show using elementary
techniques that many classical properties of the gamma function have counterparts
for a very wide variety of functions.

In this regard, we observe what Emil Artin [11, p. vi] wrote in his outstanding
exposition of the gamma function:

“I feel that this monograph will help to show that the gamma function can be thought of as
one of the elementary functions, and that all of its basic properties can be established using
elementary methods of the calculus.”

In writing this book, our hope is to convince the reader that Artin’s statement applies
also to all the multiple log I'-type functions.

Lastly, since Bohr-Mollerup’s theorem dates back to 1922, this work is also an
opportunity to mark the 100th anniversary of this remarkable result and to spark the
interest and enthusiasm of a large number of researchers in this theory.

Esch-sur-Alzette, Luxembourg Jean-Luc Marichal
Liege, Belgium Naim Zenaidi
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Chapter 1 )
Introduction Check for

Let R4 denote the open half-line (0, o) and let A denote the forward difference
operator on the space of functions from R to R. In this book, we are interested in
the classical difference equation Af = g on R4, which can be written explicitly as

JFx+D—fx) = g, x >0,

where g: R4 — Ris a given function. This equation appears naturally in the theory
of the Euler gamma function, with f(x) = InI'(x) and g(x) = Inx, but also in
the study of many other special functions such as the Barnes G-function and the
Hurwitz zeta function (see Examples 1.6 and 1.7 below).

It is easily seen that, for any function g: Ry — R, the equation above
has infinitely many solutions, and each of them can be uniquely determined by
prescribing its values in the interval (0, 1]. Moreover, any two solutions always
differ by a 1-periodic function, i.e., a periodic function of period 1.

For certain functions g, however, special solutions can be determined by their
local properties or their asymptotic behaviors. On this issue, a seminal result is the
very nice characterization of the gamma function by Bohr and Mollerup [23]. We
recall this important result in the following theorem.

Theorem 1.1 (Bohr-Mollerup’s theorem) All log-convex solutions f: Ry —
Ry to the equation

fx+1) = x f(x), x >0, (1.1

are of the form f(x) = cI'(x), where ¢ > 0.

© The Author(s) 2022 1
J.-L. Marichal, N. Zenaidi, A Generalization of Bohr-Mollerup’s Theorem

for Higher Order Convex Functions, Developments in Mathematics 70,
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The additive, but equivalent, version of this result, obtained by taking the
logarithm of both sides of (1.1), can be stated as follows.

For g(x) = Inx, all convex solutions f: Ry — R to the difference equation Af = g are
of the form f(x) = c +1InT'(x), where c € R.

As we can see, this characterization enables one to single out the gamma function
as a kind of principal solution to its equation (Norlund [82, Chapter 5] calls it the
“Hauptlosung”).

It is noteworthy that the proof of Bohr-Mollerup’s characterization was simplified
later by Artin [10] (see also Artin [11]) and, as observed by Webster [98], this
result has then become known also “as the Bohr-Mollerup-Artin Theorem, and was
adopted by Bourbaki [24] as the starting point for his exposition of the gamma
function.”

Remark 1.2 In their original result, Bohr and Mollerup actually considered the
additional assumption that f(1) = 1, thus leading to the gamma function as the
unique solution (see Artin [11, p. 14]). However, it is easy to see that Theorem 1.1
immediately follows from this original result (just replace f(x) with f(x)/f(1)). ¢

A remarkable generalization of Bohr-Mollerup’s theorem was provided by
Krull [54, 55] and then independently by Webster [97, 98]. Recall that a function
g: Ry — Rissaid to be eventually convex (resp. eventually concave) if it is convex
(resp. concave) in a neighborhood of infinity. Krull [54] essentially showed that for
any eventually concave function g: Ry — R having the asymptotic property that,
foreachh > 0,

gx+h)—gx) - 0 as x — 0o, (1.2)

there exists exactly one (up to an additive constant) eventually convex solution
f: Ry — Rtothe equation Af = g (and dually, if g is eventually convex, then f
is eventually concave). He also provided an explicit expression for this solution as a
pointwise limit of functions, namely

f@) = fM)+ lim f£ilglx). x>0,

where

n—1

Fgl) = —g@) + Y (k) — g(x + k) +x g(n). (1.3)

k=1

Much later, and independently, Webster [97, 98] established the multiplicative
version of Krull’s result.

We can actually show that this result still holds if we replace the asymptotic
condition (1.2) imposed on the function g with the slightly more general condition
that the sequence n — Ag(n) converges to zero. However, although this result
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constitutes a very nice generalization of Bohr-Mollerup’s theorem, we note that the
latter asymptotic condition remains a rather restrictive assumption. For instance, it
is not satisfied by the functions g(x) = x Inx and g(x) = InT"(x).

In this work, we generalize Krull-Webster’s result above by relaxing the asymp-
totic condition on g into the much weaker requirement that the sequence n
AP g(n) converges to zero for some nonnegative integer p. More precisely, we show
that Krull-Webster’s result still holds if we assume this weaker condition, provided
that we replace the convexity and concavity properties with the p-convexity and
p-concavity properties (see Definition 2.2) and the function fn1 [g] defined in (1.3)
with an appropriate version of it, which we now introduce.

Throughout this book, we let N denote the set of nonnegative integers and we let
N* denote the set of strictly positive integers.

Definition 1.3 For any p € N, any n € N*, and any g: Ry — R, we define the
function f;¥[g]: R, — R by the equation

n—1 p
M) = =g+ ) (el —gx + k) + Y (5) A e (14)
k=1 j=1

We now state our result in the following existence theorem. It actually constitutes
the p-order version of Krull-Webster’s result.

Theorem 1.4 (Existence) Let p € N and suppose that the function g: Ry — R is
eventually p-convex or eventually p-concave and has the asymptotic property that
the sequence n +— AP g(n) converges to zero. Then there exists a unique (up to an
additive constant) eventually p-convex or eventually p-concave solution f: Ry —
R to the difference equation Af = g. Moreover,

fe) = f()+ lim S 1g1(x), x >0, (1.5)

and f is p-convex (resp. p-concave) on any unbounded subinterval of R on which
g is p-concave (resp. p-convex).

Webster [98, Theorem 3.1] also established (in the multiplicative notation) a
uniqueness theorem, which does not require the function g to be eventually convex
or eventually concave. In the next theorem, we provide the p-order version of this
result.

Theorem 1.5 (Uniqueness) Let p € N and let the function g: Ry — R have
the property that the sequence n +— APg(n) converges to zero. Suppose that
f: Ry — Ris an eventually p-convex or eventually p-concave function satisfying
the difference equation Af = g. Then f is uniquely determined (up to an additive
constant) by g through the equation

f@ = fO+ lim fllgl), x> 0.
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We observe that Theorem 1.4 was first proved in the case when p = 0 by
John [49]. As mentioned above, it was also established in the case when p = 1
by Krull [54] and then by Webster [98]. More recently, the case when p = 2 was
investigated by Rassias and Trif [86], but the asymptotic condition they imposed
on the function g is much stronger than ours and hence it defines a very specific
subclass of functions. (We discuss Rassias and Trif’s result in Appendix B.) We
also observe that attempts to establish Theorem 1.4 for any value of p were
made by Kuczma [58, Theorem 1] (see also Kuczma [60, pp. 118-121]) and then
by Ardjomande [9]. However, the representation formulas they provide for the
solutions are rather intricate. Thus, to the best of our knowledge, both Theorems 1.4
and 1.5, as stated above in their full generality and simplicity, were previously
unknown.

For any solution f arising from Theorem 1.4 when p = 1, Webster [98] calls the
function expo f a I'-type function. In fact, exp o f reduces to the gamma function
(i.e., f(x) = InT'(x)) when exp og is the identity function (i.e., g(x) = Inx), which
simply means that the gamma function restricted to R is itself a I'-type function.
In this particular case, the limit given in (1.5) reduces to the following Gauss well-
known limit for the gamma function (see Artin [11, p. 15])

n!n*

F'(x) = lim ,
n—oo x(x+1) -+ (x +n)

x > 0. (1.6)

Similarly, for any fixed p € N and any solution f arising from Theorem 1.4,
we call the function expo f* a I',-type function, and we naturally call the function
f alogl',-type function. When the value of p is not specified, we call these
functions multiple I'-type function and multiple log I'-type function, respectively.
This terminology will be introduced more formally and justified in Sect. 5.2.

Interestingly, Webster established for I'-type functions analogues of Euler’s
constant, Gauss’ multiplication formula, Legendre’s duplication formula, Stirling’s
formula, and Weierstrass’ infinite product for the gamma function. In this work,
we also establish for multiple I'-type functions and multiple log I'-type functions
analogues of all the formulas above as well as analogues of Euler’s infinite product,
Gautschi’s inequality, Raabe’s formula, Stirling’s constant, Wallis’s product for-
mula, and Wendel’s inequality. We also introduce and discuss analogues of Binet’s
function, Burnside’s formula, Euler’s reflection formula, Fontana-Mascheroni’s
series, and Gauss’ digamma theorem. Thus, (to paraphrase Webster [98, p. 607])
for each multiple I'-type function, it is no longer surprising for instance that “some
analogue of Legendre’s duplication formula must hold, almost rendering a formal
proof unnecessary!”

All these results, together with the uniqueness and existence theorems above,
show that the theory we develop in this book provides a very general and unified
framework to study the properties of a large variety of functions. Thus, for each of
these functions we can retrieve known formulas and sometimes establish new ones.
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At the risk of repeating a large part of our preface, we now present two
representative examples to illustrate the way our results can be applied to derive
formulas methodically.

Example 1.6 (The Barnes G-function, see Sect. 10.5) The restriction to R of the
Barnes G-function can be defined as the function G: Ry — R, whose logarithm
f(x) = InG(x) is the unique eventually 2-convex solution that vanishes at x = 1
to the equation

fx+1)—f(x) = hnC(x), x>0.

Thus, our Theorems 1.4 and 1.5 apply with g(x) = InI"(x) and p = 2, which shows
that the function In G (x) is a log I';-type function and hence that the function G (x)
is a I'-type function. In particular, formula (1.5) provides the following analogue
of Gauss’ limit for the gamma function

G(x) = lim FIOT@ - T 6
oo TN +1) -+~ Tx +n)

Using some of our new results, we are also able to derive various unusual formulas
and properties. For instance, we have the following analogue of Euler’s infinite
product

B = Tk . @)
G(x) = r( ) I1 I‘(x+k)k 1+1/kG

k=1

and the following analogue of Weierstrass’ infinite product

6w = 7V T e
I'x) bl 'x+k) ’

where y is the Euler constant and v is the digamma function. We also have the
following analogue of Stirling’s formula

Gx) ~ A2 Qm) i x2T(x) 2 e¥2™% 0 asx — o0,
where 1/_» is the polygamma function defined by the equation
X
Y_o(x) = / InT'(¢) dt forx >0,
0
and A is Glaisher-Kinkelin’s constant defined by the equation

) 1
(=D = ~InA.
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(Here the map s +— ¢'(s) denotes the derivative of the Riemann zeta function.) We
can also easily derive the following analogue of Wendel’s double inequality

-1(3h G( )
<1+j) ‘ 2 ) < G(x)r)f(:_)jx(g) < <1+ Z)

“3")|

which holds for any x > 0 and any a > 0. As a corollary, this inequality
immediately provides the following asymptotic equivalence

G(x +a)
G(x)

~ F(x)“x(g) asx — 0o,

which reveals the asymptotic behavior of G (x + a)/G(x) for large values of x. ¢

Example 1.7 (The Hurwitz zeta function, see Sect. 10.6) Consider the Hurwitz zeta
function s — ¢(s, a), defined when 9i(a) > 0 as an analytic continuation to C \ {1}
of the series

(e.¢]
da+hb, N(s) > 1.
k=0

This function is known to satisfy the difference equation

t(s,a+1)—¢(s,a) = —a* .

Thus, it is not difficult to see that, for any s € R \ {1}, the restriction of the map
x = (s, x) to Ry is alog I'(5)-type function, where

p(s) = max{0, [1 —s]}.

Theorem 1.5 then tells us that all eventually p(s)-convex or eventually p(s)-concave
solutions f;: Ry — R to the difference equation

L+ D = fix) = —x7°

are of the form

fs(x) = ¢+ (s, %),

where ¢; € R. Moreover, equation (1.5) provides the following analogue of Gauss’
limit for the gamma function

n—1 p(s) )
£(s,x) = ¢(@s)+x° + nlingo Z ((x + k)70 — kﬂ) — Z ();) Afl_lnfs ,

k=1 j=1
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where s — ¢(s) = ¢(s, 1) is the Riemann zeta function. Some of our results also
enable us to derive the following analogues of Stirling’s formula

1—s PG )
C(s,x) + f _ZGf AT 50 asx — oo,
— S

j=1
1 p(s) | B
-5 J
;(s,x)—}—l_s;:)(j)strj_l—)O as x — 00,
j=

where G, is the nth Gregory coefficient and B,, is the nth Bernoulli number. For

instance, setting s = —g in these asymptotic formulas, we obtain

;(—%,x)—l—gxs/z— 172x3/2—|— 112 x+1D32 >0 asx — 00,
;(—;,x>+§x5/2—éx3/2~|—éx1/2—>0 as x — 00.

Many more formulas and properties involving the Hurwitz zeta function will be
provided and discussed in Sect. 10.6. O

The two examples above illustrate the scope of our theory and the diversity of
our results. These examples and many others will be explored and discussed in the
last chapters of this book. However, in the first chapters we will almost always use
the basic function g(x) = Inx as the guiding example to illustrate our results.

Outline of the Book Let us now see how this book is organized. On the whole,
Chaps.2 to 8 are devoted to the conceptual part: we develop our theory and
establish our results. Chapters 10 to 12 focus on applications to a large number of
functions, including several classical special functions. In between, Chap. 9 presents
an overview and a summary of our results. After reading this introduction, the reader
interested by such an overview can go immediately to Chap. 9.

In Chap.2, we present some definitions and preliminary results on Newton
interpolation theory as well as on higher order convexity properties.

In Chap.3, we establish Theorems 1.4 and 1.5 and provide conditions for the
sequence n — f,'[g](x) to converge uniformly on any bounded subset of R . We
also examine the particular case when the sequence n — g(n) is summable, and we
provide historical remarks on some improvements of Krull-Webster’s theory.

In Chap.4, we investigate the functions that satisfy the asymptotic condition
stated in Theorems 1.4 and 1.5. We also investigate those functions that are
eventually p-convex or eventually p-concave.

In Chap.5, we introduce, investigate, and characterize the multiple log I'-type
functions.

Chapter 6 is devoted to an asymptotic analysis of multiple log I'-type functions.
More specifically, in that chapter we show how Euler’s constant, Stirling’s constant,
Stirling’s formula, and Wendel’s inequality for the gamma function can be gener-
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alized to the multiple I'-type functions and multiple log I'-type functions and we
introduce and discuss analogues of Binet’s function and Burnside’s formula. We
also show how the so-called Gregory summation formula, with an integral form of
the remainder, can be very easily derived in this setting.

In Chap.7, we discuss conditions for the multiple log I'-type functions to
be differentiable and establish several important properties of the higher order
derivatives of these functions.

In Chap. 8, we explore further properties of the multiple log I'-type functions.
Specifically, we provide asymptotic expansions of these functions as well as
analogues of Euler’s infinite product, Fontana-Mascheroni’s series, Gauss’ multi-
plication formula, Gautschi’s inequality, Raabe’s formula, Wallis’s product formula,
and Weierstrass’ infinite product for the gamma function. We also discuss analogues
of Euler’s reflection formula and Gauss’ digamma theorem, and we define and solve
a generalized version of a functional equation proposed by Webster.

Chapter 9 is the transition from the theory to the applications. It provides a
catalogue of our most relevant results, which can be used as a checklist to investigate
the multiple log I'-type functions. Chapter 9 is self-contained and can be read right
after this introduction.

In Chaps. 10 to 12, we apply our results to a number of multiple I"-type functions
and multiple log I'-type functions, some of which are well-known special functions
related to the gamma function.

In Chap. 13, we make some concluding remarks and propose a list of interesting
open questions.

Notation and Basic Definitions Throughout this book, we use the following
notation and definitions. Further definitions will be given in the subsequent chapters.

Unless indicated otherwise, the symbol I always denotes an arbitrary interval of
the real line whose interior is nonempty.

The symbol S represents either N or R. Forany S € {N, R}, the notationx —g 00
means that x tends to infinity, assuming only values in S. We sometimes omit the
subscript S when no confusion may arise.

Two functions f: Ry — R and g: Ry — R such that f(x)/g(x) — 1 as
x —g oo are said to be asymptotically equivalent (over S). In this case, we write

fx) ~ gx) as x —g 00.
For any x € R, we set
x+ = max{0, x}.
As usual, we also let | x| denote the floor of x, i.e., the greatest integer less than or
equal to x. Similarly, we let [x] denote the ceiling of x, i.e., the smallest integer

greater than or equal to x. When no confusion may arise, we let {x} denote the
fractional part of x, i.e., {x} = x — [x].
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For any x € R and any k € N, we set

Cx+1)

ko _ — P - —
x" = x(x—-1) x—k+1) MG —k+1)

and we let

denote the sign of x*.

For any k € N and any nonempty open real interval I, we let CK(I) denote the
set of k times continuously differentiable functions on /, and we set Cck = CkRy).
We also introduce the intersection sets

C®(I) = ﬂck(l) and C® = ﬂc".

k=0 k=0

We let A and D denote the usual difference and derivative operators, respectively.
We sometimes add a subscript to specify the variable on which the operator acts,
e.g., writing A, and D,.

Recall that the digamma function  is defined on R by the equation

Y(x) = DInT(x) for x > 0.

The polygamma functions v, (v € Z) are defined on R as follows (see, e.g.,
Srivastava and Choi [93]). If v € N, then

Yo(x) = D'Y(x) = ¢y ).

In particular, ¥ = ¥ is the digamma function. If v € Z \ N, then we introduce the
functions

Y_1(x) = InT'(x)
and

_ t)—v—l

wwﬂUO::(/XWUUﬁh = /w(x InT(¢)dt.
0 o (—v—1!

Recall also that the harmonic number function x +— H, is defined on (—1, c0)
by the equation

o0
1 1
Hx:;(k_x—i—k) forx > —1.

1
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Clearly, this function has the property that

1
AxHx:x—}—l’ x> —1.

Moreover, both functions H, and ¥ (x) are strongly related: we have
He 1 = yx)+vy, x>0,

where y is Euler’s constant (also called Euler-Mascheroni constant).
We end this first chapter by introducing some new concepts that will be very
useful in this book.

Definition 1.8 For anya > 0, any p € N, and any g: Ry — R, we define the
function p/ [g]: [0, o0) — R by the equation

p—1
PLIEl) = gtx+a)— Y () Algl@)  forx > 0. (1.7)
j=0

Identity (1.7) clearly shows that the function pf[g] is actually defined on the
open interval (—a, co). However, in this work we will almost always consider it as
a function defined on the interval [0, 0o). We also note that p% [g](0) = 0.

Definition 1.9 For any p € N and any S € {N, R}, we let Rg denote the set of
functions g: R4 — R having the asymptotic property that, for each x > 0,

pl1glx) — 0 asa —g 00.

We also let D£ denote the set of functions g: R — R having the asymptotic
property that

APg(x) - 0 as x —g 00.

We immediately observe that the inclusion D§ C DY ™ holds for every p € N.

We will see in Sects. 3.1 and 4.1 that the inclusion Rg C Rg 1 also holds for every
peN.
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Chapter 2 )
Preliminaries Check for

This chapter is devoted to some basic definitions and results that are needed in this
book. We essentially focus on the Newton interpolation theory and the higher order
convexity and concavity properties.

Recall that, unless indicated otherwise, the symbol / always denotes an arbitrary
real interval whose interior is nonempty.

2.1 Newton Interpolation Theory

In this first section, we recall some basic facts about Newton interpolation theory
and divided differences. We also establish a result on the derivatives of interpolating
polynomials. For background see, e.g., de Boor [32, Chapter 1], Gel’fond [39,
Chapter 1], Quarteroni et al.[85, Section 8.2.2], and Stoer and Bulirsch [94, Section
2.1.3].

Let n € N and let xo, x1, ..., x, be any (not necessarily distinct) points of 1.
Letalso f: I — R be so that Dmi_lf(xi) exists fori = 0, ..., n, where m; is the
multiplicity of x; among the points xg, X1, ..., Xj.

We let

f[-x()v-xls .. '7-x}’l]
denote the divided difference of f at the points xg, x1, . .., x,, and we let the map
x = Pyl f1(x0, x1, ..., Xn3 X)
© The Author(s) 2022 13

J.-L. Marichal, N. Zenaidi, A Generalization of Bohr-Mollerup’s Theorem
for Higher Order Convex Functions, Developments in Mathematics 70,
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denote the interpolating polynomial of f with nodes at xg, x1, ..., x, i.e., the
unique polynomial P satisfying the equations

D*P(x)) = D*f(x;), O<k<=mi—1, i=0,....n.
This polynomial has degree at most n.
Recall that f[xg, x1, ..., x,] is precisely the coefficient of x” in the interpolating

polynomial P,[f](xo, x1, ..., xs; x). More precisely, the Newton interpolation
formula states that

n k—1
Palf100 31, coxni ) = 3 flxoxne o] [ = xo). 2.1)
k=0 i=0

Moreover, the corresponding interpolation error at any x € / can take the following
form

J @) = Palf1(x0, x1, ..., X053 x) = flxo, X1, ..., X, x] l—[(x—xz')- 2.2)
i=0

Recall also that the map

(ZOsZIs“wZn) = f[ZOvZIv---vZn]
is symmetric, i.e., invariant under any permutation of its arguments. Moreover, the
divided differences of f can be computed via the following recurrence relation. For

any k € {0, 1, ...,n}, we have f[xx] = f(xx) and

flxt, ..o, xk]l — flxo, ..., Xk—1]

., if xg # xo,
flxo, ..., xk] = Xk — X0
! D¥ f(x0), ifxo=x1="--=x.
' 2.3)
When the points xg, x1, ..., X, are pairwise distinct, we also have the following
explicit expression
. f @)
flxo,xi, o] = ) (2.4)

=0 nj7ék(xk —xj) .

We now establish a proposition that shows how the derivative of an interpolating
polynomial of a differentiable function f is related to the derivative of f.
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Proposition 2.1 Suppose that I is an arbitrary nonempty open real interval. For

any n € N* any system xo < x1 < -+ < x, of n + 1 points in I, and any
differentiable function f: I — R, there exist n points &y, ..., &,—1 in I such that,
fori=0,...,n— 1, we have x; < & < xj4+1 and

Dy Pu[ 10, .oy xns )| = f1(80). (2.5)

Moreover, we have

Dy Pyl f1(x0, -+, Xn3 ) = Pu1[f' 10, -+, En—15 X) (2.6)

and

nfIxo, .o xal = f'l60s -\ En1]. 2.7

Proof The function g: I — R defined by the equation

gx) = Pulflxo, ..., xn5x) — f(x) forx € I

vanishes at the n + 1 points xg, X1, ..., X,. The first part of the proposition then
follows from applying Rolle’s theorem in each interval (x;, x;11). Now, identity
(2.6) immediately follows from (2.5) and the very definition of the interpolating
polynomial. Identity (2.7) then follows by equating the coefficients of x"~! in (2.6).

O

2.2 Higher Order Convexity and Concavity

Let us recall the definitions of p-convex and p-concave functions and present some
related results. For background see, e.g., Kuczma [58], Kuczma [61, Chapter 15],
Popoviciu [84], and Roberts and Varberg [87, pp. 237-240].

Definition 2.2 (p-Convexity and p-Concavity) A function f: I — R is said
to be convex of order p (resp. concave of order p) or simply p-convex (resp. p-
concave) for some integer p > —1 if for any system xo < x; < --- < Xxp41 of
p + 2 points in [ it holds that

f[-x()a-xla'-'a-x[)-'rl] Z 0 (resp~ f[-x()a-xla'-'axp-l-l] S 0)

Thus defined, a function f: I — R is l-convex if it is an ordinary convex
function; it is O-convex if it is increasing (in the wide sense); it is (—1)-convex
if it is nonnegative.
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Let us now introduce a practical notation to denote the set of p-convex functions
and the set of p-concave functions.

Definition 2.3 Let p > —1 be an integer.

¢ We let KY(I) (resp. K” (1)) denote the set of functions f: I — R that are p-
convex (resp. p-concave).

* Welet IC_ﬁ (resp. K”) denote the set of functions f: Ry — R that are eventually
p-convex (resp. eventually p-concave), i.e., p-convex (resp. p-concave) in a
neighborhood of infinity.

We also set
KP(ny = KEmuklay and  KP = KL UKE.

The following proposition shows that both sets IC{JF (I) and K?(I) are convex
cones whose intersection is precisely the real linear space of all polynomials of
degree less than or equal to p. A similar description of the sets IC{JF and K” will be
given in Corollary 4.6.

Proposition 2.4 Forany p € N, the sets ICi (I) and K? (I) are convex cones. These
cones are opposite in the sense that f lies in lCi(I) if and only if — f lies in IC” (I).
Moreover; the intersection ICi (DNKP (1) is the real linear space of all polynomials
of degree less than or equal to p.

Proof That the sets ICi(I ) and KC? (I) are convex cones is trivial; indeed, if f;
and f> lie in IC{;(I) for instance, then so does ¢ f1 + ¢2 f> for any c1, ¢ > 0. By
definition of ICi (I) and K (I), these cones are clearly opposite. Now, let f lie in
ICi(I) NKP (D andletxg < -+ < xp be p+1pointsin /. By (2.2), forany x € 1
we must have

f(-x) - Pp[f](-x()v-xlv-'-v-xp;-x) = O,

which shows that f is a polynomial of degree at most p. Conversely, using (2.2)
again, we can readily see that any such polynomial lies in ICi(I YN KL (). O

We now present an important lemma. It is interesting in its own right and will
be very useful in the subsequent chapters. A variant of this result can be found in
Kuczma [61, Lemma 15.7.2].

Recall first that forany f: I — R,any p € N,andany x € I suchthatx+p € I,
we have

APF(x) = plflx,x+1,....,x+ pl. 2.8)
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Lemma 2.5 Let p € N and let I, denote the set of tuples of 1P+ whose
components are pairwise distinct. A function f: I — Rliesin ICi (1) (resp. KP (D))
if and only if the restriction of the map

(205 .-+ 2p) = flzo, ..., 2p]

to Iy is increasing (resp. decreasing) in each place. In particular, if I is not upper
bounded, then for any function f lying in ICi(I ) (resp. KCP (1)), the function AP f
is increasing (resp. decreasing) on I.

Proof Using the definition of p-convexity and the standard recurrence relation (2.3)
for divided differences, we can see that f lies in IC_ﬁ (1) if and only if, for any

pairwise distinct xq, ..., xp11 € I, we have
flxt,x2.. 0, xpr1] — flxo, x2..., xpyi] - 0
X1 — Xo -7
Equivalently, for any pairwise distinct xo, ..., Xp41 € I, we have

x1>x0 = flxn,x2...,xpp1]l = flxo,x2...,xpt1] = 0.

The latter condition exactly means that the map defined in the statement is increasing
in the first place. Since this map is symmetric, it must be increasing in each place.
The second part of the lemma follows from (2.8). |

We end this section with a second lemma, which provides some important
connections between higher order convexity and higher order differentiability. In
fact, these connections can be derived (sometimes tediously) from various results
given in the references mentioned in the beginning of this section, especially the
book by Kuczma [61, Chapter 15]. However, for the sake of self-containment we
provide a detailed proof in Appendix A.

Lemma 2.6 Let I be an nonempty open real interval and let p € N. Then the

following assertions hold.

(a) We have KPH(I) c CP(I). ‘

(b) Assume that I is not upper bounded. If f € ICi (I), then AJ f € lCiiJ (1) for
every j € {0,...,p+1}. ‘

(c) If f € CI()NKE (D) for some j €10, ..., p+ 1}, then ) e KV (I).

(d) If f € C'(I) and f' € K27 (1), then f € K" (I).

Proof See Appendix A. ]
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2.3 A Key Lemma

Let p € N,a > 0,and f: Ry — R. Combining Newton’s interpolation formula
(2.1) with identity (2.8), we can readily see that the unique interpolating polynomial

of f with nodes at the p pointsa,a + 1,...,a + p — 1 takes the form
p—1
Ppalfl@a,a+1,...,a+p—1;x) = Z (x;a) A f(a). 2.9)
j=0
If p = 0, then this polynomial is naturally the zero polynomial, which is

assumed to have degree —1. Moreover, using (2.2) we can immediately see that
the corresponding interpolation error at any x > 0 is

p—1
f(x)—Z(x;“)Ajf(a) = (x—a) fla,a+1,...,a+p—1,x]. (2.10)

j=0

Now, the right side of (2.10) is actually the remainder of the (p—1)th degree Newton
expansion of f(x) about x = a (see, e.g., Graham et al. [41, Section 5.3]). Note
also that formula (2.10) is a pure identity in the sense that it is valid without any
restriction on the form of f(x).

Using (2.9) and (2.10) we see that, forany a > 0, any x > 0, any p € N, and any
g: Ry — R, the quantity p”[g](x) defined in (1.7) is precisely the interpolation
error at a + x when considering the interpolating polynomial of g with nodes at
a,a+1,...,a+ p — 1. We then immediately derive the following identities:

pE1gl(x) =gla+x)— Pp_ilgll@,a+1,...,a+p—1la+x), (2.11)
,ocf[g](x)=xpg[a,a+1,...,a~|—p—1,a+x]. (2.12)

We note that identity (2.12) also extends to the case when x € {0,1,..., p — 1},
even if g is not differentiable. Indeed, in this case we must have pZ[g](x) = 0 by
(2.11).

We now end this chapter with a key lemma that will be used repeatedly in this
book. Although this lemma is rather technical, it is at the root of various fundamental
convergence results of our theory. Recall first that, for any k € N, the symbol &4 (x)
stands for the sign of x.

Lemma 2.7 Let p € N, f € K?, and a > 0 be so that f is p-convex or p-concave
on [a, 00). Then, for any x > 0, we have

0 < +epn@plIfl) <+

(0] (A7 @ +x) = A2 f@)

[x1—1

<=|())] X artfat .
-
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where £ stands for 1 or —1 according to whether f lies in ICi or K . Moreover; if
xe{0,1,..., p}(ie, gpt1(x) =0), then pf“[f](x) =0.

Proof If x € {0, 1, ..., p}, then we have that pé’“[f](x) = 0 by (2.11), and then
the inequalities hold trivially. Let us now assume that x ¢ {0, 1,..., p}, which
means that £, 1(x) # 0. Negating f if necessary, we may assume that it lies in ICi.
By (2.12) we then have

epi1 () P10 = epi () xP flaca+ 1., a+ p.a+x] =0.
Hence, using identities (2.3) and (2.8) and Lemma 2.5, we obtain
epr1 () o 1100
= serl()c))c”'H fla,a+1,...,a+ p,a+x]
=epp1 () (x =D (fla+x,a+1,...,a+ pl— fla,a+1,...,a+ pl)
epr1(0) (1) (AP fla+x) = AP f (@)

epr1(0) () (AP fla + [x]) — AP f(a)),

0

IA

IA

IA

which proves the first two inequalities. The third one can be immediately proved
using a telescoping sum. O
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Chapter 3 )
Uniqueness and Existence Results Shethie

In this chapter, we establish Theorems 1.4 and 1.5 and show that, under the
assumptions of these theorems, the sequence n — f,’[g] converges uniformly on
any bounded subset of R. We also discuss the particular case where the sequence
n + g(n) is summable. Lastly, we provide historical notes on Krull-Webster’s
theory and some of its improvements.

Although their proofs are short and elementary, the main results given in this
chapter are of utmost importance. They constitute the fundamental cornerstone of
the whole theory developed in this book.

3.1 Main Results

We start this chapter by establishing a slightly improved version of our uniqueness
Theorem 1.5. We state this new version in Theorem 3.1 below and provide a very
short proof. Let us first note that any solution f: Ry — R to the equation Af = g
satisfies trivially the equations

n—1

f)=f1)+ Zg(k), n e N (3.1

k=1

n—1

f+m=f@)+) gx+k, neN (3.2)

k=0

Moreover, using (1.4), (1.7), (3.1), and (3.2), we can easily derive the identity

f@) = f)+ A8 + pf A1), n e N (3.3)
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22 3 Uniqueness and Existence Results

We also observe that the identity obtained by setting p = 0 in (3.3) can also be
derived by subtracting (3.2) from (3.1).

Theorem 3.1 (Uniqueness) Let p € Nand g € Dg . Suppose that f: Ry — Ris
a solution to the equation Af = g that lies in KCP. Then, the following assertions
hold.

(a) We have that f € RSH.
(b) Foreach x > 0, the sequence n — fF[g](x) converges and we have

f@) = fD+ lim £l

(c) The sequence n + f}I'[g] converges uniformly on any bounded subset of R

to f— f(1).

Proof We clearly have that f € Dg *1. Assertion (a) then follows from Lemma 2.7
and the squeeze theorem. Assertion (b) follows from assertion (a) and identity (3.3).
Now, let E be any bounded subset of R, . Using again identity (3.3) and Lemma 2.7,
for large integer n we obtain

sup | /1810 = () + f(D] = sup ARV
[sup ET—1
ssp|(0] X [artre |

This establishes assertion (c). |

Example 3.2 Using Theorem 3.1 with g(x) = Inx and p = 1, we obtain that all
solutions f: Ry — R lying in X! to the equation Af(x) = Inx are of the form
f(x) = ¢+ InT(x), where ¢ € R. We thus simply retrieve both Bohr-Mollerup’s
Theorem 1.1 and Gauss’ limit (1.6), as expected. We also observe that the set Kl
cannot be replaced with ¥ in this characterization. For example, the function

f(x) = InT(x) +In(1 + } sin27x))

is also a solution lying in K° to the equation Af(x) = Inx. O

Remark 3.3 We note that the assumption that In f is convex in Bohr-Mollerup’s
Theorem 1.1 can be easily replaced with the fact that In f lies in IC}r (without using
the uniqueness Theorem 3.1). Indeed, if In f is convex on [n, c0) for some n € N,
then using (3.2) we have that

n—1

Inf(x) = Inf(x+n)— ) In(x+k), x>0,
k=0
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and hence In f must be convex on R (as a finite sum of convex functions on R ).
We can also replace IC}r with KC!; indeed, assuming that In f lies in KL we would
obtain that A In f(x) = In x lies in K2 by Lemma 2.6(b), a contradiction. O

Remark 3.4 (A Proof of Bohr-Mollerup’s Theorem) We have seen in Example 3.2
how both Bohr-Mollerup’s theorem and Gauss’ limit can be retrieved using our
results. Let us now examine our proof in a self-contained way, using the needed
arguments only. Let f: Ry — R be an eventually convex solution to the equation
Af(x) = Inx. The nature of this equation shows that it is actually enough to assume
that x > 1 to find the form of f(x). For any n € N* and any x > 1, we then have

n—1 n—1
f) = fM)+)Y Ink and  fr+n) = f)+ Y Inx+k)
k=1 k=0
and hence also the identity
n—1 n—1
fx) = f(D)+ (Z Ink — Zln(x + k) +xlnn> + pn(x),
k=1 k=0

where

pn(x) = f(x+n)— f(n) —xlnn.

To conclude the proof, we only need to show that, for each x > 1, the sequence
n +— p,(x) converges to zero. Let n € N* be so that f is convex on [r, 00). Using
the convexity of f we then obtain the following two inequalities

fa+ D =A=-Hfm+ ]! fax+n),
fa+x) < fa+D+UA =D fax+n+1.

Using these inequalities and the identity f(n + 1) — f(n) = Inn, we obtain

0<p) = fx+n) — fa+1) —(x— Dlan
<@-D(fx+n+) = fx+n —Inn) = (x = DIl + ).

The proof is now complete since the latter expression converges to zero as n — 00.
This shows to which extent the proofs of Bohr-Mollerup’s theorem and Gauss’ limit
can be short and elementary. Note that a variant of this proof can be derived from
the proof of Webster’s uniqueness theorem [98, Theorem 3.1]. O
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Now that we have established the uniqueness Theorem 3.1, let us prepare the
ground for the existence theorem. Using the definition of p/'[g](x) given in (1.7),
we can easily derive the following two identities

P 81(p) = APg(a); (3.4)
Pl 1g1(x) — pl ' [g1(x) = () P2 181(P) - (3.5)

These identities clearly show that the inclusions RS C DY and R C Rg“ hold
for any p € N. We will see in Proposition 4.2 that these inclusions are actually
strict.

Now, the following straightforward identities will also be useful as we continue

£ lgle) — £lglx) = —of g1 () ; (3.6)
Sl + 1) = fil[gl(x) = g(x) — pi [8](x) . (3.7

For any integers 1 < m < n, from (3.6) we obtain
M) = flglx) — Z P gl (3.8)

which shows that, for any x > 0, the convergence of the sequence n — f,/[g](x) is

equivalent to the summability of the sequence n > p i [g](x).
We now establish a slightly improved version of our existence Theorem 1.4. We
first present a technical lemma, which follows straightforwardly from Lemma 2.7.

Lemma 3.5 Letp € N, g € KP, and m € N* be so that g is p-convex or p-concave
on [m, o). Then, for any x > 0 and any integer n > m, we have

[x1—1
(50| D2 187800+ j) = APgm + ).
=0

<

”“[g](x)

Proof For any fixed x > 0, the sequence k +—> p,f“[g](x) for k > m does not
change in sign by Lemma 2.7 and hence we have

[x1—1

_ ‘Io[’-i-l (x)‘ (x;l)‘ Z

k m j=0

n—1

Yo APlek+ )|,

k=m

[J+1 (x)

where the inner sum clearly telescopes to A”g(n + j) — APg(m + j). O
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Theorem 3.6 (Existence) Let p € Nand g € Dg N KCP. The following assertions
hold.

(a) We have that g € Rg.
(b) The sequence n — fl'[gl(x) converges for every x > 0, and the function
f: Ry — R defined by

fx) = hm £Pel), x>0,

is a solution to the equation Af = g that is p-concave (resp. p-convex) on
any unbounded subinterval I of R, on which g is p-convex (resp. p-concave).
Moreover, we have f(1) =0 and

| £ [gl(x) = f)I < [x] x>0, nelNN

x—1 p
;)] 1a
If p > 1, we also have the following tighter inequality

| £ 1g100)—f ()] <

(x;l)‘ ’Ap_lg(n +x)— Ap_lg(n)’ , x>0, nelnNN%

(c) The sequence n — f[g] converges uniformly on any bounded subset of R

to f.
Proof We have that g € Dé’ C Dg ) By Lemma 2.7, it follows immediately that g

lies in Rg + , and hence also in Rg by (3.4) and (3.5). This establishes assertion (a).
Now, suppose for instance that g lies in IC{;. Let / be any unbounded subinterval
of R4 on which g is p-convex and let m € I N N*. For any x > 0, the sequence
k — ,o,f“ [g](x) for k > m does not change in sign by Lemma 2.7. Thus, since g
lies in Df\’] , for any x > 0 the series

Z ol g1 (x)

converges by Lemma 3.5. By (3.8) it follows that the sequence n + f;[g (x)
converges. Denoting the limiting function by f, we necessarily have f(1) =
Moreover, by (3.7) and assertion (a) we must have Af = g.

Since g is p-convex on I, for every n € N* the function f;[g] is clearly p-
concave on /. (Note that the second sum in (1.4) is a polynomial of degree less than
or equal to p in x, hence by Proposition 2.4 it is both p-convex and p-concave.)
Since f is a pointwise limit of functions p-concave on /, it too is p-concave on I.



26 3 Uniqueness and Existence Results

The claimed inequalities then follow from identity (3.3), Lemma 2.7, and the
observation that the restriction of the sequence n — APg(n) to I N N* increases to
zero by Lemma 2.5. Indeed, for any x > 0 and any n € I N N*, we then have

|FP1gl) — f@)l = 1o A1) <

[x]—1
(0] 3 1areG+ml < 1]

j=0

(0] 187 £+ - a7 fo)|

=<

()] [ag0n].

This proves assertion (b). Assertion (c) immediately follows from the first inequality
of assertion (b). |

Remark 3.7 We have shown in Theorems 3.1 and 3.6 that the sequence n — £,/ [g]
converges uniformly on any bounded subset of R.. In fact, we have proved the
slightly more general property that the sequence n > p}! + [ f] converges uniformly
on any bounded subset of [0, co) to 0. %

Theorems 3.1 and 3.6 show that the assumption that g € Dé’ N KCP constitutes a
sufficient condition to ensure both the uniqueness (up to an additive constant) and
existence of solutions to the equation Af = g that lie in X”. Nevertheless, we can
show that this condition is actually not quite necessary. We discuss and elaborate on
this natural question in Appendix C.

We now present an important property of the sequence n + £,/ [g]. Considering
the straightforward identity

g1 — gl = () APg(),
we immediately see that if the sequence

1

no— 7100 — £1gl(x)
approaches zero for some x € Ry \ {0, 1,..., p}, then g must lie in D§. More
importantly, the identity above also shows that if g lies in Dp and if the sequence
n fn ](x) converges, then so does the sequence n +— f, p +1 [g](x) and both

sequences converge to the same limit. Since the inclusion D{\} D§+l holds for
any p € N, we immediately obtain the following important proposition.

Proposition 3.8 Let p € N. If g € Dp and if the sequence n + fl'[g](x)
converges, then for any integer q > p the sequence

n o= | f181(x) — fil [g1(x)]

converges to zero. Moreover, the convergence is uniform on any bounded subset of
R;.
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Let us end this section with the following observation about our uniqueness and
existence results. In Theorem 3.1, we have proved the uniqueness of the solution f

that lies in /C? by first proving that this solution necessarily lies in Rg 1 Although
this latter asymptotic condition may seem a bit less natural than the assumption that
f lies in KCP, we could as well consider it as a sufficient condition to guarantee
uniqueness. A similar observation can be made for the existence Theorem 3.6. We
can therefore establish the following two alternative results.

Proposition 3.9 (Uniqueness) Let p € N and let g: Ry — R. Suppose that
f: Ry — Risasolution to the equation Af = g that lies in RI’\}H. Then assertion
(b) of Theorem 3.1 holds, and hence f is unique (up to an additive constant).

Proof This follows immediately from identity (3.3). O
Proposition 3.10 (Existence) Let p € N and suppose that the function g: Ry —
R lies in DII\)I and has the property that, for each x > 0, the sequence n
o +l[g](x) is summable. Then g lies in R{\’] and there exists a unique (up to an

additive constant) solution f: Ry — R to the equation Af = g that lies in RI’\}H.

Proof Since the sequence n — pf H[g](x) is summable, by (3.8) the sequence
n — fF[g](x) converges. Denoting the limiting function by f, we necessarily have

f(1) = 0. By (3.6), the function g necessarily lies in R§+l, and hence also in R§

by (3.4) and (3.5). Thus, we must have Af = g by (3.7) and f lies in Rf{fl by
(3.3). ]

Example 3.11 Let us apply Proposition 3.9 to g(x) = Inx and p = 1. We then
obtain the following alternative characterization of the gamma function (in the
multiplicative notation).

If f: Ry — Ry isa solution to the equation f(x + 1) = x f(x) having the asymptotic
property that, for each x > 0,

fx+n) ~ n*fn) asn —p 00,
then f(x) = c¢I'(x) for some ¢ > 0.

It is easy to see that this characterization also holds on the whole complex domain
of the gamma function, namely C \ (—N). O

3.2 The Case when the Sequence g(n) Is Summable

Let D&l be the set of functions g: Ry — R having the asymptotic property that
the series Y - | g(k) converges. We immediately observe that Dlgl C DY. In this
context, our uniqueness and existence results can be complemented by the following
two theorems.
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Theorem 3.12 (Uniqueness) Let g € Dy U and suppose that f: Ry — Risa

solution to the equation Af = g that lies in K°. Then, the following assertions
hold.

(a) f(x) has a finite limit as x — 0o, denote it by f(00).
(b) For each x > 0, the series Z/fio g(x + k) converges and we have

(0.¢]
fx) = f(o0) =) glx +k).
k=0
(c) The series x > Y po &(x + k) converges uniformly on Ry to f(00) — f.
Proof The sequence n — f(n) converges by (3.1). Assuming for instance that f
lies in ICS)F, for any x > 0 we obtain

fUx]+n) < f(x+n) < f([x]+n) forlarge integer n.

Letting n —n oo in these inequalities and using the squeeze theorem, we get
assertion (a). Assertion (b) follows from assertion (a) and identity (3.2). Now, for
large integer n, by assertion (b) and identity (3.2) we have

sup [ gx+k)| = sup |f(x+n)— f(00)| < [f(n) = f(c0)].
xeRy |12, xeR4
This proves assertion (c). O

Theorem 3.13 (Existence) Let g € D&l N K°. The following assertions hold.

(a) We have that g € R%
(b) The series Y ro( 8(x + k) converges for every x > 0, and the function
f: Ry — R defined by

f) = =) glx+k), x>0, (3.9)
k=0

is a solution to the equation Af = g that is decreasing (resp. increasing) on
any unbounded subinterval I of Ry onwhich g is increasing (resp. decreasing).
Moreover, we have f(x) — 0 as x — oo and, for everyn € I N N*

Yga+b| = Ifx+nl < [fml. x>0
k=n

(c) The series x > Y peo 8(x + k) converges uniformly on R4 to — f.
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Proof By Theorem 3.6, assertion (a) clearly holds (since g also lies in DI%) and,
for each x > 0, the series (3.9) converges and is a solution to the equation Af = g
that satisfies the claimed monotonicity properties. Theorem 3.12 then shows that the
function f vanishes at infinity. The rest of assertion (b) follows from (3.2). Assertion
(c) is then immediate. |

Theorems 3.12 and 3.13 motivate the following definition.

Definition 3.14 For any S € (N, R}, we let Dy ! denote the set of functions
g: Ry — R having the asymptotic property that, for each x € S, the series

Y gl +k)
k=0

converges and tends to zero as x —g 00.

Clearly, this definition is consistent with our prior definition of DQ and we can

immediately see that the inclusion Dﬂgl C D&l holds. Moreover, by Theorem 3.13
we have that

D' Nk = Dy n k. (3.10)

Example 3.15 (The Trigamma Function) The trigamma function vy is defined on
R as the derivative ¥’ of the digamma function. Hence, it has the property that

AY(x) = DAY (x) = —1/x>  forallx > 0.

Since the function ¥ lies in DII\] N K, one can show (see Proposition 4.12 in the
next chapter) that v lies in DI% N K . Now, the function g(x) = —1/x? clearly lies
in Dlgl N ICS)r and hence also in DI% N IC(J)F. It also lies in Dﬂgl N ICS)r by (3.10). Thus,
by Theorems 3.6, 3.12, and 3.13, we see that the trigamma function v is the unique
decreasing solution f to the equation Af = g that vanishes at infinity. Moreover,
we have that

— 1 1  ?
Yi(x) = Z(x+k)2 and  y(1) = Zk2 -7
k=0 k=1
Furthermore, the sequence of functions
n—1 1
n Y Y1 (x) = Y1(x +n)

k=0
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converges uniformly on R to the function v (x), and Theorem 3.13 provides the
following inequalities

o0

0 < yix+nm = Y

k=n

1

(x4 k)2 < y1(n), x >0, n e N*

Finally, Theorem 3.6 provides the following additional inequalities

0 < Y1(n) —Y1(x+n) < [x217 x>0, n e N*,
n

We will further investigate the trigamma function i1 as a special polygamma
function in Sect. 10.3. O

3.3 Historical Notes

As mentioned in Chap. 1, the uniqueness and existence result in the case when p = 1
was established in the pioneering work of Krull [54, 55] and then independently by
Webster [97, 98] as a generalization of Bohr-Mollerup’s theorem. We observe that
it was also partially rediscovered by Dinghas [33]. In addition, we note that Krull’s
result was presented and somewhat revisited by Kuczma [56] (see also Kuczma [59]
and Kuczma [60, pp. 114-118]) as well as by Anastassiadis [7, pp. 69-73]. To
our knowledge, the only attempts to establish uniqueness and existence results for
any value of p were made by Kuczma [60, pp. 118-121] and Ardjomande [9].
Independently of these latter results, an investigation of the special case when
p = 2, illustrated by the Barnes G-function, was made by Rassias and Trif [86]
(see our Appendix B).

We also observe that Gronau and Matkowski [44, 45] improved the multiplicative
version of Krull’s result by replacing the log-convexity property with the much
weaker condition of geometrical convexity (see also Guan [46] for a recent
application of this result), thus providing another characterization of the gamma
function, which was later improved by Alzer and Matkowski [4] and Matkowski
[68, 69]. (For further characterizations of the gamma function and generalizations,
see also Anastassiadis [7] and Muldoon [79].)

Many other variants and improvements of Krull’s result can actually be found
in the literature. For instance, Anastassiadis [6] (see also Anastassiadis [7, p. 71])
generalized it by modifying the asymptotic condition. Rohde [88] also generalized
it by modifying the convexity property. Gronau [42] proposed a variant of Krull’s
result and applied it to characterize the Euler beta and gamma functions and study
certain spirals (see also Gronau [43]). Merkle and Ribeiro Merkle [71] proposed to
combine Krull’s approach with differentiation techniques to characterize the Barnes
G-function. Himmel and Matkowski [48] also proposed improvements of Krull’s
result to characterize the beta and gamma functions.
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Chapter 4 )
Interpretations of the Asymptotic Shethie
Conditions

In this chapter, we study some important properties of the sets Ré’ and Dg and
provide interpretations of the asymptotic condition that defines the set Rg

We also investigate the sets RE N AP and D§ N kP and show that they actually
coincide and are independent of S (and hence we can remove this subscript). We
also provide an interpretation of this common set D” N ICP and present some of its
properties that will be very useful in the next chapters. In particular, we show that
the intersection set C” N'DP N P is precisely the set of functions g € C? for which
g eventually increases or decreases to zero (see Theorem 4.14).

4.1 Some Properties of the Sets ’Rg and ’Dg

Although the definition of the set Rg seems rather technical (see Definition 1.9),
the following proposition shows that this set can be nicely characterized in terms of
interpolating polynomials. We omit the proof for it follows immediately from (2.11)
and (2.12).

Proposition 4.1 Let p € N. A function g: Ry — R lies in Rg if and only if for
each x > 0 such that x” # 0, we have that

gla,a+1,...,a+p—1,a+x] - 0 asa —s 00.

When S = R (resp. S = N), this latter condition means that g asymptotically
coincides with its interpolating polynomial whose nodes are any p points equally
spaced by 1 (resp. any p consecutive integers).
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Interestingly, from (3.2) and (3.3) we can also immediately derive the following
alternative characterization of the set Rg. For any function f: Ry — R, we have

feRoNéf(x)z —ZAf(x—i—k), x>0;
k=0

FO)+ tim fIAf1G), x> 0.

ferRM & o)

(Note that we have already used these equivalences in the proofs of the uniqueness
Theorems 3.1 and 3.12 and Proposition 3.9.)

We now present a proposition that reveals some interesting inclusions among
the sets Rg and Dg . In particular, it shows that just as the sets DO, Dé, Dg, .

are increasingly nested, so are the sets RO, Ré, Ré, ..., and hence each of these
families defines a filtration.

Proposition 4.2 For any p € N and any S € {N, R}, the sets Rg and Dg are real
linear spaces that satisfy the identity

RE = REM nDE (4.1)
and the strict inclusions
R ¢ REYY and D) ¢ DI
When p > 1 we also have
RE ¢ DE.
Finally, when p = 0 we have
Dy = R & Ry & DR

Proof 1t is clear that the sets Rg and Dg are closed under linear combinations;
hence they are real linear spaces. Identity (4.1) then follows immediately from (3.4)
and (3.5). This identity also shows that Rg C Rg 1 As already observed, we also
have Dé’ C Dé’ i trivially. Now, identity (2.11) shows that the polynomial function
x > x? liesin Rg“ \ Rg and we can easily see that it lies also in Dg“ \ Dg. The
inclusion Rg C Dg follows from (4.1) and we can easily see that the 1-periodic
function x + sin(2rx) lies in Dg \ Rg for any p € N* as well as in DI% \ RON.
Finally, let us now show that R?R & R%. Using bump functions for instance, we can
easily construct a smooth function f: Ry — R such that for any n € N*, we have
f = 0Oontheinterval [n — 1,n — rll] and f(n — 2171) = 1. Such a function clearly

lies in RON. However, it does not vanish at infinity, i.e., it does not lie in R%. m]
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We now present an important result that will be used repeatedly as we continue.
It actually follows from the second of the following straightforward identities

Pl 1) = P21 f1) = pLIAfI() (4.2)
PP A1+ 1) = o T A1) = Pl A1) . (4.3)

Proposition 4.3 Let j, p € N be such that j < p. The following assertions hold.

(a) If f € RE, then AT f € RE™.
(b) f € Dg ifand only if AJ f e’Dé’_/.

Proof 1f f lies in R 1 then Af lies in R by (4.3). On the other hand, it is clear
that f lies in DY *1if and only if Af lies in DE. O

It is easy to see that a function f: R4 — R whose difference Af lies in Ré’ for

some p € N need not lie in Rg“. For instance, the function f: Ry — R defined
by the equation f(x) = sin(2zx) for x > 0 does not lie in Ré but its difference
Af = 0lies in ’Rg. However, we will see in Corollary 4.10 that, if f € P ~1 then
the implication in assertion (a) of Proposition 4.3 becomes an equivalence.

Remark 4.4 In view of Proposition 4.3(b), it is natural to wonder whether there
exists a set D of functions from R4 to R having the property that f € Dg if and
only if Af € D. However, such a set does not exist. Indeed, identities (3.1) and
(3.2) show that if f lies in DY, then necessarily Af lies in Dy I Conversely, for any
g€Dg ! there are infinitely many functions f: Ry — R that satisfy Af = g but
that do not lie in Dg. O

It is clear that, for any p € N, if both functions 4 and g — A lie in the space
Rg , then so does the function g. For instance, if g: R, — R has the asymptotic
property that

gx)—P(x) — O as x —g o0

for some polynomial P of degree less than or equal to p — 1, then g must lie in
Rg . Indeed, P clearly lies in Rg and we also have that g — P lies in R(s) (which is
included in Rg by Proposition 4.2). Thus, the space Rg contains not only every
polynomial of degree less than or equal to p — 1 but also every function that
behaves asymptotically like a polynomial of degree less than or equal to p — 1.
To give another illustration of the property above, we observe for instance that both
functions In x and Hy — In x (the latter tends to Euler’s constant y as x —g 00) lie
in Rﬁ and hence so does the function H,, which means that, for each a > 0,

H,—H, - 0 asx — o0

(which, a priori, is a not completely trivial result).
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These examples illustrate the fact that the spaces

R = R and  DP =D}
p=0 p=0

are very rich and contain a huge variety of functions, including not only all the
functions that have polynomial behaviors at infinity as discussed above, and in
particular all the rational functions, but also many other functions. We observe,
however, that they do not contain any strictly increasing exponential function. For
instance, if g(x) = 2%, then APg(x) = 2* for any p € N, and this function
does not vanish at infinity. Actually, such exponential functions grow asymptotically
much faster than polynomial functions and may remain eventually p-convex even
after adding nonconstant 1-periodic functions. For instance, both functions 2* and
2" + sin(2m x) are eventually p-convex for any p € N.

Remark 4.5 Using (1.7) and (4.1), we also obtain R{ = R NDY forany p € N. ¢

4.2 The Intersection Sets ’Rg N /C?P and ’Dg n xce

Let us now consider the set KC? and its subsets Rg N K? and Dg N KCP. As these
sets will be used repeatedly throughout this book, it is important to study their basic
properties. In this section, we present a number of results about these sets that will
be very useful in the subsequent chapters.

Let us first observe that the set I is not a linear space. For instance, using
Lemma 2.6 we can see that both functions

fx) = xP +sinx  and  gx) = xP*!

lie in KCP but f — g does not. We also have that Af does not lie in X? (because
DPAf = ADP f does not lie in K?), which shows that K” is not closed under the
operator A.

The following corollary shows that 7 is actually the union of two convex cones.
This result is an immediate consequence of Proposition 2.4.

Corollary 4.6 Forany p € N, the sets ICﬁ and K are convex cones. These cones
are opposite in the sense that f lies in ICﬁ if and only if — f lies in K" . Moreover,
the intersection ICﬁ NK? is the real linear space of all the real functions on Ry that
are eventually polynomials of degree less than or equal to p.
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It is now clear that Dg N KP is also the union of two opposite convex cones that
is not a linear space. For instance, both functions

sin
F) =2Inx+ "0 and  g(x) = 2lnx
x
lie in Dé NK! (use, e.g., Theorem 4.14(b) below) but f — g does not.
Now, the following proposition shows that, just as the sets co ¢l c?, ... are
decreasingly nested, so are the sets KL K9 K1, .. .. Thus, this latter family defines

a descending filtration and we can therefore introduce the intersection set

K® = ﬂicp.
p=0

Proposition 4.7 For any integer p > —1, we have KPT! ¢ KCP.

Proof Let f lie in ICP*! for some integer p > —1. Suppose for instance that f lies

in ICiH and let / be an unbounded subinterval of R on which f is (p+ 1)-convex.
Let Z, > denote the set of tuples of / P*+2 whose components are pairwise distinct.
By Lemma 2.5, it follows that the restriction of the map

(20, - s 2p+1) > flzo,-- -5 zp+i]

to Zp4> is increasing in each place. If f does not lie in IC”, then there are p + 2
points xg < --- < Xpy1 in I such that f[xo,...,xpy1] > 0. But then, f is p-
convex on the interval (x,41,00), and hence it lies in IC{;, which establishes the
inclusion. To see that the inclusion is strict, using Lemma 2.6 we just observe that
the function f: Ry — R defined by the equation

fx) = xPT! +sinx forx >0

lies in CP \ KCPF1, i

Interestingly, Proposition 4.7 shows that the assumption that g lies in C”, which
occurs in many statements (e.g., in Theorem 3.6), can be given equivalently by the
condition that g lies in U, ,K9.

We now present two useful propositions. The first one is very important: it shows
that the sets Rg N KP and D£ N KCP coincide and are actually independent of S.

Proposition 4.8 For any p € N, we have
RENKP = DENKP = RRNKP = DENKP.

Proof We already know that Rg C Dé’ (cf. Proposition 4.2) and Dﬂg C Df\’].
Moreover, we have that D§ N KP C RE by Theorem 3.6. It remains to show that
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DE NKP C DE. Let g lie in DE N KP. Suppose for instance that g lies in K/ and
let a > 0 be so that g is p-convex on [a, c0). By Lemma 2.5, A? g is increasing on
[a, 00). Thus, for any x > a + 1, we have

APg(lx]) = APg(x) < APg([xD).

Letting x — oo and using the squeeze theorem, we obtain that g lies in Dfé. O

Proposition4.9 If f € K? for some p € N, then the following assertions are
equivalent:

G) f e REYY, Gi) £ e DI, (i) Af e RE, (v) Af € DE.

Proof By Proposition 4.2, we clearly have that (i) implies (ii) and that (iii) implies
(iv). By Proposition 4.3, we also have that (i) implies (iii) and that (ii) implies (iv).
Finally, by Theorem 3.1, we have that (iv) implies (i). |

Combining Proposition 4.3 with Propositions 4.7 and 4.9, we immediately obtain
the following corollary, which naturally complements Proposition 4.3.

Corollary 4.10 Let j, p € N be such that j < p. If | € KCP~1, then we have
feREifandonlyif AV f € RE .

Due to Proposition 4.8, we will henceforth write DP N K? instead of Dé’ NKP.
In view of (3.10), we will also write D~! N K instead of Ds_l N KO.

Since the set DP N KC? is clearly a central object of our theory (cf. our existence
Theorem 3.6), it is important to investigate its properties. In this respect, we have
the following two propositions.

Proposition 4.11 Let j, p € N be such that j < p. The following assertions
hold.

(a) Ifg € KE, then Al g € ICi_j. More precisely, for any unbounded open interval
I of Ry, if g is p-convex on I, then AJ g is (p — j)-convexon I.
(b) Ifg € DP NKE, then Aig € DP~J ﬂlCi_/.

Proof This result immediately follows from Lemma 2.6(b) and Proposition4.3. 0O

Proposition 4.12 Let j, p € N be such that j < p and let g € C/. The following
assertions hold.

(a) g € ICi if and only if gV e lC_’fj. More precisely, for any unbgunded open
interval I of Ry, we have that g is p-convex on I if and only if g7 is (p — j)-
convex on I. _ _ .

(b) g €eDP N lCi ifand only if g/) € DP=I N ICi_/.

Proof Assertion (a) follows from assertions (c) and (d) of Lemma 2.6. To see that
assertion (b) holds, it is enough to show that, for any p > 1, we have g € D” N ICi

. . -1 -1
ifandonlyif g’ e DP~ 1N K.
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Suppose first that g lies in D? N K. Then g’ lies in IC_’?:I by assertion (a).
Let x > 1 be so that g is p-convex on [x — 1, 00). Then AP~ !g’ is increasing on
[x — 1, 0c0) by assertion (a) and Proposition 4.11(a). By the mean value theorem,
there exist é}, 53 € (0, 1) such that

APgx —1) = APlg/(x — 1+ &) < AP71g (x)
< APl (x +&2) = APg(x).

Letting x — 0o, we see that g’ lies in DI{(I by the squeeze theorem.

Conversely, suppose that g’ lies in D?~! N IC_’?:I. Then g lies in IC_ﬁ by assertion
(a). Let x > O be so that g’ is (p — 1)-convex on [x, o) and let ¢ € (x, x + 1). Then
AP~lg" is increasing on [x, co) by Proposition 4.11(a), and hence we have

APl () <= AP () < AP+ 1.
Integratingon ¢ € (x, x 4+ 1), we obtain
APl () < APg(x) < AT+ D).

Letting x — oo, we see that g lies in Df. O

Remark 4.13 1f a function f: Ry — Ris such that Af lies in P for some p € N,
then f need not lie in KPPt evenif A f lies in DP N KCP. For instance, the function
f: Ry — R defined by the equation

1 1
fx) = o (l—i— 3sin)c) forx >0

lies in KO \ K'. Indeed, 2* f'(x) is 27-periodic and negative while 2* £ (x) is 27-
periodic and change in sign from x = ¥ to x = 7. However, the function Af lies
inD’N IC?F for 2* A f’(x) is 27 -periodic and positive. This example shows that the
implications in Proposition 4.11 cannot be equivalences. %

If a function g: Ry — R lies in DP? N P for some p € N, then by
Proposition 4.11 the function A”g lies in DY NKY?, i.e., AP g eventually increases or
decreases to zero. However, a function g: Ry — R that satisfies this latter property
need not lie in D? N P, unless g lies in K? or p = 0. The example introduced in
Remark 4.13 illustrates this phenomenon when p = 1. On the other hand, when g
lies in C?, by Proposition 4.12 we have that g lies in D” N K? if and only if g(”
lies in DY N K.
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We gather these important observations in the following theorem.
Theorem 4.14 Let p € N. The following assertions hold.

(a) Let g € ICi (resp. K” ). Then g lies in DP N ICi (resp. DP N KL ) if and only if
AP g eventually increases (resp. decreases) to zero.

(b) Letg € CP. Then g lies in D? ﬂlCi (resp. DPNK? ) if and only if g'P) eventually
increases (resp. decreases) to zero.

Proof Assertion (a) immediately follows from Propositions 4.3 and 4.11. Assertion
(b) immediately follows from Proposition 4.12. O

Remark 4.15 Tt is not difficult to see that the function g(x) = i sinx2 vanishes

at infinity while its derivative does not. Theorem 4.14(b) shows that if g lies in
C1 NDP NK? for some p,g € N such that p < g, then all the functions
g, gtV | ¢@ vanish at infinity. O

Propositions 4.11 and 4.12 do not provide any information on the functions Ag
and g’ when g lies in D° N K and C!' N D° N KY, respectively. The following
proposition fills this gap under the additional assumptions that Ag and g’ lie in °,
respectively.

Proposition 4.16 The following assertions hold.

(a) If g lies in D° N K° and is such that Ag lies in K, then Ag liesin D' N ng.
(b) If g lies in C' N DY N K° and is such that g’ lies in K° (or equivalently, g lies
in K1), then g' lies in C° N D=1 N KY.

Proof Let us first prove assertion (a). Since g is eventually decreasing, Ag must
be eventually negative. But since Ag also lies in D° N K0, it must be eventually
increasing to zero. On the other hand, since g lies in Do, Ag must lie in D§ ! This
proves assertion (a).

Let us now prove assertion (b). Since g is eventually decreasing, g’ must be
eventually negative. Since g’ lies in K° (and hence g lies in X! by Lemma 2.6), we
have that g lies in D' N K! (since D(s) C Dé). Proposition 4.12 then tells us that g’
lies in DY N K0, and hence it must be eventually increasing to zero.

It remains to show that g’ lies in D&l. Let x > 1 be so that g is decreasing and
g’ is increasing on I, = [x — 1, c0). By the mean value theorem, for any integer
k > x there exist & € (0, 1) such that

Agk—1) = g'k—1+8&) < g'k).

For any integers m, n such that x < m < n, we then have
n—1 n—1
gn—1—gm—1) = Y Agtk—1) < Y g'(k) < 0.
k=m k=m

Letting n — 00, we can see that g’ lies in D§ I m|
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Remark 4.17 The assumption that Ag lies in K cannot be ignored in Proposi-
tion 4.16(a). Indeed, take for instance the function g = Af, where f is the function
defined in Remark 4.13. We have seen that this function lies in D° N k0. However,
it is not difficult to see that Ag does not lie in K°. Similarly, the assumption that g’
lies in K% cannot be ignored in Proposition 4.16(b). Indeed, one can show that the
same function g has the property that g’ does not lie in K°. To give another example,
one can show that the function

1
gx) = S(x + sinx)
X

lies in D% N KO whereas its derivative g’ does not lie in KO, O

We also have the following two corollaries, in which the symbols R and D can
be used interchangeably.

Corollary 4.18 Let g lie in lCi (resp. K ) for some p € N. Then g lies in ’Dé’ if
and only if there exists a solution f: Ry — R to the equation Af = g that lies in
’Dé’“ NKP (resp. Dg“ N lCi).

Proof The D-version immediately follows from Theorem 3.6 and Proposi-
tion 4.3(b). The R-version then follows from Proposition 4.9 and Proposition 4.3(a).
0

Corollary 4.19 For any p € N, we have that
DPNK? c K7 and  DPNKP c KU

More precisely, if g lies in DP N KP and is p-convex (resp. p-concave) on an
unbounded interval of R, then on this interval it is also (p — 1)-concave (resp.
(p — 1)-convex).

Proof Let g lie in DP ﬂlCi. Then the function f: R; — R defined in the existence
Theorem 3.6 is p-concave on any unbounded subinterval of Ry on which g is p-
convex. By Lemma 2.6(b), the function g = Af is also (p — 1)-concave on this
interval. O

We end this chapter by providing a characterization of the set R” N KCP = DP N
IC? in terms of interpolating polynomials. We also give a corollary that will be very
useful in the subsequent chapters.

Proposition 4.20 Let g lie in KCP for some p € N. Then we have that g lies in ’Dg
if and only if for any pairwise distinct xo, . .., xp > 0, we have that

gla+xo,....,a+xp] >0 asa —s o0.

This latter condition means that g asymptotically coincides with its interpolating
polynomial with any p nodes.
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Proof (Necessity) Suppose for instance that g lies in D” N IC_’;. By Corollary 4.19,

it also lies in K7 Let X0, ..., Xp > 0be any pairwise distinct points and leta > 0
be so that g is p-convex and (p — 1)-concave on [a, 00). Then the map

x = glx+x0,...,x +xp]

is nonpositive on [a, c0) and, by Lemma 2.5, it is also increasing on [a, 00). By
(2.8), we then have

1
p,A”g(a) = gla,a+1,....a+p] < gla+p+xo.....a+p+x,] <0,

where the left side increases to zero as a —g 00.
(Sufficiency) This immediately follows from Propositions 4.1 and 4.8. O

Corollary 4.21 Let g lie in ICi (resp. K ) for some p € N, leta > 0 and b > 0,
andlet h: Ry — R be defined by the equation h(x) = g(ax +Db) for x > 0. Then

(a) hlies in lCi (resp. KKV );
(b) if g lies in DP N KP, then h lies in DP N ICi (resp. DP N KP).

Proof The result is trivial if p = 0. So let us assume that p > 1 and for instance
that g is p-convex on [s, co) for some s > 0. Using (2.4), we can easily show that
for any pairwise distinct points x, ..., X, > 0 we have

hixo,...,xpl = a” glaxo+b,...,ax, +bl.

This immediately shows that % is p-convex on [; (s—b), 0o) and hence that assertion

(a) holds. Now, suppose that g lies in D” N ICi. Then £ lies in ICi by assertion (a).
Moreover, for any pairwise distinct xo, ..., x, > 0, by Proposition 4.20 we have
that

hln +xo,...,n+xp] = apg[an—l—axo—l—b,...,an—l—ax,,—l—b] — 0

as n —y o0o. Hence & also lies in DP N ICi by Proposition 4.20. This establishes
assertion (b). |
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Chapter 5 )
Multiple log I'-Type Functions Shethie

In this chapter, we introduce and investigate the map, denote it by X, that carries
any function g lying in

J@rnkr)

p=0

into the unique solution f to the equation Af = g that arises from the existence
Theorem 3.6. We call these solutions multiple log I'-type functions and we investi-
gate certain of their properties. We also discuss the search for simple conditions
on the function g: Ry — R to ensure the existence of Xg. Further important
properties of these functions, including counterparts of several classical properties
of the gamma function, will be investigated in the next three chapters.

The map ¥ is actually a central concept of the theory developed here. Its
definition and properties seem to show that it is as fundamental as the basic
antiderivative operation. In the next chapter we show that both concepts actually
share many common features.

5.1 The Map X and Its Basic Properties

In this section, we introduce the map X and discuss some of its basic properties. We
begin with the following important definition.

Definition 5.1 (Asymptotic Degree) The asymptotic degree of a function
f: Ry — R, denoted deg f, is defined by the equation

deg f = —1+min{g e N: f € DL}
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For instance, if f is a polynomial of degree p for some p € N, then deg f = p.
If f(x)=0or f(x) =, or f(x) =In(1 + 1), thendeg f = —1.If f(x) = sinx
or f(x) =x +sinx, or f(x) = 2%, thendeg f = oc.

It is easy to see that the identity

deg f = 14+degAf

holds whenever deg f is a nonnegative integer. However, it is no longer true when
deg f = —1. For instance, for the function f(x) = 0 or the function f(x) = ;, we
have deg f = deg Af = —1. This shows that in general we have

(deg f)+ = 14+ degAf.

We are now ready to introduce the map ¥. Here and throughout, the symbols
dom(X) and ran(X) denote the domain and range of X, respectively.

Definition 5.2 (The Map X) We define the map X : dom(¥) — ran(X), where

dom(X) = U(DI’DIC”),
p=0

by the following condition: if g € DP N P for some p € N, then

Tg = lim f/[gl. 5.1)
n—oo
It is important to note that the map is well defined; indeed, if g lies in both sets
DP N KP and DY N K9 for some integers 0 < p < g, then by Proposition 3.8 both
sequences n — f,'[g] and n — f;[g] have the same limiting function. Thus, in
view of Proposition 4.7, we can see that condition (5.1) holds for p = 1 + deg g.
Thus defined, it is clear that the map X is one-to-one; indeed, if ¥ g; = X g, for
some functions g1 and g» lying in dom(X), then g1 = AXg = AXgy = go. This
map is even a bijection since we have restricted its codomain to its range. We then
have the following immediate result.

Proposition 5.3 The map X is a bijection and its inverse is the restriction of the
difference operator A to ran(X).

Just as the indefinite integral (or antiderivative) of a function g is the class of
functions whose derivative is g, the indefinite sum (or antidifference) of a function
g is the class of functions whose difference is g (see, e.g., Graham et al. [41, p. 48]).
Recall also that any two indefinite integrals of a function differ by a constant while
any two indefinite sums of a function differ by a 1-periodic function. The map X
now enables one to refine the definition of an indefinite sum as follows.

Definition 5.4 We say that the principal indefinite sum of a function g lying in
dom(X) is the class of functions ¢ + X g, where ¢ € R.
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Example 5.5 (The Log-Gamma Function) If g(x) = Inx, then we have Xg(x) =
InI"(x), and we simply write

YInx = InT'(x), x > 0.

Thus, the principal indefinite sum of the function x — In x is the class of functions
x = ¢+ InT'(x), where ¢ € R. With some abuse of language, we can say that the
principal indefinite sum of the log function is the log-gamma function. %

Exactly as for the difference operator A, we will sometimes add a subscript to the
symbol X to specify the variable on which the map X acts. For instance, X, g(2x)
stands for the function obtained by applying ¥ to the function x +— g(2x) while
¥ g(2x) stands for the value of the function X g at 2x.

The following proposition provides some straightforward properties of the map
% that will be very useful as we continue.

Proposition 5.6 Let g lie in DP N KP for some p € N. The following assertions
hold.

(a) Xg is the unique solution to the equation Af = g that lies in KP and that
vanishes at 1.

(b) Xg liesinDPTI NP = RPN KP.

(c) Xg satisfies the identities

n—1
gy =) gk, neN, (5.2)
k=1
n—1
Te(x+n) =Tgx)+ Y glx+k), neN, (5.3)
k=0
and
Se(x) = fPlelx) + ot [Telx),  ne N~ (5.4)

Proof Assertions (a) and (b) immediately follow from Theorems 3.1 and 3.6 and
Proposition 4.9. Identities (5.2)—(5.4) follow from (3.1)-(3.3). |

Quite surprisingly, we observe that if g lies in D” NIC? for some p € N, then g
need not lie in P!, The example given in Remark 4.13 illustrates this observation.
We also have that

degXg = 1+degg
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whenever deg X g is a nonnegative integer; but this property no longer holds if

deg ¥ g = —1. For instance, considering the functions
) 2o and  Tg) =
X) = X) = s
§ x(x+ D(x +2) & x(x+ 1)

we have deg g = deg ¥ g = —1. Thus, in general we have
(deg Xg)4+ = 1+degg.
We now give two important propositions, which were essentially proved by
Webster [98, Theorem 5.1] in the special case when p = 1.
Proposition 5.7 Let g and g lie in DP N KP for some p € N and let c1, ¢y € R.
Ifc1g1 + c2g2 lies in DP NP, then
Y(c1g1 +282) = c1¥g1+2Xg.

Proof 1tis clear that if g lies in DP N P, then we have Xcg = cXg forany c € R.
Now, suppose that g1, g2, and g; + g2 lie in D” N P and let us show that

X(g1+g) = Xg1 + Zg.

It is actually enough to consider the following two cases.

1. If both g1 and g lie in DP NKY (resp. DP NK?L), then so does g1 + 2. It follows
that the function f = X g; + X g» is a solution to the equation Af = g + g> that
lies in KC” (resp. ICi) and satisfies f(1) = 0. By the uniqueness Theorem 3.1,
we must have X (g1 + g2) = f.

2. If both g1 + g2 and —g; lie in D N KL (resp. D? N K”), then so does g (use
the first case) and we have

Yg = X((g1+82) + (—g1) = Z(g1 +g2) — Xg1.

This completes the proof. O
Proposition 5.8 Let g lie in DP N K (resp. D? N KL ) for some p € N, leta > 0,
and let h: Ry — R be defined by the equation h(x) = g(x 4+ a) for x > 0. Then h
lies in DP N IC_’; (resp. DP N K?) and

Yhix) = Zygx4+a) = Tgx+a)—Xgla+1).

Proof Define a function f: Ry — R by the equation

f(x) = Eg(x +a)—Xga+1)
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for x > 0. By Corollary 4.21, f is a solution to the equation Af = h that lies in
KP (resp. K ) and satisfies f(1) = 0. Hence, £h = f, as required. O

Example 5.9 (See Webster [98]) For any a > 0, consider the function g,: Ry — R
defined by

ga(x) = In S Inx — In(x + a) forx > 0.
X +a

Then g, lies in DY N ICE)|r (and also in D! N K1) and Propositions 5.7 and 5.8 show
that

F@)IT@+1)

Zgal) =

Also, since g, is concave on R, we have that X g, is convex on R . As Webster
[98, p. 615] observed, this is “a not completely trivial result, but one immediate from
the approach adopted here.” O

Example 5.10 (A Rational Function) The function

41 +1 2x
= = X —
x34+x x  x2+1

clearly lies in D?> N K2. Using Proposition 5.7, we then have
Tg(x) = (3) + He—1 — 2Zh(x),

where the function

h = = 9t< ! )
x= 41 X +i
lies in D° N K9, Now, recalling that X i = H,_1, it is not difficult to see that
Yh(x) = c+NRHtio
for some ¢ € R, where the function z — H; on C \ (—N*) satisfies the identity

H_il_l
© k z4+k)’

k=1
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Indeed, the function f: Ry — R defined by the equation

o0
1 x+k—1
= NH, i = - ; 0,
f(X) x+i—1 ];(k (X+k—l)2+l> X >
lies in K° and satisfies Af =h. O

We also have the following surprising proposition, which says that if a function
g lies in D? N KP N K4 for some integers 0 < p < g, then it actually lies in

K2 Nk n P actn. Ky,

where the subscripts alternate in sign. The same property holds for Xg.
Proposition 5.11 Let g lie in DP N KP NPT for some p € N. Then it lies in
ICTrl and Xg lies in DPT1 N KL N A

Proof Suppose that g lies in KP™. Since it also lies in DPHL N KPT, by
Corollary 4.19 it must lie in ICi. By Corollary 4.6, g is eventually a polynomial
of degree less than or equal to p. But then, using Corollary 4.6 again, g lies in

ICiH. The result about X g is then trivial. O
Example 5.12 Let us apply Proposition 5.11 to the function g(x) = Inx with p =
1. We then obtain that
il 1 2 3 4
gliesin D' NK_NKLNKZNKIN---
while g liesin D’ N KL NKENKINnKE N,
where £ g(x) = InT'(x). Moreover, it is easy to see that g is 1-concave on R,
2-convex on R, and so on, and similarly for Xg. O
Example 5.13 Applying Proposition 5.11 to the function g(x) = —)16 Inx with p =
0, we obtain that
gliesin D' Nk NKLNKInKE -
while g liesinD'NK2 NKLNKZNKI N+,
where X g(x) = y1(x) — y1 is a generalized Stieltjes constant (see Sect. 10.7). Now,

for every ¢ € N, we have g+ (x) = 0 if and only if x = efa+1. Hence we can
easily see that g is g-convex or g-concave on the unbounded interval (ef4+1, 00). ¢

Remark 5.14 Although the asymptotic degree of a function (see Definition 5.1)
defines an important and useful concept, it is not always easy to compute. For
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instance, we can show after some calculus that, for any p € N, the function
hp: Ry — R defined by the equation (see Sect. 11.3)

xp
h = fi 0
p(x) G + 1) orx >

has the asymptotic degree deg h,, = p — 1. Thus, it would be useful to have a simple
formula to compute easily the asymptotic degree of any function. On this matter, let
us consider the limiting value (when it exists)

AW
er = lim x

xX—00 f(x) ’

which is inspired from the concept of the elasticity of a function f (see, e.g.,
Nievergelt [81]). Computing this limit for the function 4, above for instance, we
easily obtain e, = p. Interestingly, we can observe empirically that many functions

f lying in KU satisfy the double inequality
lesl+ = T+degf =< [T+er]s.

It would then be useful to find necessary and sufficient conditions on the function f
for this double inequality to hold. %

5.2 Multiple log I'-Type Functions

Barnes [14-16] introduced a sequence of functions I'1, ['2, ..., called multiple
gamma functions, that generalize the Euler gamma function. The restrictions of
these functions to R are characterized by the equations

Ferl(x)
p(x)
Fix) =T, Tyl =1, for x > 0 and p € N*,

together with the convexity condition
(—1)PH'DPH InT,(x) = 0, x> 0.

For more recent references, see, e.g., Adamchik [1, 2] and Srivastava and Choi [93].
Thus defined, this sequence of functions satisfies the conditions

InTpi1(x) = —ZInTp(x) and deg(Inol'y) = p.
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Moreover, it can be naturally extended to the case when p = 0 by setting ['g(x) =
1/x.
Now, these observations motivate the following definition.

Definition 5.15 Let p € N.

* A I')-type function (resp. a logI',-type function) is a function of the form
expoXg (resp. Xg), where g lies in D N P with p = 1 4+ degg.

* A multiple T-type function (resp. multiple log I'-type function) is a I'p-type
function (resp. log I',-type function) for some p € N.

When p > 1, expoXg reduces to the function I, when exp og is precisely the
function 1/ I",—1, which simply shows that the function I', restricted to R is itself
aI',-type function.

We also introduce the following notation. We let I'j, (resp. Logl",) denote the
set of I",-type functions (resp. log I',-type functions). Thus, by definition the set
ran(X) can be decomposed using the following disjoint union

ran(¥) = Uran(E|meicp) = ULogI‘p.
p=0 p>0

Thus defined, the set of log I',-type functions can be characterized as follows.

Proposition 5.16 For any function f: Ry — R and any p € N, the following
assertions are equivalent.

(i) f € Logl'y.

(ii) f(1)=0, feKP, Af e DPNKP, anddegAf =p — 1.

(iii) f=2XAf, Af e DPNKP, anddegAf =p — 1.

(iv) f eran(X) anddegAf = p — L.

(v) If p > 1, then f eran(X) anddeg f = p.If p = 0, then f € ran(X) and
deg f € {—1,0}.

Proof The equivalence (i) < (ii) < (iii) is immediate by definition of X. The
implications (iii)) = (iv) = (ii) are straightforward. Finally, the equivalence (iv)
< (V) is trivial. |

From Proposition 5.16 we immediately derive the following characterization of
the set ran(X) of all multiple log I'-type functions.

Corollary 5.17 A function f: Ry — R lies in ran(X) if and only if there exists
p € Nsuchthat f(1) =0, f € KP, and Af € DP N KP.



5.3 Integration of Multiple log I'-Type Functions 53
5.3 Integration of Multiple log I'-Type Functions

The uniform convergence of the sequence n +— fnp [g] (cf. Theorem 3.6) shows that
the function X g is continuous whenever so is g. More generally, we also have the
following result.

Proposition 5.18 Ler g lie in CO N DP N KP for some p € N. The following
assertions hold.

(a) Xg liesinCONDPTI NP
(b) Xg is integrable at 0 if and only if so is g.
(c) Letn € N* be so that g is p-convex or p-concave on [n, o0) andletQ < a < x.
The following inequality holds
X
< [T
a

If p > 1, we also have the following tighter inequality

X
S /
a

Moreover; the following assertions hold.

/ (S 1gl() — Zg(1) dt

()| dr |argan).

/ (fi g]() — g(n) dt

()] |a7 g0+ 1) — AP~ gm)| dr.

(c1) The sequence

n > / (fF1gl(t) — Zg(1)) dt

converges to zero.
(c2) The sequence

n /(fnp[g](t)+g(t))dt

converges to

f(zg<r>+g(r)>dr - f Te(t + 1) dt.

(c3) Forany m € N* the sequence

n o / (fi L81(0) — fmlg1(®) d1
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converges to

/ (Zg(1) — finlgl(®)dr.

Proof Assertion (a) follows from Proposition 5.6 and the uniform convergence of
the sequence n fnp [g]. Assertion (b) follows from assertion (a) and the identity
Ygx +1) — Xg(x) = g(x). Now, for any n € N*, since ,o,’f“[Eg](O) = 0 by
(1.7), the function pf +1[Eg] is clearly integrable on (0, x) and hence on (a, x).
Using (5.4), it follows that the function f,,p [g] — X g is also integrable on (a, x). The
inequalities of assertion (c) then follows from Theorem 3.6(b); and hence assertion
(c1) also holds. Assertion (c2) follows from assertion (c1) and the identity ¥g(x +
1) — Xg(x) = g(x). Finally, using (3.8) we see that the function f,,f [g] — f,,p [g]is
integrable on (a, x) and hence assertion (c3) follows from assertion (c1). |

Remark 5.19 Assertion (c) of Proposition 5.18 has been obtained by integrating the

function p? +1 [Xg] on (a, x). The first inequality in assertion (c) then clearly shows
that the sequences of functions defined in assertions (c1)—(c3) converge uniformly
on any bounded subset of R. Now, we also observe that the integral

/ "ol [zl dr

a

itself can be integrated on (a, x), and we can repeat this process as often as we wish.
After n integrations, we obtain

1 X
e 1 f =" ol g1 dr,

and, proceeding as in Proposition 5.18, it is then clear that the following inequality
holds

(’;l)‘dt |APg(n)].

f =" (f1gle) — Tg(r)) dt

< /x<x—r>”—1 It

In particular, this inequality shows that the left-hand integral converges uniformly
on any bounded subset of R to zero. O

Let us end this section with the following important remark. In Proposition 5.18
we have assumed the continuity of function g to ensure that the integrals of
both functions g and Xg be defined. Of course, we could somewhat generalize
our result by relaxing this continuity assumption into weaker properties such as
local integrability of both g and X g. However, for the sake of simplicity, in this
work we will always assume the continuity of any function whenever we need to
integrate it on a compact interval (see also Remark 9.1). In this case, continuity
can be regarded simply as a handy assumption to keep the results simple. We
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then encourage the interested reader to generalize those results by searching for
the weakest assumptions. This may sometimes lead to challenging but stimulating
problems.

5.4 The Quest for a Characterization of dom(X)

Recall that the map X is defined on the set

dom(z) = [ J(D@"nKkP).
p>0

In this respect, it would be useful to have a very simple test to check whether a given
function g: R4 — R lies in this set. By Propositions 4.2 and 4.7, the condition that
g liesin D’ N K is clearly necessary. In the next proposition we show that, if g is
not eventually identically zero, then it must also satisfy the following property

gn+1) <

lim sup
n—yoo &)

(5.5)

We first recall the following discrete version of L’Hospital’s rule, also called Stolz-
Cesaro theorem. For a recent reference see, e.g., Ash et al. [12].

Lemma 5.20 (Stolz-Cesaro Theorem) Let n — a, and n — b, be two real
sequences. If the second sequence is strictly monotone and unbounded, then

n+1 — dn an+1 — an

.. a .. dan . an .
lim inf < liminf < limsup < limsup .
=00 Dpy1 — by n—oo by, n—00 n n—00 bn+1 — by

In particular, if

an+1 —dn
n—00 bn—i—l — b,

for some £ € R, then

lim " = ¢.
n—00 bn

Proposition 5.21 If g lies in dom(X) and is not eventually identically zero, then
condition (5.5) holds.

Proof Assume that g lies in D” N ICP for some p € N. Of course we can assume
that p = 1 + deg g. We can also assume that g is not eventually a polynomial; for
otherwise the condition (5.5) clearly holds. If p = 0, then the function x +— |g(x)]
eventually decreases to zero and hence condition (5.5) holds. Now suppose that
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p > 1. Then the function A?g lies in D° N K° and there are two exclusive cases to
consider.

(a) Suppose that the eventually monotone sequence n — AP~ !g(n) is unbounded.
This sequence is actually eventually strictly monotone. Indeed, otherwise the
function A?g € K° would vanish in any unbounded interval of R, and hence
would eventually be identically zero. Equivalently, g would eventually be a
polynomial of degree less than or equal to p — 1, a contradiction. Using the
Stolz-Cesaro theorem (see Lemma 5.20) and the fact that condition (5.5) holds
for A? g, we then obtain

AP~1 1 AP 1
lim sup g +1) < limsu g+ 1) <1

n—pN 00 Apflg(n) n—N 00 APg(n)
Iterating this process, we see that condition (5.5) holds for g.
(b) Suppose that the sequence n +— A?P ~lg(n) has a finite limit (which is
necessarily nonzero by minimality of p). If p = 1, then condition (5.5) holds
trivially. If p > 2, then the eventually monotone sequence n — AP~2g(n) is
unbounded and we can show as in the previous case that it is actually eventually
strictly monotone. Using the Stolz-Cesaro theorem, we then obtain
AP 2g(n+1) APTlg(n+1)

lim sup < limsup

1.
n—> 00 Ap—zg(n) n—>p 00 Ap—lg(n)

Iterating this process, we see that condition (5.5) holds.
This completes the proof. O

Remark 5.22 We observe that the left side of (5.5) is not always a limit. For
instance, the function g: Ry — R defined by the equation

1 1
glx) = o (1 + 3 sinx) forx >0

lies in P° N K0 (see Remark 4.13) but the function g(x + 1)/g(x) is a nonconstant
periodic function. The first example in Remark 6.21 also illustrates this behavior.

On the other hand, a function g € K0 that satisfies condition (5.5) need not lie in
Dy . For instance, for any ¢ € N the function

gg(x) = x4 sinx
lies in K7 \ K9t and hence also in X0, and satisfies

g(n+1 -1
nonoo ge(n)

However, it does not lie in DI%O. O
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We observe that condition (5.5) is very easy to check for many functions g lying
in 0. Thus, this condition provides a simple and useful test. In particular, when the
inequality in (5.5) is strict, the sequence n — g(n) is summable by the ratio test,
and hence g lies in D° N K°. On the other hand, when the inequality is an equality,
it is not known whether this condition, together with the property that g lies in K°,
are also sufficient for g to lie in dom(X).

Now, it is easy to see that a function g: Ry — R lies in DY’ if and only if
there exists p € N for which the sequence n — A”g(n) converges. In particular,
if we assume that g lies in X, then g does not lie in DY’ (and hence it does not
lie in dom(X)) if and only if for every p € N the sequence n — A?g(n) tends to
infinity. On the other hand, we can observe empirically that condition (5.5) fails to
hold for many functions g lying in X \ DF’. Examples of such functions include
g(x) = 2% and g(x) = I'(x). It seems then reasonable to think that this observation
follows from a general rule. We then formulate the following conjecture.

Conjecture 5.23 If a function g: Ry — R lies K and is not eventually identically
zero, then it also lies in DI%O if and only if condition (5.5) holds.
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Chapter 6 )
Asymptotic Analysis Shethie

The asymptotic behavior of the gamma function for large values of its argument
can be summarized as follows: for any a > 0, we have the following asymptotic
equivalences (see Titchmarsh [96, Section 1.87])

'x+a) ~ x°T(x) asx = o0, 6.1)
Cx) ~ 27 e FxFT2 asx - 0, (6.2)
Fx+1) ~ V2rxe ™ x" asx — oo, (6.3)

where both formulas (6.2) and (6.3) are known by the name Stirling’s formula.

In this chapter, we investigate the asymptotic behaviors of the multiple log I"-type
functions and provide analogues of the formulas above.

More specifically, for these functions we establish analogues of Wendel’s
inequality, Stirling’s formula, and Burnside’s formula for the gamma function. We
also introduce the concept of the asymprotic constant, an analogue of Stirling’s
constant, and an analogue of Binet’s function related to the log-gamma function,
and we show how all these generalized concepts can be used in the asymptotic
analysis of multiple log I'-type functions. We also establish a general asymptotic
equivalence for these functions.

We revisit Gregory’s summation formula, with an integral form of the remainder,
and show how it can be derived very easily in this context. Using this formula,
we then introduce a generalization of Euler’s constant and provide a geometric
interpretation.
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60 6 Asymptotic Analysis
6.1 Generalized Wendel’s Inequality

Recall that if a function g lies in D? N kP for some p € N, then the function X g
lies in RH’%—H by Proposition 5.6. At first glance, this observation may seem rather
unimportant. However, its explicit statement tells us that for any a > 0 we have

oP T Zgl@) > 0 asx — oo,

or equivalently,

P
Tg(x +a) — Sg(x) — Z (%) Allg(x) > 0 asx —» . (6.4)
j=1

This is actually a nice convergence result that reveals the asymptotic behavior of the
difference £ g(x + a) — X g(x) for large values of x. The special case when p = 1
was established by Webster [98, Theorem 6.1].

When g(x) = Inx and p = 1, this result reduces to

In'(x+a)—InT'(x) —alnx — 0O asx — 00,

which is precisely the additive version of the asymptotic equivalence given in (6.1).
We thus observe that (6.4) immediately provides an analogue of the asymptotic
equivalence (6.1) for all the multiple log I'-type functions.

Now, we observe that formula (6.1) was also established by Wendel [99], who
first provided a short and elegant proof of the following double inequality

a\a—l 'x+a)
(1_|_x) < () 25 <1, x>0, 0<a<l, (6.5)

or equivalently, in the additive notation,
(a— 1)1n(1 + z) < poll@) <0, x>0, 0<a<l1, (66
where
pf[ln ol'l(a) = mI'x4+a) —InT'(x) —alnx. 6.7)
We can readily see that this double inequality is actually a simple application
of Lemma 2.7 to the log-gamma function with p = 1. Its generalization to all

the multiple log I'-type functions is then straightforward and we present it in the
following theorem. We call it the generalized Wendel inequality.
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Theorem 6.1 (Generalized Wendel’s Inequality) Let g lie in DP N KP for some
p € Nand let £ stand for 1 or —1 according to whether g lies in /Ci or K. Let
also x > 0 be so that g is p-convex or p-concave on [x, c0) and let a > 0. Then we
have

0= £(-Depri(@pl ™ [Bgl@) < £(-1)

()| (A7 Zgx +a) — APTg ()

< £(=D[a]

()] arg00.

with equalities if a € {0, 1, ..., p}. In particular, pr[Eg](a) — 0as x — oo.
If p = 1, we also have

0 = +(-Dep@pflgl@ = =D (7)) (A7 gl +a) = AP Tg)
< (=D [a] |(57})| A%g00).
with equalities ifa € {0, 1, ..., p — 1}. In particular, pf[g](a) — 0 as x — oc.

Proof Negating g if necessary, we can assume that it is p-convex on [x, 00).
By the existence Theorem 3.6, the function X g is then p-concave on [x, 00). By
Lemma 2.5 and Proposition 4.11, the function A” g is negative and increases to zero
on [x, o). Thus, for any a > 0 we have

[a]—1
(=1 Z APg(x 4+ j) = (=1)[alAPg(x).

j=0

We then derive the first inequalities by applying Lemma 2.7 to f = X g. Suppose
now that p > 1. By Corollary 4.19, we have that g is (p — 1)-concave on [x, 00).
We then derive the remaining inequalities by applying Lemma 2.7 to f = g. O

A symmetrized version of the generalized Wendel inequality can be easily
obtained simply by taking the absolute value of each of its sides. This provides a
coarsened, but simplified form of the generalized Wendel inequality. For instance,
when g(x) = Inx and p = 1 we then obtain the following inequality

lInT(x +a)— InT(x) —alnx| < |a—1|ln<1+a>, x>0,a>0,
X
(6.8)

that is, in the multiplicative notation,

ay-la-1l _ T(x+a) ayla=1
(1+9) " = N = (1+9)". x=0.az0. 69
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We then have the following immediate corollary, which provides a symmetrized
version of the generalized Wendel inequality.

Corollary 6.2 Let g lie in D N KP for some p € N. Let also x > 0 be so that g is
p-convex or p-concave on [x, 00) and let a > 0. Then we have

Pl Eel@)| =

(a;l)‘ |AP2g(x _|_a) — Ang()(f)| < |—Cl—|

(] 18781,

with equalities if a € {0, 1, ..., p}. In particular, pr[Eg](a) — Oas x — oo.
If p = 1, we also have

@] [ar g +a) - AP g <

EHBIG] |1zl

with equalities ifa € {0, 1, ..., p — 1}. In particular, p¥[g](a) — 0 as x — oo.

Example 6.3 Applying Theorem 6.1 and Corollary 6.2 to the function g(x) = Inx,
for which we have p = 1 +degg = 1 and ¥g(x) = InT'(x), we immediately
retrieve the inequalities (6.5)—(6.9) and hence also the asymptotic equivalence (6.1).
Further inequalities can actually be obtained by considering higher values of p. For
instance, since g also lies in D2 N K2, we can set p = 2 in Corollary 6.2 and we

then obtain the inequalities
(“El)) 1+ )(agl)‘ - I'(x+a)
x+1 - I'(x)x¢

NG, -
(1+x> (1+9)

NG an]e) a \ 1)
5<1+x> (1+x) ? <1+x+1> .

Thus, we can see that the central function in these inequalities can always be
“sandwiched” by finite products of powers of rational functions. For further
inequalities involving this central function, see, e.g., Srivastava and Choi [93, pp.
106-107]. O

Discrete Version of the Generalized Wendel Inequality The restrictions to the
natural integers of the generalized Wendel inequality and its symmetrized form are
obtained by setting x = n € N* in the inequalities of Theorem 6.1 and Corollary 6.2.
In view of identity (5.4), the symmetrized forms then reduce to those of the existence
Theorem 3.6.

For instance, when g(x) = Inx and p = 1, the symmetrized version of
generalized Wendel’s inequality is given in (6.8) while its discrete version can take
the form

IInT(x) — £ In](x)| < |x—1|1n<1+x), x>0, neN,
n
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where
n—1
fln)x) = Zlnk Zln(x+k)+xlnn
k=1 k=0

This latter inequality clearly generalizes Gauss’ limit (1.6), which simply expresses
that

In[(x) = gngofnl[ln](x), x > 0.

6.2 The Asymptotic Constant

We now introduce a new important concept that will play a key role in our theory,
namely the asymptotic constant. This concept will actually be used intensively
throughout the rest of this book.

Definition 6.4 (Asymptotic Constant) The asymprtotic constant associated with a
function g € c'n dom(ZX) is the number

1 1
olgl = / gt + dt = /(Eg(t)+g(t))dt. (6.10)
0 0

Using Definition 6.4, we can readily see that the following identity holds for any
function g lying in C° N dom(X)

x+1 X
/ Yg(t)dt = olg] —I—/ g(1) dt, x > 0. (6.11)
X 1
Indeed, both sides are functions of x that have the same derivative and the same

value at x = 1.

Example 6.5 (Raabe’s Formula) Taking g(x) = Inx in (6.10), we obtain
! 1
olg]l = / InT'(¢t+1)dt = —1+ 5 In(27) .
0
Combining this result with (6.11), we obtain the following more general identity

x+1 1
/ InT'(t)dt = 21n(27t)+xlnx—x, x > 0.
X



64 6 Asymptotic Analysis

This identity is known by the name Raabe’s formula (see, e.g., Cohen and Friedman
[30]). We will discuss this formula and investigate its analogues in Sect. 8.5. O

Identity (6.11) will also play a very important role in this work. In this respect, it
is clear that the integral

x+1
/ Xg(t)dt, x>0, (6.12)
X

cancels out the cyclic variations of any 1-periodic additive component of X g in the
sense that the function

x+1
X = / w(t)dt
X

is constant for any 1-periodic function w: Ry — R. Thus, the integral (6.12) can be
interpreted as the frend of the function X g, just as a moving average enables one to
decompose a time series into its trend and its seasonal variation. In this light, identity
(6.11) simply tells us that the trend of the function X g is precisely the antiderivative
of g (up to an additive constant).

Let us end this section with the following two technical results related to the
asymptotic constant.

Proposition 6.6 Let g and g lie in DP N P for some p € N and let c1, ¢y € R.
Ifc1g1 + c2g2 lies in DP NP, then

olci1g1 + c282] = cio(g1] + c20(g2].

Moreover, we have o [1] = é where 1: Ry — R is the constant function 1(x) = 1.

Proof The first part of the statement is an immediate consequence of Proposi-
tion 5.7. Now, we clearly have ¥1 = x — 1 and hence o[1] = é O

Proposition 6.7 Let g lie in C°Ndom(X), leta > 0, and let h: Ry — R be defined
by the equation h(x) = g(x + a) for x > 0. Then

a+1
olh] = a[g]~|—f g()dt — Xg(a+1).
1

Proof Using Proposition 5.8 we obtain
1 a+2
olh] = / Ygt+a+ 1)dt —Xga+1) = / Ygt)dt — Xg(a+1).
0 a+1

We then get the result using (6.11). O
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6.3 Generalized Binet’s Function

The Binet function related to the log-gamma function is the function J: Ry — R
defined by the equation (see, e.g., Cuyt et al. [31, p. 224])

J(x) = InT'(x) — ;ln(Zn) +x — (x — ;) Inx for x > 0. (6.13)

Using identity (6.7) and Raabe’s formula (see Example 6.5), we can easily provide
the following integral form of Binet’s function

1
J(x) = —/ p2[Inol)(r) dt, x > 0.
0

This latter identity motivates the following definition, in which we introduce a
generalization of Binet’s function. Recall first that, for any ¢ € N and any x > 0,
the function t — p? [g](?) is continuous whenever so is g. In this case, since it also
vanishes at ¢t = 0, it must be integrable on (0, 1).

Definition 6.8 (Generalized Binet’s Function) For any g € C° and any ¢ € N,
we define the function J9[g]: Ry — R by the equation

1
Jgl(x) = —fo pllgl(r) dt forx > 0. (6.14)

We say that the function J4[g] is the generalized Binet function associated with the
function g and the parameter q.

Taking g = Inol’ and ¢ = 1 4+ degg = 2 in identity (6.14), we thus simply
retrieve the Binet function J (x) = J2[InoI'](x) related to the log-gamma function,
as defined in (6.13).

In the following two propositions, we collect a few immediate properties of the
generalized Binet function. To this end, recall first that, for any n € N, the nth
Gregory coefficient (also called the nth Bernoulli number of the second kind) is the
number G, defined by the equation (see, e.g., [20-22, 72])

1
G, = / ("Ydt  forn>0.
0

. 1 1 1 _ 19
The first few values of G, are: 1, 25 T 120 240 7200 - These numbers are

decreasing in absolute value and satisfy the equations

UGl =1 and Gy = (=1)"'Gy| forn=1. (6.15)
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Proposition 6.9 Ler g € C° and g € N. Then, for any x > 0, we have

q-1 ) x+1
Jgl(x) = ZGjA/g(x) —/ g®)ydr. (6.16)
j=0 !
In particular,
AJlg] = J1[Ag] and J‘H'l[g] —Jig] = Gy Alg. (6.17)

Proof 1dentity (6.16) follows immediately from (1.7). The other two identities are
trivial. O

Proposition 6.10 Let g lie in C° Ndom(X) and let ¢ € N. Then, for any x > 0 and
any n € N*, we have

X q
Jﬁﬁzﬂ@)=28@)—6@]—ﬁfgmdt+§:GﬂV4g@% (6.18)

j=1
Tt [2gl(n) = /01 (f[gl(1) — Zg()) dt. (6.19)
In particular,
AJIH[Dg] = Jit[g], JiH e+ 2g] = JIH[Zg], ceR,
and
olgl = —J'[Zgl().

Proof 1dentity (6.18) follows from (6.11) and (6.16). Identity (6.19) follows from
(5.4) and (6.14). The remaining identities are trivial. |

As we will see in the rest of this book, many subsequent definitions and results
can be expressed in terms of the generalized Binet function.

6.4 Generalized Stirling’s Formula

Interestingly, the Binet function J(x) = J2[Z In](x) defined in (6.13) clearly
satisfies the following identity (compare with Artin [11, p. 24])

'x) = \/anx_ée_xJ“J(x)
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and hence Stirling’s formula (6.2) simply states that J(x) — 0 as x — oo. This
observation seems to reveal a way to find a counterpart of Stirling’s formula for
any continuous multiple log I'-type function. In fact, we only need to show that the
function JPT![ £ g] vanishes at infinity whenever g lies in C°ND? NP for some p €
N. In the next theorem and its corollary, we establish this fact by simply integrating
each side of the generalized Wendel inequality and its symmetrized version on a €
O, 1).
Let us first define the sequence n — G, by the equations

n o0
G, = 1—Z|Gj| = Z |G;|  forn eN.
j=1 j=n+1

In view of (6.15), we see that the sequence n +— G, decreases to zero. Its first

. 1 5 3 251 : : :
values are: 1, 20 120 87 7207 - Moreover, from the straightforward identity (see,

e.g., Graham et al. [41, p. 165])

n

"5 = 1= D),

j=1

we easily derive

1 Lo
—
| | ¢
0 0
We now have the following two results, which immediately follow from Theo-
rem 6.1, Corollary 6.2, and identities (6.20).

Theorem 6.11 Let g lie in CO N\ DP N KP for some p € N and let + stand for 1
or —1 according to whether g lies in ICi or K . Let also x > 0 be so that g is
p-convex or p-concave on [x, 00). Then we have

= Gy. (6.20)

1
) dr = o [ (ar =
0

1
0 < £(=DPIMH[Zglx) = £ (=P / () (APZg(x +1)
0

—APZg(x)) dt
<+(=1)G, APg(x).

In particular, JPT[Zg](x) = 0asx — oo. If p > 1, we also have
1
0= 0w <20 [ () (a7 gt 40 - ar g ) ar
0
<% (1) Gyt APg().

In particular, JP[g](x) — 0 as x — oo.
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Corollary 6.12 Let g lie in C° N'DP N KP for some p € N. Let also x > 0 be so
that g is p-convex or p-concave on [x, 00). Then we have

1
77 el)| < ‘ [ 6 @rzsern - arsg)ar] < Gy1argeol.

In particular, JPT[Zg](x) = 0asx — oo. If p > 1, we also have

1
|77[gl(x)] < VO (1’;11) (Apflg(ert)—Mflg(x))dt < Gp_1|APg(x)].

In particular, JP[g](x) — 0 as x — oo.

Both Theorem 6.11 and Corollary 6.12 state that J”T![£g] vanishes at infinity
whenever g lies in C° N D? N KP for some p € N. This result is precisely the
analogue of Stirling’s formula for all the continuous multiple log I'-type functions.
As it is one of the central results of our theory, we state it explicitly in the following
theorem. We call it the generalized Stirling formula. We also include the property
that J?[g] vanishes at infinity.

Theorem 6.13 (Generalized Stirling’s Formula) Let g lie in C° N DP N KP for
some p € N. Then both functions JPY[Xg] and JP[g] vanish at infinity. More
precisely, we have

X P
Ygx) — / g(®)dt + Z GjAfflg(x) — olg] asx — 00 (6.21)

1 =

and
x+1 p—1 )

/ g dt — ZGjAfg(x) —- 0 asx — 0. (6.22)

X =0
Proof By Theorem 6.11, the functions J i)y g] and J?[g] vanish at infinity when

p > 0and p > 1, respectively. The function J”[g] also vanishes at infinity when
p = 0; indeed, in this case |g(x)| eventually decreases to zero and we have

< lgx)] — O as x — oo.

1
170110 = ‘/O g(x + 1) dt

Formulas (6.21) and (6.22) then immediately follow from (6.16) and (6.18). |

The generalized Stirling formula (6.21) is actually the highlight of this chapter.
It enables one to investigate the asymptotic behavior of the function X g for large
values of its argument. It also justifies the name “asymptotic constant” given to the
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quantity o[g] introduced in Definition 6.4. Moreover, combining (6.4) with (6.21),
we immediately derive the asymptotic behavior of Xg(x + a) for any a > 0. We
also observe that alternative formulations of (6.21) in the case when p = 1 were
established by Krull [54, p. 368] and later by Webster [98, Theorem 6.3].

In the special case when g lies in D! N K0, the generalized Stirling formula and
the asymptotic constant take very special forms. We present them in the following
proposition.

Proposition 6.14 If g lies in D' N KO, then we have

Ygx) — Zg(k) as x — oo. (6.23)
k=1

If. in addition, we have g € C°, then g is integrable at infinity and

olel = s~ [z
k=1

Proof By definition of the map X, we have
o (0.¢]

Te) = Y gk)—Y glx+k, x>0
k=1 k=0

where the second series tends to zero as x — oo by Theorem 3.13. The claimed
expression for o[g] then immediately follows from formula (6.21). |

Example 6.15 Let us apply our results to the concave function g(x) = Inx with
p = 1. Using (6.16) and (6.18), we first obtain

1 1
J[Inol'](x) = J(x) = InT(x) — ) In(2m) +x — (x - 2) Inx,
1 1
J'n]x)=1—-x+1) In(1+ .
X
Now, Theorem 6.11 provides the following inequalities for any x > 0
3 1

0<70) < ‘oan?mf1e ) ? < Tm(1g! (6.24)
n — — n .
=W =W x) 2742 x)’

1 1
0 < —1~|—(x+1)1n(1+ > Sln(1+ >
x x
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That is, in the multiplicative notation,
1

T'(x) . s 1) 20 +D? 1\2
I < cei(il) = (14)) 0 e2)
V2w e=x x*¥ 72 X X

1 X 1 x+1
() <o o)
x X
Thus, we retrieve Stirling’s formula (6.2) and (6.3), together with the well-known
asymptotic equivalence (compare with Artin [11, p. 20])

1 X
(1—|— ) ~ e as x — ooQ.
X

It is actually quite remarkable that the first two inequalities in (6.24) and (6.25)
are precisely what we get when we “integrate” the additive version of the Wendel
inequality (6.5) on the unit interval (0, 1).

Now, the coarsened inequality

17z = G, larg)l

given in Corollary 6.12 takes the following simple form (in the multiplicative
notation)

1\ "2 T'(x) 1\ 2
1+ = = (I :
X 2w e x¥72 X

Note that tighter inequalities can also be obtained by considering higher values of p
in Corollary 6.12. For instance, taking p = 2 we obtain

1\"i 2\ i2 I'(x) N 2\~ i2
1+ 1+ = =<1+ 1+ .
X X «/271 e—X x¥2 X X
Taking p = 3 we obtain

13

23 3 3
1\ 24 2\ 12 3\ "8 r
X X X \/271 e—X x¥2

31

1) 24 2 —6 3\ 8
= (1) (+2) "(+])
X X X
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Thus, we see that the central function in these inequalities can always be bracketed
by finite products of radical functions. O

In the last part of Example 6.15, we have illustrated the possibility of obtaining
closer bounds for the generalized Binet function J”T![S In](x) by considering in
Corollary 6.12 any value of p thatis higher than 1 4-deg g. Actually, it is not difficult
to see that this feature applies to every continuous multiple log I'-type function. We
discuss this topic in Appendix D and show that the inequalities actually get tighter
and tighter as p increases.

Remark 6.16 We observe that Theorem 6.11 together with the generalized Stirling
formula (Theorem 6.13) have been immediately obtained by “integrating” the
generalized Wendel inequality (Theorem 6.1) on the unit interval. In turn, the
generalized Wendel inequality is a straight application of Lemma 2.7 to the function
f = Xg. These remarkable facts show the considerable importance of Lemma 2.7
in this theory: it was first crucial to derive our uniqueness and existence results,
and now it provides very nice counterparts of Wendel’s inequality and Stirling’s
formula, with short and elegant proofs. We will use Lemma 2.7 again in Sect. 6.7
for an in-depth investigation of Gregory’s summation formula. O

Improvements of Stirling’s Formula The following estimate of the gamma
function is due to Gosper [40]

1)2
F'(x) ~ V2re™ X2 (1 + 6 > as x — 00,
X

and is more accurate than Stirling’s formula. On the basis of this alternative
approximation, Mortici [76] provided the following narrow inequalities

! >
<1+ oe>2 < re L < <1+ ﬁ) , forx > 2,
2x V2w e x* 2 2x

where o = _l, and B = (391/30)!/3 — 2 ~ 0.353. We actually observe that the quest
for finer and finer bounds and approximations for the gamma function has gained an
increasing interest during this last decade (see [26, 28, 29, 36, 65, 75-78, 100, 101]
and the references therein). Some of these investigations could be generalized to
various multiple I"-type functions. New results along this line would be welcome.

Webster’s Double Inequality We have seen that Theorems 6.1 and 6.11 provide
very useful bounds for both quantities pf +l [Zg](a) and JPH[Zg](x). Ttis actually
possible to provide tighter bounds for these quantities using again the p-convexity
or p-concavity properties of the function g. For instance, one can show that if g lies
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inD!' NK! and if x > 0 and a > 0 are so that g is concave on [x + a, 00), then the
following double inequality hold

la]
Y g +k)+(la)— Dglx+a) —agkx) < pl[Zgla)
k=0

la]

<Y gtk —glr+a)+{al g+ la] +1) —agx).  (6.26)
k=0

This inequality was actually provided by Webster [98, Eq. (6.4)] to establish the
limit (6.4) in the case when p = 1.

Now, assuming that g is continuous, we can integrate every expression in the
inequalities above on a € (0, 1), and we then obtain the following bounds for
J[2g1(x)

0 < —J%[gl(x) < J*[Zgl(x)

1
< —J?[gl(x) — / tg(x +1)dt + ; g(x + 1). (6.27)
0

For instance, for g(x) = In x, we obtain (in the multiplication notation)

. 1\*+2 T'(x) s 1\ 20HD?
1 <e 1+ < L S e2Tall+ ,
X V2w e x x* 2 X
(6.28)

which provides a better lower bound in the inequalities (6.25).

In Appendix E, we discuss this interesting issue and provide a generalization
to multiple log I'-type functions of the Webster double inequality (6.26) and its
“integrated” version (6.27).

Generalized Stirling’s Constant The number +/27 arising in Stirling’s formula
(6.2) and Example 6.15 is called Stirling’s constant (see, e.g., Finch [37]). For
certain multiple I'-type functions, analogues of Stirling’s constant can be easily
defined as follows.

Definition 6.17 (Generalized Stirling’s Constant) For any function g € C° N
dom(X) that is integrable at 0, we define the number

1 1
olgl = o[g]—/o g)dr = /0 Xg(r)dr.

We say that the number exp(o[g]) is the generalized Stirling constant associated
with g.
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When g is integrable at O, the generalized Stirling constant exists and hence the
generalized Stirling formula (6.21) can take the following form

X P
Eg(x)—/o g(t)dt~|—ZGjAj_1g(x) — olg] asx — o00.
j=1

It is important to note that, contrary to the generalized Stirling constant, the
asymptotic constant o[g] exists for any function g lying in C® N dom(X), even
if it is not integrable at 0. For instance, for the function g(x) = )16 , we have that o[ g]
is the Euler constant y (see Example 8.19) while o [g] does not exist.

This shows that the asymptotic constant is the “good” constant to consider in
this new theory. It actually enables us to derive for multiple log I'-type functions
analogues of several properties of the gamma function. For instance, we have seen
that it was very useful to derive the generalized Stirling formula. To give a second
example, we will see in Sect. 8.6 that it also enables us to derive analogues of Gauss’
multiplication formula for the gamma function.

6.5 Analogue of Burnside’s Formula

Let us recall Burnside’s formula, which states that

1\* 2
T(x) ~ /27 (x . 2) as x — oo. (6.29)
This formula actually provides a much better approximation of the gamma function
than Stirling’s formula. It was first established by Burnside [27] (see also Mortici
[75]) and then rediscovered by Spouge [91]. In this section, we provide an analogue
of Burnside’s formula for any continuous I',-type function when p =0 and p =1,
and we note that such an analogue no longer exists when p > 2.

Let us first state the following corollary, which particularizes the generalized
Stirling formula when the function g lies in C° N D° N K°. This corollary actually
follows immediately from (6.11) and (6.21).

Corollary 6.18 Let g lie in CO N D° N K°. Then

x+1
Yg(x) —/ Yg)ydt — 0 asx — 00.
X
Equivalently,

Eg(x)—/lxg(t)dt — olgl] asx — 00.
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Corollary 6.18 tells us that, when g lies in C° N D° N KO, the function Sg(x)
coincides asymptotically with its trend (i.e., the integral (6.12)) and, in a sense,
behaves asymptotically like the antiderivative of function g.

It is natural to think that a more accurate trend of X g can be obtained by
considering the centered version of the integral (6.12), namely

1 1

x+2 X—»
/ | Tgndr = a[g]—i—/ g(n) dt, x>,
x— 1

2

On this matter, in the following proposition we provide a double inequality that
shows that X g(x) coincides asymptotically with this latter trend whenever g lies in
CON DY N KO orin COND! N KL However, it is not difficult to see that in general
this result no longer holds when g lies in C° ' D? N k2. The logarithm of the Barnes
G-function (see Sect. 10.5) could serve as an example here.

Proposition 6.19 Let p € {0,1}, g € CONDP NKP, and x > 0 be so that g is
p-convex or p-concave on [x, 00). Then

1 x+1
‘Eg <x + 2) —/ Yg(t)dt

In particular,

= [rrizaw)| = 6, 1878w,

x+l
Eg(x)—/ 1 Ygt)dt — 0 as x — 00,
—

2
or equivalently,

1

Yg(x) — /1sz g)ydt — olgl] asx — 00.

Proof Using Corollary 6.12, we see that it is enough to prove the first inequality.

Let
1 x+1
hix) = Xg (x—i— 2) —/ Yg(t)dz.

Consider first the case when p = 0 and suppose for instance that g lies in K9 ; hence
X g is decreasing on [x, 00). If #(x) > 0, then we clearly have

x+1
lh(x)| = h(x) = zlg()C)—/ Bgt)dt = J'[Bgl(x).
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If h(x) < 0, then we have

1

x+1 1 x+, 1 1
()] =/ Eg(t)dt—2g<x+2> 5/ Eg(t)dt—22g<x+2)

and it is geometrically clear that the latter quantity is less than J![Zg](x).

Suppose now that p = 1 and for instance that g lies in X! ; hence X g is concave
on [x, 00). Applying the Hermite-Hadamard inequality to X g on the interval [x, x +
1], we obtain that 2(x) > 0. Applying the trapezoidal rule to X g on the intervals
[x, x4+ ;] and [x + é, x + 1], we obtain the following inequality

x+1 1 1
h(x) < / Xg(t)dt — ) Ygx+1) — ) Xg(x),

where the right-hand quantity is exactly —J>[£g](x). This completes the proof. O

Applying Proposition 6.19 to the function g(x) = Inx with p = 1, we retrieve
Burnside’s formula (6.29). Thus, Proposition 6.19 gives an analogue of Burnside’s
formula for any continuous I',-type function when p € {0, 1}. It also shows that this
new formula provides a better approximation than the generalized Stirling formula
whenever g lies in C° N DP N KP with p € {0, 1}.

6.6 A General Asymptotic Equivalence

The following result provides a sufficient condition for a continuous multiple log I'-
type function to be asymptotically equivalent to its (possibly shifted) trend.

Proposition 6.20 Let g lie in C° Ndom(X) and leta > 0 and c € R. Whenc + X g
vanishes at infinity, we also assume that

c+Xgn+1) ~ c+ Xgn) asn —y oo. (6.30)

Then we have
x+1
c+2gx+a) ~c —i—/ Yg(t)dt as x — oo. (6.31)
X
If g does not lie in D&l, then we also have

X
Ygx+a) ~ c+/ g dt as x — oo.
1
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Proof Let us first prove that (6.30) holds for any g lying in C° N dom(X), even
if ¢ + X g does not vanish at infinity. Of course, this result clearly holds if g is
eventually a polynomial (since so is X g in this case). Thus, we will now assume
that g is not eventually a polynomial.

Suppose first that p = 1 4+ degg = 0. If g lies in D&l, then (6.30) follows
immediately from (6.23). If g lies in DI% \ Dlgl, then it is not integrable at infinity
by the integral test for convergence. By the generalized Stirling formula (6.21), it
follows that the eventually monotone sequence n +— Xg(n) is unbounded. This
sequence is actually eventually strictly monotone; indeed, otherwise the function
AXg = g € KY would vanish in any unbounded interval of R, and hence would
eventually be identically zero, a contradiction. We then obtain

c+Xgn+1) g(n)

= 1 asn —y 00,
c+Xgn) c+Xgn)

and hence (6.30) holds whenever p = 0.
Suppose now that p = 1 + degg > 1. In this case, we have that A”g lies in
DO N k0. By the uniqueness Theorem 3.1, we also have

APYg = cp+ XAPg

for some ¢, € R, and it is clear (by minimality of p) that this latter function cannot
vanish at infinity. Moreover, we can show as above that the sequence n — X AP g(n)
is eventually strictly monotone. In view of the first case, we then have

APSgn+1)  cp+ DAPg(n + 1)

= — 1 asn —y 0.
APXg(n) cp+ XAPg(n)

Let us now show that the sequence

c+ AP ISgm+1)
c+ AP~ 1Xg(n)

exists for large values of n and converges to 1. By minimality of p, the function
AP~1Sg lies in DI% \ DII\] and hence the sequence n — AP~ X g(n) is unbounded.
Moreover, we can show as above that this sequence is eventually strictly monotone.
Hence, the sequence above eventually exists and, using the Stolz-Cesaro theorem
(see Lemma 5.20), we have that

e+ APTIZgn+1) . APYgn+1)
llm = 1im —
n—oo ¢+ Al’_lxg(n) n— 00 AI’Eg(n)

Iterating this process, we finally see that condition (6.30) holds for any p € N.
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We can now easily see that
c+Xgx+a) ~ c+ 2gkx) as x — 00. (6.32)
Indeed, this result clearly holds if both x and a are integers. For instance we have
c+Xgn+2) ~c+2gn+1) ~ c+ Xgn) asn —y 00.

Otherwise, assuming for instance that X g is eventually increasing and nonnegative,
for sufficiently large x we have

ctZglx+al) _ ctEglrta) _ ct+Xg(lx+al)
c+Xg(fx) = c+Xglx) —  c+XEg(lx))

and (6.32) then follows by the squeeze theorem.
Finally, assuming again that X g is eventually increasing and nonnegative, for
sufficiently large x we have

_ e+ Zgln) _ c—i—f;H Sg(t)dt _ ot g+ )

e+ Zglx) T e+ Zgl) T e+ Zg)
and, using again the squeeze theorem, we immediately obtain the first claimed
asymptotic equivalence.

Now, if g does not lie in Dlg 1, then X g(x) tends to infinity as x — oo. Using
(6.11), we then have

c+ [igwdr  c—olgl +f;‘“ sgydi

= as x — 00,
Yg(x +a) Yg(x +a) Yg(x +a)

which completes the proof. O

Remark 6.21 Let us show that the assumption on the function ¢ + Xg cannot be
ignored in Proposition 6.20. Consider the functions f: Ry — Rand g: Ry — R
defined by the equations

fx) = xz—xl (1—|—i sinx) and g(x) = Af(x) forx > 0.

Itis clear that f lies in DI% and that g lies in D&l. Moreover, it is not difficult to see
that the inequalities

_2x+2f/(x) > x and 2x+4g/(x) > x
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eventually hold, which shows that both f and g lie in K. By the uniqueness theorem
it follows that f = X g. However, we can readily see that the sequence

Ygn+1)
Xg(n)

does not converge, which shows that (6.30) does not hold when ¢ = 0. It is then
possible to show that the equivalence (6.31) does not hold either.

Now, to see that the last asymptotic equivalence in Proposition 6.20 need not
hold if g lies in DQ , take for instance

2 x—1
x) = and Ye(x) = .
O = e+ 0=
We then have
+ (Fe@) dt 9
im ‘ fl 8@® =c+In .
x—o0 Xg(x +a) 4

6.7 The Gregory Summation Formula Revisited

Letg € cY, g € N,and let 1 <m < n be integers. Integrating both sides of identity
(3.8) onx € (0, 1), we immediately obtain the following identity

n }’l*l 4 . .
/ gydi = Y g+ Gi(A T g(m)— AT gm) + R ulel,  (6.33)

k=m Jj=1

where

1n-l 1
Rialgl = /0 > ol lgi d = /O (falgl) — £LgI()dt.  (6.34)
k=m

Identity (6.33) is nothing other than Gregory’s summation formula (see, e.g.,
[17, 50, 73]) with an integral form of the remainder. Note that, just like identity
(2.10), Eq. (6.33) is a pure identity in the sense that it holds without any restriction
on the form of g(x), except that here we asked g to be continuous.

Combining (6.14) with (6.34) we immediately see that this identity can be simply
written in terms of the generalized Binet function as

n—1

> I gl(k) + Rifalgl = 0. (6.35)

k=m
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Equivalently, if g lies in c'n dom(Xg), using (6.19) and (6.34) we see that this
identity can also take the form

JT[Zgln) — 7T [Zgl(m) + Riy 4Ll = 0. (6.36)

The next lemma, which is yet another straightforward consequence of
Lemma 2.7, provides an upper bound for |R}, ,[g]| when g is g-convex or g-
concave on [m, oc0). Under this latter assumption, we can then use Gregory’s
formula (6.33) as a quadrature method for the numerical computation of the integral
of g over the interval [m, n).

Lemma 6.22 Let g lie in C° N K for some q € N and let m € N* be so that g is
q-convex or q-concave on [m, 00). Then, for any integer n > m, we have

|Rmalgll = GglA9g(n) — ATg(m)|. (6.37)

Proof This result is an immediate consequence of Lemma 2.7. Indeed, we can write

n—1 1 n—1
1
IRialgll = > / Pl I dt| < Gy | AT gk,
k=m ¥ 0 k=m
where the latter sum clearly telescopes to A9g(n) — A9g(m). O

Example 6.23 Let us compute numerically the integral

2
I = / Inxdx = 4.809854526737...
T

using Gregory’s summation formula (6.33) and the upper bound (6.37) of its
remainder. Using an appropriate linear change of variable, we obtain

I = f ¢(t)dt,  where g(t) = ln< T (t—l)—i—n).
1 n—1 n—1

Taking n = 20 and ¢ = 10 for instance, we obtain

19 10
I~ Y g+ ) Gi(Ag(20) — AT1g(1)) = 4.809854526746. ..
k=1 j=1

and (6.37) gives [R{%[g]l < 5.9 x 107", O

In the following result, we give sufficient conditions on the function g for the
sequence g > R ,[g] to converge to zero. Gregory’s formula (6.33) then takes a
special form.
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Proposition 6.24 Let g € CONK™>, p € N, andlet 1 < m < n be integers. Suppose
that, for every integer q > p, the function g is q-convex or q-concave on [m, 00).
Suppose also that the sequence g — A9g(n) — A?g(m) is bounded. Then we have

RZi’n[g] — 0 as q —nN 00,

or equivalently,

n n—1 [} . '
/ gnydt = Y gk)+ Y Gi(ATgn) — AT g(m)).

k=m j=1

If g lies in C® N dom(Zg), then the latter identity also takes the form

Tg(n) — Tg(m) = / g dt =) Gi(A " g(n) — AT g(m)).

Proof Under the assumptions of this proposition, the sequence ¢ + Ry ,[¢]
converges to zero by Lemma 6.22. (Recall that the sequence n +— G, converges
to zero.) The result then immediately follows from Gregory’s formula (6.33). The
last part then follows from identity (5.2). O

Example 6.25 Taking g(x) = Inx and m = p = 1 in Proposition 6.24, we obtain
the following identity

mal = 1—nt(ne Vs Lm(" T2 (T2,
2 12"\ 2 24 "\ 30 4 172

which holds for any n € N*, O

A Geometric Interpretation of Gregory’s Formula For any g € C° and any
q € N,welet Py[g]: [1,00) — R denote the piecewise polynomial function whose
restriction to any interval [k, k + 1), with k € N*, is the interpolating polynomial of
g withnodesatk,k+1,...,k + g. Thatis,

Pulglx) = Pylgltk,k+1,...,k+q;x), x ek, k+1), (6.38)
or equivalently, using (2.9),

Pylgl(x) = Pylgl(lx], [x]+1,...,x] +¢;x)

q
=y (Majedxd,  x=1

j=0
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In the following proposition, we provide an integral expression for the remainder
R}, 1[g] in terms of the function P,[g].

Proposition 6.26 For any g € C°, any q € N, and any integers 1 < m < n, we
have

Ryalgl = / (8(1) — Pylgl(®) dt. (6.39)

m

Proof Using (2.11) and (6.14) we then obtain

1 k+1
7T [gl(k) = /0 i g1y dr =/k (8(1) — Pylgl(®) dr.

The result then follows from (6.35). |

Proposition 6.26 immediately provides an interesting interpretation of Gregory’s
formula as a quadrature method. It actually shows that Gregory’s formula approx-
imates the integral of g over the interval [m, n) by replacing g with the piecewise
polynomial function P,[g]. In particular, the remainder R,,q”,[g] reduces to zero
whenever g is a polynomial of degree less than or equal to g.

We also observe that Gregory’s formula reduces to the “left” rectangle method
(left Riemann sum) when ¢ = 0, and the trapezoidal rule when ¢ = 1. However, it
does not reduce to Simpson’s rule when g = 2. In fact, Gregory’s formula does not
correspond to a Newton-Cotes quadrature rule when g > 2.

Now, if g is g-convex or g-concave on [m, co), then for any k € {m,m +
1,...,n—1}and any ¢ € [0, 1), using Lemma 2.7 and identity (2.11) we obtain

0 < (=17 el) = + (=17 (g(k +1) — Pylgltk + 1)),

where £ stands for 1 or —1 according to whether g is g-convex or g-concave on
[m, co). This observation provides the following additional geometric interpreta-
tion. It shows that, on the interval [k, k + 1), the graph of g lies over or under that
of P,[g] according to whether £(—1)7 is 1 or —1. As an immediate consequence,
the quantity |J9+![g](k)| is precisely the surface area between both graphs over the
interval [k, kK + 1) while the remainder |R,‘111,n[g]| is the surface area between both
graphs over the interval [m, n).

Example 6.27 With the function g(x) = In x and the parameter ¢ = 1 we associate
the piecewise linear function

Pilgl(x) = lanJ+(x—|_xJ)ln<1+ ! )
Lx]
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Since g is concave, for any integer n > 1 the graph of g on [1, n) lies over (or
on) that of P1[g], which is the polygonal line through the points (k, g(k)) for k =
1, ..., n. The value (see (6.36))

Ri,lgl = J(M)—Jm) = —lnF(n)+<n— 1>lnn—n~|—1,

2

where J(x) is Binet’s function defined in (6.13), is then nothing other than the
remainder in the trapezoidal rule on [1, n) with the integer nodes 1, ..., n. Geo-
metrically, it measures the surface area between the graph of g and the polygonal
line.

Alternative Integral Form of the Remainder The following proposition yields
an alternative integral form of the remainder Ri’n, n[g] when g lies in C4*! for some
g € N*. Consider first the (kernel) function K} ,, : R — R defined by the equation

1
Kin(t) = 4! Rl — 0] fort € Ry.

It is not difficult to show that this function lies in C¢~! and has the compact support
[m,n+q —1].

Proposition 6.28 Suppose that g lies in C1%! for some g € N* andlet 1 <m <n
be integers. Then we have

n+q—1
RS alg] = / K&, () DT g () dt.

m

Proof By Taylor’s theorem, the following identity

n+q—1 _ 4
e = po [ P o ar

m

holds on the interval [m, n + g — 1] for some polynomial P, of degree less than or
equal to g. The result then follows from the definition of the remainder RZL nlg] and
the fact that R, ,[P;] = 0. O

Interestingly, if the function K} , does not change in sign (and we conjecture that
(-4 K Zw is nonnegative), then by the mean value theorem for definite integrals
the remainder also takes the form

n+qg—1
R alg] = DITlg(e) / ! Ko (t) dt

m

forsome & € [m,n+q — 1].
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Remark 6.29 We observe that Jordan [50, p. 285] claimed that

“Rihalgl = Ggy1(n —m) AT g(£)”

for some & € (m,n). However, taking for instance g(x) = x% and (g, m,n) =
(0,1, 2), we can see that this form of the remainder is not correct. Nevertheless,
several examples suggest that Jordan’s statement could possibly be corrected by
assuming that § € (m — 1, n — 1). This question thus remains open. %

General Gregory’s Formula and Euler-Maclaurin’s Formula The following
proposition provides Gregory’s formula in its general form using our integral
expression for the remainder.

Proposition 6.30 (General Form of Gregory’s Formula) Leta € R, n,q € N,
h >0, and f € C%([a, o0)). Then we have

1 ratnh n-1
hfa f@ydt = > fla+kh)
k=0
q
~|—ZG ( A[Jhllf)(a+”h) A[]hllf)(a)> 1n+1[fah]’
j=1

where
R, TN = /O qu“[fah](r)dt and  f'x) = fla+ (- Dh).

Moreover; if f is q-convex or q-concave on [a, 00), then

IR, L1 = Gy | Ay @ +nh) = af H@].

Here, A1) denotes the forward difference operator with step h > 0.

Proof This formula can be obtained immediately from (6.33) and (6.34) replacing
n with n 4+ 1 and then setting m = 1 and g(x) = f(a + (x — 1)h). The last part
follows from Lemma 6.22. |

The general Gregory formula is often compared with the corresponding Euler-
Maclaurin summation formula. We will use the latter in Chap. 8, so we now state it
in its general form (for background see, e.g., Apostol [8], Gel’fond [39], Lampret
[62], Mariconda and Tonolo [67], and Srivastava and Choi [93]).
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Recall first that the Bernoulli numbers By, B1, By, . .. are defined implicitly by
the single equation (see, e.g., Gel’fond [39, Chapter 4] and Graham et al. [41,
p- 284])

m
do("B; =0",  meN. (6.40)
j=0

The first few values of B, are: 1, 2 é, 0, — 30, 0, .... Recall also that, for any

n € N, the nth degree Bernoulli polynomial B, (x) is defined by the equation

n
By(x) = Y (}) Bixx*  forxeR.
k=0

Proposition 6.31 (Euler-Maclaurin’s Formula) Ler N € N*, f e C!([a, b)),
and h = (b — a)/N, for some real numbers a < b. Then we have

h if(a+kh)=/bf(X)dX+h(f(a)+f(b))
k=0 a 2

N
e /0 Bi(t) f(a + thydr

If. in addition, f € C*([a, b)) for some q € N*, then

B Fla ki) f s+ (f@+ F®)

k=0

+ ihzf i (f& 0@ - £ @) + R
j=1

@
where
R = —h2q+1/0 BZ {;‘}) FCD(q + thydt
and

|Bog| [
|R| < h* p q)'/ | FCD (x)| dx .

Here f € CK([a, b)) means that f € C*(I) for some open interval I containing
[a, b].
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Remark 6.32 We observe (to paraphrase Jordan [50, p. 285]) that Euler-Maclaurin’s
formula is more advantageous than Gregory’s formula if we deal with functions
whose derivatives are less complicated than their differences. However, there are
functions for which Euler-Maclaurin’s formula leads to divergent series while the
corresponding Gregory’s formula-based series (see Proposition 6.24) are conver-
gent. For instance, this may be due to the fact that, for any x > 0, the sequence
n— D"}C is unbounded while the sequence n +— A"}C converges to zero. O

6.8 Generalized Euler’s Constant

In this section, we introduce and discuss an analogue of Euler’s constant for any
function g lying in C° N dom(X). We first consider a lemma.

Lemma 6.33 Let g lie in C° N DP N KP for some p € N and let m € N*. Then the
sequence n R,ﬁ,n[g] for n > m converges. Denoting its limit by wao[g], we
have

R oolgl = JPF[Zgl(m).

Proof The proof is an immediate consequence of (6.36) and the generalized Stirling
formula (Theorem 6.13). |

Under the assumptions of Lemma 6.33, using (6.34), (6.35), and (6.39) we
immediately obtain the following identities

R lg] Z/ PG dt = / pr+l 1(0) dt

=f0 (finlgl(t) — Tg(n)) dt

and
Rh oolgl = =Y I gltk) = / (8() — Pplgl®) dt. (6.41)
k=m m

Moreover, if g is p-convex or p-concave on [m, 00), the inequality (6.37) reduces
to

|Rh.oolgll = [J7F'[Zglm)| < Gp|APg(m)], (6.42)

which is also an immediate consequence of Corollary 6.12 (where a tighter
inequality is also provided when p > 1).
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Let us now provide a geometric interpretation of the remainder R}, »,[g] when
g is p-convex or p-concave on [m, 0o). Suppose for instance that g is p-convex on
[m, 00). The interpretation of Gregory’s formula discussed in Sect. 6.7 shows that,
on the whole of the interval [m, 00), the graph of g lies over or under that of P ,[g]
according to whether p is even or odd, and the remainder |R,f¢,oo[g]| is precisely
the surface area between both graphs. Interestingly, the fact that this surface area
converges to zero as m —N 00 by (6.42) provides a direct interpretation of the
restriction of the generalized Stirling formula to integer values.

This interpretation is particularly visual when p = 0 or p = 1. Consider for
instance the case p = 1 and suppose that g is concave on [m, 00) (e.g., g(x) = Inx).
Then, the graph of g on [m, co) lies over (or on) the polygonal line through the
points (k, g(k)) for all integers k > m. The value |R,’,’l,oo[g]| is then the surface area
between the graph of g and this polygonal line. It is also the absolute value of the
remainder in the trapezoidal rule on [m, 00).

We are now able to introduce an analogue of Euler’s constant for any function g
lying in C° N dom(X). We call it the generalized Euler constant.

Definition 6.34 (Generalized Euler’s Constant) The generalized Euler constant
associated with a function g € C° N dom(X) is the number

ylel = — Ry gl = —J"T[Zgl(D),

where p = 1 4 degg.

For instance, if g lies in C° N D% N K0, then using (6.33) we obtain
n—1 n
ylgl = lim (Z g(k) — / g(t) dt) (6.43)

0 k+1
=> (g(k) - / g(1) dr) :
k=1 k

and this value represents the remainder in the “left” rectangle method on [1, co) with
the integer nodes k = 1, 2, . ... Similarly, if g lies in NP nk! and degg =0,
then we get

n—1
n 1 1
ylgl = lim (Zg(k)— /1 g di + , g(n) - 2g<1>) (6.44)
k=1
0 k+1 1
=y (g(k) —/ g(di + Ag(k)),
k=1 k

and this value represents the remainder in the trapezoidal rule on [1, co) with the
integer nodes k = 1,2, ....
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Thus defined, the number y[g] generalizes to any function g lying in C° N
dom(X) not only the classical Euler constant y (obtained when g(x) = i ) but
also the generalized Euler constant y[g] associated with a positive and strictly
decreasing function g as defined in (6.43) (see, e.g., Apostol [8] and Finch [37,
Section 1.5.3]). Moreover, as we will see in Sect. 8.2, this number plays a central
role in the Weierstrassian form of X g (which also justifies the choice m = 1 in the
definition of y [g]).

The definition of y[g] does not require g to be p-convex or p-concave on [1, 00).
However, if this latter condition holds, then by (6.42) we have the inequality

lylgll = GplAPg(D)] (6.45)

and by Corollary 6.12 the following tighter inequality also holds when p > 1

1
lylgll = /
0

We also provide and discuss finer bounds for y[g] in Appendix E (see Remark E.7).

(t;l)‘ ‘Apilg(l‘ +1)— AP*lg(l) dt. (6.46)

Example 6.35 If g(x) = 1/x, then y[g] reduces to Euler’s constant y, as expected.
Indeed, in this case we obtain

vlgl = —J'WIM) = y.

Using (6.43), we then retrieve the well-known formula
"1

- ()

and its classical geometric interpretation. If g(x) = Inx, then the associated
generalized Euler constant is

vlgl = — JInol(1) = —J() = —1+ éln(Zn) ~ —0.081

and we can see that it coincides with the associated asymptotic constant o[g] (see
Example 6.5). Moreover, using (6.44) we obtain the following formula

ylgl = lim (1nn!+n—1—(n+;>1nn).
n—oo

The value |y[g]| = —yI[g] can then be interpreted as the surface area between the
graph of g on the unbounded interval [1, co) and the polygonal line through the
points (k, g(k)) for all integers k > 1. Moreover, Eq. (6.46) provides the following
inequality

5
lylgll < 1n4—4 ~ 0.14.
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A Conversion Formula Between y[g] and o[g] The following proposition,
which immediately follows from (6.18) and the identity

vlgl = —JPTZel(1),

shows how the numbers y[g] and o[g] are related and provides an alternative way
to compute the value of y[g].

Proposition 6.36 For any function g lying in C° N dom(X), we have

p
olgl = ylgl+ Y G; A g(1),
j=1
where p =1 4 deg g.

An Integral Form of y[g] The following proposition shows that the classical
integral representation of the Euler constant

o0 1 1
V:fl (err)dt

can be generalized to the constant y[g] for any function g lying in C° N dom(X).

Proposition 6.37 Forany g € CONDP NKP, where p = 1 + deg g, we have

%) p )
av[g]=/1 <ZG,~A~’g(LtJ)—g(t)>dt-
j=0

In particular, when deg g = —1, we have

vlgl =/1 (g(lz]) — g@)) dr.

Proof Using (6.16) and (6.41), we obtain

o0 o P ] k+1
vl = >0l = 3o (Y6 alew - [ swar .
k=1 k=1 \j=0 k
which immediately provides the claimed formula. O

The Principal Indefinite Sum of the Generalized Binet Function If g lies in C°N
DP NP for some p € N, then the function JP+![Zg] lies in DI% by Theorem 6.13,
and hence so does

AJPH [zl = TP gl
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If, in addition, JP*![Zg] lies in K, then by the uniqueness Theorem 3.1 we have
that

I g] = JPzg] — I [Zg1(1) .
Thus, if p = 1 4 deg g, then we obtain the identity
2P g] = JPZgl + ylgl. (6.47)

Now, suppose that we wish to show that a given function f: Ry — R satisfies
the equation f = JP+![Xg] for some function g lying in C® N D? N kP, with
p = 1+ degg. Using the uniqueness theorem with identity (6.47), we see that it is
then enough to show that Af = JP+![g], f(1) = —y[g],and f € K°.

Example 6.38 Let f: Ry — R be defined by the equation f(x) = ¥ (x) — Inx
for x > 0. To see that f = J![v], it is enough to observe that f lies in K°, that
f(1) = —y, and that

Af(x) = i—ln(l—i—i)

is precisely the function J [g1(x) when g(x) = 1/x. O

Example 6.39 Binet established the following integral representation (see, e.g.,
Sasvari [89])

2Mno = = N : - : e
J[Inol'l(x) = J(x) = /0 <e’—1 . +2) . dt.

Equation (6.47) then provides a possible (though not immediate) proof of this
identity. O
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Chapter 7 )
Derivatives of Multiple log I'-Type Shethie
Functions

In this chapter, we discuss the higher order differentiability properties of £g when
g liesin C" N DP N emax{p.r} for any p,r € N. In particular, we show the
fundamental fact that X g also lies in C” and that the sequence n +— D’ f/[g]
converges uniformly on any bounded subinterval of R to D" Xg.

We also show that the functions (X£g)") and £g differ by a constant and
we investigate some properties of these functions, including asymptotic behaviors
and an analogue of Euler’s series representation of the constant y. We present and
discuss a procedure, that we call the “elevator” method, to compute Xg by first
evaluating g Finally, we provide an alternative uniqueness result for higher
order differentiable solutions to the equation Af = g.

7.1 Differentiability of Multiple log I'-Type Functions

In this first section we investigate the higher order differentiability of the function
¥ g when g is of class C" for some r € N. We start with the following preliminary,
but very important result.

Proposition 7.1 If g lies in C" N'DP NK™P") for some r, p € N, then the function
Yg lies in C" N DPH 0 gmaxip.r,

Proof 1f g lies in C" N D? N K™{P-r} for some 7, p € N, then clearly it also lies in
C" N pmaxipr} n gmaxip.r} By Proposition 5.6, ©g must lie in DPT! N cmax{p.ri,
Let us now show that it also lies in C".

We first observe that g lies in CO N DP~")+ N JC(P=")+ This is clear if r < p
by Proposition 4.12. If r > p, then we first see that g(l’) liesinC"™—? NP N K7,
and hence also in K% N KC!. Using Proposition 4.16(b) repeatedly, we then see that
g™ liesinC' N D~ N KO,

© The Author(s) 2022 91
J.-L. Marichal, N. Zenaidi, A Generalization of Bohr-Mollerup’s Theorem

for Higher Order Convex Functions, Developments in Mathematics 70,
https://doi.org/10.1007/978-3-030-95088-0_7


http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-95088-0_7&domain=pdf
https://doi.org/10.1007/978-3-030-95088-0_7

92 7 Derivatives of Multiple log I'-Type Functions

By Proposition 5.18, g must lie in C° N DP~"++1 0 IC(P=")+ Hence, there
exists F € C" such that F") = %g(). By Proposition 4.12, F must lie in x™&{P-"},
Now, we also have

D'AF = AF") = Axg") = g0,

which shows that A(F + P) = g for some polynomial P of degree at most . By
Corollary 4.6 we have that F + P lies in ™*{P-"} But then, by the uniqueness
Theorem 3.1 we must have F 4+ P = X g 4 ¢ for some ¢ € R. Hence Xg lies in
Cr. o

Remark 7.2 1f g lies in C"N'DP NICP for some integers 0 < r < p, then the function
Y g lies in C" by Proposition 7.1. Interestingly, this result can also be established
very easily using the following argument. Let n € N be so that X g is p-convex or
p-concave on I, = (n, 00). By Lemma 2.6(a), the function X g lies in cr=(1,) and
hence also in C" (I,). Using (5.3), we immediately obtain that X g lies in C". %

We now present the following important and very surprising result. It shows that
Proposition 7.1 no longer holds when r > p if we ask g to lie in KC? instead of
Jcmax{pr}Since the proof is somewhat technical, we defer it to Appendix F.

Proposition 7.3 For every p € N, there exists a function g lying in CPtN'DP NP
for which $g does not lie in CP*1. Thus, the operator ¥ does not always preserve
differentiability when the order of differentiability exceeds that of convexity.

Proof See Appendix F. ]

The next theorem is the central result of this section. In this theorem, we recall
the fundamental result given in Proposition 7.1 and we show that, under the same
assumptions, the sequence n +— D’ f,/[g] converges uniformly on any bounded
subinterval of Ry to D" X g. We first consider a technical lemma.

Lemma 7.4 Let g lie in C" N DP N KP for some integers 0 < r < p. Then, for any
n € N the function p,fH[Eg] lies in C". Moreover, the sequence n D’,of—H [Zg]
converges uniformly on any bounded subset of R to zero.

Proof By Proposition 7.1, we have that Xg lies in C". Using (1.7) it is then clear
that, for any n € N, the function p,fH[Eg] liesin C".

Let us now show the second part of the lemma. Negating g if necessary,
we may assume that it lies in ”. In this case, D" Xg must lie in ICi_r by
Proposition 4.12. Let n > p be an integer so that g is p-concave on [n, 00). Using
Proposition 2.1 repeatedly, we can see that there exist p — r + 1 pairwise distinct
points &j, .. ., 527, € (0, p) such that

D P,[2gln,...,.n+p;n+x) = Pp_ [D'Xgln+&5,...,n —i—&,’j_,; n+x).
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Let us now fix x > 0. Using (2.11) and then (2.2) and (2.3), we obtain

p—r
1
D pf T Sgl(x) = D Sgln+ &, ....n+Ep n+x] [[(x—&
i=0

p—r
= Ay [Jx =M.
i=1
ifx #&"fori =0,...,p—r,and D’p,fH[Eg](x) = 0, otherwise, where

Ay = D'Egln+&,....n+&,_, ,n+x]—D'Egln+§&,....n+&,_,]

Now, on the one hand, we clearly have
p—r
[Tx—&1 =
i=1

where ¢, = max{p, [x]}. On the other hand, using Lemma 2.5 (with the fact that
D" %g lies in ICf:r) and then (2.8), we obtain

|Ap) < |D'Sgln4cy,....nd+ce+p—rl—D'Sgln—p+r,....nl

1
= (p_ry (AT ER( o) = AP DTN (n = p 1)
1 cz=1
= oy 2 MDD
P L j=—pr

Thus, for any bounded subinterval E of R, we obtain the inequality

Cpfr Csup E -1
sup | Dol [mgl)| = PE ST AP D g+ )l
xX€E (p—n)! jm—pr
But the latter sum converges to zero as n —y 00 since D" g lies in DP~" N P~
by Proposition 4.12. This completes the proof of the lemma. O

Theorem 7.5 (Higher Order Differentiability of Multiple log I'-Type Func-
tions) Let g lie in C" N'DP N K™XP-") for some r, p € N. The following assertions
hold.

(a) Xg liesinC" NDPL N Cmaxip.ri,
(b) The sequence n — D" fnp [g] converges uniformly on any bounded subset of
R4 to D" Xg.
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Proof Assertion (a) immediately follows from Proposition 7.1. When r < p,
assertion (b) immediately follows from Lemma 7.4 and identity (5.4). Let us now
assume that 7 > p. Using (5.4) and then (1.7) and (5.3) we obtain

n—1
D" fIglx) = D'Eg(x) — D' Sglx +n) = =Y " x+k).
k=0

By Proposition 4.12, we have that g(”) lies in C"~? N'DY N K", and hence also
in K° N KC!. Using Proposition 4.16(b) repeatedly, we then see that g lies in C° N
D~ N K. Thus, we can apply Theorem 3.12 to the function g, with f = D" Xg.
Since f lies in C° N DY N K0 by assertion (a) and Proposition 4.12, it follows from
Theorem 3.12 that the sequence n +— D’ f,/[g] converges uniformly on Ry to

f—fo0) = f = D'sg. 0

Example 7.6 The function g(x) = Inx clearly lies in C*° N D' N K. Using
Theorem 7.5, we now see that the function £g(x) = InT'(x) lies in C*®* N D> N K.
Moreover, for any r € N*, we have

Yro1(0) = D" InC@) = lim D" f,/{In](x)

n—1
1
1 r—1 1V (r — 1))
—A%(O e 1)'kZ=0(x+k)’)'

If » = 1, then we obtain

n—1
1
= 1 1 — .
o = (nr- 3 1)
k=0
If r > 2, then we get (compare with, e.g., Srivastava and Choi [93, p. 33])

Yr—1(x) = (=D"(r = DI, x),

where s — ¢ (s, x) is the Hurwitz zeta function (see Example 1.7). O

7.2 Some Properties of the Derivatives

In this section, we investigate the functions (£g)"”) and £g®) and some of their
properties. We also show how the asymptotic behaviors of these functions can be
analyzed from results of Chap. 6, including the generalized Stirling formula. Finally,
we provide a series representation of the asymptotic constant o'[g] as an analogue
of Euler’s series representation of y.
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In the next proposition, we essentially establish the fact that the functions (Xg)")
and Y g are equal up to an additive constant. This result will have several
important consequences in this and the next chapters.

Proposition 7.7 Let g lie in C" N\'DP NK™XP-"} for some p € N and r € N*. Then
g") lies in CO N DW=+ N KP="+ Moreover, for any x > 0 we have

() - 2g ) = (2e)P (1) = ¢ —olg"]. (7.1)

Ifr > p, then

olg”1 = g+ Y gV h).
k=1

Proof As already observed in the proof of Proposition 7.1, the first claim follows
from Propositions 4.12 and 4.16(b). Moreover, we have that Xg lies in C" N DP+ N
Jcmax{pr} et us now prove (7.1). By Proposition 4.12, the function ¢; = (Xg)"
is a solution in KC?~")+ to the equation Ag = g(). By the existence Theorem 3.6,
the function ¢ = g is also a solution in K?~")+. Thus, by the uniqueness
Theorem 3.1, we must have (£g)") — g = ¢ for some ¢ € R, and hence we
also have ()" (1) = c.
Now, for any x > 0, using (6.11) we then get

x+

1
g" () =0l =¢" Px) - f =g () d

X

x+1
=c+g" V) - / (29" ) dtr.

X

Evaluating the latter integral, we then obtain

g7 VM) —olgT=c+g" V) - E P+ D+ V)
=c+g" V) - A" V)
=c+g" V) —(azg) " D)
= C’
which proves (7.1). Finally, if » > p, then we have that g""~! lies in C! N D% N K!

and that g lies in C° N D~! N K by Proposition 4.16(b). The last part of the
statement then follows from applying Proposition 6.14 to the function g, O
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Example 7.8 The function g(x) = )1( lies in C°° N DY N K and all its derivatives
lie in K°. By Theorem 7.5, the function

o]

1 1
Tg(x) = Z(k—l—l_x—irk) = He = y(x) +y

k=0

lies in C®° N D! N e, Moreover, the series can be differentiated term by term
infinitely many times and hence, for any r € N*, we have

)@ = Y (=n!

k=0

r!
(x+k),+1 = ¥ (x).

By Proposition 7.7, we also have
— 1
M= _(_ — —
olg == =D+ DY
k=1

D" =D+ =1,

where s — ¢ (s) is the Riemann zeta function. O

In the next proposition we show the remarkable fact that the asymptotic
equivalence (6.31) still holds if we differentiate both sides.

Proposition 7.9 Let g lie in C" N'DP N K™} for some p € Nandr € N*, and
let a > 0. When D" X g vanishes at infinity, we also assume that

D'Yg(n+1) ~ D"'Zg(n) asn —pn oo.
Then we have

x+1
D'Yg(x +a) ~ D;/ Te)dt = g" D) as x — 0o.
X

Proof By Proposition 7.7, we have that g lies in CO N D@+ 0 P+,
Moreover, for any x > 0 we have

D'Sgx+a) = c+2g" (x +a)
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and, using (6.11),
x+1 x+1
Dy / Seydr = g" V(x) = / (29)" () dt
X X
x+1
- c+/ g () dt,
X

where ¢ = gV (1) — o[g"]. The result then immediately follows from applying
Proposition 6.20 to the function g"). O

Example 7.10 Applying Proposition 7.9 to the function g(x) = Inx, forany a > 0
we obtain the equivalences

In'(x +a) ~ xIlnx, Y(x+a) ~ Inx as x — 00,

and forany v € N,

V!
Yvi1(x +a) ~ (=" e as x — 0o. %

In the next two propositions, we mainly investigate how the convergence results
in (6.4) and (6.21) are modified when the function g is replaced with one of its
higher order derivatives. The second proposition can be regarded as the “integrated”
version of the first one, and hence it naturally involves the generalized Binet
function.

Proposition 7.11 Let g lie in C" N DP N K™} for some p € N and r € N*, and
let a > 0. The following assertions hold.

(a) g7 lies in R(‘IFV)+ and both £¢" and ()" lie in Rﬁ{fr)*H.
(b) Foranyq € N, the function x pq+1 [Zgl(a) lies in C" and we have

Do Z1a@) = o2 M)

(c) We have that pﬁpir”H[Zg(’)](a) — O and D;pr[Eg](a) — Qasx — o0.
Proof By Proposition 7.7, the function g lies in C° N D@P~"+ N KP~")+  This

immediately proves assertion (a). Now, using (1.7) and then (7.1) we get

q
D pt M [2gl(@) = g +a) — B0 = 0 () A7)
j=1

= i [zgM(a),
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which proves assertion (b). Assertion (c) follows from assertions (a) and (b) and the
fact that R "+ < REF o

Proposition 7.12 Let g lie in C" N DP N K™} for some p € N and r € N*. The
following assertions hold.

(a) Foranyq € N, the function J9T'[Sg] lies in C" and we have
D" JIt [zl = Jitl[xzg™.

In particular, we have o[g")] = —D" J'[Zg](1).

(b) We have that JP~+H[£gM](x) - 0and D" JP[Zg](x) = Oasx — oo.
In particular, if r > p, then (£g)") — 0as x — 0.

(c) We have

D;/O P! gl dr = /O Dt [2g)(0) .

Proof Using (6.18) and (7.1), we get

X q )
D I [gl(x) = g (x) — o[g"] - / g Wdi+Y G AT ()
1 ;
j=1

= J1HEg ),
which proves assertion (a). Now, setting ¢ = p in these equations we obtain

P
D P Eglx) = JPT gD+ Y G AT D).
Jj=(p—r)++1

Since g lies in C° N DP~"+ N P+ this latter expression vanishes at infinity.
This proves assertion (b). Finally, using Proposition 7.11 and assertion (a) we get

1
f DL sgl) dr = / P! EeMydr = — I [2gM(x)
0 0

= —D" JP[Egl(x) = D;/ P (21 dr,
0

which proves assertion (c). |

Assertion (c) of Proposition 7.11 reveals a very important fact. It shows that the
convergence result in (6.4) still holds if we replace g with g and p with (p —r)...
But it also says that this new result can also be obtained by differentiating r times
both sides of (6.4) and then removing the terms that vanish at infinity.
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Similarly, assertion (b) of Proposition 7.12 shows that this property also applies
to the generalized Stirling formula (6.21).

Example 7.13 The function g(x) = Inx lies in C°° N D' N L™ and its derivative
gx) = )1( lies in C*° N DY N K. For any a > 0, the limit in (6.4) reduces to

InI'(x4+a)—InT'(x) —alnx — 0 asx — oo.
If we replace g with g’ and set p = 0 in (6.4), we get
Yv(x4+a)—Yyx) - 0 as x — oQ.
However, this latter limit can also be obtained by differentiating both sides of the
previous limit and then removing the term (— ) that vanishes at infinity.

Now, applying the generalized Stirling formula (6.21) to the function g(x) =
In x, we clearly retrieve the classical Stirling formula

1 1
lnF(x)—21n(271)~|—x—<x—2)1nx — 0 as x — oo.

Proceeding similarly as above, we then obtain
Y(x)—Inx — 0 as x — 00,

which is actually the analogue of Stirling’s formula for the digamma function. ¢

Remark 7.14 To emphasize the similarities between Propositions 7.11 and 7.12, we
could for instance extend our formalism a bit further as follows. For any p € N and
any S € {N, R}, let jsp denote the set of continuous functions g: R; — R having
the asymptotic property that

JPglt) — 0O ast —g 00.

This new definition enables one to formalize some results more easily. For instance,
using (6.17) we clearly obtain that

1
jspmpg = jsp+ nDé’

and this identity could be used to establish assertion (b) of Proposition 7.12 from
assertion (a). To give another example, we can see that (6.22) actually means that

co'nprnkr c JL.

Note also that the generalized Stirling formula simply states that X g lies in Jﬁ’ i
whenever g lies in cONprnkr. O
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Taylor Series Expansion of ¥ g Suppose that g lies in C*° N D” N K™ for some
p € N. We know from Proposition 7.12 that

olg®] = — D*I'[zg1(1), keN.

Thus, the exponential generating function (see, e.g., Graham et al. [41, Chapter 7])
for the sequence n — o[g™] is defined by the equation

o0

k
Yolg®1, = —J'[Zgltx + 1) (712)
k=1 :

x+1
=0[g]+/ gm)ydt — Xg(x +1).
1

Denoting this exponential generating function by egf  [g](x), the previous equation
reduces to

egf [g](x) = — J'[Sglx +1).

If the function J[X g] is real analytic at 1, then the series in (7.2) converges in some
neighborhood of x = 0. Similarly, if the function X g is real analytic at 1, then the
following Taylor series expansion

o]

k
k X
Tgx+1) = ;(Eg% (1) 0 (7.3)

holds in some neighborhood of x = 0, where the numbers (Eg)(k)(l) for k € N*
can also be computed through (7.1).

Example 7.15 Consider again the functions g(x) = Inx and ¥g(x) = InI"(x). We
know from Example 7.6 that

DInT(1) = y(1) = lim (mn—zllc) .

n— 00
k=1

and that for any integer k > 2
D*InT(l) = yp_1(1) = (=D* (k= DI (k).

We then obtain the following Taylor series expansion

InT(x+1) = —yx—i—kZ:;(—l)k fik)xk, Ix| < 1.



7.2 Some Properties of the Derivatives 101

The values of the sequence n +— a[g(”)] can be obtained using (7.1) or (7.2). We
get

1
olgl = —1+ 21n(271), olg'l = v,
and for any integer k > 2
olg®] = (—DFtk =210 — (k — D). o

Analogues of Euler’s Series Representation of y Integrating both sides of (7.3)
on (0, 1) (assuming that the series can be integrated term by term), we obtain the
identity

1

(k+ 1! 74

olgl = Y (Zo® )

k=1

Similarly, integrating both sides of (7.2) on (0, 1) (assuming again that the series
can be integrated term by term), we obtain the identity

(k) —

o = 2 —1t)g(t)dr. 7.5
/;:o ("] k+ 1) /1 ( ) g(1) (7.5)
Taking for instance g(x) = " in (7.4), we immediately retrieve Euler’s series

X

representation of y (see, e.g., Srivastava and Choi [93, p. 272])
o0
¢(k)
= —1* )
y g< "

This formula can also be obtained taking g(x) = i in (7.5) and using the
straightforward identity

olg®] = (=D'k! <‘5("+”‘;>’ ke N™.

Considering different functions g(x) in (7.4) and (7.5) enables one to derive
various interesting identities. A few applications are given in the following example.

Example 7.16 Taking g(x) = ¥ (x) in (7.5) and using the straightforward identity

olg®] = olyul = DMk =Dk -DICk)  keN k=2,
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we obtain

- k—1
DDy EB = 2=
k=2

Similarly, taking g(x) = Inx and then g(x) = InI"(x) in (7.4) and (7.5) we obtain
the identities

> 1 1 1
DD gy SR =,y — 14+ @),
=2

o]

Z(—l)k L ck) = ! + ! y —2InA
(k+1)(k +2) 2 6 ’

k=2

1 5 1
Z( k(k+1)(/<+2)§(k)=4—41n(2n)—31nA,

where A is Glaisher-Kinkelin’s constant; see also Srivastava and Choi [93, Section

3.4]. O

7.3 Finding Solutions from Derivatives

Given r € N* and a function g € C", a solution f € C" to the equation Af = g
can sometimes be found more easily by first searching for an appropriate solution
¢ € C to the equation Ag = g and then calculating f as an rth antiderivative of
®.

Let us first examine a very simple example to illustrate to which extent this
approach can be easily and usefully applied.

Example 7.17 Let g: Ry — R be defined by the equation

X
glx) = / Intdt for x > 0.
1

Suppose that we search for a simple expression for the indefinite sum Xg. We can
apply Proposition 7.7 and observe that g’ lies in C*° N D! N K and hence that g
lies in C* N D2 N K. Moreover, we have

(29 (1) = ¢+ 2g'(x) = c+InT)
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for some ¢ € R. Thus, we obtain
X
Yg(x) = c(x—1) ~|—/ InT'(¢) dt.
1

To find the value of ¢, we then observe that
2
0 =g = AXg(l) = c—|—/ In(¢) dt
1

andhencec =1— ; In(27) (see Example 6.5). Alternatively, this value can also be
obtained directly from (7.1); we have

1
c=g)—-olg] = —olg] =1- , Q7).

Thus, this approach amounts to first searching for a simple expression for Xg’, and
then computing X g using an antiderivative of $g’.
Finally, we get

Yglx) = — 1+ (1 - éln(Zﬂ)> X+ Y2(x),

where y_; is the polygamma function ¥ _»(x) = f(;c InI"(¢) dt. O

The approach described in Example 7.17 is rather simple and can sometimes be
very efficient. We will refer to this technique as the elevator method. In very basic
terms, to find X g one proceeds as follows.

Step 1. We take the elevator, go down from the ground floor to the rth basement level,
and get the function g™ easily.

Step 2.  We go back to the ground floor by converting the latter function into the function
sought X g using an rth antiderivative.

Af =g ;= xg
\ t

To our knowledge, this trick was investigated thoroughly by Krull [55] and then
by Dufresnoy and Pisot [34].

In the next theorem we provide a general result based on this idea. This result is
actually very general: it applies to any function g € C”, even if Xg is not defined
(e.g. g(x) = 29).
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We first observe that if ¢ € C? is a solution to the equation Agp = g, then the
map

x+1
P / o dt — gV (x)
X

has a zero derivative and hence it is constant on R . In particular, it has a finite right
limit at x = 0.

Theorem 7.18 (The Elevator Method) Letr € N*, a > 0, g € C", and let
¢: Ry — R be a continuous solution to the equation Ag = g\"). Then there exists

a solution f € C" to the equation Af = g such that ") = ¢ if and only if

a+1
/ ey dt = g V(a). (7.6)

If any of these equivalent conditions holds, then f is uniquely determined (up to an
additive constant) by

_ K X _ =1
fx) = f(a)—i-Zc o a) [()Er—t)l)! o) dr, 1.7)

where, fork =1,...,r — 1,

r—k—1 —_
B ) a+1 +1—prJ k
= Y j{ <g“+"“(a)—fa (a(r_jt_)k)! (p(t)dt). (7.8)
j=0

Proof Condition (7.6) is clearly necessary. Indeed, we have

a+1
/ eydt = fO V@+1) - V@) = " V).

Let us show that it is sufficient. Since ¢ is continuous, there exists f € C” such
that f) = ¢. Taylor’s theorem then provides the expansion formula (7.7) with
arbitrary parameters ¢y = f *) (a) fork =1, ...,r — 1. Now we need to determine
the parameters ci, ..., ck for f to be a solution to the equation Af = g. To this
extent, we need the following claim.

Claim The function f satisfies the equation Af = g if and only if f () satisfies the
equation Af") = g™ and AfYV(a) = g (a) for j =0,...,r — 1.

Proof of the Claim The condition is clearly necessary. To see that it is sufficient,
we simply show by decreasing induction on j that Af) = ¢(), Clearly, this is
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true for j = r. Suppose that it is true for some integer j satisfying 1 < j < r. For
any x > 0 we have

AFYV @) - AfI D) = / ArPudr = / e dr

a a

= ¢V P - V@ = g V) - arv V),

which shows that the result still holds for j — 1. O

By the claim, f satisfies the equation Af = g if and only if Af)(a) = g (a)
for j = 0,...,r — 1. When j = r — 1, the latter condition is nothing other
than condition (7.6) and hence it is satisfied. Applying Taylor’s theorem to /),
we obtain

i’—j—l 1 —j—1
. . 1 ; at 1—p)r—J
fPar - @ = Y @ [T ar,
P k! a r—j—"Dn!
and hence we see that the remaining » — 1 conditions are
r—j—1 1
> GGtk =dp =0, =2,
k=1

where

) Al g4 1 -1 .
djzg(])(a)—/ P (1) dt, j=0,...,r =2,
a (r J 1)

e = fP), k=1,...,r—1.

It is not difficult to see that these r — 1 conditions form a consistent triangular system

of r — 1 linear equations in the r — 1 unknowns cy, ..., ¢,—1. This establishes the
uniqueness of f up to an additive constant.
Let us now show that formula (7.8) holds. Fork = 1, ...,r — 1, we have
r—k—1 B r— 71 r—j— k
J _ L
Z ! djtik-1 = Z Z ! y Citj+k—1-
=0 =0 i=1

Replacing i with i — j — k + 1 and then permuting the resulting sums, the latter
expression reduces to

rk—l g -l - i~k

k
lkl
Z Z (I—J—k—l—l)'i ;:-/wl—l)z i

= i=j+k j=0

~.
(=)
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that is, using (6.40),

\
|
—_

Ci Oi*k =
—~ (i —k+1)! '
i=k
This completes the proof of the theorem. O

Adding an appropriate constant to ¢ if necessary in Theorem 7.18, we can always
assume that condition (7.6) holds. More precisely, the function ¢* = ¢ + C, where

a+1
C = g" V- / (1) dt,
a

satisfies

a+1
f p*(n)dt = g" V().

Example 7.19 Let us see how we can apply Theorem 7.18 to somewhat generalize
Example 7.17. Let g € CY, let G € C! be defined by the equation

G(x) = / g() dt forx > 0,
1

and let f € C° be any solution to the equation Af = g. To find a solution F to the
equation AF = G such that F/ = f, we just need to apply Theorem 7.18 to the
function G with r = 1 and a = 1. Defining the function

2
= f—fl F@ydr,

we then obtain that the function F € C! defined by the equation

X X 2
F(x) = / ffde = / f(t)dt—(x—l)/ f@)de forx > 0,
1 1 1
is the unique (up to an additive constant) solution to the equation A F = G such that
F’ = f. For similar results, see Krull [55, p. 254] and Kuczma [58, Section 2].

The next corollary particularizes the elevator method when the function g lies
in C" N'DP N K™{P-7} for some p € N and r € N*. We omit the proof, since it
immediately follows from Theorem 7.5, Proposition 7.7, and Theorem 7.18.

Corollary 7.20 (The Elevator Method) Let g lie in C" N\'D? N K™XP:7} for some
p € Nandr € N*. Then g lies in C" N DPFH 0 K™XP-r} gnd we have

=" - %" = ") —olg".
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(This latter value reduces to — Y pe., g (k) if r > p.) Moreover, for any a > 0, we
have

Yg = fa— fa(D),
where f; € C" is defined by
+ /X =0 e ar
« (@@=

r—1 . k
fu = Y@ o
k=1

and, fork=1,...,r — 1,
r—k—1

_ B ( (+k-1) _/“H @+ 1=y o o d)
ck(a) ]2:()) i le @= | iy 0w,

Corollary 7.20 has an important practical value. It provides an explicit integral
expression for g from an explicit expression for ©g"). Setting a = 1 in this result,
we simply obtain

-1 k x r—1
(x — 1) (x—1)
Te(x) = Z -1t (z9) ") dt,
1 - .
k=

with, fork=1,...,r — 1,

r—k—1 r k
B; 2—1)y i
= Y jj ( D) — / ( t)_k)! (2g>(’>(t)dt).
j=0

The following three examples illustrate the use of Corollary 7.20. In the first one,
we revisit Example 7.17.

Example 7.21 The function
X
glx) = / Int dt
1

lies in C°° N D> N K. Choosing » = 1 and a = 1 in Corollary 7.20, we get
gx)=Inx,
2g'(x) = InT (),
(£9)(x) =InT'(x) + 1 — ) In(27),
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and
1 X
Ygx) = (1 ~, ln(2n)> x—1 —|—/ InT'(¢) dt. O
1
Example 7.22 The function
X
glx) = / (x —1t)Intdt
0

lies in C* N D? N K. Choosing r = 2 and ¢ = 0 (as a limiting value) in
Corollary 7.20, we get
g’ (x) =Inx,
2g"(x) =InT(x),
(£¢)"(x) =InT(x) — ; In(2n),

and
Ygx) = —(InA)x — iln(Zn)xz + /x(x —t)InT'(r) dt,
0

where A is Glaisher-Kinkelin’s constant and the integral is the polygamma function
Y_3(x). (Here we use the identity ¥_3(1) =In A + }‘ In(2m).)

We can also investigate the asymptotic properties of X g using our results. For
instance, using the generalized Stirling formula (6.21), we also obtain the following
asymptotic behavior of X g

1 1
Tg(x) + 7 (22x3 —27x% + 9x) — 48 x%(8x — 15)Inx

¢@3)
812

Example 7.23 The function g(x) = arctan(x) lies in C* ND' NK>. Choosing r =
1 and a = 0 (as a limiting value) in Corollary 7.20, we get (see also Example 5.10)

asx — o00. O

1 1
— 12(x +1)%In(x+ 1) + i3 (x +2)2In(x +2) —

dO) =0+ = =3+
Tg'(x) = Y (1 +i) — Iy (x + i),
(29) (x) = ¢ — Iy (x + 1),

for some ¢ € R, and hence

Tg(x) = c(x — )+ 3T +i) — SInT(x +i).
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Applying the operator A to both sides of this identity and then setting x = 1, we
obtain ¢ = 7. Thus, we have

Se(x) = Z (x =D +3InT +i) — IInT(x +i).

Some properties of X g can be investigated. For instance, using Corollary 6.12
together with the identity

* 1 1
/ arctan(s) dt = xarctan(x) — _ In(x>+ 1) — it + In2,
1 2 4 2
we obtain the inequality
1 1 2 b4 .
Yg(x) — x—2 arctan(x)~|—2ln(x +1)—l~|—4 —3IInl'(1 +1)

< _arctan

1
2 x24+x+1

and hence the left side approaches zero as x — 0o, which provides the asymptotic
behavior of the function X g for large values of its argument. O

7.4 An Alternative Uniqueness Result

The following theorem provides a uniqueness result for higher order differentiable
solutions to the equation Af = g. These solutions can be computed from their
derivatives using Theorem 7.18. We first state a surprising and useful fact.

Fact 7.24 A periodic function w: R, — R is constant if and only if it lies in KP.
In particular, if 91, ¢2: Ry — R are two solutions to the equation Ap = g such
that g1 — @3 lies in K°, then ¢\ — @3 is constant.

Theorem 7.25 (Uniqueness) Letr € N* and g € C", and assume that there exists
@ € C" such that Ap = g and 9" ’RON. Then, the following assertions hold.

(a) For each x > 0, the series Z,fio 8" (x + k) converges and we have

oo
V) = =) e +h.
k=0
(b) Forany f € C"NK "~ such that Af = g, we have f = ¢ + ¢ for some ¢ € R.

Proof Assertion (a) follows immediately from (3.2). Now, let f € C" N K"~ be
such that Af = g. By Lemma 2.6(c), f) must lie in K~!. Setting w = f — ¢ and
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using (3.2) again, we then obtain

o) = fO) —9" ) = lim O +n),

which shows that " also lies in ~!. By Lemma 2.6(d), w lies in X" ~! ¢ K and,
since it is 1-periodic, it must be constant by Fact 7.24. This proves assertion (b). O

Example 7.26 The assumptions of Theorem 7.25 hold if g(x) = Ilnx, ¢(x) =
InT"(x), and r = 2. It then follows that all solutions to the equation Af = g that
lie in C2 N K! are of the form f(x) = ¢ + In['(x), where ¢ € R. We thus easily
retrieve Bohr-Mollerup’s theorem with the additional assumption that f lies in C2.
It is remarkable that this latter result can be obtained here from a very elementary
theorem that relies only on Lemma 2.6 and Fact 7.24. O
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Chapter 8 )
Further Results G

As discussed in the first chapter, the main objective of our work is to generalize
Krull-Webster’s theory to multiple log I'-type functions and explore the properties
of these functions that are analogues of classical properties of the gamma function.

In the previous chapters, we have presented and discussed several results related
to these functions, including their differentiation and integration properties as well
as important results on their asymptotic behaviors.

We are now in a position to explore further properties of multiple log I'-type
functions. More precisely, in this chapter we provide for these functions analogues
of Euler’s infinite product, Euler’s reflection formula, Gauss’ multiplication for-
mula, Gautschi’s inequality, Raabe’s formula, Wallis’s product formula, Webster’s
functional equation, and Weierstrass’ infinite product for the gamma function.
We also discuss analogues of Fontana-Mascheroni’s series and Gauss’ digamma
theorem and provide a Gregory’s formula-based series representation, a general
asymptotic expansion formula, and a few related results.

8.1 Eulerian Form

Let g lie in D? N K? for some p € N. As we already observed in Chap. 1,
the representation of g as the pointwise limit of the sequence n +— f/[g] is
the analogue of Gauss’ limit for the gamma function. Using identity (3.8), we
immediately see that this form of X g can be translated into a series, namely

Tg(x) = fL1810) =Y plTMglx). x> 0. (8.1)
k=1
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It is a simple exercise to see that, when g(x) = Inx and p = 1, this latter formula
reduces to the following series representation of the log-gamma function

InT(x) = —1nx—i(ln(x+k)—1nk—x1n(1+,1)). (8.2)

k=1

Its multiplicative version is nothing other than the classical Eulerian form (or Euler’s
product form) of the gamma function (see, e.g., Srivastava and Choi [93, p. 3]). We
recall this form in the following proposition.

Proposition 8.1 (Eulerian Form of the Gamma Function) The following identity
holds

L A+ 1/
r(x)_x]!:[1 Ltxsk " x > 0.

We thus see that, for any multiple log I'-type function, the series representation
(8.1) is the analogue of the Eulerian form of the gamma function in the additive
notation. Moreover, we have shown in Theorem 7.5 that this series can be
differentiated term by term on R;. We have also shown in Proposition 5.18 that
this series can be integrated term by term on any bounded interval of [0, c0). Let us
state these important facts in the following theorem.

Theorem 8.2 (Eulerian Form) Ler g lie in D? N KP for some p € N. The
following assertions hold.

(a) Foranyx > 0 we have

14 00 14
Tg) = —g@+ Y (HATe( =) e+ -) (5)Algk
j=1 k=1 j=0

and the series converges uniformly on any bounded subset of [0, 00).

(b) If g lies in C°, then X g lies in C° and the series above can be (repeatedly)
integrated term by term on any bounded interval of [0, 00).

(c) If g lies in C" N K™™P7} for some r € N, then $g lies in C" and the series
above can be differentiated term by term up to r times.

Proof Assertion (a) follows from identity (3.8) and the existence Theorem 3.6
(see also Remark 3.7). Assertion (b) follows from Proposition 5.18, especially its
assertion (c2), and Remark 5.19. Assertion (c) follows from Theorem 7.5. |
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Example 8.3 Letus apply Theorem 8.2 to g(x) = Inx and p = 1. We immediately
retrieve identity (8.2). Upon differentiation, we also obtain

R —— 1 1
Y(x) = —x—I;(Hk—ln(Hk))

and, for any r € N*,
> 1
Yr(x) = (=" Yy Gl = =D+ 1,x).
k=0

Integrating on (0, x), we obtain
> by x? 1
Yoa(x) = x —xlnx —I; <(x+k)1n(1 + k) —x - 1n<1 + k))

Integrating once more on (0, x), we obtain

1 2
Y30 =, 223 —2Inx)

o0
1 ) o k3, 14 1
—];(2(x+k) ln<1+k)—2x—4x - 1n<1~|—k>>.

We can actually integrate both sides on (0, x) repeatedly as we wish. O

8.2 Weierstrassian Form

In the following proposition, we recall an alternative infinite product representation
of the gamma function, which was proposed by Weierstrass. This representation
is usually called the Weierstrass factorization of the gamma function or the
Weierstrass canonical product form of the gamma function (see Artin [11, pp. 15—
16] and Srivastava and Choi [93, p. 1]).

Proposition 8.4 (Weierstrassian Form of the Gamma Function) The following
identity holds

'x) = , x > 0. (8.3)

—1®
¥

~
I

—_
x~
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We now show that this factorization can be generalized to any logI",-type
function that is of class C?. This new result is presented in the following two
theorems, which deal with the cases p = 0 and p > 1 separately. We observe
that the special case when p = 1 was previously established by John [49, Theorem
B’] and in the multiplicative notation by Webster [98, Theorem 7.1].

It is important to note that, just as in Theorem 8.2, the partial sums that define the
series of the theorems below are nothing other than the sequence n +— f,,p [g](x).
Thus, these series can be integrated and differentiated term by term.

Theorem 8.5 (Weierstrassian Form Whendeg g = —1) Let g lie in CONDNKO.
The following assertions hold.

(a) We have y[g] = olgl.
(b) Forany x > 0 we have

o]

k+1
Tg(x) = olgl—g(x)— Y (g(x +k)— /k g(1) dr)

k=1

and the series converges uniformly on any bounded subset of [0, c0).

(c) The function £g lies in C* and the series above can be (repeatedly) integrated
term by term on any bounded interval of [0, c0).

(d) If g liesinC" NK" for somer € N, then X.g lies in C" and the series above can
be differentiated term by term up to r times.

Proof Assertion (a) follows from Proposition 6.36. Assertion (b) follows from
Theorem 8.2 and identity (6.43). Assertions (c¢) and (d) follow from Theorem 8.2.
O

To establish the second theorem (the case when degg > 0), we need the
following technical lemma.

Lemma 8.6 Let g lie in C' N'DP N KP for some p € N*. Then
p—2
Ag(x)—ZGjAfg’(x) -0 as x — oo.
Jj=0
If, in addition, g € CP~L then

APTle(x) —gP Dx) - 0 as x — o0o.

Proof By Proposition 4.12, we have that g’ lies in C° N DP~!1 N KP~!. The first
convergence result then follows immediately from the application of (6.22) to g'.
That is,

JP 1) = 0 as x — 00.
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Let us now assume that g € CP~!. By Propositions 4.11 and 4.12, for every i €
{0, ..., p — 2} the function

g = Algr
lies in C' N D? N K2 and hence, applying the first result to g;, we obtain that
Agi(x) —gi(x) — 0 as x — oo.

Summing these limits fori =0, ..., p — 2, we obtain the claimed limit. O

Theorem 8.7 (Weierstrassian Form When deg g > 0) Let g lieinCPNDP NKP
with deg g = p — 1 for some p € N*. The following assertions hold.

(a) We have y[g'P] = o[gP] = ¢~ (1) — (Zg)P (D).
(b) Forany x > 0 we have

p—1
Tg) =) () AT+ () (E P (D)
j=1
[e'e) p—1 .
—g(x) — Z gix +k) — Z (Jj{) Al g(k) — (;)g(m(k)
k=1 j=0

and the series converges uniformly on any bounded subset of [0, c0).

(c) The function ¥.g lies in CP and the series above can be (repeatedly) integrated
term by term on any bounded interval of [0, 00).

(d) If g lies in C™XPrh 0 KM3X{Pr} for some r € N, then $g lies in C™* P} and
the series above can be differentiated term by term up to max{p, r} times.

Proof By Proposition 4.12, we have that g(?) lies in C° N D% N k0. Assertion (a)
then follows from Propositions 6.36 and 7.7. Now, using (6.43) we get

gl = ) (") — Ag" V().
k=1

Using Theorem 8.2, we then obtain

p—1
2@ = 3 () A6+ () (8770 ~ y15™P)
j=1
n—1 [)—1 ‘
—g(x) — nlingo Z glx +k)— Z ()j‘) Algk) — (;) P (k)
k=1 j=0

+ Tim (%) (A7 gt =" Vm).
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where the latter limit is zero by Lemma 8.6. This proves assertion (b). Assertions
(c) and (d) follow from Theorem 8.2. |

Example 8.8 Letus apply Theorem 8.7 to g(x) = Inx and p = 1. We immediately
get

o0

InT(x) = —yx—lnx—Z(ln(x+k)—lnk— i)
k=1

which is the additive version of the Weierstrassian form (8.3) of the gamma function.
It is remarkable that we can now retrieve this formula in an effortless way. Upon
differentiation, we also obtain (see, e.g., Srivastava and Choi [93, p. 24])

I~ 1 1
Y = _V_x_;(x+k‘k)'

Integrating on (0, x), we obtain

.x2 s X .x2
Yoat) = =y +x—x1nx—k§((x+k)1n(1+k)—x—2k>.

Integrating once more on (0, x), we obtain

1
v_3(x) = . x2(9 — 2yx — 61nx)

3

/1 X k 3 X
2 2
—E (2(x+k) ln(l+k)—2x—4x —6k).

k=1

Just as in Example 8.3, we can integrate both sides on (0, x) repeatedly as we wish.

¢

Let us end this section with an aside about some potential consequences of the
technical Lemma 8.6.

Remark 8.9 1f g lies in C! N DP N K for some p € N*, then by Propositions 4.8
and 4.12 we have g’ € Rﬁfl. That is, for any a > 0

p—2
g’(x~|—a)—Z(j)Ajg’(x) - 0 as x — oo.
=0
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Combining this result with the first part of Lemma 8.6, we can derive surprising
limits. For instance, we obtain for any p € {1, 2, 3}

Ag(x)—g’(x%—;) —- 0 as x — o0.

This latter limit has the following interpretation. The mean value theorem tells us
that Ag(x) = g'(x + &) for some &, € (0, 1). The limit above then says that

gr+&)—gkx+13) —> 0 asx — oco.

In particular, if g lies in C? and for instance eventually satisfies g’ (x) > ¢ for some
¢ > 0, then

1 &x
c|éx — NE ﬁ g/ (x+1)dt
2
=1g(x+&)—gx+3)] > 0 asx — oo,
which shows that &, — ; as x — oo. O

8.3 Gregory’s Formula-Based Series Representation

The following proposition provides series expressions for X g and o[g] in terms of
Gregory’s coefficients (see also Proposition D.2 in Appendix D). This proposition
follows from the next lemma, which in turn immediately follows from Corol-
lary 6.12.

Lemma 8.10 Let g lie in CO N'DP N K4 for some p,q € N such that p < q. Let
x > 0 be so that for k = p,...,q the function g is k-convex or k-concave on
[x, 00). Then we have

[T Sglw)] < Gela'gl,  k=p.....q.
Proposition 8.11 Let g lie in C° N'DP N K> for some p € N. Let x > 0 be so that
for every integer q > p the function g is q-convex or q-concave on [x, 00). Suppose

also that the sequence g — A9g(x) is bounded. Then we have

JITSgl(x) > 0 asq —n oo,
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that is,

X o
Tg(r) = olgl+ f g0 dt =3 Gy A (). (8:4)
1 n=1
In particular, if the assumptions above are satisfied for x = 1, then we have
(0.¢]
olgl = Y G, A" 'g(D). (8.5)
n=1

Proof This result is an immediate consequence of Lemma 8.10 and the fact that the
sequence n — G, decreases to zero. Identity (8.4) then follows from (6.18). |

Example 8.12 Applying Proposition 8.11 to the function g(x) = Inx with p = 1,
we obtain the following series representation of the log-gamma function for x > 0

1 o
InT(x) = In@r) —x +xlnx — ZG,,+1 A" Inx (8.6)
n=0

1 o0 n .
=, In@m) —x +xInx — Z;) |G il ];(—1) (1) In(x + k),
n= =

where we have used the classical identity (see, e.g., Graham et al. [41, p. 188])
n
A"f(x) = Y (=D fx+ k.
k=0
Equivalently, using the Binet function J (x), identity (8.6) can take the form
o n
J@) = =Y |Gual Y (D) nx + k). x>0,
n=1 k=0

where, for any n € N*, the inner sum also reduces to the following integral (see,
e.g., [41, p. 192])

oo efxt n
(=D"A"Inx = —/ . (1—e™)'dr, n e N*.
0
In particular,

o] efxt 1
|[A"Inx| < / (l—eft)dt = Alnx = 1n(1—|— )
0 t X
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In the multiplicative notation, identity (8.6) takes the following form
1 1
_ i fx4+1\2 [(x+2)x\ 2
F — 2 X . X 2
() = Vamet ( x ) <<x+1)2>

((x +3)(x + 1)3)7'290
X
(x +2)3x

Further infinite product representations and approximations of the gamma function
can be found for instance in Feng and Wang [36]. O

8.4 Analogue of Fontana-Mascheroni’s Series

Interestingly, when g(x) = }C and p = 0, identity (8.5) reduces to the well-known
formula

o0
|Gl
r=2> "
n=1

where y is Euler’s constant and the series is called Fontana-Mascheroni’s series
(see, e.g., Blagouchine [20, p. 379]). Thus, the series representation of the asymp-
totic constant o[g] given in (8.5) provides the analogue of Fontana-Mascheroni’s
series for any function g satisfying the assumptions of Proposition 8.11.

Example 8.13 The analogue of Fontana-Mascheroni’s series for the function
g(x) = Inx can be obtained by setting x = 1 in (8.6). We obtain

o n
1
D 1Gual Y (=D Q) Intk+1) = — 14 In2m),
2
n=0 k=0
or equivalently (see Example 8.12),

ad 0 ot n 1
Z|Gn+1|f (1—e)"dt = 1— _In@2n). o
e 0 t 2

The following proposition provides a way to construct a function g(x) that has a
prescribed associated asymptotic constant o [g] given in the form (8.5).

Proposition 8.14 Suppose that the series

o0
S= Y Gusa
n=1
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converges for a given real sequence n +— s, and let g: Ry — R be such that

n

g) = > (1TD)sk.  nmeN: (8.7)

k=1

If g satisfies the assumptions of Proposition 8.11 with x = 1, then the following
assertions hold.

(a) S=olgl
(b) £gn) =Y 4] (";1) sk for any n € N*,
(c) sp = A" lg(1) = A"Sg(1) for any n € N*,

Proof Identity (8.7) can take the following alternative form

n

gn+1) = Y (Dswp. neN
k=0

Using the classical inversion formula (Graham et al. [41, p. 192]), we then obtain

n

sip1 = D (=D () gk +1) = A"g(1),  neN.
k=0

This establishes assertion (c) and then assertion (a) by Proposition 8.11. Assertion
(b) is straightforward using (5.2). |

Example 8.15 Let us apply Proposition 8.14 to the series

o0

|Gl
§ = Z n2
n=1
that is,
> 1
S = nZ:lGn s, with s, = (—1)"*1’12 )
Let g: R4+ — R be a function such that
. 1
g = Y =DIGDY) L, el
k=1
or equivalently (see Graham et al. [41, p. 281] or Merlini et al. [72, Lemma 4.1]),

1 3k
gn) = H,, n e N*.
n
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We naturally take g(x) = i H, , from which we can derive (see, e.g., Graham et al.
[41, p. 280])
2
b4 1 I 5
> = — H
g(x) 12" 2 Yi(x) + 5 Hx-

Thus, we have S = o[g]. Combining this result with the definition of o[g], we
derive the surprising identity (compare with Blagouchine and Coppo [22, pp. 469—
470])

o0 2 1

|Grl b4 1 1 / 2

= - Hf dt.
Z n2 12 2 + 2Jo !
n=1

Proceeding similarly, with a bit of computation one also finds

Gy 1
§:| 3| (3)+ /H3dt

‘o

n=

Those formulas are worth comparing with the well-known identities (see Sect. 10.2)

G
Z|n|_y_/tht
n

n=1
For similar formulas, see also Blagouchine and Coppo [22]. O
Example 8.16 Let us apply Proposition 8.14 to the series
o
|Gl
S = ,
2; n+a
n=

where a > 0. For this series, we can take
1
g(x) = B(x,a+1) and Yg(x) = —B(x,a),
a

where (x, y) — B(x, y) is the beta function. We then derive the identity

o0

Gal 1

n—+a T a
n=1

1
—/ Bx+1,a)dx.
0
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Using the definition of the beta function as an integral, this identity also reads
o

3 G 1 by
|Gyl _ +/ X dox.
n+a a o In(1 —x)

n=1
Setting a = é for instance, we obtain
00 1
G 1
Z |Gl - 1+ f Vx dox.
n:12n+l 2 Jo In(1—x)

We also observe that the decimal expansion of the latter integral is the sequence
A094691 in the OEIS [90]. O

8.5 Analogue of Raabe’s Formula

Recall that Raabe’s formula yields, for any x > 0, a simple explicit expression
for the integral of the log-gamma function over the interval (x,x + 1). We state
this result in the following proposition (see Example 6.5). For recent references on
Raabe’s formula, see, e.g., Cohen and Friedman [30, p. 366] and Srivastava and
Choi [93, p. 29].

Proposition 8.17 (Raabe’s Formula) The following identity holds
x+1 1
/ InlC()dt = 5 In27) + xlnx —x, x> 0. (8.8)
X

Clearly, identities (6.10) and (6.11) provide the analogue of Raabe’s formula for
any continuous multiple log I'-type function X g. We recall this important and useful
formula in the next proposition.

Proposition 8.18 (Analogue of Raabe’s Formula) For any function g lying in
C% N dom(X), we have
x+1 X
/ Yg(t)ydt = G[g]—i—/ g(r) dt, x>0, (8.9)
X 1

where o [g] is the asymptotic constant associated with g and defined by the equation

1
olg] = / gt + Ddt. (8.10)
0
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The challenging part in this context is to find a nice expression for o[g]. For
instance, setting x = 1 in Raabe’s formula (8.8), we obtain the identity

1
1
olln] = / T+ 1de = —1+  InQm).
0

However, in general such a closed-form expression for o[g] is not easy to derive.
An expression for o[g] as a limit can be obtained using Proposition 5.18(c2).
Specifically, if g lies in CYNDP NKP for some p € N, then we have

1
olg]l = lim fo (£ 1glt) + g(t)) dt

n—1 n p
lim Zg(k)—/ g0di+ 3 Ga e |, @11
n— 00 P 1

j=1

which is nothing other than the restriction of the generalized Stirling formula (6.21)
to the natural integers.

Series expressions for o[g] can also be obtained by integrating on the interval
(0, 1) the series representations of Xg + g given in Theorems 8.2 and 8.7. For
instance, we have

p ) o~ k+1 p ]
olgl = Y G;a gy = /k gtydt =Y GjAlgk)|. (8.12)
j=1 k=1 j=0

Note also that, under certain assumptions, the latter series converges to zero as
p —n oo. In this case, (8.12) reduces to the analogue of Fontana-Mascheroni’s
series; see Proposition 8.11.

Example 8.19 Applying (8.11) and (8.12) to g(x) = )16 and p = 0, we obtain
21 (1 1
olg] = nl;n;(}(}(Z_:lk—lnn) = ;(k—ln<l+k>>,

which is Euler’s constant y. Identity (8.9) then immediately provides the following
analogue of Raabe’s formula

x+1
/ v(@)dt = Inx, x> 0. O

The following proposition provides interesting identities that involve the
antiderivative of g, where g is any function lying in C° N dom(Z). It also yields a
formula for £ G, where G is the antiderivative of g. This result is worth comparing
with Example 7.19.
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Proposition 8.20 Let g lie in C°N'DP? NP for some p € N and define the function
G: Ry — R by the equation

X
G(x) = / g() dt forx > 0.
1
Then G lies in C' N DPT1 N ICPHL. Moreover, for any x > 0 we have
X
2G(x) = / Se(t)dt —olgl (x — 1)
1

and

x+1 X
zx/ Yg(t)dt = / Yg(t)dt .
X 1

Proof We have that G lies in C!NDP+! NCP*! by Proposition 4.12. We then obtain
(2G) = Zg—olg]

by Proposition 7.7. This establishes the first formula. Combining it with (8.9), we
obtain

x+1 X
Ex/ Ygm)dr = olgl(x = 1)+ EG(Kx) = / Xg(r)dt,
X 1

that is, the second formula. m]

Example 8.21 Apply Proposition 8.20 to the function g(x) = Inx with p = 1, we
obtain

x+1 X
Ex/ InT@)dt = f InT()dt = Y_a(x) — Y_a(l).
X 1

Using Raabe’s formula (8.8) in the left-hand side, we finally obtain

1
5 N =D + EexInx) — () = v—2x) — y_2(D),

from which we immediately derive a closed-form expression for X (x In x); see also
Sect. 12.5. O

We now present a proposition, immediately followed by a corollary that provides
interesting characterizations of multiple I"-type functions based on the analogue of
Raabe’s formula. Example 8.24 below illustrates this characterization in the special
case of the log-gamma function.



8.6 Analogue of Gauss’ Multiplication Formula 125

Proposition 8.22 Let h lie in C' N'DPT1 N IKCP*! for some p € Nandlet f: R, —
R be a function. Then f lies in C° N KP and satisfies the equation

x+1
/ f@de = hx), x >0, (8.13)

ifand only if f = (Zh)'.

Proof The sufficiency is trivial. Let us prove the necessity. Differentiating both
sides of (8.13), we obtain Af = h’. Using the existence Theorem 3.6 and then
Proposition 7.7, we then see that f = ¢ + (Xh)’ for some ¢ € R. Using (8.13)
again, we then see that ¢ must be 0. m]

Corollary 8.23 (A Characterization Result) Lez g lie in C° N'DP N KP and let
f: Ry — R be afunction. Then f lies in CO N KP and satisfies the equation

x+1 X
/ fyde = a[g]+/ g(ndr, x >0,
X 1
ifandonly if f = Xg.

Proof The sufficiency is trivial by (8.9). Let us prove the necessity. Define the
function 4: Ry — R by the equation

h(x) = olg]l+ /x g(t)dt for x > 0.
1

Then, h clearly lies in C' N DP*! N KPF!. Using Proposition 8.22 and then
Proposition 8.20, we immediately obtain that f = (Zh) = Zg. O

Example 8.24 Applying Corollary 8.23 to the function g(x) = Inx with p = 1, we
obtain the following alternative characterization of the gamma function. A function
f: Ry — Rlies in C° N K! and satisfies the equation

x+1 1
/ f®dt = 21n(271)~|—xlnx—x, x >0,
X

if and only if f(x) = InT'(x). O

8.6 Analogue of Gauss’ Multiplication Formula

In the following proposition, we recall the Gauss multiplication formula for the
gamma function, also called Gauss’ multiplication theorem (see Artin [11, p. 24]).
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Proposition 8.25 (Gauss’ Multiplication Formula) For any integer m > 1, we
have the following identity

m—1

HF<x+j> - F(x)l en)™',  x>o0. (8.14)

m
j=0

m¥ 2

When m = 2, identity (8.14) reduces to Legendre’s duplication formula
X x+1 I'x)
I‘<2>F< 5 ) =2x71«/71, x > 0.

Remark 8.26 For any fixed m > 2, the Gauss multiplication formula (8.14) enables
one to retrieve easily the value of the asymptotic constant associated with the
function g(x) = Inx. In particular, this value can be retrieved from Legendre’s
duplication formula. Indeed, taking the logarithm of both sides of (8.14) and then
integrating on x € (0, 1), we obtain

m—1 .1 . 1

1
E:/ lnF<x+J>dx " 1n(27t)+/ InT(x) dox.
=0 m 2 0

Using the change of variable r = x;j in the left-hand integral, we then obtain

almost immediately the following identity

1
/ InC(t)dt = 11n(27r).
0 2

Combining this result with (8.9), we retrieve o[In] = —1 + é In(2m). O

Webster [98, Theorem 5.2] showed how an analogue of Gauss’ multiplication
formula can be partially constructed for any I'-type function. His proof is very short
and essentially relies on the uniqueness and existence theorems in the special case
when p = 1. We now show how Webster’s approach can be further extended to all
multiple I"-type functions. As usual, we use the additive notation.

Theorem 8.27 (Analogue of Gauss’ Multiplication Formula) Ler g lie in
dom(X) and let m € N*. Define also the function g,,: Ry — R by the equation

gm(x) = g(;) forx > 0.

Then we have

m—1 . m .

) Eg(x+J> = Eg(J>~I—Egm(x), x>0, (8.15)
m m

j=0 j=1
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and

m—1 .
Sgm(m) = Y g (;) :

j=1

Proof Let g lie in D? N P for some p € N. Then g, also lies in D” N K? by
Corollary 4.21. Now, we can readily check that the function f: Ry — R defined
by

o En 1) £ ()

is a solution to the equation Af = g, that lies in K” and such that (1) = 0. By
the uniqueness Theorem 3.1, it follows that f = Xg,,. This establishes (8.15). The
last identity follows immediately. O

Theorem 8.27 actually provides a partial solution to the problem of finding the
analogue of Gauss’ multiplication formula. A more complete result would also
provide a closed-form expression for the right-hand side of identity (8.15).

Unfortunately, no general method to provide simple or compact expressions for
Y. gm seems to be known. However, such expressions can sometimes be found.

For instance, when g(x) = In x, we obtain

gm(x) = Inx —Inm and Ygm(x) = In'(x) — (x — 1) Inm.

Substituting this latter expression in identity (8.15), we immediately obtain the
formula

m—1 .
Y r X+ Zlnr‘ FInT(x) — (x — Dlnm, (8.16)
=0 m

that is, in the multiplicative notation,
m—1 . m .
r
nr(”f) - [Tr ( ) x>0,
m mx— 1
j=0 j=1

It remains to find a nice expression for the latter product, and more generally for
the right-hand sum of identity (8.15). On this issue, we have the following useful
result.
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Proposition 8.28 Let g lie in C°Ndom(X) and let m € N*. Define also the function
gm: Ry — R by the equation gy (x) = g(;,) for x > 0. Then we have

m ; m+1
Some(])=motar- [ zenra
j=1

m

1

=molgl —olgn]l —m /1/ g(t)dr.

Proof The first identity can be proved simply by integrating both sides of (8.15) on
x € (m, m + 1). Indeed, using the change of variable r = x;/ and identity (8.10),
the left-hand side reduces to

1+/+1

2
m Z[ Tg(t)dt = m/l Tg(t)dt = molgl.

The second identity then follows from a simple application of (8.9). O

Example 8.29 Let us apply Proposition 8.28 to the function g(x) = Inx. We obtain
- j 1 1
ZlnI‘ = — _Inm+ _ (m—1)Inn).
— m 2 2

Substituting this expression in (8.16) and then translating the resulting formula into
the multiplicative notation, we retrieve Gauss’ multiplication formula (8.14). O

In the following proposition, we provide a convergence result for the function
defined in the left-hand side of (8.15), which does not require the computation of
¥ gm. This result simply reduces to the generalized Stirling formula when m = 1.

Proposition 8.30 Let g lie in C°N'DP NICP for some p € N and let m € N*. Define
also the function gy : Ry — R by the equation g, (x) = g(,}) for x > 0. Then we
have

X 14
ZE (”J> / gn()di + 3G A gu(x) = molg]
1

j=1
as x — 00, where
1

omlg] = G[g]_/l/ o) .
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Proof Theorem 8.27 and Proposition 8.28 provide the following identity

m—1 .
Ygm(x) —olgm] = ZEg <x;])—mom[g] x > 0.

j=0

The result is then an immediate application of the generalized Stirling formula
(Theorem 6.13) to the function g, (recall that g, lies in CO N D? N KP). |

We end this section with three corollaries. Corollaries 8.31 and 8.32 yield
properties of the derivatives and antiderivatives of the function g in the context
of the analogue of Gauss’ multiplication formula. Corollary 8.33 shows how the
antiderivative of g can be expressed as a limit involving the function X gy,.

Corollary 8.31 Let g lie in C" N DP N K™} for some p € N and r € N*. Let
also m € N* and define the function gn: Ry — R by the g (x) = g(;,). Then
the equation obtained by replacing g with g in (8.15) can also be obtained by
differentiating r times both sides of (8.15).

Proof Differentiating r times both sides of (8.15), multiplying through by m", and
then using (7.1), we obtain

m—1

> ng?” (x;: )+m<zg)(’><1) = m" Tg) (x) +m" (Zgm) " (1).
j=0

Setting x = 1, we then get

m

> zg (,)( >+m(2g)<’>(1) = m’ (Zgm)" (D).

Jj=1
Subtracting this latter equation from the former one, we finally get

m—1

> g <x +J) Z P < ) +m" 2g) (x),
Jj=0
which is precisely the equation obtained by replacing g with g in (8.15). O

Corollary 8.32 Let p e N, m € N*, ¢ € R, and g € C° N'DP N KP. Define also
the functions G, gm, G, - Ry — R by the equations

G(x) = c—l—/lxg(t)dt, gm(x)=g(;), Gm(x) = G(;) forx > 0.
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Then both functions G and G, lie in C' N DPH N KPFL Moreover, for any x > 0
we have

1 X 1 m+1
YGp(x) = " /1 Ygm)dt+(x —1) <c - / Egm(t)dt> .

m

Proof The first part follows immediately from Proposition 8.20 and Corollary 4.21.
Now, by definition of G,, we have

Gnx) = c+ | /xgm(ndr et ! (/xgm(ndt—/mgm(r)dt).
m Jo, m \Ji 1

The claimed identity can then be established easily using Proposition 8.20 and then
applying identity (8.9). O

Corollary 8.33 Let g lie in C° N dom(X). Define also the functions g, : Ry — R
(m € N*) by the equation gy (x) = g(;,) for x > 0. Then we have

I Ygm(mx) — Xgm(m)
m =

m—00 m

X
/ g®)dr, x > 0.
1

Moreover, if g is integrable at 0, then

1 X
lim Ygm(mx) = / gt dt, x > 0.
m 0

m— 00

Proof Replacing x with mx in (8.15) and dividing through by m, we obtain
! X gm(mx) ! "S ) + J ! i b J
mx) = X — .
m Em m ‘3 8 m m E\m

Letting m — N oo in this identity and using (8.9), we see that the first Riemann sum
on the right side converges to

1 X
/ Ygx+1)dt = a[g]+/ g dt
0 1

while the second one converges (if g is integrable at 0) to

1 1
f Se(ndi = o[g]—/ g(n)dt.
0 0

This establishes the corollary. O



8.7 Asymptotic Expansions and Related Results 131
8.7 Asymptotic Expansions and Related Results

In this section, we provide and investigate asymptotic expansions of (higher order
differentiable) multiple log I'-type functions. We also establish and discuss some
important consequences of these expansions, including a variant of the generalized
Stirling formula and an extension of the so-called Liu formula to multiple log I'-type
functions.

To begin with, let us first recall the asymptotic expansion of the log-gamma
function (see, e.g., Gel’fond [39, p. 342] and Srivastava and Choi [93, p. 7]).

Proposition 8.34 For any q € N*, we have the following asymptotic expansion as
X — 00

In'(x) = ; In2m) — x + <x ) Inx + Z k(kliliJrll)x +0 (qufl) )

(8.17)

For instance, setting ¢ = 4 in equation (8.17), we obtain

1 1 1 1
InT"(x) = 2111(27‘[) - X+ (x — 2>lnx+ 12x  360x3 + 0 (x_s).

We now provide a generalization of this result to multiple log I'-type functions.
Even more generally, in the next proposition we provide for any integer m € N* an
asymptotic expansion of the function

1 m—1 .
> E:Eg<x~|—J>. (8.18)
m < m
J=0
Proposition 8.35

(a) Let g lie in C' N DP N K™, 1} for some p € N. Then, for any m € N* and
any x > 0, we have

1 m—1 j x+1 1
> 5 (x + ) R / Se()di — | g(x) + Ru(x).
m = m Y 2m

with

1 1
R (x) = " /0 Bi({mr}) (Zg)'(x + 1) dt
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and
1 1
()] < / (Sg)(x + 1] di .
2m 0

For large x the latter integral reduces to |g(x)].
(b) If g lie in C*1 N'DP N K™XP-24} for some p € N and some q € N*. Then, for
any m € N* and any x > 0, we have

1= j Xt 1
> sg (x + ) = / Tet)dt — _ g(x)
m o, m Y 2m

q
1 By _
+y %D (x) + RE(x),

% (2k)!
with
1 ! BZq({mt}) (29)
RI(x) = _m2‘1/0 20! (Zg)“D (x + 1) dt
and
B 1
RaOl =, '(Z;q)l fo (29)%9 (x + 1)l dt .

For large x the latter integral reduces to |g®4=V (x)|.

Proof Let us prove assertion (b) first. The first part follows from a straightforward
application of Euler-Maclaurin’s formula (Proposition 6.31) to f = Xg, witha =
x,b=x+1,and N = m. Now, we see that the function (Eg)(zq) lies in K(P—20)+
by Proposition 4.12, and hence also in X! by Proposition 4.7. Thus, for sufficiently
large x we obtain

1 1
f (Z2)%) (x +1)|dt = ‘/ (=9)% (x + 1) dt
0 0
= @@ V6 + 1) - (2@ V).
By Proposition 7.7, the latter expression reduces to

£ D+ 1) - 2% D) = g%
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Assertion (a) can be proved similarly. Here we observe that (Xg)’ lies in K=+
and hence also in !, Thus, for sufficiently large x we obtain

1 1
/ I(Zg) (x +0)|dt = ‘/ (29 (x +0)dt| = |g)l.
0 0
This completes the proof. O
Setting m = 1 in Proposition 8.35, we derive immediately an asymptotic

expansion of the function X g in terms of its trend and the higher order derivatives of
g. As this special case is very important for the applications, we state it in the next
proposition (in which we also use (8.9) to evaluate the integral of £ g on (x, x 4 1)).

Proposition 8.36 The following assertions hold.

(a) Let g lie in C' N'DP N K™, 1} for some p € N. Then, for any x > 0 we have
o 1
Xg(x) = G[g]+/1 gt)dr — 2g(x)+R1(x),
with
1
Ri(x) = / Bi(1) (2g) (x + 1 dt
0

and

1 1
IR0 < 2[ (Se) (x + 1)\ dt
0

For large x the latter integral reduces to |g(x)].
(b) If g lie in C*1 N'DP N K™XP-24} for some p € N and some q € N*. Then, for
any x > 0 we have

x 1 1. B B
Te(x) = olgl + /1 g(t)dt — 2g<x>+; (Zli’g!g@" D)+ RY(x),

(8.19)
with

! BZq @)

2qy EOP Dt

R‘f(x) = —
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and

| 2q| 2q9)
= % )'f 1(2) %7 (x + 1) dt .

For large x the latter integral reduces to |g®4= (x)|.

Example 8.37 Taking g(x) = Inx and p = 1in (8.19), we retrieve immediately the
asymptotic expansion given in (8.17). The following equivalent, but more concise,
formulation of this expansion is given in terms of Binet’s function. For any g € N*,
we have

q
_ By —q—1
J(x) = kEZIk(k+1)xk+0<x ) as x — 0o. O

Remark 8.38 The following alternative asymptotic expansion of the Riemann sum
(8.18) can be immediately obtained using the general form of Gregory’s formula
(Proposition 6.30). If g lies in C° N DP N K? for some p € N and if it is g-convex
or g-concave on [x, oo) for every integer ¢ > p, then we have

x+1 1 m—1 j 1 4
/ Yg(t)dt = E Xg <x~|— ) + E Gy Ak_lgm(mx)~|—R,
. 2o " gy
]_ =
where

1 X
R < Gy|a%gutmn)|  and  guto) = g( ).
m m

(Compare with Proposition 8.30.) If we set m = 1 in this latter expansion, then we
immediately retrieve the inequality of Lemma 8.10 as well as the Gregory formula-
based series expression for X g given in (8.4). It is then important to note that the
asymptotic expansion (8.19) often leads to divergent series, contrary to its “cousin”
formula (8.4), as already observed in Remark 6.32. For instance, setting x = 1 in
(8.17) leads to a divergent series whereas setting x = 1 in the “cousin” formula (8.6)
leads to an analogue of Fontana-Mascheroni’s series. In this regard, we observe that
the Gregory coefficients have the asymptotic behavior

1
Gl ~ asn — 00,
1Gnl ™~ nny2 "

while the Bernoulli numbers satisfy

202n)!

B =
| 2n | (27_[)2}1

£(2n) ~ 4Jnn(jfe)2" asn — 00

see, e.g., Graham et al. [41, p. 286]. O
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A Variant of the Generalized Stirling Formula Interestingly, from Proposi-
tion 8.35 we can easily derive the following variant of the generalized Stirling
formula.

Proposition 8.39 (A Variant of the Generalized Stirling Formula) Let g lie in
C%1 N'DP N K24 for some g € N*U {é} and some p € N satisfying p < 2q — 1. For
any m € N* we have

p

1 m—1 J x By
" ZEg <x+m>_/1 g(t)dt—zmkk' g(k_l)(x) — olg] as x — 00.
j=0 '

k=1

In particular,

X P
Yg(x) —/1 g)dt — Z il: g(kfl)(x) — olg] asx — 00. (8.20)
k=1

Proof For every k € {p,...,2q} we clearly have that g lies in D* N KX and
hence g® vanishes at infinity by Theorem 4.14(b). The result then follows from
Proposition 8.35. The particular case is obtained by setting m = 1. O

It is clear that the convergence result (8.20) coincides with the generalized
Stirling formula (6.21) whenever p = 0 or p = 1. Thus, it does not bring anything
new in these cases.

Now, we observe that if g lies in C™{2¢:7} 0 DP N KMax{2¢.7} for some ¢ €
N* U {é} and some p € N satisfying p < 2qg — 1, then the convergence result in
(8.20) still holds if we replace g with ¢ and p with (p — r),. Moreover, this
modified result can also be obtained by differentiating r times both sides of (8.20)
and then removing the terms that vanish at infinity. This important fact can be easily
proved similarly as for the generalized Stirling formula (see Proposition 7.12 and
the comment that follows it).

Remark 8.40 We now see that the generalized Stirling formula (6.21) could also
be established similarly as its variant (8.20), i.e., using the Gregory formula-based
asymptotic expansion of X g as discussed in Remark 8.38. However, formula (6.21)
is a very elementary consequence of Lemma 2.7, as commented in Remark 6.16. Its
proof is elementary, elegant, and leads to the whole Theorem 6.11, which is a strong
result that also provides inequalities. O

The restriction of the limit (8.20) to the natural integers provides the following
alternative formula to compute the asymptotic constant o[g]. Under the assumptions
of Proposition 8.39, we have

n—1 p
n B
olgl = nlggo(E g(k)—/1 gtydt — k’,‘ g“‘”(n)). (8.21)
k=1 ’

k=1
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Analogue of Liu’s Formula Liu [64] (see also Mortici [75]) established the
following formula. For any n € N* we have

n oo 1 _
nl =T'n+1) = V2rn (Z) exp(/ 2 t{t} dt).

This formula provides an exact (as opposed to asymptotic) expression for the gamma
function with an integer argument.

We now propose a generalization of this identity to multiple log I'-type functions
with real arguments. We call it the generalized Liu formula. Recall first the following
Dirichlet test for convergence of improper integrals (see, e.g., Titchmarsh [96,

p. 21]).

Lemma 8.41 (Dirichlet’s Test) Let a > 0 and let f: Ry — R be so that the
function x +— fax f(t) dt is bounded on [a, o0). Let also g lie in C' " DY NKC. Then
the improper integral

/ g dt

converges.
Proposition 8.42 (Generalized Liu’s Formula)

(a) If g lies in C> N D' N K, then for any x > 0 we have

o]

. 1
Ygx) = olg] —l—/ g®)dt — ) g(x) —i—/ (é — {t}) g (x+0dr.
1 0

(b) If g lies in C*4+1 N'D21 N K29+ for some g € N*, then for any x > 0 we have
Ygx) =olgl+ dt — x)+ E X
8 8 : 8 2g . 1(2 )!g

k
0 qu({t}) 2q9)
—i—/o 20)! gV (x +1t)dr.

Proof Let us prove assertion (b) first. We apply assertion (b) of Proposition 8.36 to
the function g with p = 2q. Thus, for any x > 0 and any n € N we have

x+n+1 32 ({l _ )C})

q _ q (29)

Rl () = /x+1 2q)! (X¢) (®) at
B /x+n+1 qu({l _ x})

Qg (EO0 L
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By Proposition 7.7, we have
E9 1+ 1) — (Z9 1) = %)
and hence we obtain
R{(x) = S{(x) + T (x),

where
x—+n _
St(x) = / Baa gtq)! D eoqyar,

_/x+n+1 qu({t —)C})

. 2! (Z9) (1) dr .

an (x) =

Now, we observe that the sequence n — ST(x) converges by Dirichlet’s test (see
Lemma 8.41). Indeed, g®%’ lies in C' N D® N K by Proposition 4.12, and for every

u > x we have that
/“ By ({t — x}) dt‘ _ /”_)‘ Bog({t}) dt‘
x (2g)! 0 (2g)!
‘/u x BZq({t}) t‘ - |BZq|
L

u—x] (ZQ)' N (ZQ)' 7

where we have used the well-known fact that the integral on (0, 1) of the Bernoulli
polynomial By, is zero.

Let us now show that the sequence n > T,/ (x) approaches zero as n — oo.
Using integration by parts, we obtain

1
T (x) = —/ Baq (1) (=% (x +n+1)dt
0o (2g)!

U Bag+1(1)
=/0 (2;1 D1 (2 (x +n+1)dt.

Since (£g)?4*D lies in K1, for large n we obtain

| B2g 11l
29 + 1)!

_ | B2g 11l
2qg + 1)!

1
1T (x)] < ( ‘ f ()% (x +n+1)dt
0

which approaches zero as n — oo by Theorem 4.14(b). This proves assertion (b).
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Assertion (a) can be proved similarly by applying assertion (a) of Proposi-
tion 8.36 to function g with p = 1. For any x > 0 and any n € N we have

Ri(x) = S (x) + Ta(x),
where
xX+n
Sn(x) = —/ Bi({r —x}) g'(r)dr,
x+n+1
Ty (x) =/ Bi({r —x}) (2g) (1) dt .

+n

We now see that the sequence n +— S,(x) converges by Dirichlet’s test.
Moreover, the sequence n +— T, (x) approaches zero as n — oo. Indeed, using
integration by parts we obtain

1
T, (x) =[ Bi(1) (£g) (x +n+1)dt
0

B U Byt
= 72 g’(x+n)—/ 20 (Sey (x40 + 1) dt,
2 0o 2
and we conclude the proof as in assertion (b) since g’ lies in C! N D? N K0, O

Example 8.43 Let us apply assertion (a) of Proposition 8.42 to g(x) = Inx. We
obtain

oo 1
InT(x) 11(2) + ) +/ U
nl'(x) = _In@nr)—x x — nx ,
2 2 o +x
or equivalently,
2 REEt
J(x) = J7[nol'l(x) = / dt,
0 t+x
which extends the original Liu formula to a real argument. O

Example 8.44 Applying assertion (a) of Proposition 8.42 to g(x) = )1(, we obtain
the following integral expression for the digamma function

=1 ! m{t}_%dt
v = s+ [0 0 S

This expression seems to be previously unknown. O
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Setting x = 1 in Proposition 8.42, we immediately derive an integral represen-
tation of the asymptotic constant o[g]. We state this observation in the following
corollary.

Corollary 8.45
(a) If g lies in C> N D' N K2, then we have

1 %0 /
olgl = 2g(1)+/l (1 -1)gwar.

(b) If g lies in C*+1 N D% N K>+ for some q € N*, then we have

_ 1 I Bo (2k—1) ° Bay ({t) 2q)
olgl = 2g<1>—;(2k)!g (1)—/1 2a & D(t)dt.

Remark 8.46 Proposition 8.42 and Corollary 8.45 enable one to evaluate certain
improper integrals involving polynomial functions of the fractional part of the
integration variable. For example, to establish the identity

* {x} -, 301 1
dx = — In2+ . In3
/1 w1 & g gt

(Srivastava and Choi [93, p. 600, Problem 11]), we simply use assertion (a) of
Corollary 8.45 with g(x) = ! In(2x + 1). In this case, we have

1 1 1 1 3
Ygx) = 21n2(x—1)+21nF x+2 —2lnF 5

and the integral is simply equal to o [g] — ég(l). O

Remark 8.47 In Proposition 8.42, we could substitute o[g] from its expression
given in Corollary 8.45. But then, the restriction to the natural integers of the
resulting formulas will simply reduce to the application of Euler-Maclaurin’s
formula (Proposition 6.31) to g, witha = 1,b = n,h = l,and N = n — 1.
0

8.8 Analogue of Wallis’s Product Formula

In the following proposition, we recall one of the different versions of Wallis’s
product formula (see, e.g., Finch [37, p. 21]).
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Proposition 8.48 (Wallis’s Product Formula) The following limit holds

. 13- @2n—-1 1
n1l>nolo 2-4-..(2n) Vn = Jn' (8.22)

In the additive notation, identity (8.22) becomes
1 2n
. k=1 _
Tim_ (2 ln(ym)—i—kz_:l( 1 lnk) - 0.

The following proposition gives an analogue of this latter formula for any
function g lying in C° N dom(X).

Proposition 8.49 Let g lie in C° N'DP N KP for some p € N. Let §: R, — R be
the function defined by the equation g(x) = 2 g(2x) for x > 0. Let also h: N* — R
be the sequence defined by the equation

2
h(n) = olg]l —olg] +f1 (g@2n+1) —g(®)dt
p . .
+Y.6, (A/_lg(Zn )= AT G0+ 1)) forn € N*.
j=1
Then we have
2n
lim (h(n)—l—Z(—l)k_lg(k)) = 0. (8.23)
k=1

Proof The function g lies in C° N D? N KP by Corollary 4.21. By (5.2), for any
n € N* we thus have

2n 2n n
YD) = ) g =)y g(k) = Tgln+ 1) — 2+ D).
k=1 k=1 k=1

Using the discrete version of the generalized Stirling formula (8.11), we get

2n 2n+1 p -
— 1 _ . ]7
olg] = lim kglg(k) /1 g(m)dt + ‘E1G]A g2n+1)
= ]=
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and
n n+1 p -
L <oy - N
olg] = nll>nolo Zg(k) /1 g(t)dt~|—ZG/A gn+1)
k=1 j=1
This establishes the claimed formula. O

Formula (8.23) actually holds for infinitely many sequences n +— h(n). Indeed,
if it holds for a sequence h(n), then it also holds for instance for the sequence
h(n) +n~1 for any ¢ € N*. Thus, to obtain an elegant analogue of Wallis’s product
formula, it is advisable to choose & among the simplest functions. For instance,
we could consider the sequence obtained from the series expansion for A (n) about
infinity after removing all the summands that vanish at infinity.

Example 8.50 Let us apply Proposition 8.49 to g(x) = Inx with p = 1. We obtain
1 1
h(n) =2nIn2n +2) — <2n + 2) In2n+1)+In(n+1)—1+ ) In(27)
— Mg + 0 (n72)
5 .

Replacing A(n) with éln(nn) in (8.23) as recommended above, we retrieve the
original Wallis product formula (8.22). O

Example 8.51 Let us apply Proposition 8.49 to the harmonic number function
g(x) = Hy with p = 1. After a bit of calculus we get

1
h(n) = _ Hypy1 + ) In24+Inrn+1)—¥Q2n+3)

1
2
1 -1
= (7 +Inm)+0 (n )
We then obtain the following analogue of Wallis’s product formula
2n
ngngo( Inn +2 kz_:l( 1) Hk) =y,

which provides an alternative definition of Euler’s constant y. %

Example 8.52 Let us apply Proposition 8.49 to the harmonic number function of
order 2

g) = H? =t —¢2,x+1)
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with p = 1. After some algebra we obtain the following analogue of Wallis’s
product formula

2n 2
, k@ _ T
nlinolo];( DMHT = oy 0

Remark 8.53 Alternative sequences for h(n) may be considered in Proposi-
tion 8.49. For instance, if g lies in CY N DP N KP for some p € N, then it is
easy to see that

2n
YD) = —Bgm+ 1, neN,
k=1

where g: Ry — R is the function defined by the equation g(x) = Ag(2x — 1) for
x > 0. Thus, assuming that g lies in K, identity (8.23) also holds for

n+1 (p—D+ ‘
hin) = o[g]+/ gdi— Y GiAT g+ D).
1 =
Similarly, we can easily see that
2n
Y (=DFlgk) = g(1) —g@2n) + Zg(m),  neN,
k=1

where g: Ry — R is the function defined by the equation g(x) = Ag(2x) for
x > 0. Thus, assuming again that g lies in K°, identity (8.23) also holds for

n (p—D+ ‘
W) = g(2n>—g<1>—a[z;r]—/1 gndi+ Y Gy AT g,

j=1

It is clear that the most appropriate function 7 among these possibilities strongly
depends on the form of the function g. %
Remark 8.54 Using summation by parts with the classical indefinite sum operator
(see, e.g., Graham et al. [41, p. 55]), it is not difficult to show that

28(2x) = xg(2x) —g(2) — Xx ((x + D(Ag(2x) + Ag(2x + 1)) (8.24)

(provided both sides exist). More generally, for any m € N*, we can show that

m—1

Ycg(mx) = x g(mx) — g(m) — Z Yo ((x+ 1) Agimx + j)) .
j=0
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For instance, using (8.24) we obtain

1 1
Y 2x) = x Y (2x) =¥ (2) - Xy (1 o Tae s é)>

— Y (20) — Y(1) —x — ;(w(x)w)— i (w (x+;) —w(;))

=x¢(2x)—;Vf(x)—x—jlilf<x+;)+i(2—21n2~|—y).

As this example demonstrates, formula (8.24) can sometimes be very useful in
Proposition 8.49 for the computation of o'[g]. O

8.9 Analogue of Euler’s Reflection Formula

Recall that the identity
I'oI'd —z) = mese(nz) (8.25)

holds for any z € C\ Z. This identity, known by the name Euler’s reflection formula
(see, e.g., Artin [11, p. 26] and Srivastava and Choi [93, p. 3]), can be proved for
instance using the Weierstrassian form of the gamma function.

Motivated by this and similar examples, it is then natural to wonder if an analogue
of Euler’s reflection formula holds for any multiple log I"-type function, at least on
R\ Z, or even on the interval (0, 1). However, this question seems rather difficult
and reflection formulas as beautiful as (8.25) are relatively exceptional.

Now, if we logarithmically differentiate both sides of (8.25), we obtain the
following reflection formula for the digamma function (see [93, p. 25])

Yx)—yv(1 —x) = —mcot(mx). (8.26)

Using an appropriate integration, we also obtain the following reflection formula for
the Barnes G-function (see [93, p. 45])

InG(14+x)—InG(1 —x) = xIn(2w) — /x mwtcot(mwt)drt . (8.27)
0

These and other examples show that the reflection formulas usually share a
common pattern. Their right sides typically include 1-periodic functions or integrals
of 1-periodic functions while their left sides are of one the following forms

Yg(x)+ Xg(l —x) or Yg(l+x)£2g(l —x)

for some appropriate functions g.
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In this section, we investigate this important topic in the light of our theory. To get
straight to the point, we have not found an analogue of Euler’s reflection formula that
is systematically applicable to any multiple log I'-type function. We nevertheless
present a few interesting results that could hopefully be the starting point of a larger
theory.

First of all, due to the presence of the arguments x and 1 — x in most of the
reflection formulas, it is important to see how the domain of the functions considered
in this work can be extended to a larger set. Since many functions g involved in the
difference equation Af = g have singularities at 0 (e.g., g(x) = )15), we suggest
extending the domain of all these functions to the set R \ {0}. Due to the nature of
the difference operator A, any solution f is then required to be defined on R\ (—N).
The domains of many other associated functions and identities of this theory can be
extended likewise. For instance, for any p € N and any n € N*, the domain of
the function f,”[g] defined in (1.4) can be extended to R \ (—N). Similarly, for any
p € Nand any a € R \ {0}, the domain of the function p/ [g] defined in (1.7) can
be extended to R \ {—a}.

We now have the following important result.

Lemma 8.55 Let g: R\ {0} — R be a function whose restriction g|r, to Ry lies
in DP NKCP for some p € N. Then, there exists a unique function f: R\ (=N) - R
such that Af = g and f|r, = X(g|r,). Moreover,

f@) = lim g0, ¥ eR\(-N),

Proof Forany m € N and any solution f: R\ (—N) — R to the equation Af = g,
we must have

flr=m) = fx)=) g —k), x e Ry \N. (8.28)
k=1

This clearly establishes the first part of the lemma.
Let us now prove that for any x € R4 \ N and any integers 0 < m < n we have

I = g —k) = fllglx —m) =Y phlglx — k). (8.29)

k=1 k=1
On the one hand, for j = 1, ..., p, we have
m m—1 m
](Z::l(j:/f ;} k+x m z:: k+x ) = ()jc)_(x;m)
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and hence using (1.7) we obtain

p

S eflgl =k = Y g +n—k = > ((5) = (") AT gm).
k=1 k=1

j=1

On the other hand, using this latter identity and subtracting the right side of (8.29)
from the left side, using (1.4) we obtain

n—1 m m
Y@ —mAk) — g +k) =Y gx—k+ Y gx+n—h),
k=0 k=1 k=1

which is identically zero. This establishes (8.29).
Let us now show that the sequence n — p} [g](x — k) converges to zero for any
x € Ry\Nandany k € N. By (2.12) it is actually enough to show that the sequence
n+— glnon+1,....n+p—1,n+x—k]

converges to zero. However, by Lemma 2.5 this latter sequence can be sandwiched
between the sequences

ni— glh—kn+l—k ....on+p—1—k,n+x—k]
and
nw— ghn+l,....n+p—1,n+x],
which both converge to zero by (2.12).

Finally, let f: R\ (—N) — R be the unique function defined in the first part of
this lemma. Using (8.28) and (8.29), since g lies in D” N K? we obtain

Tgn) =) g —k) = lim £7[g]0) =D g — k)

flx—m)=
k=1 k=1
= lim f,/[g](x —m),
n—oo
which establishes the second part of the lemma. O

Lemma 8.55 shows that the domain of the function £ g can be extended to R \
(—N) whenever g is defined on R \ {0}. We then use the same symbol Xg for this
extended function. Moreover, in this case we have

Te) = lim fllgl®), xR\ (-N)
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and the Eulerian form (8.1) of ¥ g extends similarly. Actually, when g is a function
of a complex variable, Lemma 8.55 can be easily adapted to extend the function X g
to an appropriate complex domain.

Let us now establish reflection formulas on R \ Z for functions g when the
restriction of g to R, lies in D° N K°. The result is presented in the following two
propositions, which deal separately with the cases when g|gr\z is odd or even. The
proofs of these propositions are similar and we therefore omit the second one.

Proposition 8.56 Let g: R\ {0} — R be such that g|r, lies in DO N KO and let
w: R\ Z — R be the function defined by the equation
wx) = Ygkx) —Xg(l —x) forx e R\ Z.

Then the following assertions are equivalent.

(i) The function g|r\z, is odd.
(ii) The function w is 1-periodic.
(iii) We have that g|r\z vanishes at —oo and

w(x) = Nh—l>noo I;Ng(x—i—k), x e R\ Z.

Proof The equivalence (i) < (ii) is trivial since Aw(x) = g(x) + g(—x). Let us
prove the implication (iii) = (ii). We have

Ao(x) = lim D +k+1)—glx+k)
[k|<=N

= Jim (g +N+1)-glx=N) = 0.

Finally, let us prove the implication (i) = (iii). Using Lemma 8.55 we obtain

Y (@ +k) +glx—k—1)

wlx) =
k=0
= 1 — — —
Jim | =g =N =D+ Y gtk
[k|<N
This completes the proof. O

Proposition 8.57 Let g: R\ {0} — R be such that g|g, lies in D° N K° and let
w: R\ Z — R be the function defined by the equation

wx) = Ygx)+ Xg(l —x) forx e R\ Z.
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Then the following assertions are equivalent.
(i) The function g|r\z is even.

(ii) The function w is 1-periodic.
(iii) We have that g|r\z vanishes at —o0 and

wkx) = —gkx)+ hm Z (gk) — g(x +k)), x e R\ Z.
1<\k\<N

Example 8.58 (The Digamma Function) Consider the odd function g(x) = 1/x on
R\ {0} for which we have the identity Xg(x) = ¥ (x) + y (see Sect. 10.2). This
identity actually holds not only on R but also on R\ (—N) since by Lemma 8.55 the
digamma function ¥ extends to this larger domain through the following Eulerian
form (see also Srivastava and Choi [93, p. 24])

vx) = —y - +Z< x+k> x € R\ (-N).

Now, using Proposition 8.56 we immediately obtain the identity

V@) -y —x) = hmZHk x eR\Z,

k<N

where the right-hand function is 1-periodic. Finally, it can be proved (see, e.g.,
Aigner and Ziegler [3, Chapter 26], Berndt [18, p. 4], and Graham et al. [41, Eq.
(6.88)]) that this function reduces to — cot(rx). We then retrieve the reflection
formula (8.26) for the digamma function. O

Example 8.59 (A Variant of the Digamma Function) Consider the even function
g(x) = 1/]x| on R\{0}. Using Lemma 8.55, we then obtain the following expression
for ¥g on R \ (—N)

Sgl) — —( 1 1
) = ), k+1  |x+kl)
k=0
or equivalently,
o

1 1 > 1 1
Zg(x) = Z<k+1_x+k)+z<x+k_|x+k|)’

k=0 k=0
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where the first series reduces to ¥ (x) + y. If x > 0, then the second series is zero.
If x < 0, it reduces to

0 ) l=x) |—x]
Zm1n{x+k,0} => ik = 23 Ay(x+k)
k=0 k=0 k=0

=21 —{=x}) - ¥ ).

Using Proposition 8.57, we then obtain that the function

1 1 1
by Tg(l—x) = — li - ’ KAZ
g(x) + Eg(l —x) |x|+N91ml<lkZ|<N<|k| |x+kl> e

is 1-periodic. Using the reflection formula for v, we also obtain

Ygx) +2g(1—x) =y {xh) + ¢ —{x}) +2y
=2y ({x}) + mwcot(wx) + 2y, x € R\ Z,

which provides a closed expression for this periodic function. O
Example 8.60 Consider the function g: R — R defined by the equation

glx) = for x € R.
X

We observe that both functions g(x) and g(x) = g(—x) have restrictions to R that
lie in D° N K. However, the function g is neither even nor odd. Denoting its even
and odd parts by g4 and g_, respectively, we have

o SO 1
s = 2 X241
o SO gD
s = 2 T 241

and we can derive a reflection formula for each of these functions.
Now, it is not difficult to see that (see Example 5.10)

28+ () = WA +1i) —¢(x +1))3
Tg-(x) = R(=yY (1 +i) + ¢¥(x +1)).

Using Propositions 8.56 and 8.57, we then see that both functions

Tgi()+ Sge(l—x)  and  Bg (x) — Tg_(1—x)
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are l-periodic. Moreover, their sum Xg(x) + Xg(1 — x) is also 1-periodic.
Equivalently, the function

RYx+i)—vd—x+) =Wk +i)+vd —x+1i))

is 1-periodic. However, we do not have a reflection formula for Xg or Xg. %

Although Propositions 8.56 and 8.57 constitute major steps in the investigation of
reflection formulas, they do not provide closed-form expressions for the 1-periodic
functions involved in these formulas. For instance, considering the reflection
formula for the digamma function (see Example 8.58), we see that Proposition 8.56
does not yield the right-hand side of identity (8.26). Moreover, it seems that such an
expression, obtained for example using Herglotz’s trick (see Aigner and Ziegler [3,
Chapter 26]), is very specific to the case when g(x) = 1/x. Now, finding a closed-
form expression in the general case remains a very interesting open problem: such
a result would provide an analogue of Euler’s reflection formula for a wide class
of functions. In this regard, we observe that Herglotz’s trick uses an analogue of
Legendre’s duplication formula in the additive notation. Thus, a suitable adaptation
of this trick could be helpful to tackle this problem.

Let us now investigate the more general case when the function g|r, lies in
DP N KP for some p € N. We observe that some reflection formulas can be
obtained by integrating or differentiating both sides of a given reflection formula.
Thus, if g|gr, lies in C 'n D! N K! for instance, we know from Proposition 4.12
that g’|g, lies in C® N D° N K0 and we may try to find a reflection formula for
3¢’ using Propositions 8.56 and 8.57. Since X g’ and (Xg)’ differ by a constant by
Proposition 7.7, a reflection formula for X g can then be obtained by integrating both
sides of the reflection formula for X g’. This approach is inspired from the elevator
method (as discussed in Sect. 7.3).

For instance, integrating both sides of (8.26) on (é, x), where é <x < 1,weget
the identity

In'(x) +InT"(1 —x) = In(w csc(mx)).
Thus, we retrieve Euler’s reflection formula on the interval (é, x) and this formula
can be extended to the complex domain C \ Z by analytic continuation. The identity
(8.27) can be obtained similarly, observing that
InGx+1) = InT'(x) +InG(x).
Now, let g: R\ {0} — R be a function such that g|g, lies in D? N KC? for some
p € N.Letalso wi[g]: R\Z — Rand w_[g]: R\Z — R be the functions defined

by the equation

w+[g]lx) = Xgkx)xXg(l —x) forx e R\ Z.
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We then observe that

Aws[glx) = gx) F g(—x), x e R\ Z.

It follows that w4 (resp. w—) is 1-periodic if and only if g|r\z is even (resp. odd).

The following proposition provides an explicit expression for the function w4[g]
whenever it is 1-periodic. This expression is constructed from the very definition of
Xg.

Proposition 8.61 Let g: R\ {0} — R be such that g|r lies in D N KP for some
p € N. Then the following assertions hold.

(a) If glr\z is odd, then the function w_[g] is 1-periodic and is equal to

p
n1l>nolo ( — Z gx+k)—glx —n) + Z ((j) — (I;X)> Ajlg(n)>.
Jj=1

|k|<n—1

(b) If glr\z is even, then the function w[g] is 1-periodic and is equal to

lim ( —g+ Y (g —glx + k)

1<|k|=n—1
—g(x—n)+Z( 1)t (n))

Proof Let us prove assertion (a). That w_[g] is 1-periodic is clear from the
discussion above. Now, using Lemma 8.55 we obtain

w-[glx) = nlingo(fnp[g](X) + [ [g1(1 = x))

n—1
— _ —x j—1
= Jlim | Lt —x 0 - g<x+k>)+2;( ('79) a7
J
This proves assertion (a). Assertion (b) can be established similarly. |

Example 8.62 Consider the odd function g: R — R defined by the equation

glx) =x— 2):_1 for x € R.
X

The function g|r, clearly lies in D? N K? and we have (see Example 5.10)

Tg(x) = (3) = RWx +1)).
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By Proposition 8.61, the function

2g(x) = Xg(l —x) = R A —x+1i) =¥ (x +10))

is 1-periodic and is equal to the limit

lim | - Y h(x k) —h(x —n) + Qx — Dh@) |,
lel<n—1

where h(x) = g(x) — x. O

Example 8.63 (Euler’s Reflection Formula) Consider the even function g: R\ {0}
defined by the equation g(x) = In |x| for x € R\ {0}. The function g|g, clearly lies
in D' N ! and, since A, In|T'(x)| = In |x| on R \ (—N), we must have

Yg(x) = InT'(x)|, xeR\(=N).

By Proposition 8.61, the function |I'(x)I'(1 —x)| on R\ Z is 1-periodic and is equal
to

1 k
T
00 X 1_[ x+k

1<|k|<n

Euler’s reflection formula then shows that this limit is also | csc(mx)|, as expected
(see Artin [11, p. 27]). O

Remark 8.64 We observe the following interesting link between the analogue of
Euler’s reflection formula and the logarithm of the generalized Stirling constant
(see Definition 6.17). Let g: R \ {0} — R be an even function such that g|r, lies
in C° N dom(X). Assume also that g is integrable at 0. Then, we have

1 1 1
olglr,] = /o Xg)dt = 2/0 (2g(r) + Xg(1 —1)dr,

that is,

1 1
olglp,] = 2/0 w, L2l dr.

For instance, for the function g(x) = In |x| (see Example 8.63), we obtain
1 1
olglr, 1 = ) / In(m csc(mt)) dt
0

and it is not difficult to see that this expression reduces to ; In(2m). O
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8.10 Analogue of Gauss’ Digamma Theorem

The following formula, due to Gauss, enables one to compute the values of the
digamma function v for rational arguments. If a, b € N* with a < b, then we have

Lo—1)/2] .
W(Z) = —y—ln(2b)—z cotaZ+2 jz_:l cos(2jn2)ln<sinjg>
(8.30)

(see, e.g., Knuth [53, p. 95] and Srivastava and Choi [93, p. 30]). This formula can
be extended to all integers a, b € N* by means of the difference equation ¥ (x +

1) — ¢(x) = 1/x.

For instance, we have

3 T
= — —3In2.
1/f<4) J/+2 31n

It is natural to wonder if an analogue of formula (8.30) holds for any multiple
log I'-type function. Finding an analogue as beautiful as this formula seems to be
hard. However, we have the following partial result.

Proposition 8.65 Ler g € D’ NK° and let a, b € N* witha < b. Then

se(?) = | T (1- 0" tie

j=0

where

o0
i i k
wp = e’ and S;?[g] = E wlj,k8<b)-
k=1

Proof By definition of the map X, we have

Tg (Z) = lim (rlig (bbk> _nig (bk;ra»

k=1 k=0
bn—1

k
= nlingo ; (up (k) —uptk —a)) g (b) ,
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where up(k) = 1, if b divides k, and u; (k) = 0, otherwise; that is,

b—1

1 .
up(k) = bzwg".

j=0

This completes the proof. O

Proposition 8.65 provides a first step in the search for an explicit expression for
2g(3). Depending upon the function g, more computations may be necessary to
obtain a useful expression. In this respect, the derivation of formula (8.30) by means
of Proposition 8.65 can be found in Marichal [66, p. 13].

Example 8.66 Let us apply Proposition 8.65 to the function gg(x) = —x~*, where
s > 1. This function lies in DP° N K° and we have Ygs(x) = ¢(s,x) — £(s); see
Example 1.7. Leta, b € N* witha < b.For j =0, ..., b — 1, we then have

$%[gs] = —b* Lis()),
where
Xk
L@ = Y,
k=1

is the polylogarithm function. Using Proposition 8.65, we then obtain

b—1
¢ (s, Z> — i) -0y (1 — a)b‘“/> Lis (w])
j=0
b-1 '
=b"" > w, " Lis()).
=0

The inverse conversion formula is simply given by

b
. . . . k .
Lls(w,’,)=bS§ wg";<s,b>, j=1,....,b—1. o

k=1

8.11 Generalized Gautschi’s Inequality

Gautschi [38] showed that the following double inequality holds forany 0 <a <1

ga-byatn o Pata o

= < x° 7, x > 0.
Cx+1)
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As a consequence, since ¥ (x) < Inx for any x > 0, he also obtained that

x4+ D! < PG +a) < x-1

= < , x>0,
C(x+1)

which is also a straightforward consequence of the Wendel inequality (6.5). We refer
to these inequalities as the Gautschi inequality.

We now provide an analogue of Gautschi’s inequality for certain multiple log I'-
type functions and for any a > 0. We call it the generalized Gautschi’s inequality.
As usual, we use the additive notation.

Proposition 8.67 (Generalized Gautschi’s Inequality) Suppose that g lie in C* N
DP N K22} for some p € N and let a > 0 and x > 0 be so that $g is convex
on[x + |a], 00). Then we have

(a —[al) g(x + Tal) < (a — [a]) (Zg)'(x + al)
=Xglx+a)—Xglx +[a]) < (a—[a])glx+la)).

(The inequalities are to be reversed if ¥.g is concave on [x + |a], 00).)

Proof We follow the same steps as in Gautschi’s proof. We can assume that k& <
a < k + 1 for some fixed k € N. Let x > 0 be fixed so that ¥g is convex on
[x +k,00). Letalso f: [k,k+ 1) — Rand ¢: [k, k+ 1) — R be the functions
defined by the equations

1
f@ =, _,Esc+a)-Tg+k+1)

and
9@ = (k+1—a)’f'(a)
fork < a < k + 1. We then observe that
(k+1—a) f'(a) = f@+Da((k+1—-a)f@) = fla)+(Tg)(x+a).
It then follows that

p@) = k+1-a)(f(a)+ (29 (x +a))

and

¢'@) = (k+1-a)(Zg)"(x +a).
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We also have

ek) =2g(x +k)—Zgx +k+ 1D+ () (x +k)
=(Zg)'(x +k)— glx + k),

where

1
gx+k) = /(zm%x+k+nda
0

Since X g is convex on [x + k, 00), its derivative is increasing on [x + k, 00), and
hence we must have ¢ (k) < 0 and ¢’(a) > 0. Since ¢(k + 1) = 0, it follows that
the function ¢ is nonpositive and hence that the function f is decreasing. Using
L’Hospital’s rule and the fact that ¢ (k) < 0, we then obtain the following chain of
inequalities

—gx+k+1) < —(Zg)'(x+k+1)
agglﬂf(a) < f(a) = fk) = —gx+k).

IA

This proves the result. O

Example 8.68 Applying Proposition 8.67 to g(x) = Inx and p = 1, we obtain for
anya > Oandany x > 0

o+ [a)* T4 < le—labpiria) o T +a)

a—[al
= et fa]) = (x+la)) :

If we assume that 0 < a < 1, then we retrieve the original Gautschi inequality. ¢
Remark 8.69 If we wish to bracket the function Xg(x 4+ a) — Xg(x + 1) in

Proposition 8.67, we can use the identity

fal-1

g(x +[al) = Tgx+ D+ Y glx +k),
k=1

which immediately follows from (5.3). For instance, for g(x) = Inx we obtain the
double inequality

'x+a)
<
T Tx+1)

(x4 La))* TN (x + [a] = DI

e(a—(ﬂ)llf(x-i-fﬂ)(x + [a] — 1)(“1—1

IA

which holds for any @ > 0 and any x > 0. O



156 8 Further Results

We end this section with the following corollary, which is obtained by integrating
on a € (0,1) the expressions in the generalized Gautschi inequality (Proposi-
tion 8.67).

Corollary 8.70 Suppose that g lie in C*> N DP N K™XP:2} gnd let x > 0 be so that
Y.g is convex on [x, 00). Then we have

—; glx+1) < —; (2g) (x + 1)
x+1 1
< / Yg()ydt —Xgx+1) < — ) gx).

(The inequalities are to be reversed if g is concave on [x, 00).) In particular, the
following assertions hold.

(a) If X g is not eventually identically zero and if

g(x)

im = 0, (8.31)
¥—00 3ig(x)

then

(Z9)'(¥) _

x+1
im and Yg(x) ~ / Yg(t)dt asx — oo.
x—>00 3g(x) x

(b) If g is not eventually identically zero and if

.ogx+1
lim =
X—>00 g(x)

3

then

1
e CR@ [T Beydt — Tg(x) 1
x—0o g(x) x—00 g(x) T2

Proof The inequalities are obtained by integrating on @ € (0, 1) the expressions
in the generalized Gautschi inequality. Let us now prove assertion (a); the second
one can be established similarly. If X g is not eventually identically zero, then it
eventually never vanishes since it lies in KC0. If condition (8.31) holds, then we must
have

» 1
im 28D o (e 899 ) 21 and tim W =
x—>o00  Yg(x) x—>00 Yg(x) x—o00 ¥g(x + 1)

We then complete the proof by dividing all the expressions in the inequalities by
¥ g(x + 1) and letting x — oo. O
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8.12 Generalized Webster’s Functional Equation

In the framework of I'-type functions, Webster [98, Section 8] investigated the
multiplicative version of the functional equation

fO)+ fx+ 1) = h(x), x>0,

and, more generally, of the functional equation

m—1 .
Zf<x+rjn> = h(x), x>0,
j=0

forany m € N*, where h: Ry — Ris a given function satisfying certain conditions.
In this section, we extend Webster’s result by considering and solving the more
general equation

m—1

Y fataj) =hx)., x>0 (8.32)

j=0

where a > 0 is also a given parameter. We call it the generalized Webster functional
equation. For instance, we can prove that the unique monotone solution f: R4 —
R to the equation

1
fO+ fx+a) = .

is given by

1 x+a 1 X
feo = 2aw< 2a )_Zaw<2a)'
Our general result is stated in the following theorem, a variant of which was

established by Webster [98, Theorem 8.1] in the special case when p = 1 and

a = 1.
m

Theorem 8.71 (Generalized Webster’s Functional Equation) Ler p € N, m €

N* a > 0, and h € D1 N K9 for some integer q > p. Define also the function
hq: Ry — R by the equation

ha(x) = h(ax) forx > 0.
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If Ahg lies in DP N ICi NK4 (resp. DP NP N K4), then there is a unique solution
to equation (8.32) lying in KP, namely

= s (55) 5 ()

Moreover, this solution lies in KV ( resp. ICi ).

Proof Suppose for instance that Ak, lies in DP N ICi NK?andletg): R — R
be defined by the equation g)' (x) = Ah,(mx) for x > 0. By Corollary 4.21, the
function g lies in D? N ICi N K4. Suppose that f: Ry — R is a solution to
equation (8.32). Then necessarily

m—1
g (x) = h(amx +a) — h(amx) = ZAjf(amx—i—aj) = A, f(amx).
j=0

If f lies in ICP, then by the uniqueness and existence theorems we have that

flamx) = f(am)+ Xgg' (x)

and f must lie in K”. Since both g and h lie in DY N K4, by Propositions 5.7
and 5.8 we then have

flamx) = f(am) + Eyh(amx + a) — Lh(amx)
= fam) + Zxham ()C + ! > — Zham (x)
m
=c+ Zham (x + ! ) — Zham(x),
m
or equivalently,
F@) = ¢+ Shan <x +a> ~ Shan () (8.33)
am am

for some ¢ € R. But the function f specified by (8.33) satisfies (8.32) if and only if
¢ = 0; indeed, we then have

m—1 m—1 x+aj
Zf(x+aj)=mc+ZAtham< am )
=0 j=0

=mc+ AZhyy (a)’cﬂ) = mc—+ h(x).

This completes the proof. O
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Example 8.72 Theorem 8.71 shows that the unique eventually monotone or even-
tually log-convex solution to the functional equation

fOfx+a)x? =1, x>0,a>0,p>0,

is the function

B rg)
fo) = ( mw)) |

This result was established by Thielman [95] (see also Anastassiadis [5]). The
special case when p = 1 was previously shown by Mayer [70]. O

Combining both Theorems 8.27 and 8.71, we can derive immediately the
following corollary, which in a sense provides yet another characterization of
multiple I'-type functions. For a similar result on the gamma function, see Artin
[11, p. 35].

Corollary 8.73 Let p € N, m € N*, and g € D N KP+1. Define also the function
gm: Ry — R by the equation g, (x) = g(;, ) for x > 0. Then the function f = g
is the unique solution lying in KCP to the equation

m—1 . m .

X+7J J
E f( ) = E Eg( )+2gm(X), x> 0.
=0 m P

Example 8.74 For any m € N* the gamma function is the unique log-convex
solution f: Ry — Ry to the equation

m—1 .
Hf<x+J> - F(x)l en)"', x>0
i—0 m mx_z

Equivalently, for any m € N* the gamma function is the unique log-convex solution
f: Ry — Ry to the equation

m—1 . m—1 .
Hf(xlj) = HF(XZJ), x> 0. 0

j=0 j=0
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Chapter 9 )
Summary of the Main Results s

Now that we have collected a number of relevant results on multiple logI'-
type functions, we naturally look forward to applying them on various examples,
including not only special functions related to the gamma function but also many
other useful functions of mathematical analysis. Such applications will be discussed
in the next three chapters. But first and foremost, it is time to take stock of the new
theory we have developed and summarize what we have found and learned thus far.

This chapter is devoted to a review of the most interesting and useful results that
we have established in the previous chapters. These results are presented here as a
step-by-step plan in order to perform a systematic and efficient investigation of the
multiple log I'-type functions. We have tried to be as self-contained as possible, so
that the reader can skip Chaps.2—8 and make direct use of the summary given in
this chapter.

Remark 9.1 At many places in this book (e.g., in Proposition 5.18), we have made
the assumption that the function g (resp. g for some r € N*) is continuous to
ensure the existence of certain integrals. Although we can often relax this condition
by simply requiring that g (resp. g) is locally integrable, we have kept this
continuity assumption for simplicity and consistency with similar results where
higher order differentiability is assumed. O

9.1 Basic Definitions

Let us recall a few useful concepts introduced in the previous chapters. For any
p € Nand any S € {N, R}, we let Dé’ denote the set of functions g: Ry — R
having the asymptotic property that

APg(x) — 0 as x —g 00.
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For any p € N, we also let C” denote the set of p times continuously differentiable
functions from R to R and we let X” denote the set of functions from R to R that
are eventually p-convex or eventually p-concave, that is, p-convex or p-concave
(see Definition 2.2) in a neighborhood of infinity. Recall also that the sets Dé’ ’s are
increasingly nested while the sets C”’s and K”’s are decreasingly nested, that is,

DL C Dg“, Pt c kP, and CPt!lccr for any p € N.
We have also proved in Proposition 4.8 that
DENKP = DENK?

and we denote this common intersection simply by D? N KCP.
In Chap. 5, we have introduced the map X that carries any function g: R, — R
lying in the set

dom(%) = U(DP N KP)
p>0

into the unique solution f: Ry — R that arises from Theorem 1.4 and satisfies
f(1) = 0. That is,

Ygx) = lim fil lglx), x > 0.

The class of functions that are equal (up to an additive constant) to X g is called the
principal indefinite sum of g (see Definition 5.4 and Example 5.5). A function f
lying in the range of the map X is also called a multiple log I'-type function.

In the previous chapters, we have established and discussed several properties
of the multiple log I'-type functions, many of which are counterparts of classical
properties of the gamma function. For instance, we have proved that every multiple
log I'-type function satisfies an analogue of Gauss’ multiplication formula for
the gamma function. In the rest of this chapter, we provide a summary of these
properties. The reader can use them for a systematic investigation of any multiple
log I'-type function.

9.2 ID Card and Main Characterization

The first step in this investigation is to choose a function g € D? N P (for some
p € N) for which we wish to study its principal indefinite sum Xg. For instance, if
we consider the function g(x) = x Inx, which lies in D? N K2, then the function
3 g is the logarithm of the hyperfactorial function K (x) (see Sect. 12.5), that is

Ygx) = mKx) = @x—1DInl'(x) —InG(x),
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where G is the Barnes G-function. Our results will then enable us to study this
function through several of its properties.

Alternatively, we can start from a given function f € K7 (for some p € N)
that we wish to investigate and whose difference g = Af is a function that lies
in DP N KP. For instance, we may want to investigate the nth degree Bernoulli
polynomial f(x) = B, (x) by first observing that the function

gl) = Af(x) = nx""!
lies in D" N K". We then have
Yg(x) = Bp(x)— Bi(D).

Remark 9.2 To investigate a function f: Ry — R through our results, it is not
enough to check that the difference g = Af lies in DP N P for some p € N. We
also need to make sure that f also lies in XC”. For instance, both functions

filx) = x 4+ sin(2wx) and Hx) = x4+ 03(wx, 1/2),

where 63 (u, q) is the Jacobi theta function defined by the equation

o
63(u.q) = 1+2 g™ cos(2nu),

n=1

have the same difference ¢ = Af; = A = 1in D' N K! (and we have Zg(x) =
x — 1). However, neither f1 nor f, lies in Kl O

ID Card It is convenient to start our investigation of the function X g by collecting
some basic properties of the function g, thus establishing a kind of ID card for that
function.

Thus, we first consider a function g: R4 — R. We then determine its asymptotic
degree

degg = —1+ min{g € N: g € D}
= —1+min{g e N: Afg(x) — 0as x — oo}
If degg = oo (e.g., when g(x) = 2¥) orif g ¢ KP forall p > 1 4 degg (e.g.,
gx)y=x+ )1( sin x), then the function X g does not exist and the investigation stops

here. Otherwise, the functions g and X g lie in D? NP and DP NP, respectively,
where p = 1 4 degg.



164 9  Summary of the Main Results

If degg = —1, it is important to check whether g also lies in the set D U of
functions g: Ry — R for which the sequence n + g(n) is summable. In this case,
by Proposition 6.14 we have that

Jlim Te) = ) gk,
k=1

It is also useful to determine the integer r € N, if any, for which g lies in C" N
Kmax{p.r} n this case, we know from Theorem 7.5 that g lies also in this set.
Moreover, many functions of mathematical analysis lie in both

c® = ()¢ and K™ = (K"

r>0 p>0

If g lies in these sets, then we can write g € C*° N DP N ™.

It may be also useful to determine the domain on which g is p-convex or p-
concave. For instance, the function g(x) = }C In x is O-concave on [e, 00), 1-convex
on [e3/2, 00), etc. (see Example 5.13).

Note that, at this stage, we may not yet have any simple expression for £ g. Limit
and series representations will later emerge anyway from our investigation.

Analogue of Bohr-Mollerup’s Theorem The following characterization result
constitutes the analogue of Bohr-Mollerup’s theorem for the function Xg and
follows immediately from the uniqueness Theorem 3.1.

If f: Ry — Ris a solution to the equation Af = g, then it lies in KCP if and only if
f =c+ Zg for some c € R.

This characterization sometimes enables one to establish alternative expressions for
the function X g. For instance, if g(x) = )1(, then we have

Ygx) = ¥ +vy.

Using the characterization above, we can easily establish the following Gauss
representation (see, e.g., Srivastava and Choi [93, p. 26])

00 ,—t __ ,—xt
Yvx)+y = / ¢ ¢ dt, x > 0.
0

1—e!

Indeed, both sides of this identity vanish at x = 1 and are eventually increasing
solutions to the equation A f = g. Hence, by uniqueness they must coincide on R..

Note also that, in addition to the analogue of Bohr-Mollerup’s theorem above,
we also have an alternative characterization of X g given in Proposition 3.9.
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9.3 Extended ID Card

We now complement the ID card of the function g by considering some additional
related constants and mappings. From now on, we assume that g is at least
continuous on R . More precisely, we assume that

g € C" NDP A maxlpor)

for p =1+ degg and somer € N.
Recall also that, for any n € N, the symbols G, and B,, denote the nth Gregory
coefficient and the nth Bernoulli number, respectively. We also let

n
G, = 1- ZlGll
=1

and we let B, (x) denote the nth degree Bernoulli polynomial (see Sects. 6.3, 6.4,
and 6.7).

Asymptotic Constant Recall that the asymptotic constant associated with g (see
(6.10)) is the number

1 2
olg] = / Ygt+ Ddt = / Xg(t)dr.
0 1

If g is integrable at 0, we also define the generalized Stirling constant (see
Definition 6.17) as the number exp(o[g]), where

1 1
olgl = a[g]—/o gmydt = /0 Yg(t)dt.

Since this latter constant does not always exist (e.g., when g(x) = i), we do not
use it much in our investigation.

The asymptotic constant o[g] has the following limit, series, and integral
representations (see identities (8.11), (8.12), (8.21), and Corollary 8.45).

(a) If g lies in C° N'DP N KCP, then we have
P . o0 k+1 p i
olgl = Y _G;A g = f g(tydt — Y G A g(k)
j=1 k=1 \"¥ j=0
and

n—1 n p )
olgl = lim Zg(/c)—/1 g(dr+) G;A T gn)
k=1

j=1
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(b) If g lies in C2 N'DP N K24, where g € N*U {1} and 0 < p < 2¢ — 1, then we
have

n—1 n p B
olgl = lim (Zg(k)— / gdi—y g<k‘“(n)).
k=1 :

1 k=1

(c) If g lies in C*> N D' N K2, then we have
1 * 1 /
olel = 50+ [ (-1 g0

(d) If g lies in C24+! N DP N K24+ then we have

_1 ! By (2k—=1) OoBZq({t}) (2q)
olgl = 2g(l)—/§(2kﬂg (1)—/1 20 8 (1) dt.

We also know from Proposition 6.14 that if g lies in C°N'D~'N K (here D! stands
for D&l), then g is integrable at infinity and

olgl = Zg(k)—/1 g(t)dt.
k=1

Analogue of Raabe’s Formula The analogue of Raabe’s formula is simply the
identity (see (8.9))

x+1 X
/ Sg(t)di = olg] + f g di
x 1

and we know by Proposition 8.20 that any of these integrals lies in C°NDP+ niCP+1,
Recall also from Corollary 8.23 that a function f: R, — R lies in C° N KP and
satisfies the equation

x+1 x
/ f)dt =a[g]+[ g(ndr, x >0,
X 1

if and only if f = Xg. This provides an alternative characterization of X g.

Generalized Binet’s Function For any ¢ € N, the generalized Binet function
associated with g and ¢ is the function J9[g]: R4 — R defined by the equation
(see (6.16))

g-1 x+1
Jglx) = ZGjAjg(x) —/ g(t)dt for x > 0.
Jj=0 *
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In particular, we also have (see (6.18))

X q )
JTH[Zel(x) = Eg(x)—o[g]—/1 gnydr+Y GiA'g(x).
j=1

Note that several objects and formulas of our theory can be usefully expressed in
terms of this latter function.

Generalized Euler’s Constant Recall that the generalized Euler constant associ-
ated with the function g is the number

vlgl = — JPHZel(D),

where p = 1 + deg g (see Definition 6.34).

Note that, contrary to the asymptotic constant o[g], the generalized Euler
constant y[g] is not invariant if we replace p with a higher value. Besides, by
definition of y[g] both quantities are related through the following identity

P
olgl = ylgl+ Y G; A 'g(1),
j=1
where p = 1 + deg g (see Proposition 6.36). In particular, we have y[g] = o[g]

whenever degg = —1.
We also have the following integral representations

00 p )
)/[g]=/1 ( GjA’g(LtJ)—g(t))dt

j=0

and
ylgl = /1 (P,Lgl1) — g(0) dr,

where

-

Polgl) = Y (W alg(lxh),  x=1,

0

J

is the piecewise polynomial function whose restriction to any interval (k, k + 1),
with £ € N*, is the interpolating polynomial of g with nodes atk, k +1,...,k+ p
(see Proposition 6.37 and Eqgs.. (6.38) and (6.41)).

If g is p-convex or p-concave on [1, 00), then the graph of g is always over or
always under that of P [g] on [1, 00) and |y[g]| is the surface area between both
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graphs. In this case, we also have (see (6.45) and (6.46))

lylgll < GplAPg(D)]

and,if p > 1,
1

ylgll < f (
0

9.4 Inequalities

’;1)‘ ‘A”_lg(t £ 1) — AP lg(1)] ar.

Recall that, for any a > 0, the function ol [¢]: [0,00) — R is defined by the
equation (see (1.7))

p—1
phIgI(x) = gx+a)— ) (3)Algla)  forx > 0.
j=0
In particular, we have
1 u i
Pl T Eg(0) = Bg(r +a) — Tg@) — ) (1) A7 'g(@) .
j=1

Generalized Wendel’s Inequality (Symmetrized Version) Leta > 0 and let x >
0 be so that g is p-convex or p-concave on [x, c0). Then we have (see Corollary 6.2)

Pl zgl@)| = Tal(

(] [argw)

If p > 1, we also have the following tighter inequality

Pl MZl@)| <

(“;1)‘ ‘Al’*lg(x ta)— AP*lg(x)‘ .

This latter inequality is referred to as the symmetrized version of the generalized
Wendel inequality (see Corollary 6.2). Both inequalities reduce to equalities when
ae{0,1,...,p}

Now, for any n € N* we have (see (5.4))

Pl Eelx) = Te) — fLlgdx), x> 0.
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Using this identity, we immediately derive the following discrete version of the
inequalities above. If g is p-convex or p-concave on [n, 00), then

, x>0,

|Zg(x) = fIgl0)] < [x]

()] 187
andif p > 1,

|Zg(x) — £Iglx)| < . x>0

(0] |a7 " g+ x) = AP g

If g lies in Dlgl, then (see Proposition 6.14)
o

Tg(x) > Tg(oo) = Zg(k) as x — oo.
k=1

We then have the following additional inequality (see Theorem 3.13). If g is
increasing or decreasing on [n, 00), then

Zg(x—i—k) = |Zg(x +n) — Eg(o0)| = [Eg(n) —Xg(c0)l, x > 0.
k=n

Generalized Stirling’s Formula-Based Inequality (Symmetrized Version) If
x > 0 is so that g is p-convex or p-concave on [x, 00), then we have the inequality
(see Corollary 6.12)

77zl = Gy 1argl,

If p > 1, we also have the following tighter inequality

1
‘Jerl[Zg](x)‘ < ‘/ (t;l)(Apflg(x—l—t) - qug(x)) dt
0

Moreover, if p = 0 or p = 1, then (see Proposition 6.19)

1 X
‘Eg <x+ 2) —o[g]—/1 g dt

= [rrsel).
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Generalized Gautschi’s Inequality Suppose that g lies in C> N K% Let a > 0
and let x > 0 be so that Xg is convex on [x + |a], 00). Then we have (see
Proposition 8.67)
(@ —[a]) g(x + [a]) < (a—[a]) (Zg)'(x + aT)
=¥g(x+a)—2Eg(x+[a]) = (@a—T[a])glx+ la)).

(The inequalities are to be reversed if X g is concave on [x + |a], 00).)

9.5 Asymptotic Analysis

In this section, we gather the main results related to the asymptotic behaviors of
multiple log I'-type functions, including the generalized Stirling formula.

Generalized Wendel’s Inequality-Based Limit The following convergence result
immediately follows from the generalized Wendel inequality (see Theorem 6.1). For
any a > 0, we have

P Zel@) - 0 asx — o0,
or equivalently,
p .
Sglx +a)—2g(x)—2(j.)A/_1g(x) - 0 asx — oo.
j=1

This convergence result still holds if we differentiate  times the left-hand side.

Generalized Stirling’s Formula We have (see Theorem 6.13)
JPH[Zgl(x) - 0 asx — oo,
or equivalently,
X p )
Tg(x) — / g dt + Z GiAT'gx) — olg]l asx — oo.
1 =
If g lies in CHNDPNKX, where g € N* U {;} and 0 < p < 2q — 1, then we also

have (see Proposition 8.39)

p
* Br 4
zg(x)—/1 gtydt — 0 g V) — olg]l  asx — oo.
k=1 "
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If p = 0or p = 1, we also have the following analogue of Burnside’s formula,
which provides a better approximation than the generalized Stirling formula (see
Proposition 6.19)

1

Zg()c)—flx_2 g)ydt — olgl] asx — 00.

All the convergence results above still hold if we differentiate » times both sides. In
particular, the function D" J?+![Zg] vanishes at infinity.

Asymptotic Equivalences For any ¢ > 0 and any ¢ € R, we have (see
Proposition 6.20)

x+1
c+Xglx+a) ~c~|—/ Yg(t)dt asx — oo
X

(under the assumption that ¢ + Xg(n + 1) ~ ¢ 4+ ¥g(n) as n —n oo whenever
¢ + X g vanishes at infinity). If g does not lie in Dlgl, then we also have

X
Ygx+a) ~ c+/ g(t)dt as x — oQ.
1

These equivalences still hold if we differentiate r times both sides; that is,
D'Sg(x+a) ~ g" V) as x — 00

(under the assumption that D" X g(n+1) ~ D" X g(n) asn —n oo whenever D" X g
vanishes at infinity).

Asymptotic Expansions We have the following asymptotic expansions (see
Proposition 8.36).

(a) If g liesin C' N DP N K™a{P-1}  then for large x we have

X
1
Ygx) = G[g]-ir/ g)dr — 5 8+ Ri(x),
1
where
1
IRl =, [8()l.
(b) If g lies in C?7 N DP N K™{P:24} for some ¢ € N*, then for large x we have

x 1 1B B
Te(x) = a[g]+/l g(t)dt — 2g(x)+k§ (yi’;!g@" D(x) + RI(x),
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where

| Bag |

20 1§D

IR{(0)| <

Asymptotic expansions of the more general function
1 m—1 ]

X Yelx ,

W (o)

for any m € N*, are also provided in Proposition 8.35.

Generalized Liu’s Formula The following assertions hold (see Proposi-
tion 8.42).

(a) If g lies in C2 N D' N K2, then we have

X 1 o0
Zew) = olgl+ [ sdr—gw— [ (0= 1)gw+nar
1 0

(b) If 8 lies in Czq 1 qu ’CZq 1 for some q < N*, then we have
> ( ) = [ ] /x (t) dt 1 ( ) Z sz (2/{—1)( )
X) =0 + X))+ E X

® By ({th) (24
+/O 20)! gV (x +1t)dr.

9.6 Limit, Series, and Integral Representations

We now recall the different representations of multiple log I"-type functions that we
established in this work as well as the way we can generate further identities by
integration and differentiation.

Note that, in the special case when g lies in D&l, both the Eulerian and
Weierstrassian forms coincide with the analogue of Gauss’ limit, i.e., we have

Te(x) = Y glk)— Y glx+k),
k=1 k=0

and the second series converges uniformly on R (and tends to zero as x — 00).
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Analogue of Gauss’ Limit By definition of X g, we have
Tg(x) = lim f£/[glx), x>0,
n—>oo

This is precisely the analogue of Gauss’ limit for the gamma function. We have
also established that the sequence n — f,’[g] converges uniformly on any bounded
subset of Ry to X g (see our existence Theorem 3.6).

More generally, we have shown that the sequence n > D’ f/'[g] converges
uniformly on any bounded subset of Ry to D" X g (see Theorem 7.5). In particular,
both sides of the identity above can be differentiated  times (i.e., the limit and the
derivative operator commute).

Moreover, the function f,”[g](x) — Zg(x) can be (repeatedly) integrated on any
bounded interval of [0, oo) and the integral converges to zero as n — 0o (see
Proposition 5.18 and Remark 5.19).

Eulerian and Weierstrassian Forms We have the following Eulerian form (see
Theorem 8.2)

14 00 P
Tg) = —g@+ Y (HATeM =) e+ =) () Algk
j=1 k=1 j=0

We also have the following Weierstrassian forms if g € C? (see Theorems 8.5
and 8.7).

(@) If p=1+degg =0, then

o k+1
Te(x) = olgl—gx) =) <g(x + k) — /k g0 dt) -
k=1
(b) If p=1+degg > 1, then
p—1 .
g0 =) () A e(M + () E P (1)
j=1
0o p—1 _
e =Y e+ =) () alett) - (5)e” 0 |,
k=1 j=0

where (£g)P) (1) = g?~V (1) — o [gP).

Each of the series above converges uniformly on any bounded subset of [0, co) and
can be repeatedly integrated term by term on any bounded interval of [0, 00). It can
also be differentiated term by term up to r times.
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Gregory’s Formula-Based Series Representation We also have the following
series representation (see Proposition 8.11). Suppose that g lies in ° and let x > 0
be so that for every integer ¢ > p the function g is g-convex or g-concave on
[x, 00). Suppose also that the sequence g +— A?g(x) is bounded. Then we have

Se(x) = a[g]+/1 g0 di =3 Gy A" ().
n=1

Moreover, if these latter assumptions are satisfied for x = 1, then we also have the
following analogue of Fontana-Mascheroni’s series representation of y

olgl = Y Gu A" 'g(D).
n=1

Integral Representation We have seen that an integral expression for ¥g can
sometimes be obtained by first finding an expression for £g) when r > 1. This is
the elevator method (see Corollary 7.20).

We have

(" —2¢" = ") —olg"]
and, ifr > p,
o
olg”1 = g+ "W).
k=1
Moreover, for any a > 0, we have
Xg = fa— fa(1),

where f, € C" is defined by

r—1 k X r—1
_ (x —a) (x —1) )
fa) = ;ck(a) ot f -1y OV

and,fork=1,...,r — 1,

. a+1 _ \r—Jj—k
1;'/ <g(j+k1)(a)_/ (a+1—=1""J (Zg)(’)(t)dt>.

! ; r—j—k)

r—k—1
ckla) =

~.
(=)
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9.7 Further Identities and Results

In this section, we collect the remaining identities and results that may be relevant
in our investigation of multiple log I'-type functions.

Analogue of Gauss’ Multiplication Formula Letm € N* and define the function
gm: Ry — R by the equation g,,(x) = g(;) for x > 0. Then we have the
following analogue of Gauss’ multiplication formula (see Sect. 8.6)

m—1 . m .
§ 2g<x+]> = § Eg<]>+2gm(mw, x >0,
m m
j=0 j=1
where

m . 1
Zzg(’> = mo[g]—o[gm]—mf g(t)di.
o m 1/m

We also have

— (mx) — Xgm(m)
m =

m—00 m

X
/ g®)dr, x>0,
1

and, if g is integrable at O,

1 X
lim Ygm(mx) = / g dt, x > 0.
m 0

m—0oQ

A related asymptotic result is also given in Proposition 8.30.

Analogue of Wallis’s Product Formula We present here in a single statement the
analogue of Wallis’s product formula as given in Proposition 8.49 and Remark 8.53.
Let g1, &2, &3: R4+ — R be the functions defined respectively by the equations

§1x) = Ag2x —1), &) = Ag2x), &) = 2gQ2x), forx >0.

We assume that g¢ lies in KO for some £ € {1,2,3}.
Let also 61, 6,,603: N* — TR be the sequences defined respectively by the
equations

n+1 (P*l)Jr )
o =tz + [ - Y, 6;a am+ .
1 N
j=1

n (p—D+ ‘
ez(n)=g(2n)—g(1)—o[gz]—/1 Dydi+ Yy GiA T 'Bm),
j=1
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2
b3(n) = o[g3] —olg] ~I-f1 (8@2n +1) —g(n)dt

P
+3°6; (Aj_lg(Zn + 1) = A g0 1)) ,
=1

for n € N*. Then we have

2n
Jim. (h(n)+Z(—1>’“g<k>) =0,

k=1

where h(n) is the function obtained from the series expansion for 6y(n) about
infinity after removing all the summands that vanish at infinity.

Restriction to the Natural Integers The restriction of Xg to N* is the sum
(5.2). This sum can be estimated, e.g., by means of an integral through Gregory’s
summation formula (6.33) with a bounded remainder (6.37). The representations of
X g given above can also lead to interesting identities when restricted to the natural
integers.

Analogue of Euler’s Series Representation of y When g lies in C*° N £, the
following series (see (7.4))

1

olgl = Y E® M) Gt Y

k=1

when it converges, provides an analogue of Euler’s series representation of y. It is
obtained by integrating term by term the Taylor series expansion of X g(x + 1) about
x=0.

Generalized Webster’s Functional Equation This result can be found in Theo-
rem 8.71.

Analogues of Euler’s Reflection Formula and Gauss’ Digamma Theorem
These topics are discussed in Sects. 8.9 and 8.10.
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Chapter 10 )
Applications to Some Standard Special s
Functions

We now apply our results to certain multiple I'-type functions and multiple log I'-
type functions that are known to be well-studied special functions, namely: the
gamma function, the digamma function, the polygamma functions, the g-gamma
function, the Barnes G-function, the Hurwitz zeta function and its higher order
derivatives, the generalized Stieltjes constants, and the Catalan number function. For
recent background on some of these functions, see, e.g., Srivastava and Choi [93].

Each of these examples is examined and studied systematically by following
the steps and results given in the previous chapter. When algebraic computations
become tedious, a computer algebra system can be of great assistance in executing
the details. Further examples will be discussed in the next two chapters.

In this chapter and the next, we occasionally address and solve some secondary
but interesting issues. They are then presented and numbered in a Project environ-
ment.

Most of the applications we consider in this work illustrate how powerful is our
theory to produce formulas and identities methodically. Although many of these
formulas and identities are already known, to our knowledge they had never been
derived from such a general and unified setting.

10.1 The Gamma Function

Since the Euler gamma function was the starting point of this theory and therefore
also Webster’s motivating example in his introduction of the I'-type functions, it is
natural to test our results on this function first.

The following investigation of the gamma function does not reveal quite new
formulas. However, it can be regarded as a tutorial that clearly demonstrates how
our results can be used to carry out this investigation in a systematic way.
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In addition to the remarkable book by Artin [11], the interested reader can also
find a very good expository tour of the gamma function in Srinivasan’s paper [92].

ID Card The following table summarizes the ID card corresponding to the log and
log-gamma functions.

g(x) Membership degg Xg(x)
Inx C®ND'NK>® 0 InT(x)

Bohr-Mollerup’s Theorem A characterization of the gamma function is given
in Bohr-Mollerup’s theorem (see Theorem 1.1 and Example 3.2). In the additive
notation, we have the following statement.

All eventually convex or concave solutions f: Ry — R to the equation
fx+1)—f(x) = Inx
are of the form f(x) = c +InT'(x), where ¢ € R.

Using Proposition 3.9, we can also derive the following alternative characterization
of the gamma function (see Example 3.11).

All solutions f: Ry — R to the equation
fx+1)—fx) = Inx
that satisfy the asymptotic condition that, for each x > 0,
fx+n)— f(n) —xInn — 0 asn —y o0
are of the form f(x) = c +InT'(x), where ¢ € R.

Extended ID Card The value of o[g] has been discussed in Example 6.5. More
precisely, we also have the following values:

olg] olg] gl
yIn@r)  —1+43In@r)  ylgl =olgl

* Inequality

5
lolgll < Ind— =~ 0.14.
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* Alternative representations of o[g] = v[g]

olgl = /oo ({r}ln”tm + (1= {hn Lf)dr,
1

1
ol[g] = lim (lnn!+n—1—<n+ >lnn),
n—o00 2

=32 (e )n(141).

olgl = /OO (; In(|z)% + £)) — lnt) dt,
1

00 1
O'[g]:/ {t} zdl,
1 t

1
olgl = / In'(r + 1) ds.
0
* Binet’s function
) 1 1
Jnol'](x) = J(x) = InT"'(x) — ) InQmr)+x—{x — ) Inx, x > 0.

* Raabe’s formula

x+1 1

/ InT'(t)dt = 21n(271)+x1nx—x, x > 0.
X

 Alternative characterization. The function f(x) = InT"(x) is the unique solution
lying in C° N K! to the equation

x+1 1
/ f®dt = 21n(27r)—|—xlnx—x, x > 0.
X
Inequalities The following inequalities hold for any x > 0, any a > 0, and any
n € N*,

*  Symmetrized generalized Wendel’s inequality (equality if a € {0, 1})

IInT(x +a) —InT(@) —alnx| < |a—1] 1n(1 n a),
X

(1 n z)—la—l\ < Frfzcx;l—xcz{) < (1 n z)la—lll
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o Symmetrized generalized Wendel’s inequality (discrete version)

n—1 n—1
InC() =Y nk+ Y In(x +k) —xlnn| < |x—1|ln(1~|—x).
k=1 k=0 n
—|x—1 — —1
<1+x) |x ‘S r‘(x))c()c—i—l) x+n-—-1) p <1+x)|x \.
n (n—D!n* n

o Symmetrized Stirling’s formula-based inequality

(x + 1)? 1 x 3 1 1
J < In(1 - - < In{1 ,
@l = n( +x> 2 4_2n(+x)

1\ "2 T'(x) 1\ 2
1+ < < (140
X V2w e * x¥ 2 X

* Burnside’s formula-based inequality

= JI.

1 1
lnF<x+ 2) - 2ln(27'r)—|—x—xln)c

* Generalized Gautschi’s inequality

(4 [a])i T < ela—laDvitfan o Tle+a)

a—[a)
= Gt fa]) < (x+lal) .

Stirling’s and Related Formulas For any a > 0, we have the following limits and
asymptotic equivalences as x — 00,

InT(x4+a)—InT'(x) —alnx — 0,

1 1
InT(x) — 21n(271)~|—x— <x— 2)lnx — 0,

1 1
lnF<x+ 2) — 2ln(27'r)—i—x—xlnx — 0,

F'x+a) ~ xT(x), InT(x +a) ~ xInx,

'x) ~ \/Zne_xxx_%, Fx+1) ~ V2rxe *x*.
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Burnside’s approximation (better than Stirling’s approximation)

1

_1\*72
F'(x) ~ V27 (x 2) .

e
Further results (obtained by differentiation)

Yv(x+a)—yx) — 0, Y(x)—Inx — 0, Y(x+a) ~ Inx,

et k — 1)!

Yr(x +a) ~ (-1 o Yr(x) — 0, k € N*,

Asymptotic Expansions For any m, g € N* we have the following expansion as
X — 00

1ni:lll“ ~|—j 11(2 )+ x1 11
nl"[x = In@nr)+xlnx —x — nx
m m 2

2m

q
Bi+1 —g—1
0( a )
+kz_;k(k~|—l)kak+l+ *

Setting m = 1 in this formula, we retrieve the known asymptotic expansion of the
log-gamma function InI"(x) as x — oo (see, e.g., [93, p. 7])

In'(x) = ;ln(Zn) —x+ <x >lnx + Z k(klil:l)x Lo (qu—l) ’

or equivalently,

q
_ Br+1 —g—1
J0) = kZ=1 k(k+1)xk+0<x ! )

For instance, setting ¢ = 4 in (10.1) we get

1 1 1 1
InT"(x) = 2111(27‘[) - X+ (x — 2>lnx+ 125 360x3 + 0 (x*5).

Generalized Liu’s Formula For any x > 0 we have

1 1 o ) —{1)
InT"'(x) = 21n(27t)—x+ x—2 lnx—i—/ Lt dr,
0
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or equivalently,

Limit, Series, and Integral Representations We now consider various represen-
tations of In I'(x), including the Eulerian and Weierstrassian forms.

* Eulerian form and related identities. We have

> 1
InT(x) = —lnx—;<ln(x+k)—lnk—xln<l+k)),
00 1\x
M) = 1 l—[(1+k) _

X
bl I+

Upon differentiation and integration, we obtain (cf. Example 8.3)

R —— 1 1
Y(x) = —x—;(x+k_1n<1+k)),

V() = DTRICk+ L x), ke N
> X x2 1
Yoo(x) = x —xlnx —]; ((x—l—k)ln(l + k) —x =) ln(l 4 k))
o Weierstrassian form and related identities. We have

o]

Inl(x) = —yx—lnx—Z(ln(x—i—k)—lnk—i),
k=1
eV X ek
Mx) = ]_[ L
k=1 T+

Upon differentiation and integration, we obtain (cf. Example 8.8)

" 1 1

2

x? > x X
Yoax) = —y ) +x—xlnx—z<(x+k)ln<l+k)—x—2k>.

k=1
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e Gauss’ limit and related identities. The Gauss limit is

n—1
InT(x) = E&<mm—1n—§:mu+wg+xmn>.

k=0

Upon differentiation and integration, we obtain

n—1
Y(x) = mn<mn—§: ik>,
n—oo X

k=0

Uex) = (=D ket +1,x), keN*,

2 = X
Yoo(x) = 1;11;0 (nx—xlnx—i—(lnn) ) —Z(x—i—k)ln (l—i— k))
k=1
(10.2)

The multiplicative version of Gauss’ limit reduces to the following formula
(just replace n with n + 1 and note that (n + 1)* ~ n* asn — 00)

n!'n*

Fx) = lim
n%oox(x+1)...(x+n)

as stated in (1.6). We also have the following alternative form of Gauss’ limit,
which immediately follows from the Weierstrassian form

—yx n'ex‘wD(n)

) X ningol_[ 1+ 7 % n%oo x(x+1) - (x+n)

This latter limit can also be derived immediately from Gauss’ limit and the well-
known fact that ¢/ (x) —Inx — 0 as x — oo.

» Integral representation. Considering the antiderivative of the digamma function
@ = ¥ as the solution to the equation Ag = g’ (using the elevator method), we
obtain

InT'(x) = ¥-1(x) = /1 v(n)dt.
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* Gregory’s formula-based series representation. For any x > 0 we have the series
representation (see Example 8.12)

1 00
InC(0) = In(2m) —x +xInx - > Gus1 A" In(x) (10.3)
n=0

- ; In@27) —x +xInx =Y |Gupal Y (=D (}) InCx + k).

n=0 k=0
Setting x = 1 in this identity yields the following analogue of Fontana-
Mascheroni series
(0.¢] n 1
DGl D DE) e+ 1) = —1+4 , In2m).
n=0 k=0

Gauss’ Multiplication Formula For any m € N* and any x > 0, we have
m—1 .

[1r (x +’> = m)" M T ().

m

Jj=0

Corollary 8.33 provides the following asymptotic equivalence for any x > 0
F(mx)rlt ~ e *x*m" asm —>y 00,

which also follows from Stirling’s formula.

Wallis’s Product Formula We have the following limits

. 13- 2n-1) 1
lim Jn = ,
n—oco 2.4 ...(2n) T

2
lim (; In(mn) + Xn:(—l)"—l In k) = 0.
k=1
Restriction to the Natural Integers We have the well-known identity
'h+1) = n!, n € N.
Gregory’s formula states that for any n € N* and any ¢ € N we have

q
Inn! = 1—n+@+Din-Y G, ((AH In)(n) — (A1 ln)(1)> _RY,
j=1
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with
IRi| < Ggl(ATIn)(n) — (A9 In)(1)].

Moreover, Eq. (10.1) yields the following asymptotic expansion as x — oo. For any
q € N*, we have

1 1 Bit1 1
Inn! = In@rn)—n+nlnn+y k+0(n—q— )
2 Zk(k+Dn

Similarly, Eq. (10.3) yields the following series representation
1 (e.¢]
Inn! = In@m)—n+(+Dinn - > Grpiafgn), neN-.
k=0
We also have Liu’s formula
1 ) =)
Inn! = 21n(27m)—n+n1nn+[ dr.

n t

Many other representations of Inn! can be derived from, e.g., the limit and series
representations of the log-gamma function described above.

Generalized Webster’s Functional Equation For any m € N* and any @ > O,
there is a unique solution f: Ry — R to the equation

m—1
[[rx+aj =x
j=0
such that In £ lies in K0 (or in '), namely
DO

fx) = (am)m NEAR

Analogue of Euler’s Series Representation of y The Taylor series expansion of
InT'(x + 1) aboutx = 0is

InC(x+1) = —yx~|—zgik) (—x)k, x| < 1.
k=2
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Integrating both sides of this equation on (0, 1), we obtain (see Example 7.16)

St b wwm =y —14 hwen,
2 k) 2 2

Reflection Formula For any x € R\ Z, we have I'(x)I"(1 — x) = 7 csc(mx).

10.2 The Digamma and Harmonic Number Functions

Let us now see what we get if we apply our results to both the digamma function
x — ¥ (x) and the harmonic number function x + H,. Recall first that the identity

He 1 = ¢x)+vy

holds for any x > 0.
ID Card We have the following data about the functions 1/x and v (x):

g(x) Membership degg Xg(x)
I/x ¢*nDP'NK*® -1  Heg=y@+y

Analogue of Bohr-Mollerup’s Theorem The digamma function can be character-
ized as follows.

All eventually monotone solutions f: Ry — R to the equation

1
fa+D—-fx) = .

are of the form f(x) = c + ¥ (x), where ¢ € R.

It is noteworthy that this characterization immediately follows from the basic
version when p = 0 of our Theorem 1.4, which was established by John [49].

Interestingly, this characterization enables us to establish almost instantly the
following identities for every x > 0,

1— tx—l

1
Heoi = y(0)+y = / | dt .
0 —1

Indeed, each of the three expressions above vanishes at x = 1 and is an eventually
increasing solution to the equation f(x 4+ 1) — f(x) = 1/x. Hence, they must
coincide on R;. We can actually prove many other representations similarly; for
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instance, the following Gauss and Dirichlet integral representations (see, e.g., [93,

p- 26])
o0 e—t e—xt
Y(x) = / ( LT et)dt, x>0,
0 _

(=1 dt
’»”(X)—/O (6 (t—}—l)x)t’ x> 0.

Kairies [51] obtained a variant of the characterization of the digamma function
above by replacing the eventual monotonicity with the convexity property. This
variant is also immediate from our results since g also lies in D! N KC!.

Using Proposition 3.9, we can also derive the following alternative characteriza-

tion of the digamma function.

All solutions f: Ry — R to the equation
1
fx+D—-fx) = .

that satisfy the asymptotic condition that, for each x > 0,

f&x+n)—fm) - 0 asn—>yoo

are of the form f(x) = ¢ + ¥ (x), where c € R.

Extended ID Card We already know that o[g] = y (see Example 8.19). Hence
we have the following table:

olgl olgl vlgl
ooy Y

» Alternative representations of ol[g] = y[gl =y

li zn: ! 1 i ! In{1+ !
= lm —Inn = —In 5
g e k=1 k k=1 k k

/11 1 {1} —
’ /1(m r) 2 fl 12

1

0
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* Generalized Binet’s function. For any ¢ € N and any x > 0
q
JH ) = Y0 —Inx + > G, Bx, ),
j=1

where (x, y) — B(x, y) is the beta function.
* Analogue of Raabe’s formula (see Example 8.19)

x+1
/ v@t)dt = Inx,  x>0.
X

» Alternative characterization. The function f = i is the unique solution lying in
€% N KO to the equation

x+1
/ f@)dt = Inx, x > 0.
X
Inequalities The following inequalities hold for any x > 0, any a > 0, and any
n € N*,

*  Symmetrized generalized Wendel’s inequality (equality if a € {0, 1})

1
W& +a) -yl = fal .

o Symmetrized generalized Wendel’s inequality (discrete version)

‘ n—1 n—1

ORI ML

1
= x] .
k=1 k=0 "

o Symmetrized Stirling’s and Burnside’s formulas-based inequalities

‘1/; <x~|—;) —Inx

Considering for instance the value p = 1 in Corollary 6.12, we see that the latter
inequality can be refined into

< Y& —Inx| <

1 1 1
- = -1 < - .
o1y xS YT =,
* Generalized Gautschi’s inequality
a—[a] a—lal

x+ la] sy +a) -y +lal) = (@—laD)Yi(x+[a]) = x+a]’
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Generalized Stirling’s and Related Formulas For any a > 0, we have the
following limits and asymptotic equivalence as x — ©o,

Y(x+a)—yYx) — 0, Y(x)—Inx — 0, Y(x+a) ~ Inx.

Burnside-like approximation (better than Stirling-like approximation)

Y(x) —In (x — ;) — 0.

Further results (obtained by differentiation)

i +a) ~ (—p & ;kl)!, Yr(x) — 0,  keN*

Asymptotic Expansions For any m, ¢ € N* we have the following expansion as
X — 00

m—1 . k—1
W2 (v ) = mee U R w0 () o
j=0

Setting m = 1 in this formula, we retrieve the known asymptotic expansion of ¥ (x)
as x — oo (see, e.g., [93, p. 36])

V(x) = 1nx+Z( DL By 0<x*q*1)’

k xk

or equivalently,

q _
e = 3 VB o (o).

k xk
k=1

For instance, setting ¢ = 5 we get

Y =1 ool by 0(x™)
x) = Inx — . — x7°).
2x  12x%2  120x%

Generalized Liu’s Formula For any x > 0 we have

_ (NG UES
Y((x) = Inx — 2 +/0 (t + x)2 dt

Limit and Series Representations Let us now examine the main limit and series
representations of the digamma function that we obtain from our results.
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e Eulerian and Weierstrassian forms. We have

1 &/1 1
V) = —y—x+z(k—x+k),

k=1

R — 1 1
v = _x+z<ln(1+k>_x+k>‘

k=1

Upon differentiation, we obtain
Yr(x) = (=D*"klg(k+1,x),  keN-

Moreover, integrating the Eulerian (resp. Weierstrassian) form of the digamma
function on (0, x), we retrieve the Weierstrassian (resp. Eulerian) form of the
log-gamma function.

* The analogue of Gauss’ limit coincides with the Eulerian form.

* Gregory’s formula-based series representation. For any x > 0 we have the series
representation

o0

o
|Gal
Y(x) = lnx—Z|Gn|B(x,n) = lnx—Zn L

n=1 ()

Setting x = 1 in this identity, we retrieve the Fontana-Mascheroni series (see,
e.g., Blagouchine [20, p. 379])

Setting x = 2, we get

e¢]

|Grl
1—In2 = ,
f nz_:ln—i—l

which is consistent with the identities given in Example 8.16.

Analogue of Gauss’ Multiplication Formula For any m € N* and any x > 0, we
have (see, e.g., Berndt [18, p. 5])

m—1 .
Yw (x + ’il) — m(y(mx) — Inm) (10.5)
=0
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and
m—1
Z Hx+j/m = m(Hpyx+m—1 —Inm).
j=0

Corollary 8.33 provides the following formula for any x > 0

Iim (Hpyx—1 — Hy—1) = Inx.
m—00

Analogue of Wallis’s Product Formula The analogue of Wallis’s formula reduces
to the classical identity

oo 1

Dkt =
>t = m2.
k=1

Project 10.1 Find the analogue of Wallis’s formula for the function g(x) = ¥ (x).
We apply our method (see Sect. 9.7) to the function

~ 1
8(x) = Ag(2x) =
X
Thus, we get

1 1 1 1
h) = Y@m) =y =y~ lnn = 2()’+ln(4n))+0<n )

and the analogue of Wallis’s formula for g(x) = ¥ (x) is

2n
lim (—1n(4n)+22(—1)k1/f(k)) =v.

n—00
k=1

This provides yet another formula to define Euler’s constant y . O

Restriction to the Natural Integers For any n € N we have

1
Hy =) iy
k=1
Gregory’s formula states that for any n € N* and any ¢ € N we have

q
1
H, | = lnn—ZlGj|<B(n,J)—j>—RZ,

j=1
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with

IRT| < Gy

1
B(n,qg+1)— ‘
q

Many representations of H, can be derived from, e.g., the limit and series
representations of the digamma function described above. For instance, using the
generalized Liu formula, we get (see also Remark 8.47)

H, = Inn+ +1+/00{t}_édt [P fn{t}_%dt
= n = n — .
" TV T, 2 "ToTow T ) 2

n

Generalized Webster’s Functional Equation For any m € N* and any a > 0,
there is a unique eventually monotone solution f: Ry — R to the equation

m—1 1
Y ftap) =
j=0 *

namely

1 x+a 1 by
f@ = ( ) - w( ).
am am am am
Analogue of Euler’s Series Representation of y We have ¥ (1) = —y and
() = DTRIC+ D, ke N~

Thus, the Taylor series expansion of ¥ (x + 1) about x = 0 is

o0

He = ya+D+y = Y D e+ Dxb, xl <1
k=1

Integrating both sides of this equation on (0, 1), we retrieve Euler’s series represen-
tation of y

- k
y= et
k=2

Analogue of the Reflection Formula For any x € R\ Z, we have

Y(x)—yY(l—x) = —mcot(mwx).
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10.3 The Polygamma Functions

We now investigate the polygamma functions v, for any v € Z. In this context,
our results will prove to be particularly interesting when v < —2, that is, when the
function ¥, has a strictly positive asymptotic degree.

For any v € Z, we set g, = A,; hence we have g, = gy and ¥, = Y41 It
follows immediately that

Ygu(x) = Yv(x) — (D).
(The cases v = 0 and v = —1 correspond to the functions ¥ (x) and InI'(x),
respectively, and have been already considered in the previous sections.) We will

often deal with the cases v > 1 and v < —1 separately. In the latter case, we will
often consider the value v = —2 for simplicity and brevity.

ID Card When v > 1 Here we clearly have

o1 , V!
o) =Dy = (D"

and (see Example 7.6)
Yo () = (D" le+1).

Hence we have the following table.

gv(x) Membership degg, Xg,(x)
(=DVulx~v" e nplnk® -1 ¥y (x) — ¥ (1)

ID Card When v < —1 Using (8.9), we obtain the following recurrence to
compute the functions g, . For any integer v < —1, we have

x+1 X 1
gufl(X)=/ V() dr = [o gu(t)dt+/0 Yo (1) dt
=/0 gu(@)dt + 1 (1).

In particular,

1
lim gy—1(x) = Yp—1(1) = / Yo (2) dt.
x—0 0
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Unfolding this recurrence, we obtain g_1 (x) = In x and, for any integer v < —1,

—v—1

X (x —t —v—1 X
g—1(x) = / ( ) Intdr + Yopj—1(1) .
0 -0 J

j
(—v —1)! : N

(10.6)

which is precisely the (—v — 1)th order Taylor expansion of g, _1(x).
Thus, we have

g-1(x) =Inx,

1
go(x)=xlnx —x + 21n(271),
== 224 (L ) men +1na
—3(x) = X"mx — X X n(zmw nA.
§-3 2 4 2" Ty
Hence the following ID card

gv(x) Membership degg, Xgyv(x)
Eq.(10.6) C®ND"NK® —v—1 9u(x) — (D)

Analogue of Bohr-Mollerup’s Theorem The function ¥, can be characterized as
follows.

All solutions f: Ry — R to the equation f(x + 1) — f(x) = g, (x) that lie in KV are
of the form f(x) = ¢, + ¥, (x), where ¢, € R.

When v > 1, this characterization enables us to prove easily the following integral
representation of v,

[e¢) t\) e*.xl‘
Yy(x) = (—1)”*1/ dt, x > 0.
o 1-— e !
Indeed, both sides of this identity coincide at x = 1 and are eventually monotone
solutions to the equation A f = g,. Hence they must coincide on R .

Extended ID Card The asymptotic constant o'[g,] satisfies the following identity

1
olgv] = /0 Yot + Ddt =y (1) = gv—1(1) — ¥ (D).
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Moreover, if v > 1 we also have

ole] = ylg] =Zgu(k)—/1 gv(t)dt

k=1
==D'"TO e +DhH -1

and hence the following values

olgv]l olgvl vlgvl
00 ED'TOwew+D =1 ylgl =olgl

For v < —1 we have the values

olgv] olgvl ylgv]
Yo—1(D) =) g1 (D) =¥y (1) olg] = Z,;“l GiATlg, (1)

For instance we have
1 1 3
olg—2] = mnA—  In(2n), olg=2] = mMA+ InQRm)—
4 4 4
and
[g-2] InA + 11 2 !
— = In nzZ-—
Y182 6 3

We also have the following identities.

* Alternative representations of o[g]

(=v)+ ‘ 00 (=v)+ ‘
olel = D GiA g () =) | Aguatt)— D GjAIg ) ],
j=1 k=1 j=0
n—1 (=v)+ '
olgp] = Tim | Y ev(d) + 81D = g1 + Y G A gy |
k=1 j=1
n—1 =)+

olgv] = lim D gu k) +go-1(D) = gui1(m) = ) j{ gurj-1(n)

o0
k=1 j=1
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If v > 1, then

b1 < 1)~
olgs] = (1) v!<2 —on [ dt).

If v < —1, then for any integer ¢ > [—v/2],

1 I Bx © Bay ({t)
olgv] = zgv(l)_; (Zk)!gv+2k71(1)_/ 29)! gv+2q(t)dt-
* Representations of y[g]
(=v)+ .
ylgl =olgl— > G;A g, (1),
j=1
oo [(—V)+ ‘
y[gv]=/1 S Gy Alg (Ut — g0 | dr,
j=0
oo [ (—V)+ (1) '
el = [ | 2 (J.)A/guqrp—gm) dr.
j=0

* Generalized Binet’s function. For any ¢ € N and any x > 0

q
T Y1) = Yu(x) — o1 () + G A gy (x).

j=1

For instance,
3 1 1 2
JY-2](x) = ¥2(x) — 12 (x+ Dln(x + 1) + B Bx—1)
! (6 71 ! In27) —InA
12x X nx 2x n(2w nA.

* Analogue of Raabe’s formula

x+1
/ Yo(@)dt = gu_1(x), x > 0.
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» Alternative characterization. The function f = v, is the unique solution lying
in C° N K="+ to the equation

x+1
/ f®dt = gy_1(x), x>0.

Inequalities When v > 1 The following inequalities hold for any x > 0, any a >
0, and any n € N*.

*  Symmetrized generalized Wendel’s inequality (equality if a € {0, 1})

|
WG+ =@l = Tl

o Symmetrized generalized Wendel’s inequality (discrete version)

n—1 n—1
W =) = Y g+ Y k| < U
k=1 k=0

o Symmetrized Stirling’s and Burnside’s formulas-based inequalities

o (x+1) —0m1 @] = W) =g < gl

Considering for instance the value p = 1 in Corollary 6.12, we see that the latter
inequality can be refined into

1 1
‘wv(x>—gv1<x)+2gv(x> <, 188l
* Additional inequality
WG +ml = D e+ < [l
k=n

* Generalized Gautschi’s inequality

(—1)""a - [a]) Y1 (x + [a]) < (D" W (x +a) — Yo (x + [a]))
< (=D)""Ya—Ta]) go(x + Lal).
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Inequalities When v < —1 The following inequalities hold for any x > 0, any
a > 0,and any n € N*.

*  Symmetrized generalized Wendel’s inequality (equality ifa € {0, 1, ..., —v})

-V

Yo (r+a) = P — D () A gy ()

j=1
<[(“NH a7 e x +a) — ATV gy ()
< [al|(*)) ™).

o Symmetrized generalized Wendel’s inequality (discrete version)

(%

< [x]

A7V e (x+n) — AT lg (n)

(*::)

[ (x) — Y (D) — £ [gu] ()| <

where
£ [g]@) = Zgu(k) Zgu(x+k)+2 ) AT gy (n).

» Symmetrized Stirling’s formula-based inequality

Yo (¥) — gu1 () + Y GiAT gy (x)

j=1

t—1

Sfol (=)

G-y |A7vgv (x)|

A7 e+ = AT g (0

* Generalized Gautschi’s inequality
Considering the function ¥_,, we obtain

(a—TaD)y-1(x +Tla]) = y2(x+a)— Y2+ [al)
< (a —[a]) g—2(x + la)),

for any x + |a| > xo, where xop = 1.461 ... is the unique positive zero of the
digamma function.
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Generalized Stirling’s and Related Formulas When v > 1 For any a > 0, we
have the following limit and asymptotic equivalence as x — oo,

Yo(x +a) ~ ga(x) = (=)' v ;Vl)!’ Yu(x) — 0.

Burnside-like approximation (better than Stirling-like approximation)
Yy(x) — gu—1(x — 3) — 0.

Generalized Stirling’s and Related Formulas When v < —1 For any a > 0, we
have the following limits and asymptotic equivalence as x — oo,

—V

Yol +a) = Yu@) = () AT g0 = 0,

j=1
Yo (¥) — guo1(@) + Y GjAT g, (x) — 0,
j=1

B
Yol = 3 g1 () = 0,

k=0
|
Yo(x +a) ~ gr-1(x) ~ x Vinx.
(—v)!

When v = —2 for instance, these limits reduce to

tta x x+1
/ 1nF(t)dt—a1n<x/27Txx>_(;)ln((x+1))c ) - 0,
. e

ex

1 1 )
Y_o(x) — 12 x+DIn(x+1)+ D Bx—-1

1 1
—  x(6x—7)Inx — xIn2r) — InA,
12 2

1 1 1
Yoo (x) — 12(6x2 —6x+ Dlnx+  Gx—2x —, xIn@r) — A,

1
Y_o(x 4+a) ~ ) x’Inx.
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Asymptotic Expansions For any m, g € N* we have the following expansion as
X — 00

e, j . B
Yo (x+7) = >0 0 gk 1) + 0(uig(x)) .
m 4 m mk k!
=0 k=0
Setting m = 1 in this formula, we obtain

q

By,
o) = 30 gkt () F O(guag ().
k=0

For instance the asymptotic expansion of ¥r_; is
1 ) 1 1
Y_a(x) = 12(6x —6x+1)Inx — 4(3x - 2)x + ) xIn2r) +InA

1
0 *4> .
72002+ <x

Generalized Liu’s Formula For any v > 1 and any x > 0 we have

+

. 2= 1)
() = (1) 1F()(2 a1 TV (v+1)/ 42 t)

For v = —2 and any x > O we have

1 1 1
Yoo(x) = 12(6x2 —6x+ Dlnx —  (Gx = 2)x+ , xIn27) +In A

® By({t
n / 2({t) dt
0 2(x+1
Limit and Series Representations When v > 1 The Eulerian and Weierstrassian
forms of vy, reduce to

() = =Y gux+k) = (D" ulcw+1,x)
k=0

and this series converges uniformly on R .

Limit and Series Representations When v < —1 The analogue of Gauss’ limit is

Yoo = Yu(D)+ lim £, [gu100)
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and both sides can be integrated on any bounded subset of [0, co) (the limit and the
integral commute). They can also be differentiated infinitely many times (the limit
and the derivative operator commute).

For instance, when v = —2 we obtain
n—1 n—1
Yo2(0) = lim <I;k1nk ];)(x + k) In(x + k) + x <n Inn+ ln(2n))

+© ((n+1>1n<1+’11)+1nn—1)).

Comparing this formula with that of (10.2), we see that the latter is less complicated,
since it was produced from less terms in its polynomial part. Now, differentiating
the formula above, we obtain a limit representation for In I"(x), but the Gauss limit
is less complicated. In this context, finding the simplest limit representations seems

to be an interesting problem.
The Eulerian and Weistrassian representations of ¥, take the following forms

Yo (x) — wv(1>——gv(x)+2 )A ey (1)

j=1

e¢]

+ Z —gu(x + k) + Z A gy (k)

and

—v—1

Yo () = () = =) + Y (A e -y (L)

j=1

—v—1

1
+Z —gu<x+k)+2 ) A+ (%), |

respectively. These series can be integrated term by term on any bounded subset of
[0, 00). They can also be differentiated term by term infinitely many times.
For instance, when v = —2, both identities above reduce to

In <(2ﬂ)5X(2‘)(5) > (1+2/k)*H6) )

Yoa(x) = o o /e (4 17k a2
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and

x* (1 —i—x/k)”k

(271)5)66—1’(3) < () (1+ l/k)(kJrl)x)
k=1

va(x) = ln(

Integrating both the Eulerian and Weierstrassian forms of InI"(x), we obtain the
following representations (which are simpler than the previous ones since less terms
are involved; see also Examples 8.3 and 8.8)

e G ey
Y200 = n (xx | Gt

and

ex+x2 /(2k)

2 et i
y-20) = In (e o xx l—[ (1+x/k)x+k>‘

k=1

Here again, finding the simplest Eulerian and Weierstrassian forms remains an
interesting problem.

Integral Representation For any v € Z, we have

Yox) = wu(l)+/1 Vo (1) dr.

If v > 1, then , is not integrable at x = 0 (since g, is not). If v < —1, then ¢, is
integrable at 0 by definition and we have

X X (x _t)—v—l
Yo-1(x) = / Yy () dt = / InT(r) dt.
0 o (—v—=1)!

Gregory’s Formula-Based Series Representation Proposition 8.11 gives the

following series representation: for any x > 0 we have

Yo () = gu1(¥) = Y g1 Agy(x)

n=0

=g 100) = Y 1Gupal D _(=DF()gulx +4).

n=0 k=0
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Setting x = 1 in this identity yields the analogue of Fontana-Mascheroni series. For
instance, taking v = 1, we derive the identity (see, e.g., Merlini et al. [72, p. 1920])

00 2
H
DG =T -
n 6
n=1
Taking v = 2, we obtain
00 2 2
Yi(n+1)—H, T
> Gl L =2 ®
n=1

Analogue of Gauss’ Multiplication Formula Assume first that v > 1. Differen-
tiating repeatedly both sides of the multiplication formula (10.5) for the digamma
function ¥, we obtain the following formula. For any m € N* and any x > 0, we
have

m—1 .
> (”J) = m" o).
j=0 "

Moreover, Corollary 8.33 provides the following limit
lim m"y,(mx) = g,_1(x), x> 0.
m—0o0

Assume now that v < —1. Applying Theorem 8.27 to the function g,, we obtain
that for any m € N* and any x > 0

m—1 P m—1 j ¥
Zwv( ) = Zm( >+wv(1)+2xgv( )
m m m
j=0 j=1
Let us expand this formula in the special case when v = —2. First, we have

Inm m

X 1 -1
e2(0) = gao—x "y
m m m m

and hence

X 1 x\ Inm m—1
Sega () = v - - x—1) yoa(D).
m m 2) m m

Using Proposition 8.28, after some algebra we also obtain

m—1 .
ngz(’;) - (1 - 21)111,4— E'Z + (m— 1) In(2m)4 A).
j=1
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Now, collecting terms, we finally get the following multiplication formula for ¥r_»
m—1 x4+ ] 1 1
Z’»M( J) = Yo —  (6x*—6x+ )lnm
= m m 12m

X 1 1
4+ (m — 1) In(27) (2m + 4> + (m — m)lnA.

Setting m = 2 in the formula above, we obtain the following analogue of Legendre’s
duplication formula

1 1 1
vf_z(;) v, (’C; ) = Va(®) — , (65— 6+ 1)In2

1 3
+ 41n(27t) x+1+ 2lnA.

Taking x = 0 in this latter identity, we obtain
1 5 3 1
/) ) = 24ln2~|—21nA~|—41n71.
Moreover, Corollary 8.33 provides the following limit

tim ( < I S 0
ml)rnOo mzlll‘_z(mx)— ) nm)| = 2x nx—4x, x > 0.

Analogue of Wallis’s Product Formula If v > 1, then the analogue of Wallis’s
formula is simply

Y=gt = (—D"A =27 vlew + 1),
k=1
or equivalently,
=D gy = (=)' v+ 1),
k=1

where 7 is Dirichlet’s eta function. In the case when v = —2, after a bit of calculus
we obtain the following analogue of Wallis’s formula

2n
1
: k—1 _
Tim (h(n)—i-];_l(—l) gz(k)) = ,In2-3InA.
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where
1
h(n) = (n + 4) Inn —n(l —In2).

Project 10.2 Find the analogue of Wallis’s formula for the function g(x) =
Y_2(x). After some algebra, we obtain

2n
nlggo (h(n) + Z(—l)k_lllf_z(k)) = InA— 112 In2,

k=1
where

1

3
h(n) = nzln(Zn) — 2n2+ )

1
n InQ2mr) — 12 Inn.

This formula is a little harder to obtain than the former one; it requires the
computation of both functions ¥v_»(x) and 2 X,1¢_>(2x) using the elevator
method (Corollary 7.20) with » = 2. That is,

TY_o(x) = — 112 x(x — DQ2x — 1) + ix(x + 1) In(27)

+2xInA+ (x —1)Y_2(x) —2¢_3(x) (10.7)
and
23_2(2x) = —é x2x—1)M@x—-1)+4x+3)InA
+ 112 (—24x% 4+ 48x +35)In2 — 4 y_o(x)
F 2y - 29 (x + ;) 2y,
These formulas can also be verified using the difference operator. %

Restriction to the Natural Integers When v > 1 For any n € N*, we have

n—1 n—1

1
Yo = Yo = Y gk = (DY L

k=1 k=1

In particular,

o) = =) gl
k=1
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Gregory’s formula states that for any n € N* and any ¢ € N we have
n—1

D guk) = guo1(n) — guo1(1)

k=1

q
=365 (A g — AT g, (1)) — Y
j=1
with
IRT] < Gq|A%gu(n) — Alg, (D).

Generalized Webster’s Functional Equation For any m € N*, there is a unique
solution f: R4 — R to the equation

m—1 J
E f <x+ ) = gv(x)
_ m
j=0
that lies in IC(~V)+, namely

1
fx) = ’»”v(x‘i‘ >_wv(x)~
m

Analogue of Euler’s Series Representation of y Assume first that v > 1. In this
case, for any k € N we have

P = Yo = DO HRIEV +E+ D),
Thus, the Taylor series expansion of ¥, (x + 1) about x = 0 is

- k)!
wat = e ek <
k=0 ’

Integrating both sides of this equation on (0, 1), we obtain the identity

y ( +h)!
g1(l) = Z( Ut 1y S@ kD,
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We proceed similarly when v < —1. To keep the computations simple, let us assume
that v = —2. We then have

1
Yo(l) = 21n(2ﬂ), YD) =y (1) =0, ¥'HA) = do(l) = —v,
and for any integer k > 3,

O = o) = (D k= 2)1ek— 1.
Thus, the Taylor series expansion of ¥_»(x 4 1) about x = 0 is

2 (e.¢]

1 by
Yool = In@m -y '+ (D)

k=3

-1k —1) ok
(k — Dk

, x| < 1.

Integrating both sides of this equation on (0, 1), we obtain

N ¢(k) 1o 31
kg( Dkt Dk+2) = 67 4T 4G Tind.

Analogue of the Reflection Formula Assume first that v > 1. Differentiating
the reflection formula for ¥ repeatedly, we obtain the following formula. For any
x € R\ Z, we have

Yo(x) — (=D "¢ (1 —x) = — DY cot(mx).

When v < —1, a reflection formula on (0, 1) can be obtained by integrating both
sides of the identity

In'(x)+InT'(1 —x) = Inw — Insin(wx).

For example, for any x € (0, 1) we have

Yox)—vYo(l—x) = xInmw — ;ln(ZTr) — /X Insin(rt) dt.
0

As a byproduct, we obtain

1

1
lensin(m)dt = — 2.
A 2
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10.4 The g-Gamma Function

For any 0 < g < 1, the g-gamma function I';: Ry — R, is defined by the
equation (see, e.g., [93, p. 490])

o0 k+1 .
_ l—g¢g 1—x @D
Tyx) = A=) [] N for x > 0.
q Pl 1 — qx+k G*; @)oo
(10.8)

Here we use the standard notation

o]

@; 9o = l—[ (1 — aqk> )

k=0

Note that these functions should not to be confused with the multiple gamma
functions discussed in Sect. 5.2 (although the same symbols are used).

The function f;(x) = InT";(x) is a convex solution satisfying f,(1) = 0 to the
equation Af, = g, on Ry, where g,: Ry — R is the function defined by the
equation

I—g¢g
I—g¢g

g(x) = In for x > 0.

Since g lies in D'NK! (and deg gq = 0), by the uniqueness theorem we must have
In[y(x) = Xgy(x), x > 0. (10.9)

Askey [13] proved an analogue of the Bohr-Mollerup theorem for I';. However, as
Webster [98, p. 615] already observed, this is actually an immediate consequence of
the uniqueness Theorem 3.1 in the special case when p = 1.

Let us now investigate this function in the light of our results.

Remark 10.3 When g > 1, the g-gamma function I';: Ry — Ry is also
defined by Eq. (10.9). In this case, using L'Hospital’s rule we can readily see that
Agy(x) — Ing as x — oo, and hence degg, = 1. An analogue of the Bohr-
Mollerup characterization for I'j was established by Moak [74]. We can see now
that this characterization is a trivial consequence of our uniqueness Theorem 3.1 in
the special case when p = 2. The complete analysis of I'; through our results is
similar to the case when 0 < ¢ < 1 and is left to the reader. O
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ID Card As discussed above, the function I'; is a I'-type function and we
immediately derive the following basic information.

8q(x) Membership deggy, Xgg(x)
In ll‘jq* c*nND NnK>® 0 InT, (x)

Analogue of Bohr-Mollerup’s Theorem The g-gamma function can be character-
ized as follows.
All eventually convex or concave solutions f;: Ry — R to the equation
1—g*
file+ D= fy = m " °
—q
are of the form fy(x) = ¢4 +1nT4(x), where c; € R.

Using Proposition 3.9, we can also derive the following alternative characterization
of the g-gamma function.

All solutions f,: Ry — R to the equation

X

I—gq
Jax +1 = fg(x) = In 1
—q
that satisfy the asymptotic condition that, for each x > 0,
1—-q"
fe(x +n) — fy(n) —xIn - 0 asn —y o0

1—
are of the form f,(x) = ¢4 +1InTy(x), where c¢; € R.

Extended ID Card Interestingly, El Bachraoui [35] recently established the
following analogue of Raabe’s formula

x+1 1 1
f InTy(t)dt = —x |In(1 —¢q) - Liz (™) + In(q; ¢) oo, x >0,
X 2 ll’lq

where

k

Lis(z) = ZIZ@

k=1
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is the polylogarithm function. This formula provides immediately the following
values

1
olggl =, In(l —q) - g( ) +1n(q 9o s (10.10)
1 1 .
olggl =~ In(l —¢) - Ing Liz(q) + In(¢; ¢)oo , (10.11)
and the integral

x 1
/ gq)dt = (l—ac)ln(l—q)—1 (Li2(g") — Liza(q)) .
1 ng

We then have the following values

olggl olggl ylgql
Eq.(10.10)  Eq.(10.11)  ylgs]l = olg4l

* Alternative representations of o(g4] = vlgq]

1
olggl = / In[y(t+ 1)dt,
0

—1 R
o[gq]—Og[q]/1 (2—{}>1_qt ;

[’} a- thJ)l/Z(l _ qI_H-U)l/Z
olggl= [ 1n

dt,
1_

1
k k+1 :
olggl = § i (A =ahHa—gh) = | i@,
* Generalized Binet’s function

J?[In olyl(x) =InTy(x) + (& —1DIn(1l —¢g) + lnlq Li(¢*) + ;ln(l —q")
—In(g; ¢)oo -

* Alternative characterization. The function f,;(x) = InIly(x) is the unique
solution lying in C® N ! to the equation

x+1
/ fa@dt = (1 —X) In(1 —q) — ! Liz(¢™) +1n(q; ¢)oo, x> 0.
X 2 lnq
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Inequalities The following inequalities hold for any x > 0 and any a > 0.

*  Symmetrized generalized Wendel’s inequality (equality if a € {0, 1})

IInTy(x +a) —InTy(x) —agy(x)| <la—1]|gg(x+a) — gg(x)|
< [alla—1]1Agg(x)|,

_ x+a —la—1] _ x+a la—1]|
(11 qx ) - Fq(x—i-a)a - (11 qx ) ‘
o) gy T e
»  Symmetrized Stirling’s formula-based inequality

1
|J2[Inol,1(x)| < 5 (81D —gg(),

<1 _qx+l)é - Fq(x) (1 _q)xfl(l _qx)é - <1 _qx-i-l)%
1=a ) 7 (@i g exp (=), Lintg))

* Burnside’s formula-based inequality

1 1 1
Inl, (x + 2) + (x — 2) In(l — gq) + Ing Lix(¢*) — In(g; q)oo‘
< |7%[Inoly](x)].

* Generalized Gautschi’s inequality

_ gx+lal\aTal
pa-TaDygottia) o e +a) (1 q* “) ’
S rata) © \ 1-g

where ¥, 0(x) = DInTy(x).

Generalized Stirling’s and Related Formulas For any ¢ > 0, we have the
following limits and asymptotic equivalences as x — oo,

In[y(x +a) —InT;(x) - —aln(l—g),

Ly (x)

~ (1-¢)%, InT ~ —xIn(1—gq),
Ty +a) I-9) nly(x +a) xIn(l —¢q)

InTCy(x) +(x—DIn(l —¢g) —In(g;: 9)oo — O,

Ty(x) ~ (@@ (1 =)' 7.
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The generalized Stirling formula simply shows that InT'y(x) has the oblique
asymptote

y = (I =x)In(1 = ¢) +1n(g; g)co-

Burnside-like approximation (better than Stirling-like approximation)
1—x 1 : x—J
Fq(x) ~ (q: @)oo (1 —q) ™ exp —lnquz(q 2) -

Further results (obtained by differentiation). For any 0 < ¢ < 1 and any v € N,
let the function ¥4 ,: Ry — R denote the g-polygamma function defined by the
equation

Ygv(x) = D"T'InT,(x)  forx > 0.
We then have the following limits and asymptotic equivalences as x — oo,
Vgolx +a) —Ygo0(x) — 0, Vgolx) - —In(1—gq),
Ygo(x+a) ~ —In(l —gq), Yg(x) = 0, v e N*,

Project 10.4 Find the generalized Stirling formula when g > 1. In the case when
q > 1, we have deg g; = 1 and hence the generalized Stirling formula is

x+1 1 1
lnFq(x)—/ lnFq(t)dt—i—zgq(x)— 12qu,()c) — 0 as x — 00,
X
where Ag,(x) — Ing as x — oo. However, here the integral takes the following
more complicated form (see El Bachraoui [35] and the references therein)
X

L= L) + (- g2
1_q_x( (g ") +UAn(1 —g 7))

l—g*  1-g" 1 — a¥\2
o T T ma—g ™y — g (1
1—g* 1—¢g 1—g¢g

1

x+1
InT',(t)dt =InC, —
/x nly () 1T 2% Ing

where
_ 1 1_I@=h
Cy =q 12(g—D?2 M (g7 ;¢ Neo-

This is the analogue of Raabe’s formula for InI"y (x) when g > 1. O
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Asymptotic Expansions For any m,r € N* we have the following expansion as
X — 00

1l j 1 1
E InT, (x + ) = ( —x) In(l1 —¢) = Lix(g") +1In(q: )0
m s m 2 Ing

.
Br ) ")
+/; T+ 0 (80w).

Setting m = 1 in this formula, we obtain the expansion of the log-g-gamma function

1 r .

InTg(x) =, —x|In(l —¢) - Liz(g") +1In(g: ¢)oo
2 Ing
r Bk
+Y s+ 0 (80w).
k=1

Generalized Liu’s Formula For any x > 0, we have

1 1
InTy(x) = (2 —x) In(1 —g) — Ing Liz(¢™) + In(g; ¢) o

1 1_qx 00 1 qx+t
— 1 1 t} — dt
2" 1-g an)/o <{} Z)I—q”’

Limit and Series Representations It is not difficult to see that both the Eulerian
form of ¥g,(x) and the analogue of Gauss’s limit reduce to the definition of
the g-gamma function given in Eq.(10.8). Let us now examine the other series
representations.

»  Weierstrassian form. For any x > 0, we have
1—gqg* > 1-— qx"'k qk
InTy(x) = —In y +¢q,0(1)x—; In- o +(ng) | )

Differentiating this series term by term, we obtain

x > 1 1
Yoo) = (ng) qu + Ygo)+(ng) (1 g qk) .
k=1
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* Gregory’s formula-based series representation. For any x > 0 we have the series
representation

1 1
InTy(x) = (2 - X) In(1 —¢q) — Ing Liz(¢™) +1In(q; 9) oo

— Z|Gn+1| Z( D*(3)gq (x + k).

Setting x = 1 in this identity yields the following analogue of Fontana-
Mascheroni series

1 1
Z|Gn+1|2( D (g k+1) = =, In(=g) = Lia(g) +In(g: @)oo

Analogue of Gauss’ Multiplication Formula After first noting that

1
gq(x> =gl(x)+gq< >’ x>0’
m qm m

we immediately obtain the following identity

m—1 .
Zlnrq<x+’;> Zlnr‘ ( >+1nr 1(mx)+(mx—l)gq<1>
Jj=0

Now, using Proposition 8.28, we also obtain

—

3=
_Q
3 -
—
3

- j m—1
Zln T, = In(1 — q) + m1In(g; ¢)oo — In (g
— m 2

Thus, we get the following multiplication formula

m—1 . ( )m | 1\ mx—1

m—1 N —qgm
HFq<x+J)=(1—q)2 ?qlm l"rll(m)c)(1 q ) ,
j=0 " (qm;qm)oo I —a

or equivalently, replacing g with g™,

= J mo1 (g™ g™) L—g ™!
]—[rqm(x+ ) = (1-q¢™" °°F(x)< m) .
j=0 m —9

45 9)oo
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(See also, e.g., Srivastava and Choi [93, p. 494] and Webster [98, p. 617].) For
instance, when m = 2, we obtain the following analogue of Legendre’s duplication
formula

2
a*.4%).,  T,2x)

Iy 2 '(
Fq2()€) qu <x+ 2) = (1 —q )2 (q’ q)oo ( _I_q)Zx—l :

Analogue of Wallis’s Product Formula Using Proposition 8.49 with
8q(x) = 284(2x) = 2(g,2(x) +g4(2)),
we obtain

h(n) =Xg,(n+1) — Xg,2n+1)
=2Inlpm+1) +282)n —InT;(2n +1).

Using the generalized Stirling formula, we then have
lim h(n) = 2In(g% ¢%)oo = In(q: 9)oo-
n—o0

Finally, we obtain the following analogue of Wallis’s formula

< 1—g* (q:q)
lim Y (=) !In = In 7%
"”00,; l—q (4% qH%

Generalized Webster’s Functional Equation For any m € N* and any a > 0,
there is a unique solution f: Ry — R, to the equation

1—g*

m—1
[Tre+apn =
—q

j=0

such that In f lies in K° (or in '), namely

T, am x+a 1— dmr:;
f(x): q (am)< q > )

anm(a);n) 1— q
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10.5 The Barnes G-Function

The Barnes function G: Ry — Ry is the function G = 1/ as defined in
Sect. 5.2. Hence, it can be defined by the equations

InG(x) = TInl'(x) = ZY_1(x) for x > 0.

ID Card We have the following basic information about the Barnes G-function:

g(x) Membership degg Xg(x)
InC(x) C®ND*NK® 1 In G (x)

Analogue of Bohr-Mollerup’s Theorem The function G can be characterized in
the multiplicative notation as follows.

All solutions f: Ry — Ry to the equation f(x 4+ 1) = T'(x) f (x) for which In f lies in K?
are of the form f(x) = ¢ G(x), where ¢ > 0.

Interestingly, this characterization enables one to establish the following identity
InG(x) = — ()2‘) +@x—-1DInlx)+ éln(Z;—r)x — Y_2(x). (10.12)

Indeed, both sides vanish at x = 1 and are eventually 2-convex solutions to the
equation

fx+1D)—f(x) = In'(x).

Hence, they must coincide on R .
Using Proposition 3.9, we can also derive the following alternative characteriza-
tion of the Barnes G-function.

All solutions f: Ry — Ry tothe equation f(x+1) = I'(x) f (x) that satisfy the asymptotic
condition that, for each x > 0,

fex+n ~T@* n®fm)  asn—yoo

are of the form f(x) = ¢ G(x), where ¢ > 0.

Extended ID Card The value of the asymptotic constant o[g] can be derived for
instance from identity (10.12). One can show that (see, e.g., [93, p. 53])

1 1 1
olg] = / InG@+ )dt = . ~|—41n(27r)—21nA ~ 0.045.
0
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We then have the following values:

olgl olg] vig]
=4 In@m) —2IA )+ In@7) —2In A ylgl =olg]

e Inequality

7 109
< . In2-— ~ 0.10.
lolgll = jIn2—"_,

o Alternative representations of o[g] = v[g]

1 , - 1 1
olgl =, In@m) + lim (k;mr(k) — a2 = InT @) — 121nn> ,

—11 2 li ank 1IF !
olgl =, In@m) + lim | 3 Tk = Y20 — L) — @) |,

k=1

[, T (1) 1
a[g]_/l <1n o ~|—{t}1n|_tj~|—<2>ln<1~|— m))dt,

o, T Le)7/12
oter= [ ('L o e

1 o
Y = /132({t})1ﬁ1(t)dt,

!
G[g]—1 )

2

o0

(k) ek Vk
olg] = In 1—[ ()? \/
k=1 (1 + ,1) Pk Vo

* Generalized Binet’s function. For any ¢ € N and any x > 0

q
J9  InoGl(x) = InG(x) — Y_s(x) —olg] + Z G; A InT(x).
j=1

For instance,

13[lnoG](x) = InGx)—v¥_r(x)—olgl+ ;ln 'x) — 112 Inx.
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* Analogue of Raabe’s formula

x+1
/ InG@)dt = olgl+¥_a(x),  x>0. (10.13)

» Alternative characterization. The function f (x) = In G(x) is the unique solution
lying in C° N K2 to the equation

x+1
/ f@)ydt = olgl+v_2(x), x > 0.

Project 10.5 Find a closed-form expression for the integral

/x InG(t)dt.

1

We apply Proposition 8.20. Using (10.13) and then (10.7) we obtain

X x+1
/ InG(@t)dt = Ex/ InG@)dt = ofg](x — 1) + Zv_s(x)
1 X

_ 1 2 _ 1 _1\2
=2mA+ , 7+ DI@m) — Qe+ D - 1)
+ =Dy 2x)—2¢% 3(x).

This expression could have been obtained also by integrating both sides of (10.12).
O

Inequalities The following inequalities hold for any x > 0, any a > 0, and any
n € N*,

o Symmetrized generalized Wendel’s inequality (equality if a € {0, 1, 2})

() m(1+7).

InG(x+a)—InGx) —alnl'(x) — (5)Inx| <

“3")| . Ga+a  _ ( a)(“zl)‘

1+9) o< (14
( x) T G T)ex® x
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o Symmetrized generalized Wendel’s inequality (discrete version)

n—1 n—1
NG =Y ITE) + Y I +k) —xInT(m) — (3) Inn
k=1 k=0
X — X
< |e3h|m(1+ Y.
5 x—1
(1 >—(2 )\ < G F(x)F(x+1)...r(x+n—13 - (1+x> (2 )\'
" T(HTQ2)---T(n — DTy n

o Symmetrized Stirling’s formula-based inequality

1 1 1
‘J3[ln oG](x)‘ < 12(x +1)?@2x +35)In (1 + ) - 72(12x2 + 48x + 49)
X

<51 1—|—1
n 9
- 12 X

1\ /12 G(x)I'(x)!/2 1\¥/12
1+ < < (1+ .
X X

x1/12 eW—Z(xH‘U[g] -
* Generalized Gautschi’s inequality

_ _ G(x+a) _
C(x + [a])® lal < e(a f[al)DInG(x+al) < < I'(x+[a a LaJ‘
(x + [al) Glx + [al) (x + [al)

(These inequalities are valid only if x + |a| > xo, where xg = 1.92...is the
unique positive zero of the function D?*InG(x).)

Remark 10.6 1tis not difficult to see that the first inequality in Proposition 6.19 does
not hold for large values of x when g(x) = InI"(x). This shows that the analogue
of Burnside’s formula does not hold in general when deg g > 1. %

Generalized Stirling’s and Related Formulas For any ¢ > 0, we have the
following limits and asymptotic equivalences as x — oo,

InG(x+a)—InGx)—alnl(x) — (5 Inx — 0,

InG(x) —¢¥_o(x)+ ;ln 'ix) — 112 Inx — o[g],

1 1
InG(x) —¥a(x) + ) InI(x) — 12 vx) — algl,
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Gix+a) ~ GOT®)*x®D, ImGx+a) ~ v,
1 1
G(x) ~ exp(Y-a(x) +oghD'(x) 2 x12.
Further results (obtained by differentiation)
x¥Y(x+a)—xyvyx) > a, xyYi(x) > 1, xy¥y(x+a) ~ InT'(x),
1 1
InT"(x) — (x — 2) vx)+x — 5 (1 + In(27)).
Remark 10.7 Using one of the asymptotic equivalences above, we get

G+ 1) ~ exp(Wa(x) +olghTE)2x12  asx — oo.

Combining this latter equivalence with identity (10.12) and the Stirling formula for
the gamma function, we also obtain the following simpler form

_ 1.2 1 x 32,1
Gix+1) ~ A" x2" " 2Qm)2e " 2 asx — oco.

¢

Asymptotic Expansions For any m, g € N* we have the following expansion as
X — 00

i, j 7 B
> G (x+ = olgl+ Y. . 2@+ 0y 1(x).  (10.14)
m 4 m mk k!
Setting m = 1 in this formula, we obtain
q
By
G = olgl+) | Y200+ 0Wg1(x),
k=0
or equivalently, if g > 2,
1 1. B
3 _
JlnoGl(x) = () —lnx)+kz_; w1 V=20 + 0 W1 ().

Setting ¢ = 4 for instance, we obtain the following expansion

1 1 1 4
ING() = algl+ Y200 = Vi@ + ) W) = Yo +0 (x 7).
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Generalized Liu’s Formula For any x > 0 we have
1 1 1 [
InG(x) = olgl+¥-2(x) - Gy V1) S YO+, /0 By({t}) ¥ (x + 1) dt
or equivalently,
1 1 [
JlnoG(x) = 12 (Y (x) —Inx) + 2/0 By ({t}) Y1 (x 1) dr.

Limit, Series, and Integral Representations Let us now determine the main
representations of the function In G (x).

* Eulerian form and related identities. We have

InG(x) = —-InT(x)-) <lnF(x +k)—InT(k) —xInk — (5)In (1 + i)) ,

k=1

1 5 T, @
G(x) = o) ]!:[1 F(x+k)k 1+1/kQ.

Upon differentiation, we obtain

= 111 2 3 k) —Ink ! In(1 !
x‘/f(x)—x—2(~|—n( n))—Z(1/r(x+ ) —In —(x_z)n( +k>>’

k=1

Y@ +x ) = 1—Z(w1(x+k>—1n(1+;)),

k=1

r+Dyx)+x¥rpx) = —Zlﬁrﬂ(x‘i‘k), r e N,
k=1

» Weierstrassian form and related identities. We have

NGx) = (=1 —p)(3) —InTx)

=Y (T +k) —InT(k) — xInk — (3) Y1 (k).

k=1
Gy = B L) S S ERACION
I(x) C(x + k)

k=1
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Upon differentiation, we obtain

! 112 = 3 k ! k) —Ink
xw(x)+<x—2)y+2 n@r) = —Z(w(x+ )—(x—z)wm—n )

k=1

Y FxPi) +y = =Y Wi +k) —yik).

k=1

* Analogue of Gauss’ limit and related identities. The analogue of Gauss’ limit is

n—1 n—1
nG() = lim (Zlnr(k)—Zlnr(x+k)+x1nr(n)+(’2‘)1nn>,

k=1 k=0

Gy = tim _ LDE@ T w6y

n—oo I'(xX)'(x+1) --- T'(x +n)

Upon differentiation, we obtain

x—Dy(x)—x+ ;(1 + In(27))

n—1
= lim_ (-Zw(x +k)+InTC(xn) + (x - ;)lnn) ,

k=0

n—1
=Dy +y@x) -1 = lim (hln - Z%()ﬁ”))-

k=0

» Integral representations. Using the elevator method on one and two levels, we
obtain the following representations

InG(x) = — ; (x — D(x —InQ2m)) + /x(t — D y(r)dt
1
and
1 X
InG(x) = — 5 (x — D(x —In2m)) +/1 x—=0W@ + @ —1)y1()) dr.

Each of these representations actually leads to identity (10.12).
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* Gregory’s formula-based series representation. For any x > 0 we have the series
representation

1 o
InG(x) = Y2(x) +olgl =, InT(x) - > GupaA" ()
n=0

1 [ee) n
= Y2 +olgl = InT@) = Y 1Gusal Y (=DF() In(x + ).
n=0 k=0
Setting x = 1 in this identity yields the analogue of Fontana-Mascheroni series
1 (0.¢] n
olgl = —  In@1)+ ) 1Gnsal Y (=D*() Ink + D).

n=0 k=0

Note that the Eulerian and Weierstrassian forms above can also be integrated
term by term on any bounded interval of [0, o). For instance, integrating on (1, x)
provides series representations for the integral of In G(x) as defined in Project 10.5.

Analogue of Gauss’ Multiplication Formula For any m € N* and any x > 0, we
have

m—1 x4 m . X
ZlnG( J) _ ZlnG<J>~|—ExlnI‘( )
- m . m m
j=0 j=1

For instance, setting m = 2 in this identity, we obtain

w6 (7 1) +m6 (5) = w6 () +mamr(3).

However, to make this multiplication formula interesting and usable, we need to find
a simple expression for its right side. In particular, we need a closed-form expression
for the function X In I"( rfl ). Such a result would be most welcome.

We can nevertheless investigate the asymptotic behavior of the function

m—1 X +‘j
InG )
XHZn(m)

j=0
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In addition to the asymptotic expansion given in (10.14), Proposition 8.30 yields the
following convergence result. We have

ml x+j x 1 X
o (1) ma(0) e ()

1 x+1 X
1 (lnF( - )—lnF<m)) — molg] as x — 00.

Analogue of Wallis’s Product Formula Using Legendre’s duplication formula for
the gamma function, we obtain

2, InT(2x) =InG(x) +InG(x + 1) —InG(})

+ @x*+ 1) In2 — 5 In(16m).

Using this identity with Proposition 8.49, we can derive the surprising analogue of
Wallis’s formula

r(Hr@y ---rEn—1) <2n> 1
1m = .
n—sco  T['(2)T'(4) --- ['(2n) e V2

Note that a shorter proof of this formula can be obtained using the second sequence
described in Remark 8.53.

Project 10.8 Find the analogue of Wallis’s formula for the function g(x) =
In G(x). After some algebra, we obtain

G(GB) --- G2n — 1) n° =212 27" =24 72"

im = A; .
= G()GM) -+ G2n) edni=hn—1,

This latter formula is a little harder to obtain than the former one. Using Proposi-
tion 8.49 requires the computation of both functions X In G(x) and 2 ¥, In G(2x)
using the elevator method (Corollary 7.20) with » = 1. That is,

SInG(x) = —; x(x — 1)2x —5) + ix(x —3)In@27) —xIn A
+ ; (x =D —=2)InT(x) - ; (2x =3) Y—2(x) + ¥_3(x)
and
2%, InG(2x) = —ix(Zx —1)@dx—7) —2xInA

1
+, x> =3x =12+ x(x —2)Inxw
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+ ; InT"(x) + ;(2)6 —1D2x —3)InT"'(2x)
=2(x = D ¥—2(2x) + ¥-3(2x).

Here again, a shorter proof of the limit above can be obtained using the second
sequence described in Remark 8.53. O

Restriction to the Natural Integers For any n € N* we have

n—2
G = []*.
k=0

Generalized Webster’s Functional Equation For any m € N*, there is a unique
solution f: Ry — Ry to the equation

m—1 .
]"[f(x+}jl) = T()
j=0

such that In f lies in K, namely

G(x + ,111)

fx) = G o)

Analogue of Euler’s Series Representation of y The Taylor series expansion of
InG(x + 1) about x = 0 is (see, e.g., [93, p. 311])

nGGx+1) = ;(ln(2n)—1) "H x? Z;:’f)l O ] < L

Integrating both sides of this equation on (0, 1), we obtain the identity

ok ¢ (k) I
kg( D ks hhra = 2Ty 2004

Also, the exponential generating function for the sequence n — o[g™] is

egf [g](x) = InG(x+1)—Y_o(x+1)+ iln(Zn) - 112 +2InA
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Integrating both sides of this equation on (0, 1) (i.e., we use (7.5)), after some
algebra we obtain

e¢]

Z(—l)" k=1 ck) = S 3mA— 11n(27r)
S0 ke+ Dk +2) 4 4

Analogue of the Reflection Formula A reflection formula for the Barnes G-
function is given in (8.27); see, e.g., [93, p. 45].

10.6 The Hurwitz Zeta Function

For any x > 0, the Hurwitz zeta function s +— (s, x) is defined as an analytic
continuation to C \ {1} of the series (see, e.g., [93, p. 155])

(5= p=xt ’
Z(x—l—k) S = rGs) / L 4 R(s) > 1.
It is known (see, e.g., [93, p. 159-160]) that this function satisfies the identity
Dft(s,x) = (—=9)"¢(s+k,x),  keN,
and the difference equation
L, x+ 1D —¢(s,x) = —x %, (10.15)
For any fixed s € R\ {1}, define the function g;: Ry — R by the equation
—s

gsx) = —x for x > 0.

We then have gg € C* N K*®. If s > Oand s # 1, then g5 € D%. If s > 1, then

gs € D&l. If —p < s < 1 forsome p € N, then g; € Df\’], and hence we can
consider

= 1+deggy, = [1—5].
In all cases, we have
Xgs(x) = §(s,x) —¢(s),

where s — ¢(s) = ¢(s, 1) is the Riemann zeta function.
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ID Card The basic information about the Hurwitz zeta function is summarized in
the following table.

gs(x)  Membership deg g5 2gs(x)

. C®ND I NK®, ifs > 1,
— cenpl=slnk® ifs < 1. “lA sl 20 = 26)

Project 10.9 Find a closed-form expression for ¥ g, where

Expanding x> = (x + 1 — 1)?, we obtain
glx) = (x+1)g —2(x+1)é+(x+1)_5
and hence
Tgx) = c—f(=3. 2+ D+2 (=, x+ D= t(Gox + 1)

for some ¢ € R. O

Analogue of Bohr-Mollerup’s Theorem The function ¢ (s, x) can be character-
ized as follows.

All solutions fs: Ry — R to the equation
fa+ D) = fi) = —x7°
that lie in K''=51+ are of the form f,(x) = c; + ¢(s, x), where ¢; € R.

Extended ID Card The asymptotic constant o [g] satisfies the following identity
! 1
olgs] = / g(s,t+Ddt —5(s) = 1 86
o —
Hence we have the following values

olgsl olgsl vlgs]

oo, ifs > 1, _ -
—¢(s), ifs <1 it ol = X5 G AT ()

We also have the following identities.
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o Alternative representations of o[g;s]

=)t
a[gs]=nlggo —Zk + Z G &g |,
- 1=+
: 1 — —s 1 1—s B/
olgs] = lim S_l_;k + ;} (5 it |
=)t .
olgl= Y G;A gD
j=1
0 1—s 1—s L1=s]+
k'=5 — (k+1) 4
+y o + > G AT gk
s =
If s > —1, then
1 o {1} — 1
olg] = _2+S | p dt.

If s < —1, then for any integer ¢ > [(1 —s5)/27,

q 2
_ 1 (=) [ By ({1}
olgsl = — §l ey GOt 0 [Pl a

* Representations of y[gs]

AR ,
ylgd =olgl— Y G;A '),
j=1
0o s LI=sly ,
V[gs]=/1 ( Z Gj A/gs(l.tj)_gs(t)> dr,
j=0
oo s L1=sly "
yigd = [ ( 3 ( )Afgs(LtJ)—gA(t))
1 =0 J

* Generalized Binet’s function. For any ¢ € N and any x > 0

1—s q )
SIS0 = S0 =+ DG AT g,
j=1
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* Analogue of Raabe’s formula

x+1 xlfs
/ (s, t)dt = x > 0.
N s

» Alternative characterization. The function f;(x) = ¢ (s, x) is the unique solution
lying in C® N KC1=5)+ to the equation

x+1 xl—s
/ fs@®)dt = , x > 0.
¥ s—1

Inequalities The following inequalities hold for any x > 0, any ¢ > 0, and any

n € N*,

o Symmetrized generalized Wendel’s inequality (equality if a € {0,1,..., |1 —
s1+})

—s]+
Cex+a) =0 — ) (AW

j=1
< [d] ‘(U ol HAU slt (x)‘
If s <0, then

[1—s]
Csxt+a) =60 — Y (9 A g

j=1

Al ”gv(x—l—a)—AL ”g (x)‘

* Symmetrized generalized Wendel’s inequality (discrete version)

[e.0 = 20 = A gd)| = ](5)

At gy
If s <0, then

e =) = FIIga| = (37| |Al e G+ m — Al lg ]

Here

Li—s)+

S gl = Z(x+k)? Zk— > G arta

j=1
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o Symmetrized Stirling’s formula-based inequality

\J“*S”“[Egs](x)\ < Glis),

A= g ().

If s <0, then

1
‘JLZ—SJ[EgS](x)‘ < /0 ‘(Ltlu)‘ ‘AL—ngs(x +1) - AL—ngs(x)‘dt.

* Burnside’s formula-based inequality if s > —1

1 xlfs
§<S’x+2)_s—1

» Additional inequality if s > 1.

< [ g ]

0 <¢(s,x+n) = Z(x—i—k)_s < (s, n).
k=n

* Generalized Gautschi’s inequality
Ifs>0,5s #1,

(fal —a)(x +[a)™* = s(fal —a){(s + 1, x + [al)
<t x+a)—¢(s,x+[al) = ([al —a)(x + la)™".
If s < 0, then these inequalities must be reversed and they are valid only if the

Hurwitz zeta function is concave on [x + |a ], 00).

Generalized Stirling’s and Related Formulas For any ¢ > 0, we have the
following limits and asymptotic equivalences as x — oo,

[1—s]4
Z(s,x +a)—¢(s,x) — Z (?) Aj_lgs(x) — 0,

j=1

Llos U=sle _
(0 =+ Zl Gj A g(x) — 0,
j:

1
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L1—s]+

s B;
0+ () g 0
j=0

L(s,x +a) ~ .
s—1

In particular, if s > 1, then ¢(s, x) — 0 as x — oo.
For instance, setting s = —g in these latter two asymptotic formulas, we obtain

¢ (—i,x) + 302 L L+ 132 >0,
¢ (—;,x) + §x5/2 — éx3/2~|— éxl/z — 0.
If s > —1, then we have the analogue of Burnside’s formula
Z(S,x)—sil (x—é)l_s - 0, as x — 00,

which provides a better approximation of (s, x) than the generalized Stirling
formula.

Asymptotic Expansions For any m, ¢ € N* we have the following expansion as
X — 00

1 j 1 . B
mZ§<s,x+m> = Z(;A)mkxﬁk_l—i-O(x*qﬂ).
j=0 k=0

Setting m = 1 in this formula, we obtain

I G B —g—s
’(s,x) = o Z(lk‘)x8+k71+0(x q )

k=0

In particular, this clearly shows that ¢ (s, x) is a (1 —s)-degree polynomial whenever
1 — s is a positive integer. More precisely, we have

n

_ _ _1 n n—k *
(1l —n,x) = nkg(:)(k)ka , n e N¥,

that is,

t1—n,x) = — ! B, (x), n € N*, (10.16)
n
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Generalized Liu’s Formula We have the following formulas for x > 0.
e Ifs > —1, then

xl=s 1 » 00 {t}—;
. x) = 0 F,% _S/O (x + )5+ 4

e Ifs < —1, then for any integer ¢ > [(1 — 5)/2],

=1 & By (=) ()M [ By, (1)
12" -2 /0

X
(s, x) = 5 — pot (2k)! xS +2k—1 o (26])' (x+t)s+2q

Limit and Series Representations When s > 1 We simply have

o0

(s0) = Y +k™

k=0

and this series converges uniformly on R . In particular, we retrieve the identity
Yo = D"t + Lo, veN

Limit and Series Representations When s <1 We have the following Eulerian
form

[—s]
£(s,x) = ¢() = —gs () + ) (5 A g5 (D
j=0
0 [1—=s] _
+Y e +b+ D () agm |,
k=1 j=0

and the Weierstrassian form can be obtained similarly. The associated series
converge uniformly on any bounded subset of [0, 00).
For instance, we have

e(-20) - (3)

3 . n-l 3 3 3 - 3
= x2 + lim ((x+k)2—k2)—xn2—(2)A,,n2
n—od

k=1
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o0
=2 —x—V2-DE)+ Y ((x 167 — k> —xAgk? — (g)Agki)
k=1

o0
—xd—x+l (;)(’;) +Z((x+k)3 N 2(;)155).
k=1

The analogue of Gauss’ limit is
.0 = ¢+ lim fH 7 [gl@), x>0
n—o00

where

n—1 [1—s]

n—1
kz_;)(x +ROT =Y k=Y () AT s,

k=1 j=1

AU g61(x)

Gregory’s Formula-Based Series Representation For any x > 0 we have

1_
(0= - ZGnHA gs(x)

n=0
= +Z|Gn+1|Z( D) +h075.

Setting x = 1 in this identity yields a known series expression for ¢ (s) that is the
analogue of Fontana-Mascheroni series

£(s) = +Z|Gn+1|Z( D@+ D7

Analogue of Gauss’ Multiplication Formula For any m € N* and any x > 0, we
have

m—1 .
Z{(s, x+J) = m® (s, x).
j=0 "

Corollary 8.33 provides the following limits for any x > 0

1—s
lim m*~'¢(s, mx) = , s < 1,
m—00 s —1
1—s _
. i—1 X 1
lim mA ({(S, mx) - {(S, m)) = ) s ;é L.
m— 00 s —1
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Analogue of Wallis’s Product Formula If s > 1, then we have
S (_1)k71 1—s
> = 1=27026) = n(s), (10.17)
k=1

where s — n(s) is Dirichlet’s eta function. When s < 1, the form of the formula
strongly depends upon the value of s. When s = —% for instance, we obtain

2n
lim (h(n)+Z(—1)"k3) = @vV2- D).

k=1

where h(n) = —8"j3 \/g

Restriction to the Natural Integers For any n € N* we have

n—1 00
C(s,n) — C(s) = —Zk—f and  (s,n) = Zk—f.
k=1 k=n

Gregory’s formula states that for any n € N* and any ¢ € N we have
n—1 ‘ 1 — pl-s q ‘ ‘
Sk = +3°G; (A7 g ) — AT gy (D) + RE,
s—1 -
k=1 j=1
with

IR\l = Gq|Ags(n) — Algy (D).

Many other representations of this sum can be derived from, e.g., the limit and series
representations of the Hurwitz zeta function.

Generalized Webster’s Functional Equation For any m € N* and any a > 0,
there is a unique solution f;: R4 — R to the equation

m—1
Yo fitaj) = —x7

j=0

that lies in KCL=3+, namely

1 x+a 1 *
h) = (am)$ ¢ (& am )  (am)® ¢ (S’ am> '
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Analogue of Euler’s Series Representation of y We have
(Zg)® M) = =) cs+k.  keN-

Thus, the Taylor series expansion of (s, x 4+ 1) about x = 0 is

o]

(s, x+1) = Z(—,j);(wk)x", Ix| < 1.

k=0
Integrating both sides of this equation on (0, 1), we obtain the identity

o0
") es+k—1) = -1,  s<2, s5¢Z.
k=1

(When s > 2, the summand in the series above does not approach zero as k
increases.)

Analogue of the Reflection Formula A reflection formula can be derived when s
is an integer. Recall that we have the following special values for any n € N*

n—1 1
td+n,x) = (=1) al Y ()
and
1
(1 —n,x) = — ; By (x).
It follows that for any x € R \ Z, we have

0" DS cot ifs — 1 e N*
(5.0 4 (1 g1 -y = | oo TRt ’
0, if —seN.

10.7 The Generalized Stieltjes Constants

Recall that the generalized Stieltjes constants are the numbers y, (x) that occur in
the Laurent series expansion of the Hurwitz zeta function

L D" ;
() = +y R OICES b (10.18)

n=0
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Recall also that the numbers y, = y,(1), where n € N, are called the Stieltjes
constants. The Stieltjes constants and generalized Stieltjes constants are known to
satisfy the relations

vo) = —¢(x) and  y =y
as well as the following identities for every g € N
" (Ink)4 (nn)dt!
vg = lim | > — :
n— 00 P k qg+1

lim
n—>oo

Yq(X)

i (In(x + k)4 (In(x +n))9*!
x+k  g+1 ‘

k=0

For recent background on these constants, see, e.g., Blagouchine [19, 20] and
Blagouchine and Coppo [22] (see also Nan-Yue and Williams [80]).

Here we naturally restrict the values of x to the set Ry. Interestingly, the
generalized Stieltjes constants also satisfy the difference equation

Ye(x +1) —ys(x) = g4(x),

where g, : Ry — R is the function defined by the equation

1
gg(x) = — (Inx)? forx > 0.
X

Thus, our theory is particularly suitable for the investigation of these constants. For
any g € N, the function g, lies in C*° N DY N K™ and is increasing on [e?, 00). By
uniqueness of X gy, it follows that

qu(x) = )’q(x)_)’q-

ID Card The introduction above enables us to provide the following basic
information about the generalized Stieltjes constants.

gq(x) Membership degg, Xgs(x)
—;(lnx)q cenPink>® -1 Vg () — vy

Analogue of Bohr-Mollerup’s Theorem The function y, can be characterized as
follows.
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All eventually monotone solutions fq: Ry — R to the equation

1
fox +1) = fo(x) = —x(IHX)q

are of the form f,(x) = ¢, + y4(x), where ¢4 € R.

Using Proposition 3.9, we can also derive the following alternative characterization
of the function y,.

All solutions f;: Ry — R to the equation
folet D= f00 = ~ | dnoy
that satisfy the asymptotic condition that, for each x > 0,
Jex+n) = fg(n) — 0 asn —y 00

are of the form fy(x) = cq + v4(x), where ¢; € R.

Extended ID Card Using identity (8.11), we can immediately make the remark-
able observation that the asymptotic constant o [g4] is exactly the opposite of the
Stieltjes constant y,,. We then have the following values

olggl olggl vlggl

o0 —Yq —Vq

* Alternative representations of o[g4]l = vlgy]

_§Xmmq mw+m“hwmmﬁj
Yo = ko g+1 ’

k=1

o {t} - é qg—1
Ve = / 2 (InH)?" ' (q — Int) dt (g=1),
1

_ ® ((In|z])4 (Inr)4
”‘ﬁ( U yﬁ

* Generalized Binet’s function. For any r € N and any x > 0

1 q+1 r )
ﬂﬂmm=nm+ﬁ21+ZQAHmm

j=1
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* Analogue of Raabe’s formula
x+1 1 q+1
/ yoydr = — O, (10.19)
x q+1

* Alternative characterization. The function f(x) = y,(x) is the unique solution
lying in C° N K to the equation

x+1 1 q+1
/ Foydr = =T
x q+1

Inequalities The following inequalities hold for any x > 0, any ¢ > 0, and any
neN.

» Symmetrized generalized Wendel’s inequality (equality if a € {0, 1})
If x > €9, we have
(Inx)4
rax +@) =y 0] = fal | 7.

o Symmetrized generalized Wendel’s inequality (discrete version)
If n > e4, we have

Inx)? L /a ) (Ink) Inn)
= ()| |
k=1

* Symmetrized Stirling’s and Burnside’s formulas-based inequalities
If x > e, we have

(Inx)4t!
q+1

N 1 N (Inx)9t!
X
Ya 2 g+1

» Further inequalities. For 0 < x < 1, we use the following approximations (see
Nan-Yue and Williams [80, p. 148])

(In x)4
X

Yq(x) +

1
yo(x) — ‘ <vy
X

and

(Inx)? B+ (=D")(2q)! N
Yg(x) — < G amy q € N*.
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Generalized Stirling’s and Related Formulas For any a > 0, we have the
following limits and asymptotic equivalence as x — ©o,

(Inx)?t!
Yg(x +a) —y,(x) — 0, Vg (x) + g+ — 0,
(x +a) (In.x)?*!
X a ~ =
Ya g+1

Burnside-like approximation (better than Stirling-like approximation)

1 1 q+1
yq(x)+q+1 (ln(x—2>> — 0.

Further results (obtained by differentiation)

(In x)4

, , (Inx)?
Vq (-x) + - Oa yq(x + a) ~ = .
X

X

For any r € N,

(Inx)4+! 0
— .
qg+1

. 1 1 q+1
D} (yq(x)—i- g+ 1 <ln (x — 2)) ) — 0.

Asymptotic Expansions For any m,r € N* we have the following expansion as
X — 00

1= j nx)t By
_ *k-1) ")
> yq(x+ ) = - +3 gk w40 (80 w).
m = m qg+1 = m k!

v\ +a)—y"(x) - 0, D] (yq<x)+

Setting m = 1 in this latter formula, we obtain

r

(Inx)7+! ;.
Ye(X) = — g+1 +Z k! gt(1k 1)(x)+0(g((1r)(x)>‘
k=1

Let us detail this expansion when ¢ = 1. We first observe that

nx — Hy_

- 1
g V0 = (DFk -1y L. keN~
X
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Using (10.4), we then obtain

m—1 . m—1 .
1 J 1 J
" ;y1<x+m>+(lnx)m ;}w(x—i—m)

Inx)? < (—DF By Hi-
_ (nx) (=D « Hi 1+0(x*’*1).
2 k(mx)k

k=1
Setting m = 1 in this latter formula, we get

_ (Inx)? (=D B Hyey e
new = —w(x)lnx—i—; ok +0(x )

Setting r = 5 for instance, we obtain
- (Inx)? 409 In 1 N 11 +0( 76)
x) = —Y(x)Inx — X .
" 2 12x2 7 720x4

Generalized Liu’s Formula For any ¢ > 1 and any x > 0 we have

g+1 q 00 _1
Vo) = — (Inx) n (Inx) +/ {r} —
0

q+1 2x (x +1)2 (In(x + )77 (g — In(x +1)) dt.

Series Representations Since the function g, (x) lies in D&l, we only have the
following series representations of y, (x).

* Eulerian and Weierstrassian forms. We have

. (Inx)? ad (In(x + k))? (Ink)4
Vq(x)—)’q+ . +;< 4k — X >,

_ (nx)? | S (G + k) (nk+ 1)) — (nk)?t!
Yq(x) = . +;< x4tk g+1 )

The series can be differentiated term by term infinitely many times. For instance,
we get

L e (n(x + k)7t
Y (x) = k;) Gapy @G0

* The analogue of Gauss’ limit coincides with the Eulerian form.
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* Gregory’s formula-based series representation. For any x > 0 satisfying the
assumptions of Proposition 8.11, we obtain

(nx)dtl & , (Inx)?
Vg (X) + =Y Gun1Al
qg+1 = X

< L (NG 4 K))
—§|Gn+1|];< D) ek

Setting x = 1 in this identity (provided that x = 1 satisfies the assumptions of
Proposition 8.11), we obtain the Fontana-Mascheroni’s series expression for y,

> “ In(k 4 1))4
Ya = Z|Gn+1|Z<—1)k(z)(n(k+l)) :
n=0 k=0 +

This latter expression can be found in Blagouchine [20, p. 383] and the references
therein.

Analogue of Gauss’ Multiplication Formula The following analogue of Gauss’
multiplication formula was previously known (see also Blagouchine [19, p. 542])
but it can be derived straightforwardly from our results.

For any m € N* and any x > 0, we have

m—1 : +1 q j
x+j m 1\ q 1
Z Yq ( ) = — <ln ) +m Z (/) In Vg—j (x).
= m qg+1 m o, m
In particular,

m . +1 q j

Jj _ m 1\ q 1Y
Fon(2) = = (o) en S () s
j= j=

Corollary 8.33 provides the following limits for x > 0

p .
: 1Y/ (Inx)4+!
Jim /Z_;) (7) <1n m) (vg—j(mx) = yg—j(m)) = — g1
1 1\ g 1/ (Inx)4+!
. B q . L
mh—I};o g+l <lnm> + E (/) <lnm> Yg—jmx) | = g1

j=0
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For instance, setting ¢ = 1 in these formulas yields

1
Jim (y1(mx) = yim) + (nm) (Y (mx) = Y (m)) =~ (Inx)”.
. ( Lo ) Lo
mlgr;o yl(mx)—z(lnm) + Y (mx)Inm =—2(lnx) .

Now, setting m = 2 in the multiplication formula, we obtain the following analogue
of Legendre’s duplication formula

X x+1 2 1\ d 1/
(o () = = 2 ) B () wee

When ¢ = 0 and g = 1, the multiplication formula reduces to the known formulas

m—1 .
Do (x;’) = mP ) —Inm),

j=0

m—1 x+ m

Yo ( N ’) ==, (nm) + m(nm) () +m y1 ().
j=0

Analogue of Wallis’s Product Formula The analogue of Wallis’s formula for the
function g, (x) is

-1

e In k)4 In2)a+tt 4 4
Z(—l)k(“k) _ _(n )1 +Z(g) (In2)7Vy; . (10.20)
k=1 q+ j=0

This formula was established by Briggs and Chowla [25, Eq. (8)]. For ¢ = 1, it
reduces to

i(_l)k nk (ln2)2+ n2
£ koo p TV
For g = 2, we obtain
o 2 3
Ink In2
Z(—Uk(nk) = _(n3) +y(n2)> + 2y In2.

k=1

These latter two formulas were also established by Hardy [47].
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As an aside, let us establish conversion formulas between the sequences g > v,
and g — @ (1), where 7(s) is the Dirichlet eta function introduced in (10.17) and
n@ (1) stands for the limiting value of n@(s) as s — 1. To ease the computations,
let us instead consider the conversion formulas between the sequences g +— y, and
q — Ay, where

1
g = In2)4t! 4+ (=)t @ (1), e N.
q qul( ) (=D (1) q

Using (10.20), we can readily derive the following equations

1
rg = Y ()2 Fy,  geN. (10.21)

)
|

~
Il
o

These equations actually consist of an infinite consistent triangular system. Solving
this system provides the following conversion formula

q
Z (1 2)1- —k— 1)\k+1, g €N, (10.22)
that is,
—k e
== 0 (1nz)q+1+Z( DX ( 1<1n2)‘1 lp®hay, g eN.
k=0

Indeed, plugging (10.22) in the right side of (10.21) we obtain for any ¢ € N

qg—1
Z(Z) (1n2)q—k Yk = Z (ln2)q —k Z Bi— J (1 2)k Jj— 1)‘j+1
k=0 k=0

q—1

A .
= Z ) In2)7~/~! Jfl Z(Z_f) Bi—j.
=j

where the inner sum reduces to 097/~!. The latter quantity then reduces to Ag, @S
expected.

Remark 10.10 The conversion formulas (10.21) and (10.22) are not quite new. In
essence, they were established by Liang and Todd [63, Eq. (3.6)] and Nan-Yue and
Williams [80, Eqgs. (1.9) and (7.1)]. O
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Generalized Webster’s Functional Equation For any m € N* and any a > 0,
there is a unique eventually monotone solution f: Ry — R to the equation

m—1

S fata) = — (e,
=0 *
namely
xX+a X
fx) = Sq,am ( am ) - Sq,am (am> s
where
Span(@) = i T} (nam) yo—; x)
q,am = am = j Yq—j .

For instance, the unique eventually monotone solution f: Ry — R to the equation
1
fO+fx+1) = — xlnx
is
F@ = n@ -y (3)+ 02 ye + 12y
2 2 '

Rational Arguments Theorem Let us apply Proposition 8.65 to the function
8q(x).Forany a, b € N* witha < bandany j € {0,...,b — 1} we have

q
q iy
Shgql = b(—1)4+12<i>(lnbyi DL 10y
i=0

where Li, (z) is the polylogarithm function. Hence, we have

q b—1
a i —qi i
Yq (b> -V = (—1)at! § : <?>(lnb)q i § (1 -w,“)D; LlS(Z)|(S,1):(1,a)£)'
i=0 =0

We note that a more practical formula was derived in the special case when ¢ = 1
by Blagouchine [19] as a generalization of Gauss’ digamma theorem.
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10.8 Higher Order Derivatives of the Hurwitz Zeta Function

Lets € R\ {1} and ¢ € N. Differentiating g times both sides of (10.15) we obtain
(D x+1D) = ¢ D0 = DM, x>0,

where §(‘1)(s, x) stands for DY ¢ (s, x). This equation shows that the investigation
of the higher order derivatives of the Hurwitz zeta function can be carried out using
our results. To keep our presentation simple, we will focus on some selected results
only.

The interested reader can find an earlier study of these functions in Ramanujan’s
second notebook [18, p. 36 ef seq.].

ID Card The following basic information can be easily derived.

8s.q(X) Membership deg gs,4 X gs.q(x)
CPNDINK®, ifs > 1, —1 @ (s, x)

—x ¥ (—Inx)?
( ) cenDU=sink®, ifs <. +[1—sly —C@D(s)

We observe that this investigation can be regarded as a simultaneous generalization
of the studies of the Hurwitz zeta function and the generalized Stieltjes constants.
For the latter, we observe that

1
(=17 lim g, ,(x) = — (Inx)?.
s—1 X

Setting s = 0 in our results may also be very informative as it produces formulas
involving the well-studied quantities ¢ () (0) and ¢ @) (0, x) — ¢ @ (0) for any ¢ € N.

Project 10.11 Find a closed-form expression for the integral

/1 v, (1) dt.

We apply Proposition 8.20 to g, (x) = —)1{ (Inx)?. Using (10.19) we obtain

x x+1 1 H
Ndt =3 ndt = — Y (Inx)4
/IJ/q() x/x Z10) g+]1 (Inx)

(=Dt

g+1 280,q+1(x),



248 10 Applications to Some Standard Special Functions

that is,

i _ CDT G g+
/lyq(t)dt— N G URERO)E

In particular,

(—1ye+!

gt D0, x).

ve(x) =

¢

Analogue of Bohr-Mollerup’s Theorem The function ¢ (4) (s, x) can be character-
ized as follows.

All solutions fy 4: Ry — R to the equation
fra@x+ 1) = fiqg(x) = g5,q(x)
that lie in K\'=51+ are of the form Jfs.q(xX) =5 g + D (s, x), where cs,q €R.
Extended ID Card The asymptotic constant o[g; 4] satisfies the identity

_ql

1 )q+1 Z(q)(s)

1
olgsgl = / (Dt 4+ 1)dt — £ D(s) =
0

Hence we have the following values

0(8s.4] o[8s.4] Y[8s.4]
oo, ifs > 1, —g!

1-
—@ (), ifs <1, (-9 —t@D(s) olg q]_zt ?J+G Al (1)

* Alternative representations of o|gs 4]

n—1 [1—s]+
O—[gs,q]znl_i)nolo ng,q(k)_/ 8s.q(D)dt + Z G/Aj_ 8s.q(n) |,
k=1 1 =1
[1-s]+
olgsgl= Y G g (1)

j=1

o0 Li—s)s

k+1 .
- /k gog)dt — Y GjA g (k)
k=1

j=0
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Setting s = 0 in the previous formulas, we obtain

(=1)(g!+¢P(0) = lim (Z(lnk)q - /1 “n oy ar - ;annﬂ)

k=1
& 1 k+1
= Z( (Ink)? —f (Int)? dt).
k=1 2 k

The left-hand quantity can actually be related to the Stieltjes constants in a
very simple way. Indeed, on differentiating both sides of (10.18), we obtain the
following surprising identity

oo
_1)4 @ - Yn+tq
(=D7(g!+cPO) = F
n=0
* Generalized Binet’s function. For any r € N and any x > 0
x+1 r .
T [Bgsg100) = 905, x) - / (D, dr+ Y G AT g ().
X

j=1

* Analogue of Raabe’s formula. We have

x _q!'=T@+1,(—1lnx)
/1 &g dt = (1 — sya+l , x>0,

and hence the analogue of Raabe’s formula is

xt+l I'g+1,(s—1)Inx)
(@) - _ ’
/x é-‘l(s,t)dl— (1—s)‘1+1

((s — 1)lnx)/
= (1—s)‘1+1 Z , x>0.

Generalized Stirling’s and Related Formulas For any ¢ > 0 we have

1—s]+
(Dxta) =P = Y, ()4 gy > 0 asx— oo,
j=1
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with equality ifa € {0, 1, ..., |1 — s]4+}. Also, we have the following analogue of
Stirling’s formula

x+1 [1—s]+ )
D (s, x) —/ cD(s, t)dr + Z Gj A/*Igs,q(x) —- 0 as x — oo.
X j:l

Setting s = 0 in this latter formula and then simplifying the resulting expression,
we obtain

1
£90,x)+T(g+1,—Inx) + 2(—1)‘1“(1”)‘1 —- 0  asx — 00.
We also have
x+1
(D(s,x +a) ~ / cD(s, 1) dr as x — 00.
X

Finally, if s > —1, then we have the following analogue of Burnside’s formula

x+£
g(‘f)(s,x)—/ 1 g(‘f)(s,t)dt — 0, as x — 00,
X

2

which provides a better approximation of ¢4(s, x) than the analogue of Stirling’s
formula.

Eulerian and Weierstrassian Forms Ifs > 1, then for any x > 0, we simply have

(D5, x) = =) gqx+h)
k=0

and this series converges uniformly on R and can be integrated and differentiated
term by term. If s < 1, then for any x > 0, we obtain the following Eulerian form

[—s]
£ D(s,x) = ¢ D) = —gog@) + Y (51)A g5, (D
j=0
00 [1—s] .
+Y | g+ D (5) Algi k)
k=1

j=0

and the Weierstrassian form can be obtained similarly. Both associated series
converge uniformly on any bounded subset of [0, co) and can be integrated and
differentiated term by term. Note that the case where (s, g) = (0, 2) can be found
in Ramanujan’s second notebook [18, p. 26-27].
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Gregory’s Formula-Based Series Representation For any x > 0 satisfying the
assumptions of Proposition 8.11, we have

x+1 S
£ D (s, x) = / (D5, 1) dt =Y Gy Agsg(x)

n=0
=/ ¢ D(s, 1)y di — meZ( D7) gs.g(x + K.

Setting x = 1 in this identity (provided that x = 1 satisfies the assumptions
of Proposition 8.11) yields a series expression for ¢(4)(s) that is the analogue of
Fontana-Mascheroni series

(@) = )qﬂ Z|Gn+1|2( D) &gk + 1),

which can also be obtained differentiating the analogue of Fontana-Mascheroni
series for the Hurwitz zeta function. For instance, we have

¢"(0) = —2+Z|Gn+1|2< D) (nk + 1))

and this latter value is also known to be (see, e.g., Berndt [18, p. 25])

1, =% 1 )

- — _(In(2 .
Y T o 2(Il( )" +n
Analogue of Gauss’ Multiplication Formula Upon differentiating the analogue
of Gauss’ multiplication formula for the Hurwitz zeta function, we immediately
obtain the following multiplication formula. For any m € N* and any x > 0, we
have

m—1 x4 ] q . '
Z @ (s, J) = m Z (1) (Anm)?=7 ¢ D(s, x).
, m —
Jj=0 j=0
Moreover, Corollary 8.33 provides the following limit for any x > 0 and any s < 1

4 () _
. _¢Y(s, mx) I'lg+1,(s—1)Inx)
mll)moo]Z:: (3)(lnm)q / ml-s = 7 (1 — s)a+!
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Also, for any s # 1, we have

q () A 0)) — -
' _ Vs, mx) — ¢V (s, m) qg'=T(@+1,(s=1)Inx)
mlgnoo z=(:) ((/1) (nm)?J ml=s - (I —s)att .

Analogue of Wallis’s Product Formula When s < 1, the form of the analogue of
Wallis’s product formula strongly depends upon the value of 5. If s > 1, then we
have

@y =3 D g
1P =3 ", (b
k=1

@ ey N o)
=P -2 °Z(§)<ln2> ¢V(s),

J=0

where s — n(s) is Dirichlet’s eta function. Just as we did for the formulas (10.21)
and (10.22), we can easily establish the following conversion formulas for s > 1

q—1 1 q—k
pg(s) = (%) (ln 2) W), gqeN,

k=0

q —k—1
B, 1\?
;(q)(s)zkgo(Z)kil <ln2> [,L]H_l(s), qEN,
where

Bg(s) = 27MED(s) =P (s) —¢DP(s), geN

10.9 The Catalan Number Function

The Catalan number function is the restriction to R of the map x + C, defined

on(—é,oo)by
1 2x
Cy = .
g x—l—l(x)

This function satisfies the equation

6
= (4- .
Cx+l < x+2> Cx
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The additive version of this equation reads Af = g, where the function g is
the logarithm of a rational function. We observe that such equations have been
thoroughly investigated by Anastassiadis [7, p. 41] (see also Kuczma [57]).

The equation above shows that the Catalan number function can be investigated
using our results. Let us briefly study this function.

ID Card The function C; is clearly a I'-type function and we immediately derive
the following basic information.

g(x) Membership degg Xg(x)
m(4-.%) ¢*nDnk™ 0 G

Analogue of Bohr-Mollerup’s Theorem The function C, can be characterized as
follows.

All solutions f: Ry — Ry to the equation
x+2)fx+1) = @x+2) fx)
for which In f lies in K are of the form f(x) = ¢ Cy, where ¢ > 0.

Extended ID Card We have the following values:

olgl olgl vlgl
V(3rmg) S(3+mnE) (3+muY)

We also have the inequality

25 39 3
lylell < e In5 + o 1n3—161n2+4 ~ 0.04

and the following representations

33—
V[g]_/l (t+2)(2t+1)dt’

1
olg] =/ InCyy1 dt.
0

Moreover, the analogue of Raabe’s formula is

xt 3 (4x +2)"+2
/ InC;dt = In , x > 0.
x VT (x + 2)5F2
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Generalized Stirling’s and Related Formulas For any a > 0, we have

Cta ~ 44 and C, ~ y as x — oo
Cy * X3 n ’

Also, the analogue of Burnside’s formula gives

e (dx)*

s — 0 as x — 00.
S+ )t

InCy —In

Restriction to the Natural Integers For any n € N* we have

1 2n
Eulerian and Weierstrassian Forms For any x > 0, we have

2_3

x+2 o lo—o[ ( k+3)x

2 k=1 (2 - kiz)xil (2 - x+z+2)

x =

and

o X
x+2 _x 1+ 3
_ Tt e 2 | | k2+2 € DCkA1) |

. =
ax+2 k=1 1+ Zkfrl
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Chapter 11 )
Defining New Multiple log I'-Type Shethie
Functions

In the previous chapter, we tested our results on some multiple log I'-type functions
that are well-known special functions. It is clear, however, that there are many other
multiple log I'-type functions that are still to be introduced and investigated, simply
as principal indefinite sums of standard functions.

In this chapter, we introduce and investigate the following functions (we use the
acronym PIS for “principal indefinite sum’)

e The PIS of the digamma function.
* The PIS of the Hurwitz zeta function.
* The PIS of the generating function for the Gregory coefficients.

The latter two examples are examined here in a broad way. A deeper investigation
of these examples can be carried out simply by following all the steps and recipes
given in Chap. 9.

11.1 The PIS of the Digamma Function

Let us see what our theory tells us when g(x) = ¥ (x) is the digamma function. We
first observe that g lies in C*° N'D! N K.
Using summation by parts, we can easily see that

YY) = (x — D@ x) — D).
Moreover, from the identity H,_; = ¥ (x) 4+ y, we obtain immediately

SxHy1 = (x — D(Hy—1 — D).

© The Author(s) 2022 255
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This example may seem very basic at first glance, but since H, is the discrete
analogue of the function In x, we expect an important analogy between X (x) and
Y Inx = InT(x), at least in terms of asymptotic behaviors. Actually, the analogue
of Burnside’s formula shows that the function

InT (x — ;) + ;(1 — In(2m))

is a very good approximation of X/ (x).
Interestingly, using (10.12) we can easily derive the following additional identity

Y(x) = ; (1 —=In2n)) + DInG(x), x >0,

where G is the Barnes G-function (see Sect. 10.5).
Project 11.1 Find a closed-form expression for the function £, (x). Using again
summation by parts, we obtain

i) = (x = DY) — Qx — Dy (x) +2x —2 —y.

We also note that the function 1//2 (x) liesinC®*ND' NK>, just as does the function
¥ (x). The investigation of this new function in the light of our results is left to the
reader. O

ID Card The following basic information about the functions v (x) and X (x)
follows trivially from the discussion above.

g(x) Membership degg Yg(x)
Yx) C®ND'NnK® 0 =D -1

Analogue of Bohr-Mollerup’s Theorem The function ¥ (x) can be character-
ized as follows.

All eventually convex or concave solutions f: Ry — R to the equation
fa+1)—fx) =¥
are of the form f(x) = c + Z¢(x), where ¢ € R.
Extended ID Card It is not difficult to see that

1
olg] = / Syt + Ddt = ;(1—111(271)).
0
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Hence we have the values

olgl olgl vlgl
oo 3(1-In@n) J(1—In@m)+y)

* Alternative representations of o[g]

1 > 1
olgl = —ZV—Z(lnk—Wk)— Zk),

k=

1
R 00 1 J
olgl = —2)/+/1 <{t}— 2) Y () dr,

olgl = nll)nolo <<n — ;) Y(n) —InT'(n) —n + 1>.

» Alternative representations of y[g]
*° 1
G[g]=/1 <¢(LIJ)—¢(I)+2UJ>dh

olg] =f (mtJ) — ) + {”)dt.
1 L]

* Generalized Binet’s function. For any ¢ € N* and any x > 0,

JEY1) = Sy(x) — ;(1 —In27)) —InT"(x) + ; v(x)

q—2
+Y Gia(=1)/B( +1,x),
j=0

where (x, y) — B(x, y) is the beta function.
* Analogue of Raabe’s formula

x+1
/ Sy dt = ;(1—1n(2n))+1nr(x), x> 0.

» Alternative characterization. The function f = X is the unique solution lying
in C° N K! to the equation

x+1
/ f@®ydt = ;(1 —In27)) +InT(x), x > 0.
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Inequalities The following inequalities hold for any x > 0, any a > 0, and any
n € N*,

* Symmetrized generalized Wendel’s inequality (equality if a € {0, 1})
IZY(x +a) — XY x) —ay ()| < la— 1y (x +a) — P (x)]
la — 1|
< [a] .

o Symmetrized generalized Wendel’s inequality (discrete version)

—1
IZY () — f (W10 < |x =¥ @ +x) —y@)| < [x] |xn |,

where

LY@ = (4 x = DA () =Y x +n) + & —Dyx) + 1.

* Symmetrized Stirling’s formula-based inequalities

1\ 1
‘Ew (x + 2) — ,(1=In@m) ~InT(x)

=<

1 1
Y(x) — 2(1 —In2m)) —InT'(x) + ) Y(x)

1 1
<xlnx—-InT(x) — 21/f(x)—x+ 2ln(27'r) < )
X

* Generalized Gautschi’s inequality

(a—[al) Y (x+[al) < (a— [a]) (ZY) (x + [a])
= EY)x +a) = (BY)(x + [a])
s(@—T[aD¥x+la)).

Generalized Stirling’s and Related Formulas For any ¢ > 0, we have the
following limits and asymptotic equivalence as x — 00,

YY(x +a)— ZY(x) —ayy(x) — 0, YY(x 4+a) ~ InT"'(x),

2y (x) —InT(x) + ; r(x) — ;(1 — In(2m)),

Ty (x) —InT (x - ;) N ;(1 — In(27)).
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Asymptotic Expansions For any ¢ € N* we have the following expansion as x —
00

1 1 B
EY) = (1 =In@m) + Y Y1 () + O ().
k=0

Setting ¢ = 3 for instance, we get

1 1 1
TY(x) = 2(1 —InQ27)) + InT'(x) — 5 Y(x) + " Y1 (x) + 0(x 7).

Generalized Liu’s Formula For any x > 0, we have

1 1 & 1
Tyx) = 2(1 —InQ27)) + InT'(x) — ) v(x) —/0 <{t} - 2) Yi(x +1)dt.

Limit and Series Representations Let us briefly examine the main limit and series
representations of X (x). The additional representations obtained by differentia-
tion and integration are left to the reader.

* Eulerian and Weierstrassian forms. We have

o]

DY) = —yr— 9@ =Y (Ve —vi - ).

k=1
YY) = —(U+y)x -y - Z W x4k —yk) —xyi(h).
k=1

* Analogue of Gauss’ limit. We have
Ey) = =Dy +1+ lim (n+x = D) — ¢ +n).

Gregory’s Formula-Based Series Representation For any x > 0 we have
[e¢)
1 1
Ty(x) = 2(1 —In@27)) +InI'(x) — 5 w(x) + Z |Gpi2| B(n +1,x).
n=0

Setting x = 1 in this identity yields the following analogue of Fontana-Mascheroni’s
series

o0
|Gyl 1 1 1
= — nQr) — -y,
2 o T InCm =,y

n=2
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and the right-hand value is precisely the generalized Euler constant y [v/] associated
with the digamma function. We also observe that this latter identity was obtained by
Kowalenko [52, p. 431].

Analogue of Gauss’ Multiplication Formula Since we do not have any simple
expression for the function X ( ) ), it seems difficult to find a usable multiplication
formula here. We had the same difficulty in the investigation of the Barnes G-
function (see Sect. 10.5). However, we can use Proposition 8.30 to derive the
following convergence result. For any m € N* we have

m—1 .
ZE¢<XZJ)—MIHF<;)+;¢<:1) g r;(l_hl@ﬂ)) as x — 00.
Jj=0

Analogue of Wallis’s Product Formula The following analogue of Wallis’s
formula was already found in Project 10.1

2n
Tim. (—ln(4n)+22(—1)k1/f(k)) =v.

k=1

Generalized Webster’s Functional Equation For any m € N*, there is a unique
eventually monotone solution f: R4 — R to the equation

m—1 .
Zf(er,i) = Y
j=0

namely

1
fx) =Xy (x + ) — Xy (x).
m

Analogue of Euler’s Series Representation of y We have () (1) = —1 — y
and

EYPN) = k() = Drrck), k=2

The Taylor series expansion of X (x 4 1) about x = 0 is

Y@+ = (—l—yx+ Y 0k xl <1

k=2
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Integrating both sides of this equation on (0, 1), we obtain

R {CO N B
;(—D Lag = 1,0 —meo).

Analogue of the Reflection Formula For any x € R\ Z, we have

Sy (1+x)+ TPl —x) = 1 — mxcot(mx).

11.2 The PIS of the Hurwitz Zeta Function

In this section we apply our theory to investigate the function

x o o6 s e

for any fixed s € R\ {1}.
Using summation by parts, we observe that if s # 2 we have

s, x) = (x =D&, x) =8 =1, x)+8(s = 1).
If s = 2, then
02,x) = Lnix) = =Dy +y () +y.
To keep this investigation simple, here we focus on some selected results only and
we restrict ourselves to the case when s > 2, for which the sequence n +— ¢(s, n)

is summable. In this case, by (6.23) we obtain immediately the following surprising
identity (see also Paris [83])

D s k) = g =D,
k=1

We also have

/oog“(s,t)dt _ 6=
1 s—1

ID Card We can easily summarize the basic information as follows:

gs(x) Membership deg g Ygs(x)
£(s, x) cenNplnk® —1 & (s, x)
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Analogue of Bohr-Mollerup’s Theorem The function &> (s, x) can be character-
ized as follows.

All eventually monotone solutions f;: Ry — R to the equation
fsx+ 1D = fix) = {(s,x)
are of the form fs(x) = cg + {2(s, x), where ¢ € R.

Extended ID Card We immediately have
> o s—2
olg] = Zas,k)—fl Cnde = e,
k=1

Hence we have the values

olgs] olgsl vlgs]
o STie(s—1) ylgl=olg]

» Alternative representations of o[gs] = y[gs]
1 00
olgs] = /0 Qs t+ 1Ddt = /1 (C(s, 1)) = ¢(s, 1)) dr,

1 > /1
olgs] = C(S)~I-S/ ( —{t}> ¢(s+ 1, 0)de.
2 1 2
* Analogue of Raabe’s formula

Z(s—1,x)

, x > 0.
s—1

x+1
/ Q(s,ndt = ¢(s—1) —
X
Inequalities and Asymptotic Analysis For any a > 0 and any x > 0, we have

182(s, x +a) — La(s, X)| < [a] &(s, x),

Z(s —1,x)
s

G0 —Es =D+

< (s, x).

In particular, we have

o(s,x) = ¢s—1) as x — 00.
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Generalized Liu’s Formula For any x > 0 we have

-1, 1
o =cs—n-"CTE0 gy
s—1 2

+s /00 ({t}— 1>§(s~|—1,x+t)dt.
0 2

Eulerian and Weierstrassian Forms For any x > 0, we have

s, x) = Ls =1 =) (s, x +K).

k=0

and this series converges uniformly on R and can be integrated and differentiated
term by term.

Gregory’s Formula-Based Series Representation For any x > 0 we have

-1, a
o0 =c6-0-C 70 3G Al
n=0
—1, 00 n .
=i —1)- “Ss . D S Gl D)+ K.
n=0 k=0

Setting x = 1 in this identity yields the analogue of Fontana-Mascheroni series

e¢]

n
s—2
Y o 1Gul YDA Q)ets k1) = t(s—1).
s—1
n=0 k=0

Analogue of Wallis’s Product Formula The analogue of Wallis’s formula is

Y =D el k) = 2= 2186 + (1 =21 )e(s — 1)

k=1
> 1
_21—S ,k .
2e(n)

This formula is actually obtained by combining Proposition 6.7 with the duplication
formula for the Hurwitz zeta function

2¢(s,2x) = 217S§(s,x) +217S{ (s, x + ;) .
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On the other hand we also have (see Paris [83])
o0
DD sk = A=27)8s), s> L
k=1

Combining this formula with the analogue of Wallis’s formula, we derive the
following identity

d¢ (s, k+ ;) = @' -2+ @ =D - D.
k=0

Taylor Series Expansion We have
Ee)® M) = —k(P)e6s+k—1),  keN-

The Taylor series expansion of ¢»(s, x + 1) aboutx = 0 is

o]

nx+1) = =Y (P)e6+k—Dx*, x| < 1.
k=1

11.3 The PIS of the Generating Function for the Gregory
Coefficients

Let us investigate the function £/, for any p € N*, where h,: Ry — R is defined
by the equation

P
hp(x) = ln(;—i-l) = Pl (x+1) forx >0

and li(x) is the logarithmic integral function defined for all positive real numbers
x # 1 by the integral

1
li = dt .
1) /0 Int

Incidentally, when p = 1, this function reduces to the ordinary generating function
for the sequence n + G,,. That is,

o
hi(x) = Zan”, x| < 1.
n=0
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More generally, hp,(x) = x? ~'hy(x) is the ordinary generating function for the
right-shifted sequence n — G, —p1, that is the sequence

0,...,0,Go,Gq1,Gop, ...

with p — 1 leading 0’s.
We also note that the function 4, has the following integral representation

1
hp(x) = xpflf (x+ 1D*ds.
0

This latter representation actually suggests introducing, for any p € N*, the function
gp: Ry — R defined by the equation

1 -1
stp_1 x(x + 1P
gpx) = /0 (x + 1) P lgs = InCx + 1) for x > 0.

The conversion formulas between the h’ps and the g;,s are simply given by the
following equations

p

gp@) =Y (¥7)) (),

k=1

P
hp() =Y (=DPFET)) g

k=1

In particular, we have g1 = h.

Since the function g, has a nicer integral form than 4, for the sake of simplicity
we will investigate the function g, for any p € N*. By Proposition 5.7, the
function X4, can then be obtained by applying the operator X to both sides of
the second conversion formula above.

Remark 11.2 We observe that the function g, is also the ordinary generating
function for the sequence n +— ¥, (p — 1), where v, is the nth degree Bernoulli
polynomial of the second kind (see Sect. 12.8). O

ID Card It is not difficult to see that both g, and &, lie in C*° N DP N K and
hence also in K°”. We also have deg g, = degh, = p — 1.

From the integral form of g, above, we can easily derive the following explicit
form of X g, (after replacing 1 — s with s in the integral)

1 1
Xgpx) = fo §(S—p,2)ds—/0 ¢(s —p,x + 1)ds,
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that is,

1

Sgp(r) = rp—/ £(s — pox + 1)ds.

0

with
1
p = _1+f (s —p)ds,
0

where ¢ (s, x) is the Hurwitz zeta function.

Remark 11.3 For any integer n > 2, the harmonic number function of order n is
defined on (—1, co0) by

x = H™ = ¢(m) — ¢, x+1),

see, e.g., Srivastava and Choi [93, p. 266]. Extending this definition to noninteger
orders by writing

H® = ¢(s) —¢(s,x + 1), s € R\ {1},

we obtain the following very compact integral representation
1
Ygpx) = —1+/ H;s_p)ds, x> 0.
0

O

Analogue of Bohr-Mollerup’s Theorem Thus defined, X/, is a logI',-type
function that lies in C®°NDP+ MK, This function can be characterized as follows.

All solutions f: Ry — R to the equation Af = h, that lie in KCP are of the form
< 1
e = cp+ Y (DI Ba),
k=1
where ¢, € R.

Extended ID Card Let us compute the asymptotic constant associated with the
function g,. We have

1 1 1
a[gp1=f Sgp(t + D dt = rp—// C(s — pot+2)dids
0 0 JO

12S+p
=1:p+/ ds .
o S+p
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Using the change of variable u = 2577, we finally obtain

2p+1
olgyl = T+ f di = 1, +1iQM — 1P,
2p Int

Now, we have

X 1 1stp — ps+p
/ gpt)dt = x+1 ds
1 0 s+p

= li((x + D" — li((x + DP) = LHERPTYH +1i(2P)

and hence the analogue of Raabe’s formula is

x+1
/ Yg,(t)dt = T, +1i((x + DI —li((x + D), x> 0.

Generalized Stirling’s and Related Formulas When p =1 For any ¢ > 0, we
have the following limits and asymptotic equivalence as x — 0o,

Ygi(x +a)—2gi(x) —a

’

X
—
In(x + 1)

Tg1(x) —li((x + DY +Lx + 1) + T,

X
—_—
2In(x + 1)
Tei(x +a) ~ Li((x + D?) —li(x + 1).

Upon differentiation,

1

X
DXgi(x) — n(x +21) - 0, Dl'sgi(x) - 0, keN*,

DXxgi(x +a) ~ nGe 4 1)°

where

1
DXgi(x) = /(s—l)g“(s,x—l—l)ds.
0
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Limit and Series Representations When p =1 The Eulerian and Weierstrassian
forms are

2gi(x) = —gl(X)+xg1(1)—i(gﬂerk)—g(k)—xAkg1(k))
k=1
and
Xa1(x) = —gl(X)+xDEgl(1)—i(gl(X+k)—g(k)—xgi(k)),
k=1
where

1

1
D¥g(1) = /O(s—l);(s,Z)ds = ;—/0 s¢(1 —s)ds.

Gregory’s Formula-Based Series Representation When p = 1 Proposition 8.11
provides the following series representation: for any x > 0 we have

Xg1(x)

o0
7+l 4+ D) = liGe + 1) = Y Gup1 A"g(x)
n=0
x+k

= 1+ D) =BG+ D = 371Gl YD) T

n=0 k=0

Setting x = 1 in this identity, we obtain the following analogue of Fontana-
Mascheroni’s series

k+1

olgi] = T +1(4) ~ 1) = Y 1Gunl D@
n=0 k=0 n( + )

Analogue of Gauss’ Multiplication Formula For any m € N* and any x > 0, we
have

1 m—1

m—1 . .

J J
E p3 = — E - p, 1 ds.
=0 s <x+m) " [o /._O§<S o +m> '

Using the multiplication formula for the Hurwitz zeta function, we then obtain the
following analogue of Gauss’ multiplication formula

m—1 . 1

E Eg,,(x—i—J) :mrp—/ m*~P (s — p,mx +m)ds.
; m 0

=0
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Now, using (8.15) we obtain
x m—1 x +] m ]
()= S (1) o (1)
j= Jj=

1
:/ m* P& —pm+1)—¢(s—p,x+m))ds.
0

Corollary 8.33 then tells us that the sequences

1
m — /ms_”_l(g“(s—p,Zm)—g“(s—p,mx+m))ds
0
and
1
m / m* Pl (s — p,m+1)— (s — p,mx +m))ds
0

converge to the integrals

/ gp()dt and / gp)dr,
1 0

respectively.
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Chapter 12 )
Further Examples Sheiie

The scope of applications of our theory is very wide since it applies to any function
lying in the domain of the map X. In Chap. 10, we made a thorough study of some
standard special functions. In Chap. 11, we defined and investigated new functions
as principal indefinite sums of known functions. In the present chapter, we briefly
discuss further examples that the reader may want to explore in more detail.

12.1 The Multiple Gamma Functions

The multiple gamma functions introduced in Sect. 5.2 can also be studied through
the sequence of functions Go, G1, ..., defined by (see Srivastava and Choi [93,

p- 561)
Gp(x) = T, V" peN.
Equivalently, we have Go(x) = x and
InG,(x) = XInGp_1(x) forall p € N*.
Clearly, the functionIn G ,—1 (x) lies in C*° N D? N K> and we have deg(InoG ) =

p. Moreover, this sequence of functions can naturally be extended to p = —1 by
defining

1
Gi(x) = 1+
X
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Just as for the gamma function and the Barnes G-function, we can derive the
following asymptotic equivalence: for any a > 0,

P
Gpx+a) ~ [[Gpy@F  asx - o0,

j=0
with equality ifa € {0, 1, ..., p}. We also have the following product representation
1 = Gp_1(k)

Gpx) = Gp 2 Gy 3()® .. G_ ()

Gp—l(x) k=1 Gp—l(x + k)
and the recurrence formula
X
InG,(x) = —(x—1o[DInoG,_1] ~|—/ XDInGp_1(t)dt.
1
For example, one can show that
1 1 x—1
InGs(x) = — g x(x —1D@2x —5) + A x(x —2)In27) + (5 ) InT'(x)
1
- 2(2x =3 Y_2(x) + ¥-3(x) — x Y_3(1).

This latter formula can also be established using the characterization of G3 as a
3-convex solution to the equation A f(x) = In G2 (x).

12.2 The Regularized Incomplete Gamma Function

Consider the 2-variable function Q(x, s) = I'(x, s)/'(x) on RZ, where I'(x, s) is
the upper incomplete gamma function. Thus defined, the function Q(x, s) satisfies
the difference equation

e—SsX

Ox +1,5) = Q(x,s) = P +1)°

For any s > 0, we define the function g;: R4 — R by

—§ X

e s

gs(x) = F()C—‘rl)
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This function lies in C** ND~' N> and has the property that £ g (x) = Q(x, s) —
e~ . We also note that the Eulerian form of Q(x, s) is

oo —5.x o0
e s F'x+1) k
) =1-— (x+k) = 1-—
Qlx. s) ];)g‘(H ) F(x+1)];)F(x+k+1)s
=1- st ix_ksk,
C(x+1)

k=0

where x ¥ =T'(x +1)/T'(x + k + 1) forany k € N.

12.3 The Error Function

Recall that the Gauss error function erf(x) is defined by the equation
2 X
erf(x) = / e di for x > 0.
v Jo

To study this function, we could for instance work with the function g(x) =
Aerf(x). Instead, let us consider the function g: R4 — R defined by the equation

2
* for x > 0.

(x) = >
glx _Jne

It clearly lies in C° N D! N K. Thus, the Eulerian form of g is given by the
identity

o]

2 _ 2 _ 2
Tg(x) = y D (e KD — by
k=0

The generalized Stirling formula yields the following limit

2 (o)
erf(x) + Ze_(k+x)2 —- 1 as x — 0.
T k=0

Incidentally, the analogue of Legendre’s duplication formula provides the surprising
identity

o0
Z(E—(Hl)z e 3P T ke y)? =D =)

k=0
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12.4 The Exponential Integral
Recall that the exponential integral £ (x) is defined by the equation
] e*l‘
Ei(x) = / , dt for x > 0.
X

Similarly to the previous example, let us consider the function g: Ry — R defined
by the equation

gx) = ¢ for x > 0.
X

It lies in C*° ND~! N K. Thus, the Eulerian form of X g is given by the identity

0 —(k+1) —(k+x)
e e
xgl) = ;( k+1  k+x )

The generalized Stirling formula easily provides the following convergence result

ief(kﬂ)
Ei(x) — — 0 as x — o0.
P k+x

Moreover, the analogue of Raabe’s formula is

x+1
f Ye)dt = 1—In(e—1)— E1(x), x> 0.

12.5 The Hyperfactorial Function

The hyperfactorial function (or K -function) is the function K : Ry — R defined
by the equation In K = g, where the function g(x) = x Inx lies in C*ND>NK>®.
Since we also have

g(x) = x+ Ay a(x) —¥2(D),
we immediately derive (see also Example 8.21)

MK(x) = £g@) = () +v¥2() —xy2(1) = (x = DInT(x) — InGx).
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Actually, g also corresponds to the special case when (s,q) = (—1,1) of the
function g, , investigated in Sect. 10.8. Thus, we also have

Bg(x) = ¢'(=1,%) = ¢'(=D),

where ¢'(—1) = 112 — In A. Finally, we note that the integer sequence n — K (n) is

the sequence A002109 in the OEIS [90].

12.6 The Hurwitz-Lerch Transcendent

The Hurwitz-Lerch transcendent ®(z, s, a) is a generalization of the Hurwitz zeta
function defined as an analytic continuation of the series

o
Z Z~ (a+k)~*
k=0

when |z] < 1 and a € C\ (—N) (see, e.g., Srivastava and Choi [93, p. 194]). It
satisfies the difference equation

&Gz, s,a+ 1) —z '@, 5,a) = —z 'a".
It follows that the modified function
D(z,5,a) = —79P(z,5,a)
satisfies the difference equation
D(z,5,a+ 1) — P(z,5,a) = %a".

Thus, for certain real values of z and s, the restriction to Ry of the map a +—
®(z, s, a) fits the assumptions of our theory. Its investigation is left to the reader.

12.7 The Bernoulli Polynomials

Recall that, for any n € N, the nth degree Bernoulli polynomial B, (x) is defined by
the equation

n

By(x) = Y (}) Biix*  forxeR,
k=0
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where By is the kth Bernoulli number. This polynomial satisfies the difference
equation

By(x+1) — By(x) = nx""L.

Thus, the function g, : Ry — R defined by the equation g, (x) = nx"~! forx > 0
lies in C*° N D" N K and has the property that

2gn(x) = Buy(x) — By(1),
that is, in view of (10.16)
Ygn(x) = nt(1—n) —nc(l —n,x), n € N*,

Thus, the nth degree Bernoulli polynomial can be characterized as follows.

All solutions f,: Ry — R to the equation f,(x +1) — f,(x) =n "~ that lie in K" are
of the form f,(x) = ¢, + By (x), where ¢, € R.

Using the generalized Webster functional equation (Theorem 8.71), we can also
easily characterize the nth degree Euler polynomial E, (x), which is defined by the

equation
on+l x+1 X
E@ =" (Bn+1< ; )—Bnﬂ(z)).

We then obtain the following statement.

All solutions f,: Ry — R to the equation f,(x + 1) + f,(x) = 2x" that lie in K" are of
the form f,(x) = ¢, + E, (x), where ¢, € R.

Finally, we also easily retrieve the multiplication formula:

m—1 .

X+ 1
ZBn< J) — B@ x>0
N m m

12.8 The Bernoulli Polynomials of the Second Kind

For any n € N, the nth degree Bernoulli polynomial of the second kind is defined
by the equation

x+1
Un(x) = / ("Ydr  forx > 0.
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In particular, we have ¥,,(0) = G,. Also, these polynomials satisfy the difference
equation

Uni1(x + 1) = Y1 (x) = ¥ (x).

Thus, the function g, : Ry — R defined by the equation g,(x) = ¥, (x) forx > 0
lies in C*° N D"*! N KC* and has the property that

Xgn(x) = Yny1(x) = Yup1 (D).

Thus, the Bernoulli polynomials of the second kind can be characterized as follows.

All solutions f,: Ry — R to the equation f,(x + 1) — f,(x) = ¥, (x) that lie in Kt are
of the form f,(x) = ¢y + Yny1(x), where ¢, € R.
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Chapter 13 )
Conclusion et

Krull-Webster’s theory offered an elegant extension of Bohr-Mollerup’s theorem
and has proved to be a very nice and useful contribution to the resolution of the
difference equation A f = g on the real half-line R ;. In this book, we have provided
a significant generalization of Krull-Webster’s theory by considerably relaxing
the asymptotic condition imposed on the function g, and we have demonstrated
through various examples how this generalization provides a unified framework to
investigate the properties of many functions. This framework has indeed enabled us
to derive several general formulas that now constitute a powerful toolbox and even
a genuine Swiss Army knife to investigate a large variety of functions.

The key point of this generalization was the discovery of expression (1.4)
for the sequence n +— f/[g](x) for any p € N. We also observe that our
uniqueness and existence results strongly rely on Lemma 2.7 together with identities
(3.3) and (3.8). These results actually constitute the common core and even the
fundamental cornerstone of all the subsequent formulas that we derived in this
book. For instance, the generalized Stirling formula (6.21) has been obtained almost
miraculously by merely integrating both sides of the inequality given in Lemma 2.7
(see Remark 6.16). Similarly, Gregory’s summation formula (6.33) has been derived
instantly by integrating both sides of identity (3.8), and we have shown how its
remainder can be controlled using Lemma 2.7 again.

Our results clearly shed light on the way many of the classical special functions,
such as the polygamma functions and the higher order derivatives of the Hurwitz
zeta function, can be systematically studied, sometimes by deriving identities and
formulas almost mechanically.

Beyond this systematization aspect, our theory has enabled us to introduce
a number of new important and useful objects. For instance, the map X itself
is a new concept that appears to be as fundamental as the basic antiderivative
operation (cf. Definition 5.4). Both concepts are actually strongly related through,
e.g., Propositions 6.19, 6.20, and 8.18. Other concepts such as the asymptotic
constant and the generalized Binet function also appear to be new fundamental
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objects that merit further study. For instance, it is remarkable that the asymptotic
constant appears not only in the generalized Stirling formula (Theorem 6.13), but
also in many other important formulas, such as the generalized Euler constant
(Proposition 6.36), the Weierstrassian form (Theorem 8.7), the analogue of Raabe’s
formula (Proposition 8.18), the analogue of Gauss’ multiplication formula (Propo-
sition 8.28), the asymptotic expansion (Proposition 8.36), and the generalized Liu
formula (Proposition 8.42).

Our work has also revealed how important and natural are the higher order
convexity properties. Although these properties seem to be still poorly used in math-
ematical analysis, they actually constitute an essential and highly useful ingredient
in the development of our theory and therefore also merit further investigation (see,
e.g., Proposition 4.14 and Remark 4.15).

In conclusion, the results that we have obtained as well as the new concepts that
we have introduced and explored show that this area of investigation is very rich and
intriguing. We have just skimmed the surface, and there are a lot of questions that
emerge naturally. We now list some below.

* Find a simple characterization of the domain of the map X (see Proposition 5.21
and Conjecture 5.23).

* Find necessary and sufficient conditions on the function g to ensure both the
uniqueness and existence of solutions lying in [C? to the equation Af = g (cf.
Webster’s question in Appendix C).

* Find a natural extension of the map X to a larger domain, e.g., a real linear space
of functions that would include not only the current admissible functions but also
every function that has an exponential growth.

* Find a general method to determine a simple or compact expression for the
asymptotic constant o[g] associated with any function g lying in C° N dom(X)
(cf. our discussion in Sect. 8.5).

* Find general methods to determine analogues of Euler’s reflection formula (cf.
our discussion on Herglotz’s trick in Sect. 8.9) and Gauss’ digamma theorem for
any multiple log I'-type function.

* Find necessary and sufficient conditions on the function g for the function Xg to
be of class C* or even real analytic.

* Find an extension of our theory to functions of a complex variable. On this
issue, it is noteworthy that a very nice “complex” counterpart of Bohr-Mollerup’s
characterization of the gamma function was established by Wielandt (see, e.g.,
Srinivasan [92] and Srivastava and Choi [93, p. 12] and the references therein).

* Find an extension of our theory by replacing the equation A f = g with the more
general first-order linear difference equation

Ja+D—afx) = gh),

where a is a given constant. Consider also linear difference equations of any
order. Partial results along this line can be found, e.g., in John [49, Theorem C].
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Appendix A
Higher Order Convexity Properties

We establish a number of basic facts about higher order convexity and concavity
properties with the aim of proving Lemma 2.6.

Lemma 2.6 is a fundamental element of our theory. It can be derived from more
general results established by Kuczma [61, Chapter 15]. However, this derivation
is not immediate and actually requires considerable attention. In this appendix, we
prove Lemma 2.6 almost from scratch and using elementary means only.

Let I be an arbitrary nonempty open real interval. We first observe that for any
functions f, g: I — R and any system xp < x; < --- < x, of n + 1 points in /,
we have

(f + 9lxo, x1, ..., x4] = flxo, x1,...,x,]+ glxo, X1, ..., x4].

Moreover, for any ¢ € R, if the function h: I — ¢ — R is defined by the equation
h(x) = f(x +c) forx € I —c, then

hlxo, x1, ..., %] = flxo+c,x1+c¢,...,xn +cl.

These properties are immediate consequences of identity (2.4).
We now present a proposition and an immediate corollary. Let Apy) denote the
forward difference operator with step 4.

Proposition A.1 Foranyn € N, any system xo < x1 < --- < X, of n + 1 points in
I, any function f: 1 — R, and any h € R\ {0} such that xo + h,x, + h € I, we
have

1 n
h(Alh]f)[Xvalv---vxn] = Zf[-x07-~-sxkv-xk+hv-'-7-x}’l+h]-
k=0
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Proof Using a telescoping sum, we obtain

1 1
h(A[th)[xvalm-wxn] = (flxo+h,x1+h,..., x5 +h]— flxo, x1,...,%4])

1 n

=, D (FLx0s o Xp R Xt + B X+ B
k=0
— fIX0, oo Xk, Xkg1 + I, oo X+ R]).
We then conclude the proof using the recurrence relation (2.3). O

Corollary A.2 Let f lie in lCi(I) for some p € N andlet h € R\ {0}. If the
function }l An f is defined on I, then it lies in lCi_l D).

We can now readily see that Lemma 2.6(b) is an immediate consequence of
Corollary A.2 (just take & = 1).

The next result establishes Lemma 2.6(c). Let us first observe that a pointwise
limit of functions lying in ICi(I ) also lies in IC_’;(I). This fact can be proved
straightforwardly using identity (2.4).

Corollary A.3 If f: I — R is differentiable and lies in ICi (I) for some p € N,
then the derivative f' lies in lCi_l ).

Proof 1ltis clear that the derivative f” is the pointwise limit of the sequence n — f;,
where, for each n € N*, the function f,, : I — R is defined by the equation

fo = nApymf  forn e N*.

We then conclude the proof using Corollary A.2. O

We now have the following corollary, which follows from Proposition 2.1. It
immediately establishes Lemma 2.6(d).

Corollary A4 If f: I — R is differentiable and f' lies in le:l(I) for some
p €N, then f liesin ICi(I).

Proof This result is an immediate consequence of Proposition 2.1 (just use identity
2. 7)ywithn = p +1). ]

It remains to establish Lemma 2.6(a). To this end, we present the following
technical lemma, which provides a test for differentiability of real functions on 1.

Lemma A.5 Letn € N, leta, x1, ..., x, be n+ 1 pairwise distinct points in I and
let f: I — R If the limit

I}ig})f[a,aﬂLh,m,---,xn]

exists and is finite, then f is differentiable at a.
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Proof This result can be easily proved by induction on n using the recurrence
relation (2.3). To simplify the computations, let us consider the first two cases only.
For n = 0, we have trivially

. L fat+h) = f@
fim flaa+) = jim T

and f is clearly differentiable at a if this limit exists and is finite. For n = 1, we get

f[avxl]_f[asa+h]

x1—a—nh

fla,a+h,x1] =
and hence
lim fla,a+h] = fla,x1] — lim(x; —a —h) fla,a + h, x1]
h—0 h—0
and this limit is finite if so is the right-hand limit. The induction process is now
clear. O

We now have the following proposition.

Proposition A.6 If f lies in ICi (I) for some integer p > 2, then f is differentiable
onl.

Proof Leta € I and let J be a compact subinterval of / whose interior contains a.
Let Z, 41 denote the set of tuples of / P+1 whose components are pairwise distinct.
By Lemma 2.5, the restriction of the map

(205 ---»2p) = flzo, ..., 2p]

to Z41 is increasing in each place, hence this map is boundedonZ, 1 N J pH1
Letxq,...,xp_2 be p — 2 pairwise distinct points in J, and distinct from a, and
let 1, hy be sufficiently small distinct nonzero real numbers such thata+h1, a+ha
lie in J. Using (2.3), we get
fla,a+hy,a+hy, x1,...,xp 2]
_ f[a7a+h21x17"'1xp72] - f[a7a+h11x11 ...,.foz]
N hy — hy

Thus, there exists C; > 0 such that

|fla,a+hy, x1,....xp—2]— fla,a+hi,x1,....,xp-2l| < Cylhy—hl.
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It follows that for any sequence n +— h,, converging to zero, the sequence
n f[a1a+hn1x17"'1xp*2]

is a Cauchy sequence whose limit does not depend on the sequence n +— h,.
Therefore, the limit

f}in%)f[a,aﬂLh,xl,---,xp—z]

exists and is finite. By Lemma A.5, f is differentiable at a. m]
We are now in a position to prove Lemma 2.6(a).
Proposition A.7 If f lies in ICfrl(I) for some p € N, then f lies in CP(I).

Proof We proceed by induction on p. The case when p = 0 is folklore and can
be found, e.g., in Artin [11, Theorem 1.5]. Suppose that the result holds for some
p € N and let us show that it still holds for p + 1. Let f lie in ICTFZ(I ). By

Proposition A.6 and Corollary A.3, f is differentiable on I and f” lies in ICiH ).
Using our induction hypothesis, we see that f’ lies in C”(I), and hence f lies in
crti(n. O

Let us end this study with an interesting generalization of Lemma 2.5. It is an
immediate corollary of the following proposition.

Proposition A.8 Letn,m € N, let xq, ..., Xp—1, Y0, - - - » Ym be n +m + 1 pairwise
distinct pointsin I, let f: I — R, andlet g: I\ {xo, ..., x,—1} = R be defined by
the equation

gx) = fIxo,..., xn—1,x] Jorx e I'\ {xo,...,xp—1}.
Then we have
glyo, ..o yml = flxo, ...  Xn—1, Y0, - s Ym]-
Proof This result can be easily proved by induction on m for any fixed value of n,

simply by using the recurrence relation (2.3). To simplify the computations, let us
consider the first two cases only. For m = 0, we have trivially

glyol = g(vo) = flxo, ..., xn—1, Yol
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For m = 1, we have

_ 800 =800 _ flxo, ... X1, 11 = flx0, .-, Xn—1, Yo

glyo, y11 =
Yr—>Yo y1—>Yo
= f[-x()a LR ] -xn—la yOa yl]-
The induction process is now obvious. O

Corollary A.9 Let j, p € N, with j < p, and let Zj denote the set of tuples of
17+ whose components are pairwise distinct. A function f: 1 — R lies in lCi )
if and only if the restriction of the map

(zo, ..., 2j) = flzo,...,z)]

toZjy1 is (p — j)-convex in each place.



Appendix B
On Krull-Webster’s Asymptotic
Condition

We show that our uniqueness and existence results fully generalize a recent attempt
by Rassias and Trif [86] to solve the particular case when p = 2.

Recall that the original asymptotic condition imposed by Krull and Webster on
the function g is that, for each x > 0,

gx+1t)—gt) - 0 ast — 00;

see Eq. (1.2). Using our notation, this means that the function g lies in R]i.
Geometrically, this condition also means that the chord to the graph of g on any fixed
length interval has an asymptotic zero slope. Only fixed length intervals whose left
endpoints are integers are to be considered if the condition reduces to requiring that
g € RII\I The restriction of our uniqueness and existence results to the case when
p = 1 shows that this condition can actually be relaxed into g € D!, which means
that the chord to the graph of g on any interval of the form [r,n 4+ 1], n € N*, has
an asymptotic zero slope. The function g(x) = Inx is a typical example that shows,
just as does every function whose derivative vanishes at infinity, that those functions
need not behave asymptotically like constant functions.

It remains, however, that Krull-Webster’s asymptotic condition is rather restric-
tive. As already mentioned in Chap. 1, this condition is not satisfied by the functions
g(x) = xInx and g(x) = InI'(x). To overcome this restriction, Rassias and Trif
[86] proposed a modification of Webster’s results by considering solutions lying in
/C? and replacing the asymptotic condition with a more appropriate one. Specifically,
they considered any function g: Ry — R for which there exists a number a > 0
such that

tlirn gx+1t)—g@t) —xInt = xlna, for all x > 0. (B.1)
— 00
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It turns out that both functions g(x) = xInx and g(x) = InI'(x) satisfy this
alternative condition. However, the identity function g(x) = x does not.

Let us now show that our asymptotic condition that g € DHZQ generalizes not only
Rassias and Trif’s (B.1) but also many other similar conditions.

Proposition B.1 Let ¢: Ry — R and suppose that g: Ry — R has the property
that, for each x > 0,

gx+1)—gt) —xep) - 0 ast — oo.
Then g lies in 'RHZQ C Df&. In particular, ’RHZQ contains all the functions that satisfy
Rassias and Trif ’s condition.
Proof Foranyt > 0andany g: Ry — R, define the function p/[g]: [0, c0) — R
by the equation

P;p[g](x) = glx+1t)—gt)—xe@) for x > 0.

Let also Rﬁ be the set of functions g: Ry — R with the property that, for each
x>0, p;p [¢](x) = O ast — oco. Then we immediately see that

p71glx) = pflglx) — xpfTgl(D),
which shows that Rﬁ - R]%. Now, if g satisfies Rassias and Trif’s condition, then
it lies in the set Uy oR%, where ¢q(x) = In(ax), and hence it also lies in RH%. a
Proposition B.1 can be generalized to Rﬁ for any value of p > 2 as follows.

Proposition B.2 Let p > 2 be an integer, let ¢y, ..., ¢p—1: Ry — R, and suppose
that g: Ry — R has the property that, for each x > 0,

p—1
g(x—i—t)—g(t)—Z(’]‘.)(pj(t) - 0 ast — oo.
j=1

Then g lies in 'Rﬁ C Dfé.
Proof Foranyt > 0andany g: Ry — R, define the function pt"’ [g]: [0, 00) - R
by the equation

p—1
plIgIx) = g+ =g =Y (5) e

j=1
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Define also the functions w;p’l[g], o ,‘"’p[g]: [0, 00) — R recursively by the

equations 1//?’1 [g] = /O;p [¢] and

e = Pl = () vl =1 p— 1
Then, it is not difficult to see that
. =t
Pl = pflelx) = Y ()(A'g() — pi(1)

i=1

and hence ¥’[g] = p/[g]. Thus, if the function g: Ry — R has the property
that, for each x > 0, ,o,"’ [g](x) = Oast — oo, then it lies in Ru’%' m|



Appendix C
On a Question Raised by Webster

We discuss conditions on the function g to ensure both the uniqueness (up to an
additive constant) and existence of solutions to the equation Af = g that lie in ICP.

A natural question raised by Webster [98, p. 606], and that we now extend to any
value of p € N, is the following.
Find necessary and sufficient conditions on the function g: Ry — R to ensure both the

uniqueness (up to an additive constant) and existence of solutions lying in ICK (resp. KP)
to the equation Af = g.

Lemma 2.6(b) shows that a necessary condition for this to occur is that g € IC_’?:I

(resp. g € KV _1). Also, our uniqueness and existence results show that a sufficient
condition is that g € DPNK” (resp. g € DPNKL). Itis tempting to believe that this
latter condition is also necessary. The following two examples support this idea.

(a) Both functions
InC(x) and InT(x)+1In (1 +! sin(27tx))

are solutions to the equation Af = g that lie in K9, where g(x) = Inx does
not lie in P° U K2 (see Example 3.2).
(b) Both functions

2% and 2% 4 sin(2m x)

are solutions to the equation Af = g that lie in ICi for any p € N, where
g(x) = 2% does not lie in D” U 7.

Nevertheless, the following proposition shows that in general the condition above is
not necessary.
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Proposition C.1 There exists a function f € C° N K such that

(a) Af does not lie in D° U K°, and
(b) for any function ¢ € K° satisfying Ap = Af we have that f — ¢ is constant.

Proof Let f € ICS)r be the function whose graph is the polygonal line through the
points (4n, 4n) and (4n+2,4n+4) forall n € N. Thus the sequence n > Af(n) is
the 4-periodic sequence 2, 0, 0, 2, 2,0, 0, 2, . . . and hence condition (a) holds. Now,
let ¢ € K% be such that Ap = Af. Clearly, we must have ¢ € ICS)F. For the sake
of a contradiction, suppose that the 1-periodic function @ = f — ¢ is not constant.
That is, there exist 0 < x < y < 1 such that w(x) # w(y). There are two exclusive
cases to consider.

(a) Suppose that w(x) < w(y). For large integer n, we then have

0 < p(y+4n+2)—px+4n+2) = o) —w(@y) < 0.
(b) Suppose that w(x) > w(y). For large integer n, we then have

0 < px+4n+3)—p(y+4n+2) = 0(y) —okx) < 0.

In both cases we reach a contradiction, and hence condition (b) holds. |

We note that the function f arising from Proposition C.1 is such that g = Af
does not lie in D°UK?. The following proposition shows that if the equation Af = g
has a unique solution (up to an additive constant) and if g € K? for some p € N,
then necessarily g € DP N P (see also Corollary 4.18).

Proposition C.2 Let g: Ry — R and p € N, and suppose that the sequence
n +— APg(n) is eventually decreasing. Suppose also that there exists a unique (up
to an additive constant) function f € lCi satisfying the equation Af = g. Then g
lies in D{{I.

Proof For the sake of a contradiction, suppose that the assumptions are satisfied
and that the sequence n — APg(n) does not approach zero. Since this sequence is
eventually nonnegative (because we eventually have A”g = APT! £ > 0), it must
converge to a value C > 0. It follows that the function g(x) = g(x) — C(;) lies in

DP N K" and hence X g lies in ICi. Now, for any 0 < 7 < C/(2m)P, the functions

£ =280 +C(,1),

px) = Xgx) + C(pjl) + 7sin(27x),
lie in IC_’;r by Lemma 2.6(d); indeed, we have

DP“(c(pjl)Jrrsin(znx)) > C—12n)" > 0.
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Moreover, these functions are solutions to the equation Af = g and satisfy ¢ (1) =
f(1). This contradicts the uniqueness assumption. O

Remark C.3 We observe that if f and ¢ are solutions to Af = g, then for any
x > 0 and any p € N*, we have A? f(x) > 0if and only if A”¢p(x) > 0. Indeed,
suppose on the contrary that A? f(x) > 0 and A?¢(x) < 0 for some x > 0. Then

0 < APf(x) = AP lg(x) = APp(x) < 0,

a contradiction. O

Thus, Webster’s question still remains a very interesting open problem whose
solution would certainly shed light on the theory developed in this book.

Regarding uniqueness issues only, the following two results (John [49]) are also
worth mentioning. Generalizations of these results to higher convexity properties
would be welcome.

Proposition C.4 (See [49]) Let g: Ry — R have the property that

inf g(x) = 0.

XER+

Then there is at most one (up to an additive constant) solution f to the equation
Af = g that is increasing.
Proposition C.5 (See [49]) Let g: Ry — R have the property that

limint $®) =

X—>00 X

0.

Then there is at most one (up to an additive constant) solution f to the equation
Af = g that is convex.



Appendix D
Asymptotic Behaviors and Bracketing

We show that by considering higher and higher values of p in Corollary 6.12 we
obtain closer and closer bounds for the generalized Binet function JPT'[Zg].

We have seen in Example 6.15 that the inequalities

1\ "2 T'(x) 1\ 2
1+ < < 1+
X V2w e * x¥ 72 X

hold for any x > 0 and that tighter inequalities can also be obtained by using
different values of the integer p > 1 in Corollary 6.12. In this appendix we show
that and how this feature applies in general to multiple log I'-type functions.

Let g lie in C° N'D? N KP, where p = 1 + deg p. By Corollary 6.12, for any
x > 0 such that g is p-convex or p-concave on [x, 00) we have the inequalities

~Gp|ATg)| = JPT[Zelx) < GplArg()].
Let us now show how tighter inequalities can be obtained. For any r € N,

define the functions o, [Xg]: R+ — R and B,[Xg]: Ry — R respectively by
the equations

p+r
ar[2g](x) = =G pir [APVg(0)| = DY GATg(n),
j=p+1
p+r
BrIEgl(x) = Gpir [AP g(0)| = D GATg(x),
j=p+1
for x > 0.
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We immediately see that the equality

ar[Xglx) = Br[Xgl(x)

holds if and only if AP*"g(x) = 0. Moreover, by Corollary 6.12, if g € KP*" and
if x > 0 1is so that g is (p + r)-convex or (p + r)-concave on [x, 00), then the
following inequalities hold:

a[Zgl(x) < JPT[Zgl(x) < BTglx).

The following proposition shows that these inequalities get tighter and tighter as the
value of r increases.
Proposition D.1 Lez g lie in CO N DP N KPT+L for some r € N, where p =
1 +degg. Let x > 0 be so that g|x, ) lies in

KPP ([x, 00)) N KPH ([, 00)).
Then, we have

or[Eg]1(x) = arp1[Egl(x) = Brai[Eglx) = Br[Xglx).

These inequalities are strict if APT g(x +1) #£ 0.

Proof We already know that the central inequality holds. Now, using Corol-
lary 4.19, we can assume that g is (p + r)-convex and (p + r + 1)-concave on
[x, 00); the other case can be dealt with similarly. By Lemma 2.5, it follows that
APt g < 0 and AP *lg > 0 on [x, 00). Let us show that the first inequality
holds; the third one can be established similarly.

We have two exclusive cases to consider.

* If Gpyrt1 <0, then
Ar e, [28)x) = =G pirir (A7l g(x) + AP (1) )
= —Gpirs1APTg(x + 1).
o If Gp+r+1 > 0, then
Ar @ [Zg1) = =G pir APV gGAD+G i (A7 Hg() — APHg(x) ).

In both cases, we can see that A, o, [Xg](x) > 0. Moreover, we have A, o[ X2 g](x)
> 0if AP g(x +1) #£0. i
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It is natural to wonder how the inequalities in Proposition D.1 behave as
r —n 00. The following proposition, which is a reformulation of Proposition 8.11,
answers this question and provides a series representation for J7+![Zg].

Proposition D.2 Let g lie in C°N'DP N K>, where p = 1 +degg. Let x > 0 be so
that for every integer q > p the function g is q-convex or q-concave on [x, 00).
Suppose also that the sequence q + A9g(x) is bounded. Then the following
assertions hold.

(a) The sequence q — By[Xgl(x) — ag[Xgl(x) converges to zero.
(b) The sequence n — G, A"~ 'g(x) is summable.
(c) We have

x o
Tg() = a[g]+/ gndr — > G g ().
1 o
Equivalently,

IS = — ) GiATTg(n).
J=p+l1



Appendix E
Generalized Webster’s Inequality

Webster [98] provided bounds for ,ofH [Xg](a) in the special case when p = 1. We
generalize Webster’s bounds to any integer p € N and use integration to provide
new bounds for JPY[Zg](x) that are tighter than those given in Theorem 6.11.

As we mentioned in Sect. 6.4, one can show that if g lies in D' N ! and if
x > 0 and a > 0 are so that g is concave on [x + a, 00), then the following double
inequality holds

la]
Y g +k)+(a) = Dglx+a) —agkx) < pi[Zgla)
k=0

la]

<Y gx+k—gr+a)+{a)glx+ lal + 1) —ag).
k=0

This result was proved in the multiplicative notation by Webster [98, Eq. (6.4)] to
establish the limit (6.4) in the case when p = 1. In the following proposition, we
generalize this inequality to any value of p € N. We call it the generalized Webster
inequality.

Proposition E.1 (Generalized Webster’s Inequality) Ler f: Ry — R and
g: Ry — R be functions such that Af = gonR,. Letalsox > 0 anda > 0. The
following assertions hold.
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(a) If f is monotone on [x + a, o0), then

la)
0 = & (p/I@+gx+a@) =Y g +h) = & g+ lal+1),
k=0

where £ stands for 1 or —1 according to whether f lies in IC(J)r or KY.
(b) If f is p-convex or p-concave on [x + a, 00) for some p € N*, then

0 < xeppia)) plfl, [ f1dad
< xepti1({ad) {Z} Pf+|_aj+1[g]({a} -1,

where ep11({a}) = 0, ifa € N, and ¢p1({a}) = (=1)P, otherwise, and +
stands for 1 or —1 according to whether f lies in ICi or K. Moreover, we
have

Pl lf1dah = 1@ + 8(x +a)
La]

+Z( (‘) )Aj—lg(x) Z (‘) D> Algx + k).

j=0 k=0

Proof Let us first prove assertion (a). Using monotonicity of f, we get
Tfx+lal+D = £ fx+a+D) = £ f(x+a] +2),
or equivalently, using (3.2),

la)
L(f0+ Y g0 +8) = £(f0x+a) +g0x+a)

k=0
lal+1

H(fo+ Y ge+h).
k=0

This proves assertion (a). Let us now prove assertion (b). The first inequality
immediately follows from Lemma 2.7. To see that the second inequality holds, we
first observe that
(@™ flx+la)+1,....x+lal+ p,x+a,x +a+1]
= (fa}—p){a}? flx+lal+1....,x+ la] + p.x +a+ 1]
—{a}{a} = DP flx+ lal +1,....x + la] + p.x +a]l  (by(2.3)
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= ({a) = p) Py 0 1L F1Ua)) = {a} pl i [F1a} = 1) (by (2.12))
= {a} p!'} |y il81ay = 1) = p oL, i f1ah)  (by (4.3)
= (@} pf, oy il€lday = 1) = p(U) AP f(x + la] + D)
— PPyl f1da) by (1.7)
= {a} !, oy il8)Ga} = 1) = p plT 1 F1dah)  (by (1.7))
Now, since f is p-convex or p-concave on [x + a, 00), we have
0 < +epmfaD @™ flx+lal+1,....,x + la] + p,x +a,x +a+1],

and hence
0 < + {a} p p+1
<+ epnlad (U7 Pl nlelia) = = ol 1da) ).
This proves the second inequality. Finally, using (1.7) and then (3.2) we obtain
1 1
Pl ol £1dah) = o T 1 f (@)

= fx+atl)— Z({“})A/f(x—i-LaJ—i—l)—f(x—i—a)—i—Z ) AV f(x)

j=0 j=0
p la)
=g+ + Y ()= (D) alre - Z (DY Algx + k.
j=1 j=0 k=0
This completes the proof. O

The generalized Webster inequality applies to multiple log I'-type functions
simply by taking f = Xg in Proposition E.1, provided that g lies in D? N K? for
some p € N. This inequality then provides bounds for the quantity pf + [Zgl(a).

We now show how narrow bounds for J?*![Zg](x) can be derived by “inte-
grating” the generalized Webster inequality. We also show that these new bounds
are narrower than the generalized Stirling’s formula-based inequalities given in
Theorem 6.11 and Corollary 6.12.

Let us begin with the special case when p = 0. Thus, let g lie in C°ND°NK° and
let x > 0 be so that g is monotone on [x, 00). Corollary 6.12 provides the following
bounds for J'[Zg](x)

—lg)| < J'[Bglx) < lgx)l.
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The following proposition provides a finer approximation of J![Zg](x), where the
absolute error is bounded at x by |g(x + 1)|.

Proposition E.2 Let g lie in C° N'D° N K° and let x > 0 be so that g is monotone
on [x, 00). Then we have

1
0< i(;;(X)—/ g(ert)dt) < + (- J'[Zglx)
0
1
Si<g(X)+g(X+l)—/ g(X+t)dt) < z£g),
0

where £ stands for 1 or —1 according to whether X g lies in /Cg or K.

Proof Negating g is necessary, we can assume that it lies in X2, which means
that X g lies in ICS)F. This immediately establishes the first and the last inequalities.
The two inner inequalities can then be obtained by integrating the expressions in
assertion (a) of Proposition E.1 ona € (0, 1). |

Example E.3 Let us apply Proposition E.2 to g(x) = )1( For any x > 0, we have
the following inequalities

1 1 1 1
Inx— < Inx+1)-— -— < yYyx) < nx+1)— < Inx.
X x x+1 X

The inner approximation has an absolute error that is bounded at any x > 0 by the
quantity lerl' O

Let us now assume that p > 1. Thus, let g lie in C® N D? N KP for some p € N*
and let x > O be so that g is p-convex or p-concave on [x, co). Then we have seen
in Theorem 6.11 that the following inequalities hold

0 < £(=DPIPT[Zgl(x) < £ (=P BPg](x),

where = stands for 1 or —1 according to whether g lies in ICi orin K”, and
1
BP[g](x) = / () A g+ 1) — AP g (x)) di
0

1
=/ () AP g(x + 0ydt — (=P G AP g (x).
0
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In the following proposition, we give finer bounds for J?*![£g](x). To this end,
we introduce the quantity

1 1
AP[gl(x) = JPT[g](x) + tpl gl — 1)dt.
P Jo

It is not difficult to see that this quantity can be rewritten as follows

1! 1 & :
AP[gl(x) = JPT[g](x) + p/ tgr+ndi— Y iG A g+ 1).
0 i

Indeed, using (1.7) we clearly have

1 1 p=1l .
/Otpf+1[g](t—l)dt = /O tg(x—l—t)dt—Z/O t(t;l)th/g(x—i—l)
j=0
where

1 1
fo 1(5h)dr = (j+1)/0 (ji)dt = G+DGjp

We also observe that Al[g] = Bl[g].
Proposition E.4 Let g lie in C° N'DP N KP for some p € N* and let x > 0 be so
that g is p-convex or p-concave on [x, o0). Then, we have
0 < (=DM TP g < £(=DPIPH [Zg1(x)
< =DM APgl) < £ (=D BP[gl(),

where £ stands for 1 or —1 according to whether g lies in ICﬁ orin KV .

Proof Recall thatif g lies in ICi (resp. K”), then g lies in KC” (resp. IC{;). The first
inequality is then clear. The second and third inequalities are obtained by integrating
the expressions in assertion (b) of Proposition E.1 on a € (0, 1). To establish the
fourth inequality, we first prove the following claim.

Claim Forany g € Ry — R, any p € N*,anyx > 0,and any 0 < ¢ < 1, we have

(AP gl 1) — AP e () + o Tglr) — ; pl L8t — 1)

-1
1 P
- ;P“Zg[x+j,...,x+p—1,x+t,...,x+t+j].

=l p — j places j + 1 places
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Proof of the Claim Using (1.7), it is easy to see that the claimed identity holds
when p = 1, in which case the right-hand side is identically zero. Hence, we can
assume that p > 2. Using (2.3), we then obtain

-1
1 P
thrlX:g[x+j,---,x~|—p—1,x~|—t,...,x—|—t+j]
j=1
1t”+ pl
= ) glx+j+1,....x+p—1Lx+1t,....x+1t+]]
/=1

—glx+j,....x+p—Lx+t,...,.x+1+j—1]),
where the latter sum telescopes to
glx+¢t,....x+t+p—1]1—glx+1,....x+p—1,x+1].
Thus, using (2.12) we see that the right-hand side of the claimed identity reduces to

() Arlge 40— p” Pl gl — 1)

Now, subtracting the left-hand side of the claimed identity from this latter expres-
sion, we get

p—

) o gl -1+ pm[ 16— 1) = pf gl + (1) AP g ().

Using identities (1.7), (3.5), and the trivial identity ; (;_—11) = (;), it follows that the
latter expression becomes

p—2
—(}) ar~! (x+1)+2 )A g(x) — Z(f;l) Alg(x + 1)+(’;1) AP lg(x).
j=0 j=0

Substituting g(x) + Ag(x) for g(x + 1) in this latter expression, we obtain

p—2
= () arem + () ATg)) + (( ) APg() +(,1 ) AP gl + Y (A <x))

j=0

=0 j=0

p—2 p—2
_ (Z (t;l)Ajg(x) + Z (tjl)Aj'Hg(x)) + (t;l) AP_Ig(x).



E Generalized Webster’s Inequality 307

Collecting terms, this latter expression reduces to

(,00) AP ()~ (’1A"1(x)+2( —(5) Alg)- Z”A’ )

p—2 p—1
= ( )Ap lg(x)‘i'z Ajg(x) Z(;:ll)A-’g(x) = 0.
Jj=1 j=1
This completes the proof of the claim. O

Let us now establish the fourth inequality. Negating g if necessary, we can
assume that it lies in KC”. Using the claim, we have immediately that

p=1 1 p+l

BP[gl(x)—AP[g](x) = E / » glx+j, ..., x+p—1,x+1, ..., x+t+j]dt,
; 0
Jj=1

where the divided difference of g has p 4+ 1 arguments and is therefore nonnegative
since g is (p — 1)-convex by Corollary 4.19. This completes the proof. O

Example E.5 (The Gamma Function) Let us apply Proposition E.4 to the function
g(x) = Inx with p = 1 (recall here that Al[g] = Bl[g]). We obtain the following
inequalities for x > 0

x 3

1 1 1 5 1
< 2(2x+1)ln<1+x)—1 < J = kD 1n(1+x>_2_4,

This provides an approximation of Binet’s function J (x) with an absolute error that
is bounded at any x > 0 by

le 1+1 x+1
n J—
2 X 2 4’

that is 812 + O(x73) as x — oo0. In the multiplicative notation, we obtain

’6x

. 1\*+2 I'(x) s 1 2D
I <e 1+ < , Set2Ta 1+ ,
X V2w e X x* 2 X

thus retrieving (6.28). In turn, these inequalities provide an approximation of the
log-gamma function with the same absolute error. O
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Example E.6 (The Barnes G-Function, see Sect. 10.5) Let us apply Proposition E.4
to the function g(x) = InT'(x) with p = 2. After some calculus we obtain the
following inequalities for x > 0

1 1 1 1
0<InT(x)+4+x— (x— 2)lnx— 1zln(l—i-x> - 21n(271)

1 1 1 1
—InGx)+yv_a2(x) — 2lnr‘()c)—i- 12lnx—i- 12 —4ln(271)—21nA

IA

IA

II/f ()+3lnF() 1(32+6 4)1n +3 2+1
_2(X X) — X X — X X X
2 "2 4 12 8 2

1 1
— 8(2x +3)InQ2w) — 5 InA
1 5 1 1 )
< x+DCx+5In{1+ — (12x° + 48x + 49).
12 X 72

59

144Oxz—i—O(x’3) as x — 00. %

Here, the absolute error is bounded by 1 éx —

Remark E.7 (Bounds for the Generalized Euler Constant) 1f g lies in C°N'DP N KCP
for p = 1 4 degg and if g is p-convex or p-concave on [1, c0), then (6.45) and
(6.46) provide bounds for the generalized Euler constant (see Definition 6.34)

vlgl = — JPHI[Zg1(D).

Finer bounds can now be obtained as follows. Under the assumptions of Proposi-
tion E.4, we have

+(=DPIP T gl) < £ (=1DPTylgl < £ (=DPAP[gl(D).

For instance, when g(x) = InI"(x), we obtain

7 1 7 1 3
1-— 12ln2— 2lny'r < y[lnol'l = o[lnol'] < g 2lnA— 81n(27t).

Thus, y[InoI'] &~ 0.045 lies in the interval [0.023,0.062], with amplitude <
0.039. O

Searching for Finer Approximations We now end this appendix with an interest-
ing observation about the approximations of J? H[2gl(x) (or equivalently X g(x))
given in Propositions E.2 and E.4.

For any p € Nand any g € C° N D? N K7, define the function e”[g]: Ry — R
by the equation

lg(x + DI, if p=0,

ePlgl(x) =
|AP[gl(x) — JPT [gl(x)l, ifp> 1.
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Let us show that, if g is p-convex or p-concave on [x, 00), then the function ”[g]
decreases to zero on [x, 00). This is clear if p = 0, so we can assume that p > 1. We
know from Theorem 6.11 that the function | B”[g]| vanishes at infinity, and hence
so does the function €”[g] by Proposition E.4. On the other hand, using (2.12) we
see that

1
ePgl(x) = ‘/ " P lgl — 1)
0o P

s

lthrl
= / glx+1,....,x+ p,x +t]dt
0o P

and this function is monotone by Lemma 2.5.

In terms of approximations of X g(x) given in Propositions E.2 and E.4, this
observation shows that, for any m € N, the approximation of Xg(x + m) is finer
than that of £g(x) and it is actually finer and finer as m increases.

Thus, finer approximations of Xg(x) can be obtained using the following
procedure.

Step 1. Replace x with x + m in Propositions E.2 and E.4.
Step 2. Use the substitution (cf. (5.3))

m—1

gx+m) = Dg(x)+ Y glx +k)
k=0

in the expression of JPT![Zg](x + m).

Note that we already used this trick when we investigated the generalized
Gautschi inequality (see Remark 8.69).

Example E.8 (The Gamma Function) Let m € N. Replacing x with x + m in the
following approximation of the gamma function (see Example E.5)

1\*+2 T'(x) . s 1) 20HD?
¢! <1+ ) < , S e2md <1+ ) .
X 2w e x¥ 72 X
and then using the substitution

F'x+m) = x+m—1D"T(x)
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we finally obtain

x+m+) N
o1 (1 4 1 ) - (x+m—1D"T(x) 1
X +m \/27.[ e=X=m (x + m)*tm2

o3 1 L tm+1)2
< 5 (1 + ) .
x+m

This double inequality provides an approximations of the log-gamma function with

an absolute error that is bounded by G(Xim) — 8(x41rm)2 +0(x 3 asx — oo. O



Appendix F
On the Differentiability of X g

We establish Proposition 7.3, which states that, for every p € N, there exists a
function g lying in CPY1 N'DP N KP for which g does not lie in CP+!.

To establish Proposition 7.3, we first show that it is enough to consider the special
case when p = 0. Suppose that there exists a function g: R, — R lying in C' N
DY N K0 such that g does not lie in C!. By Proposition 4.12, its antiderivative

G(x) = /x g(t)dt
1

clearly lies in C2 N D' N K. By Proposition 8.20, we also have
DXG(x) = Zg(x) —olgl, x > 0.

Since we assumed that g does not lie in C!, it follows that ©G cannot lie in C2.
Iterating this process, we obtain that the statement is true for any p € N.

We now construct a function g lying in C! N'D? N K (and even in C*°) and such
that the function g does not lie in C'.

Consider first the function ¥: R — R defined by

1 . 11
0, otherwise,

where
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312 F  On the Differentiability of X g
Thus defined, ¥ is a bump function that is of class C* with the compact support
supp(¥) = [—é, 1].
For every m € N*, define the function ¥,,: R — R by the equation
v, (x) = YVQ2"(x —m)) forx e R.

We clearly have that

supp(¥p) = [m — o hm 2,}“], (F.1)
/ Y (x)d ! d Wy, (m)
X X = s an m) = «o.
R, 2m "
Now, define the functions ¥: R, — Rand g: R, — Rby
o
U(x) = Z\Ifm(x).
m=1
and
X
¢ = —1+ [ waar
0

Then, we can easily see that the function g lies in C*° N DY N IC?H and hence the
function ¥g exists and lies in C° N D' N k0.
We now have the following claim, which establishes Proposition 7.3.

Claim For any m € N*, the function X g is not differentiable at m. More precisely,
we have

. Xgim+h)— Xg(m)
lim = —
h—0 h

Proof Since g lies in C* and satisfies the equation X g(x + 1) = X g(x) + g(x), it
is enough to prove the claim for m = 1. For any & > 0, we have

1 1 1 &
" (Zg(I+h)—Xg()) = " Yg(l+h) = — " Z(g(k +h) —gk))
k=1
= - slk k+h].

k=1
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Now, for any k € N* the function g is increasing and concave on [k, k + %) (because
. .. , - . . .

its derivative g |kt H = Wil et 1) 18 nonnegative and decreasing). We then see
that the function

h — glk,k+ h]

is nonnegative and continuously decreases (by Lemma 2.5) on [0, é) with maximum
value g[k, k] = g’'(k) = Wi (k) = a. It follows that, for any integers 1 < k < m,
there exists 0 < 8¢, < % such that

o

, < glkk+hl <o forallhe (. 8m).

Thus, for any m € N*, there exists

such that

Thus, we have

1 > =~ o
L Bg(thy) = = glk k] < =3 glkk+hnl < —m .
m k=1 k=1

which shows that the function X g cannot be right-differentiable at 1.
Now, since the function

1 o
hoe o, Bl h) = —l;g[k,k+h]

is increasing on [0, ;), we can easily see that
li ! Yg(l1+h)
im = —o00.
h—0t h &
Similarly, we obtain the same limit when 7 — 0~. m|

Thus, we have shown that X g is a continuous and decreasing function that is not
differentiable at each positive integer. Let us now establish the interesting fact that
Ygisofclass C*® on Ry \ N.

Claim The function X g is of class C*° on R} \ N.
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Proof Since g lies in C*° and satisfies the equation Xg(x+1) = T g(x)+g(x), itis
enough to show that g is of class C* on (0, 1), or equivalently, on every compact
interval [a, b], with0 <a < b < 1.

By the existence Theorem 3.6, the sequence n — f,?[g], with

n—1 n—1
L) = ) gk = glx +k),
k=1 k=0

converges uniformly to X£g on [a, b]. Let us now show that the sequence n
Df,[g], with

n—1

DfJIglx) = — ) W(x+kh),

k=0

converges uniformly on [a, b]. In view of identity (F.1), it is then clear that there
exists kg € N* for which

supp(Wy) N [a +k, b+ k] N supp(Wi4+1) = D for every k > k.

Thus, for any integer k > ko and any x € [a, b], we have W (x + k) = 0. Therefore,
we have

ko—1
DfYgI(x) = — Y W(x+k).  xela.bl n>k.
k=0

It follows that the sequence n +— D fno[g]l[a,b] is eventually constant and hence
uniformly convergent on [a, b]. Using the classical result on uniform convergence
and differentiation, we obtain that Xg is of class C " on [a, b]. An immediate
adaptation of this proof shows that X g is of class C* on [a, b]. O



Appendix G
Analogues of Properties of the Gamma
Function

* Analogue of Bohr-Mollerup’s theorem. Theorems 1.5 and 3.1
* Analogue of Burnside’s formula. Section 6.5

* Analogue of Euler’s infinite product (Eulerian form). Section 8.1
* Analogue of Euler’s reflection formula. Section 8.9

* Analogue of Euler’s series representation of y . Equation (7.4)
* Analogue of Fontana-Mascheroni’s series. Section 8.4

* Analogue of Gauss’ digamma theorem. Section 8.10

* Analogue of Gauss’ limit. Theorems 1.5 and 3.1

* Analogue of Gauss’ multiplication formula. Section 8.6

* Analogue of Gautschi’s inequality. Section 8.11

* Analogue of Legendre’s duplication formula. Section 8.6

* Analogue of Raabe’s formula. Section 8.5

* Analogue of Wallis’s product formula. Section 8.8

* Analogue of Weierstrass’ infinite product (Weierstrassian form). Section 8.2
* Generalized Binet’s function. Section 6.3

» Generalized Euler’s constant. Section 6.8

* Generalized Liu’s formula. Section 8.7

* Generalized Stirling’s constant. Definition 6.17

* Generalized Stirling’s formula. Sections 6.4 and 8.7

* Generalized Webster’s functional equation. Section 8.12

* Generalized Webster’s inequality. Appendix E

* Generalized Wendel’s inequality. Section 6.1
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