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Preface to ”Numerical Computation, Data Analysis

and Software in Mathematics and Engineering”

In recent years, mathematical models, numerical methods and data analysis have been paid more

attention. After the finite-element method, the meshless method is another effective tool for solving

science and enginnering problems. Numerical methods, such as the finite-element method, boundary

element method and meshless method, have played important roles in numerical simulations of

complicated problems in the science, engineering and society fields. Various numerical methods

are presented to solve problems in different fields, and their corresponding computational efficiency,

accuracy and convergence are also studied. With the development of big data, numerical simulation

based on data analysis or big data will be an important direction for science and engineering

computation. Deep learning is another new and effective approach to analyzing the properties of

new materials.

The present book contains 14 articles that were accepted for publication in the Special Issue

“Numerical Computation, Data Analysis and Software in Mathematics and Engineering” of the

MDPI journal Mathematics. These articles were published in Volumes 9 (2021) and 10 (2022) of the

journal. The topics of these articles include the aspects of meshless method, numerical simulation,

mathematical model, deep learning and data analysis. Meshless methods, such as the improved

element-free Galerkin method, the dimension-splitting, interpolating, moving, least squares method,

the dimension-splitting, generalized, interpolating, element-free Galerkin method and the improved

interpolating, complex-variable, element-free Galerkin method, are presented for some problems.

Some complicated problems, such as the cold roll-forming process, ceramsite compound insulation

block, crack propagation and heavy-haul railway tunnel with defects are numerically analyzed.

Mathematical models, such as the lattice hydrodynamic model, extended car-following model and

smart helmet-based PLS-BPNN Error compensation model, have been proposed. The use of the deep

learning approach to predict the mechanical properties of single-network hydrogel is presented, and

land-leasing data are analyzed and discussed. As the Guest Editor of this Special Issue, I am grateful

to the authors of these articles for their high-quality contributions, to the reviewers for their valuable

comments and to the administrative staff of MDPI publications for their support in completing this

Special Issue. Special thanks to the Section Managing Editor Ms. Linn Li for her collaboration and

valuable assisstance.

Yumin Cheng

Editor
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Editorial

Preface to the Special Issue on “Numerical Computation, Data
Analysis and Software in Mathematics and Engineering”

Yumin Cheng

Shanghai Key Laboratory of Mechanics in Energy Engineering, Shanghai Institute of Applied Mathematics and
Mechanics, School of Mechanics and Engineering Science, Shanghai University, Shanghai 200072, China;
ymcheng@shu.edu.cn

In recent years, mathematical models, numerical methods and data analysis have been
paid more attention. After the finite element method was introduced, the meshless method
became another effective tool for solving scientific and engineering problems. Numerical
methods, such as the finite element method, boundary element method and meshless
method, have played important roles in the numerical simulations of complicated problems
in the fields of science, engineering and society. Various numerical methods have been
presented for solving problems in different fields, and the corresponding computational
efficiency, accuracy and convergence have been studied as well. With the development of
big data, numerical simulations based on data analysis or big data will be an important
direction for computation in science and engineering.

The objective of this Special Issue is to summarize the most recent developments of nu-
merical simulations and data analysis within the last five years, especially for new problems.
Many papers were submitted to this Special Issue for consideration for publication, and
finally, fourteen papers were accepted after undergoing a careful peer-review process based
on criteria of quality and novelty. These papers include aspects of the meshless method,
numerical simulation, mathematical models, deep learning and data analysis. Meshless
methods, such as the improved element-free Galerkin method, the dimension-splitting
interpolating moving least-squares method, the dimension-splitting generalized interpo-
lating element-free Galerkin method and the improved interpolating complex variable
element-free Galerkin method, are presented for various problems. Some complicated prob-
lems, such as the cold roll forming process, ceramsite compound insulation blocks, crack
propagation and heavy haul railway tunnels with defects are analyzed numerically. Mathe-
matical models, such as lattice hydrodynamic models, extended car-following models and
smart-helmet-based PLS-BPNN error compensation models, are proposed. Of particular
note, a deep learning approach to predict the mechanical properties of a single-network
hydrogel is presented, and data analysis for land leasing is discussed.

The improved element-free Galerkin (IEFG) method [1], which is based on the im-
proved moving least-squares (IMLS) approximation [2], is an important meshless method.
In the paper submitted to this Special Issue by Cheng et al. [3], the IEFG method for solving
three-dimensional (3D) Helmholtz equations is proposed. The IMLS approximation is used
to form the trial function, the penalty method is used to enforce the essential boundary
conditions and Galerkin weak form of 3D Helmholtz equations are used to obtain the final
discretized equations. The influences of the node distribution, the weight functions, the
scale parameters of the influence domain and the penalty factors on the computational
accuracy of the solutions are analyzed. The numerical results show that the proposed
method in this paper can not only enhance the computational speed of the element-free
Galerkin method but can also eliminate the phenomenon of the singular matrix.

In the paper submitted to this Special Issue by Deng et al. [4], the improved interpolat-
ing complex variable element-free Galerkin (IICVEFG) method for solving two-dimensional
(2D) nonlinear elastoplasticity problems is proposed. The improved interpolating complex

Mathematics 2022, 10, 2267. https://doi.org/10.3390math10132267 https://www.mdpi.com/journal/mathematics1
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variable moving least-squares method, which is based on the complex variable moving least-
squares approximation [5] and improved interpolating moving least-squares method [6],
is used to obtain the trial function of the increment in the displacement. The integral
weak form of 2D elastoplasticity problem, which is described with the increments in the
displacement, stain and stress, is used to obtain the discretized equations. The incremental
tangent stiffness matrix method is used to solve the discretized equations. The numerical
examples show that the IICVEFG method has good convergence and high computational
precision and efficiency.

The dimension-splitting method (DSM) has been introduced into meshless methods,
such as the improved element-free Galerkin method [7], the improved complex variable
element-free Galerkin method [8,9] and the reproducing kernel particle method [10,11], to
improve computational efficiency. In the paper submitted to this Special Issue by Wang
et al. [12], the DSM is combined with the improved interpolating moving least-squares
(IIMLS) method based on a nonsingular weight function to propose a dimension-splitting–
interpolating moving least-squares (DS-IMLS) method with high approximation accuracy.
Then, an improved interpolating element-free Galerkin method for 2D potential problems
is presented. In the improved interpolating element-free Galerkin method, the DS-IMLS
method and the Galerkin weak form are used to obtain the discrete equations of the
problem. Numerical examples show that the DS-IMLS and the improved IEFG methods
have high accuracy.

In the paper submitted to this Special Issue by Sun et al. [13], by introducing the DSM
into the generalized element-free Galerkin (GEFG) method, a dimension splitting general-
ized interpolating element-free Galerkin (DS-GIEFG) method is presented for analyzing
the singularly perturbed steady convection-diffusion-reaction (CDR) problems. By using
the DSM, a 2D CDR problem is transformed into a series of lower-dimensional problems.
The IIMLS method is combined with the GEFG method to obtain the discrete equations
on the subdivision plane. Finally, the IIMLS method is applied to assemble the discrete
equations of the entire problem. Some examples are solved to verify the effectiveness of the
DS-GIEFG method. The numerical results show that the numerical solution converges to
the analytical solution with the decrease in node spacing, and the DS-GIEFG method has
high computational efficiency and accuracy.

In recent years, big data and data analysis have been paid more and more attention. In
the paper submitted to this Special Issue by Cheng [14], based on city data, the mathematical
models of the price and the total area of the leased residential land are presented to analyze
the leasing behavior of residential land in Beijing. The variables of the mathematical models
are proposed by analyzing the factors influencing the district government’s leasing behavior
for residential land based on the leasing rights for residential land in Beijing. The regression
formulae of the mathematical models are obtained with the ordinary least-squares method.
Based on the data of the districts in Beijing from 2004 to 2015, the numerical results of
the coefficients in the mathematical models are obtained. The numerical results show the
factors influence the leased price and the total leased area of residential land for this large
city in China, which is in agreement with the conclusion of the previous publications [15].
Finally, policy implications for the district government regarding residential land leasing in
Beijing are proposed. The results of the data analysis can be referenced by the governments
to make better policy.

In the paper submitted to this Special Issue by Liu et al. [16], a novel 2D lattice
hydrodynamic model considering a driver’s predictive effect is proposed. The stability
condition of the model is obtained by performing the linear stability analysis method. The
kink–antikink of the modified Korteweg–de Vries (mKdV) equation is obtained to describe
the propagation characteristics of the traffic density flow waves near the critical point. The
numerical results are in agreement with those of the theoretical analysis, which indicates
that the predictive effect of drivers can effectively avoid traffic congestion and that the
fraction of eastbound cars can also improve the stability of traffic flow to a certain extent.
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In another paper submitted to this Special Issue by Liu et al. [17], a modified lattice
hydrodynamic model considering the impact of strong wind and the optimal estimation of
flux difference integral is proposed. Based on the control theory, the stability condition is
acquired through linear analysis. The modified mKdV equation is obtained via a nonlinear
analysis to express a description of the evolution of density waves. From the numerical
results, it is shown that strong wind can largely influence the stability of traffic flow and
that the optimal estimation of the flux difference integral contributes to stabilizing the
traffic flow.

In the paper submitted to this Special Issue by Ge et al. [18], based on the visual
angle model (VAM), a car-following model considering the electronic throttle angle of the
preceding vehicle is proposed. The time-dependent Ginzburg–Landau (TDGL) equation
and the modified mKdV equation are obtained. The numerical results are obtained by using
MATLAB software to verify the validity of the model. From the numerical simulations, it is
shown that the visual angle and electronic throttle can improve traffic stability.

As a kind of soft material, the large deformation of hydrogel is very complicated [19].
With the developments of deep learning and data analysis, complex network has been
applied in many fields in science and engineering [20]. In the paper submitted to this
Special Issue by Zhu et al. [21], based on the complex network structure of hydrogel with
inhomogeneous and random distribution of polymer chains, a deep learning approach
to predict the mechanical properties of hydrogels from polymer network structures is
presented. The network structural models of hydrogels are constructed from the mesoscopic
scale by using the self-avoiding walk method. Then, two deep learning models are proposed
to capture the nonlinear mapping from mesoscopic hydrogel network structural model
to its macroscale mechanical property. A deep neural network and a 3D convolutional
neural network containing the physical information of the network structural model are
implemented to predict the nominal stress–stretch curves of hydrogels under uniaxial
tension. The results show that the deep learning models are able to capture the internal
relationship between complex network structures and mechanical properties.

With the spread of COVID-19 in the world, the implementation of personnel health
monitoring in construction sites has become an important problem in construction man-
agement. The paper submitted to this Special Issue by Li et al. [22] develops a smart
helmet equipped with an infrared temperature sensor and conducts a simulated construc-
tion experiment to collect data of temperature and its influencing factors in indoor and
outdoor construction operation environments. A partial least-square–back propagation
neural network (PLS-BPNN) model is presented to correct the temperature measurement
results of the smart helmet. The temperature compensation effects of different models
were also compared, and the results show that the PLS-BPNN model has higher accuracy
and reliability.

The paper submitted to this Special Issue by Meng et al. [23] proposes a new analytical
method to predict the edge defects in the cold roll forming process based on the mean
longitudinal strain of the racks. A cubic spline curve with the parameters of the cumulative
chord length is applied to fit the corresponding points and center points of different
passes. By comparing the mean longitudinal strain between racks and the yield strain of
the material, it can be judged whether or not there are defects at the edges. The results
of the analytical method are compared with the ones of the non-linear finite element
software ABAQUS to show the correctness of the method. This method can predict the roll
forming effect quickly and the position where a greater longitudinal strain occurred can
be determined.

Peridynamics is a nonlocal theory of continuum mechanics, and it can describe crack
formation and propagation without defining any fracture rules in advance. In the paper
submitted to this Special Issue by Dai et al. [24], a multi-grid bond-based dual-horizon
peridynamics (DH-PD) model is presented, which includes varying horizon sizes and can
avoid spurious wave reflections. This model incorporates the volume correction, surface
correction, and a technique of nonuniformity discretization to improve calculation accuracy

3



Mathematics 2022, 10, 2267

and efficiency. Two benchmark problems are simulated to verify the reliability of the
proposed model with the effect of the volume correction and surface correction on the
computational accuracy confirmed. In addition, two numerical examples are given to verify
the computational accuracy of the corrected DH-PD model and its advantages over some
other models, such as the traditional peridynamics model.

In the paper submitted to this Special Issue by Fan et al. [25], the effects of different
numbers of the rows and the ratios of holes on the thermal and mechanical performances
of an alkali-activated slag ceramsite compound insulation block are analyzed by using
the finite element analysis software ANSYS CFX. From the multi-objective optimization
analysis, the alkali-activated slag ceramsite compound insulation block with the optimal
comprehensive performance is determined. Finally, the improvement effect of the wall
of the alkali-activated slag ceramsite compound insulation block on the indoor thermal
environment relative to an ordinary block wall is analyzed.

In the paper submitted to this Special Issue by Chai [26], an elastoplastic damage
constitutive model of concrete is obtained based on the basic principle of thermodynamics.
The dynamic response and damage distribution of the base structure of a heavy-duty
railway tunnel with defects are analyzed numerically according to the constitutive model.
By analyzing the response characteristics of the tunnel basement structure under different
surrounding rock softening degrees, different foundation suspension range and different
foundation structure damage degree are determined. The numerical results of post-peak
softening are in good agreement with the ones of the test.

As the Guest Editor of the Special Issue, I am grateful to the authors of these articles
for their quality contributions, to the reviewers for their valuable comments and to the
administrative staff of the MDPI publications for the support to complete this Special Issue.
Special thanks to the Section Managing Editor Ms. Linn Li for her excellent collaboration
and valuable assistance. I hope that these published papers will be impactful in the fields
of numerical method and data analysis and that the methods in these papers will be used
for solving complicated science and engineering problems.
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Abstract: In order to implement rapid prediction of edge defects in the cold roll forming process,
a new analytical method based on the mean longitudinal strain of the racks is presented. A cubic
spline curve with the parameters of the cumulative chord length is applied to fit the corresponding
points and center points of different passes, and fitting curves are obtained. As the cold roll forming
is micro-tension forming, the tensions between racks are ignored. Then the mean longitudinal
strains between racks are obtained. By comparing the mean longitudinal strain between racks and
the yield strain of the material, we can judge whether there are defects at the edges. Finally, the
reasonableness of this method is illustrated and validated by an example. With this method, the roll
forming effect can be quickly predicted, and the position where a greater longitudinal strain occurred
can be determined. In order to prevent the defects, the deformation angles need to be modified when
the result is beyond the yield strain. To further prove the correctness of the theory, the results of the
analytical method are compared with the ones of the non-linear finite element software ABAQUS.
The analytical results have the same trend as the finite element results. This method can provide
useful guidance to the actual design process.

Keywords: cold-roll forming; longitudinal strain; cubic spline function; cumulative chord

1. Introduction

Cold roll forming (CRF) is a continuous bending operation during which a long strip
of metal is passed through consecutive sets of rolls, each performing only an incremental
part of the bend until the desired cross-section profile is obtained [1]. At present, the
main research methods of roll forming are the analytical method, finite element method
and finite strip method [2]. In the early days, the main research method used by experts
and scholars is the analytical method, and with the rapid development of computer
technology, the computing speed has significantly improved, the finite element method
and finite strip method have been the mainstream approach to the process of the roll
forming. The meshless method is a new numerical method developed after the finite
element method [3–6]. Heislita [7] simulated the cold roll forming process with a 3-
dimension (3D) finite element method (FEM) code PAM-STAMP. Brunet [8] simulated the
process with a combined 2D and 3D FEM code. Han [9–12] studied the cold roll forming
process of a channel section, welded pipes, a thick channel section and a channel section
with the outer edge with the spline finite strip method (SFSM). Liu [13] used MARC to
study the forming of high-strength steel cold forming. However, the finite element method
and finite strip method are still faced with the problem of excessive computation time.
Cheng [14–19] proposed a fast method for solving 3D problems. For the technology of
cold roll forming, the main defects are edge waves, folds and so on, and these types of
defects arise mainly due to the large longitudinal strain. Before numerical methods were
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applied to the rolling in the 1980s, engineers calculated the roll forming parameters relying
on experiences and some of the existing glancing analytical methods. The basic idea of
these analytical methods is calculating the elongation of longitudinal fiber to predict the
forming process. Angel [20] proposed the linear deformation model. Firstly, connect the
corresponding points of two adjacent roll passes using straight lines, and then calculate the
elongation of the line and the distance of the two racks. Bhattacharyya et al. [21] calculated
the length of deformation in a transition zone and used the length of a transition zone to
calculate the elongation, but the length of this smooth transition needs the experimental
device or experiences to determine, and the actual process is very complicated. Nakajima
and Miznutani [22] proposed a model of longitudinal strain and gave an approximate
formula to calculate the longitudinal strain. Walker and Pick [23,24] used the cubic B spline
function to fit the whole surface, and the longitudinal strain they defined is
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Zhang [25] utilized the updated Lagrangian method of elastic-plastic large-deformation
spline finite strip method to analyze cold-rolled forming and deal with boundary condi-
tions, and Zhang [26] combined theoretical formulas and new analytical models on the
previous basis to simulate the pipe forming process.

In recent years, roll forming technology has been developed rapidly and widely used
in the manufacturing field. Therefore, the defects caused by the longitudinal strain in the
roll forming process have become a research hotspot. JOO et al. [27] studied the flexible roll
forming process of variable cross-section profiles and analyzed the effect of geometrical
parameters such as base section width, side wall height and flange width on the longitu-
dinal strain. Woo et al. [28] used FEM simulation and experiment to study the influence
of profile flange length on the transverse distribution of longitudinal strain in flexible roll
forming, and the result showed that the longitudinal strain and longitudinal bow decrease
with increasing flange length for a trapezoid and a concave blank. Abeyrathna et al. [29]
researched the effect of process and part shape parameters on the peak longitudinal edge
strain, longitudinal bow and spring back for three different advanced high-strength steel
(AHSS) and Ultra High Strength Steel (UHSS) commonly used in automotive manufactur-
ing. Liu et al. [30] proposed a mathematical model to predict the bend angle distribution
and longitudinal strain development in the deformation process. Sun et al. [31] took the
chain-die forming as the research object, studied permanent longitudinal strain and the
web-warping in the forming process. Rezaei [32] used Abaqus software to perform finite
element simulation, obtained longitudinal edge strain and web warpage in the transition
zone, and calculated the edge longitudinal strain in this zone. Wang [33] showed that
the necessary condition for longitudinal bending deformation is the linear distribution
of longitudinal fibers. Su [34,35] studied the roll forming process and springback based
on a five-boundary condition-forming angle distribution function and analyzed the ef-
fects of plate thickness, forming angle and material yield strength on stress, strain and
springback angle.

The above analytical methods have played a very important role in calculating the
roll forming parameters, but there are some problems to solve. One of the problems is
that the track of the formation between corresponding points cannot be scientifically fitted.
The parameters of cold roll forming cannot be well designed. The spline function works
well when it stimulates the small deflection curve. For the large deflection curve, the result
is poor, and for the multi-valued curve, it cannot be applied. In this paper, a new cubic
spline function with the parameters of cumulative chords is presented. This function is
selected as the fitting function to fit the track of the formation. This method can calculate
the mean longitudinal strain of strip steel more accurately. The analytical method based
on the mean longitudinal strain proposed can give fast analysis for different deformation
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angles and different rack spacing, which can be used as an important reference before
numerical simulation to speed up the optimization of numerical simulation parameters.

2. Problem Statement

Roll forming is a process in which the strip steel is gradually bent into a product with
a certain cross-section shape through the action of multi-pass rolls. As shown in Figure 1,
when the strip steel passes through A1–A5, B1–B5 and C1–C5 passes, the stress state of each
longitudinal fiber on the strip steel is inconsistent. Some fibers are stretched, such as edge
fiber A5-B5-C5, and some fibers are compressed, such as intermediate fiber A3-B3-C3. After
the final forming of the product, the fiber length of each layer will become the same. If the
tensile or compressive strain exceeds the ultimate elastic strain during the forming process,
the material will undergo plastic deformation, which will lead to wrinkles at the edge or
local waves during the final forming.

Figure 1. Schematic diagram of fiber deformation of roll forming process.

Therefore, the rapid prediction of the longitudinal strain state of each fiber in the
forming process has become an effective method to predict the occurrence of defects. In
the forming process, each fiber is regarded as a curve, and the defects are predicted by
calculating the longitudinal strain of the curve.

It is necessary to study an analytical method to accurately and quickly fit each fiber
curve. After obtaining the curve, the forming process can be predicted to a certain extent
by calculating the average longitudinal strain of each curve between frames.

In this paper, a method of fitting the fiber curve by the cubic spline function with
the cumulative chord length as a parameter is proposed, which can quickly predict the
forming process.

3. Theoretical Derivation

The parametric equation is used to represent the fiber curve, and then the cubic spline
function is used to interpolate each coordinate function. Taking these interpolation cubic
spline functions as coordinate functions, it is a new curve, and this curve is regarded as the
interpolation curve of the original fiber curve.

If a curve takes its own arc length as a parameter, it has the following characteristics.
p0, p1, · · · , pn for the two groups of value, we can determine the two single-variable spline
functions X(s) and Y(s) in the appropriate conditions. X(s) is the interpolation function of
x(s), and Y(s) is the interpolation function of y(s). If we use the curve{

x = X(s)
y = Y(s)

(s0 ≤ s ≤ sn) (2)

to fit the original curve since{
X(si) = xi = x(si)
Y(si) = yi = y(si)

(i = 0, 1, 2, · · · , n) (3)

we know that the new parametric curve also drills through p0, p1, · · · , pn. These n + 1
points are the intersection of old and new curves. X(s) and Y(s) are the cubic spline

9



Mathematics 2021, 9, 1902

function, so X(s), Y(s), X′′ (s) and Y′′ (s) are continuous in [s0, sn]. We can obtain that the
new curve has a continuous slope and curvature.

For the original curve, S is the arc length, so
(

dx
ds

)2
+
(

dy
ds

)2 ≡ 1, and the following
inequality for all S is tenable. ∣∣∣∣dx

ds

∣∣∣∣ ≤ 1
∣∣∣∣dy

ds

∣∣∣∣ ≤ 1 (4)

Thus, for x(s) and y(s), a large slope will never occur. Actually, we use the parametric
spline curve to fit a group of organized points p0, p1, · · · , pn, which are in the same plane.
In order to realize parameterization, the cumulative chord length is used to replace the arc
length. Let

Li = Pi−1Pi (5)⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
S0 = 0

S1 = L1
S2 = L1 + L2

· · ·
Sn = L1 + L2 + . . . + Ln

(6)

we get interpolation curves that have the same properties as the interpolation curve with
the arc length as a parameter.

The following is the detailed course to obtain the mean longitudinal strain of the racks.
As shown in Figure 2, if we want to verify the process of forming a channel steel with 7 roll
passes, the forming angles are 0◦, 15◦, 30◦, 45◦, 60◦, 75◦ and 90◦. Thus, 7 roll pass curves
are formed. These 7 pass curves will divide the plate into 6 parts. Each roll pass curve is
divided into n − 1 segments and get n points (the curve in Figure 2).

Figure 2. A schematic diagram of surface segmentation.

According to the assumption of straight normal, the points on the normal of the middle
surface before deformation are still on the same normal of the surface after deformation,
and the distance between the points on the normal is constant. We think the pass curve is
coplanar. Apply the spline function with the cumulative chord length parameter to fit the
corresponding point on each roll pass curve and form n curves f1, f2, f3, · · · , fn.

Calculate the centric point for each roll pass and apply the spline function with a
cumulative chord length parameter to fit each coordinate and form the curve function
f0. Divide f1, f2, f3, · · · , fn and f0 into several parts by the racks, and define the parts as
fij(i = 1, 2, · · · , n; j = 1, 2, · · · , 6), where i represents the i-th point among n points, and j
represents j-th segment in the pass that was divided into 6 segments. Each fij is divided
into equidistant m points. It is better to take a big value for m, e.g., 30. The m points
are connected by straight lines and calculate the length of each line segment to finally
obtain the, total length of the m points. In order to facilitate the description, we choose the
part between the first and second rack and, respectively, record it as L1, L2, L3, · · · , Ln and
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centric line L. Calculate the longitudinal strain of the f11 curve segment as ε1 = ln(L1/L).
If the longitudinal strain is too small, ε1 could be expressed approximately as

ε1 =
(L − L1)

L
(7)

In the same way, ⎧⎪⎪⎪⎨⎪⎪⎪⎩
ε2 = (L−L2)

L
ε3 = (L−L3)

L
· · ·

εn = (L−Ln)
L

(8)

where εn represents the nth strain between the first and the second rack. The above is
only the approximate longitudinal strain; to make it more accurate, taking it into account
that the cold roll forming is a micro-tension course, the tension is approximately equal to
0. Likewise, we study the part between the first and the second rack frame. The initial
roll pass segment of the blank is shown in Figure 3, which is divided into n − 1 parts
corresponding to n points, which corresponds to the n strains. In order to make the results
more accurate, we take the S/2 length of both sides (ε1 and εn excluded) with each strain
as the center.

Figure 3. Partition of the cross-section.

As cold roll forming is micro-tension forming, the tensions between racks are ignored.
Therefore, section tension F = 0. According to the basic principles of mechanics, we have

F =
SEtε1

2
+ SEtε2 + SEtε3 + . . . +

SEtεn

2
= 0 (9)

Here, S is the segment length after the roll pass is equal divided into n − 1 parts, t is
the thickness, and E is the modulus of elasticity, so

ε1

2
+ ε2 + ε3 + . . . +

εn

2
= 0 (10)

From Equations (5) and (6), we obtain

ε1

2
+ ε2 + ε3 + . . . +

εn

2
�= 0 (11)

Assume
ε1

2
+ ε2 + ε3 + . . . +

εn

2
= V (12)

V is evenly divided into n − 1 components, let V = V/(n − 1)

εi = εi − V (i = 1, 2, · · · , n) (13)

Finally, we acquire ε1, ε2, ε3, . . . εn.
In the same way, we can obtain the strain from the 2nd rack to the 7th rack, and then

we obtain the mean longitudinal strain between two adjacent racks. Define the strain as
εnj, where n is the number of the roll pass points, and j is the jth segment of fn divided by
the rack.
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Yield strain is the strain value when the material yields. We are usually given material
yield stress σs since

εs =
σs

E
(14)

we get the yield strain εs. Each material has a corresponding yield strain, and the yield
strain is only an approximate value. However, we can use it as a criterion to determine
whether the material has undergone plastic deformation.

According to this theory, the corresponding module, which is used to calculate the
mean longitudinal strain, is programmed.

4. An Example of Forming Channel Steel with the Outer Edge

To verify the rationality of this theory, we select channel steel with an outer edge
from Shijiazhuang Bearing Equipment Factory. Figure 4 shows the section diagram of the
channel steel with an outer edge, and Figure 5 shows the schematic diagram of the blank
width calculation of the channel steel with an outer edge. In Figure 5A–D are invariant
points on the strip, and B and C are the midpoints of the arc. R is the fillet radius of B and
C. Finally, the blank width is 1160 mm.

Figure 4. A section diagram of the channel steel with an outer edge.

Figure 5. A schematic diagram of the calculation of the channel steel with an outer edge.

The section size of the product is 600 mm × 312 mm × 12 mm. The material is
weathering steel Q450. The yield stress of Q450 is 450 MPa, and the elastic modulus is
210,000 MPa. The forming style is Listenfcontinuous roll bend forming. The whole forming
unit has nine flat roller machines, two vertical roller machines, three universal roller
machines and two straightening machines. Flat rollers are initiative, and vertical rollers are
passive. In the computing process, we only consider the nine flat roller machines and three
universal roller machines. Two sets of forming parameters are used. The flower diagrams
of the two sets of parameters are shown in Figures 6 and 7. The distance between adjacent
racks is 1200 mm. The first group is proven to produce qualified products effectively, while
the second group is not able to produce qualified products. The difference between the two
sets of parameters is the bending angle β in the second rack. In the first set, the bending
angle is 15 degrees, while in the second set, the bending angle is 30 degrees.
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Figure 6. A reasonable flower diagram.

Figure 7. An inappropriate flower diagram.

According to the above theory, we calculate the mean longitudinal strain with the first
set of parameters. In order to conveniently show the results, the post-processing program
of Marc finite element software is applied to show the cloud diagram and contour diagram
of the mean longitudinal strain from the 1st to 12th rack. Figure 8 is the cloud diagram of
the mean longitudinal strain from the 1st to 12th rack, and Figure 9 is the contour diagram.
During the forming process, the edge is stretched, the middle part is compressed, and the
edge is stretched to a greater extent, as shown in Figures 8 and 9.

Figure 8. A cloud diagram of the mean longitudinal strain from the 1st to 12th rack.

According to the calculations, the maximum longitudinal tensile strain of the slab is
0.183895%, and the maximum compressive strain is 0.085467%. The material yield strain
εs =

σs
E = 450/210,000 = 0.002143. The longitudinal strain is in the range, so the parameters

are reasonable. The biggest mean longitudinal strain of the second group of parameters is
4.00537e-3, which occurred between the first two racks. The value is larger than the yield
strain 0.002143, so this group of parameters is not suitable, and the second forming angle
has to be changed.
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Figure 9. A contour diagram of the mean longitudinal strain from the 1st to 12th rack.

To further prove the correctness of the theory, this paper compares the reasonable
analytical results with the results of the non-linear finite element software ABAQUS (6.14).
In order to reduce the calculation scale, a half part is selected for finite element modeling
as the symmetry of the product. The geometric model in ABAQUS is shown in Figure 10.
The parameters of the finite element geometric model are consistent with those of the
analytical method. Because the first frame is a pinch roll, its influence is not considered in
the simulation.

Figure 10. The geometric model of ABAQUS.

In order to reflect the actual rolling process, a series of boundary conditions are set
for the simulation process. For each roll, only rotation is allowed. All the lower rolls are
active rolls, and all the upper rolls are passive rolls. The linear speed of the lower roller
is 200 mm/s. Because the rolls are analytic rigid bodies, only the strip blank needs to be
meshed. For cold roll forming, the strip changes greatly at the corner, and the stress is also
the largest. Therefore, we subdivide the grid at the corner when meshing, which not only
improves the accuracy of calculation but also does not affect the speed. The element type is
quadrilateral shell element S4R. Figure 11 shows the meshing status.
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Figure 11. Meshing status.

In ABAQUS post-processing, we get the coordinates of each node by analyzing
the results after the slab has been formed and calculate the length changes of the edge
and symmetrical lines before and after forming between two adjacent racks. The mean
longitudinal strain of ABAQUS results can be obtained by these length changes. Compared
to the mean longitudinal strain of the edge and symmetrical lines of the ABAQUS results
obtained by the above theory, as shown in Figure 12, the results obtained by the finite
element method are more volatile, which is consistent with the actual situation. In the
actual rolling process, the material changes are more complex, while the mean longitudinal
strain obtained by the analytical method is relatively stable. According to the changes of
the curves, the changing trend is accordant. The Pearson correlation coefficient of analytical
results and FEM results on the edge line reaches 87%.

Figure 12. The comparison of the longitudinal strain between the finite element method and analyti-
cal method.

5. Conclusions

This paper gives a fast prediction method of edge defects based on the mean longitudi-
nal strain of the roll forming process in detail. The cubic spline curve with the parameters
of the cumulative chord length is applied to fit the corresponding points and center points
of different passes, and since the cold roll forming is micro-tension forming, the tensions
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between racks are ignored. Then, the mean longitudinal strains between racks are obtained.
The reasonableness of this method is illustrated and validated by an example. With this
method, the roll forming effect can be quickly predicted, and the position where a greater
longitudinal strain occurred can be determined. In order to prevent the defects, the defor-
mation angles need to be modified when the result is beyond the yield strain. To further
prove the correctness of the theory, the results of the analytical method are compared with
the ones of the non-linear finite element software ABAQUS. The analytical results have the
same trend as the finite element results. This method can provide useful guidance to the
actual design process.
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Abstract: A numerical model for the two-dimensional nonlinear elastic–plastic problem is proposed
based on the improved interpolating complex variable element free Galerkin (IICVEFG) method
and the incremental tangent stiffness matrix method. The viability of the proposed model is verified
through three elastic–plastic examples. The numerical analyses show that the IICVEFG method has
good convergence. The solutions using the IICVEFG method are consistent with the solutions ob-
tained from the finite element method using the ABAQUS program. Moreover, the IICVEFG method
shows greater computing precision and efficiency than the non-interpolating meshless methods.

Keywords: elastic–plastic problem; complex variable meshless method; interpolating shape function;
singular weight function; complete basis function

1. Introduction

In the science and engineering fields, nonlinear elastic–plastic problems are very
common, and are complicated due to the nonlinearity of the plastic state. In addition, the
corresponding analytical solutions are difficult to be obtain [1–3]. Thus, it is important to
study efficient and accurate computational models for solving nonlinear elastic–plastic
problems, particularly those problems characterised by geometric [4–6] and material non-
linearities [7–9]. In recent years, the meshless method has played a great role in numerical
simulation. Unlike conventional mesh-based numerical methods [10,11], the meshless
method is built on discrete nodes, which does not cause mesh distortion. Therefore, the
meshless method is more suitable for nonlinear large deformation and fracture problems,
as well as complicated porous structures [12–17].

As a popular numerical computing method, the meshless method has developed
various branches, such as the smoothed particle hydrodynamics method [18], the fa-
mous moving least squares (MLS) approximation [11], the reproducing kernel particle
method [19], and so on. In this paper, we mainly study methods that improve upon the
original MLS approximation in order to overcome shortcomings which lead to low effi-
ciency and low accuracy [20–22]. The shortcomings include relying on numerous nodes,
possessing a non-interpolating shape function, and possibly producing an ill-conditioned
final discrete system.

To overcome inefficiency, complex variables were introduced into the MLS approx-
imation, and the complex variable moving least squares (CVMLS) approximation was
proposed [20]. Since the CVMLS approximation can use a complex variable to express
the two directional variables, the CVMLS approximation has a higher computing effi-
ciency [21,22]. However, this approximation lacks specific mathematical implications.
Thus, the improved complex variable moving least squares (ICVMLS) approximation was
proposed, which brings in a conjugated basis function and a new functional [23–25].
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Identically to the MLS approximation, there are no interpolating features for the shape
functions in the CVMLS and ICVMLS approximations [26–29]. Thus, on the foundation of
the ICVMLS approximation, the interpolating property of the shape function was improved
according to the following steps. First, to guarantee computing accuracy, a complete basis
function is applied [30]. Second, the basis function is orthogonalized to obtain a set of new
basis functions with a singular weight function [31]. Finally, based on these novel basis
functions, a new interpolating shape function and interpolating trial function are derived.
This new method was named the improved interpolating complex variable moving least
squares (IICVMLS) method [30].

Combining the IICVMLS method with the integral weak forms of diverse prob-
lems, the corresponding improved interpolating complex variable element free Galerkin
(IICVEFG) methods were presented. By virtue of the interpolating shape function in
the IICVMLS method, the above meshless method is able to directly exert the essential
boundary conditions, similarly to the finite element method. Thus, the derived final dis-
crete system is more concise, which leads to greater computing efficiency and accuracy, in
contrast to other non-interpolating complex variable meshless methods. Because of the
above merits, the IICVEFG method has been widely applied to many potential problems,
including the bending problems of Kirchhoff plates and even the pattern transformation of
hydrogels, in which has displayed great computational advantages [30,32,33].

The intention of this paper is to build a more efficient and accurate numerical model
for the two-dimensional nonlinear elastic–plastic problem based on the IICVEFG method,
and to verify the viability of the proposed model. The detailed modelling process of
the IICVEFG method is described, and the implementation process for solving the final
discrete system is also presented. Through three numerical examples, the computational
advantages of the IICVEFG method are demonstrated, in comparison with the ABAQUS
program and other non-interpolating meshless methods.

2. Implementation of the Elastic–Plastic Problem Based on the IICVEFG Method

2.1. Brief Descriptions of the Two-Dimensional Elastic–Plastic Problem

Within the problem domain Ω, the classic equilibrium equation of a two-dimensional
elastic–plastic problem is [34]

LT .
σ +

.
b = 0. (1)

For an arbitrary point z = x1 + ix2 ∈ Ω,
.
σ

T
= (

.
σ11,

.
σ22,

.
σ12) is the stress rate field,

.
b

T
= (

.
b1,

.
b2) is the body force rate field, and L is the differential operator matrix,

LT( · ) =
[

∂
∂x1

0 ∂
∂x2

0 ∂
∂x2

∂
∂x1

]
( · ). (2)

The relationship between the strain rate field
.
ε

T
= (

.
ε11,

.
ε22,

.
ε12) and the velocity field

.
uT

= (
.
u1,

.
u2) is described as

.
ε = L(

.
u), (3)

and the stress-strain relationship is
.
σ = D

.
ε. (4)

Considering that this problem is a plane stress problem, the constitutive matrices D are
different in the elastic and plastic state, which are shown in the following, respectively [35].

De =
E

1 − ν2

⎡⎣ 1 v 0
v 1 0
0 0 1−v

2

⎤⎦, (5)
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Dep =
E
Q

⎡⎢⎢⎣
σ′2

22 + 2P −σ′
11σ′

22 + 2νP − σ′
11+νσ′

22
1+ν σ12

−σ′
11σ′

22 + 2νP σ′
11 + 2P − σ′

22+νσ′
11

1+ν σ12

− σ′
11+νσ′

22
1+ν σ12 − σ′

22+νσ′
11

1+ν σ12
R

2(1+ν)
+ 2H′

9E (1 − ν)σ2

⎤⎥⎥⎦, (6)

where E is the elastic modulus, ν is the Poisson’s ratio, and σ is the equivalent stress

σ =
√

σ2
11 + σ2

22 − σ11σ22 + 3σ2
12, (7)

P =
2H′

9E
σ2 +

σ2
12

1 + ν
, (8)

R = σ′2
11 + 2νσ′

11σ′
22 + σ′2

22, (9)

Q = R + 2(1 − ν2)P. (10)

Assume that the stress-strain relationship in the plastic state satisfies the linear hard-
ening model, the plastic modulus for hardening H′ is expressed as

H′ = EE′

E − E′ , (11)

where E′ is the tangent modulus. In addition, σ′
ij is the stress deviation which can be

written as
σ′

ij = σij − σ11 + σ22

3
δij, (i, j = 1, 2). (12)

The velocity and natural boundary conditions are

.
u =

.
¯
u, (z ∈ Γu), (13)

n
.
σ =

.
t, (z ∈ Γt), (14)

where
.
¯
u

T

= (
.
u1,

.
u2) is the prescribed velocity vector on the velocity boundary Γu,

.
t

T
=

(
.
t1,

.
t2) is the given traction rate, and n is the unit vector of the outer normal direction on

the natural boundary Γt.

2.2. The IICVEFG Method for the Elastic–Plastic Problem

In this paper, the IICVMLS method is applied to disperse the integral weak form of
the elastic–plastic problem, and then the corresponding IICVEFG method is presented [30].
According to Equations (1) and (14), the integral weak form is expressed as∫

Ω
δ

.
ε

T .
σdΩ −

∫
Ω
δ

.
uT .

bdΩ −
∫

Γt
δ

.
uT

.
tdΓ = 0. (15)

In the IICVMLS method, the trial function of velocity
.
uh
(z) is expressed as

.
uh
(z) =

.
uh

1(z) + i
.
uh

2(z) = Φ(z)
.
u∗ =

n

∑
I=1

ΦI(z)
.
u(zI), (16)

where
Φ(z) = (Φ1(z), Φ2(z), . . . , Φn(z)) = vT(z) + bT(z)A−1

z (z)Bz(z), (17)
.
u∗ = (

.
u(z1),

.
u(z2), . . . ,

.
u(zn))

T, (18)

v(z) = (v(z − z1), v(z − z2), . . . , v(z − zn))
T, (19)

b(z) = (b(2)z (z), b(3)z (z), . . . , b(m)
z (z))

T
, (20)
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Az(z) = CT
z W(z)Cz, (21)

Bz(z) = CT
z W(z), (22)

Cz =

⎡⎢⎢⎢⎢⎣
b(2)z (z1) b(3)z (z1) · · · b(m)

z (z1)

b(2)z (z2) b(3)z (z2) · · · b(m)
z (z2)

...
...

. . .
...

b(2)z (zn) b(3)z (zn) · · · b(m)
z (zn)

⎤⎥⎥⎥⎥⎦, (23)

W(z) =

⎡⎢⎢⎢⎣
w(z − z1) 0 · · · 0

0 w(z − z2) · · · 0
...

...
. . .

...
0 0 · · · w(z − zn)

⎤⎥⎥⎥⎦, (24)

.
uh

1(z) = Re[Φ(z)
.
u∗] = Re[

n

∑
I=1

ΦI(z)
.
u(zI)], (25)

.
uh

2(z) = Im[Φ(z)
.
u∗] = Im[

n

∑
I=1

ΦI(z)
.
u(zI)]. (26)

Then the velocity matrix
.
u(z) in Equation (15) can be written as

.
u(z) =

[ .
u1(z).
u2(z)

]
=

n
∑

I=1

[
Re[ΦI(z)] −Im[ΦI(z)]
Im[ΦI(z)] Re[ΦI(z)]

][ .
u1(zI).
u2(zI)

]
= Φ̃(z)

.
U(z) =

n
∑

I=1
Φ̃I(z)

.
U(zI),

(27)

where
Φ̃(z) = (Φ̃1(z), Φ̃2(z), . . . , Φ̃n(z)), (28)

Φ̃I(z) =
[

Re[ΦI(z)] −Im[ΦI(z)]
Im[ΦI(z)] Re[ΦI(z)]

]
, (29)

.
U(z) = (

.
U(z1),

.
U(z2), . . . ,

.
U(zn))

T
, (30)

.
U(zI) =

[ .
u1(zI).
u2(zI)

]
. (31)

According to Equation (27), the strain rate of point z in Equation (3) can be rewritten
and simplified as

.
ε(z) = L(

.
u(z)) = L(Φ̃(z)

.
U(z)) = B(z)

.
U(z), (32)

where
B(z) = (B1(z), B2(z), . . . , Bn(z)), (33)

BI(z) =

⎡⎣ Re[ΦI,1(z)] −Im[ΦI,1(z)]
Im[ΦI,2(z)] Re[ΦI,2(z)]

Re[ΦI,2(z)] + Im[ΦI,1(z)] −Im[ΦI,2(z)] + Re[ΦI,1(z)]

⎤⎦. (34)

Then the stress rate of point z in Equation (4) is expressed as

.
σ(z) = D

.
ε(z) = DB(z)

.
U(z). (35)

Substitute Equations (27), (32) and (35) into Equation (15), then consider the arbitrary
of δ

.
U(z)T. Finally, we obtain the discrete matrix equation

K
.

U(z) = F, (36)
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where
K =

∫
Ω

B(z)TDB(z)dΩ, (37)

F =
∫

Ω
Φ̃(z)T .

b(z)dΩ +
∫

Γt
Φ̃(z)T

.
t(z)dΓ. (38)

The shape function of Equation (17) in the IICVMLS method has the interpolating fea-
ture, which results in the fact that Equation (13) can be enforced into Equation (36) directly.
Therefore, the final matrix Equation (36) is more succinct than that in the non-interpolating
complex variable meshless method. Thus, the IICVEFG method can, theoretically, solve
the problem with greater precision and efficiency.

2.3. Incremental Tangent Stiffness Matrix Method

In this part, the incremental tangent stiffness matrix method is applied to solve the
nonlinear Equation (36) in the plastic state, due to the nonlinearity of the constitutive
relationship in Equation (6) [36,37]. In this method, the total load is divided into sufficiently
small loads, which are applied step by step. Then, the nonlinear process is decomposed
into a sequence of approximately linear processes.

In each approximately linear process, the relation between the stress increment tensor
Δσ and strain increment tensor Δε is

Δσ = DepΔε, (39)

which is linear, and Dep is only connected with the known stress and strain.
To solve this problem, first, we must determine whether the structure produces plastic

deformation when applying the total external force. Under this circumstance, assume
that the structure is completely in the elastic state; then the displacement, strain, stress,
equivalent stress, and the maximum equivalent stress σmax of all nodes and Gauss points
are obtained by using the elastic constitutive relationship in Equation (5). Denote the
material yield stress as σs.

If σmax ≤ σs, the structure is still in the elastic state, and the above solutions are the
final solutions of this problem. If σmax > σs, the structure has produced plastic deformation,
and the external force should be applied using the incremental method. Define the elastic
limit load F0 = σs

σmax
F; then the displacement, stress, and strain in the elastic state can be

obtained. Behind the elastic state, we use the incremental method to apply the rest of the
external force,

ΔFi =
1
N
(1 − σs

σmax
)F, (40)

where N is the total number of load steps. In the i − th load step, ΔFi is the incremental
force. Then, the solving equation is obtained,

K(σi−1)ΔUi = ΔFi, (41)

where the matrix K is related to the known stress σi−1 in the previous load step, and ΔUi is
the displacement increment in the i − th load step. Then, depending on ΔUi, we can obtain
the strain increment Δεi and the stress increment Δσi in the current load step.

Then the stress in the i − th load step can be obtained as,

σi = σi−1 + Δσi. (42)

In each load step, it is still necessary to choose the elastic or plastic constitutive
relationship according to the relation between the stresses σmax and σs. Repeat the above
process until the whole external force is applied. Eventually, the obtained displacement,
stress, and strain are the final solutions of the elastic–plastic problem. The whole computing
procedure is described in Figure 1.
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Figure 1. Flow chart of the computing procedure.

To guarantee that the computed solutions are more accurate, in each load step the
Equation (41) is modified to

K(σi−1)ΔUi = Fi −
∫

Ω
BTσi−1dΩ, (43)

where the second term on the right side is the equivalent node load, and Fi is the total
equivalent node load in the i − th load step,

Fi = F0 + ΔF1 + ΔF2 + · · ·+ ΔFi. (44)
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Based on Equation (40), the above expression can be rewritten as

Fi =
σs

σmax
F +

i
N
(1 − σs

σmax
)F, (i = 1, 2, . . . , N). (45)

3. Numerical Examples

Since there are no analytical solutions for nonlinear elastic–plastic problems, the
ABAQUS program is used as a reference in this paper. In this section, to validate the
numerical advantages of the IICVEFG method, three numerical examples under different
constraints and forces are simulated and analysed. The solutions obtained from the
IICVEFG method are compared with the solutions obtained from the ABAQUS program
and the non-interpolating ICVEFG method [38].

For the following examples, the linear basis function and the 4 × 4 Gauss points are
used in the IICVEFG and ICVEFG methods. The singular weight function and cubic spline
weight function are used in the IICVEFG and ICVEFG methods, respectively [23,30]. In
the ABAQUS program, the C3D8R element is selected. Additionally, the external load is
applied with N = 100 steps. In this paper, two-dimensional elastic–plastic problems are
regarded as plane stress problems, and the tangent modulus E′ in Equation (11) is given as
E′ = 0.2E.

For error analysis, define the error between the ABAQUS program and other numerical
methods, and the traditional relative error at a specific node, respectively,

eABAQUS
i =

1
n

n

∑
I=1

(uABAQUS
I − ui

I)
2
, (46)

e =

∣∣∣∣∣ui
I − uABAQUS

I

uABAQUS
I

∣∣∣∣∣, (47)

where n is the number of the nodes, and i represents the IICVEFG and ICVEFG methods in
this paper.

For convergence analysis, define the following variance between the different node
distributions,

Eij =
1
n

n

∑
I=1

[(ui
I − uij

I )
2
+ (uj

I − uij
I )

2
], (48)

where uij
I represents the average displacement value of node I under two different kinds of

node distributions i and j.

3.1. A cantilever Beam Constrained with a Concentrated Force

The first example is a cantilever beam; the free end is constrained with a concentrated
force, as displayed in Figure 2. The geometric parameters are: L = 8 m, h = 1 m and the
depth is the unit length. The material parameters are: E = 1.0 × 105 Pa, ν = 0.25, and
σs = 25 Pa. The concentrated load is P = −1 N.

 

Figure 2. Cantilever beam constrained with a concentrated force.
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For this example, we mainly discuss the influence of the parameter scale dmax and
different node distributions (as described in Figure 3) on the presented IICVEFG method.
In the ABAQUS program, 64 × 8 square four-node elements are. From Figure 3, it is clear
that, with the decrease in the dmax value and the increase in the total number of nodes, the
numerical solutions obtained from the IICVEFG method at point (8, 0) are closer to the
solutions of the ABAQUS program. From Figure 4 and the error analysis of Figure 5, we
can also see that under dmax = 2 and a 65 × 9 node distribution, the numerical deflection
u2 of the nodes on the x1 axis of the IICVEFG method is consistent with the ABAQUS
solutions.

×
×

u
 

d

×
×
×
×

Figure 3. The influence of dmax and node distributions on the IICVEFG method.

 

u
 

x

Figure 4. The deflection u2 of the nodes on the x1 axis.
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×
×
×

×
×
×

e 

Figure 5. The error analysis under different node distributions.

Figure 6 shows the convergence of the IICVEFG method between different node
distributions. We can conclude that the greater the number of total nodes is, the smaller the
variance is. Therefore, the IICVEFG method has good numerical convergence. We should
note that the IICVEFG method may spend more CPU computing time as the number of
total nodes increases.

 

E ij

×
×
×
×
×
×

Figure 6. The convergence analysis and CPU time.

Figure 7 describes the relation between the load and the deflection u2 at the point
(8, 0.5). When loaded to about P = −0.6 N, the structure starts to enter plastic stage. Until
about P = −0.8 N, the whole structure is in the plastic stage.

27



Mathematics 2021, 9, 1967

 

P

u

Figure 7. The relation between the load and the deflection.

3.2. A Cantilever Beam Constrained with a Distributed Load

The second example is a cantilever beam where the upper boundary is constrained
with a distributed load, as described in Figure 8. The geometric and material parameters
are the same as in the first example. The distributed load is p = −1 N/m.

 

Figure 8. Cantilever beam constrained with a distributed load.

For this example, we mainly discuss the merits of the IICVEFG method in terms of
computing accuracy and efficiency, as compared to the non-interpolating ICVEFG method.
In the IICVEFG method, 17 × 4 nodes are used. The grid distribution in the ABAQUS
program is same as the first example.

Under different parameter scalings dmax, Figure 9 shows the relative errors of the
deflection u2 at point (8, 0) between the IICVEFG method and ABAQUS program. It is
clear that when dmax = 2, the relative error is close to zero. Thus, we choose these data for
the following discussion. It widely known that the greater the value of dmax is, the more
CPU time the IICVEFG method requires.
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Figure 9. The relative errors and CPU time under different dmax.

Taking the ICVEFG method as a comparison method, the suitable node distribution,
dmax, and penalty factor α should be chosen. For this example, 21× 11 nodes and dmax = 3.9
are used. The penalty factor α is chosen according to Figure 10. From the relative error
analysis, there are two observations: (1) The solutions of the IICVEFG method have no
relation with the penalty factor α, because in the IICVEFG method special techniques are
unnecessary when applying the essential boundary conditions; (2) With the increase in
the penalty factor α the relative error is gradually reduced, and when α = 1.0 × 1012 the
relative error is sufficiently small and close to the error of the IICVEFG method. It is worth
mentioning that this selection process is time consuming. Therefore, the IICVEFG method
has a greater computing accuracy and efficiency than the ICVEFG method.

 

α= ×
α= ×
α= ×

α= ×
α= ×
α= ×

Re
la

tiv
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er
ro

r 

Penalty factor α

Figure 10. The influence of penalty factor α.

After deciding the values of the relative parameters, the deflection u2 of the nodes on
the x1 axis are acquired from the ABAQUS program, as well as the IICVEFG and ICVEFG
methods. The results are shown in Figure 11. The solutions are in good agreement with
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each other. Moreover, for a single calculation, the CPU time spent in the IICVEFG method
is 30.1 s, which is much less than the 538.0 s spent in the ICVEFG method under similar
accuracy.

 

u
 

x

×

×

Figure 11. The deflection u2 of the nodes on the x1 axis.

Identically to the first example, the relation between the load and the deflection u2 at
the point (8, 0) is shown in Figure 12. For this example, the structure begins to produce
the plastic deformation when p = −0.2 N/m, and up to p = −0.4 N/m the structure is
completely in the plastic stage.

 

p

u

Figure 12. The relation between the load and the deflection.

3.3. A Rectangular Plate with a Central Hole under a Distributed Traction

The final example is a rectangular plate with a circular hole in the centre. This structure
bears a distributed traction at the right boundary, as described in Figure 13. The geometric
parameters are: L = 10 m, h = 4 m, r = 1 m, and the depth is the unit length. The
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material parameters are: E = 1.0 × 105 Pa, ν = 0.25, and σs = 250 Pa. The traction load is
p = 1000 N/m.

 

Figure 13. Rectangular plate with a central hole under a distributed traction.

For this example, we mainly discuss the applicability of the IICVEFG model for
complex structures. First, for the IICVEFG and ICVEFG methods, the numerical solutions
were obtained under the same node distribution 23 × 15. In the IICVEFG and ICVEFG
methods dmax = 2. Moreover, in the ICVEFG method α = 1.0 × 109. As a reference, 40 × 8
grids are distributed in the ABAQUS program.

Figure 14 shows the displacement u1 of the nodes on x2 = −2 m. We can see that the
solutions obtained from the IICVEFG and ICVEFG methods are in good agreement with
the solutions of the ABAQUS program. The relative errors at point (5, −2) acquired from
the IICVEFG and ICVEFG methods are 0.144% and 0.1611%, respectively. Furthermore,
under similar computing accuracy, the IICVEFG method requires 408.84 s to compute,
which is less than the 474.78 s for the ICVEFG method.

 

u
 

x

Figure 14. The displacement u1 of the nodes on x2 = −2 m.

Figure 15 describes the grid distribution in the ABAQUS program, node distribution
in the IICVEFG method, and the corresponding distributions of displacement u1. We can
see that the displacement distributions obtained from the ABAQUS program and IICVEFG
method are similar.
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Figure 15. The displacement distributions.

For this example, the relation of the traction and the displacement u1 at point (5, 0) is
also discussed in Figure 16. Around the value p = 100 N/m the plastic deformation occurs;
and around p = 300 N/m the deformation of the whole structure is plastic deformation.

u

p

Figure 16. The relation between the displacement and traction.

4. Conclusions

In this paper, a more efficient and accurate numerical model for the two-dimensional
nonlinear elastic–plastic problems is established, based on the IICVEFG method and the
incremental tangent stiffness matrix method. Through numerical analyses we found that,
in the IICVEFG method, the variance is smaller as the number of total nodes increases.
Thus, the IICVEFG method has good convergence. The solutions of the IICVEFG method
are consistent with the solutions of the ABAQUS program. In addition, the error between
the IICVEFG method and ABAQUS program is less than that between the ICVEFG method
and ABAQUS program. Furthermore, under similar accuracy constraints, the CPU time
spent on the IICVEFG method is 30.1 s, which is much less than 538.0 s spent on the
ICVEFG method. Thus, the IICVEFG method has greater numerical accuracy and efficiency

32



Mathematics 2021, 9, 1967

than the non-interpolating ICVEFG method for different elastic–plastic problems. This
validates that the IICVEFG method is sufficiently adaptable.
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Abstract: To analyze the leasing behavior of residential land in Beijing, the mathematical models
of the price and the total area of the leased residential land are presented. The variables of the
mathematical models are proposed by analyzing the factors influencing the district government’s
leasing behavior for residential land based on the leasing right for residential land in Beijing, China.
The regression formulae of the mathematical models are obtained with the ordinary least squares
method. By introducing the data of the districts in Beijing from 2004 to 2015 into the mathematical
models, the numerical results of the coefficients in the mathematical models are obtained by solving
the equations of the regression formulae. After discussing the numerical results of the influencing
factors, the district government behavior for leasing residential land in Beijing, China, is investigated.
The numerical results show the factors concerning the government and how these factors influence
the leased price and the total leased area of residential land for this large city in China. Finally, policy
implications for the district government regarding residential land leasing in Beijing are proposed.

Keywords: mathematical model; leased price; total leased area; data analysis; residential land; Beijing

1. Introduction

For a country, the leasing of residential land is related to people’s life and the economic
development of the country. With the developments in China in the past 30 years, the land
and real estate markets also have been developing rapidly, and the mode of residential land
leasing has been fixed. To analyze how the mode is fixed, considering that land leasing is a
kind of government behavior, it is necessary to analyze the factors influencing government
behavior for leasing residential land in China to enhance the efficient use of residential land
and achieve sustainable development. Therefore, studying the reasonable allocation of
land resources is necessary for regional urban planning [1], land policies and planning [2],
and the development of cities [3].

In China, for the metropolitans, such as Beijing, Shenzhen and Shanghai, the district
governments of these cities decide the leasing behavior of the land use rights, and then
land markets are mainly controlled by the district governments [4,5]. The central and local
governments are responsible for managing the different parts of the urban housing and
land markets [6]. Various policies are formulated by the central government to promote the
marketization of land, while the local governments implement these polices to maximize
long-term profits and ensure long-term sustainable development [7]. The policies for
land leasing are affected by the fiscal incentives; thus, the local governments considered
attracting the land investments [8]. Li et al. [9] considered multi-objective functions to
discuss the optimization of land-use arrangement. Therefore, when the local governments
lease land, the factors influencing land leasing should be considered [10].

Some factors affecting the land leasing of the local governments are discussed by using
mathematical models. Land price [11,12], land leasing mode [13], political competition
among local officials [14], the economy of the city and so on are considered. The listing,
tender and auction of land leasing modes stipulated by the Chinese land law affect the
local governments’ decisions on leasing land [13]. The increase in gross domestic product

Mathematics 2021, 9, 2314. https://doi.org/10.3390/math9182314 https://www.mdpi.com/journal/mathematics35



Mathematics 2021, 9, 2314

(GDP) of a city can make the local government increase the land leasing [12]. The behavior
of land leasing of the local government and the prices of the land and houses can also
be influenced by local public goods, such as public transit [15], airports [16], subway
stations [17] and so on. In suburban districts of large Chinese cities, subway stations
make the local governments obtain more profits from leasing land near these stations [18],
because they impact the consumer amenities and economic activities positively [17]. The
shorter the distances to subway stations are, the higher the land prices are [19]. Land or
houses near pure air, high-quality primary and middle schools, main universities and
environmental conveniences raise their prices [15]. Land prices can also be influenced by
the distance between the land location and the center of a city. The shorter this distance is,
the higher the prices of the land leases are [16].

For the influencing factors of leased land area, the shorter the distance of the land
location to the city center is, the larger the total area of the leased land is [20]. The distance
of the land to the city center or the closest subway station has a negative correlation with
the total area of leased land [21]. The district location and the highway number in this
district have influences on the total leased area of industrial land [5]. Furthermore, the total
area of leased land is also influenced by the distance of the land to the city or district center,
metro station and highway number [22].

In general, in the mathematical models of the leased land, the regression formulae
are obtained with the ordinary least squares (OLS) method [23–25]. With the further
development of the OLS method, the general least squares method, moving least squares
method [26,27], improved moving least squares method [28,29] and complex variable
moving least squares method [30] are presented. The general least squares method can also
be used in the mathematical models of the leased land to obtain the regression formulae.
The moving least squares method, improved moving least squares method and complex
variable moving least squares method are presented to propose new meshless methods to
solve science and engineering problems governed by the partial differential equations.

Beijing, as the capital, is one of the largest Chinese cities. It has a high GDP, land price
as well as house price. The population of Beijing reached more than 20 million. With the
rapid economic development of Beijing, the pressures on land supply increased, and the
contradiction between land resources and population growth became sharp. As mentioned
above, the district governments in Beijing decide the planning and leasing of residential
land, which shows that in Beijing, the data of the districts in Beijing should be used to study
the leasing behavior regarding residential land. Currently, the corresponding research on
the influencing factors of the leasing prices for house and land are mainly based on the data
of a city or province. Few papers have been published studying the factors affecting the
leasing behavior of residential land of district governments in Beijing by using the data of
the districts, because it is difficult to obtain the corresponding data at the district level. The
corresponding research mainly considered the factors of basic land and location, while the
district factors, such as political and economic influences, were not discussed; thus, more
factors from different aspects should be considered. Furthermore, most of the literature
discussed land leasing prices, while few researchers applied the price and the total area of
leased land together to study the land leasing behavior of the local governments.

In this paper, the mathematical models of the price and the total area of the leased
residential land are presented to analyze the leasing behavior of residential land in Beijing.
The variables of the mathematical models are proposed based on the leasing right for
residential land in Beijing, China. The regression formulae of the mathematical models
are obtained with the OLS method. The data of the districts in Beijing from 2004 to 2015
are used to obtain the numerical results of the coefficients in the models. The district
government’s behavior towards leasing residential land in Beijing, China, is investigated
by discussing the numerical results of the models.
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2. Methodology

The methodology in this paper is to discuss the factors influencing the leasing behavior
of the district governments for leasing residential land by using the mathematical models
of the price and the total area of leased residential land. Linear regression relationships are
applied in the models proposed in this paper, and the regression formulae of the coefficients
in the models are obtained from the OLS method.

By using the data of all districts in Beijing from 2004 to 2015, numerical results
can be obtained from the regression formulae of the mathematical models. From the
results, the relationship between the price (or total area) of residential land leased and the
corresponding influencing factors are analyzed.

The mathematical models of the price and the total area of leased residential land
presented in this paper are for every piece of land for all districts in Beijing for a year.
The dependent variables are residential land price and total area, and the corresponding
independent ones are the factors affecting the local district governments’ behavior on
leasing residential land.

From the literature published before, all possible factors are considered in the mathe-
matical models in this paper. From the macro level of a district and micro level of a piece
of leased land, the land attributes, district-level economic status and geographic location of
the leased land are discussed.

The regression formulae of the mathematical models are obtained from the OLS
method in which the best approximation is used to obtain the most optimal solutions, and
then the correct numerical solutions can be obtained from the models.

According to the data of the price and the total area of leased residential land and
the corresponding influencing factors in the districts of Beijing from 2004 to 2015, the
numerical results can be obtained from the regression formulae. The variance inflation
factor (VIF) is applied to avoid multicollinearity among the independent variables of the
mathematical models.

From the numerical results, the factors influencing the local district governments
on leasing residential land are discussed, and how the price and the total area of leased
residential land being changed with the factors is analyzed. Finally, policy implications for
the local district governments are proposed, and the metropolitans of developing countries
implementing public ownership of land can learn from and benefit from these implications.

3. Mathematical Models

3.1. The Dependent and Independent Variables

The dependent variables considered in this paper are the price and the total area of
residential land leased. Then the mathematical models of the price and the total area are
proposed, respectively.

The independent variables considered are the factors influencing the local district
governments on leasing residential land. These factors are proposed based on the litera-
ture from the macro level of a district and micro level of a piece of leased land, such as
land attributes, district-level economy, geographic location of the leased land and so on.
Thus, land attributes, district-level attributes and location attributes, of factors affecting
residential land leasing, are considered.

With regard to land attributes, the factors considered in this paper are the area and the
floor area ratio (FAR) of the residential land, the mode of land leasing and the corresponding
district location. The land area is the built area of a certain leased residential land. The FAR
of the land is the ratio of the built area to the area of a piece of residential land. These two
factors will be considered by the government because the area and FAR of the leased land
are needed for different land leasing types. The land leasing mode can affect land leasing,
and the price of land leased by listing mode can be higher [13]. The area and price of
residential land are different in the various districts in Beijing. In Beijing, three categories,
i.e., center districts, suburban ones and county, are considered for the 18 districts from 2004
to 2015. Districts such as Dongcheng, Xicheng, Chaoyang, Haidian, Chongwen, Xuanwu,
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Fengtai and Shijingshan, are the center ones; the districts of Daxing, Changping, Fangshan,
Shunyi, Mentougou, Tongzhou, Pinggu and Huairou are suburban ones, whereas Yanqing
and Miyun are counties. The district location can influence land prices in that the land
prices in the central districts are higher than those in other districts [16]. The geographic
distribution of the 18 districts in Beijing is shown in Figure 1.

Figure 1. The distribution of the center districts, suburban districts and counties [3].

With regard to district-level attributes, factors such as GDP and term of office for
the district head are involved. Land supply is impacted by the urban economy, such as
GDP [12]. The district heads can lease a certain piece of land at a certain time according to
the planning and development of the district.

The location attributes consider the location of the leased residential land, and the
distances of the land to city center, district center, subway station, highway, university, high
school, park and industrial park. The transportation status and the location of the leased
land are crucial for the land leasing behavior of the government. Tiananmen Square is
regarded as the center of Beijing. The location of the government of the district is regarded
as the district center. The subway and highway are basic transport infrastructure, and can
provide excellent conditions for residential development. University and high school show
the educational level of a district, which can also have significant impacts on land price
and house price [15]. For the key high schools, currently in China, school district housing
becomes more and more popular among parents, thereby giving their children high-quality
education in a more favorable atmosphere. Parks can supply an excellent environment and
be of convenience for the nearby residents, and usually increase the house price [31,32].
The industrial parks have negative impacts on residential land price, because generally the
residences are far from industrial parks due to the great noise and pollution.

These factors mentioned above consider the macro level of a district and micro level of
a piece of leased land, such as land attributes, district-level economy, geographic location
of the leased land and so on, and all possible factors are included based on the literature.
These factors will be regarded as the variables of the mathematical models to study the
factors affecting the behavior of the district government for leasing residential land.

3.2. Mathematical Model of Leased Residential Land Price

Based on above variables, the mathematical models for the price and the total area
of leased residential land are presented. Similar to the hedonic model, the mathematical
models are proposed based on the linear regression, and the OLS method is applied to
obtain the coefficients of the models. The VIF is tested to avoid multicollinearity among
the independent variables, so that the VIFs are smaller than 7.
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The mathematical model of the price of leased residential land is

ln LPit = a +
M

∑
m=1

αm Amit +
J

∑
j=1

β jDjit +
K

∑
k=1

γkLkit + Yr_dum + Dis_dum + uit (1)

where LPit denotes the price of each piece of leased residential land; Amit, Djit and Lkit
denote the land attributes, the district-level attributes and the location attributes, respec-
tively; M, J and K are the numbers of the land attributes, the district-level attributes and
the location attributes, respectively; Yr_dum and Dis_dum denote dummy variables of
the year and the district, respectively; i is the district, t is the year, a is a constant, and uit
denotes the error term. The district and the year may influence the results; thus, the district
dummy and year dummy variables are added to control the variables of years and districts.
In Table 1, a detailed description of the variables in Equation (1) is presented.

Table 1. The definitions and summary statistics of the variables for the price model.

Category Variable Description Obs. Mean Std. Dev.

ln(LPit)
Transaction price of every piece of leased

land of district i in year t.(Yuan) 187 7.95 × 108 8.99 × 108

A1it ln(Areait)
Built areas of the land leasing for district i

in year t. (m2) 187 75,839.24 69,095.43

A2it ln(FARit) FAR of the land for district i in year t. 187 2 0.72

A3it MOD1it

Land leasing mode for district i in year t
=1 when the mode is listing;

=0 otherwise.
(Auction is for comparison.)

187
132
55

0.71 0.46

A4it MOD2it

Land leasing mode for district i in year t
=1 when the mode is tender;

=0 otherwise.
(Auction is for comparison.)

187
54

133
0.29 0.45

A5it LOC1it

Location of district i
=1 when i is center district;

=0 otherwise.
(County is for comparison.)

187
59

128
0.32 0.47

A6it LOC2it

Location of district i
=1 when i is suburban district;

=0 otherwise.
(County is for comparison.)

187
114
73

0.61 0.49

D1it ln(GDPit) GDP for district i in year t. (Yuan) 187 8.51 × 1010 9.55 × 1010

D2it DMit
Term of office for district head of district i

in year t. 187 4 1.91

L1it ln(TAit)
Distance of the land for district i in year t

to Tiananmen Square. (m) 187 28,788.91 18,217.55

L2it ln(GOVit)
Distance of the land for district i in year t

to the government of district i. (m) 187 8752.82 9588.75

L3it ln(SUBit)
Distance of the land for district i in year t

to the nearest subway. (m) 187 13,181.63 15,094.78

L4it ln(HIGHit)
Distance of the land for district i in year t

to the nearest highway. (m) 187 3398.24 5569.69

L5it ln(UNIit)
Distance of the land for district i in year t

to the nearest university. (m) 187 14,376.65 15,060.32

L6it ln(HSit)
Distance of the land for district i in year t

to the nearest key high school. (m) 187 6099.26 6151.21

L7it ln(PARit)
Distance of the land for district i in year t

to the nearest park. (m) 187 5681.05 3802.66

L8it ln(IPit)
Distance of the land for district i in year t

to the nearest industrial park. (m) 187 3603.74 4155.92
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The vector form of Equation (1) is

ln LPit = a + aA + uit (2)

where
a = (α1, α2, . . . , αM, β1, β2, . . . , β J , γ1, γ2, . . . , γK, 1, 1) (3)

is the coefficient vector, and

A = (A1it, A2it, . . . , AMit, D1it, D2it, . . . , DJit, L1it, L2it, . . . , LKit, Yr_dum, Dis_dum)T (4)

is the variable (or factor) vector.
Then we know that the expectation and variance equal to zero, i.e.,

E( ln LPit − a − aA) = 0 (5)

E(Aj(ln LPit − a − aA)) = 0 (6)

where Aj is the weight coefficient.
Considering the sampling data, we define the estimator â of the vector a as

â = (â1, â2, . . . , âM) (7)

From Equations (5) and (6) we have

1
N

N

∑
n=1

(ln LPitn − â − âAn) = 0 (8)

1
N

N

∑
n=1

Ajn(ln LPitn − â − âAn) = 0 (9)

where N denotes the number of sample data.
From Equation (8) we obtain

y = â + âAn (10)

then
â = y − âAn (11)

where

y =
1
N

N

∑
n=1

ln LPitn (12)

An =
1
N

N

∑
n=1

An (13)

In Equation (9), considering the arbitrariness of sample number, we can obtain

N

∑
n=1

Ajn(ln LPitn − â − âAn) = 0 (14)

From Equations (11) and (14) we have

N

∑
n=1

Ajn
(
ln LPitn − (y − âAn)− âAn

)
= 0 (15)

i.e.,
N

∑
n=1

Ajn(ln LPitn − y) = â
N

∑
n=1

Ajn
(
An − An) (16)
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By solving Equation (16) we have

âi =

N
∑

n=1
Ajn(ln LPitn − y)

N
∑

n=1
Ajn
(

An − An)

(17)

Then we can obtain the estimator â.

3.3. Mathematical Model of Leased Residential Land Area

The mathematical model of the total area of leased residential land is

ln(LAit) = a +
L

∑
l=1

αl Mlit + Yr_dum + Dis_dum + uit (18)

where LAit denotes the total area of leased residential land; Mlit denotes the location
attributes; and L denotes the number of location attributes. The detailed description and
statistics of the variables in Equation (18) are shown in Table 2. The corresponding estimator
â in this model can be obtained in a similar way mentioned above.

Table 2. The definitions and summary statistics of the variables for the total area model.

Category Variable Description Obs. Mean Std. Dev.

ln(LAit)
Built area of total leased land of district i

in year t. (m2) 216 65,658.12 130,448.1

M1it ln(DCCit)
Distance between district i in year t and

Tiananmen Square. (m) 216 17,538.98 17,704.8

M2it Subwayit Numbers of subway stations in district i in year t. 216 8.7 13.26

M3it Highwayit
Numbers of highway entrances and exits in

district i in year t. 216 84.3 103.22

M4it ln(DIPit)
Distance between district i in year t and the

nearest industrial park. (m) 216 181.21 744.76

M5it LOC1it

Location of district i
=1 when i is center district;

is center district;
=0 otherwise.

(County is for comparison.)

216
96

120
0.44 0.50

M6it LOC2it

Location of district i
=1 when i is suburban district;

=0 otherwise.
(County is for comparison.)

216
96

120
0.44 0.50

The mathematical models proposed in this study for the price and the total area of
leased residential land are based on multivariate regression analysis. The relationship
between the price of every piece of leased residential land (or the area of total leased
residential land) with each influencing factor is linear. The OLS method is used to obtain
the regression formulae of the mathematical models. From mathematical theory, the OLS
method is one of the most accurate mathematical methods to fit the most optimal value;
thus, the correct regression results can be obtained from the formulae in this paper. Then,
the validation for the mathematical models is shown theoretically.
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4. Data and Regression Results

To obtain the regression results, the data of all districts in Beijing from 2004 to 2015
are searched or computed by the author one by one.

The basic data, such as GDP and term of office of the district head, of all the districts
in Beijing, were obtained from the yearbooks of all 18 districts.

The data of leased residential land, such as transaction price, built area, FAR and
leasing modes, in Beijing, were obtained from the official website of the Beijing Planning
and Land Resources Bureau. The distribution of residential land leased in Beijing from
2004 to 2015 is given in Figure 2.

Figure 2. Residential land leasing from 2004 to 2015.

The longitude and latitude of all locations, such as the piece of land, the centers of
Beijing and the 18 districts, subway stations, highway entrances and exits, university, high
school, park and industrial park, were obtained from Google Maps. In total, 44 key high
schools, 60 main universities, 50 parks and 72 industrial parks in Beijing were considered.
The distributions of the subway stations and highways in 2004 and 2015 are shown in
Figures 3 and 4, respectively, and the distribution of the municipal key high schools, main
universities, parks and industrial parks considered in this paper is presented in Figure 5.

The distances between the location of a leased land and Tiananmen Square, district
government, the nearest subway, the nearest highway entrance and exit, the nearest key
high school, the nearest university, the nearest park and the nearest industrial park were
computed with ArcGIS, which is geographic information system software.

After collecting the above data, from the mathematical models, the regression results
of the leased residential land price and total leased area at the district level were obtained.
The corresponding numerical results are presented in Tables 3 and 4.
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Figure 3. The subway stations and highways in 2004.

Figure 4. The subway stations and highways in 2015 [3].
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Figure 5. The distribution of the main universities, key high schools, parks and industrial parks.

Table 3. The results for the price model.

Variable Coefficient Robust Standard Errors

Residential land attributes
ln(Areait) 1.05599 *** 0.03843
ln(FARit) 0.46383 *** 0.14348
MOD1it −0.16323 0.45901
MOD2it −0.06821 0.35298
LOC1it 0.05951 0.74614
LOC2it 0.41961 0.70880

District-level attributes
ln(GDPit) −0.09871 0.36908

DMit −0.03325 0.03341

Location attributes
ln(TAit) −1.02350 *** 0.24363

ln(GOVit) −0.06071 0.05973
ln(SUBit) −0.05064 0.05986

ln(HIGHit) 0.09980 * 0.05807
ln(UNIit) −0.05349 0.07592
ln(HSit) 0.04179 0.06062

ln(PARit) 0.13204 ** 0.06517
ln(IPit) 0.00667 0.01617

Constant 21.25886 ** 8.96312
District dummy Yes

Year dummy Yes
Observations 187

R2 0.9298
Notes: ***: Significant at the 1 percent level; **: significant at the 5 percent level; *: significant at the 10 percent level.
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Table 4. The results for the total area model.

Variable Coefficient Robust Standard Errors

Location attributes
ln(DCCit) 0.51405 ** 0.20171
Subwayit 0.03815 0.06362

Highwayit 0.03179 0.05952
ln(DIPit) −0.20298 0.16756

LOC1it 4.36266 * 2.58414
LOC2it 4.17678 *** 1.59481

Constant −4.84172 * 2.65913
District dummy Yes

Year dummy Yes
Observations 216

R2 0.4677
Notes: ***: Significant at the 1 percent level; **: significant at the 5 percent level; *: significant at the 10 percent level.

5. Discussion

Firstly, we discuss the numerical results in Table 3 for the price of residential land leasing.
For the land attributes, the area and FAR of the leased residential land are very

significant. When the area of it increases by 1%, the price of the leased residential land
increases by 1.06%. Then, the district government hopes to lease residential land of which
the area is large, because more profits can be earned. When the FAR of the leased residential
land increases by 1%, the price of the land increases by 0.46%. From an economic viewpoint,
a high floor ratio indicates a high intensive land use, and then the real estate developers
can make large profits from the land. Thus, the district government prefers to lease the
residential land of which the FAR is high.

About the location attributes, the distance of the location of the leased land to Tianan-
men Square is very significant. When the distance increases by 1%, the price of the leased
residential land decreases by 1.04%. The residential land that is closer to the Tiananmen
Square has a higher price, because the accessibility to the public transportation system
around the city center is better, as well as the convenience level of the neighborhood. Thus,
the district government tends to lease residential land near the city center.

The distances from the land to the nearest park and the nearest highway entrance and
exit are significant. When the distance from the leased land to the nearest park increases
by 1%, the price of the land increases by 0.13%. When the distance from the land to the
nearest highway entrance and exit increases by 1%, the land price increases by 0.1%. A
green space provides a healthy environment and is convenient to relax in for residents.
The parks can reduce the distance between residents and nature, and are helpful for the
residents to relieve stress and breathe fresh air. The highways as for transportation, and
can provide the convenience for residents to travel inside and outside cities. Thus, the
district government is likely to lease residential land in proximity to parks and highways.

Then, we discuss the numerical results in Table 4 for the total area of residential
land leasing.

The location of the district and the distance from the district to Tiananmen Square is
significant. The total area of leased residential land is larger in the center and suburban
districts than that in the counties. The total area of leased residential land increases by
0.51% when the distance from the district to Tiananmen Square increases by 1%. The
government leases more residential land near the city center. Residential land is also more
popular in center districts and suburban districts than that in counties. The reasons may
be that the high-quality public transportation system is more favorable for the residential
development, as well as the convenience level of the neighborhood. The government can
earn more revenues from leasing residential land in the center and suburban areas, and
near the city center.

In conclusion, the land area, the FAR, the distances between the land to the city center,
the nearest park and the nearest highway entrance and exit have influences on the price of
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the residential land. The district location and the distance between the district and the city
center affect the total area of residential land leasing in Beijing. The high land leasing price
also results in great profits for the district government; thus, the district government hopes
to lease the residential land with a high price. Under the control of the central government
regarding house prices, the land leasing price should not increase rapidly.

According to the analysis above, we can see that the district government in Beijing
hopes to lease residential land that has a large area or high FAR. Besides the land attributes,
the location factors also have influences on the district government for leasing residential
land. The district government prefers to lease residential land near the center of the city,
park and highway; indeed, the government leases more residential land near the city center
and in the center and suburban districts.

Compared with other similar studies, the residential land leasing price has a positive
relationship with the area and FAR, which is in agreement with the results of Yang et al. [13].
The residential land leasing prices near the city center [13] and parks [20] are much higher,
which is identical with the results in this study. It is shown that the numerical results in
this paper are in agreement with those in other similar studies. The validation for the
mathematical models presented in this paper is shown numerically.

Then the policy implications can be obtained from the above discussions.
Firstly, when the district government plans to lease residential land, the centers of the

city and the districts should be considered as important factors to promote the pattern of
combination of a center business district and high-standard residences near the center and
sub-centers of the city for the development of the city in the long run.

Secondly, the district government is concerned more about the original attributes
of the land, such as the land area and the FAR, when leasing residential land. Thus, the
quality of the land plays an important role, and a large area and high FAR could increase
profits for the governments.

Thirdly, the transportation infrastructure, such as highways, is vital for the district
government to lease residential land, which is helpful for the government to develop the
residences in suburban districts, promote the construction of development of suburban
districts and achieve a relatively balanced residential development between the center and
suburban districts.

Other developing countries implementing public ownership of land have a similar
background of economic and residential development to that in China, and possibly face
similar problems in residential land leasing given this background. Thus, the policy
implications proposed from this study can be applied to other developing countries and
other metropolitans in China, and provide a reference for them to figure out how to balance
land leasing and have more sustainable development of the land use and economy.

6. Conclusions

Mathematical models of the price and the total area of the leased residential land
are presented in this study to analyze the leasing behavior of residential land in Beijing.
The factors influencing the district government’s leasing behavior for residential land
are considered as the variables of the models. By introducing the data of the districts in
Beijing from 2004 to 2015 into the models, the numerical results of the coefficients of the
influencing factors in the mathematical models are obtained by solving the equations of
the regression formulae. By discussing the numerical results of the influencing factors, the
district government’s behavior regarding the leasing of residential land in Beijing, China,
is investigated.

According to the results, area, FAR, the distance of the land to the city center, the
nearest park and the nearest entrance and exit of highway affect the price of residential
land; and the district location and the distance of the location of land to the city center
affect total area of residential land.

According to the results in this study, the district governments in metropolitans can
draw on these factors when residential land is being leased. The district governments
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should also consider additional factors previously overlooked, and the district governments
can formulate land policy more efficiently for sustainable development of the districts,
even the whole city.

Further, some recommendations on land use for an efficient and equitable land-use
policy and long-term, financially sustainable urban development are proposed. The district
governments can make better land leasing decisions in the coming decades based on the
results in this study. Moreover, the policy implications of this study give a reference for
other large cities in China and other counties under public land ownership.
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Abstract: By introducing the dimension splitting method (DSM) into the improved interpolating
moving least-squares (IMLS) method with nonsingular weight function, a dimension splitting–
interpolating moving least squares (DS-IMLS) method is first proposed. Since the DSM can decom-
pose the problem into a series of lower-dimensional problems, the DS-IMLS method can reduce the
matrix dimension in calculating the shape function and reduce the computational complexity of
the derivatives of the approximation function. The approximation function of the DS-IMLS method
and its derivatives have high approximation accuracy. Then an improved interpolating element-free
Galerkin (IEFG) method for the two-dimensional potential problems is established based on the
DS-IMLS method. In the improved IEFG method, the DS-IMLS method and Galerkin weak form are
used to obtain the discrete equations of the problem. Numerical examples show that the DS-IMLS
and the improved IEFG methods have high accuracy.

Keywords: meshless method; dimension splitting-interpolating moving least squares (DS-IMLS)
method; improved interpolating element-free Galerkin (IEFG) method; potential problem

1. Introduction

The construction of approximation functions in the meshless method is only related to
nodes and independent of the mesh, so the meshless method has the advantages of no grid
reconstruction and high computational accuracy [1–4]. The meshless method has become
an essential numerical method in scientific and engineering calculation problems [5–8].

Many meshless methods have been proposed based on different construction methods
of the shape function or discretization approach of the problem to be solved. The smoothed
particle hydrodynamics (SPH) method [9], moving least squares (MLS) approximation [10],
point interpolation method (PIM) [11], and radial basis function [12–15] are the widely
used method to construct the meshless approximation. The major drawbacks of the SPH
method include tensile instability and lack of approximation consistency. The MLS can
provide an approximation with high smoothness on the whole problem domain. However,
the major shortcoming of the MLS is a lack of Kronecker delta function property. The
meshless method based on the MLS cannot enforce the essential boundary conditions
directly. The approximation of the PIM satisfies the properties of delta function. However,
when the node arrangement is not very suitable, the matrix singularity is likely to occur in
the calculation of the shape function for PIM.

The meshless method is mainly constructed based on the strong form and weak form.
The strong form-based method has also been applied to various problems [16,17]. This
method has the advantages of easy adaptive refinement and low computation cost [18–21].
Since no background mesh is required, this method is a real meshless method. However,
the strong form-based meshless collation method also has the drawbacks of poor accuracy
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and stability. The element-free Galerkin (EFG) method [22], reproducing kernel parti-
cle method [23,24], local Petrov–Galerkin method [25], and boundary integral equation
method [26] belong to the weak-from meshless method. Sometimes meshless methods
based on weak forms may have weak computational efficiency.

The MLS approximation, which is developed from the traditional least squares (LS)
method [27–30], is one of the most important methods for constructing trial functions in
meshless methods. Based on the MLS approximation, Belytschko et al. proposed the EFG
method [31], which has a wide range of applications and high calculation accuracy. In
addition to the EFG method, many MLS-based meshless methods have been proposed,
such as meshless local Petrov–Galerkin [32] and boundary knot method [33].

To reduce the ill condition of the matrix in the calculation of MLS approximation,
Liew and Cheng et al. proposed an improved MLS approximation by using the weighted
orthogonal function [34,35]. Based on this improved orthogonal MLS approximation, the
boundary element-free method [36] and improved MLS Ritz method [37] were developed.
To improve the computational efficiency, by using the theory of complex variables, Liew and
Cheng et al. proposed the complex variable moving least-squares (CVMLS) method [38].
The meshless method based on the CVMLS method can improve calculation efficiency and
accuracy [39,40].

Because the MLS method is not interpolable at the nodes, the MLS-based meshless
method cannot directly enforce the essential boundary as the finite element method, which
increases the additional computational burden. For this reason, Lancaster et al. pro-
posed the interpolated moving least-squares (IMLS) method [10] by selecting singular
special weight functions. Based on IMLS, the interpolating element-free Galerkin (IEFG)
method [41] and other interpolation-type meshless methods [32,42–45] were proposed.
Wang et al. studied the error convergence of the IMLS method [46,47]. The meshless
method based on the IMLS method has a good calculation effect [48–51]. However, the
singularity of the weight function in the IMLS method is not conducive to numerical
calculation. To overcome the deficiency, Cheng et al. proposed an improved IMLS method
with nonsingular weights [52,53]. The meshless method based on the improved IMLS
has the advantages of nonsingular weight function and direct application of essential
boundary [54–56].

The dimension-splitting method (DSM) was first applied in the finite element method.
This method divides high-dimensional problems into a series of lower-dimensional prob-
lems and then iteratively solves them, which can effectively improve the computational
complexity of the numerical methods [4,57,58]. By introducing DSM into the meshless
method, Cheng et al. first proposed the dimension splitting meshless method, which
showing high calculation accuracy and efficiency [59–61]. When a high order polynomial
basis function is used, there are many matrix multiplications and inversion of high order
matrices in the MLS approximation, especially in the calculations for the higher-order
derivatives of the approximation function. It leads to a considerable accumulation of
calculation errors and is not conducive to improving accuracy. This paper aims to propose
a new hybrid method to obtain the shape function of the meshless method by incorporating
the DSM into the improved IMLS method.

The main contributions of this paper are as follows. (1) By coupling the DSM and
improved IMLS methods, this paper aims to propose a new hybrid method to obtain
the shape function of the meshless method, which is called the “dimension splitting –
interpolating moving least squares (DS-IMLS) method”. (2) Similar to the weight function in
the improved IMLS method, the weight function in the DS-IMLS method is also nonsingular,
and the approximation satisfies the properties of the Kronecker delta function, so the
meshless method based on the DS-IMLS method does not require additional numerical
methods to enforce essential boundary conditions. (3) When a high order polynomial
basis function is used, there are many matrix multiplications and inversion of high order
matrices in MLS. This may lead to a considerable accumulation of calculation errors. We
expect that the order of the inverse matrix can be reduced when finding the shape function
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in the hybrid method. Based on the DSM, for two-dimensional space, the shape function is
calculated from a series of one-dimensional spaces, and then the order of the matrix that
needs to be inverted will be greatly reduced in the DS-IMLS method when calculating the
shape function. (4) We hope that the DS-IMLS method has high calculation accuracy for
anisotropic node distribution. Even if the difference between the nodes spacings in the x
and y directions is very large, the DS-IMLS method still has a good calculation effect. The
performance of the method is verified through several numerical examples.

This paper is organized as follows. In Section 2, we describe the improved IMLS
method with nonsingular weight functions. Incorporating the DSM to the improved IMLS
method, the DS-IMLS method is presented in Section 3. Then based on the Galerkin weak
form and the DS-IMLS method, Section 4 describes the improved IEFG method for the
two-dimensional potential problems. The numerical examples to verify the performance
are prescribed in Section 5. Finally, a summary and conclusions are provided in Section 6.

2. The Improved IMLS Method with Nonsingular Weight Functions

To improve the deficiency that the weight function must be singular in the IMLS
method [10], Wang and Cheng et al. proposed an improved IMLS method with nonsingular
weight functions [52]. The improved IMLS method can apply any nonsingular weight
function used in the MLS approximation. To meet the interpolation characteristics, the
improved IMLS method performs the following interpolation transformation:

bi(x̃)x = pi(x̃)−
n

∑
k=1

I(x, xk)pi(xk), i = 1, 2, · · · , m, (1)

ũ(x̃)x = u(x̃)−
n

∑
k=1

I(x, xk)u(xk), x̃ ∈ Ω, (2)

where u(x) is an unknown function to be approximated, pi(x) is the basis function, and
xk represents the node whose influence domain covering x. The I(x, xk) is a Kronecker δ
function on the nodes. In 1D space, it can be chosen as

I(x, xk) = ∏
j �=k

x − xj

xk − xj
, x ∈ R1. (3)

Let w(x − xk) denote the nonsingular weight function. Then, taking bi(x̃)x and ũ(x̃)x
as the basis function and a function to be approximated, respectively, the approximation
function of u(x) can be obtained from the traditional MLS method as

uh(x) = Φ(x)u =
n

∑
k=1

φk(x)u(xk), (4)

where φk(x) is the shape function defined by

Φ (x) = (φ1(x), φ2(x), · · · , φn(x)) = I(x) + pT(x)A−1(x)B(x), (5)

with
uT = (u(x1), u(x2), · · · , u(xn)), (6)

I(x) = (I(x, x1),I(x, x2), . . . , I(x, xn)), (7)

pT(x) = (s2(x), s3(x), · · · , sm(x)), (8)

si(x) = pi(x)−
n

∑
k=1

I(x, xk)pi(xk). (9)

A(x) = PT(x)W(x)P(x), (10)

B(x) = PT(x)W(x)ϕ(x), (11)
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ϕ(x) = [δij − I(x, xj)]n×n, (12)

W(x) =

⎡⎢⎢⎢⎣
w(x − x1) 0 · · · 0

0 w(x − x2) · · · 0
...

...
. . .

...
0 0 · · · w(x − xn)

⎤⎥⎥⎥⎦, (13)

P(x) =

⎡⎢⎢⎢⎣
b2(x1)x b3(x1)x · · · bm(x1)x
b2(x2)x b3(x2)x · · · bm(x2)x

...
...

. . .
...

b2(xn)x b3(xn)x · · · bm(xn)x

⎤⎥⎥⎥⎦. (14)

3. The DS-IMLS Method

The MLS approximation is one of the most important methods to construct shape
functions in the meshless method and is widely used in scientific and engineering problems.
The process of seeking the shape function of the MLS approximation involves matrix
multiplication and inversion. Especially in calculating high-order derivatives such as
second-order derivatives, there are many high-order matrix operations when using the
quadratic basis function. It leads to the accumulation of calculation errors and the reduction
of the accuracy of high-order derivatives of the approximation function. By introducing the
idea of the dimension splitting method into the improved IMLS method with nonsingular
weight functions, a dimension splitting – interpolating moving least squares (DS-IMLS)
method with nonsingular weight functions is proposed in this section.

For two-dimensional problems, the problem domain is divided into a series of low-
dimensional regions by the DSM (as shown in Figure 1). Suppose the problem domain Ω
is split into L layers in the x direction, and Ω(k) denotes the k−th layer satisfying x = xk
with relevant boundary Γ(k), k = 1, 2, · · · , L. For the problem domain, it follows that

Ω =
L∪

k=1
{x = xk} × [xk, xk+1). (15)

x x x kx Lx x

y

Figure 1. Problem domain and node distribution for the DS-IMLS method.
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Based on the idea of the DSM, the unknown u(x, y) is first regarded as a one-dimensional
function of x. Then, imposing the improved IMLS method with nonsingular weight
functions on the node distribution {x1, x2, · · · , xL}, the approximation function on x can
be obtained as

uh(x, y) =
n

∑
k=1

Φk(x)u(xk, y), (16)

where Φk(x) is the shape function determined by the improved IMLS method in one-
dimensional space from Equation (4), and suppose xk is one of the n nodes whose influence
domain covers x.

Next, the function u(xk, y) is treated as the function on y, and is approximated by the
improved IMLS method on the split plane Ω(k). Suppose the plane Ω(k) is discretized as{

y(k)1 , y(k)2 , · · · , y(k)mk

}
, where mk is the number of the nodes on Ω(k). Then we have

u(xk, y) =
nk

∑
i=1

Φ̃(k)
i (y)u(xk, y(k)i ), (17)

where y(k)i is a node whose influence domain contains (xk, y), and nk is the number, and

Φ̃(k)
i (y) is the shape function deduced from the splitting plane Ω(k).

Coupling Equations (16) and (17), the approximation function of u(x, y) can be

uh(x, y) =
n

∑
k=1

nk

∑
i=1

Φk(x)Φ̃(k)
i (y)u(xk, y(k)i ). (18)

Let m =
n
∑

k=1
nk. Suppose that the global number of (xk, y(k)i ) in all discrete nodes of

the problem domain is vs, s = 1, 2, · · · , m. Then Equation (18) can be rewritten as

uh(x, y) = Φ̃u = (Φ1(x)ϕ̃1(y), Φ2(x)ϕ̃2(y), · · · , Φn(x)ϕ̃n(y))u, (19)

where Φ̃ is the shape function of the DS-IMLS method, and

u = (ũk)1×m = (uv1 , uv2 , · · · , uvm)
T,

ũk =
(

u(xk, y(k)1 ), u(xk, y(k)2 ), · · · , u(xk, y(k)nk )
)

1×nk
,

(20)

ϕ̃k(y) =
(

Φ̃(k)
1 (y), Φ̃(k)

2 (y), · · · , Φ̃(k)
nk (y)

)
. (21)

The derivatives of the approximation function can be easily obtained as

uh
,x(x, y) = Φ̃,xu = (Φ1,x(x)ϕ̃1(y), Φ2,x(x)ϕ̃2(y), · · · , Φn,x(x)ϕ̃n(y))u, (22)

uh
,y(x, y) = Φ̃,yu =

(
Φ1(x)ϕ̃1,y(y), Φ2(x)ϕ̃2,y(y), · · · , Φn(x)ϕ̃n,y(y)

)
u, (23)

where the subscript is defined as

uh
,x(x, y) =

∂

∂x
uh(x, y). (24)

The radii of the influence domain of nodes for the approximation of Equations (16)
and (17) are, respectively, defined as

γ1 = dmax1 · d1, (25)

γ2 = dmax2 · d2, (26)
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where d1 and d2 represent the distances between adjacent nodes in the x direction and on
the split plane, respectively. The dmax1 and dmax2 are the influence domain parameter
determining the radii. To ensure the existence of the shape function, the radius of the influ-
ence domain should be large enough. We can adopt the adaptive algorithm to determine
the radius so there is an appropriate number in the influence domain in the program.

Thus, the DS-IMLS method is proposed. In the DS-IMLS method, the weight function
is not singular, and the approximation satisfies the Kronecker delta property. Since the DSM
is used to divide the problem into a series of lower-dimensional problems, the complexity
of the matrix calculation for calculating the approximation function and its derivative is
reduced.

4. The Improved IEFG Method Based on the DS-IMLS Method

Consider the following two-dimensional potential problems

−∇2u(x, y) = f (x, y), (x, y) ∈Ω ⊂ R2, (27)

with the essential boundary condition

u(x, y) = u(x, y), (x, y) ∈ Γu, (28)

where Γu is the boundary of Ω, f and u are given functions.
The Galerkin weak form of Equation (27) is∫

Ω

δu
[
∇2u(x, y) + f (x, y)

]
dΩ = 0, (29)

where δu denotes the variation of function u.
From the partial integral, it follows that

−
∫
Ω

δ(∇u)T · ∇udΩ +
∫
Ω

δu · f (x, y)dΩ = 0, (30)

where

∇u = (
∂u
∂x

,
∂u
∂y

)
T

. (31)

From the DS-IMLS method, the function u(x, y) can be approximated as

u(x, y) ≈ uh(x, y) = Φ̃u = (Φ1(x)ϕ̃1(y), Φ2(x)ϕ̃2(y), · · · , Φn(x)ϕ̃n(y))u. (32)

Substituting Equation (32) into Equation (30) yields∫
Ω

δuT
(

BBT
)

udΩ =
∫
Ω

δuTΦ̃ · f (x, y)dΩ, (33)

where

BT =

[
Φ1,x(x)ϕ̃1(y) Φ2,x(x)ϕ̃2(y) · · · Φn,x(x)ϕ̃n(y)
Φ1(x)ϕ̃1,y(y) Φ2(x)ϕ̃2,y(y) · · · Φn(x)ϕ̃n,y(y)

]
. (34)

According to the arbitrariness of δu, the discretized equation of Equation (27) is

Ku = F, (35)

where
K =

∫
Ω

BBTdΩ, (36)
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F =
∫
Ω

Φ̃ · f (x, y)dΩ. (37)

The shape functions of the DS-IMLS method have the interpolating property. Then the
numerical solutions for two-dimensional potential problems can be obtained by directly
substituting the essential boundary condition into Equation (35). Thus, the improved IEFG
method based on the DS-IMLS method is presented for the potential problems.

5. Numerical Example

This section presents some examples to illustrate the effectiveness of the DS-IMLS
method and the improved IEFG method. Three examples are given for studying the
convergence and errors of the approximation function of the DS-IMLS method by using
the known functions. In addition, two potential problems are solved by the improved IEFG
method based on the DS-IMLS method. All numerical results are compared with those of
the MLS or EFG methods. Both the MLS and DS-IMLS methods use second-order complete
polynomial basis functions and cubic spline weight functions. In the MLS method, the
node rectangular influence field of the following form is adopted:

εi = dmax0 · Δ, (38)

where Δ is a two-dimensional column vector representing the average distance between
nodes in the x and y directions. To study the error, the average and maximum errors of the
following form are defined:

emean =
1
M

M

∑
k=1

∣∣∣uk − uh
k

∣∣∣, (39)

emax = max
1≤k≤M

{∣∣∣uk − uh
k

∣∣∣} (40)

where uk = u(xk, yk) and uh
k = uh(xk, yk) are, respectively, the exact and numerical solu-

tions at the node (xk, yk), and M is the number of the discrete points used to calculate the
errors.

The procedure for obtaining the approximation of the DS–IMS method and the solution
of the improved IEFG method is as follows:

(1) Input the parameters of the governing equation and geometric parameters.
(2) Split the problem domain into L layers in the dimension splitting direction and

determine the radius of influence domain for point xi. Suppose the set of splitting
points is {x1, x2, · · · , xL}.

(3) Discretize the plane Ω(k) by
{

y(k)1 , y(k)2 , · · · , y(k)mk

}
, k = 1, 2, · · · , L.

(4) For any given (x, y), get all nodes {x1, x2, · · · , xn} whose influence field covers x,
and denote the subscript set as v1. Then calculate the corresponding shape functions
Φk(x) by the improved IMLS method from {x1, x2, · · · , xn} and v1.

(5) For every k ∈ v1, find all nodes in
{

y(k)1 , y(k)2 , · · · , y(k)mk

}
whose influence domain

covers y. Suppose the global number is vi. Then calculate the Φ̃(k)
i (y) by introducing

the improved IMLS method into
{

y(k)1 , y(k)2 , · · · , y(k)mk

}
and vi.

(6) Coupling Steps (4) and (5), the approximation function of u(x, y) can be obtained as

uh(x, y) =
n
∑

k=1

nk
∑

i=1
Φk(x)Φ̃(k)

i (y)u(xk, y(k)i ). Thus, the approximation of the DS-IMLS

method is presented.
(7) Substitute the approximation and its derivatives into Equation (30), and then obtain

the discrete equation of the potential problems.
(8) Substitute the essential boundary condition into Equation (35) and solve Equation

(35), and then obtain the node value u. Thus, the solution of the improved IEFG
method for two-dimensional potential problems is obtained.
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5.1. The Examples of the DS-IMLS Method

Example 1. Let u(x, y) = sin(xy), 0 ≤ x, y ≤ π.

The approximation function is constructed from the known function u(x, y) by the
DS-IMLS method or MLS approximation. When dmax1 = dmax2 = 3, and 21 × 21 regular
nodes distribution is used, the numerical approximations of the functions u, ux, uxx on the
line y = x are shown in Figure 2, and the approximations of uy, uyy are given in Figure 3.
The corresponding approximated values of the second derivatives obtained by the MLS
method are shown in Figure 4. It can be seen from these figures that the approximation
function and its first and second derivatives of the DS-IMLS method are very consistent
with the exact solutions and have higher accuracy than the MLS method.

x

u
ux

uxx

Figure 2. The numerical approximations of the functions u, ux, uxx obtained by the DS-IMLS
method.

uy

uyy

x

Figure 3. The numerical approximations of the functions uy, uyy obtained by the DS-IMLS method.
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uxx

uyy

x

Figure 4. The numerical approximations of uxx, uyy obtained by the MLS method.

In order to analyze the influence of influence domain parameters on the error, 30× 30 regular
points are used to calculate the average and maximum errors. The approximation functions
of the DS-IMLS and MLS methods are constructed based on the 21 × 21 regular nodes
distribution. When dmax2 = 3, the average and maximum errors of the nodes for different
influence domain parameters dmax1 are shown in Figure 5a. When fixing dmax1 = 3, the
corresponding errors are shown in Figure 5b. The errors of the MLS method for different
influence domain parameter values are depicted in Figure 6. For the quadratic basis
function, the DS-IMLS method has higher stability on the influence domain parameters
and has high calculation accuracy when the value is greater than 3.

e
e

e
e

(a)  (b)  

Figure 5. The average and maximum errors obtained by the DS-IMLS method for (a) different values
of dmax1 with fixed dmax2 = 3; (b) different values of dmax2 with fixed dmax1 = 3.
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e
e

Figure 6. The average and maximum errors obtained by the MLS method for different influence
domain parameters dmax0.

To analyze the convergence of the approximation function with respect to node
spacing, when 5 × 5, 9 × 9, 13 × 13, 17 × 17, and 21 × 21 regular node distributions are
respectively adopted, the average discrete point errors emean of the DS-IMLS and MLS
methods at 30×30 points are shown in Figure 7. The corresponding maximum point errors
emax are given in Figure 8. Here, dmax0 = 2.1, and dmax1 = dmax2 = 3. It can be seen
that the approximation function of the DS-IMLS method gradually converges to the exact
solution with the increase of the number of nodes and has a higher convergence order than
the MLS method. Let rand() represent the uniformly distributed random numbers on (0,1)
generated by Matlab and d be the node spacing. When the perturbation of 2×rand()−1

5 × d

is added on the nodes {x1, x2, · · · , xL} and
{

y(k)1 , y(k)2 , · · · , y(k)mk

}
, the errors of emean and

emax under the irregular node distribution are plotted in Figure 9. This figure shows that
the approximation of the DS-IMLS method also has high accuracy under irregular nodes
distribution.

e

Figure 7. The average discrete point errors emean of the DS-IMLS and MLS methods for the different
node distances dx of 5×5, 9×9, 13×13, 17×17, 21×21 regular node distributions.
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e

Figure 8. The maximum errors emax of the DS-IMLS and MLS methods for the different node
distances dx of 5×5, 9×9, 13×13, 17×17, 21×21 regular node distributions.

e
e
e
e

Figure 9. The errors emean and emax of the MLS and DS-IMLS methods under the irregular node
distribution obtained by small random disturbance.

Example 2. Let u(x, y) = e2x

ln(1+y) , 0 ≤ x, y ≤ 1.

In this example, 21 × 21 regular nodes distribution is used to construct the approxima-
tion function. The numerical approximations of the u, ux, uxx on the line y = x are plotted
in Figure 10 by using the DS-IMLS method with dmax1 = dmax2 = 3. The corresponding
numerical results of the second derivatives obtained by the DS-IMLS and MLS methods
are shown in Figure 11. We can see that the approximation function and its derivatives of
the DS-IMLS method fit the exact solution very well.
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x

u
ux

uxx

Figure 10. The numerical approximations of the functions u, ux, uxx on line y = x obtained by the
DS-IMLS method for Example 2.

x x

(a)  (b)  

Figure 11. The numerical approximations of uyy on line y = x obtained by the DS-IMLS (a) and MLS
(b) methods for Example 2.

When fixing dmax2 = 3, the average and maximum point errors of the 30× 30 regular
calculation point are shown in Figure 12a for different values of dmax1. Fixing dmax1 = 3,
the corresponding errors for different values of dmax2 are listed in Figure 12b. The effect
of the influence domain parameter on the MLS method is shown in Figure 13. It can still
be seen that when the value of the influence domain parameter reaches 3, the DS-IMLS
method has better calculation accuracy.

When dmax0 = 2.1, and dmax1 = dmax2 = 3, the errors emean and emax for the
different node distance dx of 5×5, 9×9, 13×13, 17×17, 21×21 regular node distributions
are respectively shown in Figures 14 and 15 by the DS-IMLS and MLS methods. The
DS-IMLS method has a higher order of convergence than the MLS method.
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e
e

 

e
e

(a)  (b)  

Figure 12. The errors on the 30 × 30 regular calculation point obtained by the DS-IMLS method for
(a) different dmax1 with dmax2 = 3; (b) different dmax2 with dmax1 = 3.

e
e

Figure 13. The errors obtained by the MLS method for different influence domain parameters dmax0.

e

Figure 14. The errors emean of the DS-IMLS and MLS methods for different node distances dx of 5×5,
9×9, 13×13, 17×17, 21×21 regular node distributions.
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e

Figure 15. The maximum errors emax of the DS-IMLS and MLS methods for the different node
distance dx for Example 2.

Example 3. Let u(x, y) = (x3 − x2) sin(πy), 0 ≤ x, y ≤ 1.

When 21 × 21 regular nodes distribution is used and dmax1 = dmax2 = 3, the
approximation and its first and second derivatives ux, uxx on the line y = x are plotted
in Figure 16. The partial derivatives of the approximation function concerning y are
shown in Figure 17. The approximation of the DS-IMLS method is also consistent with
the exact function. Let dmax0 = 2.1. When using the 5×5, 9×9, 13×13, 17×17, and 21×21
regular node distributions, the errors emean and emax obtained by the DS-IMLS and MLS
methods are shown in Figures 18 and 19, respectively. These two figures show that the
approximation functions of the DS-IMLS and MLS methods are convergent to the exact
solutions, and the DS-IMLS method has a higher convergence rate.

x

u
ux

uxx

Figure 16. The approximations of the functions u, ux, uxx on the line y = x obtained by the DS-IMLS
method for Example 3.
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uy

uyy

x

Figure 17. The approximations of the functions uy, uyy on the line y = x obtained by the DS-IMLS
method for Example 3.

e

Figure 18. The errors emean obtained by the DS-IMLS and MLS methods for the different node
distances dx of 5×5, 9×9, 13×13, 17×17, 21×21 regular node distributions of Example 3.

e

Figure 19. The maximum errors emax obtained by the DS-IMLS and MLS methods for the different
node distances dx of Example 3.

5.2. The Examples for the Improved IEFG Method Based on the DS-IMLS Method

Example 4. Considering a temperature field governed by Laplace’s equation

∇2T =
∂2T
∂x2 +

∂2T
∂y2 = 0, 0 < x < 5, 0 < y < 10. (41)
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The essential boundary conditions are used and deduced from the analytical tempera-
ture solution of

T(x, y) =
100 sin(πx/10)sin h(πy/10)

sin h(π)
. (42)

When 21× 21 regular nodes distribution is used and dmax1 = dmax2 = 3, dmax1 = 2.1,
the improved IEFG method of this paper and EFG methods are used to solve this potential
problem. In the EFG method, the Lagrange multiplier method is applied to enforce the
essential boundary condition. The exact and numerical solutions obtained with the im-
proved IEFG and EFG methods on the line y = x are listed in Figure 20. The corresponding
absolute errors of numerical solutions of the improved IEFG and EFG methods are plotted
in Figure 21. It is clear that the solutions of the improved IEFG and EFG methods are
very consistent with the analytical solutions, but the improved IEFG method based on the
DS-IMLS method has a smaller calculation error than the EFG method.

T

x

Figure 20. The exact and numerical solutions on the line y = x obtained by the improved IEFG and
EFG methods.

x

Figure 21. The absolute errors of numerical solutions on the line y = x obtained by the improved
IEFG and EFG methods.
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Example 5. Considering a potential problem governed by

∇2u =
∂2u
∂x2 +

∂2u
∂y2 = f (x, y), 0 < x, y < 1, (43)

with
f (x, y) = (x − 1)x2 cos(πy)

[
2 − π2(y − 1)y

]
+2(3x − 1)(y − 1)y cos(πy)− 2π(x − 1)x2(2y − 1) sin(πy).

(44)

The essential boundary conditions are used, and the analytical solution is

u(x, y) =
(

x3 − x2
)(

y2 − y
)

cos(πy). (45)

Let dmax1 = dmax2 = 3, dmax1 = 2.1. Using the 21 × 21 regular nodes distribution,
the numerical solutions on the line y = x solved by the improved IEFG and EFG methods
are shown in Figure 22. The corresponding absolute errors are shown in Figure 23. For
the two-dimensional potential problem, this example again illustrates that the improved
IEFG method based on the DS-IMLS method has a smaller calculation error than the EFG
method.

u

x

Figure 22. The exact and numerical solutions on the line y = x obtained by the EFG and improved
IEFG methods of this paper for Example 5.

x

Figure 23. The absolute errors of solutions on the line y = x obtained by the EFG and improved IEFG
methods of this paper for Example 5.
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Example 6. The example considered is a potential problem with a trapezoidal field as
shown in Figure 24. The source term is

f (x, y) = 2(x − 1)x2 + (6x − 2)(y − 1)y. (46)

The analytical solution is

u(x, y) =
(

x3 − x2
)(

y2 − y
)

. (47)

Let dmax1 = dmax2 = 2, dmax1 = 2.1. When the 11 × 11 regular nodes (shown
in Figure 24) and the essential boundary condition are used, the numerical and exact
solutions on the line y = x

3 are shown in Figure 25. We can see that the numerical solution
of this paper is in good agreement with the exact solution. When using different node
distributions shown in Table 1, the corresponding average errors emean of the 31 × 31 node
distribution are given in Table 1. When 11×81 regular nodes are used, the EFG method
cannot obtain the numerical solutions. It can be seen from the table that both the EFG
and improved IEFG methods have high calculation accuracy. When the difference of the
node spacings in the x and y directions is very large, the improved IEFG method can still
obtain high accuracy, but the EFG method may not obtain a numerical solution. Moreover,
reducing the spacing dx of dimension splitting is more conducive for the improved IEFG
method of this paper to improve the accuracy than reducing the node spacing on the split
plane. When 11×11, 21×11,· · · , 81 × 11 nodes are adopted, the relationships between the
average error emean and CPU time for the EFG and the method of this paper are shown in
Figure 26. It can be seen from the figure that when the node spacing in X and Y directions
is quite different, the IEFG method based on the DS-IMLS method has high calculation
efficiency.

x

y

Figure 24. A trapezoidal field for Example 6.
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u

x

Figure 25. The exact and numerical solutions on the line y = 1
3 x obtained by the EFG and improved

IEFG methods of this paper for Example 6.

Table 1. The average errors emean of the EFG and improved IEFG methods for different nodes.

Nodes EFG
Improved

IEFG
Nodes EFG

Improved
IEFG

Nodes EFG
Improved

IEFG

11 × 11 2.03 × 10−5 9.56 × 10−6 11 × 11 1.44 × 10−5 9.56 × 10−6 11 × 11 2.03 × 10−5 9.56 × 10−6

21 × 11 3.12 × 10−6 1.49 × 10−6 11 × 21 1.28 × 10−5 9.77 × 10−6 21 × 21 2.21 × 10−6 1.39 × 10−6

41 × 11 1.24 × 10−6 3.13 × 10−7 11 × 41 5.79 × 10−5 5.11 × 10−5 41 × 41 3.32 × 10−7 2.88 × 10−7

81 × 11 1.12 × 10−6 8.66 × 10−8 11 × 81 NaN 1.69 × 10−4 81 × 81 5.06 × 10−8 8.43 × 10−8

e

e
e

Figure 26. The relationships between the average error emean and CPU time for the EFG and the
method of this paper under the 11 × 11, 21 × 11,· · · , 81 × 11 nodes.

6. Conclusions

By introducing the DSM into the improved IMLS method with a nonsingular weight
function, this paper presents a new hybrid method to obtain the shape function of the mesh-
less method, which is called the dimension splitting–interpolating moving least squares
(DS-IMLS) method. Then based on the Galerkin weak form and the DS-IMLS method,
the improved IEFG method for the two-dimensional potential problems is also presented.
The weight function used in the DS-IMLS method is nonsingular, and the approximation
function has the characteristics of the Kronecker delta function. Then the improved IEFG
method based on the DS-IMLS method can directly impose essential boundary conditions.
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Since the DSM can decompose the problem into a series of lower-dimensional problems,
the DS-IMLS method can reduce the matrix dimension and complexity in calculating the
shape function. The derivatives of the approximation function in the DS-IMLS method can
be easily calculated. For a two-dimensional space, the shape function is calculated from a
series of one-dimensional spaces, and then the order of the matrix that needs to be inverted
will be greatly reduced. The DS-IMLS method has high calculation accuracy for anisotropic
node distribution. When the difference between the node spacings in the x and y directions
is very large, the DS-IMLS method still has a good calculation effect. Several examples
demonstrated that the approximation function and its derivatives of the DS-IMLS and the
improved IEFG methods have high accuracy in the regular problem domain.
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Abstract: In actual driving, the driver can estimate the traffic condition ahead at the next moment in
terms of the current traffic information, which describes the driver’s predictive effect. Due to this
factor, a novel two-dimensional lattice hydrodynamic model considering a driver’s predictive effect
is proposed in this paper. The stability condition of the novel model is obtained by performing the
linear stability analysis method, and the phase diagram between the driver’s sensitivity coefficient
and traffic density is drawn. The nonlinear analysis of the model is conducted and the kink-antikink
of modified Korteweg-de Vries (mKdV) equation is derived, which describes the propagation char-
acteristics of the traffic density flow waves near the critical point. The numerical simulation is
executed to explore how the driver’s predictive effect affects the traffic flow stability. Numerical
results coincide well with theoretical analysis results, which indicates that the predictive effect of
drivers can effectively avoid traffic congestion and the fraction of eastbound cars can also improve
the stability of traffic flow to a certain extent.

Keywords: traffic flow; two-dimensional lattice hydrodynamic model; driver’s predictive effect

1. Introduction

For the past few years, infrastructure construction of urban traffic networks has
developed rapidly. However, with the rapid development of economy, the desire for
convenient transportation of people is increasing, and the measures of road construction
alone are insufficient for the growing needs of travel. Since traffic congestion is a common
problem that needs to be solved urgently, several academics have committed considerable
efforts to easing urban traffic congestion. Thereby, a large number of traffic flow models are
proposed to explore the evolution law of traffic flow, such as car-following models [1–9],
macro models [10–15], and lattice hydrodynamic models [16–23]. With the improvement
of people’s living standard, as well as the rapid development of high-tech, some intelligent
transportation models [24–28] have been proposed. The establishment and analysis of
traffic flow model, whether for the development of traffic flow theory, or for the reality of
traffic management, planning, and control, are greatly meaningful.

At present, most of scholars specializing in traffic flow theory have investigated the
one-dimensional lattice hydrodynamic model, such as the self-stabilization effect [29,30],
the flow difference effect [31], the density difference effect [32], and so on. There are
both single-lane and two-lane models, so the investigation of one-dimensional lattice
hydrodynamic model has been relatively mature. However, the actual urban road traffic is
a network structure. Thereby, the exploration of a two-dimensional lattice hydrodynamic
model is more significant and valuable. So far, there are still extremely few scholars who
are involved in these fields. In 1999, Nagatani et al. [33] first extended the one-dimensional
lattice hydrodynamic model to two dimensions without any reference, and performed
analysis and numerical simulation. Redhu et al. [34] conducted a two-dimensional lattice
hydrodynamic model to research the influence of the overtaking effect on the stability
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of traffic flow in two-dimensional traffic flow in a two-dimensional scene. Liu et al. [35]
investigated the role of shared lane signs in two-dimensional actual traffic. Li et al. [36]
executed a new feedback control signal to discuss, not only in detail but clearly, the effect
of driver’s memory effect on two-dimensional actual traffic.

In actual driving, drivers tend to make predictions about the upcoming congestion
based on the current traffic conditions. Therefore, it is crucial to thoroughly investigate the
influence of prediction effect on the conditions of road traffic. At present, relevant studies
have been carried out by scholars. Wang et al. [37] proposed a lattice hydrodynamic model
of driver’s prediction effect in a single lane to explore traffic flow characteristics considering
such driver’s behavior. Zhang et al. [38] also extended the driver’s prediction effect to the
two-lane lattice model, and investigated the influence of this driver’s behavior on the two-
lane road traffic. Kaur et al. [39] introduced the driver’s prediction effect into the single-lane
lattice hydrodynamic model with overtaking effect. However, in the two-dimensional
lattice hydrodynamic model, up to now, there has been no academics investigated on the
influence of the prediction effect on the two-dimensional traffic flow. Therefore, in this
paper, a novel two-dimensional lattice hydrodynamic considering prediction effect is put
forward to fill this gap.

The remaining content of this paper is the following parts. The second part provides
detailed information on the origin and development of the model. In the third part, the
linear analysis is conducted and the deduced stability conditions were plotted as stability
curves. In the fourth section, we perform the nonlinear analysis to derive the mKdV
equation that is a nonlinear differential equations describing the evolution of density
waves. Then, the novel model is simulated numerically and the results are compared with
those of theoretical analysis. In the last section, the appropriate conclusions are given
according to the previous theoretical analysis and numerical simulation results.

2. Methods: The Novel Two-Dimensional Lattice Model Considering Driver’s
Predictive Effect

In 1998, a lattice hydrodynamic model for describing road traffic was first established
by Nagatani et al. [16]. The optimal velocity function in the micro model is cleverly
referenced by lattice model despite doing so as a macro model. Therefore, the model has
the characteristics of both the macro model and the micro model. Furthermore, the model
is comparatively easier to simulate due to discrete space variables and continuous time
variables in this model. In order to make the model closer to the real road traffic, the
two-dimensional lattice hydrodynamic model is extended from the one-dimensional model
by Nagatani et al. [33].

The continuity equations of vehicles heading east and north are respectively given by
Equations (1) and (2).

∂tρx(x, y, t) + ∂xρx(x, y, t)u(x, y, t) = 0, (1)

∂tρy(x, y, t) + ∂xρy(x, y, t)v(x, y, t) = 0. (2)

where ∂t = ∂/∂t, ∂x = ∂/∂x and ∂y = ∂/∂y. ρx(x, y, t)
[
ρy(x, y, t)

]
and u(x, y, t)[v(x, y, t)]

indicate the density and speed of eastbound cars (northbound cars) on the two-dimensional
lattice.

The continuity equations express the conservation of vehicles and reflect the relation-
ship between the local density and the local average speed. In addition to the continuity
equation, the model also contains the motion equation describing the traffic currents.
Equations (3) and (4) are established on the condition that traffic flow is regulated by the
optimal speed with a delay time. The motion equation of eastbound and northbound cars
respectively are

ρx(x, y, t + τ)u(x, y, t + τ) = cρ0V(ρ(x + x0, y, t)), (3)

ρy(x, y, t + τ)v(x, y, t + τ) = (1 − c)ρ0V(ρ(x, y + y0, t)). (4)
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where c and 1 − c are the proportion of vehicles driving east and north, respectively. ρ0 is
on the behalf of the total average density as in the two-dimensional. ρ(x, y, t) represents
the local density and ρ(x, y, t) = ρx(x, y, t) + ρy(x, y, t). x0 and y0 are respectively
the average headway of eastbound cars and northbound cars. τ refers to the delay time
mentioned above, which represents the time lag required for the traffic current to reach
the optimal current after the change of traffic flow. When c = 0 or 1, all vehicles will go
straight or turn left. At this moment, thus, the two-dimensional model is transformed into
a one-dimensional hydrodynamic traffic model.

As shown in Figure 1, we treat each crossroads as a grid. As we all know, some cars
will continue to drive straight and others will take the left at the crossroads. q represents
traffic flow rate. If a certain intersection is the j, m lattice, vehicles going straight through
this intersection will enter the j + 1, m lattice, and turning left, will enter the j, m + 1 lattice.
The above equations are discretized differentially and the delay time τ is rewritten as the
driver’s sensitivity a where a = 1/τ, the model equations of driving north and driving
east are as follows:

∂tρ
x
j,m(t) + cρ0

(
qx

j,m(t) − qx
j−1,m(t)

)
= 0, (5)

∂tρ
y
j,m(t) + (1 − c)ρ0

(
qy

j,m(t) − qy
j,m−1(t)

)
= 0, (6)

∂tqx
j,m(t) = acρ0V

(
ρx

j+1,m(t)
)

− aqx
j,m(t), (7)

∂tq
y
j,m(t) = a(1 − c)ρ0V

(
ρ

y
j,m(t)

)
− aqy

j,m(t). (8)

Figure 1. Schematic model of traffic flow on a two-dimensional highway.

With the development of traffic intelligence, drivers can acquire more information
about vehicles around them, which is conducive for drivers to fully understand the cur-
rent road traffic conditions and make accurate predictions. In order to investigate the
consequence of driver predictive effect on the stability of two-dimensional traffic flow, we
improved the above model. When the continuity equations (i.e., Equations (5) and (6))
remain unchanged, the equations of traffic currents (i.e., Equations (7) and (8)) to the north
and east with the introduction of the prediction terms are respectively as follows:

∂tqx
j,m(t) = acρ0V

[
ρx

j+1,m(t) + β
(

ρx
j+1,m(t + τ) − ρx

j+1,m(t)
)]

− aqx
j,m(t), (9)

∂tq
y
j,m(t) = a(1 − c)ρ0V

[
ρ

y
j,m+1(t) + β

(
ρ

y
j,m+1(t + τ) − ρ

y
j,m+1(t)

)]
− aqy

j,m(t). (10)
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To simplify the expression, we perform the Taylor expansion for ρ(t + τ) with ignoring
the nonlinear terms and then do the same for V[ρ(t) + β(ρ(t + τ) − ρ(t))], which obtains
the formula

V[ρ(t) + β(ρ(t + τ) − ρ(t))] = V(ρ(t)) + V′(ρ(t))βτ∂tρ(t). (11)

Under the condition of ρ = ρx + ρy, according to eliminating the flow rate (i.e., q)
Equations (5), (6), (9), (10) and (12) are simultaneously conducted.

∂2
t ρj,m(t) + a∂tρj,m(t)
+ ac2ρ2

0
[
V
(
ρj+1,m(t)

) − V
(
ρj,m(t)

)]
+ ac2ρ2

0βτ
[
V′(ρj+1,m(t)

)
∂tρj+1,m(t) − V′(ρj,m(t)

)
∂tρj,m(t)

]
+ a(1 − c)2ρ2

0
[
V
(
ρj,m+1(t)

) − V
(
ρj,m(t)

)]
+ a(1 − c)2ρ2

0βτ
[
V′(ρj,m+1(t)

)
∂tρj,m+1(t) − V′(ρj,m(t)

)
∂tρj,m(t)

]
= 0

. (12)

Moreover, as with most lattice models, the following OV function is selected.

V(ρ) =
vmax

2

[
tanh

(
2
ρ0

− ρ

ρ2
0
− 1

ρc

)
+ tanh

(
1
ρc

)]
. (13)

This monotone minus function has an upper bound, and an inflection point of ρ = ρc
when ρ0 = ρc.

3. Discussion

3.1. Linear Stability Analysis

The driver may suddenly accelerate or decelerate during driving, generating in a
slight change in vehicle density, which is equivalent to adding a small disturbance to the
overall stable traffic flow. The stability analysis mainly investigates the impact of small-
and medium-sized disturbances on the overall traffic flow, so as to grasp the evolution
mechanism of them with clarity, improve the stability of traffic flow and alleviate traffic
congestion.

When the traffic flow attains a steady state, we believe that the density of vehicles
in the traffic flow is uniform. That is to say, Equation (13) has the equilibrium solution
demonstrated Equation (14).

ρj,m(t) = ρ0. (14)

In the state of stable traffic flow, we assume that a certain traffic jam occurs at site j, m,
which leads to the density of traffic flow at this location deviating from the steady density.
Set the deviation quantity namely the small disturbance at this position as yj,m, then the
density at site j, m is met in Equation (15).

ρj,m(t) = ρ0 + yj,m(t). (15)

After that, we substitute Equation (15) into Equation (13) and rearrange it to get the
Equation (16).

∂2
t yj,m(t) + a∂tyj,m(t)
+ ac2ρ2

0
[(

yj+1,m(t) − yj,m(t)
)
V′(ρ0)

]
+ ac2ρ2

0βτ
[
∂t
(
yj+1,m(t) − yj,m(t)

)
V′(ρ0)

]
+ a(1 − c)2ρ2

0
[(

yj,m+1(t) − yj,m(t)
)
V′(ρ0)

]
+ a(1 − c)2ρ2

0βτ
[
∂t
(
yj,m+1(t) − yj,m(t)

)
V′(ρ0)

]
= 0

. (16)

where V′(ρ0) = ∂V(ρ)
∂ρ

∣∣
ρ = ρ0 .
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Next, since density waves travel at the same speed in both the west and south di-
rections, we expand yj,m(t) into Fourier series. Then substituting the expansion equation
yj,m(t) = exp(ik(j + m) + zt) into Equation (16) to get the Equation (17) written as

z2 + az + a
(

c2 + (1 − c)2
)

ρ2
0

[(
eik − 1

)
V′(ρ0) + βτz

(
eik − 1

)
V′(ρ0)

]
= 0, (17)

For simplicity, letting z = z1(ik) + z2(ik)
2 + · · · and substituting it into Equation (17).

For solving for z1 and z2, we rearrange the equation according to the coefficients of ik
and (ik)2. Setting the coefficient of them equal to zero, we acquire z1 demonstrated as
Equation (18) and z2 containing z1. Finally substitute Equation (18) into z2 obtain the
following result.

z1 = −
(

c2 + (1 − c)2
)

ρ2
0V′(ρ0), (18)

z2 = −
[

1
2
+

(
1
a
+ βτ

)(
c2 + (1 − c)2

)
ρ2

0V′(ρ0)

](
c2 + (1 − c)2

)
ρ2

0V′(ρ0). (19)

If z2 is a negative value, the uniform steady-state flow becomes unstable for long-
wavelength modes. The steady state traffic flow remains steady when it is disturbed by a
small amount, and there will be no traffic jam. When z2 is a positive value, the uniform
flow is stable. The system will be unstable after a period of evolution, resulting in the
generation of time-travel stop wave. According to the above results and combined with
the existing traffic flow stability theory, it is generally accepted that the steady-state flow
becomes unstable when z2 < 0. On the contrary, the traffic flow system would remain
stable when z2 > 0. In other words, the stability conditions have been satisfied. Thus, we
achieve the curve of neutral stability as

a = −
2
(

c2 + (1 − c)2
)

ρ2
0V′(ρ0)

1 − 2
(

c2 + (1 − c)2
)

ρ2
0V′(ρ0)βτ

, (20)

The stability condition, consequently, for uniform traffic flow, is illuminated as in-
equality Equation (21).

a > −
2
(

c2 + (1 − c)2
)

ρ2
0V′(ρ0)

1 − 2
(

c2 + (1 − c)2
)

ρ2
0V′(ρ0)βτ

, (21)

When c = 0 or 1, the model is one-dimensional lattice model with the consideration of
driver predictive effect, and the stability condition is converted to inequality Equation (22).

a > − 2ρ2
0V′(ρ0)

1 − 2ρ2
0V′(ρ0)βτ

. (22)

The stability conditions of inequality Equation (22) are consistent with those obtained
in the one-dimensional predictive effect model by Wang et al. [37], which proves the
correctness of our theoretical analysis to some extent.

Figures 2 and 3 show the neutral stability curves (dashed line) and coexisting curves
(solid line) under the relevant parameters of the two factors investigated in this paper. As
illustrated in the figure, above the coexisting curve and below the neutral stability curve
are stable areas with smooth traffic and unstable areas with heavy traffic of traffic flow,
respectively. Between these two curves is the metastable region of the vehicular system
determined by the critical disturbance amplitude.
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Figure 2. Phase diagrams in the density-sensitivity space for different c.

Figure 3. Phase diagrams in the density-sensitivity space for different τ.

When parameters ρ0, β and τ are determined, we can obtain from Equation (20), the
driver sensitivity coefficient a increases as the fraction of eastbound cars c increases if
0 < c < 0.5 while a decreases as c increases if 0.5 < c < 1. In addition, if c is regarded
as a function of c, c = 0.5 is the axis of symmetry of this function. In other words,
the neutral stability curves determined by c = C and c = 1 − C (0 < c < 1) coincide
when other parameters are determined. Figure 2 display the curves for c = 0.1, 0.2, 0.3,
0.4 with β = 0.3, τ = 0.4 s and vmax = 2 m/s. From this picture, we can see that
the stability region increases with the increase of c (0 < c < 0.5). This indicates that the
uniform distribution of traffic flow will play an inhibitory role on traffic congestion.

Figure 3 demonstrates that the curves for τ = 0.1 s, 0.4 s, 0.7 s, 1 s with β = 0.3,
c = 0.2 and vmax = 2 m/s. We can discover that with the increase of the predictive
time τ stability region increases from this diagram. At this time, the probability of traffic
congestion is greatly reduced. By observing the stability conditions of Equation (21), we
can find that β and τ have the same influence on a; in other words, the prediction weight β
also plays a vigorous role in the stability of traffic flow. To sum up, the predictive effect of
drivers does curb traffic congestion.

3.2. Nonlinear Analysis

The nonlinear phenomenon of traffic flow is analyzed by considering the changing
behavior of the time slowing variable and space slowing variable near the critical point
(ρc, ac) of the unstable traffic flow region. The slow variables of time and space X and T
are imported respectively for a small positive scaling parameter ε(0 < ε << 1) as

X = ε(j + m + bt), T = ε3t, (23)
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where b means the undetermined parameters. Then we set the density of each lattice ρj,m(t)
to satisfy Equation (23).

ρj,m(t) = ρc + εR(X, T). (24)

According to the above Equations (23) and (24), each item in Equation (12) is expanded
to the fifth term of ε by performing the Taylor expansion method. To make the expression
simple and obvious, we set λ =

(
c2 + (1 − c)2

)
. Then, we can acquire the following

expression:

ε2[(ab + aλρ2
c V′(ρc)

)
∂XR

]
+ ε3

[(
b2 + aλρ2

c V′(ρc)
2 + aλbβτρ2

c V′(ρc)
)

∂2
XR
]

+ ε4
[

a∂T R +
(

aλρ2
c V′(ρc)

6 + aλbβτρ2
c V′(ρc)
2

)
∂3

XR + aλρ2
c V′′′ (ρc)

6 ∂XR3
]

+ ε5

⎡⎣ (
2b + aλβτρ2

c V′(ρc)
)
∂T∂XR +

(
aλρ2

c V′(ρc)
24 + aλbβτρ2

c V′(ρc)
6

)
∂4

XR

+
(

aλρ2
c V′′′ (ρc)

12 + aλbβτρ2
c V′′′ (ρc)
6

)
∂2

XR3

⎤⎦ = 0

. (25)

where V′(ρc) = ∂V(ρ)
∂ρ

∣∣
ρ = ρc and V ′′′ (ρc) = ∂3V(ρ)

∂ρ3

∣∣
ρ = ρc .

Moreover, there is a =
(
1 − ε2)ac at the unstable region near the critical point (ρc, ac).

Then, in order to simplify Equation (25), we set the coefficient of the quadratic term of ε
equal to zero to obtain b = −λρ2

c V′(ρc). Furthermore, substituting a =
(
1 − ε2)ac and

b = −λρ2
c V′(ρc) into Equation (25), an evolutionary equation with only fourth and fifth

terms of ε can be deduced as

ε4(−g1∂3
XR + g2∂XR3 + ∂T R) + ε5(g4∂4

XR + g5∂2
XR3 − g3∂2

XR) = 0, (26)

where the coefficients gi(1, 2, . . . , 5) are shown as

g1 =
aλρ2

c V′(ρc)

6
+

aλbβτρ2
c V′(ρc)

2
, (27)

g2 =
aρ2

c V ′′′ (ρc)

6
, (28)

g3 =
aλρ2

c V′(ρc)

2
+ aλbβτρ2

c V′(ρc), (29)

g4 =
aλρ2

c V′(ρc)

24
+

aλbβτρ2
c V′(ρc)

6
, (30)

g5 =
aλρ2

c V ′′′ (ρc)

12
+

aλbβτρ2
c V ′′′ (ρc)

6
, (31)

For the sake of deriving the standard mKdV equation, we make the following equiva-
lent substitution.

T =
1
g1

T′, R =

√
g1

g2
R′. (32)

Subsequently, substituting Equation (32) into Equation (26) and adding the correction
term of O(ε) into the model, the Equation (26) is turned into Equation (33).

∂T′R′ = ∂3
XR′ − ∂XR′3 + εM

[
R′]. (33)

where M[R′] = g3
g1

∂2
XR′ + g4

g1
∂4

XR′ + g5
g2

∂2
XR′3 and this item means the higher order in-

finitesimal term.
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Additionally, after ignoring the correction term O(ε), the kink-antikink density wave
solution of the mKdV equation is Equation (34).

R′
0
(
X, T′) =

√
stanh

(√
s
2
(
X − sT′)), (34)

where s denotes the propagation speed of the above kink-antikink solitary wave.
Then, the following condition must be satisfied to help us obtain the value of the

propagation velocity s for the kink solution

(
R′

0, M
[
R′

0
])

=
∫ +∞

−∞
dX′R′

0M
[
R′

0
]
= 0. (35)

where M[R′
0] = M[R′], we get the general solution form of velocity s through solving the

Equation (33) as

s =
5g2g3

2g2g4 − 3g1g5
, (36)

By replacing the velocity s in Equation (32) with Equation (34), the following equation
can be obtained.

R(X, T) =

√
g1s
g2

tanh
(√

s
2
(X − sg1T)

)
, (37)

Since then, the general kink-antikink solution of the mKdV equation can be expressed
as Equation (38).

ρj(t) = ρc + ε

√
g1s
g2

tanh
(√

s
2
(X − sg1T)

)
. (38)

Evidently, the amplitude A of the density soliton is

A = ε

√
g1s
g2

. (39)

Generally speaking, we commonly exert ρj = ρc − A and ρj = ρc + A to describe the
densities of the freely moving phase and congested phase, respectively. This kink-antikink
soliton represents the coexistence phases containing the freely moving phase with low
density and the congested phase with high density.

4. Results

For convenience of numerical simulation, the Equation (12) is rewritten into the
following difference form:

ρj,m(t + 2Δt) − 2ρj,m(t + Δt) + ρj,m(t) + aΔt
(

ρj,m(t + Δt) − ρj,m(t)
)

+ aΔt2c2ρ2
0

⎡⎣ V
(

ρj+1,m(t)
)

+ βτ
(

ρj+1,m(t + Δt) − ρj+1,m(t)
Δt

)
V′
(

ρj+1,m(t)
)

−
(

V
(

ρj,m(t)
)

+ βτ
(

ρj,m(t + Δt) − ρj,m(t)
Δt

)
V′
(

ρj,m(t)
)) ⎤⎦

+ aΔt2(1 − c)2ρ2
0

⎡⎣ V
(

ρj,m+1(t)
)

+ βτ
(

ρj,m+1(t + Δt) − ρj,m+1(t)
Δt

)
V′
(

ρj,m+1(t)
)

−
(

V
(

ρj,m(t)
)

+ βτ
(

ρj,m(t + Δt) − ρj,m(t)
Δt

)
V′
(

ρj,m(t)
)) ⎤⎦ = 0

. (40)

We select a 140 × 140 grid to take different values of the corresponding parameters,
and conduct numerical simulation to get the spatial-temporal evolution diagram and
spatial distribution diagram of density wave after t = 10,300 s.

Figure 4 shows the space-time evolution of density waves with different values of
with a = 0.86, ρc = 0.2, and τ = 0.7 s. When we set c = 0.1, 0.2, 0.3, 0.4, there are
torque–reverse torque density waves in all four figures of Figure 4, because there is a certain
degree of congestion on the roads and the stability condition is not satisfied. Nevertheless,
since the frequency and amplitude of the four images are gradually decreasing, we can
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conclude that the density wave tends to be stable gradually with the increase of c. In other
words, the increase of the proportion of eastbound vehicles will play a constructive role in
the stability of traffic flow and restrain the occurrence of traffic congestion.

Figure 4. Space–time evolution of density under different value of parameter c.

Figure 5 depicts the density wave spatial distribution diagram corresponding to
Figure 4, namely the instantaneous traffic flow distribution on each lattice at t = 10,300 s.
Figure 5 can more briefly and clearly reflect the variation rule of the amplitude and
frequency of density wave with the parameter c. From these changes, we can see that the
increase of parameter c makes the density wave gradually tend to be stable, that is to say,
the decrease of eastbound vehicles will deteriorate the traffic congestion.

Figure 5. Density profile at t = 10,300 s corresponding to Figure 4.
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Figure 6 is the plots of density versus density difference at the (100,100) lattice cor-
responding to Figure 4. With the increase of c, the loop area gradually decreases, which
further verifies the above conclusion.

Figure 6. Plots of density versus density difference corresponding to Figure 4.

Figure 7 clearly illustrates the influence of the driver’s prediction effect on the time
evolution of density wave with different values of τ which are the driver’s prediction
time. Other parameters are selected as a = 0.86, ρc = 0.2, and c = 0.4. First of all, we
can find intuitively that the first two pictures in Figure 7 have relatively large amplitudes,
which means the traffic is relatively unstable. Then we can see that the amplitude of the
latter one changes significantly and that the last one is a plane with almost no fluctuations.
Thereby, the density wave becomes more and more stable as τ increases and the increase of
prediction time will reduce the occurrence of traffic flow instability phenomena.

Figure 7. Space–time evolution of density under different value of parameter τ.
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What is described in Figure 8 is the two-dimensional density spatial distribution
diagram corresponding to Figure 8. It can be clearly seen from the figure that the amplitude
of density wave becomes smaller and smaller with the increase of the predicted time τ until
it finally becomes a straight line with almost no oscillation, which means that the traffic
flow reaches a stable state. In conclusion, the predictive effect will promote the stability of
traffic flow and will inhibit the occurrence of traffic jams.

Figure 8. Density profile at t = 10,300 s corresponding to Figure 7.

Similar to Figure 6, Figure 9 is the plots of density versus density difference at the
(100,100) lattice corresponding to Figure 7. With the increase of τ, the area of loop obviously
decreases and eventually becomes an solitary point, which is consistent with the conclusion
obtained above.

Figure 9. Plots of density versus density difference corresponding to Figure 7.
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5. Conclusions

On the foundation of the discrete macro model proposed by Nagatani [16], this
paper imports the driver’s prediction effect, and obtains a new two-dimensional lattice
hydrodynamic model. Through theoretical analysis and numerical simulation of the model,
the influence of the prediction effect on the stability of two-dimensional traffic flow is
investigated. The results of linear analysis illustrate that the traffic becomes smoother with
the gradual increase of the proportion of eastbound vehicles or the driver’s prediction
effect time. Furthermore, the mKdV equation and its kink-antikink solution are derived
when approaching the critical point in the unstable region. In addition, we plot phase
diagrams to demonstrate the effect of corresponding parameters on traffic flow stability.
By comparison, we find that the numerical simulation results are in agreement with
the theoretical analysis. They unanimously manifest that a reasonable proportion of
eastbound vehicles and effective prediction of drivers will reduce the occurrence of traffic
congestion. In general, the two-dimensional model established in this paper can well reflect
the evolution of the prediction effect on the vehicle moving forward and blocking in the
actual traffic. The novel model we proposed provides a theoretical basis for solving the
problem of traffic congestion and traffic flow prediction and control in reality.
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Abstract: The research and application of new wall materials have been attracting increasing attention
owing to the continuous promotion of sustainable development in the building industry. An alkali-
activated slag ceramsite compound insulation block (AASCCIB) is used as the research object. Based
on the finite element method, the effects of different numbers of hole rows and hole ratios on the
thermal and mechanical performances of AASCCIBs are analyzed using ANSYS CFX. On this basis,
the AASCCIB with the optimal comprehensive performance is determined by a multi-objective
optimization analysis. Finally, the improvement effect of the AASCCIB wall on the indoor thermal
environment relative to an ordinary block (OB) wall is quantitatively analyzed using ANSYS CFX.
The results show that the von Mises equivalent stress and heat transfer coefficient of the AASCCIB
decrease with the increase in the hole ratio when the hole shape and number of hole rows are
constant. AASCCIB B1 has the optimal comprehensive performance among six AASCCIBs, with the
heat transfer coefficient and average von Mises equivalent stress of 0.446 W/(m2·K) and 9.52 MPa,
respectively. Compared with the indoor lowest and average temperatures of the building with the OB
wall, those of the building with the AASCCIB wall increased by at least 1.39 and 0.82 ◦C on the winter
solstice, respectively. The indoor temperature difference decreased by at least 0.83 ◦C. In addition,
the indoor highest temperature, average temperature, and temperature difference decreased by at
least 1.75, 0.79, and 1.89 ◦C on the summer solstice, respectively.

Keywords: finite element method; alkali-activated slag ceramsite compound insulation block; ANSYS
CFX; thermal and mechanical performances; indoor thermal environment

1. Introduction

With the progress of science and technology and improvement in living standards,
higher requirements for living conditions have been imposed. Instead of limiting the
demand for buildings to shelter from wind, rain, and warmth, people emphasize the need
for a comfortable, energy-saving, and environmentally friendly living environment [1,2].
However, improvements in indoor thermal comfort are often accompanied by increases
in building energy consumption and environmental pollution [3,4]. It is reported that
buildings account for 40% of the total global energy consumption, and this proportion
is still increasing [5,6]. In addition, approximately 40% of the total human greenhouse
gas emission is attributed to the building industry [7,8]. Therefore, how to achieve im-
provements in indoor comfort without significantly increasing energy consumption and
greenhouse gas emissions is a thorny issue that countries must face and solve.

In China, wall materials account for approximately 70% of housing construction
materials. Clay bricks are the predominant wall material. However, it is statistically
demonstrated that more than 1 billion cubic meters of arable land and 70 million tons of
coal are consumed each year by the production of clay bricks [9]. If the growth of clay brick
production is uncontrolled, the contradiction between supply and demand of resources, as
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well as energy, will become more acute. Obviously, it is required to promote the innovation
of wall materials to realize the sustainable development of buildings. The self-insulation
block is a new type of wall material [10]. It occupies a large share of the construction market
because of its good heat insulation and thermal insulation, lightweight, high strength, long
service life, simple construction, etc. [11]. Commonly, cement is chosen as the cementitious
material for self-insulation blocks [12]. The production and processing of cement, however,
consumes large amounts of energy and emits a lot of greenhouse gases. The production of
1 t of cement requires 5000 MJ of energy and emits 1 t of CO2 [13]. Thus, the cementitious
material alternative to cement is sought.

In recent years, alkali-activated slag cementitious material (AASCM) obtained using
slag (industrial waste) attracted increasing attention [11]. Compared to the traditional
cement production process, the AASCM production process transfers from “two grindings
and one burning” to “one grinding”. This reduces the energy consumption and greenhouse
gas emissions of cementitious materials in the production process [14,15]. Additionally,
AASCM has the advantages of high strength, high-temperature resistance, frost resistance,
corrosion resistance, etc. [15]. Evidently, it is important to achieve sustainable development
of building materials by choosing AASCM to replace traditional cement.

Ceramsite is a typical representative of artificial light aggregates and new energy-
saving building materials [16]. It is obtained by an industrial solid waste via high-
temperature calcination. It has the advantages of recycling waste, environmental protection,
convenient production, and low price [17]. It also has a low thermal conductivity, high
strength, lightweight, high-temperature resistance, acid and alkali resistance, etc. [18].
Considering these excellent characteristics of ceramsite, it can be used as an aggregate in
studies on new wall materials.

To sum up, it is an inevitable choice for wall material development in studies on
alkali-activated slag ceramsite self-insulation blocks (AASCSIBs). To improve the thermal
performance of the alkali-activated slag ceramsite single self-insulation block, the alkali-
activated slag ceramsite self-insulation hollow block (AASCSIHB) is generally filled with
an insulation material. That is, an alkali-activated slag ceramsite compound insulation
block (AASCCIB) is prepared. Therefore, conducting research on AASCCIBs will promote
the integrated development of energy efficiency and functionality of buildings.

Nevertheless, there are a few reports on AASCCIBs [11,19] which focus on the prepa-
ration and performance of the block. In other words, there are very few studies devoted to
the structural optimization and application feasibility of AASCCIBs [19], especially those
dedicated to the comprehensive optimization of mechanical and thermal performances
and the exploration of the thermal insulation effect. Undoubtedly, the above limitations
restrict the application and promotion of AASCCIBs.

The most commonly used research approach in the structural optimization and appli-
cation effect analysis of blocks is numerical simulation [20–22]. Various numerical analysis
methods are used, including the finite difference method (FDM) [23,24], boundary element
method (BEM) [25,26], finite volume method (FVM) [27,28], and finite element method
(FEM) [29,30]. The FDM is a dominant numerical method for solving the motion of objects
in computational fluids. However, it is challenging to solve the boundary conditions using
this method. The BEM transforms the solution of the entire domain into a solution on
a regional boundary. This numerical method reduces the computational effort, but is
inefficient for the computation of the complex-shape flow field. In addition, the method is
generally suitable for only solving homogeneous linear problems. The largest advantage
of the FVM is that it provides an accurate integral conservation even with coarse meshes.
However, the accuracy of the FVM is only second-order. The FEM is a numerical technique
used to obtain approximate solutions to boundary value problems of partial differential
equations. The basic idea of the method is to discretize the continuous solution domain,
i.e., to divide the continuum into a finite number of tiny blocks with regular shapes. The
method is not only applicable to complex geometries and boundary conditions, but also
has a high computational accuracy and wide applicability. Furthermore, it has a standard-
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ized calculation format and can be easily applied programmatically. Thus, the FEM is a
powerful, effective, and accurate numerical method.

ANSYS integrates the analyses of structure, fluid, electric, magnetic, and acoustic
fields [31]. As far as professional computer-aided engineering software is concerned,
ANSYS is the only analysis and design software worldwide that has passed the IS09001
quality certification. Additionally, the advantages of ANSYS are reflected in the broad
scope of analysis, powerful coupling analysis functions, and convenient co-simulation
platform. ANSYS CFX, a branch of ANSYS, is dedicated to fluid dynamics simulation [31].
Notably, it is the first commercial software in the world to develop and use a fully implicit
multi-grid coupled solver technique. Moreover, it has advanced algorithms, rich physical
models, and accurate calculation results. Considering the above analysis, ANSYS CFX is
recommended for the structural optimization and application effect analysis of AASCCIBs.

In summary, this study aims to optimize the structure and analyze the thermal insula-
tion effect of the AASCCIB using the FEM. The specific work is as follows:

• Six types of AASCCIBs with different internal structures are designed based on
different numbers of hole rows and hole ratios.

• Based on the FEM, the thermal and mechanical performances of six AASCCIBs are sim-
ulated using ANSYS CFX. Moreover, the AASCCIB with the optimal comprehensive
performance is determined though a multi-objective optimization analysis.

• The improvement effect of the AASCCIB wall on the indoor thermal environment
relative to an ordinary block (OB) wall is quantitatively analyzed using ANSYS CFX.

2. Methods

2.1. Structural Design of AASCCIBs

Based on the literature [32], the dimensions of the selected blocks were length × width
× height = 390 mm × 240 mm × 190 mm. Furthermore, because the thermal resistance
of a hollow block with a rectangular hole was larger than those of diamond, square, and
circle at the same hole ratio [33], the hole shape was rectangular in this study. On this
basis, six types of hollow blocks with different internal structures were designed based on
different numbers of hole rows and hole ratios. The diagram of the AASCSIHBs is shown
in Figure 1.

Figure 1. Diagram of AASCSIHBs. (a) Three rows of holes; (b) Four rows of holes; (c) Five rows of holes.

The distance between rows of the rectangular holes was the same. The distance
between the rectangular holes parallel to the length direction of the block was referred
to as horizontal rib, and the value was c. The distance between the rectangular holes
perpendicular to the width direction of the block was referred to as vertical rib, with a
value of f. The length and width of the larger rectangle in each row of the hole were b
and e, respectively. The length and width of the smaller rectangle were denoted by d and
e, respectively. In addition, a was taken as 25 mm according to the reference [32]. The
detailed dimensions of the AASCSIHBs are shown in Table 1.
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Table 1. Detailed dimensions of AASCSIHBs.

Number Number of Hole Rows a b c d e f Hole Ratio/%

A1 Three rows
25 225 25 90 44 29 44.4

A2 25 225 25 90 42 32 42.4
B1 Four rows

25 225 25 90 34 18 45.8
B2 25 225 25 90 31 22 41.7
C1 Five rows

25 225 25 90 26 15 43.8
C2 25 225 25 90 25.2 16 42.9

Note: The hole ratio was the ratio of the hole area to the cross-sectional area of the block.

2.2. Numerical Simulation of Thermal and Mechanical Performances of AASCCIBs

To improve the thermal performance of the block, the holes of the AASCSIHB were
filled with an extruded polystyrene (XPS) foam board, which yielded the AASCCIB. Based
on the FEM, the thermal and mechanical performances of the six AASCCIBs were numeri-
cally analyzed.

2.2.1. Mathematical Model

The heat transfer calculations for this study were performed on a single block wall. In
addition, a single block in the wall was selected for the heat transfer analysis of the wall.

According to Fourier’s law and energy conservation equation, the differential equa-
tion of heat conduction in the three-dimensional (3D) Cartesian coordinates system was
established. In the heat transfer analysis, the heat input and output to the differential cube
over time dτ were as follows [34]:

The heat input was:

dQx = qxdydz · dτ, dQy = qydxdz · dτ, dQz = qzdxdy · dτ (1)

The heat output was:

dQx+dx = (qx +
∂qx

∂x
dx)dydz · dτ (2)

dQy+dy = (qy +
∂qy

∂y
dy)dxdz · dτ (3)

dQz+dz = (qz +
∂qz

∂z
dz)dydx · dτ (4)

The net heat between input and output was as follows:

(dQx − dQx+dx) +
(

dQy − dQy+dy

)
+ (dQz − dQz+dz)

= −( ∂qx
∂x +

∂qy
∂y + ∂qz

∂z )dxdydz · dτ
(5)

According to Fourier’s law [35],

qx = −λ
∂T
∂x

, qy = −λ
∂T
∂y

, qz = −λ
∂T
∂z

(6)

By substituting Equation (6) into Equation (5), we obtained Equation (7).

−( ∂qx
∂x +

∂qy
∂y + ∂qz

∂z )dxdydz · dτ

=
[

∂
∂x (λ

∂T
∂x ) +

∂
∂y (λ

∂T
∂y ) +

∂
∂z (λ

∂T
∂z )
]
dxdydz · dτ

(7)

The heat generation of the infinitesimal cube over time dτ was qvdxdydz · dτ [34].
The increment in the thermodynamic internal energy of the microelement over time

dτ was ρc ∂T
∂τ · dxdy · dτ [34].
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According to the law of conservation of energy,[
∂

∂x (λ
∂T
∂x ) +

∂
∂y (λ

∂T
∂y ) +

∂
∂z (λ

∂T
∂z )
]
dxdydz · dτ + qvdxdydz · dτ

= ρc ∂T
∂τ · dxdydz · dτ

(8)

i.e.,
[

∂

∂x
(λ

∂T
∂x

) +
∂

∂y
(λ

∂T
∂y

) +
∂

∂z
(λ

∂T
∂z

)

]
+qv = ρc

∂T
∂τ

(9)

Considering that, p, c, and λ are constants, as well as there being no internal heat
source inside the wall, Equation (9) was simplified to Equation (10). That is, the mathemati-
cal model was established.

∂2T
∂x2 +

∂2T
∂y2 +

∂2T
∂z2 = 0 (10)

where T is the temperature, ◦C. x, y, and z are the 3D Cartesian system coordinates.
The mechanical performance in this study was analyzed using the constitutive model

with the von Mises yield criterion. The core concept of this criterion was that when the
second invariant (J2′ ) of the stress deviation tensor of a point in a stressed object reached a
constant value, the point entered the plastic state.

This criterion can be expressed by the principal stresses [36]:

J2′ =
[
(σ1 − σ2)

2 + (σ2 − σ3)
2 + (σ3 − σ1)

2
]
= c (11)

A unidirectional tensile experiment showed that c = σs
2

3 [36].
According to a pure shear experiment, it was found that c = K2 [36].
Thus, the von Mises yielding criterion in the principal coordinate system was:

(σ1 − σ2)
2 + (σ2 − σ3)

2 + (σ3 − σ1)
2 = 2σs

2 = 6K2 (12)

In addition, according to the von Mises yield criterion, the material began to yield
when the equivalent force reached a constant value, which can be expressed as [37]:

σ =
1√
2

√(
σx − σy

)2
+
(
σy − σx

)2
+ (σz − σx)

2 + 6
(
τxy2 + τyz2 + τzx2

)
= σs (13)

where σ is the equivalent stress (Pa), σi(σi i) is the normal stress (Pa), σs is the yield point,
τij is the shear stress (Pa), K is the shear yield strength (Pa), The first and second subscripts
of the stress components indicated the normal direction of the action plane and direction of
the stress action, respectively.

2.2.2. Development of the Finite Element Model

1. Basic assumptions and geometric model The following assumptions were used before
the thermal model was developed:

(1) The block performs a one-dimensional heat transfer.
(2) The temperatures on both sides of the block are constant.
(3) The main material of block and the filling material are closely connected. The

material performances do not vary with the thermal environment.

Using AASCCIB B1 as an example, a geometric model for the thermal analysis was
developed (Figure 2).
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Figure 2. (a) Geometric model for the thermal analysis; (b) geometric model for the mechanical analysis.

The thermal insulation material (XPS) inside the holes of self-insulation hollow blocks
had a small influence on the overall mechanical performances of the compound insulated
block. Therefore, the self-insulation hollow block was selected instead of the compound
insulation block for the mechanical performance analysis. The geometric model for the
mechanical analysis was developed using AASCSIHB A1 as an example (Figure 2).

2. Mesh division

The mesh division of the developed geometric models was conducted. The results are
shown in Figure 3.

Figure 3. (a) Mesh model for the thermal analysis; (b) mesh model for the mechanical analysis.

3. Material parameter and boundary condition setting

The physical parameters of the AASCCIB are listed in Table 2. The block surfaces in
contact with air were subjected to convective heat transfer boundary conditions (the third
boundary condition). The other surfaces of the block were set with adiabatic boundary
conditions. The expressions for the third boundary condition were as follows [38]:

− λ1
∂t
∂y
∣∣y=0 = hi(ti1 − te1) (14)

− λ1
∂t
∂y

∣∣∣y=hi
= hi(te2 − ti2) (15)
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− λ2
∂t
∂y
∣∣y=0 = he(ti1 − te1) (16)

− λ2
∂t
∂y

∣∣∣y=he = he(ti1 − ti2) (17)

where λ1 and λ2 are the thermal conductivities of the hollow block and air layer, respec-
tively (W/(m·K)). hi is the internal surface coefficient of heat transfer with a value of
8.7 W/(m2·K) [39], he is the external surface coefficient of heat transfer with a value of
23.0 W/(m2·K) [39], ti1 is the indoor air temperature of 281.15 K [40]. ti2 is the outdoor
air temperature of 276.25 K [41], and te1 and te2 are the temperatures of the internal and
external surfaces of the wall, respectively(K).

Table 2. Physical parameters of the AASCCIB.

Note
Thermal

Conductivity
W/(m·K)

Density
kg/m3

Specific Heat
Capacity
J/(kg·K)

Elastic
Modulus

MPa

Poisson’s
Ratio

Shell of
AASCSIHB 0.35 1600 1.05 27920 0.2

XPS 0.03 35 1.38 / /

In the mechanical analysis, a static analysis was used to inform the effect of geometric
nonlinearity. All degrees of freedom at the bottom of the finite element model were
constrained, and a uniform load (P) of 10 MPa was applied to the upper surface of the
model (Figure 4).

Figure 4. (a) Load on the upper surface of the model; (b) constraint on the bottom of the model.

2.3. Multi-Objective Optimization of AASCCIBs
2.3.1. Multi-Objective Optimization Method

In this study, the heat transfer coefficient, equivalent stress, and hole ratio represented
the thermal, mechanical, and economic performances, respectively. Thermal, mechanical,
and economic performances were included in the comprehensive performance. To obtain
the AASCCIB with the optimal comprehensive performance, multi-objective optimization
was conducted on the compound insulation blocks with different internal structures. The
function expression of the weighted summation method was as follows [42]:

Max[ f (x)] =
m

∑
i=1

ωi fi(x) (18)
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where f(x) is the objective function, ωi is the weight coefficient, and fi (x) is the subobjective
function.

2.3.2. Calculation of the Weight Coefficient

The weight coefficients of the block were calculated using a hierarchical analysis.
According to the relative importance, weights were assigned to each influencing factor
(heat transfer coefficient, equivalent stress, and porosity). In addition, a scale of 1 to 9
was used for importance comparisons of pairwise factors (Table 3). The elements were
compared to each other to obtain the judgment matrix A, as shown in Formula (19) [43]:

A =
(
aij
)

n×n (19)

where A is the judgment matrix and aij is the scale.

Table 3. Scale values.

Comparison of the Importance of Factor i and Factor j Scale (aij)

i and j are equally important 1
3
5
7
9

The median value of two adjacent scales 2, 4, 6, 8

The maximum eigenvalue of the judgment matrix was calculated, and then a consis-
tency test was performed. The Formulas were as follows [43]:

Ax = λmaxx (20)

CI =
λmax − n

n − 1
(21)

CR =
CI
RI

(22)

where CI is the consistency index, RI is the average consistency index, λmax is the maximum
eigenvalue, n is the order of the judgment matrix, and CR is the consistency ratio.

The elements of the matrix A were normalized to obtain the matrix γ. The rows of
the matrix γ were summed to obtain the column matrix W. Finally, the matrix W was
normalized to obtain the ranking weight vector ω. That is, the percentages of thermal,
mechanical, and economic performances that affected the comprehensive performance of
the blocks were obtained.

2.3.3. Factor Normalization

The units, sizes, and orders of magnitude of the influencing factors were not consistent,
which did not help evaluate the comprehensive performance of the blocks. Therefore, it
was necessary to standardize the influencing factors using a normalization method. The
calculation Formula for the normalization method was as follows [44]:

yi = xi/
n

∑
i=1

xi (23)

where yi is the dimensionless constant, and
n
∑

i=1
yi is equal to 1 [44].
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2.4. Influence of AASCCIB Wall on the Indoor Thermal Environment

Through the ANSYS CFX simulation, the improvement effect of the AASCCIB wall on
the indoor thermal environment relative to the OB wall was informed.

This study considered rural buildings in Southern Shanxi, China, as the simulation
object. The main reason was that Southern Shanxi, China, is located in the zone of hot-
summer and cold-winter, where it is hot in summer and wet with cold in winter. Moreover,
the region is close to severe-cold and cold zones, where the average daily temperature
reaches about −10 ◦C in winter [45]. Obviously, the indoor thermal environment of rural
buildings in this region needs to be improved urgently. Based on the above analysis, this
study took rural buildings in Southern Shanxi, China, as the simulation object.

2.4.1. Mathematical Model

According to Section 2.2.1, the 3D unsteady differential equation for heat conduction
in the Cartesian coordinate system was as follows:[

∂

∂x
(λx

∂T
∂x

) +
∂

∂y
(λy

∂T
∂y

) +
∂

∂z
(λz

∂T
∂z

)

]
+ qv = ρc

∂T
∂τ

(24)

This equation had to be solved in domain Ω. The boundary conditions for this domain
were as follows [46]:

T = T(On the Γ1 boundary) (25)

λx
∂T
∂x

nx + λy
∂T
∂y

ny + λz
∂T
∂z

nz = q (On the Γ2 boundary) (26)

λx
∂T
∂x

nx + λy
∂T
∂y

ny + λz
∂T
∂z

nz = h(Ta − T) (On the Γ2 boundary) (27)

Γ1 + Γ2 + Γ3 = Γ (28)

where ρ is the density (kg/m3), c is the specific heat capacity (W/(kg·K), τ is the time (s),
qv is the heat flux (W/m2), T is the temperature (◦C), λi is the thermal conductivity along
the i-axis direction (W/(m·K), ni is the cosine of the outer normal of the boundary along
the i-axis direction. q is the heat flux density on the Γ2 boundary, (W/m2), T is the
temperature on the Γ1 boundary (◦C), Ta is the external ambient temperature under natural
convection conditions (◦C), Ta is the absolute temperature of the boundary layer under
forced convection conditions (◦C), and Γ is the whole boundary of domain Ω.

2.4.2. Development of the Finite Element Model

1. Basic assumptions and geometric models To simplify the model calculation, the
following assumptions were used before modeling:

(1) The air in each indoor room is considered as a whole. Its heat transfer mode is
natural convection heat transfer.

(2) The indoor door is open. The door is half-open.
(3) The influence of indoor human activities and electrical appliances on the

indoor temperature is ignored.

We conducted a field study on rural buildings in Ankang (climatic conditions and
building characteristics were representative of rural regions in Southern Shanxi [45]) during
the period from 2017 to 2019. Based on the field research and reference [40], a representative
floor plan for rural buildings in Southern Shanxi, China, was constructed (Figure 5). Further,
the geometric model of the representative building was developed using ANSYS CFX, as
shown in Figure 6.
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Figure 5. Floor plan of the representative building.

Figure 6. Geometric model of the representative building.

2. Mesh division

In the mesh division, the external surface of the air and internal surface of the external
wall, window, door, and roof were mesh-refined. The minimum element size was 0.009 m,
and the maximum was 0.967 m. The refined mesh model is illustrated in Figure 7.

Figure 7. Refined mesh model.
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3. Material parameter setting

Based on the field investigation, experimental research, and reference [39], the thermal
parameters of the envelope of the building with OB walls and building with AASCCIB
walls were obtained (Table 4).

Table 4. Thermal parameters of the envelope.

Item Material Layer
Thickness

mm

Thermal
Conductivity

W/(m·K)

Density
Kg/m3

Specific Heat Capacity
J/(kg·K)

External wall
(OB wall)

Cement mortar 20 0.93 1800 1050
Solid clay brick 240 0.81 1800 1050
Cement mortar 20 0.93 1800 1050

External wall
(AASCCIB wall)

Cement mortar 20 0.93 1800 1050
AASCCIB 240 0.11 867 1050

Cement mortar 20 0.93 1800 1050

Partition wall
Cement mortar 20 0.93 1800 1050
Solid clay brick 240 0.81 1800 1050
Cement mortar 20 0.93 1800 1050

Floor
Cement mortar 20 0.93 1800 1050

Reinforced concrete 100 1.74 2500 920
Cement mortar 20 0.93 1800 1050

Roof
Clay tile 20 1.00 2000 800

Wooden rafter 100 0.17 650 2120

Ground
Pebble concrete 100 1.51 2300 920
Compacted clay 300 1.16 2000 1010

Window Single-layer clear glass 3 0.76 2500 840
Door Wood 150 0.35 500 2510

4. Boundary condition setting

The combined outdoor temperature considered the combined effect of solar radiation
and outdoor air temperature on the external envelope of the building. Thus, the com-
prehensive outdoor temperature was chosen as the boundary condition for the external
surface of the wall. Considering that outdoor meteorological parameters generally vary
periodically, the comprehensive outdoor temperature was expressed as a sine or cosine
function. Further, the comprehensive outdoor temperature was fitted as a periodic sine or
cosine function by Fourier series expansion [45]. In addition, the initial temperature of the
indoor air body was set to 278.6 K, and the initial temperature of the external surface of the
wall was set to 277.1 K in the simulation.

tz(τ) = Ao +
∞

∑
n=1

An sin(nωτ + φn) (29)

where Ao is the zero-order outdoor disturbance (◦C), An is the amplitude of the external
disturbance of the n-th sine wave (◦C), nw is the frequency of the external disturbance of the
n-th sine wave, nw = 2π n/T (rad), ϕn is the initial phase of the external disturbance of the
n-th sine wave (rad). T is the period of the function (h), and n is the order of the harmonic.

Formula (29) was expanded by the sine, which yielded Formula (30).

tz(τ) = Ao +
∞

∑
n=1

[An sin(nωτ + φn) + An cos(nωτ + φn)] (30)

Assuming that a0
2 = A0, an = An sin ϕn, and bn = An cos ϕn,

tz(τ) =
a0

2
+

∞

∑
n=1

[an cos(nωτ) + bn sin(nωτ)] (31)
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In addition, ϕn was determined by an and bn,

bn > 0 and an > 0, ϕn = arctan
(

an

bn

)
(32)

bn > 0 and an < 0, ϕn = arctan
(

an

bn

)
+

π

2
(33)

bn < 0, ϕn = arctan
(

an

bn

)
+ π (34)

bn < 0 and an = an, ϕn =
π

2
(35)

bn < 0 and an= −an, ϕn =
3π

2
(36)

Because the external disturbance function of the building envelope was extremely
complex, the variation in the external disturbance function was expressed by a series of
discrete data with equal intervals.

If the basic period interval (0, T) was divided into N equal parts, the interval only had
N discrete point values.

tzj = tz(jΔτ), j = 0, 1, 2 · · · N − 1, Δτ =
T
N

(37)

The rectangular superposition summation method was used to obtain the function
expressions of a0

2 , an, and bn.

a0

2
= A0 =

1
T

N−1

∑
j=0

tzjΔτ (38)

an =
2
T

N−1

∑
j=0

tzj cos(nωjΔτ)Δτ (39)

bn =
2
T

N−1

∑
j=0

tzj sin(nωjΔτ)Δτ (40)

where N is the number of measurement points in a period with a value of 24, T is the
period, with a value of 24 (h), n is the order of the harmonics with a value of 4. j is the serial
number of the sampled values, and Δτ is the sampling time interval with a value of 1 (h).

Therefore, Formula (31) was transformed into Formula (41).

tz(jΔτ) = A0 +
∞

∑
n=1

An sin(nωjΔτ + φn) (41)

Based on the above analysis, according to the reference [47] and Formula (41), the
fourth-order Fourier series expressions for the outdoor comprehensive temperature of
different orientations in Ankang region were obtained.

The expressions for the integrated outdoor temperature on the summer solstice were
as follows:

tsa.E(τ) = 31.2 + 11.4727 sin(π/12 + 4.1200) + 2.5263 sin(π/6 + 2.1621)

+1.8760 sin(π/4 + 0.5465) + 1.1061 sin(π/3 + 4.33.0)
(42)

tsa.S(τ) = 30.8 + 11.7485 sin(π/12 + 3.9708) + 1.8033 sin(π/6 + 1.5524)

+1.0295 sin(π/4 + 0.2122) + 0.1788 sin(π/3 + 3.0834)
(43)

96



Mathematics 2021, 9, 2488

tsa.W(τ) = 32.0 + 14.4902 sin(π/12 + 3.8151) + 2.5095 sin(π/6 + 6.1048)

+2.4431 sin(π/4 + 0.9260) + 1.3697 sin(π/3 + 2.9265)
(44)

tsa.N(τ) = 30.0 + 11.0814 sin(π/12 + 3.9156) + 1.8842 sin(π/6 + 1.2830)

+0.4152 sin(π/4 + 0.4529) + 0.2020 sin(π/3 + 3.7802)
(45)

The expressions for the integrated outdoor temperature on the winter solstice were
as follows:

tsa.E(τ) = 3.5 + 4.8927 sin(π/12 + 3.5682) + 1.1911 sin(π/6 + 0.5243)

+1.2650 sin(π/4 + 2.9131) + 0.4420 sin(π/3 + 2.5141)
(46)

tsa.S(τ) = 4.7 + 7.0167 sin(π/12 + 3.7357) + 3.0627 sin(π/6 + 0.3954)

+2.5353 sin(π/4 + 2.8359) + 0.4178 sin(π/3 + 4.3601)
(47)

tsa.W(τ) = 4.1 + 6.2322 sin(π/12 + 3.0653) + 2.3717 sin(π/6 + 0.1049)

+2.2533 sin(π/4 + 2.5014) + 0.9370 sin(π/3 + 3.8372)
(48)

tsa.N(τ) = 3.4 + 4.8795 sin (π/12 + 3.5414) + 1.2075 sin(π/6 + 0.4287)

+1.3490 sin(π/4 + 2.8836) + 0.3785 sin(π/3 + 2.4847)
(49)

5. Validation of the model

The correctness of the model was verified to ensure that the simulation results were
accurate. The measured data were compared to simulated data. The measured data were
the indoor temperatures of a representative rural building in Ankang, Southern Shanxi,
China. The results are presented in Figure 8. Each temperature value in the Figure is the
average temperature of the room.

Figure 8 shows that the measured temperature was highly consistent with the sim-
ulation temperature. The R-squared between the measured and simulated temperatures
was 0.91. At the same time, it was found that there was a small deviation between the
simulated temperature and measured temperature. This deviation mainly originated from
the simplifications and assumptions in modeling and accuracy error of the test instrument.
Therefore, it was effective to use ANSYS CFX software to develop a finite element model of
the building.

Figure 8. Comparison of measured and simulation results.

97



Mathematics 2021, 9, 2488

3. Results and Analysis

3.1. Analysis of Thermal and Mechanical Performances of AASCCIBs

Through the simulation by ANSYS CFX, the effects of the different numbers of holes
and hole ratios on the thermal and mechanical performances of AASCCIBs were evaluated.

3.1.1. Thermal Performances

Contour plots of temperature and heat flux for the AASCCIB are presented in Figure 9
(for AASCCIB B1 as an example).

Figure 9. (a) Temperature contour plot; (b) heat flux contour plot.

Figure 9a shows that the temperature contour plot of the AASCCIB obeyed the fun-
damental law of heat transfer. The temperature decreased step-by-step from indoor to
outdoor along the Y direction. As shown in Figure 9b, there was a concentration of heat
flux at the vertical ribs, which could easily produce the thermal bridge effect. The main
reason was that the heat transfer coefficient of the vertical ribs was larger than that of the
other parts, which led to a quick heat transfer from the vertical rib of the block.

In addition, the temperature difference and heat flux intensity on both sides of the
flat wall of the AASCCIB were obtained by numerical simulations. Furthermore, the heat
transfer coefficient of the AASCCIBs was obtained by Formula (50) [48]. The results are
listed in Table 5.

K =
q

Δt
(50)

where K is the heat transfer coefficient (W/(m2·K)), q is the heat flux intensity, (W/m2), and
Δt is the temperature difference between the internal and external surfaces of the wall (K).

Table 5. Simulated thermal performances.

Number
Number of
Hole Rows

Hole Ratio %
Temperature

Difference ◦C

Heat Flux
Intensity

W/m2

Heat
Transfer

Coefficient
W/(m2·K)

A1 Three rows
44.4 13.871 6.360 0.459

A2 42.4 13.848 6.452 0.466
B1 Four rows

45.8 13.881 6.185 0.446
B2 41.7 13.841 6.531 0.472
C1 Five rows

43.8 13.885 6.163 0.444
C2 42.9 13.871 6.225 0.449

Table 5 shows that the heat transfer coefficient of the AASCCIB decreased with the
increase in the hole ratio when the hole type and number of hole rows were constant.
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This was because the increased hole ratio led to the increase in filler thickness when the
hole shape and number of hole rows were constant. This directly increased the block heat
transfer hindrance, thereby decreasing the heat transfer coefficient.

In addition, the simulated heat transfer coefficient was compared to the theoretical
values to validate the finite element model.

The theoretical value of the average heat transfer coefficient of the AASCCIB was
calculated by Formulas (51) to (55) [39]:

R =
d
λ

(51)

R = R1 + R2 + · · ·Rn (52)

R0 = Ri + R + Re (53)

R =

[
F0

F1/R0,1 + F2/R0,2 + · · ·Fn/R0,n
− (Ri + Re)

]
· φ (54)

K =
1
R

(55)

where R is the thermal resistance of materials ((m2·K)/W), d is the thickness of each layer
material (m), λ is the thermal conductivity of each layer material (W/(m·K)), R0 is the total
thermal resistance of the flat wall ((m2·K)/W), Ri is the internal surface resistance of heat
transfer with the value of 0.11 (m2·K)/W [39], Re is the external surface resistance of heat
transfer with the value of 0.04 (m2·K)/W [39], R is the average heat transfer resistance of
the combined flat wall ((m2·K)/W), F0 is the total heat transfer area perpendicular to the
direction of heat flux (m2), F1, F2, . . . Fn is the area of each heat transfer region parallel to
the direction of heat flux (m2), R0,1, R0,2, . . . R0, n is each heat transfer area parallel to the
direction of the heat flux ((m2·K)/W), φ is the correction factor with the value of 0.86 [39],
and K is the average heat transfer coefficient of the combined wall (W/(m2·K)).

A calculation diagram of the average thermal resistance is shown in Figure 10. A
division diagram of the heat transfer channels is shown in Figure 11.

Figure 10. Calculation diagram of the average thermal resistance.

The average heat transfer coefficient of the AASCCIB was obtained using Formulas
(51) to (55).

R0,1 =
0.24
0.35

= 0.686 = R0,7 (56)

R0,2 =
0.025
0.35

× 2 +
0.029
0.35

× 2 +
0.044
0.03

× 3 = 4.709 = R0,4 = R0,6 (57)

R0,3 =
0.025
0.35

× 2 +
0.029
0.35

× 2 +
0.044
0.03

× 2 +
0.044
0.35

= 3.368 (58)
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R0,5 =
0.025
0.35

× 2 +
0.044
0.35

× 2 +
0.044
0.03

+
0.029
0.35

× 2 = 2.027 (59)

R1 = R7 = 0.686 + 0.15 = 0.836 (60)

R2 = R4 = R6 = 4.709 + 0.15 = 4.859 (61)

R3 = 3.518 + 0.15 = 3.518 (62)

R5 = 2.027 + 0.15 = 2.177 (63)

R =

[
F0

F1
R1

+ F2
R2

+ F3
R3

+ F4
R4

+ F5
R5

+ F6
R6

+ F7
R7

− 0.15

]
× 0.86 = 2.30 (64)

K =
1
R

=
1

2.30
= 0.435 (65)

Figure 11. Division diagram of the heat transfer channels.

Based on the above calculation, the average heat transfer coefficient of AASCCIB A1
was 0.435 W/(m2·K). In addition, using the above calculation method, the average heat
transfer coefficients of AASCCIBs A2, B1, B2, C1, and C2 were 0.444, 0.424, 0.448, 0.434, and
0.442 W/(m2·K).

The simulated and calculated values of the heat transfer coefficient were compared, as
shown in Figure 12.

Figure 12. Comparison of simulated and calculated values of heat transfer coefficient.
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Figure 12 shows that the calculated and simulated values of the average heat transfer
coefficient were almost equal. The relative error of AASCCIB A1 was the largest (5.5%).
The main reason for this error was the series of assumptions in the modeling. Therefore,
the finite element building model obtained using ANSYS CFX was considered effective.

3.1.2. Mechanical Performances

Contour plots of deformation and von Mises equivalent stress for AASCSIHB are
presented in Figure 13 (for AASCSIHB A1 as an example). The simulation results of the
von Mises equivalent stress of the AASCSIHBs are listed in Table 6.

Figure 13. (a) Deformation contour plot; (b) von Mises equivalent stress contour plot.

Table 6. Simulation results of the von Mises equivalent stress.

Number
Number of
Hole Rows

Hole Ratio %

Maximum
von Mises
Equivalent
Stress/MPa

Minimum
von Mises
Equivalent
Stress/MPa

Average von
Mises

Equivalent
Stress/MPa

A1 Three rows
44.4 19.22 5.62 9.553

A2 42.4 18.70 5.59 9.559
B1 Four rows

45.8 18.81 5.73 9.517
B2 41.7 19.27 5.64 9.524
C1 Five rows

43.8 18.80 5.67 9.496
C2 42.9 18.78 5.67 9.502

Figure 13a presents that a large deformation at the edge of the block due to the
principal stresses acted on it. Figure 13b shows that the minimum von Mises equivalent
stress appeared in the cross ribs and inner wall of the block. The maximum von Mises
equivalent stress appeared at the corners of the block (stress concentration area), and
the area where stress concentration occurred was small. In summary, in this study, the
maximum von Mises equivalent stress had no decisive influence on the overall bearing
capacity and stability of the member.

Table 6 indicates that the average von Mises equivalent stress tended to decrease with
the increase in the hole ratio when the hole shape and number of hole rows were fixed.
The main reason was that the thickness of the middle rib of the block decreased with the
increase in the hole ratio when the hole shape and the number of hole rows were constant.
This reduced the compressive performance and connectivity between the concrete rib and
wall of the block, thereby leading to a decrease in the average von Mises equivalent stress
of the block.
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3.2. Determination of Optimal AASCCIBs

According to Formula (19) and Table 3, judgment matrix A was obtained:

A =

⎛⎝ 1 2 3
1
2 1 2
1
3

1
2 1

⎞⎠ (66)

Based on Formulas (20) and (21), λmax and CI were 3.092 and 0.0046, respectively.
According to reference [49], RI was 0.58. Based on Formula (22), CR was 0.0089. As CR was
below 0.1, judgment matrix A satisfied the consistency test.

Matrix A was transformed to obtain the ranking weight vector ω (ω= (0.539 0.297
0.164)T). Thus, the percentages of thermal, mechanical, and economic performances
that affected the comprehensive performance of the AASCCIB were 53.9%, 29.7%, and
16.4%, respectively.

The heat transfer coefficient, Mises equivalent stress, and porosity were transformed
to dimensionless using the normalization method. The results are listed in Table 7. The
weighted comprehensive value of AASCCIBs was obtained by Formula (18). The results
are presented in Figure 14.

Table 7. Dimensionless calculation results of each influence factor.

Number
Number of
Hole Rows

Heat Transfer
Coefficient

Equivalent
Stress

Hole Ratio

A1 Three rows
0.168 0.1671 0.170

A2 0.170 0.1673 0.162
B1 Four rows

0.163 0.1665 0.175
B2 0.173 0.1666 0.160
C1 Five rows

0.162 0.1662 0.168
C2 0.164 0.1663 0.164

Note: A smaller heat transfer coefficient indicates better thermal performance. Therefore, the dimensionless
value of the heat transfer coefficient was multiplied by −1 [44], to make the monotonicity of the three sub-factor
functions of heat transfer coefficient, equivalent stress, and hole ratio consistent.

Figure 14. Weighted comprehensive value of each AASCCIB.

Figure 14 shows that the weighted comprehensive value of AASCCIB B1 was largest.
Thus, compared with several other AASCCIBs, AASCCIB B1 had the optimal comprehen-

102



Mathematics 2021, 9, 2488

sive performance. Therefore, AASCCIB B1 was chosen to build the wall in the follow-
ing modeling. The heat transfer coefficient and average von Mises equivalent stress of
AASCCIB B1 were 0.446 W/(m2·K) and 9.52 MPa, respectively.

3.3. Improvement Effect of AASCCIB Wall on the Indoor Thermal Environment

Through the ANSYS CFX simulation, the indoor temperature changes of the building
with the OB wall and building with the AASCCIB wall were informed. China is located
in the northern hemisphere of the Earth. The day with the shortest sunshine time and
the lowest solar altitude angle is the winter solstice. From the perspective of passive heat
collection, the amount of solar radiation on this day is the lowest of the year. On the
contrary, the summer solstice is the day with the longest sunshine time and the highest
solar altitude angle, i.e., the solar radiation on this day is the highest in the year. Therefore,
in the simulation analysis of the thermal insulation performance of the wall, the winter
solstice (summer solstice) was selected as the date of the outdoor boundary condition. In
addition, the indoor temperature of the room with the worst thermal comfort on the first
floor (second floor) was used as the temperature of the first floor (second floor) in this
study. The simulation results are presented in Figure 15.

Figure 15. Indoor temperature of the building. (a) On the winter solstice; (b) on the summer solstice.

As shown in Figure 15a, the indoor temperatures of the rooms on the first and second
floors of the building with the OB wall were lowest at 6:00 and highest at 14:00. The indoor
lowest, highest, and average temperatures of the room on the first floor were 3.10, 5.65, and
4.47 ◦C, respectively. The indoor lowest, highest, and average temperatures of the room
on the second floor were 3.37, 5.63, and 4.61 ◦C, respectively. For the building with the
AASCCIB wall, the indoor temperatures of the rooms on the first and second floors were
lowest at 6:00 and highest at 14:00. The indoor lowest, highest, and average temperatures
of the room on the first floor were 4.49, 6.21, and 5.31 ◦C, respectively. The indoor lowest,
highest, and average temperatures of the room on the second floor were 4.83, 6.10, and
5.43 ◦C, respectively. Compared with the indoor lowest and average temperatures of the
building with the OB wall, those of the building with AASCCIB walls increased by at
least 1.39 and 0.82 ◦C. In addition, the indoor temperature difference decreased by at least
0.83 ◦C.

Figure 15b shows that the indoor temperatures of the rooms on the first and second
floors of the building with the OB wall were lowest at 5:00, 24.06, and 24.64 ◦C, respectively.
The indoor temperatures of the rooms on the first and second floors were highest at 17:00,
29.89, and 29.81 ◦C, respectively. The average indoor temperatures of the rooms on the
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first and second floors were 27.37 and 27.54 ◦C, respectively. For the building with the
AASCCIB wall, the indoor temperatures of the rooms on the first and second floors were
lowest at 5:00, 24.11, and 24.75 ◦C, respectively. The indoor temperatures of the rooms
on the first and second floors were highest at 15:00, 28.14, and 28.03 ◦C, respectively. The
average indoor temperatures of the rooms on the first and second floors were 26.58 and
26.70 ◦C, respectively. Compared with the indoor highest temperature of the building with
the OB wall, that of the building with the AASCCIB wall decreased by at least 1.75 ◦C.
The indoor average temperature and temperature difference decreased by at least 0.79 and
1.89 ◦C, respectively.

In summary, the indoor thermal environment of the building with AASCCIB walls
was significantly improved compared to that of the building with the OB wall. This was
manifested by the increase in the indoor lowest and average temperatures on the winter
solstice. The indoor temperature difference decreased. On the summer solstice, the indoor
highest temperature, average temperature. and temperature difference decreased.

4. Conclusions and Outlook

In this study, six types of AASCCIBs with different internal structures were designed.
Based on the FEM, the thermal and mechanical performances of the six AASCCIBs were
simulated using ANSYS CFX. The AASCCIB with the optimal comprehensive performance
was determined through multi-objective optimization. The improvement effect of the
AASCCIB wall on the indoor thermal environment relative to the OB wall was quanti-
tatively analyzed using ANSYS CFX. The conclusions of this study can be summarized
as follows:

1. The von Mises equivalent stress and heat transfer coefficient of the AASCCIB de-
creased with the increase in hole ratio when the hole shape and number of hole rows
were constant.

2. AASCCIB B1 had the optimal comprehensive performance among the six AASCCIBs.
The heat transfer coefficient and average von Mises equivalent stress of AASCCIB B1
were 0.446 W/(m2·K) and 9.52 MPa, respectively.

3. Compared with the indoor lowest and average temperatures of the building with
the OB wall, those of the building with the AASCCIB wall increased by at least 1.39
and 0.82 ◦C on the winter solstice, respectively. The indoor temperature difference
decreased by at least 0.83 ◦C. In addition, the indoor highest temperature, average
temperature, and temperature difference decreased by at least 1.75, 0.79, and 1.89 ◦C
on the summer solstice, respectively.

This study quantitatively elucidated the improvement effect of the AASCCIB walls
on the indoor thermal environment relative to the OB walls. However, the positive effect
of the AASCCIB walls on the building energy consumption was unclear. To promote the
development of wall materials and building energy efficiency, the reduction effect of the
AASCCIB wall on the building energy consumption will be quantitatively analyzed in a
follow-up study.
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Abstract: By introducing the dimension splitting method (DSM) into the generalized element-free
Galerkin (GEFG) method, a dimension splitting generalized interpolating element-free Galerkin
(DS-GIEFG) method is presented for analyzing the numerical solutions of the singularly perturbed
steady convection–diffusion–reaction (CDR) problems. In the DS-GIEFG method, the DSM is used to
divide the two-dimensional CDR problem into a series of lower-dimensional problems. The GEFG
and the improved interpolated moving least squares (IIMLS) methods are used to obtain the discrete
equations on the subdivision plane. Finally, the IIMLS method is applied to assemble the discrete
equations of the entire problem. Some examples are solved to verify the effectiveness of the DS-GIEFG
method. The numerical results show that the numerical solution converges to the analytical solution
with the decrease in node spacing, and the DS-GIEFG method has high computational efficiency
and accuracy.

Keywords: meshless method; dimension splitting method; dimension splitting generalized interpo-
lating element-free Galerkin method; convection–diffusion–reaction problem

1. Introduction

Since the construction of the approximation function is independent of the mesh, the
meshless method, which has developed rapidly in recent years, can completely abandon
the mesh reconstruction to ensure high calculation accuracy [1–3]. The meshless method
has become an essential numerical method in scientific and engineering computation [4–7].

When studying surface fitting, Lancaster and Salkauskas proposed the moving least
squares (MLS) approximation [8], which is based on the traditional least squares (LS)
method [9–12]. The MLS is one of the most important methods for constructing trial
functions in meshless methods [13]. Based on the MLS approximation, Belytschko et al.
proposed the element-free Galerkin (EFG) method [14], which has a wide range of applica-
tions and high calculation accuracy. Since the shape function of the MLS approximation
does not satisfy the Kronecker delta property [15], additional numerical techniques are
required to impose essential boundary conditions, such as Lagrange multipliers, a penalty
method, which may increase the computational burden. For this reason, Lancaster et al.
proposed the interpolated moving least-squares (IMLS) method [8] by selecting singular
special weight functions. Since the singularity of the weight function is not conducive
to numerical calculation, Cheng et al. proposed an improved interpolated moving least
squares (IIMLS) method with nonsingular weights for potential problems [16]. The im-
proved meshless method based on the IIMLS has the advantages of nonsingular weight
function and direct application of an essential boundary [17,18].

Mathematics 2021, 9, 2524. https://doi.org/10.3390/math9192524 https://www.mdpi.com/journal/mathematics107
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Many meshless methods have been presented [19], such as the smooth particle hy-
drodynamics method, element-free Galerkin (EFG) method, reproducing kernel particle
method, hp-cloud method, and meshless local Petrov–Galerkin (MLPG) method. Peridy-
namics (PD) is also an important meshless method for solving solid and fluid mechanics
problems [20,21]. When the EFG method is used to solve some fluid problems, the nu-
merical solution is prone to non-physical oscillation [22–24]. By coupling the variational
multiscale method and EFG method, Ouyang et al. established the variational multiscale
EFG method (VMEFG) [25]. The VMEFG method has been successfully applied in many
physical problems [26–28]. However, the disadvantage of VMEFG is that the bubble func-
tion in the stabilization factor must be based on the mesh and is difficult to construct in
high-dimensional cases. Li et al. proposed the general element-free Garlerkin (GEFG)
method [22] for Stokes problems. The GEFG method overcomes the non-physical oscilla-
tion of the solution caused by the EFG method, and also overcomes the deficiency that the
stabilization factor of the VMEFG method must be related to the mesh.

Due to the complexity of the shape function, the traditional EFG method requires a
large amount of calculation, especially for three-dimensional problems. Then, Cheng et al.
proposed the dimension-splitting element-free Galerkin method by coupling the dimension-
splitting method (DSM) and EFG method [29–31]. Since the DSM divides high-dimensional
problems into a series of low-dimensional problems and then iteratively solves them, it
can effectively improve the computational efficiency of numerical methods [32,33]. There-
fore, the dimension-splitting element-free Galerkin method can significantly improve the
computational efficiency of the EFG method [34].

The convection–diffusion–reaction (CDR) equation has a wide range of applications
in the fields of physics and chemistry [35–37]. The steady CDR equation can model
the transport of the quantity and represent the balance of three processes: transport by
convection, diffusion and reactions [37]. As it is difficult to obtain the analytical solutions
of the CDR equation in complex situations, many numerical methods have been proposed
to obtain the numerical solutions [38–40]. A finite difference method [36] and two spurious
oscillations at layers diminishing (SOLD) methods [37] have been presented for solving
steady CDR problems. For the singularly perturbed problems, the numerical solutions
are prone to instability issues [41,42]. Then, when the diffusion coefficient is very small
in CDR problems, it is usually necessary to add additional stability measures to ensure
that the numerical method obtains a stable solution [43]. Wu et al. presented an adaptive
upwind finite difference method for the CDR problem with two small parameters [44].
The finite difference method [45], a cubic B-spline-based semi-analytical algorithm [46],
and weak Galerkin method [47] are proposed for studying the numerical solutions of the
CDR problems.

Due to the advantages of the meshless method, some meshless methods have been
developed for the CDR problems [48,49]. Zhang and Xiang discussed the numerical
solutions of the CDR equation with small diffusion by the VMEFG method [50,51]. Li et al.
also applied the local Petrov Galerkin method to the multi-dimensional CDR equations
based on the radial basis function [52]. Additionally, the local knot method [53] and the
meshless boundary collocation method [54] have been presented to solve the numerical
solution of the CDR equation.

In this paper, by constructing the trial functions from the IIMLS method and coupling
the DSM and GEFG method, a dimension splitting general interpolating element-free
Galerkin (DS-GIEFG) method is presented for the singularly perturbed steady CDR prob-
lems. In the DS-GIEFG method, DSM divides the two-dimensional problem into a series
of one-dimensional problems. The GEFG method is used to establish the discrete equa-
tions on the low-dimensional problems. Finally, the IIMLS method is used to assemble
the discrete equations on the entire problem domain. The DS-GIEFG method will have
high computational efficiency and solution stability for the singularly perturbed steady
CDR problem.
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2. The DS-GIEFG Method for CDR Problems

By using the interpolating shape function of the IIMLS method and coupling the DSM
and GEFG method, we will present the DS-GIEFG method for the singularly perturbed
steady CDR problems.

2.1. The Trial Functions for the DS-GIEFG Method

The trial function of the DS-GIEFG method is presented by using the property of the
PU function. From the Refs. [14,16], the following properties are satisfied:

n

∑
i = 1

Φi(y)b(yi) = b(y) (1)

where yi is the discrete node, Φi and b are, respectively, the shape functions and the basis
functions used in the IIMLS method [16].

Then, if the basis functions are chosen to be the complete polynomials of order m, the
PU function can be established as follows [16]

n

∑
i = 1

Φi = 1 (2)

Similar to the GEFG method [22], the trial function of the DS-GIEFG method is
defined as

uh(y) =
n

∑
i = 1

Φi(y)τi(y) (3)

where the function τk(y) is

τi(y) =
mi

∑
j = 1

θij(y)cij (4)

Here, the function θij(y) and cij are, respectively, the nodal enrichment basis function
and the corresponding coefficient to be determined of yi, and mi is the number of the local
enrichment basis function. The purpose of introducing local enrichment polynomial basis
functions is to increase the stability of the meshless method to fluid problems. When mi = 1,
the trial function (3) is consistent with that of the EFG method.

According to reference [22,55], we take the local polynomial basis function as the
enrichment basis function. In one-dimensional space, θkj(y) can be taken as the following
forms [22,55]:

(a) If mi = 1, then θi1(y) = 1.

(b) if mi = 2, then {θi1, θi2} =
{

1, (y − yi)
2
}

.

(c) if mi = 3, then {θi1, θi2, θi3} =
{

1, (y − yi)
2, (y − yi)

3
}

.

For example, when mi = 2, the trial function of the DS-GIEFG method in one-
dimensional space is:

uh =
n

∑
i = 1

Φi(y) · ci1 +
n

∑
i = 1

Φi(y) · (y − yi)
2ci2 (5)

In Equation (5), the first term represents the effect of the IIMLS method, and the second
term is the stabilization parameter of the DS-GIEFG method for the singularly perturbed
steady CDR problems.

109



Mathematics 2021, 9, 2524

2.2. Discretization Process on the Splitting Plane

The following two-dimensional singular perturbed steady CDR equations are
considered: {

a · ∇u − εΔu + cu = f , in Ω ⊂ R2,
u = uD, on boundary Γ.

(6)

Equation (6) can model the transport of the quantity u = u(x, y). The prescribed
function f is the source term describing chemical reactions, and uD is a given functions for
the Dirichlet condition. a = (a1, a2)

T denotes velocity field, 0 <ε � 1 denotes the small
diffusion coefficient, and c is the reaction coefficient.

Let L denote the number of the splitting plane. According to the idea of the DSM, the
problem (6) is divided into a series of one-dimensional problems on the split surface y:{

(a · ∇u − εΔu + cu)|x = xk
= f |x = xk

, in Ωk = Ω ∩ {x = xk},
u = uD, on boundary Γ,

(7)

where Ωk (k = 1, 2, · · · , L) is a splitting plane such that

Ω =
L∪

k = 1
Ωk × (xk−1, xk] (8)

Define V(k) � H1(Ωk) ∩ C0(Ωk). The weak form of Equation (7) is(
a · ∇u(k), v

)
+ ε
(

vy, u(k)
y

)
− ε
(

v, u(k)
xx

)
+ c
(

v, u(k)
)

= (v, f (k)), ∀v ∈ V(k) (9)

where u(k) = u
∣∣∣
x = xk

, u(k)
y = ∂u

∂y

∣∣∣
x = xk

, u(k)
xy = ∂2u

∂x∂y

∣∣∣
x = xk

, and other symbols are simi-

larly defined, and the inner product is:

(v, u) �
∫

Ωk

uvdy (10)

For Ω(k), define the numerical solution space as

Vh = span
{

Φi(y)θij(y), 1 ≤ i ≤ n, 1 ≤ j ≤ mi, y ∈ Ω(k)
}

(11)

where Φi(y) is obtained by the IIMLS method on the splitting plane.
From Equation (11), the undetermined function u(k) is approximated by

u(k) ≈
n

∑
i = 1

mi

∑
j = 1

Φi(y)θij(y)c
(k)
ij (12)

where c(k)ij are parameters to be determined.
The matrix form of Equation (12) is

u(k) = �(k)c(k)(x) (13)

where
�(k) = (Φ1(y)θ

(k)
1 (y), Φ2(y)θ

(k)
2 (y), · · · , Φn(y)θ

(k)
n (y))

T
(14)

θ
(k)
i = (θi1(y), θi2(y), · · · , θimi (y)) (15)

c(x) = (c11(x), c12(x), · · · , c1m1(x), · · · · · · , cn1(x), cn2(x), · · · , cnmn(x))T (16)
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From Equation (12), the partial derivatives can be obtained as

u(k)
y ≈

n

∑
i = 1

mi

∑
j = 1

∂

∂y
[Φi(y)θij(y)]c

(k)
ij (17)

u(k)
x ≈

n

∑
i = 1

mi

∑
j = 1

Φi(y)θij(y)c
(k)
ij,x (18)

where c(k)ij,x is the partial derivatives concerning x of c(k)ij at x = xk.

Then, the discrete Galerkin weak form of Equation (9) is: for ∀u(k) ∈ Vh, find û(k) ∈ Vh

such that(
u(k), a · ∇û(k)

)
+ ε
(

u(k)
y , û(k)

y

)
− ε
(

u(k), û(k)
xx

)
+ c
(

u(k), û(k)
)

= (u(k), f (k)) (19)

Substituting Equations (12)–(18) into Equation (19), we can obtain the discrete
equations:

− εM
(k)
0 c

(k)
xx + a1M

(k)
0 c

(k)
x +

[
εM

(k)
2 + cM

(k)
0 + a2M

(k)
1

]
c(k) = F(k) (20)

where c
(k)
xx = ∂2c(x)

∂x2

∣∣∣
x = xk

, c
(k)
x = ∂c(x)

∂x

∣∣∣
x = xk

,c(k) = c(xk), and

M
(k)
2 =

∫
Ω(k)

∂

∂y
�(k) ·

(
∂

∂y
�(k)

)T
dy (21)

M
(k)
1 =

∫
Γ(k)

�(k) ·
(

∂

∂y
�(k)

)T
dy (22)

M
(k)
0 =

∫
Ω(k)

�(k) ·
(
�(k)

)T
dy (23)

F(k) =
∫

Ω(k)
�(k) · f (k)dy (24)

2.3. Assembling the Discrete Equations of the Whole Problem Domain

The discrete equations of all nodes on Ω will be assembled by using the IIMLS method
in the x direction. Let

c(x) = ∑
s∈∧(x)

φs(x)c(xs) = ∑
s∈∧(x)

φs(x)c(s) (25)

where φi(x) denotes the shape function obtained by the IIMLS method in the x direction
with the nodes xk, k = 1, 2, · · · , L, and ∧(x) is an index set of nodes satisfying x in its
influence domain.

Then, it follows from Equation (25) that

c
(k)
x = ∑

s∈∧(xk)

∂

∂x
φs(xk)c

(s) (26)

c
(k)
xx = ∑

s∈∧(xk)

∂2

∂x2 φs(xk)c
(s) (27)

Substituting Equations (25)–(27) into Equation (20), it follows
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⎧⎨⎩
[
εM

(k)
2 + cM

(k)
0 + a2M

(k)
1

]
c(k) + ∑

s∈∧(xk)

(
a1

∂
∂x φs(xk)M

(k)
0 − ε ∂2

∂x2 φs(xk)M
(k)
0

)
c(s) = F(k)

k = 1, 2, · · · , L.
(28)

On the boundary, the coefficient c(k)ij of enrichment basis function will be supposed to
be zero. Then, using the interpolation characteristics of the IIMLS method, and substituting
the essential boundary conditions into Equation (28), we can solve the coefficients of all
nodes in whole Ω. Additionally, then for ∀(x, y) ∈ Ω, the numerical solution of u is

uh(x, y) = ∑
s∈∧(x)

n

∑
i = 1

mi

∑
j = 1

φs(x)Φi(y)θij(y)c
(s)
ij (29)

3. Numerical Examples

To show the effectiveness of the DS-GIEFG method of this paper, we will present
some examples of singularly perturbed steady CDR problems. The examples wer solved
on a notebook computer with I5-6200U CPU @2.30GHz, and the SUITESPARSE MATRIX
SOFTWARE was also utilized to solve the discrete equations. For comparison, the EFG
and VMEFG methods were applied to solve these examples. The weight functions used in
this paper were the cubic spline functions, and the influence domains of the nodes in the
meshless were rectangular regions with radii of dmax × Δx, where dmax is a scalar constant
and Δx denotes the spacing of the nodes. A flow chart for obtaining the numerical solutions
of the DS-GIEFG method is listed in Figure 1. The numerical errors are defined as:

Start

Input the parameters of the governing equation 
and geometric parameters

Calculate the shape function of the IIMLS method 
from Eq.(25) 

Assemble the whole discrete equation according to 
Eq. (28), and impose essential boundary conditions

               Perform numerical integration, and
         calculate         k k k k

Output u according to Eq.(29)

End

     Solve Equation (28) and obtain node value k

 Divide  into a series of one-dimensional domain, 
and obtain the splitting plane         , k=1,2, ,L

     Calculate the shape functions              and           
from Eq.(12)  

kΩ

i y
kϖ

 

Figure 1. A flow chart for obtaining the numerical solutions of the DS-GIEFG method.
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∣∣∣∣∣
∣∣∣∣∣RE

∣∣∣∣∣
∣∣∣∣∣ =

∣∣∣∣u − uh
∣∣∣∣

L2(Ω)

||u||L2(Ω)

(30)

∣∣∣∣∣∣e∣∣∣∣∣∣ = ∣∣∣∣∣∣u − uh
∣∣∣∣∣∣

L2(Ω)
(31)

where u are uh denote the exact and approximated solutions, respectively.

Example 1. The first example is a convection–diffusion problem with the following exact
solution [56]:

u(x, y) =
65, 536

729
x3(1 − x)y3(1 − y), (x, y) ∈ Ω = [0, 1]× [0, 1] (32)

The boundary conditions were extracted from the exact solution.
When 21 × 21 regular nodes distribution is used, and the parameters are ε = 10−9,

a1 = 1
2 , a2 = −1

3 , c = 0 and dmax = 2.2, the numerical solutions solved by the
DS-GIEFG method on the lines x = 0.1, 0.2, · · · , 0.9, are listed in Figure 2. We can see that
the results of the DS-GIEFG method fit very well with the analytical solutions.

u
x

y

y

Figure 2. The numerical solutions of the DS-GIEFG method with the 21 × 21 regular nodes and
ε = 10−9, a1 = −1/3, a2 = 1/2.

For comparison, the EFG and VMEFG methods were also used to solve this example,
and the boundary conditions were enforced by the penalty function method with a penalty
factor of α = 105. The influence scalar constants in the EFG and VMEFG methods are
dmax = 2.8. Then, under the 21 × 21 regular nodes distribution, the absolute errors on the
whole field are shown in Figure 3. Clearly, the solution of the DS-GIEFG method has better
calculation accuracy than those of the other two methods.

To show the convergence on node spacing, when 11 × 11, 21 × 21, · · · , 51 × 51 regular
node distributions were used; the relative errors of the DS-GIEFG, VMEFG and EFG
methods with respect to node spacing are shown in Figure 4, and the corresponding CPU
times are listed in Figure 5. Figure 4 shows that the proposed method has higher calculation
accuracy and convergence order, and the numerical solution will gradually converge to the
analytical solution with the reduction in node spacing. It can also be seen from Figure 5
that the proposed method has less computation time and higher computational efficiency
than the EFG and VMEFG methods.
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(a) DS-GIEFG (b) VMEFG 

(c) EFG 

Figure 3. Absolute errors of the solutions solved by the (a) DS-GIEFG method, (b) VMEFG method and (c) EFG method
with the same conditions of Figure 2.

Figure 4. The variation of relative errors of the DS-GIEFG, VMEFG and EFG methods with respect to
node spacing (in lg–lg scale).
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Figure 5. The variation of relative errors of the DS-GIEFG, VMEFG and EFG methods with respect to
the CPU time (in lg–lg scale).

Example 2. This example [57] is defined in the field of Ω = [0, 1]× [0, 1] with the exact
solution of:

u(x, y) = 100x2y(1 − x)2(1 − y)(1 − 2y) (33)

The essential boundary was used and determined by the exact solution.
The parameters were chosen to be ε = 10−8, a1 = a2 = 1, c = 0 and dmax = 2.2.

When using 21 × 21 node distributions, the 3D surfaces of the solution obtained by the
EFG, VMEFG and DS-GIEFG methods are, respectively, shown in Figure 6a–c, and the
corresponding exact solution is plotted in Figure 6d. The penalty factor and scalar constant
of influence domain in the EFG and VMEFG methods are α = 105 and dmax = 2.6,
respectively. The corresponding snapshots of the solutions of the DS-GIEFG method on
the fields of lines x = 0.1, 0.2, · · · , 0.9 are listed in Figure 7. Additionally, the absolute
errors of the DS-GIEFG and VMEFG methods on the whole field are shown in Figure 8. It
can be seen from Figure 6a that the solution of the EFG method is unstable, and there is a
non-physical oscillation for the diffusion convection problem with a very small diffusion
coefficient. Figure 6 shows that both VMEFG and DS-GIEFG methods can obtain stable
numerical solutions for small diffusion coefficients. Figure 8 also shows that the DS-GIEFG
method can have higher calculation accuracy than the VMEFG method.

 
(a) EFG (b) VMEFG 

Figure 6. Cont.
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(c) DS-GIEFG (d) exact solutions 

Figure 6. The exact solutions and the numerical solutions obtained by the EFG, VMEFG and DS-GIEFG methods.

u
xy

x

Figure 7. The snapshots of numerical solutions of the DS-GIEFG method on the lines of
x = 0.1, 0.2, · · · , 0.9 with 21 × 21 nodes.

 
(a) DS-GIEFG (b) VMEFG 

Figure 8. The absolute errors of the VMEFG and DS-GIEFG methods on the whole field under 21 × 21 nodes.

When the 17 × 17, 33 × 33, 65 × 65, 129 × 129 node distributions are used, the
relative errors of the EFG, VMEFG and DS-GIEFG methods in the lg–lg scale are presented
in Figure 9. The results of Ref. [57] are also listed in this figure. Additionally, the corre-
sponding CPU time of these methods is plotted in Figure 10. For this example, there
is no doubt that the DS-GIEFG method in this paper has higher calculation accuracy
and efficiency.
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Figure 9. The variation of relative errors of different methods with respect to the node spacing (in
lg–lg scale).

Figure 10. The variation of relative errors of different methods with respect to the CPU time (in
lg–lg scale).

Example 3. This example is chosen to be an interior layer problem with the exact solu-
tion [58]:

u(x, y) =
1
2

x(1 − x)y(1 − y)(1 − tan
y − a

b
), (x, y) ∈ Ω = [0, 1]× [0, 1] (34)

Let ε = 10−9, a1 = 0, a2 = 1, c = 1, a = b = 0.05. The other parameters are
exactly the same as in Example 2. When using 51 × 51 nodes, the 3D surface of the exact
and numerical solutions of the DS-GIEFG method are plotted in Figure 11. Additionally,
the snapshots of solutions on the lines y = 0.1, 0.2, · · · , 0.5 are shown in Figure 12. These
two figures show that the solutions of the DS-GIEFG method are very consistent with those
of the exact solutions.

When the 9 × 9, 17 × 17, 33 × 33, 65 × 65, 129 × 129 nodes distributions are used,
the errors

∣∣∣∣u − uh
∣∣∣∣ of the Ref. [58], EFG, VMEFG and DS-GIEFG methods are listed in

Table 1. Additionally, the corresponding variation of the errors with respect to the CPU
time is shown in Figure 13. These results once again show that the method proposed in
this paper has high computational accuracy and computational efficiency.
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(a) exact solution (b) numerical solution of DS-GIEFG 

Figure 11. The exact and numerical solutions of the DS-GIEFG method with 51 × 51 regular nodes.

y
y
y
y
yu

x
y

y

Figure 12. The snapshots of numerical solutions of the DS-GIEFG method on the lines of
y = 0.1, 0.2, · · · , 0.5 with 51 × 51 nodes.

||u
u

Figure 13. The variation of errors of different methods with respect to the CPU time (in lg–lg scale).
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Table 1. The errors
∣∣∣∣∣∣u − uh

∣∣∣∣∣∣ of the Ref. [58], EFG, VMEFG and DS-GIEFG methods for different
nodes spacing.

Nodes DS-GIEFG VMEFG EFG Ref. [58]

9 × 9 7.90 × 10−4 1.10 × 10−1 4.02 × 10−1 3.80 × 10−3

17 × 17 1.81 × 10−4 1.36 × 10−2 1.14 × 10−1 1.31 × 10−3

33 × 33 1.37 × 10−5 4.74 × 10−4 5.29 × 10−3 4.37 × 10−4

65 × 65 9.46 × 10−8 6.91 × 10−5 3.89 × 10−4 1.16 × 10−4

129 × 129 1.29 × 10−8 1.52 × 10−5 7.75 × 10−5 2.96 × 10−5

4. Conclusions

To improve the computational efficiency and overcome the non-physical oscillation of
the EFG method in solving singularly perturbed fluid problems, a DS-GIEFG method for
singularly perturbed steady CDR problems is proposed in this paper by constructing the
trial functions based on the IIMLS method and coupling the DSM and GEFG method. The
stabilization parameter of the DS-GIEFG method is only related to the nodes and not to
the mesh. Since the two-dimensional problem is divided into a series of one-dimensional
problems, the DS-GIEFG method has high efficiency. Three numerical examples are solved
by the DS-IEFG method of this paper. The numerical solutions are compared with those
of the EFG and VMEFG methods. The numerical results show that the solutions of the
DS-GIEFG method converge to the analytical solution with the increase in the number of
nodes, and the DS-GIEFG method has higher computational efficiency and accuracy than
the EFG and VMEFG methods.
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Abstract: Hydrogel has a complex network structure with inhomogeneous and random distribution
of polymer chains. Much effort has been paid to fully understand the relationship between meso-
scopic network structure and macroscopic mechanical properties of hydrogels. In this paper, we
develop a deep learning approach to predict the mechanical properties of hydrogels from polymer
network structures. First, network structural models of hydrogels are constructed from mesoscopic
scale using self-avoiding walk method. The constructed model is similar to the real hydrogel network.
Then, two deep learning models are proposed to capture the nonlinear mapping from mesoscopic
hydrogel network structural model to its macroscale mechanical property. A deep neural network
and a 3D convolutional neural network containing the physical information of the network structural
model are implemented to predict the nominal stress–stretch curves of hydrogels under uniaxial
tension. Our results show that the end-to-end deep learning framework can effectively predict the
nominal stress–stretch curves of hydrogel within a wide range of mesoscopic network structures,
which demonstrates that the deep learning models are able to capture the internal relationship
between complex network structures and mechanical properties. We hope this approach can provide
guidance to structural design and material property design of different soft materials.

Keywords: deep learning; hydrogel network; mechanical property; convolutional neural network;
self-avoiding walk

1. Introduction

With remarkable mechanical properties, hydrogels demonstrate high potential to
be one of the advanced smart materials in the future [1,2]. Various superior properties
of hydrogels have been discovered, such as high stretchability [3], biocompatibility [4],
self-healing [5], and toughness [6]. On the basis of these properties, hydrogels are expected
to pave the way for future applications such as drug delivery [7], flexible electronics [8,9],
tissue engineering [10–12], and optical components [13–15]. Because the effect of poly-
mer network structure on the mechanical properties of hydrogel is significant, a deeper
understanding of polymer network can help us to better utilize the existed material and
create new material. Therefore, it is imperative to investigate the relationship between the
network structures and mechanical properties of hydrogels.

The mechanical properties of hydrogels are studied from different scales, from micro-
scopic scale to continuum scale. The constitutive model constructed at the continuum scale
is widely used and practical [16], however, some of them are lack of physical meanings
and the parameters of the constitutive model are not universal to hydrogels with different
ingredients proportion. It is because that the continuum scale model cannot reflect the
real structure of hydrogel network. At the microscopic level, the mechanical properties
of hydrogels are usually studied using molecular dynamics methods. However, it is dif-
ficult to overcome the issues of small size and time-consuming natures of the molecular
dynamics simulations. The mesoscopic hydrogel model is expected to link the microscopic
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and the continuum scales and act as an important complement between them, providing
a new theoretical framework for hydrogel research. Recent research on hydrogels at the
mesoscopic scale is still in its infancy [17–21]. Obtaining valuable information from the
mesoscale model can help to better understand the relationship between network struc-
ture and mechanical property. Proper hydrogel network models are in urgent need to
essentially describe multiple mechanical behaviors of hydrogels. Therefore, we develop a
generating method of mesoscopic hydrogel network based on self-avoiding walk (SAW)
network model. There are several main advantages of mesoscopic hydrogel model, such as
discrete systems, the characterization of complexity and stochasticity, and the reflection of
mesoscopic structure of hydrogels. In fact, the complex physical relationship between the
hydrogel network structure and its corresponding properties is often difficult to accurately
express with current constitutive theories. In current studies on hydrogel mechanical
property, results of phenomenological theory are not accurate enough, and numerical sim-
ulations are often time-consuming. In order to rapidly describe the mechanical properties
of hydrogels, machine learning (ML) offers the benefit of extremely fast inference and
requires only a basic dataset to learn the relationship between hydrogel network structure
and mechanical properties.

With the development of ML, various ML algorithms have been widely applied to the
field of engineering. Traditional ML algorithms have been used for data-driven solutions
to mechanical problems [22–25]. There are also studies on the parameter determination
of hydrogel constitutive model [26] and self-assembly hydrogel design [27]. In addition
to using ML to establish implicit input-output relationships to solve regression problems,
recently there is a new paradigm of physical informed neural network [28] that extends the
learning capability of neural network (NN) to include physical equations and boundary
conditions. Deep learning (DL) is a class of ML algorithms that uses multiple layers to
progressively extract higher-level features from the raw input. DL has been successful in a
wide range of applications, such as semantic segmentation, image classification, and face
recognition [29–32]. The reason why DL significantly outperforms traditional ML is that
the models are no longer limited to the multilayer perceptron (MLP) architecture, and are
able to learn embedded and aggregated datasets. More specifically, DL methods provide
a more advanced framework in which explicit feature engineering is not required and
the trained model typically demonstrates higher generalization and robustness. Thereby,
DL shows great potential in solving cross-scale prediction problems of structure–property
relationship in the field of mechanics. Among the applications of DL algorithms in mechan-
ics, it is proved that convolutional neural networks (CNNs) are significantly superior in
damage identification and mechanical property prediction on composite materials [33–37].
In addition, Yang et al. [38] demonstrated how a deep residual network can be used to
deduce the dislocation characteristics of a sample using only its surface strain profiles at
small deformations for crystal plasticity prediction. Pandey and Pokharel [39] presented a
DL modeling method to predict spatially resolved 3D crystal orientation evolution of poly-
crystalline materials under uniaxial tensile loading. Herriott and Spear [40] investigated the
ability of deep learning models to predict microstructure-sensitive mechanical properties in
metal additive manufacturing and Choi et al. [41] used artificial intelligence-based methods
to investigate the fatigue life of the hyperelastic anisotropic elastomer W-CR material.

The advantages of CNNs for image-like data are mainly in the following aspects:
firstly, by employing the concepts of receptive fields in the convolutional layer, CNNs
could be a powerful tool for pattern recognition in computational mechanics and material
problems that are characterized by local structural interactions [42]. Secondly, CNNs are
able to effectively learn a certain representation of underlying symmetry and tend to be
invariant to general affine input transformations such as translations, rotations, and small
distortions [42]. These properties enable CNNs to characterize structures with heteroge-
neous and randomness, for instance, hydrogel network at the mesoscopic scale. Meanwhile,
mesoscopic scale modeling studies often yield a large amount of high-dimensional data
with corresponding physical information, which can be used to establish a modular and

124



Mathematics 2021, 9, 2804

efficient mechanical modeling framework. However, there is still lack of using DL methods
to study the mechanical properties of soft materials.

In this paper, we utilize deep neural network (DNN) and 3D CNN to reveal the
implicit relationship between network structure and mechanical property of hydrogel, so
as to predict mechanical property from different network structures. First, we propose
a modeling method for single-network hydrogel network, that is, a self-avoiding walk
network model, which approximates the real polyacrylamide (PAAm) hydrogel structure
at a mesoscopic scale. Then, we develop a DNN based on MLP and a 3D CNN containing
the physical information of the network, and use them to predict the nominal stress–stretch
curves of hydrogels under uniaxial tension, because the stress–stretch relationship is one of
the most important mechanical description that can be used to derive typical properties,
such as modulus, toughness, and strength. Using a dataset of 2200 randomly generated
network structures of PAAm hydrogel and their corresponding stress–stretch curves, we
train and evaluate the performance of the two models. Based on the results of the error
analysis and the performance of the two models on the training data, we compare and
summarize their generalization capability.

The paper is organized as follows: in Section 2 we present the derivation of the
constitutive model for PAAm hydrogel, the modeling method of hydrogel networks,
and the basic knowledge of DNN and CNN algorithms. The modeling framework and
architecture of the two DL models we developed are detailed in Section 3. Analysis and
evaluation of the results for mechanical property prediction of hydrogel are demonstrated
in Section 4. Finally, concluding remarks are provided in Section 5.

2. Methodology

2.1. Derivation of the Constitutive Model of Hydrogel

For effectively using hydrogel in engineering applications, it is very imperative to
understand the mechanical properties of hydrogels. Although polymer physics and contin-
uum mechanics provide a way to study the mechanical properties of hydrogels, uniaxial
loading test is still a common method to test the mechanical property of hydrogel materials.
In order to accurately predict the nominal stress–stretch relationship of hydrogel using
DL method, a dataset of stress–stretch curves is needed for the model training. However,
obtaining stress–stretch curves from experiment tests requires a lot of labor work, especially
considering different polymer fractions of hydrogel. In this study, the relationship of stress
and stretch is derived from the constitutive model we have proposed, which is used as the
ground truth (prediction target) for DL model training.

In this study, to determine the relationship of stress and stretch whether from testing
or theoretical prediction, the deformation process of hydrogel is divided into two steps:
swelling process and loading process. During swelling process, because of the hydrophilia
of polymer chains, the dry polymer can imbibe a large quantity of solvent and swell into
hydrogel. The volume of hydrogel is the sum of absorbed solvent and dry polymer due to
the law of conservation of mass. The hydrogel is assumed to be traction-free and reaches
an equilibrium state at the end of the process, which represents the chemical potential is
the same throughout the whole hydrogel and the external solvent. In the loading process,
both ends of the dumbbell-shaped specimen are clamped. One end is held fixed on the
foundation of the tensile testing machine and the other end is stretched with the elongation
of the moveable clamp. The middle part of dumbbell-shaped specimen is under uniaxial
tension state since two directions that are perpendicular to the loading direction are traction-
free. At this state, hydrogel is no longer contacted with solvent and mechanical boundary
condition is applied.

To derive the stress–stretch relationship of hydrogel during uniaxial loading, we adopt
well-known free energy function due to Flory and Rehner [43,44]:

W =
1
2

NkT[FiKFiK − 3 − 2 log(detF)]− kT
ν

[
νC log

(
1 +

1
νC

)
+

χ

1 + νC

]
(1)
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where W is the free energy pure reference volume, N is the number of polymeric chains
per reference volume, k is the Boltzmann constant, T is the absolute temperature, F is the
deformation gradient of the current state related to the dry state, C is the concentration of
solvent in the gel, ν is the volume per solvent molecule, and χ is a dimensionless parameter
measuring the enthalpy of mixing. The reference state is chosen as the dry state before the
polymer absorbs any solvent.

During the swelling process, all molecules in the gel are assumed to be incompressible.
Therefore, the volume of the gel is the sum of the volume of the dry network and the
volume of solvent:

1 + νC = det F (2)

Using Legendre transformation, the free energy density function W(F, C) can be
transformed into Ŵ = W(F, C)− μC, which is the function of chemical potential μ and
deformation gradient F. Considering the incompressible condition, the new free energy
density function can be written as:

Ŵ(F, μ) =
1
2

NkT[I − 3 − 2 log J]− kT
ν

[
(J − 1) log

(
J

J − 1

)
+

χ

J

]
− μ

ν
(J − 1) (3)

where I = FiKFiK and J = detF.
Based on the assumption of two steps during the deformation process, the deformation

gradient tensor F can be decomposed as F = F0F
′
. F0 is the deformation gradient of the

free-swelling state related to the dry state. F
′

is the deformation gradient of the mechanical
loading state related to the free-swelling state. For a free-swelling process, when hydrogel
reaches the equilibrium, F0 = λ0I.

Since we prefer to use the free-swelling state as the reference state during mechanical
test, the free energy density function with free-swelling state as the reference state is
Ŵ ′
(

F
′
, μ
)
= λ−3

0 Ŵ(F, μ), which can be expanded as:

Ŵ ′
(

F
′
, μ
)
=

λ−3
0
2 NkT

(
λ2

0 I′ − 3 − 2 log
(
λ3

0 J′
))

− kT
v

[(
J′ − λ−3

0

)
log J′

λ3
0 J′−1

+ χ

λ6
0 J′

]
− μ

v

(
J′ − λ−3

0

) (4)

where I′ = F′iKF′iK and J′ = detF′. Because the volume is incompressible during the
loading process, J′ equals to one and stretch λ0 is a constant. With free-swelling state as the
reference state, the free energy density function can be written as:

Ŵ ′
(

F
′
, μ
)
=

λ−1
0
2

NkTI′ + A (5)

where A is a constant given as:

A = −λ−3
0
2

NkT
(

3 + 2 log
(

λ3
0

))
− kT

v

[(
1 − λ−3

0

)
log

1
λ3

0 − 1
+

χ

λ6
0

]
− μ

v

(
1 − λ−3

0

)
(6)

During loading process, considering the volume incompressibility condition, we
add a term p(1 − detF′) to the free energy function Ŵ ′

(
F
′
, μ
)

, where p is a Lagrange
multiplier, which can be determined by boundary conditions. Then the nominal stress can
be calculated by:

s′ik =
∂
(

Ŵ ′
(

F
′
, μ
)
+ p

(
1 − det

(
F
′)))

∂F′
ik

(7)

and we obtain the expression of nominal stress with free-swelling state as the reference state:

s′ik = λ−1
0 NkTF′

ik − p
(

F′
ik
)−T (8)
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For a uniaxial loading process, the deformation gradient tensor F
′

is:

F
′
=

⎡⎢⎣ λs
1√
λs

1√
λs

⎤⎥⎦ (9)

where λs is the stretch along the uniaxial direction. The nominal stress along with and
perpendicular to the uniaxial direction is s′1, s′2 and s′3, respectively. As the surface perpen-
dicular to the uniaxial direction is traction-free, therefore, the expressions of nominal stress
s′1, s′2 and s′3 are as follows

s′1 = λ−1
0 NkTλs − pλ

− 1
2

s (10)

s′2 = s′3 = λ−1
0 NkTλ−1

s − pλ
1
2
s = 0 (11)

The Lagrange multiplier is solved from Equation (11), and p = λ−1
0 NkTλ

− 3
2

s . The
nominal stress along with the uniaxial direction is derived as:

s′1 = λ−1
0 NkT

(
λs − λ−2

s

)
(12)

We define the volume fraction of the polymer in the hydrogel as φV , φV = 1
J = 1

λ3
0
.

Under uniaxial loading, the nominal stress with free-swelling state as reference state is
given as:

s′1 = φ
1
3
V NkT

(
λs − λ−2

s

)
(13)

After obtaining Equation (13), the nominal stress–stretch curves with different polymer
fractions could be calculated. This equation reveals the relationship between mechanical
response and material property of single-network hydrogel and can be used as the dataset
for DL-based model training.

2.2. Network Generation Model of Single-Network Hydrogel

At mesoscopic scale, the hydrogels can be abstracted as polymer chains comprised
by a large number of points and bond vectors [45,46]. Models at the mesoscopic scale can
help us extract the commonalities of polymer chains, and make the research focus on the
responses of structural changes of the chain and network, rather than the specific molecular
properties at the microscopic scale or the complex boundary problems at the continuum
scale. In order to describe the network configuration of single-network hydrogels at
a mesoscopic scale, we develop a mathematical model using SAW to characterize the
randomness, uniqueness, and heterogeneity of polymer chains. In addition, the model
potentially reproduces a configuration that is statistically similar to the true structure of
polymer chains.

The configuration of molecular chains of single-network hydrogels can be abstracted
as bond vectors connected end to end, which is geometrically similar to a walking trajectory
in space. Random walk (RW) is a mathematical model describing a random process in the
lattice space. RW describes a series of random steps starting from a point in a discrete lattice
space. An example of RW in two-dimensional space is shown in Figure 1a. Assuming
that the end of the chain is the ongoing random walk, then the next step is to choose from
up, down, left, and right directions (including the direction to the point of the previous
step). The probability of each direction is 1/4. After selecting the next direction, the chain
takes one step to the neighboring node, then randomly selects a direction again for the next
step, and so on. The RW model allows the walking trajectory to repeatedly visit the same
node. Besides, the SAW model is also a commonly used mathematical model to describe
the configuration of polymers. The SAW model is derived from the RW model. The main
difference between the two models is that the SAW model does not allow the walking
trajectory to visit the same point repeatedly. Because the SAW model does not allow to
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go back, each node has at most three alternative directions in two-dimensional space, as
shown in Figure 1b. If some of the three directions have been previously visited by this
chain or other chains in the same space, the SAW model will not select this direction at the
next step, as shown in Figure 1c.

Figure 1. Schematics of RW model and SAW model. (The red dot is the starting point, the black arrow represents the
walking path, and the blue arrow represents the optional direction for the next step.) (a) The RW model. There are four
optional directions at every moment. (b) The SAW model cannot go back. (c) The SAW model cannot select points that are
already occupied.

Figure 2 shows the SAW trajectory with different number of steps N. It can be seen
that with N increase, the configuration of the SAW trajectory is geometrically similar to the
configuration of the real polymer chain.

Figure 2. The SAW path generated by the computer program. As the number of steps N increases, the configuration of the
path is similar to the real polymer chain.

The SAW model is able to generate one long chain, but not multiple paths. In order to
generate a complex network model reflecting the configuration of the hydrogel network,
we propose a SAW-based network generation algorithm (NGA). Because polyacrylamide
(PAAm) hydrogel basically does not conduct viscoelasticity or damage accumulation effect
during the loading process, and it can be described as nearly elastic using hyperelastic
constitutive model to its mechanical properties, we take the PAAm hydrogel as an example.
The design ideas of the NGA are quite similar to the actual generation process of hydrogel
network. Figure 3 shows the design logic of the NGA. Take two-dimensional space as
an example, consider that each point in the discrete space can only be occupied by one
particle, that is, one from monomer particles (gray dots), crosslinker particles (red dots), or
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water molecules (void space). Before the NGA starts, it is necessary to set the space size w,
the number of monomer particles nmon and the number of crosslinker particles ncro, so that
the polymer volume fraction of the network can be determined as:

φV =
nmon + ncro

w3 ≈ nmon

w3 (14)

where considering nmon � ncro, Equation (14) gives the polymer volume fraction in the
NGA. While the NGA is running, a SAW starts to wander from the original point in the
space. Each step of the SAW represents a certain type of particle assembled into the chain
and becomes part of the chain. In each step of the SAW, the probability of what kind of
particles to be inserted depends on the number of remaining monomers and crosslinkers,
as shown in Figure 3a. Each particle that has not been inserted has the same probability
to be the next spatial point. Because one crosslinker of the PAAm hydrogels can link four
monomers, if the nineth position is connected to the crosslinker, the tenth position will be
branched out to form three new chain ends, as shown in Figure 3b. The SAW will continue
on the basis of these three new chains. There is only one SAW chain at the beginning, then
it will gradually bifurcate, and finally form a network structure, as shown in Figure 3c. In
this study, this network model is called SAW network model, which is able to characterize
the complex polymer network configuration of single-network hydrogels.

Figure 3. Schematics of SAW network generation model in 2D space. (a) The probability of what
kind of particles to be inserted depends on the number of remaining monomers and crosslinkers.
(b) Generation of new chain ends when inserting a crosslinker. (c) More chains walk in space to form
a network.

Since the space size w is limited, the SAW network generated by the NGA will
eventually reach the boundary of the space. Therefore, we adopt periodic boundary
conditions in this model. When the SAW touches the periodic boundary of the space, it
will stop right there and no longer connect to any other particles. Instead, the periodic
boundary condition makes it place a new chain starting point at the corresponding position
on the other side of the space (a symmetrical position) and the SAW continues. This process
is similar to a SAW path that goes out from one side of the space and enters from the other
side of the space at the same time.

The examples above in 2D space are to make the design logic of the NGA easy
to be understood. For the real configuration of hydrogel network, the NGA should be
implemented in 3D space. In 3D space, each spatial point has 26 neighbors (including
six surface neighbors, twelve side neighbors, and eight corner neighbors). Although the
distances from the 26 neighbors to the center point are not all equal, when the size of these
27 local points compares with the size of the entire model space, the distance difference
between neighbors is negligible.

In practical experiment, polymer mass fraction φm is used as usual to measure the
water content of hydrogels due to the ease of measuring the sample mass. For practical
application of the NGA, polymer mass fraction φm is adopted in the algorithm. The
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conversion relationship between polymer volume fraction φV and polymer mass fraction
φm is given by:

φm =
1(

φ−1
V − 1

)(
Mw

Mmon

)
+ 1

(15)

where Mw is the molar mass of water. Mmon is the molar mass of AAm monomers. They
are equal to Mw = 18 g/mol and Mmon = 71.08 g/mol, respectively.

For the complex network of PAAm hydrogel, the SAW network model generated by
the NGA in 3D space is shown in Figure 4. The different values of the model determined
by nmon, ncro and w result in different polymer mass fractions φm. In Figure 4, the blue
lines represent polymer chains, and the red dots represent crosslinkers. When φm is low,
the distribution of polymer chains in the space is sparse and inhomogeneous. This proves
the structural randomness, heterogeneity, and uniqueness of the polymer network of
PAAm hydrogel. With the increase of φm, the PAAm hydrogel network becomes gradually
dense and is closer to the homogeneous assumption in continuum mechanics. Thus, this
model has the potential in characterizing the mesoscopic configuration of single-network
hydrogels and provides a powerful tool for follow-up research.

Figure 4. Configurations of PAAm hydrogels generated by SAW network model.

2.3. Deep Learning Algorithms and Approaches

Machine learning systems can be classified according to the amount and type of
supervision they receive during training. There are four major categories: supervised,
unsupervised, semi-supervised, and reinforcement learning. In the case of supervised
learning, the input data set (containing samples and corresponding features) and labels
(the correct results) are both necessary for training. On the contrary, unsupervised learning,
as the name suggests, only provides unlabeled training data. For engineering problems,
most of the applied ML algorithms are supervised learning with the datasets collected from
experiments or simulations [47–49]. Artificial neural network (ANN) [50] is comprised
of multiple interconnected computational elements called neurons. In this study, the
algorithms we adopt belong to a subset of ANN. By adjusting parameters, for instance,
weights and biases in a NN architecture, the algorithms we used can predict the mechanical
property of hydrogel through an optimization of errors. Both the fully connected MLP
and CNN belong to the class of ANN, and they differ primarily in their architecture and
interconnectivity. This section gives a brief introduction to the main ML algorithms used in
this work.

2.3.1. Multilayer Perceptron

The MLP architecture, generally called feedforward NN, is one of the most popular
and widely used ML architectures that was proposed initially as a function approxima-
tor [51]. The aim of a MLP is to approximate a function f between input x and output ŷ

ŷ = f (x) (16)
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In order to approximate strongly non-linear functional relations, MLP adds an ad-
ditional level of hierarchy to linear learning algorithms involving features and learned
weights by combining activation functions:

aj = σ
(
zj
)
= σ

(
m

∑
i=1

wjixi + bj

)
(17)

where i denotes the ith neuron in the previous layer, and j the jth neuron in the current
layer. aj is the output value of the current neuron. σ(·) is the activation function that
usually takes a non-linear function. xi represents one feature input of x. wji and bj are
parameters updated during the training, named weight and bias, respectively. m is the
number of neurons in the previous layer. zj is the sum of the input values and the bias,
also the prediction of the linear learning model. This process is demonstrated in Figure 5,
which is the typical mathematical process of a single neuron. Furthermore, matrix form
can be written as:

aW,b(X) = σ(XW + b) (18)

where X represents the matrix of input features. It has one row per sample and one column
per feature. The weight matrix W contains all the connection weights, which has one row
per input neuron in the previous layer and one column per artificial neuron in the current
layer. b is the bias vector that has one bias term per artificial neuron. The weights of the
MLP are usually initialized stochastically, and then subsequently tuned during the training.
One way to train the MLP is to establish a linkage of its known input–output data and to
minimize its loss function from the output by appropriately changing the weights.

Figure 5. Process of a single neuron in MLP.

There are several alternatives to the activation functions. Frequently used activation
functions in regression tasks include the sigmoid function (Equation (19)) for the out-
puts required between the domain (0,1) and the rectified linear unit (ReLU) as shown in
Equation (20) for nonzero outputs. The two functions are illustrated in Figure 6.

sigmoid(z) =
1

1 + e−z (19)

ReLU(z) = max(0, z) (20)

It is the nonlinear transformation of the activation function that gives the MLP a strong
nonlinear fitting capability. It should be noted that a feedforward NN can approximate any
continuous functions with arbitrary complexity in the reach of arbitrary precision, using
only one hidden layer containing enough neurons [52]. MLP is served as the beginning of
research on more complex DL algorithms. Deep architecture has better learning capability
by stacking more layers to extend the depth of the NN.
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Figure 6. Plot illustrating the sigmoid and ReLU activation functions.

2.3.2. Convolutional Neural Network

Convolutional neural network is one of the most widely-used deep neural networks
that is inspired by the study of the brain’s visual cortex, and CNN is extremely successful
in the image recognition field. It has been extended to various applications of many other
disciplines including mechanics.

There are two main differences between a fully connected MLP and a CNN, i.e., the
input data structure and data transfer. Input data in a CNN is assumed to be an image
or can be physically interpreted as an image. The input image contains many pixels and
is a 2D data structure with length and width. Of course, the image can also be a 3D
structure with three dimensions of length, width, and thickness. The 3D CNN model
used in this study utilizes three3Dimensional data. Instead, in the case of the MLP, the
inputs to the neurons in the hidden layer are obtained by a standard matrix multiplication
XW of the weight W and the input X. Besides, in the case of the data transfer, MLP only
feedforwards the input data obeying Equation (18). However, for CNNs, the input data
will be transformed through a convolutional kernel (or called a filter) into a feature map
using a convolution operation. This process is symbolically written as X ∗ W (∗ symbol
represents convolution operation).

A typical CNN architecture is mainly comprised of four building blocks, and they are
referred to as convolutional layers, pooling layers, fully connected layers, and activation
functions. Take a 2D input image as an example:

It can be seen from Figure 7 that different layers have their corresponding functions.
The convolutional layer is the core of a CNN model, each convolutional layer has one
or several convolutional kernels (or filters). The kernels extract the features of the input
image by scanning pixels (like a camera) in a small rectangle (called receptive field) using
convolution operations, and repeat until the entire image is scanned. The shift from one
receptive field to the next is called the stride. By default, stride equals one for convolutional
layers and two for pooling layers. Indeed, a convolutional layer can contain multiple
kernels (filters) and output one feature map per kernel. New feature maps (the number of
newly generated feature maps depends on the number of filters in the convolutional layer)
are generated with smaller height and width compared to the previous image. One pixel is
one neuron in each feature map, and all neurons in the same feature map share the same
parameters (the same weights and bias). In order to ensure each input image for a layer
have the same height and width as the previous layer, it is common to add zeros around
the inputs (zero padding), as shown in Figure 7a. Neurons in the first convolutional layer
are not connected to every single pixel but only to pixels in the corresponding receptive
fields. The role of the kernel allows features to be mapped through local interactions.
This architecture allows the network only to focus on small low-level features in the first
layer, then with more convolution layers repeating this feature extraction process, larger
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high-level features are assembled, and so on. That is why CNN is more effective than MLP
on the input–output relationship learning of structures depending on spatial locations.

Figure 7. Computation process of an example architecture of 2D CNN with 3 × 3 kernel (it should be noted that the process
of bias and activation functions is ignored here for simple illustration). (a) Convolutional operation of the input image. The
value in the receptive field is multiplied by the value of the corresponding center symmetric position in the kernel and then
obtain the summed value in the feature maps. (b) 2 × 2 max-pooling process. Each 2 × 2 block is replaced by the maximum
value in the receptive field. (c) Flatten last feature maps to one-dimension vector for learning.

After the pre-activated convolutional operation, results are offset by a bias (one bias
per convolutional layer). Then the feature maps are passed through nonlinear activa-
tion functions commonly referred to as ReLU. ReLU has been proven [52] to provide
high computational efficiency and often achieves sufficient accuracy and performance
in practice.

The max-pooling layer is usually implemented after one or multiple convolutional
layers, making a key role in reducing the number of parameters thus resulting in a faster
training process. Its goal is to subsample the input image for reducing the computational
load by reducing the number of parameters and preventing the risk of overfitting. On the
contrary to the convolution layer, a pooling neuron has no weights or bias, all it does is
aggregate the inputs using an aggregate method, such as max or mean. Figure 7b simply
shows how the max-pooling layer works. Subsequently, there is usually a fully connected
layer at the end, which is no different from a typical MLP architecture at most times.

CNNs explain the topological structure of the input data, that is, allow stacking neural
layers to extract high-level features. Actually, this hierarchical architecture is common
in real images, which is one of the structural reasons why CNNs work so well on image
recognition. Through the optimization process, the CNN model “learns” how the spatial
arrangement of specific features are related to the outputs. Once trained, the CNN model
can be used to make predictions with high computational efficiency. Compared with
general projects in the DL field, the requirement of the number of datasets and features
used in mechanical property prediction of hydrogels is much less. Therefore, the framework
of the DL-based models employed in this study could be adjusted easily, and the increasing
number of weights and biases has an acceptable impact on the computational cost. For this
reason, DNN and CNN are finally used in this study to predict the macroscopic mechanical
properties of hydrogel.

3. Deep Learning Modeling Framework for Single-Network Hydrogel

In this section, in order to explore the application potential of the SAW network model
and the performance of the 3D CNN model in predicting the mechanical properties of
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hydrogels with complex network structures, we firstly design two types of data structures
extracting structure–property linkages of hydrogels. Furthermore, we implement two deep
learning models that are used to make predictions. For both models, the data samples are
generated based on the SAW network model. The two datasets include training, validation,
and testing sets, which reflect the ground truth. In this study, it should be noted that
the labels are the nominal stress–stretch response of the single-network hydrogels under
uniaxial tension, as mentioned above.

3.1. Dataset Generation and Preprocessing

The two deep learning models we developed are the DNN model and the 3D CNN
model, respectively. It should be noted that the DNN in this study specifically refers to neural
networks made up of fully connected layers (as the same architecture as MLP), to distinguish
from CNN used in this study. For model comparison, we use theoretical resolution instead of
experimental results as labels. Therefore, the outputs of the two models are not affected by
experimental errors, which ensures the fair evaluations of the feasibility and performance of
the DL models. Because each input data usually needs to maintain the same dimension for the
DL models, the space size w is fixed at 33, and 2200 simulations are conducted using the SAW
network model by changing the preset numbers of monomers and crosslinkers. As a result,
the polymer mass fraction φm is distributed from 5% to 80%, and the corresponding water
content is from 95% to 20%. The number of samples and the space size have to be large enough
to reflect the randomness and heterogeneity of the SAW network with different polymer mass
fractions, but small enough to prevent excessive computational costs (considering that the
input data of the 3D CNN model is four-dimensional, the amount of data will grow rapidly
with the increase of the space size w).

In the terms of the DNN model, the input data set is two-dimensional with one row
per sample and one column per feature. We designed eight features in the DNN model to
capture key physical information of the network generated by SAW. They are referred to as
the number of chains, the number of monomers, the number of crosslinkers, the number of
water molecules, the standard deviation of the number of monomers per chain, the number
of isolated, branch, and network chains. As a result, the size of the input data of the DNN
is 2176 × 8. There is a principle of feature design for the traditional MLP architecture,
that is, each feature is possibly independent of other features, and potentially related to
the outputs. Therefore, this is why we choose the standard deviation of the number of
monomers per chain instead of the mean value (for the fifth feature), the latter can be
calculated from the number of monomers (the second feature) and chains (the first feature).
Similarly, the degree of cross-linking is also an important feature of the complex network
structure of hydrogels, which can be calculated from the total number of monomers (the
second feature) and the number of crosslinkers (the third feature). Therefore, they are
no longer independent features. On the other hand, the original sample size of the 3D
CNN model is 33 × 33 × 33. Through further transformation, the SAW network image is
represented as a data structure that can train the 3D CNN model, as shown in Figure 8.

Figure 8. Data representation for model training.
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In order to include the geometric and physical information of the SAW network model
in input data, we design three sublayers and combine them with the inputs by replacing
the color channels in the traditional CNN architecture. The 3D CNN model we developed
incorporates both the geometric and physical features of hydrogel networks for mechanical
property prediction. More specifically, the geometric features captured by the sublayers
are referred to as the types of molecules, the degree (the number of edges incident to the
vertex) of each molecule, and the angles of chain connections, as shown in Figure 9.

Figure 9. Schematics of slices plot illustration of three sublayers incorporating the geometric and
physical features. (a) Representation of the type of molecules. (b) The degree of each molecule, that
is, the number of connections per molecule. (c) The angle of chain connections.

As for the color channels of the input images in a typical CNN, they are generally
composed of one (grayscale image) or three (colorful image with red, green, and blue,
i.e., RGB) sublayers. However, the colors of input images in this study are only for
representation and explanation. They have no specific physical meaning. As for the
traditional CNN, the original values of a pixel range from 0 to 255, which would be
exceedingly large for a CNN-based model. Therefore, the RGB values are rescaled into the
range (0, 1) to speed up the convergence of a training process. This problem also occurs in
the dataset with sublayers used in this study, thus the datasets to be used are normalized
into the range of (0, 1) before training.

The proposed sublayers make full use of various data formats of SAW simulation
outputs. Compared with the DNN model, the local spatial information of SAW network
model is included in 3D CNN model. Two datasets are eventually constructed, one is
two-dimensional including 2176 samples and 8 features for the DNN model, the other
includes 2176 four-dimensional samples with a size of 33 × 33 × 33 × 3 including the three
feature channels. The corresponding nominal stress–stretch data are generated through
Equation (13). The general idea of sublayers design described here can be extended to any
other desired component to obtain effective mechanical properties.

3.2. Framework of Deep Learning Models

On the basic paradigm of DL algorithms presented in previous section, we propose
two architectures of the DL models, one is the DNN model based on MLP, the other is
the 3D CNN model. Figure 10 gives the schematic illustration for the DNN architecture
we have constructed. While Figure 11 provides a schematic of the 3D CNN architecture,
where inputs are 3D images and outputs are the stress–stretch relations of single-network
hydrogels under uniaxial tension.
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Figure 10. Architecture schematic of the DNN model.

Figure 11. Three-dimensional convolutional neural network architecture (for simpler schematics, one gray rectangular
represents one 3D input image). C is referred to as convolutional layer, P is max-pooling layer, and FMs denote the
feature maps.

The modeling starts from dividing both datasets into three parts, 70% for training,
10% for validation and 20% for testing. The hyperparameters used for the 3D CNN model
are shown in Figure 11 and Table 1. Both models output a subsample of the stress–stretch
curve, taking the stress values corresponding to 22 fixed stretching values. The dimensions
of the output data are both equal to 22. It should be noted that when the stretch is small, the
stretching points we selected are denser, and vice versa. Because on the one hand, nonlinear
effect is more obvious at small stretch, and on the other hand, the neo-Hookean-based
constitutive model has a larger error at large stretch.

Table 1. Hyperparameters values used in the proposed models.

Hyperparameters
Model

DNN 3D CNN

Number of epochs 315 30
Batch size 32 32

Learning rate 5.6 × 10−3 1 × 10−3

Optimizer SGD Nadam
Loss function MSE MSE

Trainable weights 1477 430,872,6
Activation functions ReLU ReLU
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The development of the two DL-based models is carried out on Python 3.8 and Keras
with the Tensorflow backend. The training of 3D CNN is first to determine the number of
convolutional, max-pooling, fully connected layers, and the hidden neurons in each layer
(see Figure 11). The prediction of mechanical property is a regression task, so mean square
error (MSE) is set as the loss function, which is referred as:

MSE =
1
m

m

∑
i=1

(ŷi − yi)
2 (21)

where m denotes the number of samples. ŷi and yi are predicted and actual value of
output, respectively. The optimizer of 3D CNN model takes ‘Nadam’ algorithm with a
0.001 learning rate. Following the input layer is a combination of the first convolution
layer and max-pooling layer. There are sixteen convolution filters with a size of five in the
first convolutional layer. Then two deeper convolutional with filters size of three and one
max-pooling layer are followed sequentially. Considering the output is always positive
(nominal stress), ReLU activation function is the best choice to reflect the nonlinear response
of uniaxial tension test of hydrogel. Subsequently, a fully connected layer leads to the
output of the network, which is the stress–stretch relationship. Once trained, the model is
able to predict the relationship with an obviously shorter time (within one second) when fed
by unseen input image. As for the DNN model, after a process of combining grid search [53]
and cross validation in the hyperparameters space, the preferred hyperparameters of the
model for mechanical property prediction problems are determined and detailed in Table 1.
The stochastic gradient descent method is taken as the optimizer of the DNN model with a
learning rate of 0.0056.

4. Results and Discussions

4.1. Analysis and Comparison of Model Performance

The configuration of the DNN model is determined using the grid search and cross
validation, and the details are not mentioned here for simplicity. The configuration is shown
in Figure 10 and the hyperparameters are listed in Table 1. It is worth mentioning that batch
normalization is a technique for training deep neural networks that standardizes the inputs
to a layer for each mini-batch [54]. Owning the effect of stabilizing the learning process
and significantly reducing the number of training epochs required, batch normalization
can normalize the prior inputs and ensure the gradients are more predictive, thus allow for
larger range of learning rates and faster convergence. Figure 12 depicts the convergence
history of training and testing set for each model. It can be seen from Figure 12a that
the MSE losses of training set and testing set converge rapidly within 160 epochs, then
maintain stable in the remaining epochs. One epoch can be explained as a batch of samples
that goes forward from the input layer at the beginning then feeds back from the output
layer to complete an iteration. When all training samples have completed one iteration, the
epoch ends. The 3D CNN model is trained using 30 epochs with batch-size of 32 as shown
in Figure 12b. The fluctuation of the loss may be caused by the following reasons. The first
reason is that the learning rate is unchangeable in this model during the training process,
whose value can be large enough to converge at the beginning, but too large to reach a
stable and local minimum. As a result, the loss fluctuates around the ‘valley’ of the loss
function. Secondly, there may be a reason that the loss function is exceedingly complex due
to the high dimension and large amount of input data, and the optimizer is hard to find a
good convergence point. The history of training accuracy is shown in Figure 13. Both the
models we developed reach an accuracy over 90%.
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Figure 12. History of loss values. (a) The DNN model with 315 epochs. (b) The 3D CNN model with
30 epochs (0 to 29).

Figure 13. History of accuracy values.

By comparing the two figures in Figure 13, it is found that the accuracy of the 3D CNN
model is more stable than the DNN model and is able to reach a higher value within fewer
epochs. Because the number of trainable weights in the 3D CNN model is much more than
the latter. The convolutional layers of our 3D CNN model focus on extracting the features
of each image, while the hierarchical architecture could efficiently capture the potential
feature maps relating to the outputs. Therefore, the 3D CNN model is able to reach a better
convergence point on a more complex loss function.

It is noted that we employ a dropout layer after each hidden layer in the fully con-
nected layer of the 3D CNN model. The effect of dropout on model’s performance is
actually negative as usual, because lots of specific data are directly dropped. However, it
can effectively reduce the possibility of model overfitting. By sacrificing some accuracy on
the training set to obtain better accuracy on the testing set, the model is able to conduct
better robustness and generalization on new data that was unseen before.

In order to quantitatively analyze the performance of the DNN and 3D CNN model,
mean square error (MSE) and mean square percentage error (MSPE) are computed. MSPE
for a selected set of data represents the percentage error between the predicted values and
the ground truth calculated from the constitutive model. The MSPE used in this study is
defined as:

MSPE =
1
m

m

∑
i=1

(
ŷi − yi

y

)2
× 100% (22)

where y denotes the average nominal stress of all the samples in the dataset. The MSE,
MSPE and prediction accuracy R2 of the two models we proposed are summarized in
Table 2. It can be seen that the MSPE values of both models are no more than 4% and
the R2 values reach highly over 91%, which confirms that the 3D CNN model has more
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potential for the structure–property linkage problem. Besides, with only 1600 training
samples, the proposed models can achieve quite gratifying performance. The 3D CNN
model shows a remarkable ability to extract structural features of the network. The 3D
CNN provides a direct and reliable method to identify the three-dimensional network
information of single-network hydrogels at the mesoscopic scale, and has the capability to
establish a highly accurate structure–property linkage. Our model can be used to predict
the mechanical property based on the basic material structure, which is a universal method
bridging the mesoscopic network to macroscopic mechanical properties.

Table 2. Evaluation indicators of the deep learning models.

Model

Values of Indicators

Training Set Testing Set

MSE MSPE R2 MSE MSPE R2

DNN 9.3 × 103 kPa 3.61% 92.87% 9.1 × 104 kPa 3.55% 91.00%
3D CNN 7.1 × 103 kPa 0.30% 99.23% 5.7 × 103 kPa 0.24% 99.65%

4.2. Evaluation of Model Generalization

Considering that the nominal stress–stretch curve is usually a comprehensive demon-
stration of mechanical properties, more specific descriptors such as modulus and strength
can be derived from the relationship. Therefore, we decide to evaluate the model based on
the mechanical response under uniaxial tension, and explore the potential of the proposed
model in the issue of predicting mechanical properties.

Our model architecture is inspired by the recent full convolutional architecture in
traditional computer vision applications. According to empirical observations, convolu-
tional architecture is an efficient and stable method because it is a local operation, allowing
itself to implicitly quantify and learn the local spatial effects of the mesoscopic network.
Obtaining the performance of the DL-based model on unseen data is essential to ensure
its compatibility of application. In order to test the generalization ability of the models,
we utilize the SAW network model to newly generate multiple network models, and
transform these new samples to input images for 3D CNN model according to the pro-
cess described previously. Then we pass them to the models we proposed to predict the
stress–stretch relationship.

To evaluate the generalization ability and robustness of the proposed DL-based mod-
eling framework, Figures 14 and 15 provide the comparisons between the predicted results
and the actual results, respectively. It can be seen that both the two models keep good con-
sistency. Despite the nonlinear behavior of the stress–stretch curve for hydrogel, they can
fit a favorable nonlinear trend. There are 22 principle stretch values we firstly determined,
and the predicted output could contain 22 corresponding nominal stress values. The model
can accurately capture the initial nonlinear growth of the nominal stress. In the case of the
DNN model, one can easily see that the predictions tend to be more accurate when the
water content is low, which indicates that the DNN model has a better performance on
the homogenous hydrogel network. With the increase of water content, the predictions
become unstable and begin to distort. In addition, the distortion happens only in the first
few data points. Because the weights of hidden layers more possibly tend to be close
to zeros when labels are close to zeros. The traditional DNN extracts the features of the
overall structure instead of the local structure, so its performance is not good enough in the
prediction of heterogeneous polymer network. In the case of the 3D CNN model, the fitting
accuracy of samples under different water content is significantly higher than that of DNN
model. It is indicated that the admirable learning ability ensures 3D CNN to learn complex
behavior patterns from the mesoscopic structure. It also has a high fidelity for sparsely
heterogeneous and random networks. The prediction results of the two models show that
the DL-based model can still accurately predict the mechanical property of the unseen
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samples of hydrogel network. The proposed modeling framework has good application
prospects for multi-scale modeling.

Figure 14. A randomly generated set of six SAW models and corresponding stress–stretch curves for the DNN model
prediction compared to the actual results. (The data points in the red circle represent prediction distortion).

Figure 15. A randomly generated set of six SAW models and corresponding stress–stretch curves for the 3D CNN model
prediction compared to the actual results.

To the best of our knowledge, this is the first time that a three-dimensional CNN is
implemented to establish structure–property linkage of a single-network hydrogel based
on the SAW model. Therefore, the proposed modeling framework in this study provides
important insight and guidance, and the proposed model can serve as a pre-trained model
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to accelerate extensive prediction of mechanical properties, especially for the 3D complex
structure. Besides, the DL-based modeling method described previously in this paper
expands data-driven strategy to the soft material design and research of material property.
It allows a more efficient determination of parameters in the mechanical model, such as
the constitutive models, under the lack of experimental data sets. In addition, the ideas
of sublayers design we present previously also guide how CNNs could be employed for
problems in mechanics and other engineering disciplines. More mechanical properties
(components of stiffness) in higher dimensions are required in the field of describing the
mechanical behavior of materials. Given the success of 3D CNN model in our current 3D
problem, it would be a promising strategy to identify various mechanical properties as
different channels in a CNN input sublayer.

5. Conclusions

In order to predict the mechanical property of hydrogel, this paper firstly introduces
the RW model, then develops a modeling method for the mesoscopic network of single-
network hydrogels based on the SAW model with PAAm hydrogel as an example. Secondly,
a DL-based modeling strategy is proposed on the basis of this approach. We developed two
deep learning models, a DNN and a 3D CNN, respectively, for the construction of structure–
property linkage of hydrogel. A grid search and cross validation of the hyperparameter
space of the neural network architecture was employed to find the desirable DNN model,
and eight features were designed to overall characterize the mesoscopic network model.
In the 3D CNN model, feature extraction of 3D structure was achieved by designing the
size of kernels and feature maps of the convolutional layers. It should be noted that we
redesigned the color channels of the input images of the 3D CNN model to incorporate the
physical and geometric information. The proposed 3D CNN model is able to learn input
images that contain sublayers of physical information. These two models can quantitatively
predict the relationship between mesoscopic network and the macroscopic mechanical
properties. We trained the models using stress–stretch curves generated based on hydrogel
theory and Neo-Hookean constitutive model, and then tested the generalization ability and
robustness on the testing set. For the new SAW network samples, both DNN and 3D CNN
models give accurate predictions, especially the 3D CNN shows a promising capability.

Furthermore, from the results of model evaluation, it can be found that the proposed
DNN model can provide a good prediction for lower water content hydrogel, but it shows
a large fluctuation error when water content is high, which indicates the weakness of the
DNN model for inhomogeneous and sparse network polymer. In contrast, the 3D CNN
performs more superior than the conventional DNN approach, which reflects the potential
of the model in 3D polymer structural analysis problems. The 3D CNN can capture
potential structural features of hydrogel, especially for multiscale material problems. The
proposed method can be easily extended to study similar problems, such as the structural
design and the material property design to improve the mechanical performance of different
soft materials.
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Abstract: In the context of the long-term coexistence between COVID-19 and human society, the
implementation of personnel health monitoring in construction sites has become one of the urgent
needs of current construction management. The installation of infrared temperature sensors on the
helmets required to be worn by construction personnel to track and monitor their body temperature
has become a relatively inexpensive and reliable means of epidemic prevention and control, but
the accuracy of measuring body temperature has always been a problem. This study developed a
smart helmet equipped with an infrared temperature sensor and conducted a simulated construction
experiment to collect data of temperature and its influencing factors in indoor and outdoor con-
struction operation environments. Then, a Partial Least Square–Back Propagation Neural Network
(PLS-BPNN) temperature error compensation model was established to correct the temperature
measurement results of the smart helmet. The temperature compensation effects of different mod-
els were also compared, including PLS-BPNN with Least Square Regression (LSR), Partial Least
Square Regression (PLSR), and single Back Propagation Neural Network (BPNN) models. The
results showed that the PLS-BPNN model had higher accuracy and reliability, and the determination
coefficient of the model was 0.99377. After using PLS-BPNN model for compensation, the relative
average error of infrared body temperature was reduced by 2.745 ◦C and RMSE was reduced by
0.9849. The relative error range of infrared body temperature detection was only 0.005~0.143 ◦C.

Keywords: personnel health monitoring; construction site management; smart helmet; infrared
temperature measurement; temperature error compensation; BP neural network; COVID-19

1. Introduction

The emergence and spread of “COVID-19” around the world has brought new chal-
lenges to construction site management. Building construction sites are usually areas where
people gather and are highly mobile. Under the strict epidemic prevention and control pol-
icy, once an infected person appears in the workplace, if not detected in time, it will not only
affect the construction progress of the whole project, but also cause serious social hazards.
COVID-19 is an acute respiratory infectious disease caused by SARS-COV-2 virus infection.
Among the ascertained symptoms related to SARS-Cov-2 infection, there is an alteration of
body temperature [1]. Initial screening of febrile individuals can be effective in preventing
the spread of the virus [2–4]. Therefore, the real-time monitoring of the temperature of
construction personnel has become one of the necessary options in current construction
site management. At present, the body temperature monitoring of construction personnel
mostly utilizes handheld temperature guns or fixed infrared thermometers [5], but these
methods cannot achieve real-time monitoring and the tracking of body temperature. The
use of wearable devices with temperature measurement function in construction personnel
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management is a feasible solution for real-time body temperature monitoring, and smart
helmets equipped with infrared temperature sensors are an ideal carrier. A smart helmet is
a head-mounted intelligent device that combines Internet of things technology with an or-
dinary helmet to realize corresponding intelligent functions. Smart helmets are often used
in industries such as counter-terrorism, fire protection, and mining [6–8]. In recent years,
smart helmets used by construction workers have also emerged. Altamura [9] developed
a smart helmet named SAFE that can be applied to construction sites. The smart helmet
is equipped with a temperature sensor, heart rate sensor, and smoke detector, which can
monitor the wearer’s physical condition and surrounding environment in real time and
transmit data to the server through Wi-Fi. The intelligent HeadgearX helmet developed by
Aliyev [10] is equipped with ten kinds of sensors, including a smoke sensor, environmental
light sensor, and atmospheric sensor, and can communicate with mobile phone through
Bluetooth. The matching Android application is also developed to add more functions,
including those configurable air functions. Building project managers can monitor the
real-time status of all site personnel from a central Web server. Such research provides
direction and reference for the application of smart helmets in construction sites. Safety
helmets are necessary protective equipment for construction workers. If safety helmet is
used as the carrier of infrared temperature measurement module, it will not add additional
burden to workers while monitoring their temperature in real-time. However, the goal of
applying smart helmets for epidemic prevention and control in construction sites also puts
forward more requirements for the accuracy of temperature monitoring.

In recent years, non-contact infrared temperature-sensing technology has developed
rapidly, which has the characteristics of fast measurement speeds and high sensitivity.
However, in the actual measurement, the accuracy of infrared temperature measurement is
easily affected by the measurement distance, ambient temperature, emissivity of the mea-
sured object surface, and other factors. Therefore, there may be a large error between the
temperature of the human epidermis (forehead, arm, etc.,) obtained by infrared thermome-
try and the basal body temperature in a general monitoring environment [11,12]. This leads
to the common problems of low measurement accuracy and large measurement errors in
body temperature measurement using infrared thermometry sensors. A number of studies
have been carried out to improve the accuracy of infrared thermometry in measuring
human body temperature. Overall, these studies can be divided into two categories:

The first category involves empirical regression models by studying the error relation-
ship between body temperature measurements and true values. Xu, K. [13] proposed a
multiple linear regression method to establish an infrared temperature measurement error
compensation model to improve the measurement accuracy, but the physical meaning of
the model was not clear enough, and the factors affecting the accuracy were not sufficiently
considered. When the temperature measurement environment changed, the model could
not accurately predict the actual temperature of the human body. Guo, Z. [14] proposed
a nonlinear cubic polynomial fitting temperature compensation algorithm to address the
shortcomings of the linear compensation model. The accuracy of this algorithm was im-
proved by about 2.25 times compared to the linear model, but the error was still too large
for the accuracy requirements of body temperature measurement.

The second category established theoretical models between body temperature measure-
ments and influencing factors through theoretical analysis and experiments. Wei, S. L. [15]
established an infrared incidence angle compensation algorithm based on Stefan’s law to
reduce the temperature measurement error caused by the variation of infrared incidence
angle through the study and analysis of the measured data. However, this model did not
consider the influence of other factors and was difficult to apply practically. Shajkofeci, A. [16]
collected 19,392 sets of measurement data sets, and used the same precision infrared sensors
at different locations while tracking outside temperature, room temperature, and time of
measurement. On this basis, the relationship between outside, ambient temperatures, hours
in the day, and the measured forehead temperature’s first and second degrees of polynomials
were established. Using these models, the influence of external disturbance on tempera-
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ture measurement accuracy can be reduced. Although this method can greatly reduce the
collinearity between these influence factors, the method of modeling separately may ignore
the relationship between each influence factor.

In comparison, the first type of method is more practical, but a large amount of
experimental data is required for model building. The experimental process of the second
type of method is easy to control, but it is difficult to comprehensively consider various
factors that affect the temperature measurement accuracy. Therefore, there were also studies
that fused the two ideas and proposed a calibration algorithm that combines theory and
experience. Based on the blackbody thermal radiation principle, AI, H. [17] converted the
infrared signal into Celsius temperature signal through the correction look-up table method
and applied the twice linear regression algorithm to establish an error compensation model
for in-ear cavity infrared thermometry, considering the effect of ambient temperature, and
obtained the model parameters through the blackbody standard experiment. The results
showed that the temperature error in the range of 35~42 ◦C remains within ±0.2 after using
the model. Pan [18] proposed a nonlinear polynomial regression model to compensate for
the measurement error caused by dust and measurement distance. The results showed that
the model can significantly reduce the measurement error caused by these two factors, but
did not help with the other influencing factors.

In general, a lot of progress has been made in the research of error compensation for
infrared temperature measurement, which has created a good foundation for practical
engineering applications. However, in different application scenarios, the causes of infrared
temperature measurement error are not the same. When infrared temperature measurement
technology is used in a smart helmet, the possible causes of measurement error include:
(i) The influence of the wearer’s environment on skin temperature; (ii) The influence of the
sensor’s environment on measurement accuracy; (iii) The influence of the wearer’s sweat
on skin reflectivity; (iv) The vaporization of the wearer’s sweat leads to the reduction of
skin temperature. These influences are related to a variety of factors. Therefore, in order
to improve the measurement accuracy, the compensation calculation of the measurement
error needs to fully consider the helmet-wearing environment and its contact with the
human body.

The aim of this study is to comprehensively analyze the factors affecting the accuracy
of the measured personnel’s forehead epidermal temperature measurement and to establish
a high-precision temperature measurement model, so as to reduce the misjudgment of the
construction personnel’s physical condition. Therefore, a smart helmet is developed in this
study, which can not only monitor the wearer’s temperature, but also obtain the tempera-
ture and humidity data inside the helmet. During the experiment, the wearer’s real body
temperature, ambient temperature and humidity, and ambient wind speed were collected.
By analyzing the relationship between these environmental variables and temperature
measurement error, the influence of the above factors on the temperature measurement
accuracy of the smart helmet was quantified. Considering the multicollinearity of envi-
ronmental variables and the nonlinear relationship between environmental variables and
temperature measurement error, a modeling method combining multivariate statistical
analysis theory and a neural network is proposed in this study, which can effectively
improve the accuracy of the temperature measurement error compensation model.

Since the use of smart helmets for project management and personnel health moni-
toring in the actual construction environment is still an emerging technical tool, and its
measurement precision largely affects the application and popularization of the smart
helmet, the research in this study has important social significance and practical value in
the context of a current human society that will coexist with the “COVID-19” epidemic for
a long time.
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2. Smart Helmet Development and Data Collection

2.1. Smart Helmet Temperature Measurement System

This study utilizes a smart helmet equipped with an infrared temperature sensor to
continuously monitor and track the body temperature of personnel to obtain actual tem-
perature data. The smart helmet is self-developed. In order to guarantee continuous data
acquisition and communication, and to consider the subsequent temperature data correc-
tion needs, the smart helmet measurement system also includes a Temperature/Humidity
(T/H) sensor for collecting the temperature and humidity inside the helmet, a 4G commu-
nication module for data transmission, a microprocessor for the control system, a digital
display for data reading, and a rechargeable power supply module. The system is arranged
as shown in Figure 1.

Figure 1. Structure of smart helmet system.

The T/H sensor is placed inside the helmet to collect real-time temperature and
humidity data during the wearing process to support the subsequent temperature data
correction. The infrared temperature sensor is placed on the contact point between the
helmet liner and the human forehead to collect the infrared signal from the human forehead
skin. Although in practical applications a temperature measurement accuracy of 0.1 ◦C
is enough, higher measurement accuracy and resolution can bring more information,
which helps to improve the application effect of the model. The infrared temperature
sensor model used in this study is MLX90614ESF, and the measurement resolution of the
sensor is 0.01 ◦C (measurement accuracy is 0.05 ◦C). The infrared signal collected by the
infrared temperature sensor is transmitted to the microprocessor for processing after a
series of amplification and filtering, and the temperature data of the human forehead skin
is outputted. The smart helmet measurement process is shown in Figure 2.

Endurance capability is an issue that must be considered for Internet of things equip-
ment. In order to reduce power consumption, the helmet adopts an STM32F411 micropro-
cessor and carries out a low power consumption design. The average operating current of
the microprocessor is 5.4 mA. The wireless communication module adopts a Quectel EC20
communication module, with an average operating current of 6.1 mA (data transmission
every 10,000 ms). The total operating current of the smart helmet is 26.8 mA, and it is
powered by a rechargeable lithium battery with a capacity of 3200 mAh, which can last up
to 120 h.
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Figure 2. The smart helmet measurement process.

2.2. Influence Factors of Temperature Measurement Error

According to Kirchhoff’s Law and Stefan–Boltzmann Law, the relation between the
radiation energy, density, and temperature on the surface of an object complies with
Equation (1):

M = εσT4 (1)

where, M is the radiation emission (J/(s·m2)), that is, the radiation power emitted per
unit area, ε is the emissivity of the object, σ is Stephan–Boltzmann constant, T is the
thermodynamic temperature of the body (K). It can be seen from Equation (1) that, if the
radiation emission of an object is measured, the temperature of the object can be determined,
which is the theoretical basis for infrared temperature measurement [19]. Therefore, the
factors affecting the accuracy of infrared temperature measurement can be determined by
analyzing the factors affecting the radiation emissivity.

The radiation received by the infrared sensor is mainly divided into three parts: ra-
diation from the target, reflected radiation from the environment, and radiation from the
atmosphere [20]. In other words, the temperature measured by the infrared temperature
sensor includes the interference of various kinds of radiation in the measurement envi-
ronment. The environment reflection radiation mainly related to the temperature and
humidity of the environment in which the infrared sensor is located.

As the smart helmet is worn on the head, the temperature sensor location is close to the
forehead, so that the effect of atmospheric transmittance is almost negligible. At the same
time, since the construction workers may sweat a lot during the construction operation,
and the sweat will interfere with the measurement accuracy of the infrared sensor, this
study quantifies this factor by measuring the humidity inside the helmet. Besides, there is
convective heat exchange between the human forehead surface and the outside air, and
when the heat dissipation is high, the forehead temperature will drop, thus deviating from
the true body temperature. The convective heat transfer coefficient is related to the wind
speed in the environment, which means that the wind speed affects the measurement error
of the infrared temperature sensor [21].

In order to quantify the degree of influence of the environmental factors on the infrared
temperature measurement of smart helmets, the indicators selected for measurement
and analysis in this study include ambient temperature (AT), ambient humidity (AH),
temperature inside helmet (TI), humidity inside helmet (HI), and wind speed (WP).
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2.3. Smart Helmet Temperature Measurement Experiment

In order to explore the degree of influence of environmental factors on the infrared
temperature measurement of the smart helmet, and to establish a temperature error com-
pensation model, this study conducted several groups of indoor and outdoor experiments
to simulate the scenes of construction workers in indoor and outdoor construction op-
erations, respectively. During the experiments, the temperature of the human forehead
epidermis and the temperature and humidity inside the helmet were collected using the
smart helmet, and the temperature inside the ear was measured using an ear temperature
gun as the true value of body temperature [22]. Meanwhile, a thermometer, hygrometer,
and anemometer were used to measure the external ambient temperature, humidity, and
wind speed.

In order to simulate the working hours of a construction site, the experiment was
conducted from 8:00 to 12:00 and 14:00 to 18:00. The experiment was carried out in groups
of two persons each. One person wore a helmet to simulate the general labor intensity of
construction and performed simple movements in the defined site, while the other person
was responsible for reading and recording data from the display (Figure 3) on the helmet
on time and was called the recorder.

 

Figure 3. Display on smart helmet.

There were three key datasets on the display. TP represented the body temperature
value collected by the infrared sensor on the smart helmet. SHTTP and SHTHU were the
temperature and humidity inside the helmet, respectively. The specific experimental steps
were as follows:

1. The experimenter wore a smart helmet and held a digital anemometer. The experi-
menter pressed the storage function of the digital anemometer to save the real-time
ambient wind speed (Figure 4).

2. The experimenter used the ear temperature gun to measure his or her ear canal
temperature, and then the recorder took a reading and recorded the value.

3. At the same time, the recorder quickly recorded the measured temperature displayed
on the helmet, the temperature and humidity inside helmet, the wind speed displayed
on the anemometer, and the ambient temperature and humidity displayed on the
ambient thermometer and hygrometer.

4. In each recording, the true body temperature was recorded once. The helmet-
measured temperature was recorded three times as measured temperature 1, mea-
sured temperature 2, and measured temperature 3. The average value was taken as
the final measured temperature (MT) of the infrared temperature sensor to reduce the
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random error. The difference between the measured temperature and the true body
temperature was recorded as the temperature error.

5. The above steps were repeated, and data were recorded every 5 min. Each experiment
lasted for 4 h. During the experiment, the experimenter was required to continuously
walk around appropriately and wear the smart helmet continuously without remov-
ing the helmet until the end of the experiment. In order to simulate the different
environments of indoor and outdoor construction, the experiment was divided into
indoor and outdoor parts. The data categories and experiment durations were the
same in both indoor and outdoor experiments for comparison purposes. The number
of samples in each part was 245 sets, with a total of 490 sets. Figure 5 shows the
distribution of the measured temperature and the true value of body temperature.

 

Figure 4. Experimenters measuring wind speed.

Figure 5. Scatter diagram of true body temperature and measured temperature.

As can be seen from Figure 5, the real body temperature is distributed between 36.4 ◦C
and 37.5 ◦C, while the measured temperature is generally lower than the real temperature.
The temperature data in this experiment can be considered to be in the normal range, as
long-term physical activity leads to the rise of human body temperature, which may even
exceed 38 ◦C [23–25].
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3. Modeling and Data Analysis

3.1. Modeling Method

The purpose of this study is to analyze the influence of various influencing factors
on the error of infrared temperature measurement according to the experimental data,
and to establish the error compensation model of infrared temperature measurement.
In previous studies, regression analysis (such as multivariate linear regression [26–30],
ridge regression [31,32], and logistic regression [33,34]) is usually used to analyze the
relationship between multiple factors and the establishment of a mathematical model.
Moreover, the ordinary least square (OLS) method is the most widely-used parameter
estimation method in regression analysis. Due to the multicollinearity problem among
the factors influencing the temperature measurement error discussed in this study, this
problem would have a great impact on the analysis results and even lead to model failure
if the ordinary least square method was used for regression analysis [35]. In addition, since
the infrared temperature measurement error was nonlinear, a simple linear processing
cannot properly correct such errors [36].

To solve the above problems, it is necessary to find an analytical method that can
overcome the problem of multicollinearity among the influencing factors. In previous stud-
ies, ridge regression, principal component regression, and partial least squares regression
have achieved good results in overcoming the problem of multicollinearity [37–40]. Ridge
regression is essentially an improved least squares estimation method. It is more practical
to obtain the regression coefficient at the cost of losing some information and reducing accu-
racy by abandoning the unbiased nature of the least squares method. Therefore, compared
with principal component regression and partial least squares regression, the regression
coefficient of ridge regression model is higher, but the accuracy is lower [40]. Both par-
tial least squares regression and principal component regression achieve the purpose of
data dimensionality reduction by extracting principal components, and then overcome
the influence of multicollinearity. Compared with the partial least square (PLS) method,
although the principal component analysis (PCA) method can effectively simplify a high-
dimensional variable system into a low-dimensional variable system, and all variables
in the new variable system are linearly independent, it cannot avoid the influence of
overlapping information in the original variables [41]. This overlapping information may
sometimes not have much explanatory significance for the dependent variable and thus
become noise. As the PCA completely leaves out the dependent variables when extracting
the principal components, the principal component may have a strong generalization
ability to the independent variable system, but its explanatory ability to the dependent
variables may become very weak. PLS absorbs the idea of extracting components from
PCA and simplifies the data structure on the one hand, and is able to correlate the set
of independent variables and the set of dependent variables on the other. That is, PLS
considers both the generalization of the components to the independent variables and
pays more attention to the explanatory significance of dependent variables [42]. Therefore,
using PLS method to extract the principal components of data can overcome the problem
of multicollinearity among influencing factors and effectively eliminate noise in the data.
Therefore, in this study, PLS method was used to extract the principal components.

To solve the problem of low accuracy regarding the prediction results of fitting mul-
tidimensional, nonlinear function by conventional methods, an artificial neural network
is widely used in fitting nonlinear function [43–45]. An artificial neural network has the
ability to approximate any nonlinear continuous function with arbitrary accuracy, and back
propagation (BP) neural networks have strong self-learning behavior, self-organization,
and a nonlinear approximation function [46,47]. As long as the number of neurons is
sufficient, a BP neural network can fit complex nonlinear functions with only a three-layer
structure, which greatly reduces the complexity of the network [48]. It not only reduces the
calculation time, but also ensures the accuracy of the model.

Therefore, in this study the principal components extracted by the PLS method were
used as input variables and the temperature errors were used as output variables for BP
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neural network training, and, finally, the temperature error compensation model coupled
with PLS and BP neural networks (PLS-BPNN) was established. This model can effectively
reduce the prediction error brought by linear processing and solve the nonlinear problem
of the temperature compensation model. Figure 6 shows the structure diagram of the
PLS-BPNN coupling model.

Figure 6. Structure diagram of the PLS-BPNN coupling model.

3.2. Multicollinearity Analysis

Multicollinearity is a statistical phenomenon in which predictor variables in a re-
gression model are highly correlated [49]. It is a data problem which may cause serious
difficulty with the reliability of the estimates of the model parameters [50]. Therefore, the
influence of multicollinearity should be overcome. The influencing factors considered in
this study may have multicollinearity, because there is a theoretical correlation between am-
bient temperature and ambient humidity, inside temperature and humidity, and ambient
temperature and wind speed.

To verify this view, and to explore the correlation between ambient temperature (AT),
ambient humidity (AH), temperature inside helmet (TI), humidity inside helmet (HI), and
wind speed (WP) and temperature error (TE), the correlation coefficient between them is
calculated, and the results are shown in Figure 7.

Figure 7. Correlation thermodynamic diagram.

The correlation thermodynamic diagram can clearly show the correlation between each
variable. The scale on the right side of the thermodynamic diagram shows the color depth
corresponding to different correlation coefficients. The color and corresponding number of
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each box represent the correlation coefficient between the two variables’ corresponding to
the box.

The correlation coefficient is the quantity of linear correlation between variables. There
are many ways to define the correlation coefficient. The correlation coefficient used in this
study is the most widely used Pearson correlation coefficient [51]. The Pearson correlation
coefficients are between −1 and 1, where a result close to 1 indicates that the two variables
are positively correlated, a result close to −1 indicates that they are negatively correlated,
and one closer to 0 indicates that they are not correlated.

As can be seen in Figure 7, there are multiple correlations between independent
variables affecting the infrared temperature measurement of the helmet. For example,
the correlation coefficient between the infrared measured temperature and temperature
inside the helmet is 0.79, and the correlation coefficient between the ambient temperature
and the ambient humidity is −0.65. To further verify and quantify the multicollinearity
between independent variables, the variance inflation factor (VIF) diagnostic method and
tolerance value were used in this study to determine the degree of multicollinearity [52].
The VIF and tolerance are both widely-used measures of the degree of multicollinearity
of the ith independent variable with the other independent variables in a regression
model. Not uncommonly, a VIF of 10 or even one as low as 4 (equivalent to a tolerance
level of 0.10 or 0.25) have been used as a rule of thumb to indicate excessive or serious
multicollinearity [53].

The expression of variance inflation factor is: VIFi = (1 − R2
i )

−1. Where Ri is t the
complex correlation coefficient of the ith independent variable

(
xi
)

and other independent
variables. The largest (VIF)k of all independent variables is often used to determine the
degree of multicollinearity. As can be seen from Table 1, the variance inflation factors
of three variables are greater than the critical value of 4, among which the VIF value of
ambient humidity is about 8.468, which is the largest among the six variables.

Table 1. Results of covariance test for the influencing factors of infrared temperature measurement of
smart helmets.

Variable Tolerance VIF

Measured temperature 0.271 3.684
Ambient temperature 0.280 3.577

Ambient humidity 0.118 8.468
Temperature inside helmet 0.191 5.234

Humidity inside helmet 0.171 5.845
Wind speed 0.663 1.509

3.3. Extraction of Principal Components

Therefore, this study next extracts the principal components of the independent and de-
pendent variables using PLS. The analysis of the influencing factors shows that there are six
possible factors affecting the infrared temperature measurement error, thus there are six in-
dependent variables, which are measured temperature (x1), ambient temperature (x2), am-
bient humidity (x3), temperature inside helmet (x4), humidity inside helmet (x5), and wind
speed (x6), and the temperature error (y) to be compensated is the dependent variable. Thus,
the 490 sets of experimental data were divided into two sets X = [x1, x2, x3, x4, x5, x6]490×6
and Y = [y]490×1. In order to eliminate the influence of data dimensions, X and Y are
normalized as E0 = [E01, E02, E03, E4, E05, E06]490×6 and F0 = [F0]490×1 , respectively. Then,
the first pair of principal components t1 and u1 of the two sets of variables can be extracted.
According to the standardized observation data matrices E0 and F0 of the two sets of
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variable sets, the score vector of the first pair of components can be calculated and recorded
as t̂1 and û1, as shown in Formula (2) and (3).

t̂1 = E0w1 =

⎡⎢⎣ x11 · · · x16
...

. . .
...

x4901 · · · x4906

⎤⎥⎦
⎡⎢⎣ w11

...
w16

⎤⎥⎦ =

⎡⎢⎣ t11
...

t4901

⎤⎥⎦ (2)

û1 = E0v1 =

⎡⎢⎣ y1
...

y490

⎤⎥⎦[v1] =

⎡⎢⎣ u11
...

u4901

⎤⎥⎦ (3)

where w1 and v1 are the transformation matrices of the first pair of principal compo-
nents.According to the principle of principal component analysis in PLS, in order to
maximize the correlation between t and u, that is, to maximize the covariance of t and u ,
the covariance cov (t1, u1) of the first pair of components t1 and u1 can be calculated by the
inner product of the sum of the score vectors of the first pair of components. Therefore,
the above requirements can be transformed into a mathematical conditional extreme value
problem, as shown in Formula (4).{

〈t̂1, û1〉 = w1
TE0

TF0v1 ⇒ max

w1
Tw = ||w1||2 = 1, v1

Tv = ||v1||2 = 1
(4)

Using the Lagrange Multiplier method, the above problem can be transformed into
finding the unit vectors w1 and v1, so that θ1 = w1

TE0
TF0v1 ⇒ max. Just by calculating

the eigenvalues and eigenvectors of the m order matrix M = E0
TF0F0

TE0, the maximum
eigenvalue of M is θ1

2, the corresponding unit eigenvector is w1, and the corresponding

v1 = w1
TE0

TF0
θ1

. The following results were obtained after calculation:

w1 = [−0.76526 −0.2092 −0.0361 −0.5499 0.0199 0.2579]

v1 = 1

Then, substitute w1 and v1 into Formula (2) and (3) to calculate t1 and u1. The regres-
sion equations of E0 about t1 and F0 about u1 are established respectively, E0 = t̂1αT

1 + E1,
F0 = û1βT

1 + F1, where E1 and F1 are residual matrix. After, replace the E0 and F0 with
E1 and F1 respectively, repeat the above calculation, t2, t3 · · · tr, and u2, u3 · · · ur can
be calculated.

In general, PLS does not need to select all the existing components; however, like
principal component analysis, only the first few components are selected. For the number
of principal components to be extracted for modeling, the value can be determined by a
cross validity test. Each time the ith sample is discarded, the remaining data samples are
regressed by PLS method, and the regression equation fitted after extracting h (h is the
number of principal components extracted) principal components is established. Then,
the ith sample discarded previously is substituted into this regression equation to obtain
the predicted value of y at the ith sample, which is denoted as ŷi(h). Then, repeat the
above steps for i = 1 to 490 to obtain the Prediction Residual Error Sum of Squares (PRESS)
of the dependent variable y when h principal components are extracted, as shown in
Formula (5). After that, all sample points are used to fit the regression equation with h
principal components, and the predicted value of ith sample is thus obtained, which is
denoted as ŷ−i(h). Then, the SS (Error Sum of Squares) of y can be calculated, as shown in
Formula (6).

PRESS(h) =
490

∑
i=1

yi − ŷi(h) (5)
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SS(h) =
490

∑
i=1

y−i − ŷ−i(h) (6)

Generally, when Qh = 1 − PRESS(h)
SS(h−1) < 0.0975, it indicates that the insertion of the hth

new component has no significant improvement on the prediction ability of the model [54].
It is calculated that Qh < 0.0975 when h = 4, therefore only three principal components need
to be extracted in this study, and the expression is shown in Formula (7).⎡⎣ t1

t2
t3

⎤⎦ =

⎡⎣ −0.7653 − 0.2092 − 0.0361 − 0.5499 0.0199 0.2579
−0.5475 0.5350 − 0.5133 0.0961 − 0.3589 0.1119
−0.6450 0.4394 0.0354 0.2354 0.2023 − 0.5416

⎤⎦E0
T (7)

3.4. Fitting by BP Neural Network Model

Compared with the general neural network, a BP neural network can adjust the
weights layer by layer, starting from the last layer, and the loss function is reduced to an
acceptable range through multiple epochs [46]. The general form of weight adjustment in
a neural network is ΔW = η(X)Tδ. Where, η is the learning rate, that is, the step size of
weight adjustment, X is the input matrix, δ is the learning signal, that is, the direction of
each weight adjustment, which is actually a gradient vector [55].

Suppose an N-layer BP neural network, its last layer of learning signal can be described
as δn = (t − y) f ′(XnWn), where t is the expected output, y is the model output, f ′(x) is the
derivative of the activation function, Xn and Wn are the input matrix and weight matrix of
the nth layer, respectively. Moreover, the learning signal of other layers other than the last
layer is δi+1 = δiWi f ′

(
XiWi), where i + 1 represents the layer after the ith layer.

This study adopts a three-layer BP neural network model, including input layer,
hidden layer and output layer. The input layer of the model is X = [t1, t2, t3], the output
layer is Z = [Z], and the expected output is Y = F0. Assuming that the hidden layer has m
neurons, then the output matrix of the hidden layer is H = [h1, h2, h3 · · · hm]. The weight
matrix from the input layer to the hidden layer is V =

[
v1, v2, v3 · · · vj · · · vm

]
, where vj

represents the weight vector of the jth neuron of the hidden layer. The weight matrix from
the hidden layer to the output layer is W = [w].

Due to the superposition of linear functions, no matter how many hidden layers are
calculated, the final output results are linearly varied, that is, the whole model is linear.
In order to remove the linearization of the whole neural network output and make the
whole neural network model non-linear, the sigmoid function is adopted as the activation
function in this study, as shown in Formula (8). Moreover, its derivative function is given
in Formula (9). Sigmoid function is a bounded differentiable real function that is defined
for all real input values and has a positive derivative at each point. It is often used as the
activation function of neural network [56–58].

f (x) =
1

1 − ex (8)

f ′(x) =
e−x

(1 + e−x)2 (9)

Then, the output function of the output layer is Z = f (S), where S = ∑m
j=0 wjhj, and

the output function of the hidden layer is hj = f
(
Sj
)
, where Sj = ∑3

i=1 vijxi. Formula (10)
gives the means to calculate the loss function used in this study. Where n is the total number
of training samples, d(k) is the expected output of the corresponding input x(i), and z(k)
is the actual output of the corresponding input x(i). By substituting the output function
of the output layer and the output function of the hidden layer into the loss function, it
can be found that the loss function is a function of two weight matrices. In order to reduce
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the value of the loss function, the weight should be adjusted in the direction of negative
gradient, as shown in Formula (11) and (12).

E =
∑n

k=1(d(k)− z(k))2

n
(10)

ΔWj = −η
∂E
∂wj

(11)

ΔVij = −η
∂E
∂vij

(12)

where ΔWj is the weight adjustment value from the jth neuron in the hidden layer to the
output layer, and ΔVij is the weight adjustment value from the ith neuron in the input layer
to the jth neuron in the hidden layer, after taking the derivative of the above formulae, the
learning signals of the output layer and the hidden layer are defined as δZ = − ∂E

∂S and
δH

j = − ∂E
∂Sj

. Then, the expression for ΔWj and ΔVij is ΔWj = −ηδZhj and ΔVij = −ηδH
j xi,

respectively. In the process of gradient descent optimization, if the learning rate is set too
large, it will easily lead to model overfitting. However, if the learning rate is set too small,
it will reduce the model optimization speed. Therefore, this study adopts adaptive learning
rate to solve this contradiction. The adaptive rule of learning rate is given in Formula (13).

Δη(k) =

⎧⎨⎩
+a ΔE(k − 1) < 0

−bη(k − 1) ΔE(k − 1) > 0
0 else

(13)

where, a and b are step constants, a > 0, b > 0, k represents the kth epoch. ΔE(k − 1)
represents the gradient value of the squared error function for the k − 1 epochs of the BP
neural network.

In this study, the initial learning rate is η = 0.015, a = 1.05, b = 0.7, the number of
hidden layer neurons is 10. Seventy percent of the 490 groups of sample data are used
as training set: 15% as a test set, and the other 15% as a verification set. Mean Square
Error (MSE) is used to determine the fitting accuracy of the model. Figure 8 shows the
MSE change curve of the model. It can be seen from the figure that the MSE of the data
fitting results of the training set, test set, and verification set changes with an increase in
the number of model epochs. The training stopped after 25 epochs of the model, and the
model accuracy reached the requirements. The MES of the validation set was minimized at
the 19th epoch, with a value of 0.007289.

Figure 8. The MSE change curve of the model.
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4. Modeling and Data Analysis

4.1. Multicollinearity Analysis

In order to test whether the modeling method of coupling a PLS and BP neural
network has an improvement for the accuracy of the model compared with the single
modeling method, this study used Least Square Regression (LSR), Partial Least Square
Regression (PLSR), and BP neural network (BPNN) for modeling based on the same data,
respectively. The fitting scatter plots and residual histograms of four temperature error
compensation models are shown in Figures 9 and 10.

Figure 9. Scatter plot of fitting results of each model.

Figure 9 shows that the PLS-BPNN temperature error compensation model has the
smallest relative error between the fitted values and the actual values, with most points
falling on a straight line. The fits of the other models behave similarly, with more scattered
points falling around the line. Besides, as shown in Figure 10, PLS-BPNN model also
has the smallest residual distribution of −0.5 to 0.3, while the LSR model has the largest
residual range of −1.0 to 1.0. This indicates that the PLS-BPNN model does significantly
improve the temperature compensation accuracy.

In order to more clearly compare the fitting effects of the four models, the relative
error, Root Mean Square Error (RMSE), and the temperature measurement results after
applying the models were statistically analyzed, as shown in Table 2.

Table 2. Statistical table of fitting effect of each model.

Model
Number of

Components R2 RMSE
Relative Error/Count

<0.1 ◦C 0.1 ◦C~0.3 ◦C >0.3 ◦C

LSR 6 0.96079 0.242418341 162 221 107
PLSR 3 0.97542 0.192571607 180 264 46
BPNN 6 0.98915 0.129683998 272 208 10

PLS-BPNN 3 0.99377 0.092084235 372 116 2
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Figure 10. The residual histogram of each model.

Table 2 shows that the number of relative errors greater than 0.3 ◦C in the fitted
data results of the LSR, PLSR, and BPNN models are 107, 46, and 16, respectively, while
only two of the fitted results of the PLS-BPNN model have such a large error, and more
than 75% of the fitted data have an error less than 0.1 ◦C. The R2 of PLS-BPNN model is
0.99377, and the RMSE is about 0.092, indicating that more than 99% of the total error of
the smart helmet temperature measurement system can be explained by the dependence
between temperature error and various influencing factors. Less than 1% is influenced
by random factors. The R2 of the LCR, PLSR, and BPNN models are all lower than that
of the PLS-BPNN model, and the RMSE of all three models is also higher than that of the
PLS-BPNN model, indicating that the PLS-BPNN temperature error compensation model
is a better fit than the other three models.

4.2. Infrared Temperature Measurement Compensation Test

In order to further verify the effectiveness of PLS-BPNN temperature error compen-
sation model in practical engineering applications, 24 groups (as shown in Table 3) of
test data were obtained using self-developed smart helmets in this study. The data was
obtained in the same manner as the data used for modeling.

As can be seen from Table 3, the accuracy of the temperature data collected directly
by the smart helmet can hardly meet the needs for body temperature detection, and the
relative average error reaches 2.80 ◦C, and the RMSE is 1.052. Then, the temperature error
compensation was calculated using the PLS-BPNN model. After using the PLS-BPNN
model to compensate the calculation, the relative average error is reduced to 0.055 ◦C, and
the RMSE is also reduced to 0.0671. Figure 11 shows the relative temperature errors before
and after compensation.

From Figure 11, it can be seen that, after using the PLS-BPNN model, the relative
error range of the infrared temperature measurement results is 0.005~0.143 ◦C, and the
measurement accuracy has been significantly improved to meet the actual management
needs of the construction site.
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Table 3. Test data used to validate the model.

Measured
Temperature

(◦C)

Ambient
Temperature

(◦C)

Ambient
Humidity

(%)

Temperature
Inside Helmet

(◦C)

Humidity
Inside Helmet

(%)

Wind Speed
(m/s)

Temperature Error
(◦C)

33.05 26.41 71.75 28.79 70.86 3.65 3.44
33.12 26.35 42.95 24.04 49.26 1.45 3.49
32.47 27.70 47.09 24.22 44.09 1.99 4.32
33.51 29.07 46.55 28.79 48.14 0.38 3.10
32.32 28.14 40.6 24.81 48.55 1.34 4.30
32.71 26.98 42.69 24.20 50.00 1.01 3.86
32.74 27.55 42.69 24.58 50.00 2.71 3.86
32.75 27.03 46.78 24.39 46.3 2.75 4.05
32.77 27.46 46.94 24.44 47.16 3.11 4.02
34.92 23.56 60.39 28.97 53.82 0 1.96
33.66 25.80 71.26 29.05 71.56 2.99 2.82
33.73 26.46 68.73 27.52 68.64 0 3.04
34.65 24.76 78.36 27.83 70.49 0 1.76
34.66 32.94 56.11 30.69 67.29 1.46 2.14
33.67 26.46 48.72 27.36 46.05 2.83 3.13
34.66 24.49 58.48 29.79 57.46 1.39 2.04
34.63 23.71 60.16 28.22 53.56 0 2.24
34.65 32.01 56.23 30.63 63.02 0.19 2.34
34.67 24.67 74.39 27.87 73.96 0 1.83
35.12 24.35 81.18 28.35 70.19 0 1.49
35.54 24.56 59.59 29.50 56.59 0 1.42
36.24 34.79 40.16 32.48 36.00 1.90 0.96
31.88 27.49 44.32 24.58 51.26 2.88 4.62
33.80 25.27 81.39 27.40 73.73 0 2.70

Figure 11. Temperature error before and after compensation of PLS-BPNN model.

The above test results show that the PLS-BPNN temperature error compensation
model can better compensate the error between the measured value of the infrared temper-
ature measurement system of the smart helmet and the actual body temperature, which
further reflects the advantages of the coupled model in dealing with the multiple correla-
tion and nonlinearity between the independent variables. At the same time, with the help
of the PLS-BPNN model, the smart helmet equipped with an infrared temperature sensor
can also play the role of human body temperature tracking and monitoring, assisting in
epidemic prevention and control in the actual construction management.

5. Conclusions

For the problem that there may be a large difference between the temperature mea-
sured by the infrared temperature measurement system and the actual body temperature
of the smart helmet, this study developed a smart helmet equipped with an infrared tem-
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perature sensor and designed a simulated construction experiment to collect temperature
data and data of various influencing factors that may affect the accuracy of temperature
measurement in indoor and outdoor operating environments, including ambient tempera-
ture, ambient humidity, temperature inside the helmet, humidity inside the helmet, and
ambient wind speed. After that, a PLS-BPNN temperature error compensation model was
established based on the experimental data to correct the temperature measurement results
of the smart helmet. The model uses the PLS method to extract the principal components of
the temperature influencing factors and uses them as input variables to effectively eliminate
the effect of multicollinearity between input variables. Meanwhile, the advantage of a BP
neural network in nonlinear approximation was used to solve the nonlinear problem of the
coupled model.

In addition, this study also compared the temperature compensation effect of PLS-
BPNN model with LSR, PLSR, and BPNN models, and the results showed that the PLS-
BPNN model had a higher accuracy and reliability. For the experimental data collected
in this study, the relative error range of infrared body temperature detection was only
0.005–0.143 ◦C after the compensation calculation of the PLS-BPNN model, which fully
meets the requirements of personnel temperature monitoring in construction site manage-
ment. That is, with the assistance of the PLS-BPNN temperature compensation model, the
smart helmet equipped with infrared temperature sensor has good application prospects
in construction personnel health management.

In the research process, it was found that, if the multivariate statistical analysis theory
and neural network are well connected, the accuracy and efficiency of the model can be
greatly improved. Therefore, this provides a new horizon for future research to solve
similar problems.

In addition to this, the proposed research method has several limitations. Most of the
temperature data used for modeling by this model are in the normal range, and there is a
lack of data of people with fever, which may lead to the poor compensation effect of the
model for the partial error of hyperthermia (temperature greater than 37.5 ◦C). Collecting
more data can result in more accurate results. In future research, experimental data of
febrile patients can be collected to improve the accuracy and generalizability of the model.
Since neural network algorithms play a crucial role in the performance of the model, using
other neural network algorithms or using different activation functions in the same neural
network algorithm may help improve the accuracy and efficiency of our proposed method,
and future research can try to use different neural network algorithms to improve the
performance of the model.
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Abstract: Peridynamics (PD) is a novel nonlocal theory of continuum mechanics capable of describing
crack formation and propagation without defining any fracture rules in advance. In this study, a
multi-grid bond-based dual-horizon peridynamics (DH-PD) model is presented, which includes
varying horizon sizes and can avoid spurious wave reflections. This model incorporates the volume
correction, surface correction, and a technique of nonuniformity discretization to improve calculation
accuracy and efficiency. Two benchmark problems are simulated to verify the reliability of the
proposed model with the effect of the volume correction and surface correction on the computational
accuracy confirmed. Two numerical examples, the fracture of an L-shaped concrete specimen and the
mixed damage of a double-edged notched specimen, are simulated and analyzed. The simulation
results are compared against experimental data, the numerical solution of a traditional PD model,
and the output from a finite element model. The comparisons verify the calculation accuracy of the
corrected DH-PD model and its advantages over some other models like the traditional PD model.

Keywords: peridynamics; dual-horizon; crack propagation; variable horizon; multi-grid

1. Introduction

Material fracture is a classical problem in solid mechanics [1]. In contrast to experi-
mental research, numerical simulations provide a more efficient approach to understanding
material fractures since they eliminate the limitations of complex specimen preparation,
test environment conditions, and loading systems. The finite element method (FEM) is one
of the commonly used numerical methods for solving fracture problems [2,3]. However,
the crack-induced spatial discontinuities are not compatible with the partial differential
equations in classical FEM models [4]. To deal with this problem, some remeshing tech-
niques were incorporated into FEM models, which were usually cumbersome and time
consuming [5,6]. Recently, the extended finite element method (XFEM) was proposed to
solve the intermittent problems of cracks, holes, and inclusions by introducing additional
nodal degrees of freedom and local strengthening functions [7,8]. Besides, the element
erosion technique [9,10] and the phase field method [11,12] were proposed to simulate the
problems of crack propagation with different levels of success. However, these methods
are not applicable to simulate complex multi-crack extended penetration problems in three
dimensions [13].

In recent years, meshless methods have been developed and applied in various engi-
neering fields. They can simulate complex discontinuity without the remeshing process.
For example, Cheng and Li [14] proposed a complex variable meshless method for fracture
problems. Gao and Cheng [15] developed a meshless manifold method based on the com-
plex variable moving least-squares approximation and the finite cover theory for fracture
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problems. Khazal et al. [16] presented an extended element free Galerkin method (XEFGM)
for fracture analysis of functionally graded materials. In addition, the discrete element
method (DEM) is suitable for simulating crack formation and propagation based on the
discontinuity assumption. For instance, Kou et al. [17] adopted the DEM to investigate the
dynamic crack propagation and branching in brittle solids. Owayo et al. [18] investigated
the formation and propagation of cracks in cement-based materials via DEM simulations.
Although some promising achievements have been obtained through the above researches,
DEM has limitations when describing the mechanical behavior of the continuous material.

More recently, Silling et al. [19,20] proposed a new nonlocal theory of continuum
mechanics called peridynamics (PD) for solving material fracture problems. It describes
such a phenomenon by means of the failure of bonds linking material points. This method
replaces the differential form of traditional balance equations with an integral form to
avoid the singularity problem arising from the derivations at discontinuities. Therefore,
PD is appropriate to describe the crack propagation in a unified framework. Owing to
these advantages, it has been successfully applied to crack propagation problems [21,22],
composite material damage [23,24], fluid mechanics and acoustics [25], and heat conduction
analysis [26,27] etc. There are several kinds of peridynamics, such as bond-based PD [19],
state-based PD [28], and element-based PD [29] etc., and they can be easily coupled with
other numerical methods to deal with the interaction between different materials, such as
PD-FEM [30], PD-SPH [31], and PD-DEM [32].

In traditional PD, the problem domain should be discretized into a series of particles
with the same size and uniform distribution, thus limiting its application to complex
problems such as multiscale analysis, multi-material problems, and adaptive analysis.
Dipasquale et al. [33] proposed an adaptive refinement-coarsening method and applied
it to a one-dimensional elastic wave propagation simulation. However, the problem of
spurious stress waves was not completely solved in this model. Bobaru et al. [34] introduced
adaptive refinement algorithms for peridynamics to deal with static and dynamic elasticity
problems in 1D. Shojaei et al. [35] proposed an adaptive refinement strategy to use a
variable grid size in a peridynamic model, which was verified to be effective and efficient.
This approach was then successfully applied to simulate the fracture of a ceramic disk
under central thermal shock [36]. Ren et al. [37,38] proposed a dual-horizon peridynamics
(DH-PD) model incorporating non-uniform particle distribution and variable horizons to
completely solve the problem of spurious stress waves. Wang et al. [39] derived state-based
DH-PD governing equations using the Euler-Lagrange description, and they analyzed the
dispersion characteristics of the model.

In this study, a particle volume correction and a surface correction are introduced in
the DH-PD model to improve the calculation accuracy. In addition, the computational
efficiency of this model is increased by incorporating a multi-grid technique. Two bench-
mark problems are simulated to verify the calculation accuracy of this model. Finally, this
model is applied to analyze two numerical examples to validate the model’s reliability
and applicability.

2. Peridynamics Theory

2.1. Traditional Peridynamics Theory

In traditional PD, the object occupying the spatial domain R is discretized into a
series of closely arranged material points, as shown in Figure 1. The circular (spherical)
region around the material point, x, with itself as the center point and δ as the radius is
called the horizon, Hδ. The interaction force between the material point, x, with any other
neighboring point, x′, in the horizon (x′ ∈ Hδ) is called a pairwise force (bond). At any
moment, t, the governing equation for any material point, x, is as follows [19]:

ρ
∂2u(x, t)

∂t2 =
∫

Hx

f(η,ξ)dVx′ + b(x, t) ∀η,ξ. (1)
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Figure 1. Peridynamics model.

In Equation (1), f is the pairwise bond force between the material point x and its
neighboring point x′, ρ is the density of the material, b is the body force vector, and u is the
displacement vector. The integration domain, Hx, is the horizon of material point, x, in the
reference configuration, mathematically, as Hx = {x′ ∈ R| ‖ x′ − x ‖ ≤ δ}. Additionally,
δ is the radius of the nonlocal horizon of the material point, which is constant for each
material point in the traditional PD theory. Finally, ξ = x′ − x and η = u′ − u denote the
relative position vector and the relative displacement vector with neighboring particles in
the reference configuration, respectively.

The key to building a PD model is to find an appropriate pairwise force function, f.
Theoretically, any function that satisfies the linear admissibility condition and the angular
admissibility condition can be a pairwise force function. In a bond-based PD model, the
direction of the pairwise force vector is parallel to the displacement vector, ξ + η. For
microelastic materials, the pairwise force function in PD model is given by

f(η,ξ) = μc(δ)s(η,ξ)
η+ ξ

‖η+ ξ‖ . (2)

In Equation (2), c(δ) denotes the microelastic modulus, which can be derived from the
strain energy equivalence principle, and expressed in terms of E and ν:

c(δ) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

2E
Aδ2 1D,

3E
πδ3(1−ν)

planestress,
3E

πδ3(1+ν)(1−2ν)
planestrain,

3E
πδ4(1−2ν)

3D.

(3)

Additionally, s represents the bond stretch ratio between two material points, as
defined by:

s(η,ξ) =
‖η+ ξ‖ − ‖ξ‖

‖ξ‖ . (4)

When s is greater than the critical elongation ratio, s0, of the material, the bond
between these two points is considered to be broken, and the corresponding pairwise force
disappears. The critical elongation ratio, s0, can be determined by the relationship given by
Ren et al. [37]:

s0(δ) =

⎧⎪⎨⎪⎩
√

4πGc/(9Eδ) planestress,√
5πGc/(12Eδ) planestrain,√
5Gc/(6Eδ) 3D,

(5)
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where Gc is the critical energy release rate of the material.
The variable μ in Equation (2) is a historical parameter describing whether the bond is

broken. In this case, μ is defined as:

μ(t,η,ξ) =
{

1, s < s0,
0, other.

(6)

According to the above criterion for bond breakage, the degree of damage at the local
material point, x, can be expressed as:

ϕ(x, t) = 1 −
∫

Hx
μ(t,η,ξ)dVx′∫

Hx
dVx′

. (7)

2.2. Dual-Horizon Peridynamics Theory

In traditional PD theory, the force acting on the particle x is the sum of the pairwise
forces from all the neighboring particles in the horizon. Therefore, the horizon must be
constant for all particles to ensure that the force always appears in pairs. If the horizons are
variable, as shown in Figure 2, particle x is subjected to the force f(η, ξ) from the particle x′
in its horizon. However, x′ is not subjected to the force from x because its horizon does
not include particle x. In this case, the existence of such an unbalanced force destroys
the balance of linear momentum and angular momentum and results in ghost forces and
spurious wave reflections during the simulation.

Figure 2. Force vector in peridynamics with varying horizons.

Recently, Ren et al. [37] proposed the concept of dual-horizon, which can solve the
spurious wave reflection problem. The dual-horizon is a union of points, the horizons
of which include x. It is expressed, mathematically, as H′

x = {x′‖x ∈ Hx′ , x′ ∈ R}. The
superscript prime of H′

x denotes a dual-horizon, and the subscript x denotes the object
particle. Therefore, dual-horizon can be interpreted as a set of horizons that belong to
particles that can include x in their horizons. In the DH-PD theory, a particle is subjected to
two types of forces. The first one is the force from a neighboring particle in the horizon.
The other one is the force from the particle in the dual-horizon. Furthermore, these two
different types of forces are independent of each other, and the bond and dual bond can
break independently in the fracture models.

In Figure 2, Hx is the horizon of particle x, where the bond xx′ will exert a direct force
fxx′ on x, and x′ will be subjected to the reaction force − fxx′ according to Newton’s third
law. Likewise, the dual bond x′x will exert a direct force fx′x on x′, and x will be subject
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to the reaction force − fx′x. The time-dependent governing equations of DH-PD [40] are
given as follows:

ρ
∂2u(x, t)

∂t2 =
∫

Hx

fxx′(η,ξ)dVx′ −
∫

H′
x

fx′x(−η,−ξ)dVx′ + b(x, t), (8)

{
fxx′ = μc(x′,δx′)s

η+ξ
‖η+ξ‖ ,

fx′x = −μc(x,δx)s η+ξ
‖η+ξ‖ .

(9)

The micromodulus, c, in Equation (9) depends on the particle spacing of the material
point x and is half of the corresponding micromodulus in traditional PD, see Equation (3).

3. DH-PD Numerical Method

Figure 3 shows the program flowchart of the DH-PD model, which contains the pre-
processing module, particle generation module, boundary treatment module, and damage
degree calculation module. The C++ programming language is used to write the program
code in this study.

Figure 3. Program flowchart of the DH-PD model.
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3.1. Non-Uniform Discretization

The problem domain in the PD model is discretized into a series of particles with the
material information in the reference configuration. There are no elements or other geo-
metrical connections between the particles. The size of each particle is uniformly arranged
and contains a certain volume. The spatial information of each particle is characterized by
the geometric center. Horizons of the particles in the DH-PD model are variable, so, finer
discretization with smaller horizons is always used in the concerning region, such as the
damage area. Additionally, the variability of the horizons requires coarser particles for the
unimportant areas.

The discretization is carried out layer by layer. First, the domain is discretized into
a series of coarse particles with the same spacing. Then, the second-level discretization
is carried out in the area with high stress concentration. The coordinates of the second-
level particles can be determined based on their geometric relationship with the first-level
particles. For example, a two-dimensional plane consists of four particles (P0, P1, P2,
P3) with a volume of V and a spacing of Δx, as shown in Figure 4. For the second-level
discretization, a coarse particle (P1) with the coordinates (x1, y1) can be divided into four
fine particles (P10, P11, P12, P13), with a volume of 0.25 V and a spacing of 0.5 Δx. Therefore,
the coordinates of the fine particle P11 are (x1 + Δx/4, y1 + Δx/4). In the same way, the
second-level particle (P11) can be divided into four third-level particles (P110, P111, P112,
P113). The volume of the third-level particle is V/16, and the particle spacing is Δx/4. Based
on this discretization, the coordinates of these finer particles can be easily determined by
their geometrical relationships.

Figure 4. Layer-by-layer discretization in DH-PD model.

It is worth noting that, when the size difference between adjacent particles is too big,
the finer particles cannot include any coarse particles in their horizons, which may result
in bond deficiency and lead to unexpected failure near the interface. Therefore, in the
presented model, the size difference between adjacent particles is suggested to be smaller
than the radius of the finer particle’s horizon.

3.2. Volume Correction and Surface Correction

In PD theory, the problem domain is discretized into a series of particles, and each
particle interacts with the neighboring particles in its horizon. However, some particles
are located on the boundary and are not completely included in the horizon, as shown
in Figure 5. Therefore, the model requires corrections with regards to the volumes of
these particles when calculating the pairwise forces. For the multilevel discretization in
DH-PD, the horizons of different particles vary with particle size, the particle volume can
be corrected as:

Vj =

⎧⎨⎩
Δx3 (‖ξ‖ ≤ δ− 0.5Δx),
[(δ+ 0.5Δx − ‖ξ‖)/Δx]Δx3 (δ− 0.5Δx < ‖ξ‖ ≤ δ),
0 otherwise.

(10)

170



Mathematics 2021, 9, 2848

Figure 5. Volume correction for the collocation points inside the horizon.

For the particles near the boundary of the problem domain, the number of neighboring
particles in the horizon is lower than other particles, as shown in Figure 6. Therefore, the
stiffness of the particles near the boundary is falsely reduced [41]. To deal with this problem,
Scabbia et al. [42] presented an effective approach to mitigate the surface effect in state-
based Peridynamics. Madenci and Oterkus [43] reconstructed the strain energy density
near the boundary through the force density method and energy method to obtain the
corresponding correction coefficients. The surface correction factor can be obtained by
exerting a simple fictitious load to the object along the direction of the reference coordinate
system. Based on this, the ratio of the strain energy densities calculated through the classical
continuum mechanics theory and PD theory can be used as a valid surface correction factor.

Figure 6. Bond deficiency for the material points close to the free surfaces.

3.3. Explicit Time Integration

Explicit time integration is the simplest solution for the PD equations in dynamics
simulations. In this method, acceleration and velocity are approximatively determined by
the finite difference form of the displacement [44]:

..
u

n
(k) =

.
u

n+1
(k) − .

u
n
(k)

Δt
, (11)

.
u

n+1
(k) =

..
u

n
(k)Δt +

.
u

n
(k). (12)
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In Equations (11) and (12), u,
.
u,

..
u define the displacement, velocity, and acceleration

vector, respectively. In addition, Δt represents the time increment, k denotes the particle
number, and n equals the time step number. With this, displacement can be updated as:

un+1
(k) =

.
u

n
(k)Δt + un

(k). (13)

Restricting the time step increment ensures the stability of the time integration, because
the computational stability decreases as the time step increases. Silling and Askari [20]
proposed a relationship,

Δt =

√√√√ 2ρ

∑
p

ΔVpCp
, (14)

to determine the critical time step in a PD model, where p is the number of the neighboring
particles in the horizon, ΔVp is the volume of the neighboring particle, and Cp is the
microelastic modulus of the material.

4. Numerical Examples and Discussions

In this section, two benchmark tests are simulated to verify the accuracy and stability
of the corrected DH-PD model: longitudinal vibration of a bar and wave reflection in a
rectangular plate. The numerical results are compared with the analytical solutions and
the finite difference method (FDM) results to validate the computational accuracy and the
feasibility of the non-uniform discretization. Then, the corrected DH-PD model simulates
two numerical examples: fracture of an L-shaped concrete specimen and mixed damage of
a double-edged notched (DEN) specimen. The applicability and unique advantages of this
model in crack propagation modeling are discussed.

4.1. Benchmark Problem 1: Longitudinal Vibration of a Bar

Figure 7 shows a bar with a fixed end on the left. The set parameters for the bar
include the length of the bar, L = 1 m, the elastic modulus, E = 200 GPa, its Poisson’s ratio,
ν = 0.33, and the density, ρ = 7850 kg/m3. The initial velocity of each material point is
vx (x, t) = 0, and the initial displacement gradient is defined as:

∂ux

∂x
= εH(Δt − t), (15)

where H is a step function, and ε = 0.001 is the initial strain.

Figure 7. Geometry of a bar and its discretization.

The bar is discretized into 1000 particles with a particle size of Δx = 0.001 m. Three
fictitious boundary particles are fixed at the left side of the bar for the enforcement of
displacement constraints. “No-fail zone” is commonly used for some applications under
extreme loading conditions to avoid unexpected failure between the particles close to the
external boundaries. For the loading conditions in the numerical examples presented in
this paper, no-fail zone is not used. The computational time step is set as Δt = 0.2 μs, and
the horizon associated with each particle is set as 3Δx. The particle with the initial position
of x0 = 0.5 m is selected as the analysis object. Its displacement time history is compared
with the analytical solution [44], as shown in Figure 8. The expected longitudinal vibration
is successfully captured by the DH-PD model after the volume correction and surface
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correction. Overall, the numerical results are consistent with the analytical solution, thus
verifying the accuracy of the presented DH-PD model.

Figure 8. Variation of the displacement of the particle numbered 500 with time.

An error analysis is conducted, below, to assess the effect of the volume correction and sur-
face correction on the calculation accuracy. The parameters are set ‖Error‖ =

∥∥∥u− uanalytic

∥∥∥
(shown in Figure 9), and the analysis shows that the introduction of the volume correction
and surface correction reduces the error to 0.01 mm.

Figure 9. Errors of the DH-PD model with and without correction.

Figure 10 shows the convergence curves of DH-PD and corrected DH-PD models at
t = 4.0 ms. It indicates that the L2 error in the displacement of the corrected DH-PD model
is smaller than that of the DH-PD model, thus verifying that the volume correction and
surface correction can improve the computational accuracy to some extent. Figure 10b
shows that horizon size has little effect on the computational accuracy for the corrected
DH-PH model in this case study. According to Silling and Askari [20], the horizon radius
slightly greater than 3Δx usually works well. Therefore, the horizon radius is fixed at
3.015 times the particle size in this work.
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Figure 10. Convergence curves in L2 error norm of DH-PD and corrected DH-PD models.

4.2. Benchmark Problem 2: Wave Reflection in a Rectangular Plate

Figure 11 shows the geometric size of a rectangular plate in the initial state of: length,
L = 10 m, width, W = 1 m, elastic modulus, E = 10 GPa, density, ρ = 2500 kg/m3, and
Poisson’s ratio, ν = 0.33. The left end of the plate is fixed, and the right end is assigned a
velocity boundary, v(t), based on Equation (16). In Equation (16), H (t0 − t) is the Heaviside
function, and t0 = 2 ms is the duration of the velocity boundary. The plate is dispersed
into 1600 particles, and there is a dense area in the middle section of the plate with the
following PD parameters: matter point dispersion spacing (Δx = 0.1 m), particle spacing in
the encrypted region (0.5Δx), and the time step (Δt = 1 μs).

v(t) = (1 − cos
2π

t0
t)H(t0 − t). (16)

Figure 11. Geometry of the plate in the initial state.

The numerical results of the velocity wave propagation through the dense zone are
shown in Figure 12 (DH-PD above, PD below). When the time is 2.4 ms, the velocity
waveform transmitted is about to enter the dense area. Figure 12a shows that both PD and
DH-PD simulate this stage accurately. When the time is 3.4 ms, the velocity of the center
point in the dense area reaches the theoretical maximum of 2 m/s when using the DH-PD
algorithm. When the traditional PD algorithm is used, the phenomenon of false wave
reflection to the right will be found, weakening the wave peak of the velocity waveform in
the dense area (Figure 12b). This violates the wave propagation theory in the same material
and cannot completely simulate the wave propagation process. When the time reaches
4.6 ms, the velocity wave leaves the dense area and enters the non-dense area (Figure 12c).
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Figure 12. Velocity contour of wave passing through dense area.

The material points at the free end of the plate and the middle-end of the plate are
monitored and their velocity characteristics are extracted and shown in Figure 13. The
FDM simulation curves are almost identical to the analytical solutions, both of which can
be used as a reference group. The conventional PD simulation is used to show anomalous
spurious reflected waves. At a time of 3.5 ms, the velocity in the dense region is less than
1 m/s, which is half of the real value, and the spurious velocity wave is also received at
the free end. DH-PD can simulate the complete propagation process of the wave, and it
matches both the analytical solution and the FDM solution.

Figure 13. Time-velocity curves of analytical solution and numerical solution. (a) Velocity history at
the free end of the bar. (b) Velocity history at the middle of the bar.

175



Mathematics 2021, 9, 2848

4.3. Numerical Application 1: Fracture of L-Shaped Concrete Specimen

Figure 14 shows the geometry of an L-shaped concrete specimen [45,46]. A total of
22,728 particles with different particle sizes and varying horizons are used in this case.
Specifically, 7504 finer particles (Δx = Δy = 1.25 mm) are used near the corner of the
L-shaped specimen, where the stress is relatively concentrated, 4300 coarser particles
(Δx = Δy = 5 mm) are distributed at the periphery of the specimen, and 10,924 particles of
size Δx = Δy = 2.5 mm are distributed between finer particles and coarser particles. The
horizon size is set as 3.015 times the particle spacing. The information of the particles is
shown in Table 1 and Figure 14. The other physical parameters include the modulus of
elasticity, E = 25.85 GPa, the Poisson’s ratio, ν = 0.18, the energy release rate, Gc = 65 J/m2,
and the time increment, Δt = 0.1 μs. A displacement boundary, u, is exerted at the left side
of the specimen, as shown in Figure 14.

Figure 14. L-shaped plate geometry and three-level discretization.

Table 1. Values of peridynamics parameters for the DH-PD model.

Level Δx = Δy Horizon δ Particle Numbers

I 5 mm 3.015 Δx 4300
II 2.5 mm 3.015 Δx 10,924
III 1.25 mm 3.015 Δx 7504

Total 22,728

Figure 15 shows the simulated crack propagation in the L-shaped plate. At t = 0.65 ms,
a crack appears at the corner point of the L-shaped plate and propagates in the direction of
26◦ on the horizontal. Then, the direction of crack propagation changes to horizontal at a
time close to t = 1 ms. The transverse crack expands to the right boundary of the specimen
and cuts across the plate when t = 2.5 ms.
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Figure 15. Snapshots of simulated crack propagation in the L-shaped plate.

Figure 16 shows the numerical and experimental crack propagation paths. The simu-
lated results essentially coincide with the experimental data recorded in the literature [45].
To quantitatively compare the results, the Pearson correlation coefficient of the experimen-
tal and numerical crack paths in Figure 16 is calculated. In this case, 52 points on the crack
paths with an equal horizontal distance from the corner point are selected as the analysis
objects. Assuming the vector X (x1, x2, x3, . . . . . . , x52) represents the calculated vertical
coordinates of these points, and Y (y1, y2, y3, . . . . . . , y52) represents the measured ones in
the experiment, the Pearson correlation coefficient of the two vectors can be calculated as:

Corr(X, Y) =

n
∑

i=1
(xi − x)(yi − y)√

n
∑

i=1
(xi − x)2 × n

∑
i=1

(yi − y)2

. (17)

Figure 16. Comparison of the numerical and experimental crack propagation paths [45].

In Equation (17), x and y are the average values of the two data sets, respectively.
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According to Equation (17), the correlation coefficient between the experimental and
numerical results is calculated to be 0.988, suggesting that the numerical results have a
strong correlation with the experimental data. Therefore, the calculation accuracy of the
presented DH-PD model is verified.

To quantitatively compare the numerical and experimental results, the load-displacement
curves are obtained based on the numerical results, and are compared with the experimental
data in Figure 17. The comparison shows that the varying tendencies of the simulated
curves match the experimental data well, and the calculated peak values of the load are
close to the test value, thus verifying the validity and applicability of the presented model.
In addition, the figure also shows that the corrected DH-PD model has a relatively higher
simulation accuracy than DH-PD model.

Figure 17. Comparison of the numerical and experimental displacement–load curves [45].

4.4. Numerical Application 2: Mixed Damage of a DEN Specimen

Figure 18 shows a square thin plate with a length of 200 mm on each side, an elastic
modulus of E = 30 GPa, a density of ρ = 2265 kg/m3, a Poisson’s ratio of ν = 0.33, and
energy release rates of GIc = 110 J/m2 and GIIc = 1100 J/m2. There is a prefabricated crack
25 mm in length and 5 mm in width on both sides of the specimen [46,47]. A uniform load,
p, with a resultant force of 5 kN is applied in the horizontal direction on the left upper half
and the right lower part of the plate. Meanwhile, a velocity load, v = 10 mm/s, is applied
at the upper and lower boundaries of the plate, as shown in Figure 18.

Figure 18. Geometric dimensions of a double-edged notched specimen.
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The PD and DH-PD models are separately used to simulate this problem with the
model parameters shown in Table 2. In the PD model, the square specimen is discretized
into 25,440 particles with a spacing of Δx = Δy = 1.25 mm. In the DH-PD model, the
specimen is discretized into two kinds of particles: 5280 finer particles with a spacing of
Δx = Δy = 1.25 mm in the middle part of the specimen, and 5040 coarser particles with a
spacing of Δx = Δy = 2.5 mm near the boundary of the specimen. The uniform force, p,
on both sides is transformed into a physical load, p/Δy, which is applied to the particles
at the outermost layer of the plate. The velocity load, v, is exerted on the three layers of
particles at the upper and lower boundaries of the specimen. Finally, the step length is set
to Δt = 0.1 μs.

Table 2. Values of peridynamics parameters for the PD and DH-PD models.

Model Δx = Δy Horizon δ Particle Numbers

PD 1.25 mm 3.015 Δx 25,440
DH-PD 2.5 mm, 1.25 mm 3.015 Δx 5040 + 5280 = 10,320

Figure 19 shows the simulated crack propagation in the DEN specimen based on
both the traditional PD model and the DH-PD model proposed in this work. The crack
paths and the propagation velocities obtained from these two models match each other.
To compare the computational efficiency of the two models, Table 3 shows the calculation
times of the same simulation using both models. The DH-PD model drastically improves
the use of computational resources largely by increasing efficiency by 119.4% under the
same operation mode.

Figure 19. Cont.
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Figure 19. Snapshots of simulated crack propagation in the double-edged notched specimen using
the DH-PD model (left) and traditional PD model (right).

Table 3. Calculation time and efficiency of the two models.

Model Particle Numbers Calculation Time

PD 25,440 390.172 s
DH-PD 10,320 177.866 s

Efficiency Increased 119.4%

Figure 20 compares the simulated crack paths with experimental data obtained by
Nooru-Mohamed et al. [47], those calculated by the FEM model proposed in [48], and
the traditional PD model. All the simulated crack paths coincide with the experimental
results. To quantitatively analyze the computational accuracy of the corrected DH-PD
model, Table 4 lists the Pearson correlation coefficients of the numerical and experimental
crack paths shown in Figure 20. The comparison demonstrates that the simulation results
obtained by the corrected DH-PD model proposed in this study match the experimental
results better than those obtained by other numerical models.

Figure 20. Comparison of the experimental and numerical (from the models of current study and
other numerical studies) crack paths [47,48].
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Table 4. Correlation coefficients between the test and numerical results on the crack paths.

Numerical Models Corrected DH-PD DH-PD PD FEM

Correlation Coefficients 0.957 0.952 0.952 0.929

5. Conclusions

In this study, an efficient DH-PD model was developed based on the PD theory and
the concept of dual-horizon. In this model, a technique of nonuniformity discretization
with variable horizons was incorporated, which significantly improved the computational
efficiency. Moreover, volume correction and surface correction were introduced to improve
computational accuracy of the model. Finally, the DH-PD model was verified and applied
to simulate crack propagation problems, producing valuable results.

The presented DH-PD model was verified through the simulation of benchmark prob-
lems. After comparing the numerical results against the analytical solution and FDM
results, high goodness of fit was obtained to verify the accuracy of the corrected DH-PD
model. No spurious wave reflection was found during the simulation, confirming the
advantage of the corrected DH-PD model over the traditional PD method. Addition-
ally, the surface correction and particle volume correction could substantially reduce the
calculation error.

In the simulation of the fracture of an L-shaped concrete specimen, the specimen was
discretized into particles with three different sizes and varying horizons. The simulated
crack propagation produced a crack path consistent with the experimental results. Based on
the Pearson correlation coefficient for quantitatively comparing the results, the coefficient
value of 0.988 verified the calculation accuracy of the presented DH-PD model.

The corrected DH-PD model simulates the mixed damage of a DEN specimen. The
simulated crack paths were compared against the experimental data and the results ob-
tained by the traditional PD model and the FEM model. The comparison showed that
the corrected DP-PD model has a higher simulation accuracy than the FEM model and is
computationally more efficient than the traditional PD method.

Author Contributions: Conceptualization, Z.D., L.W. and Z.L.; methodology, Z.D. and J.X.; writing—
original draft preparation, Z.D. and J.X.; writing—review and editing, S.Q. and L.W.; visualization,
J.X. and Z.L.; supervision, S.Q.; funding acquisition, Z.D., Z.L. and L.W. All authors have read and
agreed to the published version of the manuscript.

Funding: This research was funded by the National Natural Science Foundation of China (Grant No.
42102318, 42002272, 41807266), the Program for Professor of Special Appointment (Eastern Scholar)
at Shanghai Institutions of Higher Learning, and the Shanghai Science and Technology Innovation
Action Plan (21DZ1204202).

Institutional Review Board Statement: Not applicable.

Informed Consent Statement: Not applicable.

Data Availability Statement: The data presented in this study are available on request from the
corresponding author.

Acknowledgments: The authors are grateful for the support from the Department of Civil Engineer-
ing, Shanghai University.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Ravi-Chandar, K. Dynamic Fracture of Nominally Brittle Materials. Int. J. Fract. 1998, 90, 83–102. [CrossRef]
2. Ma, X.; Wang, F. The Fracture Analysis of Instop Gasket Using FEM Simulations. Adv. Sci. Lett. 2011, 4, 2573–2577. [CrossRef]
3. Ramaswamy, K.; Babu, P.R. Fracture analysis of composite pressure vessel using FEM. Int. J. Comput. Mater. Sci. Eng. 2021, 10,

2150003. [CrossRef]
4. Warren, T.L.; Silling, S.A.; Askari, A.; Weckner, O.; Epton, M.A.; Xu, J. A non-ordinary state-based peridynamic method to model

solid material deformation and fracture. Int. J. Solids Struct. 2009, 46, 1186–1195. [CrossRef]

181



Mathematics 2021, 9, 2848

5. Hou, C.-Y. Various remeshing arrangements for two-dimensional finite element crack closure analysis. Eng. Fract. Mech. 2017,
170, 59–76. [CrossRef]

6. Bouchard, P.; Bay, F.; Chastel, Y.; Tovena, I. Crack propagation modelling using an advanced remeshing technique. Comput.
Methods Appl. Mech. Eng. 2000, 189, 723–742. [CrossRef]

7. Moës, N.; Dolbow, J.; Belytschko, T. A finite element method for crack growth without remeshing. Int. J. Numer. Methods Eng.
1999, 46, 131–150. [CrossRef]

8. Chen, J.-W.; Zhou, X.-P. The enhanced extended finite element method for the propagation of complex branched cracks. Eng.
Anal. Bound. Elem. 2019, 104, 46–62. [CrossRef]

9. Unosson, M.; Olovsson, L.; Simonsson, K. Failure modelling in finite element analyses: Element erosion with crack-tip enhance-
ment. Finite Elem. Anal. Des. 2006, 42, 283–297. [CrossRef]

10. Alter, C.; Kolling, S.; Schneider, J. An enhanced non–local failure criterion for laminated glass under low velocity impact. Int. J.
Impact Eng. 2017, 109, 342–353. [CrossRef]

11. Wang, L.; Zhou, X. Phase field model for simulating the fracture behaviors of some disc-type specimens. Eng. Fract. Mech. 2020,
226, 106870. [CrossRef]

12. Msekh, M.A.; Sargado, J.M.; Jamshidian, M.; Areias, P.M.; Rabczuk, T. Abaqus implementation of phase-field model for brittle
fracture. Comput. Mater. Sci. 2015, 96, 472–484. [CrossRef]

13. Zhu, Q.Z.; Ni, T.; Zhao, L.Y. Simulations of crack propagation in rock-like materials using peridynamic method. Chin. J. Rock
Mech. Eng. 2016, 34, 3507–3515. (in Chinese).

14. Cheng, Y.; Li, J. A complex variable meshless method for fracture problems. Sci. China Ser. G Phys. Mech. Astron. 2006, 49, 46–59.
[CrossRef]

15. Gao, H.; Cheng, Y. A Complex Variable Meshless Manifold Method for Fracture Problems. Int. J. Comput. Methods 2010, 7, 55–81.
[CrossRef]

16. Khazal, H.; Bayesteh, H.; Mohammadi, S.; Ghorashi, S.S.; Ahmed, A. An extended element free Galerkin method for fracture
analysis of functionally graded materials. Mech. Adv. Mater. Struct. 2015, 23, 513–528. [CrossRef]

17. Kou, M.M.; Han, D.C.; Xiao, C.C.; Wang, Y.T. Dynamic fracture instability in brittle materials: Insights from DEM simulations.
Struct. Eng. Mech. 2019, 71, 65–75.

18. Owayo, A.A.; Teng, F.C.; Chen, W.C. DEM simulation of crack evolution in cement-based materials under inclined shear test.
Constr. Build. Mater. 2021, 301, 124087. [CrossRef]

19. Silling, S. Reformulation of elasticity theory for discontinuities and long-range forces. J. Mech. Phys. Solids 2000, 48, 175–209.
[CrossRef]

20. Silling, S.; Askari, E. A meshfree method based on the peridynamic model of solid mechanics. Comput. Struct. 2005, 83, 1526–1535.
[CrossRef]

21. Oh, M.; Koo, B.; Kim, J.-H.; Cho, S. Shape design optimization of dynamic crack propagation using peridynamics. Eng. Fract.
Mech. 2021, 252, 107837. [CrossRef]

22. Ni, T.; Zaccariotto, M.; Zhu, Q.-Z.; Galvanetto, U. Static solution of crack propagation problems in Peridynamics. Comput. Methods
Appl. Mech. Eng. 2019, 346, 126–151. [CrossRef]

23. Hu, Y.; Madenci, E. Peridynamics for fatigue life and residual strength prediction of composite laminates. Compos. Struct. 2017,
160, 169–184. [CrossRef]

24. Postek, E.; Sadowski, T. Impact model of the Al2O3/ZrO2 composite by peridynamics. Compos. Struct. 2021, 271, 114071.
[CrossRef]

25. Mikata, Y. Peridynamics for fluid mechanics and acoustics. Acta Mech. 2021, 232, 3011–3032. [CrossRef]
26. Mikata, Y. Peridynamics for Heat Conduction. J. Heat Transf. 2020, 142, 081402. [CrossRef]
27. Shou, Y.; Zhou, X. A coupled thermomechanical nonordinary state-based peridynamics for thermally induced cracking of rocks.

Fatigue Fract. Eng. Mater. Struct. 2020, 43, 371–386. [CrossRef]
28. Silling, S.A.; Lehoucq, R.B. Convergence of Peridynamics to Classical Elasticity Theory. J. Elast. 2008, 93, 13–37. [CrossRef]
29. Liu, S.; Fang, G.; Liang, J.; Fu, M.; Wang, B. A new type of peridynamics: Element-based peridynamics. Comput. Methods Appl.

Mech. Eng. 2020, 366, 113098. [CrossRef]
30. Sun, W.; Fish, J. Coupling of non-ordinary state-based peridynamics and finite element method for fracture propagation in

saturated porous media. Int. J. Numer. Anal. Methods Géoméch. 2021, 45, 1260–1281. [CrossRef]
31. Ren, B.; Fan, H.; Bergel, G.L.; Regueiro, R.; Lai, X.; Li, S. A peridynamics–SPH coupling approach to simulate soil fragmentation

induced by shock waves. Comput. Mech. 2015, 55, 287–302. [CrossRef]
32. Zhang, Y.; Pan, G.; Zhang, Y.H.; Haeri, S. A multi-physics peridynamics-DEM-IB-CLBM framework for the prediction of erosive

impact of solid particles in viscous fluids. Comput. Methods Appl. Mech. Eng. 2019, 352, 675–690. [CrossRef]
33. DiPasquale, D.; Zaccariotto, M.; Galvanetto, U. Crack propagation with adaptive grid refinement in 2D peridynamics. Int. J. Fract.

2014, 190, 1–22. [CrossRef]
34. Bobaru, F.; Yang, M.; Alves, L.F.; Silling, S.A.; Askari, E.; Xu, J. Convergence, adaptive refinement, and scaling in 1D peridynaics.

Int. J. Numer. Methods Eng. 2009, 77, 852–877. [CrossRef]
35. Shojaei, A.; Mossaiby, F.; Zaccariotto, M.; Galvanetto, U. An adaptive multi-grid peridynamic method for dynamic fracture

analysis. Int. J. Mech. Sci. 2018, 144, 600–617. [CrossRef]

182



Mathematics 2021, 9, 2848

36. Bazazzadeh, S.; Mossaiby, F.; Shojaei, A. An adaptive thermo-mechanical peridynamic model for fracture analysis in ceramics.
Eng. Fract. Mech. 2020, 223, 106708. [CrossRef]

37. Ren, H.; Zhuang, X.; Cai, Y.; Rabczuk, T. Dual-horizon peridynamics. Int. J. Numer. Methods Eng. 2016, 108, 1451–1476. [CrossRef]
38. Rabczuk, T.; Ren, H. A peridynamics formulation for quasi-static fracture and contact in rock. Eng. Geol. 2017, 225, 42–48.

[CrossRef]
39. Wang, B.; Oterkus, S.; Oterkus, E. Derivation of dual-horizon state-based peridynamics formulation based on Euler–Lagrange

equation. Contin. Mech. Thermodyn. 2020, 1–21. [CrossRef]
40. Ren, H.; Zhuang, X.; Rabczuk, T. Dual-horizon peridynamics: A stable solution to varying horizons. Comput. Methods Appl. Mech.

Eng. 2017, 318, 762–782. [CrossRef]
41. Le, Q.V.; Bobaru, F. Surface corrections for peridynamic models in elasticity and fracture. Comput. Mech. 2018, 61, 499–518.

[CrossRef]
42. Scabbia, F.; Zaccariotto, M.; Galvanetto, U. A novel and effective way to impose boundary conditions and to mitigate the surface

effect in state-based Peridynamics. Int. J. Numer. Methods Eng. 2021, 122, 5773–5811. [CrossRef]
43. Madenci, E.; Oterkus, E. Peridynamic Theory and Its Applications. In Peridynamic Theory and Its Applications; Springer:

Berlin/Heidelberg, Germany, 2014.
44. Speronello, M. Study of Computational Peridynamics, Explicit and Implicit Time Integration, Viscoelastic Material; University of Padua:

Padua, Italy, 2015.
45. Winkler, B.; Hofstetter, G.; Niederwanger, G. Experimental verification of a constitutive model for concrete cracking. Proc. Inst.

Mech. Eng. Part L J. Mater. Des. Appl. 2001, 215, 75–86. [CrossRef]
46. Naderi, M.; Jung, J.; Yang, Q.D. A three dimensional augmented finite element for modeling arbitrary cracking in solids. Int. J.

Fract. 2016, 197, 147–168. [CrossRef]
47. Nooru-Mohamed, M.B.; Schlangen, E.; van Mier, J.G. Experimental and numerical study on the behavior of concrete subjected to

biaxial tension and shear. Adv. Cem. Based Mater. 1993, 1, 22–37. [CrossRef]
48. Ožbolt, J.; Reinhardt, H. Numerical study of mixed-mode fracture in concrete. Int. J. Fract. 2002, 118, 145–162. [CrossRef]

183





mathematics

Article

An Extended Car-Following Model Based on Visual Angle and
Electronic Throttle Effect

Hongxia Ge 1,2,3,*, Siteng Li 1,2,3 and Chunyue Yan 1,2,3

Citation: Ge, H.; Li, S.; Yan, C. An

Extended Car-Following Model

Based on Visual Angle and Electronic

Throttle Effect. Mathematics 2021, 9,

2879. https://doi.org/10.3390/

math9222879

Academic Editor: Yumin Cheng

Received: 8 October 2021

Accepted: 9 November 2021

Published: 12 November 2021

Publisher’s Note: MDPI stays neutral

with regard to jurisdictional claims in

published maps and institutional affil-

iations.

Copyright: © 2021 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

1 Faculty of Maritime and Transportation, Ningbo University, Ningbo 315211, China;
2011084006@nbu.edu.cn (S.L.); yan.chunyue@scientechmed.com (C.Y.)

2 Jiangsu Province Collaborative Innovation Center for Modern Urban Traffic Technologies,
Nanjing 210096, China

3 National Traffic Management Engineering and Technology Research Centre, Ningbo University Sub-Centre,
Ningbo 315211, China

* Correspondence: gehongxia@nbu.edu.cn

Abstract: With the continuous advancement of electronic technology, auto parts manufacturing
institutions are gradually applying electronic throttles to automobiles for precise control. Based
on the visual angle model (VAM), a car-following model considering the electronic throttle angle
of the preceding vehicle is proposed. The stability conditions are obtained through linear stability
analysis. By means of nonlinear analysis, the time-dependent Ginzburg–Landau (TDGL) equation is
derived first, and then the modified Korteweg-de-Vries (mKdV) equation is derived. The relationship
between the two is thus obtained. Finally, in the process of numerical simulations and exploration, it
is shown how the visual angle and electronic throttle affect the stability of traffic flow. The simulation
results in MATLAB software verify the validity of the model, indicating that the visual angle and
electronic throttle can improve traffic stability.

Keywords: car-following model; visual angle model; electronic throttle angle; stability analysis

1. Introduction

Urban roads are an important link between the city’s economy and development,
and the stable operation of road traffic has an important impact on the city’s construction.
Nowadays, the increasing number of motor vehicles has seriously affected the driving
environment, and traffic phenomena (such as traffic congestion, road overload, average
speed drop, etc.) cannot be ignored. It requires a systematic view to guide the opera-
tion of traffic flow in order to integrate vehicles, road facilities and users into a whole
and facilitate collaboration. The application of traffic flow theory can better analyze the
traffic phenomenon and its essence, so that the road can maximize its effectiveness. The
macroscopic model, mesoscopic model, and microscopic model are the general classifica-
tion of the traffic flow model, including cellular automation models [1–4], car-following
models [5–16], hydrodynamic lattice models [17–25], continuum models [26–32] and route
optimization models [33–35]. Usually, the actual traffic flow is affected by the stimulation
of time and space, and its change process is a dynamic and very complicated process.
Therefore, in combination with practice, the basic idea of the generalized car-following
theory is “response = sensitivity × stimulus”.

According to the stimulation framework, the driver’s response comes from the stimu-
lus given by the environment. Different variants of the car following models that provide
different stimuli for the driver in the traffic flow model are shown below. The Gazis–
Herman–Rothery (GHR) model [36] is based on the “response = sensitivity × stimulus”
framework, which is set under the assumption that the current driver is stimulated and
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the acceleration of the responsively controlled vehicle is affected by the current velocity,
headway and velocity difference from the previous vehicle. Its formulation is as follows:

dvn(t)
dt

= λΔvn(t − τ) (1)

where the velocity of the n-th car at time t is represented by vn(t), the reaction time of
the driver is expressed as τ, the sensitivity of the relative speed is expressed as λ, and the
relative speed of time t − τ is expressed as Δvn(t − τ).

The optimal velocity model (OVM for short) is proposed by Bando et al. [37]. They
took the optimal velocity of driver into account. The OVM model formula is as follows:

dvn(t)
dt

= α[V(Δxn(t))− vn(t)] (2)

where the sensitivity of a driver is represented by α, the optimal velocity function is
represented by V(Δxn(t)), and the difference in headway of two successive vehicles is
represented by Δxn(t) = xn+1(t)− xn(t).

The acceleration in OVM is too high and the deceleration is impractical; therefore,
Helbing et al. [38] put forward the generalized force model (GFM). GFM has two drawbacks
under blocking density, one of which is that it cannot account for the delay time of the
vehicle motion, and the other is that it cannot describe the velocity of kinematic wave
speed. Jiang et al. [39,40] believed that only considering the impact of negative velocity
difference on cars is still inadequate, so they developed the full velocity difference model
(FVD). Its formula is as follows:

dvn(t)
dt

= α[V(Δxn(t))− vn(t)] + λΔvn(t) (3)

where the speed difference coefficient is expressed as λ, and the difference in velocity of
two successive vehicles is expressed as Δvn(t) = vn+1(t)− vn(t). All previously proposed
models are based on the assumption that the driver’s behavior is perfectly reasonable,
and has the ability to accurately sense distance, speed and acceleration. It does not take
into account the psychological characteristics of the driver who will change during the
follow-up process. Based on the FVD, Jin [41] proposed a visual angle model (VAM), which
introduces the follower driver’s perspective into the car-following model by considering
the perspective and its rate of change, as shown in Figure 1.

 

Figure 1. Car-following stimulated by the driver’s perspective.

The model formula is as follows:

dvn(t)
dt

= α[V(θn(t))− vn(t)]− λ
d
dt

θn(t) (4)

where the driver’s sensitivity to the difference between the optimal velocity and the
current velocity is represented by α; the driver’s optimal velocity based on the follower’s
perspective is represented by V(θn(t)); the angle of view observed by the driver of the n-th
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car at time t is represented by θn(t); the velocity of n-th car at time t is represented by vn(t);
and the sensitivity of the stimulus dθn(t)/dt is represented by λ.

The driver’s visual angle can be approximated as follows:

θn(t) =
wn−1

Δxn(t)− ln−1
(5)

where wn−1 and ln−1 are the width and the length of the (n − 1)-th car, and Δxn(t) is the
headway between the n-th car and (n − 1)-th car.

The car-following process is generally limited to a single lane. If the driver sees that
the vehicle in front is close to them, the possibility of rear-end collision increases. The
stimulus of the preceding vehicle to the driver of the following car prompts the driver of
the following car to increase the distance between the two cars. The width and length of
the preceding vehicle will also affect the driver’s perspective of judging the traffic situation
ahead. If the driver is unable to take precautions against the traffic ahead, out of the
psychological stimulus to protect their own safety, the driver of the following vehicle will
increase the distance between the two vehicles at this time.

In order to obtain an accurate expression of the driver’s visual angle, assuming that
the definition of uniform traffic flow is that all vehicles are moving at the optimal velocity
V(θ0) and the same distance from the preceding vehicle h, we use the following formula:

x0
n(t) = hn + V(θ0)t (6)

where the optimal velocity is denoted as V(θ0), the distance headway is expressed as h, the
position of the n-th car is expressed as x0

n(t), and the visual angle of the driver of the rear
vehicle is expressed as θ0(t) = wn−1/h − ln−1. Each parameter in the equation is in a stable
state. Adding a small disturbance xn(t) = x0

n(t) + yn(t), θn(t) can be rewritten as follows:

θn(t) =
wn−1

h + Δyn(t)− ln−1
=

wn−1[(h − ln−1)− Δyn(t)]

(h − ln−1)
2 − (Δyn(t))

2 (7)

Equation (8) can be derived by eliminating the second-order term of Δyn(t):

θn(t) =
wn−1

(h − ln−1)
− wn−1 · Δyn(t)

(h − ln−1)
2 (8)

The follower’s visual angle and its rate of change can be obtained by deriving the
derivation of t on both sides of the Equation (8):

d
dt

θn(t) = − wn−1

(h − ln−1)
2 Δy′n(t) (9)

Substituting Equation (9) into Equation (4), we can obtain a more intuitive expression
of VAM:

dvn(t)
dt

= α[V(θn(t))− vn(t)] + λ
wn−1

(h − ln−1)
2 Δvn(t) (10)

When the vehicle is driving on the road, the visual system is the most important
channel for the driver to perceive external information. If the driver observes that the
distance between their vehicle and the preceding vehicle gradually becomes smaller, the
driver will immediately make adjustments to the current driving behavior.

In addition, the electronic throttle angle is the core variable of the traffic flow stability
control system, which is related to the velocity and acceleration of the vehicle. It mainly
transmits the operation information of the vehicle in front to the rear, thereby affecting the
stability of road traffic. Therefore, considering the above two factors comprehensively, it is
closer to the actual traffic situation and provides a reference for road traffic management.
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This paper comprehensively considers the two factors of visual angle and electronic
throttle effect to make the model closer to the actual traffic situation in the simulation
process. Section 2 introduces the influence of the external factor of the angle of view and
the internal factor of the electronic throttle on the car-following behavior of the vehicle.
Both are taken into account in the car-following model, and its linear stability conditions
are provided through calculation and analysis. Section 3 performs a nonlinear analysis
near the critical point to derive the TDGL equation. In Section 4, the mKdV equation is
provided through calculation and analysis. In Section 5, the factors considered in this paper
are numerically simulated by using MATLAB to analyze the impact of information transfer
in the actual transportation system. In Section 6, the conclusions are summarized finally.

2. The Extended Model and Linear Stability Analysis

From the driver’s perspective, consider the driver’s attention to the surrounding
environment and the psychological pressure caused by the surrounding objects on the
driver, and use mathematical models to abstractly express the influence of external objects
on the driver’s driving behavior. From the perspective of the automobile structure, the
electronic throttle is the core component of the automobile engine operation, and its
working performance directly affects the performance of the vehicle.

An electronic throttle system consists of a DC drive (powered by the chopper), a
gearbox, a valve plate, a dual return spring, and a position sensor. The driver can control
the velocity and acceleration of the vehicle by controlling the angle of the electronic throttle.
When the driver steps on the accelerator pedal, it does not directly drive the throttle, but
first collects the pedal information and inputs it to the control unit. The control unit drives
the throttle valve plate to open and performs precise control of the opening angle according
to the input information and the control algorithm pre-stored in it. The proposed model
in this paper takes the electronic throttle angle difference of the preceding vehicle into
account, which is shown below:

dvn(t)
dt = α

[
V(θn)

(
− wn−1

(h−ln−1)
2 Δxn(t)

)
− vn(t)

]
+ λ

wn−1

(h−ln−1)
2 Δvn−1(t)

+k(βn(t)− βn−1(t))
(11)

The electronic throttle angle difference was quoted by Qin et al. [42]. The mathematical
relation between the speed and acceleration and electronic throttle angle is as follows:

βn(t) =
1
q

[
dvn(t)

dt
+ p(vn(t)− ve)

]
+ βe (12)

where the current balance speed is represented by ve, the current balance electronic throttle
angle is represented by βe, which corresponds to the current balance speed, and p and q
both represent constants and are greater than zero.

Calculate the difference between the electronic throttle angle of the n-th car and the
(n − 1)-th car by Equation (12):

βn(t)− βn−1(t) =
1
q

[
dvn(t)

dt
− dvn−1(t)

dt
+ p(vn(t)− vn−1(t))

]
(13)

Substituting Equation (13) into Equation (11), the new expression of Equation (11) is
calculated as follows:

dvn(t)
dt

=α

[
V(θn)

(
− wn−1

(h − ln−1)
2 Δxn(t)

)
− vn(t)

]
+ λ

wn−1

(h − ln−1)
2 Δvn−1(t)

+
k
q

[
dvn(t)

dt
− dvn−1(t)

dt
+ p(vn(t)− vn−1(t))

] (14)
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where the headway distance between the (n + 1)-th car (the preceding car) and the n-th
car (the rear car) is denoted by Δxn(t) = xn+1(t)− xn(t), the different sensitivity of each
driver is denoted by α, and the electronic throttle angle difference coefficient is denoted by k.

The optimal velocity function adopts the following formula:

V(θn(t)) = V1 + V2tanh[C1(wn−1/θn(t))− C2] (15)

where the various parameters are calibrated as follows: V1 = 6.75 m/s, V2 = 7.91 m/s,
C1 = 0.13 m−1, C2 = 1.57. Δxn = hc : V ′′ (hc) = 0 is the turning point of the increasing
function V(·), which has an upper limit.

The TDGL equation can be derived from Equation (14). In order to reduce the difficulty
of subsequent nonlinear analysis and improve comprehensibility, Equation (14) is rewritten
into a new form:

d2xn(t)
dt2 =α

[
V(θn)

(
− wn−1

(h − ln−1)
2 Δxn(t)

)
− dxn(t)

dt

]

+λ
wn−1

(h − ln−1)
2

(
dxn(t)

dt
− dxn−1(t)

dt

)
+

k
q

[
d2xn(t)

dt2 − d2xn−1(t)
dt2 + p

(
dxn(t)

dt
− dxn−1(t)

dt

)]
(16)

In addition, Equation (16) can be rewritten as a formula with headway as follows:

d2Δxn(t)
dt2 =α

[
V(θn)

(
− wn−1

(h − ln−1)
2 Δxn+1(t)

)
− V(θn)

(
− wn−1

(h − ln−1)
2 Δxn(t)

)

−dΔxn(t)
dt

]
+ λ

wn−1

(h − ln−1)
2

(
dΔxn(t)

dt
− dΔxn−1(t)

dt

)
+

k
q

[
d2Δxn(t)

dt2 − d2Δxn−1(t)
dt2 + p

(
dΔxn(t)

dt
− dΔxn−1(t)

dt

)]
(17)

The traffic flow is assumed to reach a steady state. Under this assumption, all vehicles
drive forward with a constant headway h and a constant speed V(θ0). Thus, we will
analyze the following equation based on the steady-state solution as follows:

x0
n(t) = hn + V(θ0)t, h = L/N (18)

where the total number of vehicles is represented by N, and the road length is represented
by L. Assume that yn(t) causes a small disturbance to the steady state xn(t) = x0

n(t)+ yn(t),
and linearizes the equation as follows:

d2yn(t)
dt2 = α

[
V′(θ0)

(
− wn−1

(h − ln−1)
2 Δyn(t)

)
− dyn(t)

dt

]

+λ
wn−1

(h − ln−1)
2

(
dyn(t)

dt
− dyn−1(t)

dt

)
+

k
q

[
d2yn(t)

dt2 − d2yn−1(t)
dt2 + p

(
dyn(t)

dt
− dyn−1(t)

dt

)]
(19)
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where the specific items in the formula are the following: Δyn(t) = yn+1(t) − yn(t),
V′(θ0) = dV(θ)/dθ|θ=θ0

. Expanding yn(t) with the form of yn(t) = eikn+zt, we have the
following:

z2 =α

[
V′(θ0)

(
− wn−1

(h − ln−1)
2

)(
eik − 1

)
− z

]
+ λz

wn−1

(h − ln−1)
2

(
1 − e−ik

)
+

k
q

(
z2
(

1 − e−ik
)
+ pz

(
1 − e−ik

)) (20)

If we set z = z1(ik) + z2(ik)
2 + · · · and only retain the first and second order terms of

ik, then we can obtain the following:

z1 = − wn−1

(h − ln−1)
2 V′(θ0) (21)

z2 = − V′(θ0)wn−1

α(h − ln−1)
2

(
α

2
+

wn−1(λ − V′(θ0))

(h − ln−1)
2 +

αpk
q

)
(22)

where z2 > 0 is the premise of the stability of the initial uniform traffic flow, from which
the stability conditions of the new model are calculated as follows:

α >
2wn−1(λ − V′(θ0))

(h − ln−1)
2 − 2pk

q
(23)

The neutral stability condition is as follows:

α =
2wn−1(λ − V′(θ0))

(h − ln−1)
2 − 2pk

q
(24)

When λ and k are fixed, the neutral stability curves with different values of w = 1.8, 2.0, 2.2
are as plotted in Figure 2. It considers the potential impact of the vehicle width of the vehicle in
front on the transportation system. In the case of the same value, with the width of the vehicle
increases, the neutral stability curve moves upward, and the stable area is gradually compressed.
It indicates that the increase in vehicle width has caused disturbance to the driver’s visual angle,
and visual obstruction increases the psychological pressure of the driver and affects the control
of the vehicle. It shows that considering the driver’s angle of view has a negative impact on the
steady state operation of the transportation system.

As shown in Figure 3a–c, when λ and w are fixed, the stable and unstable regions
represented by neutral curves with different k = 0.3, 0.5, 0.8 values will change. As the
value of the coefficient of the electronic throttle angle k increases, the neutral stability curve
moves downward, and the stability area gradually expands, indicating that a new factor
has a positive impact on the stability of traffic flow. Therefore, considering the electronic
throttle angle, the reliability of the system is greatly increased, and the safety of driving
is ensured.
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Figure 2. The phase diagram in the headway sensitivity for different values of λ and w.

Figure 3. The phase diagram in the headway sensitivity for different values of λ and k.

Obviously, considering the combined effects of electronic throttle angle and driver’s
visual angle, it can effectively alleviate traffic congestion, avoid the occurrence of traffic
jams and strengthen the stability of traffic flow, which is in good agreement with the actual
road conditions.
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3. The TDGL Equation

It is necessary to construct the traffic flow models by which one can derive the TDGL
equation since the thermodynamic theory of jamming transition can be formulated by the
TDGL equation [43]. In this section, we perform a nonlinear analysis of Equation (17) near
the critical point (hc, αc) to obtain the TDGL equation describing the traffic behaviors in
this extended model. By introducing the slow scale of time variable t, space variable n and
constant b, the following definitions of slow variables X and T are obtained:

X = ε(n + bt), T = ε3t, 0 < ε � 1 (25)

The headway Δxn(t) is as follows:

Δxn(t) = hc + εR(X, T) (26)

where hc stands for safety distance.
By inserting Equations (25) and (26) to Equation (17), as the Taylor expanding to the

fifth-order of ε, we can obtain the nonlinear partial differential equation as follows:

ε2
(
− wn−1

(h−ln−1)
2 V′ − b

)
∂XR + ε3

(
− wn−1

(h−ln−1)
2

(
1
2 V′ + λτb

)
+ bpτ

(
k
q − 1

))
∂2

XR

+ε4
[(

− wn−1

(h−ln−1)
2

(
1
6 V′ + λτb

2

)
+ bpkτ

2q

)
∂3

XR +

(
− wn−1

(h−ln−1)
2

)
1
2 V ′′′ ∂XR3 − ∂T R

]
+ε5

{(
− wn−1

(h−ln−1)
2

(
1

24 V′ − λτb
6

)
− bpλτ

3q

)
∂4

XR

+

(
− wn−1

(h−ln−1)
2

)
3
4 V ′′′ ∂2

XR3 +

(
wn−1λτ

(h−ln−1)
2 − 2τb + kτp

q

)
∂X∂T R

}
= 0

(27)

Traffic behavior is considered to be near the tipping point τ =
(
1 + ε2)τc. Eliminating the

second-order and third-order terms of ε from Equation (27) by taking b =

(
− wn−1

(h−ln−1)
2

)
V′,

finally the equation is as follows:

ε4∂T R = ε4
(
− wn−1

(h−ln−1)
2

(
1
6 V′ + λτb

2

)
+ bpkτ

2q

)
∂3

XR +

(
− wn−1

(h−ln−1)
2

)
1
2 V ′′′ ε4∂XR3

+ ε3
(
− wn−1

(h−ln−1)
2

(
1
2 V′ + λτb

)
+ bpτ

(
k
q − 1

))
∂2

XR

+ ε5
(
− wn−1

(h−ln−1)
2

(
1
24 V′ − λτb

6

)
− bpλτ

3q

)
∂4

XR

+ ε5
(
− wn−1

(h−ln−1)
2

)
3
4 V ′′′ ∂2

XR3

+ ε5
{(

wn−1λ

(h−ln−1)
2 − 2b + kp

q

)(
− wn−1

(h−ln−1)
2

(
1
6 V′ + λτb

2

)
+ bpkτ

2q

)}
∂4

XR

(28)

The variables x = ε−1X and t = ε−3T are converted by variables X and T, and
equation S(x, t) = εR(X, T) is established. Equation (28) is finally transformed into the
following form:

∂tS =

(
− wn−1

(h−ln−1)
2

(
1
6 V′ + λτb

2

)
+ bpkτ

2q

)
∂3

xS +

(
− wn−1

(h−ln−1)
2

)
1
2 V ′′′ ∂xS3

+

(
− wn−1

(h−ln−1)
2

(
1
2 V′ + λτb

)
+ bpτ

(
k
q − 1

))
∂2

xS

+

(
− wn−1

(h−ln−1)
2

(
1

24 V′ − λτb
6

)
− bpλτ

3q

)
∂4

xS

+

(
− wn−1

(h−ln−1)
2

)
3
4 V ′′′ ∂2

xS3

+

[(
wn−1λ

(h−ln−1)
2 − 2b + kp

q

)(
− wn−1

(h−ln−1)
2

(
1
6 V′ + λτb

2

)
+ bpkτ

2q

)
∂4

xS
]

(29)
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By adding term
(
− wn−1

(h−ln−1)
2

)(
− wn−1

(h−ln−1)
2

(
1
2 V′ + λτb

)
+ bpτ

(
k
q − 1

))
∂xS on two

sides of Equation (29) and performing variable conversion t = t1, x1 = x −
(
− wn−1

(h−ln−1)
2

)
·(

wn−1(V′(θ0)−λ)

(h−ln−1)
2 · 2q

2pk+q

)
∂xS for Equation (29), we obtain the following:

∂t1 S =

(
∂x1 +

(
1
2

V′ + λτb
)

∂2
x1

)
×
{(

− wn−1

(h − ln−1)
2

(
1
6

V′ + λτb
2

)
+

bpkτ

2q

)
∂2

x1
S

×
((

− wn−1

(h − ln−1)
2

(
1
2

V′ + λτb
)
+ bpτ

(
k
q
− 1
))

S

)
+

wn−1

(h − ln−1)
2

1
2

V ′′′ S3

} (30)

The thermodynamic potential is defined as follows:

φ(S) ≡ −
(
− wn−1

(h − ln−1)
2

)(
− wn−1

(h − ln−1)
2

(
1
2

V′ + λτb
)
+ bpτ

(
k
q
− 1
))

S2 − 1
24

V ′′′ S4 (31)

By rewriting Equation (30) with Equation (31), the following TDGL equation is ob-
tained:

∂t1 S = −
(

∂x1 +

(
1
2

V′ + λτb
)

∂x1
2
)

∂Φ(S)
∂S

(32)

Φ(S) ≡
∫

dx1

[
1
2

(
− wn−1

(h − ln−1)
2

(
1
6

V′ + λτb
2

)
+

bpkτ

2q

)
(∂x1S)2 + φ(S)

]
(33)

where the function derivative is denoted by ∂Φ(S)/∂S. TDGL Equation (32) can obtain a
uniform solution, such as Equation (34), and a kink solution, such as Equation (35), when
only non-trivial solutions S �= 0 are considered. Both of them are stable solutions:

S(x1, t1) = ±

⎛⎜⎜⎝
3
4

(
− (h−ln−1)

2

wn−1

)(
− wn−1

(h−ln−1)
2

(
1
2 V′ + λτb

)
+ bpτ

(
k
q − 1

))
V ′′′

⎞⎟⎟⎠
1/2

(34)

S(x1, t1)= ±

⎛⎜⎜⎝
3
4

(
− (h−ln−1)

2

wn−1

)(
− wn−1

(h−ln−1)
2

(
1
2 V′ + λτb

)
+ bpτ

(
k
q − 1

))
V ′′′

⎞⎟⎟⎠
1/2

×tanh

⎧⎨⎩
[(

wn−1

(h − ln−1)
2

(
1

24
V′ − λτb

6

)
+

bpλτ

3q

)(
− wn−1

(h − ln−1)
2

(
1
2

V′ + λτb
))

× (x1 − x0)

]1/2
⎫⎬⎭

(35)

where x0 is a constant. According to Equation (35), we obtain the coexistence curve under
the following conditions:

∂φ/∂S = 0, ∂2φ/∂S2 > 0 (36)

Equation (31) is substituted into Equation (36) to calculate the coexistence curve, which
has the original parameters:

(Δs)co = sc ±

⎛⎜⎜⎝
3
4

(
− (h−ln−1)

2

wn−1

)(
− wn−1

(h−ln−1)
2

(
1
2 V′ + λτb

)
+ bpτ

(
k
q − 1

))
V ′′′

⎞⎟⎟⎠
1/2

(37)
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The spinodal line is given by the following condition:

∂2φ/∂S2 = 0 (38)

The spinodal line calculated by substituting Equation (31) into Equation (38) is de-
scribed by the following:

(Δs)sp = sc ±

⎛⎜⎜⎝
1
4

(
− (h−ln−1)

2

wn−1

)(
− wn−1

(h−ln−1)
2

(
1
2 V′ + λτb

)
+ bpτ

(
k
q − 1

))
V ′′′

⎞⎟⎟⎠
1/2

(39)

The critical point with the original parameters can be obtained by Equation (39) and
condition ∂φ/∂S = 0 as follows:

(Δs)co = hc, α =
2wn−1(λ − V′(θ0))

(h − ln−1)
2 − 2pk

q
(40)

4. The mKdV Equation

The slow-changing behavior at the long wavelength near the critical point is also
worthy of our consideration. In a similar way, we consider the change in traffic behavior
near the critical point. The slow scales of the space variable n and the time variable t are
extracted with the derivation of the TDGL equation. Eliminating the second and third order
terms of ε through taking αc =

2wn−1(λ−V′(θ0))

(h−ln−1)
2 − 2bk

c , αc =
(
1 + ε2)α into Equation (17), we

then obtain the following:

ε4
(

∂T R − g1∂3
XR − g2∂XR3

)
− ε5

(
g3∂2

XR + g4∂4
XR + g5∂2

XR3
)
= 0 (41)

where the five coefficients gi are shown in Table 1 below.

Table 1. The coefficients gi in Equation (41).

g1 g2

(− wn−1

(h−ln−1)
2 (

1
6 V

′
+ λτb

2 ) +
bpkτ

2q ) (− wn−1

(h−ln−1)
2 )

1
2 V”’

g3 g5

(− wn−1

(h−ln−1)
2 (

1
2 V

′
+ λτb) + bpτ( k

q−1)) (− wn−1

(h−ln−1)
2 )

3
4 V”’

g4

( wn−1·λ
(h−ln−1)

2 −2b + kp
q )(− wn−1

(h−ln−1)
2 (

1
6 V

′
+ λτb

2 ) +
bpkτc

2q )− 3
4 V”’(− wn−1

(h−ln−1)
2 )(− wn−1

(h−ln−1)
2 (

1
6 V

′
+ λτb

2 ) +
bpkτ

2q )

In the table V′ = dV(Δxn)/dΔxn
∣∣Δxn=hc and V ′′′ = d3V(Δxn)/dΔxn

3
∣∣Δxn=hc . So as

to derive the regularized equation, we can perform simple variable conversion:

T =
1
g1

T′, R =

√
g1

g2
R′ (42)

So, the standard mKdV equation with o(ε) correction term is as follows:

∂T′R′ = ∂3
XR′ − ∂XR′3 − ε

[
g3

g1
∂2

XR′ + g4

g1
∂4

XR′ + g5

g2
∂2

XR′3
]

(43)
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Without considering the o(ε) term, they only take the kink solution as the mKdV
equation of the required solution:

R′
0
(
X, T′) = √

ctanh
√

c
2
(
X − cT′) (44)

Presuming R′(X, T′) = R′
0(X, T′) + εR1

′(X, T′), the o(ε) correction is considered. So
as to define the propagation velocity c for the kink solution, it can be based on the solvability
condition. The solvability clause is as follows:

(
R′

0, M
[
R′]) ≡ ∫ +∞

−∞
dXR′

0M
[
R′

0
]
= 0 (45)

where M[R′
0] =

g3
g1

∂2
XR′ + g4

g1
∂4

XR′ + g5
g2

∂2
XR′3, we obtain the details of the total velocity c

as follows:
c =

5g2g3

2g2g4 − 3g1g5
(46)

Therefore, the mKdV equation is obtained as the general kink–antikink solution of the
headway:

Δxn(t) = hc ±
√

g1c
g2

(
τ

τc
− 1
)
× tanh

√
c
2

(
τ

τc
− 1
)
×
[

n + (1 − cg1)

(
τ

τc
− 1
)

t
]

(47)

when V ′′′ < 0, the reciprocal of the driver’s sensitivity coefficient is τ.
The coexisting phase is also represented by a kink solution whose Equation (47) is

consistent with that obtained from the TDGL Equation (35). This result indicates that the
interference is depicted either by the solution description of the TDGL equation or by the
propagation solution of the mKdV equation.

5. Numerical Simulation

Through previous research and the conclusions drawn above, discrete equations can
be used in the process of modeling and numerical simulation. We conducted numerical
simulations through the computer mathematics software MATLAB. The equation used is
as follows:

Δt2
[

V(θ0)

(
−wn−1

(h−ln−1)
2 Δxn+1(t)

)
− V(θ0)

(
−wn−1

(h−ln−1)
2 Δxn(t)

)]
− Δt · −wn−1λτ

(h−ln−1)
2

·[Δxn(t + Δt)− Δxn(t)− (Δxn−1(t + Δt)− Δxn−1(t))] + kτ
q [Δxn(t + 2Δt)− 2Δxn(t + Δt)

+Δxn(t)− (Δxn−1(t + 2Δt)− 2Δxn−1(t + Δt) + Δxn−1(t))]
+Δt · kτp

q [Δxn(t + Δt)− Δxn(t)− (Δxn−1(t + Δt)− Δxn−1(t))] = 0

(48)

The initial conditions are the following:⎧⎨⎩
Δxj(0) = Δx0 = 5.0, xj(1) = Δx0 = 5.0, j �= 50, 51.
Δxj(1) = 5.0 − 0.5, j = 50.
Δxj(1) = 5.0 + 0.5, j = 51.

(49)

N = 100 is the total number of vehicles and α = 2 is the driver’s sensitivity coefficient.
Under the condition of setting different parameters, simulations were performed

on the extended model. In Figure 4, under the conditions of different values of
w(w = 1.6, 1.8, 2.0, 2.2), the evolution results of vehicle flow correspond to the sub-
graphs in Figure 4a–d, respectively. Especially when w = 1.6, the traffic flow is in the
most stable state that explains the width of the preceding car having a certain influence
on the follower’s visual angle. It can be observed and analyzed that with the addition
of small disturbances, the initial stable traffic flow transforms into a non-uniform den-
sity wave, and the form of this unstable density wave is just the kink–antikink solution
of the mKdV equation. It is obvious from the four subgraphs in in Figure 4a–d that
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the amplitude of the kink–antikink solution gradually decreases with the increase in
the parameter w. The results show that considering the vehicle width of the preceding
vehicle will interfere with the follower’s perspective, which will inevitably affect the
stability of the traffic flow. The wider the vehicle width, the more it can interfere with
the driver’s perspective and have a negative impact on traffic flow stability.

 

Figure 4. Spatiotemporal evolution patterns of the headway from t = 14, 800 to 15, 000 with different
values of w.

The four sub-pictures in Figure 5a–d correspond to the four sub-pictures in Figure 4a–d,
respectively. They are cross-sectional views taken at the same time, representing the head-
way time-distance distribution and density wave of the preceding vehicle width w at time
t = 15, 000. Gradually, as the parameters decrease w, the amplitude of the traffic flow
becomes smaller. It means that the stability of traffic flow can be positively influenced by
considering the information of the width of the preceding vehicle.

The extended model performed a series of simulations under different electronic
throttle angle coefficient coefficients k(k = 0, 0.1, 0.3, 0.5), as shown in Figure 6. Electronic
throttle can improve the safety, dynamics, stability and economy of car driving, and can
effectively alleviate traffic congestion. From the four sub-graphs in Figure 6, the traffic
flow is in the most stable state when the electronic throttle angle coefficient is k = 0.5.
It is evident from the subgraphs in Figure 6a–d that the amplitude of the kink-antikink
solution decreases with the increase in the angle coefficient of the electronic throttle k. It
can be observed from the figure that as the fluctuation distance of the traffic flow extends
backward, the fluctuation amplitude gradually weakens. The overall trend of traffic
flow fluctuations is to reduce to disappear, which shows that considering the handling
performance of the vehicle ahead (electronic throttle angle coefficient), the traffic flow
can be effectively stabilized. Because the improved model considers the car-following
state, it provides a reference for the driver and can adjust the car-following behavior more
comprehensively. Therefore, considering the factor of the electronic throttle angle, it is
better to provide a reference for the driver, and more fully adjust the current driving state.
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Figure 5. Profiles of the density wave at t = 15, 000 corresponding to Figure 4, respectively.

 

Figure 6. Spatiotemporal evolution patterns of the headway from t = 14, 800 to 15, 000 with different values of k.

The sub-pictures in Figure 7a–d correspond to the sub-pictures in Figure 6a–d, re-
spectively. They show a cross-sectional view of the fluctuation of traffic flow at a selected
moment t = 15, 000, indicating the headway profiles and density wave curve of the elec-
tronic throttle angle of the preceding vehicle. From Figure 7a–d, considering the electronic
throttle feedback coefficient of the preceding vehicle, the traffic jam can be effectively alle-
viated, and the traffic interference can be effectively reduced. As the feedback coefficient of
the electronic throttle increases, the amplitude of the density wave gradually decreases, and
the traffic flow tends to be stable. From the Figure 7, with the adjustment of the parameters,
the transportation system can have obvious positive effects.
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Figure 7. Profiles of the density wave at t = 15, 000 corresponding to Figure 6, respectively.

The relationship between the headway distance and the traffic flow, the velocity and
the density hysteresis loop relationships are shown in Figure 8, respectively. It shows that as
the value increases λ, the size of the loop decreases. This also indicates that considering the
speed difference between the current vehicle and the front vehicle can effectively alleviate
urban road traffic congestion, reduce the incidence of accidents, and reduce traffic losses.

Figure 8. Hysteresis loops obtained from the velocities v1(t) and the densities ρ1(t) = 1/Δx1(t)
respectively.
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6. Conclusions

The model in this paper is based on VAM to describe changes in traffic conditions.
From the perspective of the driver, it better combines human factors and achieves a more
ideal simulation result. The influence of the electronic throttle angle feedback of the pre-
ceding vehicle is taken into consideration. By carrying out linear analysis, neutral stability
curves and critical points are obtained. The TDGL equation is obtained by nonlinear
analysis, and then the coexistence curve, metastable curve and critical point are described
according to the obtained thermodynamic potential. The mKdV equation of the model is
obtained by the same method.

Numerical simulation through MATLAB shows that the driver will perceive objects
around the vehicle, such as other vehicles, infrastructures and so on, during the driving
process. These environmental objects will form a stimulus for the driver (for example, the
stimulus of the front vehicle to the driver’s perspective) with varying degrees of intensity.
Analyzing and modeling this stimulus will help understand the behavior of the driver
during driving. Numerical simulation also shows that the electronic throttle is the core
component of automobile engine operation, and its working performance directly affects
the performance of the vehicle. Therefore, it is necessary to consider the impact of the
electronic throttle angle difference between the preceding vehicle and the current vehicle
on the traffic. In the past few decades, the intelligent transportation system (ITS) has
achieved rapid development, and the number of cars has also shown a rapid upward trend.
Our research helps people better understand the characteristics of traffic flow from the
aspects of vehicle external environment and internal structure. This can effectively alleviate
traffic congestion, which is of great significance for intelligent highway construction and
improving driver’s driving environment. Finally, by comparing the theoretical analysis
with numerical simulation, the conclusions are highly consistent.
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Abstract: Based on the basic principle of thermodynamics, an elastoplastic damage constitutive
model of concrete is constructed in this paper. The model is realized and verified in FLAC3D, which
provides a solid foundation for the study of dynamic response and fatigue damage to the base
structure of a heavy haul railway tunnel. The dynamic response and damage distribution of the base
structure of a heavy-duty railway tunnel with defects were numerically simulated by the concrete
elastic-plastic damage constitutive model. Then, by analyzing the response characteristics of the
tunnel basement structure under different surrounding rock softening degrees, different foundation
suspension range and different foundation structure damage degree are determined. The results
show the following: (1) The elastoplastic damage constitutive model of concrete can well describe the
stress–strain relationship of materials, especially with the simulation results of post peak softening
being in good agreement with the test results, and the simulation effect of the unloading–reloading
process of the cyclic loading and unloading test also meet the requirements. (2) The initial stress field
and dynamic response of the tunnel basement structure under the action of train vibration load are
very different from the ideal state of the structure design when the surrounding rock of the base
is softened, the base is suspended, or the basement structure is damaged. With the surrounding
rock softening, basement hanging, or basement structure damage developing to a certain extent, the
basement structure will be damaged. (3) The horizontal dynamic stress amplitude increases with
the increase in the softening degree of the basement surrounding rock. The horizontal dynamic
stress of the measuring point increases with the increase in the width of the hanging out area when
the hanging out area is located directly below the loading line. When the degree of damage to the
basement structure is aggravated, the horizontal dynamic tensile stress of each measuring point
gradually decreases. (4) The maximum principal stress increment increases with the increase in the
fracture degree of the basement structure, while the minimum principal stress increment decreases
with the increase in the fracture degree of the basement structure, but the variation range of the large
and minimum principal stress increments is small. The research results have important theoretical
and practical significance for further analysis of the damage mechanism and control technology of
the foundation structure of a heavy haul railway tunnel with defects.

Keywords: heavy haul; railway tunnel; basement structure; dynamic response characteristics; defects

1. Introduction

Through the analysis of the field investigation results of tunnel defects at home
and abroad, it was found that the basement structure of the tunnel is the most common
site of tunnel structure defects. After long operation periods, many tunnel basement
structures will show damage, subsidence, and other defects, and the track irregularity
will be aggravated, even leading to rail fracture in serious cases, which poses a threat to
the safety of train operation. At present, the academic understanding of the causes of the
defects in the tunnel basement structure is as follows: under the coupling effect of train
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vibration and groundwater and other external environmental factors, the bedrock at the
bottom of the tunnel softens and breaks into fine particles, which are carried away by
groundwater erosion. The bedrock gradually forms cavities, and the contact state between
the tunnel basement structure and the bedrock gradually deteriorates, which eventually
leads to the deterioration of the tunnel basement structure. The defect is now present. It
can be seen that the condition of the tunnel basement is one of the key factors affecting the
service condition of its structure [1–14].

In the analysis of the impact of train load on dangerous roads, subgrades, and the
surrounding environment, field test technology is the most direct, obvious, and reliable
research method. The early vibration prediction is based on a large number of field test
results, and an empirical formula is devised to analyze it. Koch et al. [15] carried out a
field test and analysis of the vibration and noise caused by subway operation in view of its
influence on surface buildings and obtained a mathematical expression of the variation
of noise wave velocity in a tunnel with the thickness of lining shed at a driving speed of
60 km/h. The research team of Zach and Rutishauser analyzed the vibration frequency
and acceleration characteristics of the tunnel structure through field tests [16]. Based
on the European Union scientific research project, Degrende conducted a series of field
tests on the vibration of 35 test trains during operation of the London Metro at a speed
of 20–50 km/h [17]. The test objects included train, rail, tunnel side wall, team invert,
surrounding soil layer, surface, and two buildings 70 m away from the tunnel, and the
time history curve of speed or acceleration at each measuring point was recorded. The
test results showed that the dynamic responses of the rail, tunnel side wall, and invert
increased with the increase in driving speed.

The field testing of tunnel vibration under train load was started late by domestic
scholars. Pan and Xie obtained the dynamic response characteristics of several points on
the tunnel lining gun structure through field tests of the Beijing Metro. Combined with the
track acceleration data and the vibration of the vehicle system, the mathematical expression
of train load was obtained [18]. Zhang and Bai obtained the train vibration signals through
a field test and analyzed them. It was found that these signals could be regarded as a
kind of periodic vibration combination [19]. Furthermore, the mathematical expression
of track vibration acceleration caused by a train passing was obtained through Fourier
transform spectrum analysis. Li and Gao obtained the acceleration of the concrete bottom
layer 0.55 m below the rail surface through a field test of train vibration in the Jinjiayan
Tunnel and pointed out that the vibration caused by the train load occurred on the lining,
which can cause defects in the bottom structure [20]. Wang and Yang conducted a field
test on the vibration of the Zhuting Tunnel structure on the Beijing to Guangzhou Railway
and analyzed the measured data by power spectral density [21]. On this basis, the wheel
rail vibration analysis model was established, and the mathematical expression of train
vibration load was obtained. Xue et al. obtained the vertical vibration velocity of the tunnel
invert and foundation soil as well as the attenuation law of soil pressure along the depth
by simulating the cyclic dynamic load test of high-speed train vibration in a loess tunnel
and further analyzed the variation law of foundation soil pressure and excess hydrostatic
pressure with vibration frequency [22]. Peng et al. analyzed the dynamic response of
the bottom structure of the Wushiling Tunnel under train load through a field test of
vertical static and dynamic stress and acceleration [23]. Shi et al. conducted a long-term
test and analysis of the dangerous deformation of a bottom structure and the stress of
invert concrete and reinforcement of the Xichongzi Tunnel of the Wuhan Guangzhou high-
speed railway and concluded that the tunnel bottom structure experienced the repeated
change process of uplift subsidence, and the stress of invert concrete and reinforcement
experienced the repeated change process of tension compression. In the process of tunnel
construction, the invert is in an unfavorable stress state, so it should be closed as soon
as possible to ensure operation safety [24]. Fu et al., through a field test of the Sanjiacun
Tunnel on the Shuozhou to Huanghua Railway, statistically analyzed the dynamic stress of
the filling layer in different surrounding rock sections, converted the dynamic force into
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static value using the soil column method, and obtained the impact coefficient of the base
structure. Based on this, the dynamic response and impact coefficient of the basement
structure of the dangerous track under the action of a heavy-duty train were analyzed by
establishing a comprehensive analysis model of train tunnel track structure [25]. Yu et al.
studied the virtual hybrid simulation method for underground structures subjected to
seismic loadings [26,27]. Based on the Least Square Method, some scholars have analyzed
different cases [28–41].

Based on the above research, the theoretical analysis of the vibration response of
tunnel structure under train load can only analyze some simplified problems, and there are
many assumptions, which is difficult to reflect the real state of the analysis object.

The reasonable description of concrete damage evolution process under the static and
dynamic coupling of surrounding rock pressure and train load is the key to effectively
evaluate the base condition of heavy haul railway tunnel, and it is the basis to reasonably
and accurately reflect the health state of base structure of heavy haul railway tunnel.
In order to reasonably and accurately reflect the dynamic response characteristics of
the base structure of the defective heavy haul railway tunnel, the following studies are
carried out in this paper: Section 1 introduces the previous research results; Section 2
establishes the elastic-plastic damage model based on the previous research; Section 3
verifies the rationality, correctness, and effectiveness of the elastic-plastic damage model
by numerical tests; Section 4 carries out the dynamic response simulation test of the
foundation structure of a heavy-duty railway tunnel by using the elastic-plastic damage
model; Section 5 analyzes the test data of dynamic response simulation test of foundation
structure of a heavy haul railway tunnel; Section 6 draws the research conclusions and
further observations.

2. Establishment of Elastoplastic Damage Model

The tensile damage variable and shear damage variable are used to phenomenally
reflect the influence of micro damage on the degradation of macro strength and stiffness
of concrete. The elastic Helmholtz free energy of material is defined in the effective stress
space; the development and evolution processes of material damage and plastic deforma-
tion are determined, and the elastic-plastic damage constitutive model in accordance with
the basic principle of thermodynamics is constructed based on the non-associated flow law.

2.1. Lastoplastic Damage Constitutive Relation

(1) Stress–strain relationship

According to the plastic increment theory, the total strain tensor of materials can
generally be divided into elastic strain tensor εe and plastic strain tensor εp.

ε = εe + εp (1)

The elastic part can be obtained by Hooke’s law.

σ = Cεe (2)

where σ is Cauchy stress tensor;
C is the elastic stiffness tensor.
According to Lemaitre’s equivalent stress assumption, the elastoplastic constitutive

relationship of nondestructive materials in effective stress space can be defined.

σ = C0(ε − εp) (3)

where σ is the effective stress tensor; C0 is the initial elastic stiffness tensor.
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In order to clearly distinguish the different effects of tensile and compressive stress on
materials, the effective stress tensor σ is decomposed into positive stress σ+ and negative
stress σ−.

σ = σ+ + σ− (4)

σ+ = ∑
i
〈σi〉(pi ⊗ pi) (5)

where 〈x〉 =
{

0 x < 0
x x ≥ 0

is the Macaulay Function;

pi is the Eigenvector of the σ.

(2) Elastic Helmholtz free energy

Faria et al. proposed the elastic Helmholtz free energy function based on the positive
and negative decomposition of effective stress in the effective stress space.

ψ =
(
1 − D+

)
ψ+

0 +
(
1 − D−)ψ−

0 =
1
2
(
1 − D+

)
σ+ : C−1

0 : σ+ +
1
2
(
1 − D−)σ− : C−1

0 : σ− (6)

Inside:

C−1
0 =

1
E

[
1 + υ

2

(
δikδjl + δilδjk

)
− υδijδkl

]
(7)

where E is the elastic modulus;
υ is the Poisson’s ratio;
δij is the Kronecker symbol.
Then, it is deduced that

σ =
∂ψ

∂ε
=
(
1 − D+

)
σ+ +

(
1 − D−)σ− (8)

(3) Damage criterion

The tensile damage energy release rate Z+ and shear damage energy release rate Z−
corresponding to the tensile e damage variable D+ and compressive damage variable D−
can be expressed as

Z+ = − ∂ψ+

∂D+
= ψ+

0 (9)

Z− = − ∂ψ−

∂D− = ψ−
0 (10)

According to the assumption of damage energy release rate by Li et al. [42], this paper
adopts a similar definition of damage energy release rate.

τ+ = g
(
Z+
)
=

√
E0

(
σ+ : C−1

0 : σ+
)

(11)

τ− = αI1 +
√

J2 (12)

where τ+ and τ− are tensile and compressive forces, respectively;
E0 is the initial Young’s modulus of the material.
Based on the above definition of damage energy release rate, the following damage

criteria are established
τ+ − r+ ≤ 0 (13)

τ− − r− ≤ 0 (14)
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where r+ and r− are the threshold values of tensile and compressive forces, respectively,
and the initial values are r+0 and r−0 , respectively, controlling the range of linear elastic
region, and the relationship between tensile and compressive strength is

r+0 = f+0 (15)

r−0 =

(√
3

3
− α

)
f−0 (16)

where f+0 and f−0 are the linear upper limit strength under uniaxial tension and compres-
sion, which are generally taken according to the following two formulas

f+0 = (0.6 ∼ 0.8) ft (17)

f−0 = (0.3 ∼ 0.5) fc (18)

where ft and fc are uniaxial tensile strength and uniaxial compressive strength, respectively.

2.2. Internal Variable Evolution Process

(1) Damage variable

Based on the above damage criteria and according to the orthogonal flow law, the
damage change rate can be obtained by the following formula

.
D

±
=

.
r± ∂G±(r±)

∂r± (19)

The damage loading and unloading can be judged by Kuhn–Tucker Relationship

.
r± ≥ 0 G± ≤ 0

.
r±G± = 0 (20)

When G± ≤ 0,
.
r± = 0 then D± = 0, it is in the stage of damage unloading or neutral

load change, and the material damage will no longer increase. When
.
r± ≥ 0, G± = 0,

.
r± = τ± ≥ 0, get Formula (21).

.
D

±
=

.
G
±(

r±
) ≥ 0 (21)

According to the following constraints of tensile and shear damage variables, both
tensile and shear damage variables adopt the expressions proposed by Mazars et al.

0 ≤ G±(r±) ≤ 1
.

G
±(

r±
) ≥ 0 G±(r±0 ) = 0 (22)

D+ = 1 − r+0 (1 − A+)

r+
− A+ exp

[
B+

(
1 − r+

r+0

)]
(23)

D− = 1 − r−0 (1 − A−)
r− − A− exp

[
B−
(

1 − r−

r−0

)]
(24)

where A+, B+, A− and B− are constitutive model parameters, A+ and B+ can be calibrated
by uniaxial tensile test, A− and B− can be calibrated by uniaxial compression test.

(2) Plastic deformation

The evolution process of material plastic deformation is described by the Empirical
Formula [43] proposed by Wu.

.
ε

p
= ξ pE0H

( .
D

−)〈εe :
.
ε
〉

σ : σ
: σ (25)
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where ξ p is the empirical parameter of the model, which can be roughly calibrated by
uniaxial compression test. H(•) is the Heaviside step function.

3. Numerical Test Verification of Elastoplastic Damage Model

The reasonable description of the damage evolution process in concrete under the
static and dynamic coupling of surrounding rock pressure and train load was the core issue
in the establishment of the concrete elastic–plastic damage model in this chapter. It was the
key to effectively evaluating the base condition of the heavy haul railway tunnel and the
basis for reasonably and accurately reflecting the health state of the base structure of the
heavy haul railway tunnel.

Using the elastic-plastic damage model established in Section 2, the monotonic loading
and cyclic loading and unloading tests were numerically simulated in FLAC3D. The
loading mode was consistent with the prototype test. The numerical simulation results
and test results were compared to verify the correctness of the constitutive model and the
effectiveness of the model program. However, because the path dependence of unloading
stiffness is not considered in this model, the hysteretic characteristics after unloading and
reloading cannot be reproduced.

3.1. Uniaxial Tensile Test

The uniaxial tensile test simulated the Gopalarantam–Shah test [42]. The initial
Young’s modulus E0 measured in the literature was 3.1 × 104 MPa, and the tensile
strength f+0 was 3.48 MPa. The numerical simulation parameters are shown in Table 1.
The comparison between the numerical simulation results and test results is shown in
Figure 1. It can be seen that the model in this paper better described the whole process
curve of stress–strain in concrete materials under a uniaxial tensile stress state, including
the softening section.

Table 1. Simulation parameters of the uniaxial tensile test.

E0/MPa f+
0 /MPa A+ B+ ξp

3.1 × 104 3.48 1.0 0.518 0.52

Figure 1. Comparison of numerical simulation result and experimental result (uniaxial tensile test).

3.2. Uniaxial Compression Test

The uniaxial compression test simulated the uniaxial compression test of Karsan
and Jirsa [43]. The initial Young’s modulus E0 measured was 3.17 × 104 MPa, and the
compressive strength f−0 was 27.6 MPa. The numerical simulation parameters are shown
in Table 2. The comparison between the numerical simulation results and test results is
shown in Figure 2. The model in this paper also well simulated the stress–strain curve,
including the softening section under a uniaxial compression stress state, and the program
operation results were satisfactory.
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Table 2. Simulation parameters of uniaxial compression test.

E0/MPa f−0 /MPa A− B− ξp

3.17 × 104 10.2 1.0 0.16 0.42

Figure 2. Comparison of numerical simulation result and experimental result (uniaxial compres-
sion test).

3.3. Biaxial Stress Test

The biaxial stress test simulated the test done by Kurfer et al. [44]. In their biaxial stress
test, the measured Young’s modulus was 3.10 × 104 MPa and the compressive strength
was 32.0 MPa. The numerical simulation parameters are shown in Table 3. The working
conditions where the stress ratios of σ1/σ2 comprised −1:0 and −1:−1 were simulated,
respectively. The comparison between the numerical calculation results and the test results
is shown in Figure 3. It can be seen that the simulation effect of the model for the material
stress–strain relationship under biaxial stress also met the requirements.

Table 3. Simulation parameters of biaxial stress test.

E0/MPa f−0 /MPa A− B− ξp

3.10 × 104 15.0 1.0 0.19 0.37

 
(a) 

Figure 3. Cont.
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(b) 

Figure 3. Comparison of numerical simulation result and experimental result (biaxial stress test).
(a) σ1/σ2= −1:0; (b) σ1/σ2= −1:−1.

3.4. Cyclic Tensile Test

The cyclic tensile test simulated Taylor’s test [45]. In Taylor’s uniaxial repeated tensile
test, the measured Young’s modulus was 3.17 × 104 MPa and the tensile strength was
3.47 MPa. The numerical simulation parameters are shown in Table 4. The comparison
between the numerical calculation results and test results is shown in Figure 4. It can be
seen that the model not only well described the post peak strength softening stage, but also
effectively simulated the elastic unloading–reloading process.

Table 4. Simulation parameters of the cyclic tensile test.

E0/MPa f+
0 /MPa A+ B+ ξp

3.17 × 104 3.47 1.0 0.518 0.52

Figure 4. Comparison of numerical simulation result and experimental result (cyclic tensile test).

3.5. Cyclic Compression Test

The cyclic tensile test simulated the cyclic compression test conducted by Karsan
and Jirsa [43]. The measured elastic modulus was 3.0 × 104 MPa, and the compressive
strength was 27.6 MPa. The numerical simulation parameters are shown in Table 5. The
comparison between numerical calculation results and test results is shown in Figure 5.
The model had a good simulation effect on the loading process of cyclic compression test.
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The elastic unloading–reloading process shown by the numerical calculation was slightly
different from the test results and could not describe the hysteretic phenomenon in the
unloading–reloading process in the test.

Table 5. Simulation parameters of cyclic compression test.

E0/MPa f−0 /MPa A− B− ξp

3.0 × 104 13.8 1.0 0.16 0.42

Figure 5. Comparison of numerical simulation result and experimental result (cyclic compres-
sion test).

4. Simulation Experiment on Dynamic Response of the Foundation Structure of a
Heavy Haul Railway Tunnel

4.1. Introduction of Finite Element Calculation Model

The three-dimensional dynamic numerical analysis model was established to sim-
ulate the response characteristics of the tunnel basement structure under dynamic load
and to analyze the dynamic stress and damage distribution of each part of the tunnel
basement structure.

4.1.1. Numerical Model

As shown in Figure 6, the model size is 80 m × 1 m × 80 m, and the unit thickness is
taken along the tunnel axis. The tunnel axis is located in the center of the model, and the
length and width of the model are both 80 m. The developed elastoplastic damage model
is used for the surrounding rock, invert, filling layer, primary support, secondary lining,
and other tunnel structures.

 

Figure 6. Numerical simulation model.
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4.1.2. Calculation Condition

The standard cross-section of railway double line composite lining tunnel is taken as
the typical calculation cross-section. As the measured field data revealed that the running
speed of a heavy train has little influence on the dynamic stress of the tunnel foundation
structure, the numerical analysis mainly focused on the influence of different design
parameters of foundation structure and different conditions of the tunnel foundation on
the dynamic response and damage characteristics of the tunnel foundation structure. The
calculation conditions under different design parameters of the tunnel basement structure
are shown in Table 6.

Table 6. Calculation cases with different design parameters of the tunnel base structure.

Influence Factor Grade of Surrounding Rock Thickness Invert Rise Span Ratio of Invert

Specific parameters

III 30 cm 1/15
IV 40 cm 1/12
V 50 cm 1/10
VI 60 cm 1/8

The benchmark calculation example of the above conditions was as follows: the axle
load of the train is 30 t, the surrounding rock grade is grade V, the invert thickness is 50 cm,
the rise span ratio is 1/12, and the train load acts on the side of the heavy train line. Other
conditions only need to change the corresponding parameters.

4.1.3. Calculation Parameters

The basic physical and mechanical parameters of surrounding rock were adopted as
shown in Table 7. The mechanical damage parameters of concrete are shown in Table 8.

Table 7. Basic mechanical parameters of concrete and surrounding rock.

Structure Elasticity Modulus/GPa Poisson’s Ratio Weight/(kN·m−3) Cohesion/kPa Friction Angle/◦

Ballast 32.0 0.18 25.0 / /
Filling layer 29.0 0.18 25.0 / /

Invert 30.0 0.18 25.0 / /
Second lining 30.0 0.18 25.0 / /
First branch 27.5 0.18 25.0 / /

Surrounding rock 1.5 0.36 19.5 200 42

Table 8. Mechanical damage parameters of concrete.

Structure f−0 /MPa f+
0 /MPa A− B− A+ B+ ξp

Ballast 8.44 1.26 1.15 0.23 1.0 0.58 0.35
Filling layer 4.76 0.89 0.98 0.16 1.0 0.51 0.41

Invert 6.68 1.10 1.05 0.18 1.0 0.54 0.39
Second lining 6.68 1.10 1.05 0.18 1.0 0.54 0.39
First branch 3.84 0.77 0.94 0.14 1.0 0.46 0.43

4.1.4. Simulation Method of Train Dynamic Load

Under the condition of a 30 t axle load and 80 km/h running speed, the Single Side
Static Wheel Weight P0 = 150 kn and the Unsprung Mass M0 = 1200 kg were adopted. The
time history curve of the artificial excitation force as shown in Figure 7 was obtained by
Formula (26). The load acts on the rail simulated by Beam element.

F(t) = k1k2(P0 + P1 sin ω1t + P2 sin ω2t + P3 sin ω3t) (26)

where P0 is the static load of the wheel. P1, P2, P3 are typical vibration load values related
to ride irregularity, dynamic additional load, and wave abrasion, respectively, correspond-
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ing to a typical value of control condition 1©– 3© in Table 4. k1 is the wheel rail force
superposition coefficient. k2 is the rail dispersion transfer coefficient.

Figure 7. Simulative train load time history curve.

The wavelength management values of track geometric irregularity correspond to 1©,
2©, and 3© in Table 9.

Table 9. Track geometry irregularity management value in the UK.

Control Conditions Wavelength/m Normal Vector/mm

According to ride comfort 1©
50.00 16.00
20.00 9.00
10.00 5.00

According to the dynamic additional
load acting on the line 2©

5.00 2.50
2.00 0.60
1.00 0.30

Wave abrasion 3© 0.50 0.10
0.05 0.005

4.1.5. Boundary Conditions

The setting of artificial boundary conditions and vibration wave input are the key links
to realize dynamic numerical analysis, which directly affect the accuracy and credibility
of the calculation results. In the engineering rock mass in semi-infinite space, when the
vibration wave propagates around, it will transmit and refract when it meets the structure
or rock mass structural plane and interfere with the incident wave to form a complex wave
field. In the near-field dynamic numerical analysis, in order to effectively simulate the
stray scattered wave passing through the truncated boundary of the model and make the
vibration wave energy escape to infinity, it is necessary to introduce artificial boundary
conditions to eliminate the reflection and oscillation of vibration wave on the artificial
cutting boundary of the calculation area. In the FLAC3D dynamic analysis of this chapter,
the free field boundary is used as the boundary condition of dynamic analysis.

In the numerical simulation of the vibration response of near surface structures such as
slopes and shallow buried underground structures, the free field motion without structures
must be considered at the lateral boundary of the numerical model. In the numerical
simulation, the free field motion is applied to the model boundary, so that the artificial
boundary remains non reflective. The lateral boundary of the discrete model simulates
the viscous boundary through the coupling of damper and free field, and the unbalanced
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force on the free field node is applied to the boundary node of the discrete model. The
unbalanced force on a plane parallel to the axis in the normal direction can be expressed as⎧⎪⎪⎪⎨⎪⎪⎪⎩

Fx = −ρCp

(
vm

x − v f f
x

)
A + F f f

x

Fy = −ρCs

(
vm

y − v f f
y

)
A + F f f

y

Fz = −ρCs

(
vm

z − v f f
z

)
A + F f f

z

(27)

where ρ is the material medium density. Cp and Cs represent the wave velocities of P-
wave and S-wave in material medium, respectively; A is the influence area of free field
nodes. vm

x , vm
y , vm

z , v f f
x , v f f

y , v f f
z represent the three components along the coordinate axis

of the particle vibration velocity caused by fluctuation on the main node on the artificial
boundary and the corresponding free field node respectively. F f f

x , F f f
y , F f f

z represent the
contribution of normal stress and tangential stress of free field node influence element to
node force, respectively.

If the calculation model is a homogeneous medium without near surface structures,
the calculation area is consistent with the motion law of free field, and the lateral damper
does not work. When the two move relatively, the damper absorbs the energy of the
external traveling wave. In FLAC3D, the free field boundary condition requires that the
bottom surface of the model be a horizontal plane and the normal direction be an axial
direction. The side must be vertical and the normal direction axis or axis direction.

4.1.6. Layout of Measuring Points

The arrangement of measuring points is shown in Figure 8. Measuring points 1 and
5 are respectively located at the joint of side invert and side wall of the loaded line and the
empty line, and measuring points 2, 3, and 4 are respectively located at the right rail of the
loaded line, the center of the tunnel, and just below the center of the empty line.

Figure 8. Measuring point layout.
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5. Analysis of Simulation Experiment Test Data

5.1. Horizontal Dynamic Stress
5.1.1. Influence of Rock Softening on Basement

The amplitude of the horizontal dynamic stress at measuring points 2, 3, and 4
under different softening degrees of the basement surrounding rock is shown in Table 10
and Figure 9.

Table 10. Horizontal dynamic stress amplitudes of measuring points 2, 3, and 4 under different softening degrees of the
basement surrounding rock.

Measuring Point

Horizontal Dynamic Stress Amplitude/kPa under Different Softening Degrees of the Basement
Surrounding Rock

30% Reduction 50% Reduction 80% Reduction 90% Reduction

2 −177.9 −186.6 −214.6 −240.8
3 −93.6 −101.7 −117.4 −139.1
4 −37.6 −38.7 −47.9 −58.8
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−220
−200
−180
−160
−140
−120
−100
−80
−60
−40
−20

0

Figure 9. Horizontal dynamic stress amplitudes of measuring points 2, 3, and 4 under different
softening degrees of the basement surrounding rock.

Under different softening degrees of the basement surrounding rock, the horizontal
dynamic stress of measuring points 2, 3, and 4 was tensile stress. The results showed that the
horizontal dynamic stress of the measuring point under the heavy vehicle line (measuring
point 2) was the largest, the measuring point under the tunnel center (measuring point 3)
was the second largest, and the measuring point under the empty vehicle line (measuring
point 4) was the smallest; the horizontal dynamic stress amplitude increased with the
increase in the softening degree of the basement surrounding rock, and the horizontal
dynamic stress amplitudes of the measuring points 2, 3, and 4 were −240.5, −138.4, and
−59.3 kPa, respectively, when the mechanical parameters of the basement surrounding
rock were reduced by 90%.

5.1.2. The Influence of Base Hanging

The time history curves of the horizontal dynamic stress of measuring points 2, 3, and
4 under different basement hanging ranges are shown in Figure 3, and the amplitudes of
horizontal dynamic stress at measuring points 2, 3, and 4 under different basement hanging
ranges are shown in Table 11 and Figure 10.

The results showed that the horizontal dynamic stress of the measuring point increased
with the increase in the width of the hanging out area when the hanging out area was
located directly below the loading line; when the hanging out area was located at different
positions on the base but with the same width, the horizontal dynamic stress of the
measuring point was quite different.

215



Mathematics 2021, 9, 2893

Table 11. Horizontal dynamic stress amplitudes of measuring points 2, 3, and 4 under different basement hanging ranges.

Measuring Point
Horizontal Dynamic Stress Amplitude/kPa under Different Basement Hanging Ranges

1/4 Width Loading Line 1/2 Width Empty Line 1/2 Width Loading Line 3/4 Width Loading Line

2 −211.8 −184.9 −264.3 −332.2
3 −93.7 −123.3 −119.8 −216.5
4 −37.6 −82.5 −31.6 −55.3
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Figure 10. Horizontal dynamic stress amplitudes diagram of measuring points 2, 3, and 4 under
different basement hanging ranges.

5.1.3. Influence of Basement Structure Damage

The amplitudes of horizontal dynamic stress at measuring points 2, 3, and 4 under
different degrees of damage to the basement structure are shown in Table 12 and Figure 11.

Table 12. Horizontal dynamic stress amplitudes of measuring points 2, 3, and 4 under different degrees of damage to the
foundation structure.

Measuring Point

Horizontal Dynamic Stress Amplitude/kPa under Different Degrees of Damage to the
Basement Structure

10% Reduction 20% Reduction 50% Reduction 80% Reduction

2 −147.8 −138.3 −106.8 −51.2
3 −76.4 −71.9 −47.9 −16.7
4 −31.2 −27.5 −17.7 −6.2
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Figure 11. Horizontal dynamic stress amplitudes diagram of measuring points 2, 3, and 4 under
different degrees of damage to the foundation structure.

The results showed that the horizontal dynamic tensile stress of measuring points
2, 3, and 4 was also the tensile stress under different degrees of damage to the basement
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structure. When the degree of damage to the basement structure was aggravated, the
horizontal dynamic tensile stress of each measuring point gradually decreased.

5.2. Principal Stress
5.2.1. Influence of Rock Softening on Basement

The maximum amplitudes of principal stress at measuring points 1, 2, 3, and 5 under
different softening degrees of the basement surrounding rock are shown in Table 13,
Figures 12 and 13.

Table 13. Maximum principal stress amplitude of measuring points 1, 2, 3, and 5 under different softening degrees of
basement surrounding rock.

Measuring
Point

Maximum Principal Stress Amplitude/kPa under Different Softening Degrees of Basement Surrounding Rock

Maximum Principal Stress Maximum Principal Stress Increment

30% 50% 80% 90% 30% 50% 80% 90%

1 421 387 346 329 −2.7 −1.9 1.4 2.1
2 109 138 162 168 35.8 31.8 28.5 24.9
3 111 96 98 103 21.6 20.2 18.8 16.9
5 437 386 341 321 0.5 −1.2 −1.1 −0.6

Figure 12. Maximum principal stress amplitude diagram of measuring points 1, 2, 3, and 5 under
different softening degrees of basement surrounding rock.

Figure 13. Maximum principal stress increment amplitude of measuring points 1, 2, 3, and 5 under
different softening degrees of basement surrounding rock.

The minimum amplitudes of principal stress at measuring points 1, 2, 3, and 5 under
different softening degrees of the basement surrounding rock are shown in Table 14,
Figures 14 and 15.
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Table 14. Minimum principal stress amplitude of measuring points 1, 2, 3, and 5 under different softening degrees of
basement surrounding rock.

Measuring
Point

Minimum Principal Stress Amplitude/kPa under Different Softening Degrees of Basement Surrounding Rock

Minimum Principal Stress Minimum Principal Stress Increment

30% 50% 80% 90% 30% 50% 80% 90%

1 1706 1615 1471 1407 −55.5 −52.3 −49.2 −53.6
2 1478 1748 2206 2342 −171.2 −187.6 −215.8 −240.1
3 1382 1576 2047 2226 −95.3 −98.4 −117.9 −136.2
5 1727 1639 1498 1425 −11.5 −10.1 −8.4 −6.5

Figure 14. Minimum principal stress amplitude diagram of measuring points 1, 2, 3, and 5 under
different softening degrees of basement surrounding rock.

Figure 15. Minimum principal stress increment amplitude diagram of measuring points 1, 2, 3, and 5
under different softening degrees of basement surrounding rock.

The results showed that when the mechanical parameters of bedrock were reduced
by 30, 50, 80, and 90%, the maximum principal stress and minimum principal stress of
each measuring point were compressive stress, that is, after the train load, the position of
each measuring point was still in a compression state; the increment of principal stress,
especially the increment of minimum principal stress, was smaller than the initial value of
principal stress; the maximum principal stress and minimum principal stress of measuring
points 2 and 3 increased with the increase in softening degree of the basement surrounding
rock. The large and minimum principal stresses of measuring points 1 and 5 decreased with
the increase in the softening degree of the surrounding rock. The influence of dynamic load
on the stress of measuring points 2 (directly below the heavy vehicle line) and 3 (directly
below the tunnel center) was greater than that of measuring points 1 and 5 at the junction
of the side wall and invert.
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5.2.2. Influence of Basement Hanging Ranges

The maximum amplitudes of principal stress measuring points 1, 2, 3, and 5 under
different basement hanging ranges are shown in Table 15, Figures 16 and 17.

Table 15. Maximum principal stress amplitude of measuring points 1, 2, 3, and 5 under different basement hanging ranges.

Measuring
Point

Maximum Principal Stress Amplitude/kPa under Different Basement Hanging Ranges

Maximum Principal Stress Maximum Principal Stress Increment

1/4 Width
Loading

Line

1/2 Width
Empty
Line

1/2 Width
Loading

Line

3/4 Width
Loading

Line

1/4 Width
Loading

Line

1/2 Width
Empty
Line

1/2 Width
Loading

Line

3/4 Width
Loading

Line

1 415 436 357 346 −2.2 −6.4 4.6 3.9
2 11 212 −9 −16 8.7 40.3 8.9 −20.5
3 246 508 286 −17 35.2 −17.6 3.7 −1.3
5 437 353 435 287 −0.8 4.5 −7.4 −31.6

Figure 16. Maximum principal stress increment amplitude diagram of measuring points 1, 2, 3, and
5 under different basement hanging ranges.

Figure 17. Maximum principal stress amplitude diagram of measuring points 1, 2, 3, and 5 under
different basement hanging ranges.

The minimum amplitudes of principal stress measuring points 1, 2, 3, and 5 under
different basement hanging ranges are shown in Table 16, Figures 18 and 19.
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Table 16. Minimum principal stress amplitude of measuring points 1, 2, 3, and 5 under different basement hanging ranges.

Measuring
Point

Minimum Principal Stress Amplitude/kPa under Different Basement Hanging Ranges

Minimum Principal Stress Minimum Principal Stress Increment

1/4 Width
Loading

Line

1/2 Width
Empty
Line

1/2 Width
Loading

Line

3/4 Width
Loading

Line

1/4 Width
Loading

Line

1/2 Width
Empty
Line

1/2 Width
Loading

Line

3/4 Width
Loading

Line

1 1638 2009 1259 1279 −58.1 −57.2 14.6 19.2
2 1590 2106 1397 176 −206.3 −186.4 −265.8 −296.7
3 1547 1947 2332 492 −94.5 −135.3 −94.9 −198.4
5 1819 1235 2041 2154 −11.8 −18.2 −5.8 13.3

Figure 18. Minimum principal stress amplitude diagram of measuring points 1, 2, 3, and 5 under
different basement hanging ranges.

Figure 19. Minimum principal stress increment amplitude diagram of measuring points 1, 2, 3, and 5
under different basement hanging ranges.

The results showed that the main stress amplitude of each measuring point in the
basement hanging empty range did not exceed the tensile strength and compressive
strength of concrete material. When the hanging empty area was directly below the heavy
vehicle line, the main stress amplitude of measuring point 2 changed from 12 to −11 kPa
when the hanging empty area width increased from 1/4 to 1/2, and the main stress
amplitude of measuring point 3 changed from 293 to −18 kPa when the hanging empty
area width increased from 1/2 to 3/4. The results showed that the minimum principal
stress amplitudes of measuring points 2 and 3 decreased sharply from 1408 and 2344 kPa to
182 and 500 kPa, respectively; when the hanging out area was located at different positions
of the tunnel bottom and the hanging out width was the same, the stress of each measuring
point was very different; when the hanging out area was located under the heavy vehicle
line and the width was 1/2, the minimum principal stress amplitudes of measuring points
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1 and 5 were 2020 and 1243 kPa, respectively, while the hanging out area was located
under the empty vehicle line and the width was 1/2. The minimum principal stresses of
measuring points 1 and 5 were 1276 and 2054 kPa, respectively.

5.2.3. Influence of Basement Structure Damage

The maximum principal stress amplitudes at measuring points 1, 2, 3, and 5 under
different degrees of damage to the basement structure are shown in Table 17, Figures 20 and 21.

Table 17. Maximum principal stress amplitude of measuring points 1, 2, 3, and 5 under different degrees of damage to the
basement structure.

Measuring
Point

Maximum Principal Stress Amplitude/kPa under Different Degrees of Damage to the Basement Structure

Maximum Principal Stress Maximum Principal Stress Increment

10% 20% 50% 80% 10% 20% 50% 80%

1 425 428 426 426 0.7 0.7 2.2 3.5
2 96 101 105 114 38.9 39.8 45.1 56.2
3 115 116 114 118 22.4 22.6 22.5 27.9
5 427 429 424 423 −2.1 −1.9 1.0 1.7

Figure 20. Maximum principal stress amplitude diagram of measuring points 1, 2, 3, and 5 under
different degrees of damage to the basement structure.

Figure 21. Maximum principal stress increment amplitude diagram of measuring points 1, 2, 3, and
5 under different degrees of damage to the basement structure.

The minimum principal stress amplitudes at measuring points 1, 2, 3, and 5 under different
degrees of damage to the basement structure are shown in Table 18, Figures 22 and 23.
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Table 18. Minimum principal stress amplitude of measuring points 1, 2, 3, and 5 under different degrees of damage to the
basement structure.

Measuring
Point

Minimum Principal Stress Amplitude/kPa under Different Degrees of Damage to the Basement Structure

Minimum Principal Stress Minimum Principal Stress Increment

10% 20% 50% 80% 10% 20% 50% 80%

1 1766 1764 1765 1764 −44.5 −45.6 −47.5 −47.8
2 1317 1317 1332 1361 −151.3 −148.2 −107.1 −51.1
3 1279 1279 1298 1315 −77.6 −70.2 −51.3 −16.5
5 1782 1776 1780 1769 −14.3 −11.2 −13.6 −17.9

Figure 22. Minimum principal stress amplitude diagram of measuring points 1, 2, 3, and 5 under
different degrees of damage to the basement structure.

Figure 23. Minimum principal stress increment amplitude diagram of measuring points 1, 2, 3, and 5
under different degrees of damage to the basement structure.

The results showed that the maximum principal stress increment increased with the
increase in the fracture degree of the basement structure, while the minimum principal
stress increment decreased with the increase in the fracture degree of the basement structure,
but the variation range of the large and minimum principal stress increments was small.

6. Conclusions and Further Observations

6.1. Conclusions

Based on the basic principle of thermodynamics, the elastoplastic damage constitutive
model of concrete is constructed in this paper. The model is realized and verified in
FLAC3D, which provides a solid foundation for the study of dynamic response and fatigue
damage to the base structure of a heavy haul railway tunnel. The dynamic response and
damage distribution of the base structure of a heavy-duty railway tunnel with defects were
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numerically simulated by the concrete elastic–plastic damage constitutive model. Then,
by analyzing the response characteristics of tunnel basement structure under different
surrounding rock softening degree, different foundation suspension range and different
foundation structure damage degree are determined. The research results have reference
value for analyzing the dynamic response characteristics of the basement structure of a
heavy haul railway tunnel with different defects.

The following conclusions can be made.

(1) The elastoplastic damage constitutive model.

The elastoplastic damage constitutive model of concrete can well describe the stress–strain re-
lationship of materials, especially the simulation results of post peak softening, which were
in good agreement with the test results. Meanwhile, the simulation effect of the unloading–
reloading process of the cyclic loading and unloading test also met the requirements, so as
to verify the rationality of the model and the correctness of the model program.

(2) Health status of tunnel basement structure.

The initial stress field and dynamic response of the tunnel basement structure under
the action of train vibration load are very different from the ideal state of the structure
design when the surrounding rock of the base is softened, suspended, or damaged. When
the surrounding rock softens, basement hanging or basement structure damage develops
to a certain extent, and the basement structure suffers damage.

(3) Horizontal dynamic stress.

The horizontal dynamic stress amplitude increases with the increase in the softening
degree of the basement surrounding rock. The horizontal dynamic stress of the measuring
point increases with the increase in the width of the hanging out area when the hanging
out area is located directly below the loading line. When the hanging out area is located
at different positions of the base but has the same width, the horizontal dynamic stress
of the measuring point is quite different. With the aggravation of the degree of damage
to the basement structure, the horizontal dynamic tensile stress of each measuring point
gradually decreases.

(4) Principal stress

When the mechanical parameters of bedrock are reduced by 30, 50, 80, and 90%,
the maximum principal stress and minimum principal stress of each measuring point are
compressive stress, that is, after the train load, the position of each measuring point is still in
a compression state; the increment of principal stress, especially the increment of minimum
principal stress, is smaller than the initial value of principal stress. The maximum principal
stress increment increases with the increase in the fracture degree of the basement structure.
The minimum principal stress increment decreases with the increase in the fracture degree
of the basement structure. But the variation range of the large and minimum principal
stress increments is small.

6.2. Further Observations

Through theoretical analysis and numerical simulation, this paper studied the dynamic
response characteristics, vibration characteristics, and damage distribution characteristics
of the basement structure of a heavy haul railway tunnel with defects. Although some
conclusions were drawn, there are still some imperfections in the content of this paper
due to the limitations of time and conditions, and there are many problems that need
further study:

(1) This paper only performed a numerical analysis of the damage to the tunnel base
structure and did not study the damage to the base surrounding rock. Mechanical
properties such as strength and stiffness of the surrounding rock are weaker than
that of the base structure and are more prone to damage. The elastic–plastic damage
model of surrounding rock can be introduced into a later numerical analysis to study
the damage to the surrounding rock.
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(2) In this paper, the dynamic response and damage distribution of the basement structure
of the heavy-duty railway tunnel were analyzed only through numerical calculation.
It is hoped that in future research, the damage development and defect generation
mechanism of the basement of the heavy-duty railway tunnel at the mesoscale level
will be analyzed with the indoor test method.
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Abstract: A modified lattice hydrodynamic model is proposed, in which the impact of strong wind
and the optimal estimation of flux difference integral are simultaneously analyzed. Based on the
control theory, the stability condition is acquired through linear analysis. The modified Korteweg-de
Vries (mKdV) equation is derived via nonlinear analysis, in order to express a description of the
evolution of density waves. Then, numerical simulation is conducted. From the simulation results,
strong wind can largely influence the traffic flow stability. The stronger the wind becomes, the more
stable the traffic flow is, to some extent. Similarly, the optimal estimation of flux difference integral
also contributes to stabilizing traffic flow. The simulation results show no difference compared with
the theoretical findings. In conclusion, the new model is able to make the traffic flow more stable.

Keywords: traffic flow; the lattice hydrodynamic model; control signal; strong wind; optimal
estimation of flux difference integral

1. Introduction

As is known to us, traffic congestion is a very distressing problem, caused by the
substantial increase in the number of vehicles. The bad traffic has seriously affected our
travel and production activities. To better study and resolve the traffic problems, scholars
put forward a number of traffic flow models [1–38] from diverse points of view, such as car-
following models [9–20], cellular automation models [21–23], continuum models [24–27],
and lattice hydrodynamic models [28–38]. These models provided reliable theoretical
guidance for resolving traffic jams.

In 1998, Nagatani [39] gained a great deal of enlightenment from the car-following
theory, and then proposed the earliest lattice hydrodynamic model. The model can depict
the actual traffic flow appropriately. Afterwards, large numbers of traffic factors were
combined into Nagatani’s model. Tian [40] took the density difference into consideration.
Zhao [41] developed a model accounting for historical current integration, and its effective-
ness in enhancing traffic flow stability was tested. The model that takes into account the
characteristics of drivers was brought forward by Sharma [42]. In fact, drivers also tend to
have a strong desire of driving smoothly. For this reason, a modified model was proposed
by Wang [43].

However, the models above are mostly from the perspectives of human factors. The
effort is few and far between what has been made to research the influence of the ex-tremely
bad weather, in particular, strong winds. In our daily life, we often hear the news that
numerous traffic accidents have happened because of strong wind. As a result, the research
of strong wind is of great necessity, and many experts have committed themselves to
researching the influence of strong wind on traffic flow. Kwon [44] reported that traffic
accidents may occur due to the wind force. The effect of strong wind was studied by
Liu [45]. The research results of a study applying a car-following model suggest that
strong wind is advantageous for the stability of traffic flow. Here, we study this factor in a
lattice model.
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What is more, lots of traffic information, which can be conducive to ease traffic jams,
should be used as soon as possible, especially the information of the optimal estimation
of flux difference. Yang [46] examined this information on a single lane. Then, this factor
was incorporated into a two-lane system by Peng [47]. In reality, driving is a successive
process. Therefore, in order to better reflect the real traffic, the continuous information of
the optimal estimation of flux difference between time t and t − τ (named as the optimal
estimation of flux difference integral) is considered in this paper. The control method
was a good approach to maintain the traffic flow stability, which has been examined by
many researchers. For instance, delayed-feedback control was exerted to significantly
investigate the lattice model by Ge [48]. The control signal is of significant value to ease
traffic congestion. Recently, Zhu [49] regarded the rate of optimal velocity change as a
novel control strategy. Up until now, the optimal estimation of flux difference integral and
strong wind have not been examined in any lattice models. Motivated by the mentioned
viewpoints, the two factors are explored in an extended model, to reveal their impact on
traffic flow. Within this model, the optimal estimation of flux difference integral is regarded
as the new control signal.

The structure of the current paper is shown below. The first step is to propose the new
model, which can be observed in Section 2. Then, the model’s stability condition is explored
via the control method in Section 3.1. The next two steps, shown in Sections 3.2 and 4,
are about the detailed description of the nonlinear analysis and numerical simulations,
respectively. The final section eventually presents the conclusions of the research.

2. Methods: The Modified Model

Hydrodynamics models are widely exerted to simulate phase change phenomena in
traffic. The initial lattice model on a single lane is presented by Nagatani [24], and the
scholars became accustomed to writing it in the following discretized form:

∂tρj + ρ0
(
ρjvj − ρj−1vj−1

)
= 0, (1)

∂t
(
ρjvj

)
= aρ0V

(
ρj+1

)− aρjvj. (2)

where ρj stands for the density of lattice j, vj is the velocity of lattice j, ρ0 signifies the
local average density, a is the reciprocal of the driver’s delay time, indicating the driver’s
sensitivity. Equation (1) is the continuity equation that is one of the three basic equations
of hydrodynamics and is the concrete expression of the law of mass conservation in
hydrodynamics. Similarly to the car-following model, Equation (2) utilizes the optimal
velocity function V(·) to realize that drivers can adjust their speed according to the number
of vehicles in front of them.

In fact, driving tends to be affected by strong wind. When the wind becomes great
enough, drivers have to adjust the speed of their vehicles to avoid the impact of it. On
the grounds of the analysis of the impact of strong wind in a car-following model [45],
we further explore the impact of wind in a lattice model. Moreover, the effect of op-
timal estimation of flux difference integral [46] has not been researched in the wind.
According to the opinions above, the modified model is demonstrated as below:

∂tρj + ρ0
(
qj − qj−1

)
= 0, (3)

∂t
(
qj
)
= aρ0(1 − ξ)V

(
ρj+1

)− aqj + ak
∫ t

t−τ

[
ρ0V(ρ0)− qj(t)

]
dt. (4)

where ξ is the coefficient that varies with the change in wind force. When ξ = 0, ve-
hicles are not under the influence of strong wind; k represents the control coefficient;∫ t

t−τ

[
ρ0V(ρ0)− qj(t)

]
dt stands for the optimal estimation of flux difference integral; V(·)
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reflects the optimal velocity function, and its formats exerted in this investigation is ex-
pressed as follows:

V(ρ) =
vmax

2

[
tanh

(
1
ρ
− 1

ρc

)
+ tanh

(
1
ρc

)]
. (5)

where ρc denotes safety density and vmax is maximum speed.

3. Discussion

3.1. Linear Stability Analysis

The control method is properly utilized to implement the linear analysis of the novel
model, and the linear stability condition is deduced in this part. To start with, the steady
state of the traffic flow is displayed as the following:

[ρn, qn]
T = [ρ∗n, q∗n]

T , (6)

where ρ∗n and q∗n are the expected density and flux, separately.
Subsequently, with the consideration of small disturbances around the steady state,

the following equation is derived:

∂tδρj+1 + ρ0
(
δqj+1 − δqj

)
= 0, (7)

∂t
(
δqj
)
= aρ0(1 − ξ)Λδρj+1 − aδqj + akτ

[
ρ0V(ρ0)− δqj(t − γτ)

]
. (8)

where Λ = ∂V(ρn+1)
∂ρn+1

∣∣∣
ρn+1=ρ∗

, δρj = ρj − ρ∗ and δqj = qj − q∗.

After the Laplace transform is applied, Equations (7) and (8) can be rewritten as below:

sPj+1(s)− ρj+1(0) + ρ0
[
Qj+1(s)− Qj(s)

]
= 0, (9)

sQj(s)− qj(0) = aρ0(1 − ξ)ΛPj+1(s)− aQj(s) + akτ

[
1
s

ρ0V(ρ0)− e−sγτQj(s)
]

. (10)

where L
(
ρj+1

)
= Pj+1(s), L

(
qj
)
= Qj(s) and L

(
qj(t − γτ)

)
= e−sγτQj(s).

When Pj+1(s) in Equations (9) and (10) is eliminated, the transfer relationship can be
described in the following form:

Qj(s) =
−aρ2

0(1 − ξ)Λ
p(s)

Qj+1(s) +
aρ0(1 − ξ)Λ

p(s)
ρj+1(0) + akτρ0V(ρ0) +

1
p(s)

qj(0). (11)

where p(s) =
(
1 − akγτ2)s2 + a(1 + kτ)s − aρ2

0(1 − ξ)Λ indicates the characteristic poly-
nomial. Then, the transfer function G(s) is acquired in accordance with Equation (11),
and G(s) represents the relationship between flux Qj and Qj+1. The expression of G(s) is
as follows:

G(s) =
−aρ2

0(1 − ξ)Λ
(1 − akγτ2)s2 + a(1 + kτ)s − aρ2

0(1 − ξ)Λ
. (12)

In the control system, as long as p(s) is steady and ‖G(s)‖∞ ≤ 1, traffic congestion
will not take place. Based on the Hurwitz stability criterion, if all the coefficients of the
quadratic polynomial p(s) are greater than zero, namely, k ≤ 1

aγτ2 and −aρ2
0(1 − ξ)Λ > 0,

we can derive that p(s) is stable. Next, the process of solving the inequality ‖G(s)‖∞ ≤ 1
is given below:

‖G(s)‖∞ = sup
ω∈[0,∞)

|G(jω)| ≤ 1, (13)

∣∣∣∣∣∣G(jω)

∣∣∣∣∣∣=
√

G(jω)G(−jω) =

√√√√ (
aρ2

0(1 − ξ)Λ
)2(

(1 − akγτ2)ω2 + aρ2
0(1 − ξ)Λ

)2
+ a2(1 + kτ)2ω2

≤ 1. (14)
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The condition of ‖G(s)‖∞ ≤ 1 is rewritten by further simplifying Equation (14),
as follows:

2aρ2
0(1 − ξ)Λ − 2a2ρ2

0(1 − ξ)Λkγτ2 + a2(1 + kτ)2 ≥ 0. (15)

Finally, the sufficient condition of Equation (15) can be simplified in the following form:

a ≤ −2ρ2
0(1 − ξ)Λ

(1 + kτ)2 − 2kγτ2ρ2
0(1 − ξ)Λ

. (16)

The neutral stability curves are illustrated in Figure 1, where the density–sensitivity
space is separated into two parts by the curves; without satisfying the stability condition,
the region below the solid line is an unstable area. Conversely, the other part, satisfying
the stability condition, is the stability area. By observing Figure 1a, we could find that
the stable region significantly expands when ξ increases. In Figure 1b, with the rise in
k, the unstable region declines. This means that both the strong wind and optimal flux
difference integral do help to boost the enhancement of traffic flow stability, thus reducing
the occurrence of traffic congestion.

(a) (b) 

Figure 1. Phase diagram in parameter space (ρ, α). (a) k = 0, (b) ξ = 0.1.

3.2. Nonlinear Analysis

Aimed to acquire the mKdV equation describing the kink–antikink soliton wave,
nonlinear analysis was conducted near the critical point (ρc, ac). Firstly, we define the slow
variables X and T with time t and lattice j in the following form:

X = ε(j + bt), T = εt3, 0 < ε � 1, (17)

where b stands for an undetermined parameter. For ρj(t), the following equation is satisfied:

ρj(t) = ρc + εR(X, T), (18)

Employing Equations (17) and (18) to replace Equation (4), and then expanding it to
the fifth order of ε through Taylor’s formula, we obtain the following nonlinear equation:

ε2k1∂XR + ε3k2∂2
XR

+ε4[k8∂T R + k3∂3
XR + k4∂XR3]+ ε5[k5∂X∂T R + k6∂4

XR + k7∂2
XR3] = 0

(19)

where ki(i = 1, 2 , · · ·, 8) is elaborated in Table 1, V′ = ∂V(ρ)
∂ρ

∣∣
ρ=ρc and V ′′′ = ∂3V0(ρ)

∂ρ3

∣∣
ρ=ρc .
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Table 1. The coefficients ki of the new model.

k1 a
(
b + ρ2

c (1 − ξ)V′(ρc) + kbτ
)

k2 b2 + 1
2 aρ2

c (1 − ξ)V′(ρc)− 1
2 akb2τ2

k3
1
6
(
aρ2

c (1 − ξ)V′(ρc) + akb3τ3)
k4

1
6 aρ2

c (1 − ξ)V ′′′ (ρc)

k5 2b − akbτ2

k6
1

24
(
ρ2

c (1 − ξ)V′(ρc)− b4τ4)
k7

1
12 aρ2

c V ′′′ (ρc)

k8 a(1 + kτ)

Using b = − ρ2
c (1−ξ)V′(ρc)

1+kτ and ac = a
(
1 + ε2), ε2 and ε3 are eliminated in Equation (19).

Then, the formula can be simplified as follows:

ε4
(

g1∂3
XR + g2∂XR3 + ∂T R

)
+ ε5

(
g4∂4

XR + g5∂2
XR3 + g3∂2

XR
)

= 0, (20)

where gi(i = 1, 2 , · · · , 8) is elaborated in Table 2.

Table 2. The coefficients gi of the new model.

g1
1
6
(
aρ2

c (1 − ξ)V′(ρc) + akb3τ3)
g2

1
6 aρ2

c (1 − ξ)V ′′′ (ρc)

g3
ρ4

c (1−ξ)2V ′2(ρc)

(1+kτ)2

g4
1

24
(
aρ2

c (1 − ξ)V′(ρc)− b4τ4)
g5

1
12 aρ2

c (1 − ξ)V ′′′ (ρc)

After Equation (20) is transformed with T = 1
g1

T′, R =
√

g1
g2

R′, the regularized mKdV

equation that has the correction term O(ε), is obtained:

∂T′R′ = ∂3
XR′ − ∂XR′3 + ε

[
g3

g1
∂2

XR′ + g4

g1
∂4

XR′ + g5

g2
∂2

XR′3
]

, (21)

When the O(ε) is ignored, the regularized mKdV equation can be obtained, and its
soliton solution is as follows:

R′
o
(
X , T′) = √

c tanh
√

c
2
(
X − cT′). (22)

To derive the propagation velocity c in Equation (22), the equation R′(X, T′) =
R′

o(X, T′) + εR′
1(X, T′) is presumed, and the solvability condition given below must

be satisfied: (
R′

o, M
[
R′

o
]) ≡ ∫ +∞

−∞
dX′R′

o M
[
R′

o
]
= 0, (23)

where M[R′
o] =

g3
g1

∂2
XR′ + g4

g1
∂4

XR′ + g5
g2

∂2
XR′3. Consequently, we acquire the general speed

c, shown as follows:

c =
5g2g3

2g2g4 − 3g1g5
. (24)
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Then, utilizing T = 1
g1

T′ and R =
√

g1
g2

R′ for substitution in Equation (22), the

expression of R(X, T) is shown as follows:

R(X, T) =
√

g1c
g2

tanh
(√

c
2
(X − cg1T)

)
. (25)

Eventually, the general solution of the kink–antikink soliton of the density wave is
deduced by inserting Equation (25) into Equation (18), as follows:

ρj(t) = ρc + ε

√
g1c
g2

tanh
(√

c
2
(X − cg1T)

)
, (26)

4. Results of Numerical Simulation

To investigate the effect of strong wind and optimal estimation of flux difference
integral, numerical simulation is conducted on the proposed model. We choose N = 100,
signifying the total number of sites, and the original conditions for the new model are
given as follows:

ρj(1) = ρj(0) =

⎧⎨⎩
ρ0, j �= N

2 , N
2 + 1,

ρ0 − 0.05, j = N
2 ,

ρ0 + 0.05, j = N
2 + 1.

, (27)

where ρ0 = ρc = 0.25, a = 1.3, t = 3000, and vmax = 2.
Figures 2 and 3 only consider the effect of strong wind, whereas Figure 2 illustrates

the space-time evolution of the densities for ξ = 0, 0.1, 0.2, 0.3, severally. With the rise
in the value of ξ, the amplitude of the curve decreases. In Figure 3, the density profile at
time t = 3000s, with different ξ, is demonstrated. Comparing the patterns from (a) to (d)
in Figure 3, it could be discovered that the fluctuation amplitude of the curves obviously
declines. Based on the figures above, when the wind force becomes stronger and stronger,
the traffic flow tends to be more stable, to some extent. That is to say, the strong wind is
conducive to stabilizing the traffic flow.

  
(a) (b) 

  
(c) (d) 

Figure 2. The evolution of the traffic densities for different values of parameter ξ. (a) ξ = 0, (b)
ξ = 0.1, (c) ξ = 0.2, (d) ξ = 0.3.
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(a) (b) 

 
(c) (d) 

Figure 3. The density profile at t = 3000s under the different values of ξ. (a) ξ = 0, (b) ξ = 0.1,
(c) ξ = 0.2, (d) ξ = 0.3.

Then, we further consider the control signal on the grounds of accounting for the
strong wind. The simulation result is given in Figures 4 and 5.

  
(a) (b) 

  
(c) (d) 

Figure 4. The evolution of the traffic flux for different values of parameter k. (a) k = 0, (b) k = 0.1,
(c) k = 0.15, (d) k = 0.2.
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(a) (b) 

 
(c) (d) 

Figure 5. The flux profile at t = 3000s under the different value of k. (a) k = 0, (b) k = 0.1, (c) k = 0.15,
(d) k = 0.2.

Figure 4 represents the space-time evolution of the densities for different coefficients
k = 0, 0.1, 0.15, 0.2, where ξ = 0.1. Figure 5 depicts the density profile at time t = 3000s,
corresponding to Figure 4. From the two figures, we know that the oscillation amplitude
of the density wave lessens with the rise in k. In view of the results, traffic flow becomes
steadier when the control signal is taken into consideration.

In the congested areas, driving must become very difficult, and drivers have to accel-
erate or decelerate to alter the condition of the traffic. Diverse traffic flow state paths of
acceleration or deceleration would result in the hysteresis phenomenon, which is demon-
strated not only in the flux–density diagram, but also in the velocity–density diagram.

Figures 6 and 7 show the hysteresis loops of traffic flux and density, and the hysteresis
loops of velocity and density, respectively, under the influence of strong wind. A simi-
larity between the two figures is that the size of the hysteresis loop decreases with the
rise in coefficient ξ. The above phenomenon reflects that the stability of traffic flow has
been enhanced.

Then, we fix the coefficient ξ and further consider the feedback control. The corre-
sponding hysteresis loops are shown in Figures 8 and 9. The hysteresis loop narrows to a
point, indicating that traffic congestion was largely absent at the moment when the value k
increased to 0.2.
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(a) (b) 

 
(c) (d) 

Figure 6. The hysteresis loops of traffic flux and density for different ξ. (a) ξ = 0, (b) ξ = 0.1, (c)
ξ = 0.2, (d) ξ = 0.3.

 
(a) (b) 

 
(c) (d) 

Figure 7. The hysteresis loops of velocity and density for different ξ. (a) ξ = 0, (b) ξ = 0.1, (c) ξ = 0.2,
(d) ξ = 0.3.
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(a) (b) 

 
(c) (d) 

Figure 8. The hysteresis loops of traffic flux and density for different k. (a) k = 0, (b) k = 0.1,
(c) k = 0.15, (d) k = 0.2.

 
(a) (b) 

 
(c) (d) 

Figure 9. The hysteresis loops of velocity and density for different k. (a) k = 0, (b) k = 0.1,
(c) k = 0.15, (d) k = 0.2.

5. Conclusions

The impact of strong wind and optimal flux difference integral are incorporated in
a new model, and the influence of the two factors on traffic flow has been investigated
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through linear analysis, as well as nonlinear analysis, in this paper. In the linear analysis,
the stability condition was obtained by utilization of the control method. The mKdV
equation, which describes the propagating features of traffic density waves, is acquired
via nonlinear analysis. Then, numerical simulation carried out on the new model revealed
that the optimal flux difference integral avails to stabilize the traffic flow. Moreover, to
a certain extent, the traffic flow becomes more stable with the increase in strong wind.
The simulation presents the same results as the theoretical analysis. Hence, the model
proposed in this study is conducive to understanding the underlying mechanism of traffic
congestion, thus alleviating traffic jams.
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Abstract: The improved element-free Galerkin (IEFG) method is proposed in this paper for solving
3D Helmholtz equations. The improved moving least-squares (IMLS) approximation is used to
establish the trial function, and the penalty technique is used to enforce the essential boundary
conditions. Thus, the final discretized equations of the IEFG method for 3D Helmholtz equations can
be derived by using the corresponding Galerkin weak form. The influences of the node distribution,
the weight functions, the scale parameters of the influence domain, and the penalty factors on the
computational accuracy of the solutions are analyzed, and the numerical results of three examples
show that the proposed method in this paper can not only enhance the computational speed of the
element-free Galerkin (EFG) method but also eliminate the phenomenon of the singular matrix.

Keywords: improved element-free Galerkin method; Helmholtz equation; penalty method; improved
moving least-squares approximation

1. Introduction

As an important elliptic differential equation, the Helmholtz equation has been widely
applied in many different fields, such as mechanics, acoustics, physics, electromagnetics,
engineering, and so on. It is well known that how to achieve the numerical solutions of
Helmholtz equations effectively and accurately is one of the important directions in the
scientific research.

Currently, many meshless methods have been used for researching Helmholtz equa-
tions, such as the element-free Galerkin (EFG) method [1], meshless Galerkin least-square
method [2], meshless hybrid boundary-node method [3], boundary element-free method [4],
and complex variable boundary element-free method [5,6]. Compared to the traditional
finite difference method [7–10] and the finite element method, meshless methods [11–15]
are based on scattered point approximation, which can avoid the mesh reconstruction, and
thus a higher accuracy of the numerical solutions can be obtained.

As an important meshless method, the EFG method [16] was studied by Belytschko et al.
In this method, a trial function is established by using the moving least-squares (MLS)
approximation. Cheng et al. analyzed the error estimates of EFG method for potential prob-
lems [17]. Because the MLS approximation is based on the least-squares method [18–22],
the disadvantages of the least-squares method also exist in the MLS approximation, in
which sometimes ill-conditional or singular matrices occur.

In order to eliminate the singular matrices, the improved moving least-squares (IMLS)
approximation [23] was proposed by Cheng et al., in which the orthogonal function system
with a weight function is used as basis function, and thus can make up for the deficiency of
the MLS approximation and has greater computational efficiency, using the IMLS approx-
imation to establish the trial function. Thus, the improved element-free Galerkin (IEFG)
method was applied for potential [24], transient heat conduction problems [25], the wave
equation [26], the Schrödinger equation [27], advection–diffusion [28], elastodynamics [29],
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elastoplasticity [30], viscoelasticity [31], and diffusional drug release [32] problems. From
these studies, we can see that under similar computational accuracy, the IEFG method
has higher computational speed than the EFG method. As we know, meshless methods
are based on node approximation without mesh reconstruction. When solving large de-
formation problems and dynamic propagation of cracks, the meshless method can obtain
greater precision than the finite element method. In order to take advantage of the IEFG
method further, Zhang et al. [33] developed the enriched IEFG method to solve 2D fracture
problems. In this method, the enriched basis function is used at the tip of the crack. As
a result, the singularity of the stresses at the tip of the crack can be shown better than in
the IEFG method. Cai et al. [34] used the IEFG method for solving large elastoplasticity
deformation problems. Three numerical examples are given to show that the numerical
solutions are in good agreement with the solutions of finite element method software
ANASYS and can enhance the computational efficiency of the EFG method.

By introducing the singular weight function into the MLS approximation, Lancaster et al.
presented an interpolating MLS method [35]. The boundary conditions could be enforced
directly in the corresponding meshless method. Based on the concept of an inner produc-
tion, Ren et al. improved the interpolating MLS method [36] by using the singular weight
function in interpolating points and orthogonalizing some of the base functions. Thus,
the corresponding interpolating EFG method was presented for potential [37], transient
heat conduction [38], and some mechanics [39–41] problems. Compared with the tradi-
tional EFG method, the interpolating EFG method has higher computational efficiency.
Additionally, the interpolating smoothed particle method was developed by Qin et al. [42].

Using the nonsingular weight function, Wang et al. developed the improved inter-
polating MLS method [43], which can overcome the difficulties caused by the singular
weight function in the interpolating MLS method, and used this method to construct the
trial function. The improved interpolating EFG method was presented for potential [43]
and several large deformation problems [44–46].

Based on the approximation of the vector function, the complex variable moving
least-squares (CVMLS) approximation was presented by Cheng et al. [47]. Based on
the CVMLS approximation and Galerkin weak form, the complex variable element-free
Galerkin (CVEFG) method [48] was presented. Moreover, based on the conjugate basis
function, Bai et al. proposed the improved CVMLS approximation to construct the shape
function, and the improved CVEFG method was presented for elasticity problems [49].
The improved CVEFG method has higher computational accuracy and efficiency than
the EFG method, but it cannot be applied to 3D problems directly because the complex
theory is used. Chen et al. [50,51] proposed the complex variable reproducing kernel
particle method.

By combining meshless methods and the finite difference method, the hybrid CVEFG
method [52–56], dimension-splitting EFG method [57–60], dimension-splitting reproducing
kernel particle method [61–64], interpolating dimension-splitting EFG method [65] and
hybrid generalized interpolated EFG method [66] were proposed. These methods can
greatly improve the computational efficiency of the traditional meshless method for solving
multi-dimensional problems.

The IEFG method has some advantages over the traditional EFG method, such as
higher computational efficiency, avoiding matrix inversion, and eliminating singular matrix.
Therefore, it has been applied to many science and engineering problems. However, 3D
Helmholtz equations have not been studied by the IEFG method yet, and the corresponding
parameters cannot be discussed; thus, the computational accuracy and efficiency of the IEFG
method for 3D Helmholtz equations are also uncertain. In order to overcome the disadvantage
of the lower efficiency of the EFG method, this paper presents the IEFG method for solving
3D Helmholtz equations. The trial function was established by using the IMLS approximation,
using the penalty technique to enforce the essential boundary conditions. The final discretized
equations could be derived by using the corresponding weak form. Thus, we obtained the
final formulate of the IEFG method for 3D Helmholtz equations.
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In Section 4, the influences of the node distribution, the weight functions, the scale
parameters, and the penalty factors on the computational accuracy of the solutions are
analyzed by giving examples. It is shown that the IEFG method for Helmholtz equations is
convergent. Compared with the EFG method, the IEFG method has greater computational
speed. Moreover, the singular matrix can be eliminated.

2. The IMLS Approximation

The approximation of a function u(x) is

uh(x) =
m

∑
i=1

pi(x) · ai(x) = pT(x) · a(x), (x ∈ Ω), (1)

where pT(x) is the basis function vector, m is the basis function number, and

aT(x) = (a1(x), a2(x), · · · , am(x)) (2)

is the coefficient vector of pT(x).
In general,

pT(x) = (1, x1, x2, x3), (3)

pT(x) = (1, x1, x2, x3, x2
1, x2

2, x2
3, x1x2, x2x3, x1x3). (4)

The local approximation is

uh(x, x̂) =
m

∑
i=1

pi(x̂) · ai(x) = pT(x̂) · a(x). (5)

Define

J =
n

∑
I=1

w(x − xI)[uh(x, xI)− uI ]
2
=

n

∑
I=1

w(x − xI)

[
m

∑
i=1

pi(xI) · ai(x)− uI

]2

, (6)

where w(x − xI) is a weighting function, and xI (I = 1, 2, · · · , n) are the nodes with
influence domains covering point x.

Equation (6) can be written as

J = (Pa − u)TW(x)(Pa − u), (7)

where
uT = (u1, u2, · · · , un), (8)

P =

⎡⎢⎢⎢⎣
p1(x1) p2(x1) · · · pm(x1)
p1(x2) p2(x2) · · · pm(x2)

...
...

. . .
...

p1(xn) p2(xn) · · · pm(xn)

⎤⎥⎥⎥⎦, (9)

and

W(x) =

⎡⎢⎢⎢⎣
w(x − x1) 0 · · · 0

0 w(x − x2) · · · 0
...

...
. . .

...
0 0 · · · w(x − xn)

⎤⎥⎥⎥⎦. (10)

From
∂J
∂a

= A(x)a(x)− B(x)u = 0, (11)

we have
A(x)a(x) = B(x)u, (12)
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where
A(x) = PTW(x)P, (13)

B(x) = PTW(x). (14)

Equation (12) sometimes forms a singular or ill-conditional matrix. In order to make
up for this deficiency, for basis functions

q = (qi) = (1, x1, x2, x3, x2
1, x2

2, x2
3, x1x2, x2x3, x3x1, · · · ), (15)

using the Gram–Schmidt process, we can obtain

pi = qi −
i−1

∑
k=1

(qi, pk)

(pk, pk)
pk, (i = 1, 2, 3, · · · ), (16)

and
(pi, pj) = 0, (i �= j). (17)

Then, from Equation (12), a(x) can be obtained as

a(x) = A∗(x)B(x)u, (18)

where

A∗(x) =

⎡⎢⎢⎢⎢⎢⎣
1

(p1,p1)
0 · · · 0

0 1
(p2,p2)

0 0
...

...
. . .

...
0 0 · · · 1

(pn ,pn)

⎤⎥⎥⎥⎥⎥⎦. (19)

Substituting Equation (18) into Equation (5), we have

uh(x) = Φ∗(x)u =
n

∑
I=1

Φ∗
I (x)uI , (20)

where
Φ∗(x) = (Φ∗

1(x), Φ∗
2(x), · · · , Φ∗

n(x)) = pT(x)A∗(x)B(x) (21)

is the shape function.
This is the IMLS approximation [23], in which the shape function can be obtained

more easily than the MLS approximation. Moreover, the IMLS approximation can also
avoid the singular matrix. Thus, it can enhance the computational efficiency of the MLS
approximation.

3. The IEFG Method for 3D Helmholtz Equations

The governing equation is

Δu + k2u = f (x), (x = (x1, x2, x3) ∈ Ω) (22)

and the boundary conditions are

u(x) = u, (x ∈ Γu), (23)

q(x) =
∂u(x)
∂x1

n1 +
∂u(x)
∂x2

n2 +
∂u(x)
∂x3

n3 = q,
(
x ∈ Γq

)
, (24)

where k2 is the wave number, f (x) is the given function, u and q are the given values, and
Γ = Γu ∪ Γq, Γu ∩ Γq = ∅, ni (i = 1, 2, 3) is the unit outward normal to the boundary Γ in
direction xi.
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For 3D Helmholtz equations, the equivalent functional is

Π =
∫

Ω
u(

1
2

k2u − f )dΩ −
∫

Ω

1
2

[(
∂u
∂x1

)2
+

(
∂u
∂x2

)2
+

(
∂u
∂x3

)2
]

dΩ −
∫

Γq
uqdΓ. (25)

By introducing the penalty technique to apply the boundary conditions, we can obtain
the modified functional

Π∗ = Π +
α

2

∫
Γu

(u − u)(u − u)dΓ, (26)

where α is the penalty factor.
Let

δΠ∗ = 0. (27)

We can obtain the following equivalent integral weak form∫
Ω δu · k2udΩ − ∫Ω δ(Lu)T · (Lu)dΩ − ∫Ω δu · f dΩ − ∫Γq

δu · qdΓ
+α
∫

Γu
δu · udΓ − α

∫
Γu

δu · udΓ = 0,
(28)

where

L(·) =

⎡⎢⎣
∂

∂x1
∂

∂x2
∂

∂x3

⎤⎥⎦(·). (29)

In the cubic domain Ω, we employ M nodes xI (I = 1, 2, · · · , M). Thus, we have

uI = u(xI). (30)

From the IMLS approximation, we can obtain

u(x) = Φ∗(x)u =
n

∑
I=1

Φ∗
I (x)uI , (31)

where
u = (u1, u2, · · · , un)

T. (32)

From Equations (29) and (31), we have

Lu(x) =
n

∑
I=1

⎡⎢⎣
∂

∂x1
∂

∂x2
∂

∂x3

⎤⎥⎦Φ∗
I (x)uI =

n

∑
I=1

BIuI = B(x)u, (33)

where
B(x) = (B1, B2, · · · , Bn), (34)

BI =

⎡⎣ Φ∗
I,1(x)

Φ∗
I,2(x)

Φ∗
I,3(x)

⎤⎦. (35)

Substituting Equations (31) and (33) into Equation (28), we have∫
Ω δ[Φ∗(x)u]T · k2 · [Φ∗(x)u]dΩ−∫Ω δ[B(x)u]T[B(x)u]dΩ

−∫Γq
δ[Φ∗(x)u]T · qdΓ − ∫Ω δ[Φ∗(x)u]T · f dΩ

α
∫

Γu
δ[Φ∗(x)u]T · [Φ∗(x)u]dΓ − α

∫
Γu

δ[Φ∗(x)u]T · udΓ = 0.

(36)

In Equation (36), the form of u is the same as Equation (32), and n = M.
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All integral terms in Equation (36) are analyzed as follows:∫
Ω

δ[Φ∗(x)u]T · k2 · [Φ∗(x)u]dΩ = δuT · k2[
∫

Ω
Φ∗T(x)Φ∗(x)dΩ] · u, (37)

∫
Ω

δ[B(x)u]T · [B(x)u]dΩ = δuT · [
∫

Ω
BT(x)B(x)dΩ] · u, (38)∫

Ω
δ[Φ∗(x)u]T · f dΩ =δuT · [

∫
Ω

Φ∗T(x) f dΩ], (39)∫
Γq

δ[Φ∗(x)u]T · qdΓ =δuT · [
∫

Γq
Φ∗T(x)qdΓ], (40)

α
∫

Γu
δ[Φ∗(x)u]T · [Φ∗(x)u]dΓ = δuT · [α

∫
Γu

Φ∗T(x)Φ∗(x)dΓ] · u, (41)

α
∫

Γu
δ[Φ∗(x)u]T · udΓ = δuT · [α

∫
Γu

Φ∗T(x)udΓ]. (42)

Let
C = k2

∫
Ω

Φ∗T(x)Φ∗(x)dΩ, (43)

K =
∫

Ω
BT(x)B(x)dΩ, (44)

F1 =
∫

Ω
Φ∗T(x) f dΩ, (45)

F2 =
∫

Γq
Φ∗T(x)qdΓ, (46)

Kα = α
∫

Γu
Φ∗T(x)Φ∗(x)dΓ, (47)

Fα = α
∫

Γu
Φ∗T(x)udΓ. (48)

Substituting Equations (37)–(42) into Equation (36), we can obtain

δuT(Cu − Ku − F1 − F2 − Fα + Kαu) = 0. (49)

The δuT is arbitrary; thus we can obtain

K̃u = F̃, (50)

where
K̃ = C − K + Kα, (51)

F̃ = F1 + F2 + Fα. (52)

This is the IEFG method for 3D Helmholtz equations.

4. Numerical Examples

The formula of the relative error is

∥∥∥u − uh
∥∥∥rel

L2(Ω)
=

∥∥∥u − uh
∥∥∥

L2(Ω)

‖u‖L2(Ω)

, (53)

where ∥∥∥u − uh
∥∥∥

L2(Ω)
=

(∫
Ω
(u − uh)

2
dΩ
)1/2

. (54)

246



Mathematics 2022, 10, 14

In order to illustrate the advantages of the IFFG method, we chose three examples
from other literature. The nodes distributed in the problem domains of these numerical
examples were regular, the linear basis function was selected, and 3 × 3 × 3 Gaussian
points were selected in each integral cell. The IEFG and the EFG methods are used to solve
these examples.

The following equation is considered in the first example:

Δu + u = (12x2
1 − x4

1) sin x2 cos x3. (55)

The boundary conditions are

u(0, x2, x3) = 0, (56)

u(π, x2, x3) = π4 sin x2 cos x3, (57)

u(x1, 0, x3) = u(x1, π, x3) = 0, (58)

u(x1, x2, 0) = −u(x1, x2, π) = x4
1 sin x2. (59)

The problem domain is Ω = [0, π]× [0, π]× [0, π], and

u = x4
1 sin x2 cos x3 (60)

is the analytical solution.
In order to study the convergence of the EFG and the IEFG methods for Helmholtz

equations, all parameters of both methods were kept the same. The cubic spline weight
functions were used, dmax = 1.35, α = 2.0 × 104. Table 1 shows the relationship between
relative errors and node distribution. It is shown that, with the increase in nodes, the
precision of numerical solutions improves as well, but the computational efficiency is
reduced gradually. Therefore, the two methods in this paper are convergent. Both the com-
putational accuracy and efficiency are considered, and 15 × 15 × 15 regularly distributed
nodes are selected.

Table 1. Relative errors and CPU times of the improved element-free Galerkin (IEFG) and element-free
Galerkin (EFG) methods with the increase in node distribution.

Nodes
Relative Error Time (s)

IEFG EFG IEFG EFG

7 × 7 × 7 4.3092% 4.3092% 5.5 5.8
11 × 11 × 11 1.3234% 1.3234% 26.7 28.5
13 × 13 × 13 0.8832% 0.8832% 49.9 53.1
15 × 15 × 15 0.6296% 0.6296% 92.1 98.0
17 × 17 × 17 0.4706% 0.4706% 152.0 161.9
21 × 21 × 21 0.2905% 0.2905% 384.5 398.6
25 × 25 × 25 0.1967% 0.1967% 903.3 940.2
29 × 29 × 29 0.1520% 0.1520% 1907.2 1937.1
33 × 33 × 33 0.1075% 0.1075% 4287.2 4408.3

The effects of the weight function, the scale parameter of the influence domain, and
the penalty factor on solution of the IEFG method will be discussed.

(1) Weight function

When the cubic spline function is used, 15 × 15 × 15 regularly distributed nodes
and 14 × 14 × 14 background integral cells are selected, α = 2.0 × 104, dmax = 1.35. Thus,
the smaller relative error is 0.6296%. When the quartic spline function is used, and the
same regularly distributed nodes and background integral grids are used, α = 2.2 × 104,
dmax = 1.28, the smaller relative error is 0.6274%. It is shown that the similar relative errors
can be obtained when using two weight functions.
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In addition, the singular matrix can be avoided in the IEFG method when using the
cubic spline function. If dmax = 1.0, the quartic spline function is selected. Unfortunately,
the singular matrix occurs and the final result cannot be obtained. When the cubic spline
function is used, the relative error is 0.6451%.

Thus, the cubic spline function is selected.

(2) Scale parameter

The same node distribution and background integral grids are selected, α = 2.0 × 104,
and the cubic spline function is used. Figure 1 shows the relationship between dmax and
relative errors. Because of the error of computer itself, the relative error become larger
when dmax = 1.2. It is shown that when dmax = 1.35, the relative error is smaller.

d

Figure 1. The error of the numerical solutions of the IEFG method with the increase in dmax.

(3) Penalty factor

The same node distribution, background integral grids, and weight function are
selected, dmax = 1.35. Figure 2 shows the relationship between α and relative errors. It is
shown that when α = 2.0 × 104, the relative error is smaller.

α

1,000 100,00010,000100

Figure 2. The error of the numerical solutions of the IEFG method with the increase in α.
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The IEFG method is selected to solve it, 15 × 15 × 15 regularly distributed nodes and
14 × 14 × 14 background integral cells are selected, and the cubic spline function is used,
α = 2.0 × 104, dmax = 1.35. When using the EFG method to solve it, the same parameters
are selected, and thus the relative errors of two methods are equal to 0.6296%.

Figures 3–5 show the comparison between numerical solutions and analytical ones,
and the CPU times of the IEFG method and the EFG method are 92.1 s and 98.0 s, re-
spectively. Obviously, higher computational efficiency can be obtained when using the
IEFG method.

u
x

x

Figure 3. The comparison of the numerical and analytical solutions of the two methods along
the x1-axis.

u
 x

x

Figure 4. The comparison of the numerical and analytical solutions of the two methods along
the x2-axis.
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u
 x

x

Figure 5. The comparison of the numerical and analytical solutions of the two methods along
the x3-axis.

Additionally, the singular matrix can be avoided when constructing the shape func-
tions when the IEFG is used. If dmax = 1.0 and other parameters are the same, two methods
are used to solve it, and two different results are obtained. When the EFG method is used,
the singular matrix occurs and the final result cannot be obtained. However, using the IEFG
method to solve it, the relative error of the numerical solutions is 0.6451%. The numerical
and analytical results are compared in Figure 6; it is shown that the numerical results are in
good agreement with the analytical ones.

u
x

x

Figure 6. The numerical and analytical solutions of the IEFG method along the x1-axis.
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The second example [67] is
Δu − k2u = 0. (61)

The boundary conditions are

u(0, x2, x3) = e(ξ2x2+ξ3x3), (62)

u(1, x2, x3) =
(ξ1+ξ2x2+ξ3x3), (63)

u(x1, 0, x3) = e(ξ1x1+ξ3x3), (64)

u(x1, 1, x3) = e(ξ1x1+ξ2+ξ3x3), (65)

u(x1, x2, 0) = e(ξ1x1+ξ2x2), (66)

u(x1, x2, 1) = e(ξ1x1+ξ2x2+ξ3). (67)

The problem domain is Ω = [0, 1]× [0, 1]× [0, 1], and

u = e(ξ1x1+ξ2x2+ξ3x3) (68)

is the analytical solution.
We set k = 2, ξ1 = 1, and ξ2 = 0.5. The IEFG method is used to solve it, α = 1.7 × 103,

dmax = 1.21. The 15 × 15 × 15 regularly distributed nodes and 14 × 14 × 14 background
integral grids are used. When using the EFG method to solve it, the same parameters are
selected, and thus the same computational accuracy can be obtained. The relative errors
of both methods are equal to 0.0844%. Figures 7–9 show the comparison of the numerical
solutions of the two methods and the analytical ones. The CPU times of the IEFG method
and the EFG method are 92.1 s and 98.0 s, respectively. We can see that the computational
results of both methods are in very good agreement with the analytical ones.

u
x

x

Figure 7. The comparison of the numerical and analytical solutions of the two methods along
the x1-axis.
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u
x

x

Figure 8. The comparison of the numerical and analytical solutions of the two methods along
the x2-axis.

u
 x

x

Figure 9. The comparison of the numerical and analytical solutions of the two methods along
the x3-axis.

When different parameters are selected, k = 5, ξ1 = 3, and ξ2 = 2.7. Using two methods
to solve it, the same parameters are used. Thus, the relative errors of both methods are
equal to 0.5295%. Figures 10–12 show the comparison of the numerical solutions of the
two methods and the analytical ones, and the CPU times of the IEFG method and the EFG
method are 92.1 s and 98.0 s, respectively. We can see that the computational results of both
methods are in good agreement with the analytical ones.

We can select k = 10, ξ1 = 5.8, and ξ2 = 6.2. Using the two methods to solve it, the
same parameters are used, and the relative errors of both methods are equal to 2.3884%.
Figures 13–15 show the comparison of the numerical solutions of the two methods and the
analytical ones. The computational results of both methods are in good agreement with the
analytical ones.
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u
x

x

Figure 10. The comparison of the numerical and analytical solutions of the two methods along
the x1-axis.

u
x

x

Figure 11. The comparison of the numerical and analytical solutions of the two methods along
the x2-axis.

u
 x

x

Figure 12. The comparison of the numerical and analytical solutions of the two methods along
the x3-axis.
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u
x

x

Figure 13. The comparison of the numerical and analytical solutions of the two methods along
the x1-axis.

u
 x

x

Figure 14. The comparison of the numerical and analytical solutions of the two methods along
the x2-axis.

u
x

x

Figure 15. The comparison of the numerical and analytical solutions of the two methods along
the x3-axis.
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From this example, we can draw two conclusions: On the one hand, the IEFG method
has greater computational efficiency; on the other hand, the bigger the wave numbers are,
the lower the computational accuracy.

Similarly, if dmax = 1.0, we select k = 10, ξ1 = 5.8, and ξ2 = 6.2. When the EFG method is
used, unfortunately, the singular matrix occurs. When the IEFG method is used, the relative
error is 2.4229%. The numerical solutions and analytical ones are compared in Figure 16. It
is shown that the numerical results are in good agreement with the analytical ones.

u
x

x

Figure 16. The numerical and analytical solutions of the IEFG method along the x2-axis.

The third example [68] is

Δu + k2u = (k2 − 3π2) cos(πx1) sin(πx2) sin(πx3). (69)

The boundary conditions are

∂u(0, x2, x3)

∂x1
=

∂u(1, x2, x3)

∂x1
= 0, (70)

u(x1, 0, x3) = u(x1, 1, x3) = 0, (71)

u(x1, x2, 0) = u(x1, x2, 1) = 0. (72)

The problem domain is Ω = [0, 1]× [0, 1]× [0, 1], and

u = cos(πx1) sin(πx2) sin(πx3) (73)

is the analytical solution.
The IEFG method is used to solved it. The wave number is selected as 100, and

19 × 19 × 19 regularly distributed nodes and 18 × 18 × 18 background integral cells
are used, α = 1.9 × 107, dmax = 1.1. When using the EFG method to solve it, the same
parameters are selected, and the relative errors of both methods are equal to 0.8646%.
Figures 17–19 show the comparison of the numerical solutions and the analytical ones. We
can see that numerical solutions are in good agreement with the analytical ones. The CPU
times of the IEFG method and the EFG method are 200.6 s and 208.1 s, respectively.
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u
x

x

Figure 17. The comparison of the numerical and analytical solutions of the two methods along
the x1-axis.

u
x

x

Figure 18. The comparison of the numerical and analytical solutions of the two methods along
the x2-axis.

u
 x

x

Figure 19. The comparison of the numerical and analytical solutions of the two methods along
the x3-axis.
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A similar computational accuracy can be obtained when using the two methods, but
the higher computational speed can be obtained when using the IEFG method.

Similarly, if dmax = 1.0, when the EFG method is used, the singular matrix occurs
and the final result cannot be obtained. However, when the IEFG method is selected, the
relative error is 0.8648%. The numerical solutions and the analytical one are compared
in Figure 20, where it is shown that the numerical results are in good agreement with the
analytical ones.

u
x

x

Figure 20. The numerical and analytical solutions of the IEFG method along the x3-axis.

5. Conclusions

In order to solve 3D Helmholtz equations efficiently, the IEFG method is proposed in
this paper.

Some numerical examples are given in Section 4, and the convergence of the IEFG
method is proven numerically. From these examples, we can see that the IEFG method in
this paper can not only enhance the computational speed of the traditional EFG method,
but also eliminate the phenomenon of the singular matrix.
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